
Sorbonne Paris Nord University Academic year 2025-2026
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prg.fr/ frederic.klopp/cours/m2-17-18/coursEqSch-ThSpec.pdf

iii



[17] S. Kotani and B. Simon, Stochastic Schrödinger operators and Jacobi Matrices on the Strip,
Commun. Math. Phys. 119(3), 1988, pages 403-429.

[18] Mathieu Lewin, Eléments de théorie spectrale : le Laplacien sur un ouvert borné, Master.
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Chapter 1

Anderson model

1.1 The physical phenomenon

In an ideal crystal, made up of atoms arranged on a periodic lattice, an electron can move
without encountering any obstacle: if the crystal has an energy taking certain values above a
minimal energy, it then behaves as an electrical conductor. These energies correspond to what
is called the spectrum of the crystal and take values in given intervals, somewhat like the lines
of the hydrogen atom spectrum, with thickness added.

However, in nature, ideal crystals do not exist; they always contain defects. These defects
or impurities can be of different kinds. For example, one can observe the presence of ionized
atoms in the lattice forming the crystal or, in the case where the crystal is not made up of iden-
tical atoms but results from an alloy of several materials, it may happen that the lattice is no
longer perfectly periodic, but that here and there an atom is not located at the correct position.
Finally, some atoms are sometimes slightly displaced with respect to their ideal position on the
periodic lattice. In all these cases, the physical properties of the crystal are modified.
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Chapter 1. Anderson model

How can one then model these impurities in a crystal and their impact on electronic trans-
port? The first to propose a model explaining the effects of disorder on the quantum behavior
of electrons in an imperfect crystal was the American physicist Philip Warren Anderson in a
seminal 1958 paper. By introducing random terms into the Schrödinger equation (the equa-
tion governing the quantum behavior of electrons in the crystal), two new phenomena were
highlighted: Anderson localization and the Anderson transition for three-dimensional crys-
tals. These discoveries earned him the Nobel Prize in Physics in 1977, jointly with Nevill Mott
and John van Vleck.

The phenomenon of Anderson localization can be stated as follows: at a fixed energy of the
spectrum, beyond a certain amount of disorder in the crystal, the electron ceases to move freely
through it and remains confined in a localized region. The crystal ceases to be a conductor and
becomes an insulator. To explain this phenomenon, one must recall that in quantum mechan-
ics, an electron can just as well be viewed as a particle endowed with mass as an associated
wave: this is the wave–particle duality discovered by Louis de Broglie in 1924. Thus, at each
collision of the electron with an impurity of the crystal, its associated wave is scattered.

The “mean free path” is defined as the average distance traveled by the electron between
two collisions. One might expect that as disorder increases, the mean free path decreases con-
tinuously. But this is not what happens. After a certain critical amount of impurities, the diffu-
sion of the electron stops abruptly. This sudden halt occurs when the mean free path becomes

page 2 Random operators and Anderson localization



1.1 The physical phenomenon

shorter than the wavelength of the electron: if the wave is scattered before even completing a
first period, it can no longer truly be regarded as a wave...

The phenomenon of localization goes beyond the framework of quantum mechanics. It can
be observed in other situations where a wave propagates in a disordered medium. This may
be the case for light waves, microwaves, or acoustic waves.

From a mathematical point of view, Anderson localization is now a relatively well-understood
phenomenon. The first mathematically rigorous proofs date back to the 1970s with the work
of Goldsheid, Molchanov, and Pastur, followed by that of Kunz and Souillard. These first rig-
orous results all concerned one-dimensional crystal models. From there, the study of random
operators became a very active research area. As early as 1983, Fröhlich and Spencer, by in-
troducing multiscale analysis, succeeded in obtaining a first proof of Anderson localization
for crystals of arbitrary dimension, when their energy is close to the minimal energy. This
mathematical technique was subsequently widely used to obtain various results related to the
Anderson model and other models in condensed matter physics. In 2001, Damanik, Sims, and
Stolz proved that Anderson localization occurs at all energies of the spectrum for a weakly
disordered one-dimensional crystal governed by the Anderson model, thus completing the
study of this model in dimension 1. It remains today to prove an important and very diffi-
cult conjecture asserting that Anderson localization also occurs at all energies for a disordered
two-dimensional crystal. In dimension 2 and higher, we only know that Anderson localiza-
tion manifests itself for energies close to the minimal energy; we know nothing for the other
energies.

