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Option OperatorTheory
Exercise 1 :

D
1 Let B bethe unit bell of (cap],6 . We wantto apply Ascolis theorem

· Since Tisbounded (its norm is banded by (11k110) , one has :
*E[n ,b],weB , ITuC)l <fa-a) llkylullo <(b-a) IlkIIx

-since llullo 21 sia uCB.

Anc
, forevery Eda ,b) , the family STull] is boundht

· Let
,
E[a ,b) andEB . One has :

un
(Tucn) -Turs1 = / SK ,glucyldy - Sky(ucy)dy)

=my)-Ky))ucyky +5 miylucyldy- Si miglucyly/



⑧(
, y)
-k(y) acyidy + Skylucyldy)

Y Klulla Sup 1K(y)-Kiy) (b -a) + 1x-a) 11k10 Kullo&
5 y([a,b) 41

Sino K is continuous on the compact set [a,b , itis uniformly continuous
an it. Let 530

.
There exists 130 suchthat

fu- e [a ,b) , (x
-xi)(y = Sup (k(,y)-k(y)/3E.

yE[a ,b]

If we morover resumethat -3 , one gets thatfor everyse,Esa,b]
such thatheal n,

*neB
,
(Tucal-Tub) 11 31b-a) + EllkIla

Hence
, STu] nes is equicontinuous.

· Applying Ascoll's theore, TCB) is relatively compact: Tis acompactsperator



③ 3 Since Tisa compact operator and (([a ,b),) isof
infinite dimension

,
byschander's theorem , otocit

and ~(T) /50] is composed of isolated eigenvalues.

let 170 such an isolated eigenvalue andletuo
an associated eigenfunction : Tu=Ju
Then:relab) , ucl =Tum=,ylucyldy

Dance : freeca ,b), lucal-my/lucycly50 +Mucy dy
By Growall's lemma : I(t-a)
xEtab]

,
Icall 10 e =D

and =0 in ((Cabl,D , hance a contradiction .

Therefore,
ocit 1503=↑ and OCT1 =503 .



⑭ Exercise 2:

· T is the multiplication operator by the ral-value
and baded function C : Swi hence it is self-adjointa
and banded with : 11TH

210, 12)
= 11416 =4.

. Assume thatT is compact. Then
, by the Fredholm alternative,

either (I-T)" exists and is boundeda Thu admits a
non-zero solution u.
But: Turn tat[2] , aum) = um)

#> freto,e , (
- 1) nm =0

.

Hence = Va E [0,231513 , val-0 and since Leb (513) =0,
u=0 in 150

,
2)

.



⑤ Kence Tuzu does not admit any non-zero solution
in (%10

,
03)and (I-T) " exists and is bounded.

But: Hu
,
me ((([0,2) ,/-N=u()v =(Tu
# Futto

,
23
,
(l = um -num =H -x)um)

i
.e . attp31513

, unecal

and (F-
*

~(m)= (m)

But (4) defined this way is not bouded. Inded,
&

for nety an 5,23
, villy =1 but Il tuap

=+

Idence T does not verify the Fredholm alternative,
therefore itis not compact



⑥ Exercisel:

1 Let m ,nEM , m In
.

M

By Pythagore : Fut, 11,mjPjujPullsl
Since Int , the sequence (IP) is Cauchy se

the Banach Space 21H) ,
hence it converges.

Its limit is a limit of finite rank operators, hence itis
compact.



① :. Assume that morover the In ar realnumbers. The IrPn
are therefore self-adjoint operators andTis self-nojoint
as a strong limitof self-adjoint operators : indeed, sinceJntir
fa every new, (nPm)*= InPr= JuPn and:

11 (6nPm) * -+*112(x)= 11(6mPm- #1 l = 116mPm-Tm211)

Idence : (MPT andPu
By minquences of the limit: T=T&.



Eg Exercise 4

I Since fluto ,Th andT
.

Moreover :

FREE
,
Tx

= f(tz)v = f(f((x)2 = f(a)f(b)2 =f(b) Tx.
Hence : Tr =Tr= f(ub) =1
# Clean

-

=) we evaluate at=s anduse thatTag02

I Tis Pinear andof finie rank I hence itis acompactoperator.
By Schander's theorem :

-(T =503 .USnan-zer eigenvales
Lett a non-zers eigenvalue of T. Then :

Tr =Je faib =(x = xEVect(y)=EmT
Hence

, if ↓ is a non-ress eigenvalue ofT, its resociated eigenspace
is necessraly Vect(b).



⑨ But : Tas-flashy and the unique possible eigenvalue isfl) .
because Vect(b) = Ken(T-f(26).
Idence &(T) =20 , f1u)] ifE is of infinite dimension

3 Let JE50,83 .

We want to solve in seformy yeE:
Tx-bu =y E f(a)-bx =Y (A)

We apply f to this equality to getflul flus)-JfCfly)
Hence :fl anda by (*)

Thislot expression is equivalent to : x= y
Finally : xe= (T-51

-"

y with

(T-()-= -5d + (d(f -1)"T



⑳ Exercises

1 let lemmenu an autonomal family (which is completed in a
bilbestbasisif necessary) .Then :- FaGM, "Trul(Tenlten) =(en)

=) If TER(16) , there exists M30,

enle M
Since for every nom , /T

*Tenlenko , the sequenceTenteasis increasing and banded by M hence itconverges .

Then : ↑ (T
*T=Tele



⑰ C #f Tr(TT) (++ then by positivity :
#N, (Tenle(T
N0,Tel

& Scient TEB()
,
320and Se

, ..., en] an outhonomal=

family such that :

TeIl
Let V=Vect les

, ..,en) . Then H=VV+ since Vis

fiie dimensional hence closed.

Let welt
, Null = 1: # ! / ,Mult Vert, n=u +art



⑱ and using Pythagore , Kall,Kallijt III, = 1

En particular, 11/031 and 11151.
The has : I

(T-TPlu = (T-TPv)uy +(T-TP)ur+
= +(I-Pu)u + T(I- Pu)Wut

But E-Ph is the orthogonal projection on Ut and sinceIMPr=V,
#PN) Un =0 and (I-PN) 4 = urt

Therefore : 111T-TPN) all ,
= 11 Tailli

hocover
, 18, --.,ev ) is an orthononnal fil y

hence by definition of 11 lis :



⑬ ITIj-2 1 /ITulle+Tuy+le
In particular : -du

=> 11Taill -Elles

Therefore, 11/T-TPN) all = 11Taill -E

which implies that11T-TPullyig) *

% Wededuce thatT is the fimit of the finie ramb
operators TPr , hence it is a compact operator.



4 let centrer anouthonomal family of () andlet,1.
⑰ Then:=my) enlydy
-

-(en)e
= (en)Tr,) =(k(, 0) (en)

=) en

But
, using Bessel inequality :
N s

leme) Ik,Il
Hence:en) Ilk,/ ((XXX)
En particulier ,Ti EB(H).



⑮ Exercise 6 :

1 Let My be the characterstic function of the intervalI.
Then ME(450 ,17) and applying the definition of the
positivity ofThi
·) = Tuya)mida =)midn

=(1)m,y) My(y)dy)d

= (4)+ k(x ,y) dady
En particular for sej0,19 and M, 1 such that In =[x-,20,1



⑯ Fm)
,
1
, (k(n ,

w) dude En e

Using uniform continuity of K , one has as tends to +a :
Ane]0

, 12 , Su, aucm E

By Cofk one also has:o[s,11 , Kam Et

->a Each On Satisfies : Exe, 13 , Grm,y19m(y(dy = (n(n()
To prove continuity of On itsuffices to show that

sero Kmg) encyldy is continuous.



⑰ One has
, for e ,x E[

,
1),

15 remy14ngly - S'remiy) Pelicy) =Siray) · Leceiys14ngly
Cauchy-Schwarz ->/my)-recay(ldy) " 114m

But
, using uniform co of h on 50

,
13
, for every 50 there

exists 830 such that for 12-25,SuKyl-Ky)S
idence

, for he-sélld,

15 remy1Ingly - S'remiy(Pulyly) -> &.



⑮ Hence 220 Skmy) Unyidy is uniformly continuous
hence continuous and so is In since In #8-

b Let N
.
1
.