The second phenomenon discovered after the introduction of the Anderson model is the ex-
istence of a transition between an insulating state and a conducting state for a three-dimensional
crystal at a certain critical energy, regardless of the amount of impurities in the crystal. For
one-dimensional and two-dimensional crystals, this transition does not exist: at any energy,
Anderson localization appears for sufficiently large disorder. Let us specify that this is well
proved in dimension 1 but remains a conjecture in dimension 2. Mathematical research on
the proof of this Anderson transition is very active, but has not yet led to rigorous results for
the Anderson model. Initial results by Germinet, Klein, and Schencker or by Aizenmann and
Warzel have highlighted this transition for other random models, but the techniques employed
do not yet seem sufficient to obtain a rigorous proof of the existence of the Anderson transition
in dimensions higher than 3.

It should be specified here that the Anderson mathematical model does not take into ac-
count the interactions between the electrons moving in the crystal and those associated with
the atoms forming the lattice. A priori, the electrons circulating in the crystal interact with the
electrons of the lattice, and the latter are themselves modified by the presence of the former.
Taking these interactions into account could lead to results very different from those cited
above, such as, for example, the appearance of the insulator–conductor transition in dimen-
sions 1 and 2 and not only in dimensions higher than 3.

Random operators and Anderson localization page 3



Chapter 1. Anderson model

1.2 Mathematical modeling

1.2.1 Reminders of quantum mechanics

Let us first recall that in quantum mechanics, the state of a system of N particles is described
by its wave function

ψ :
R3N ×R → C

(x, t) 7→ ψ(x, t) ,

with ψ ∈ L2(R3N × R). The probability density of presence of the system at time t is then
given by x 7→ |ψ(x, t)|2, i.e., if A is a Borel subset of R3N ,

P((x1, . . . , xN) ∈ A) =
∫

A
|ψ(x1, . . . , xN , t)|2dx1 · · ·dxN .

Moreover,
∀t ∈ R,

∫
R3N
|ψ(x1, . . . , xN , t)|2dx1 · · ·dxN = 1.

The evolution of the system is then described through the Schrödinger equation as we have
already seen in the previous chapter. If the classical energy of the system is given by the Hamil-
tonian H(x1, . . . , xN , p1, . . . , pN), one defines by (Weyl) quantization the self-adjoint operator

Ĥ = H(x1, . . . , xN ,−ih̄∂x1 , . . . ,−ih̄∂xN ).

For example, if H(x, p) = |p|2
2m + V(x1, . . . , xN), then Ĥ = − h̄2

2m ∆ + V. The Laplacian thus
corresponds to the kinetic energy of the system and the operator of multiplication by V to the
potential energy of the system, that is, its interaction with its environment.
Moreover, any quantity associated with the system that can be measured is called an observ-
able. For example, energy is one, but so is the position x of a particle, even if one prefers to it
the probability of being in a Borel set A defined above.

The postulates of quantum mechanics can be summarized as follows:

1. The configuration space of a quantum system is a Hilbert space (H, (·|·)).

2. The possible states of the system are the elements ofH of norm 1.

3. An observable h of a quantum system is represented by a linear self-adjoint operator H
onH.

4. If the system is in the state ψ, the value of the measurement h at time t is the real number

Eψ = (ψ|Hψ).