Weset forevery n , y + [0, 1),

kN( ,y) = k( , y) -Cuisty
Let us prove that Tien's a positive operator.

let fer,
17)

.

renff) = 515km ,y)fldy)as da
=15 Kamylflyldy-21Intumiy) fid) Inet
= Huf1f)-Syldy) fin du

(819m)



⑲ = Hinfif) -(cm)Humas de
= Hifif) -du (f14m) (9m18)

-(m)(u(f) (f(m)((f)
-E (1) (0 ·

since the dn3
,
0

Idence The is positive . Using question 1, for everyne 5, 1),
Kum,al,0 .
:e

. rep
,
Kink, demm



⑳ 32 Intregating the inequality obtained at 9216) anto,1 :

Skmnlobede Sma = dn
-

Il dalle
me

since the Innspositive
, (&J)is an increasing sequeet

which is upper bounded by ka,vida , hence Edn av.
b
,
One has;for every se E[0, 11,

IS km
,y) gly) dy- (814m)(m()) =1 Tuf(u)- (81) un)

n=0

=Hufm) - Tr41m(m) (s)=Sumy)(f(y)-1)C)d)



Lauchy-Schwarz
⑨

-
& Ille,) 10,13) 2- (m) Cul /20

,1)
independant,ofs> Ilklo 118- Im(((40

,17)Since /ful isa
Hilbert basis

Mence the uniform convergence of [Inf19/Am to Tuf -

↳ Let paq be two integers. One hasforevery n, y Es, 1),

Incumuty)) de 14 (1)
*

>Salutde
But ( Salutc uniformly by Divi's thor scet



⑳ foromy y , [JulAuly1 au (it is ↑ and Sky, y) .
Hence : VE)O

, INGEN, Fasph,Nainly
uniformly in y.
Using the uniform Cauchy criterion

,
itimplies that

the serie [JnAmm Cutys or uniformly iny on 20
,
17 for

any fixed e50, 17.
Itremains to compute the limit

.
We apply 3 .b . with

20=(y- ,+ faye,
12
, fr=)f y= 0 and

Sp= 121-p ,1) if y
= 1 .



⑬ Then
, (8p(m)= SeptQue

poty

Hence : Faye,D,[Sup(m)4
by uniform convergence.

ButEm (SpCm=-KyPot
dence : [In Tuly) (mm) = Km, y) .

m)
,
%

d
,

Since ito uniformly in y , onecom let y tend tose
in the previous equality :↑

remin)= du 14mms



⑭ Then:k ,
vid =Sdu

Boppo-Levi = 1

-
Finally:dem, de Creesfoml



⑮ Exercise7 :

I Let fEl . Wehave :

IT8118 = S. HTfmlda = /SKgHc)de
(minidH(579(41) obe

=> 11 KIE(
,1 x [17)

118118

Henca Tisbaudedamd : 11TI2() El K1246
,17 xc0,1).

=> We have:Ff ,ge , (Tfig)= Tfms gal de
1

= kmH f(tdt g(n)d (((t))k( ,4) gu) dadt
Fubini



⑧ Grgmic etT ((g).
y

since
Kla,t)

-k(k,u)
Hence T is self-adjoint: T*=T.

S

UnEvalued
3 Let Eco

.
Since K is Co on [0

,17 x [0
,17

( it is easy check , theonly thing to lookat is theD on the diagonal
!

{m ,H(x=+3) which is compact, I is uniformly continus on
[0
,
13x[0,1] . Let 270. There exists 430 suchthat
for every re , y 690 ,17 such that Ix-y114/

sup (k(t) -Kly ,HIE.
te]



Then we have :⑳ fu,y et,13 , (y(4 , flt ,
ITf(m) -Tfly)) = 15 k(,+ f(t)dt- (k(y ,+f(+(dt)

= (5(m.+) - L(y,H)f(t)dt)
< (SIm,+- KyH(t)

-
11811.

as hyK - (Jsup ImH-Klydl
Y -> 1 Ec 1191 = ElyII-

Therefore : Yu ,ye [ ,1) , 1-ykn=felt, ITfful-Tfly//ZEllg1)



⑤ It proves
that If is continuous on [0,1) faevery fe . Wededuce

that : ImT [C([p,1)) .