5. Since this expectation is not always finite, in general H is only defined on a dense sub-
space D(H) ofH.

1.2.2 The Anderson model

We wish to study the evolution of an electron in a crystal. If the crystal is perfect, the atoms are
distributed on a periodic lattice, for example Zd. At the point x ∈ Rd, the electron experiences
a potential of the form q f (x− i) due to an atom of charge q located at i ∈ Zd. The total potential
experienced by the electron in the crystal is therefore

V(x) = ∑
i∈Zd

q f (x− i).

page 4 Random operators and Anderson localization



1.2 Mathematical modeling

There are several ways to model disorder in a crystal. We begin by presenting Anderson’s idea.
To model imperfections in the crystal, one can consider the charge of the atoms in the crystal
as a random variable. This leads to considering a potential experienced at the point x of the
form

Vω(x) = ∑
i∈Zd

qi(ω) f (x− i),

where the qi are i.i.d. random variables on a probability space (Ω,A,P). A priori, the qi take
only finitely many values, but we will see later that in order to carry out the mathematical
study of the Schrödinger operator associated with this potential, it may be simpler to consider
the case where the qi have a continuous distribution.

This idea leads to introducing a random family of Schrödinger operators:

∀ω ∈ Ω, HA
ω = −∆d + ∑

i∈Zd

qi(ω) f (x− i),

acting on the Sobolev space H2(Rd), where f is a function supported in the unit cube [0, 1]d.
The family of operators {HA

ω}ω∈Ω is called the continuous Anderson model.
In particular, in dimension d = 1, for all ω ∈ Ω, for all u ∈ H2(R) and for all x ∈ R,

(HA
ω u)(x) = −u′′(x) + ∑

i∈Z

qi(ω) f (x− i)u(x).

The discrete analogue of this model is given by

∀n ∈ Zd, (hωu)n = − ∑
|m−n|=1

um + qn(ω)un,

acting on ℓ2(Zd). In particular, for d = 1, for all ω ∈ Ω, for all u ∈ ℓ2(Z) and for all n ∈ Z,

(hωu)n = −(un−1 + un+1) + qn(ω)un.

There are other ways to model imperfections in a crystal. For example, one can consider the
random displacement model:

∀ω ∈ Ω, HD
ω = −∆d + ∑

i∈Zd

f (x− i− xi(ω)),

where the xi(ω) ∈]− 1
2 , 1

2 [
d are i.i.d. random variables. For this type of model, one generally

assumes that they follow a Poisson distribution.
Another way to conceive disorder in a crystal is to consider quasi-periodic models. For α ∈
R \Q, ϕ ∈ T and Q : T→ R continuous, one sets

∀x ∈ R, qϕ,α(x) = Q(ϕ + αx).

This potential is called a quasi-periodic potential of frequency α and phase ϕ. One then defines

∀α ∈ R \Q, ∀ϕ ∈ T, Hα,ϕ = − d2

dx2 + qα,ϕ(x),

acting on H2(R). Similarly, in the discrete case: ∀α ∈ R \Q, ∀ϕ ∈ T, ∀u ∈ ℓ2(Z), ∀n ∈ Z,

(hα,ϕu)n = −(un−1 + un+1) + qα,ϕ(n)un.
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Chapter 2

Spectral types and dynamics

2.1 The spectral theorem for self-adjoint operators

We are going to generalize to the setting of unbounded operators on a Hilbert space the clas-
sical result asserting that any real symmetric matrix can be diagonalized in an orthonormal
basis.
A convenient way to state this theorem for matrices is to write that for any real symmetric
matrix A ∈ Mn(R), there exist real numbers λ1, . . . , λn and orthogonal projectors P1, . . . , Pn
such that:

A = λ1P1 + · · ·+ λnPn.

It is this formulation that we are going to generalize to infinite dimension, by transforming the
sum into an integral with respect to projector-valued measures.