TT4 Since ImT is included inthe space of continuons functionsO

an [o
,
17
,
to prove the compactness of theclosure of the

image byT of the unitball ef H, one can apply Ascoli's
theorem.
But

, if 11811- 51 , we already show at question- that:
89)

, 7430 , fa,y ets,1), leylen =>feyb,1) , ITf(l-Tfly))3 .
&

Hence the equicontinuityof T(Bjb,1)):
Moreover: Fae

.
13
, itfin) 10/18 1ff(B,(,1) , CS

& Ilk(((20
,
17x20

,17)-

Therefor ,forevery-P,1,STSMisbouded



I

⑨
The can apply Ascoli's theorem to get thatT/B ,bil) is
compact. Idence Tis a compact operaton.

5 let Jecos .

Let felt, Tf= df. Then :

* x[
,
1)
, f(n)=1 Tfm) = 55 kmH fltdt
=([jt(-u)f(t)dt +(x(-+ f(dt]()

But If is C' on 20
,
17 hance foTf is also continuous.

&

Wededucethat20 (2) +fHdt +x)-+ f(dt is C' on [0,1) and
therefore fis also con to

,
13. By derivation one gets :

Ext
,
1
, fin) = 1[-StfHdt+-f() +S+f(+(d)

-utf(x)]



⑳ = -(-G+f(+dt +((-4 ) f(+(d+]()
Moreover

,
(1) implies that : f(0) =f(1) =0.

Sing f is Candever Con [5
.
1)
,
Negetby (2) thatI is also

C1 an Co ,13 and a second derivation leads to :

re2
,
1)
, f"(n) = 1 - xf() - (a)f(u)]

=5[-u(((u) - f(x) +u(n)] = - yfm).
Finally :

[8



⑮ 6; We look atthe ↓ E150] for which the equestion Tf=If
admits a non-res solution inH . By 5;,

itsuffices to solve the
Dirichletproblem58"+48 0

f() = f(1) =0
and to search for values of 10 forwhich itadmits non-zero solutions.~

But since T is self-adjoint we already know that
-IT) COCT) CIR.

Idence we book at JEIR150)
1case: d =- aso. Then :

-A
,
BER

,
Fa

,
1)
, f(n) =Ae +Be

au

Then f(0) = A+B =0 and f(1) =1e+ Be=
and A= B=0 and f = 0 an [s

.
1]
.



⑬ Inthis case
,
J is not an eigenvalue ofT.

und
&case d= , a 0

·
The

-CDER , free,
1)
, f(x) = (coslan) + B Simul .

Again , JD) = A =0 and f(1/Ac+B sina henB si

On can assume BEOelse f=0 and isnotan eigenvalue) and thensa=o
It implies that a= miT , m EN

*
as aSo.

Finally :=- MEM*

20,17 -PCatal is an associatedAndfor each of these values ef), finroM

eigenfunction. The ergensace assciaked to each Ini isVertfn)
We finally have :

(T1= , menu)



⑬
- Since T is a compact operator an1which is of infinite dimension

,

Riesz-Schander's theorem resents that:

act =50zus , men].
8 (0) Sance T is self-adjoint and bounded :

IlT-1211 = 11TT
↑

1116) = Il il y
Byiderating :Fr

,
1
, 11 Tollz =IT1,2(4)

Using the speckal radius formula:

~(t)mim



⑬ (b) But
, by definition of the speckal radius
(T) = sup 161su-to(t)

7
.

for m=1
Adence : 11T

5. We have P=P
*and P-= P

.

Hence :

*feh , (Pf1f) = (p18) = (ppf1f) =(pf109)
=Pf(pf) = 11Pf11: 0.

and P is positive.
19 We apply toT the speckal theorem for self-noljoint

compact operators .



⑮ T = [JnPr where the In onethe non-exo
m
,1

eigenvalues of T andPn is the orthogonal projection an ((p).
Then : Afelt,
(1)Pf/f)Co ofthe scalor/

Idence T is positive. product

11% By 6
,,
wehave :

+

EnF
Using Mercei's theorm:n = Ka

,
alde



⑮ Henc : =Cee

= [25-
We find the well-known result !