Definition 2.1.1. A spectral family (or resolution of the identity) on H is a mapping E : R → L(H)
such that:

1. For all t ∈ R, E(t) is an orthogonal projection, i.e. E(t)2 = E(t) and E(t)∗ = E(t).

2. ∀s ≤ t, E(s) ≤ E(t), i.e. ∀u ∈ H, (E(s)u|u) ≤ (E(t)u|u).

3. Strong right continuity: ∀u ∈ H, E(t + ε)u −−−→
ε→0+

E(t)u.

4. ∀u ∈ H, E(t)u −−−→
t→−∞

0 and E(t)u −−−→
t→+∞

u.

Let u, v ∈ H. We consider the function Fu,v(λ) = (E(λ)u|v). It is then a complex linear
combination of four right-continuous increasing functions at every point:

Fu,v(λ) =
1
4

(
∥E(λ)(u + v)∥2 − ∥E(λ)(u− v)∥2 + i ∥E(λ)(u + iv)∥2 − i ∥E(λ)(u− iv)∥2

)
,

and we denote this expression by Fu,v(λ) = α1F1(λ) + · · · + α4F4(λ). According to Stieltjes
integration theory, there therefore exist four Borel measures µ1, . . . , µ4 corresponding to the Fi
such that one can define, for any function ϕ in L1(R, µ1 + · · ·+ µ4),∫

R
ϕ(λ)dFu,v(λ) = α1

∫
R

ϕ(λ)dµ1 + · · ·+ α4

∫
R

ϕ(λ)dµ4.

The measures µi depend on u and v and, by the normalization property of spectral families,
each µi is a finite measure. Indeed, one has µ1(R) ≤ ∥u + v∥2, . . . , µ4(R) ≤ ∥u− iv∥2.

We can now state the spectral theorem for self-adjoint operators.

7



Chapter 2. Spectral types and dynamics

Theorem 2.1.2 (Spectral theorem for self-adjoint operators.). Let T be a self-adjoint operator. There
exists a unique spectral family E : R→ L(H) such that

T =
∫

R
λ dE(λ) =

∫
σ(T)

λ dE(λ)

in the sense that, for all u, v ∈ H,

(Tu|v) =
∫

σ(T)
λ dFu,v(λ).

If ϕ : R → C is a locally bounded Borel function on R and if T is a self-adjoint operator,
one can define the operator ϕ(T) by:

D(ϕ(T)) = {u ∈ H |
∫

R
|ϕ(λ)|2dFu,u(λ) < +∞}

and
∀u, v ∈ H, (ϕ(T)u|v) =

∫
σ(T)

ϕ(λ)dFu,v(λ),

where Fu,v comes from the spectral family associated with T by the spectral theorem. This
allows one to develop a functional calculus for self-adjoint operators.
Note that if ϕ is real-valued, then ϕ(T) is also self-adjoint.

A first application of the functional calculus is the following formula for the resolvent of a
self-adjoint operator.

Proposition 2.1.3. Let T be a self-adjoint operator. Let z ∈ C, z /∈ σ(T). Then

Rz(T) = (z− T)−1 =
∫

R

1
z− λ

dE(λ)

where E is the spectral family associated with T. Moreover,

||(z− T)−1|| ≤ 1
dist(z, σ(T))

.

Proof : The first point follows immediately from the definition of the functional calculus. Then,
if u ∈ H,

||(z− T)−1u||2 = ((z− T)−1u|(z− T)−1u)

=
∫

σ(T)
(z− λ)−1(z− λ)−1d(E(λ)u|u)

=
∫

σ(T)
|(z− λ)|−2d(E(λ)u|u)

≤ sup
λ∈σ(T)

|z− λ|−2
∫

R
d(E(λ)u|u) = 1

(dist(z, σ(T)))2 ||u||
2.

2

The spectral theorem also makes it possible to define the notion of a spectral projector on a
Borel set B of R via the formula:

EB = 1B(T).

In particular, if B is an interval and if E is the spectral family associated with T, let us note

E(a,b) = E(b−)− E(a+) and E[a,b] = E(b+)− E(a−).

page 8 Random operators and Anderson localization



2.2 Spectral types

2.2 Spectral types

Let T be a self-adjoint operator on a Hilbert space H. Let E : R → L(H) be the spectral
family associated with T. For u ∈ H, we will denote throughout by µu the spectral measure
associated with T and u, defined by:

∀t ∈ R, µu((−∞, t)) = (E(t)u|u).

This is the measure associated with the function Fu,u defined previously.

2.2.1 Spectrum, point spectrum, and spectral measures

We begin by giving a characterization of the spectrum in terms of spectral measures.

Proposition 2.2.1. The following are equivalent:

1. λ ∈ σ(T).

2. For every ε > 0, E(λ + ε)− E(λ− ε) = E(λ−ε,λ+ε] ̸= 0.

3. For every ε > 0, there exists u = uε ∈ D(T) such that µu((λ− ε, λ + ε]) > 0.

Proof : Assume 1 and prove 2. Let λ ∈ σ(T). Suppose, by contradiction, that there exists ε > 0
such that E(λ + ε)− E(λ− ε) = 0. By Weyl’s criterion, there exists a sequence (un)n∈N

in D(T) such that ||un|| = 1 for all n and (T − λ)un → 0. Then

||(T − λ)un||2 =
∫ +∞

−∞
|λ− t|2dµun(t).

Now, E is constant on (λ− ε, λ + ε], hence for all u ∈ H, the function t 7→ µun((−∞, t])
vanishes on this interval. Therefore,∫ +∞

−∞
|λ− t|2dµun(t) =

∫
R\(λ−ε,λ+ε]

|λ− t|2dµun(t) ≥ ε2
∫

R\(λ−ε,λ+ε]
dµun(t) = ε2||un||2.

Hence ||(T − λ)un||2 ≥ ε2||un||2 = ε2, which contradicts (T − λ)un → 0. This proves 2.

Assume 2 and prove 1. Let λ ∈ R such that for every ε > 0, E(λ + ε)− E(λ− ε) ̸= 0.
Then, for every n ≥ 1, E(λ + 1

n )− E(λ − 1
n ) ̸= 0. Let un ∈ Im

(
E(λ + 1

n )− E(λ− 1
n )
)

with ||un|| = 1. Then E(λ− 1
n ,λ+ 1

n )]
un = un for all n ≥ 1, and since µun(R \ (λ − 1

n , λ +
1
n )]) = 0, we have

||(T − λ)un||2 =
∫
(λ− 1

n ,λ+ 1
n )]
|λ− t|2dµun(t) ≤

1
n2 .

By Weyl’s criterion, λ ∈ σ(T).

Assume 2. Let u ∈ Im (E(λ + ε)− E(λ− ε)) with ||u|| = 1. Then µu(R \ (λ− ε, λ+ ε]) =
0, hence µu((λ− ε, λ + ε]) > 0, which gives 3.

If there exists ε > 0 such that E(λ + ε)− E(λ− ε) = 0, then for all u ∈ H, µu((λ− ε, λ +
ε]) = 0. Thus 3 implies 2 by contraposition.

2

Corollary 2.2.2. We have:
σ(T) =

⋃
u∈H

supp µu ̸= ∅.

Random operators and Anderson localization page 9



Chapter 2. Spectral types and dynamics

Recall that the point spectrum of T is the set of its eigenvalues:

σp(T) = {λ ∈ C | T − λ is not injective }.

Proposition 2.2.3. The following are equivalent:

1. λ ∈ σp(T).

2. E{λ} = E(λ)− E(λ−) ̸= 0 (discontinuity).

3. There exists u ∈ D(T) such that µu({λ}) > 0.

Proof : Assertions 2 and 3 are equivalent since µu({λ}) = (E{λ}u|u) = ||E{λ}u||2.

Assume 2 and let u ∈ Im E{λ}, u ̸= 0. Then

||(T − λ)u||2 =
∫

R
|λ− t|2dµu(t) = 0

since supp µu = {λ}. Thus Tu = λu with u ̸= 0, hence λ ∈ σp(T).

The converse follows from the same computation, starting this time from 0 = ||(T −
λ)u||2.

2

Remark 2.2.4. This leads to defining the multiplicity of an eigenvalue λ ∈ σp(T) as the dimension of
Im E{λ}. This multiplicity may be infinite.

Corollary 2.2.5. If λ is an isolated point of σ(T), then λ ∈ σp(T).

Proof : By definition, there exists ε > 0 such that (λ− ε, λ + ε) ∩ σ(T) = {λ}. Hence E{λ} ̸=
0. Indeed, E(λ−ε,λ) = 0 since (λ − ε, λ) ∩ σ(T) = ∅. Similarly, E(λ + ε) − E(λ) = 0.
Therefore E(λ)− E(λ−) ̸= 0 and λ ∈ σp(T).

2

More precisely, if λ is an isolated point of σ(T), let ε > 0 be such that

(]λ− 2ε, λ[∪]λ, λ + 2ε[) ∩ σ(T) = ∅.

One can then define the Riesz projection

Pλ =
1

2iπ

∫
Cε

(z− T)−1dz

where Cε is the circle {z ∈ C; |z − λ| = ε} oriented counterclockwise. The integral is well
defined since z 7→ (z− T)−1 is analytic in the annulus {z ∈ C; 0 < |z− λ| < 2ε}.

Proposition 2.2.6. Pλ is the spectral projection onto the eigenspace associated with the eigenvalue λ.

Proof : See [16], Proposition 3.2, page 42.

2

page 10 Random operators and Anderson localization
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2.2.2 Essential spectrum and discrete spectrum

The last corollary of the previous section leads us to the following distinction.

Definition 2.2.7. The essential spectrum of T is the set

σess(T) = {λ ∈ σ(T) | λ is not isolated or is an eigenvalue of infinite multiplicity}.

The discrete spectrum of T is the set

σd(T) = {λ ∈ σ(T) | λ is isolated and of finite multiplicity}.

Remark 2.2.8. A real number λ belongs to the essential spectrum of T if and only if for every ε > 0,
the rank of the spectral projection onto the interval (λ− ε, λ + ε) is infinite.

The spectrum of T is the disjoint union of its essential spectrum and its discrete spectrum.
Moreover, σd(T) ⊂ σp(T).

Example 2.2.9. 1. If T = IdH, then σ(T) = {1} and σ(T) = σess(T) if dimH = ∞, while
σ(T) = σd(T) if dimH < ∞.

2. If dimH < ∞, then σess(T) = ∅.

3. If T is compact, then σ(T) ∩ (R \ {0}) = σp(T) ∩ (R \ {0}) = σd(T) ∩ (R \ {0}) and
σess(T) = {0}.

Theorem 2.2.10 (Weyl criterion for the essential spectrum.). Let T be a self-adjoint operator. Then
λ ∈ σess(T) if and only if there exists an orthonormal family {un}n∈N of elements of D(T) such that
||(T − λ)un|| −−−−→

n→+∞
0.

Proof : We prove the direct implication.

Case 1: if λ is an eigenvalue of infinite multiplicity, we take for {un} an orthonormal
sequence of eigenvectors.

Case 2: if λ is not isolated in σ(T), there exists a sequence (λn) of pairwise distinct ele-
ments of σ(T) converging to λ. Moreover, for each n, there exists εn > 0 such that the
intervals ]λn − εn, λn + εn[ are pairwise disjoint. Since λn ∈ σ(T), we have E(λn + εn)−
E(λn − εn) ̸= 0. We can therefore choose un ∈ Im (E(λn + εn)− E(λn − εn)) such that
||un|| = 1. Moreover,

(un|um) = (E]λn−εn,λn+εn[un|E]λm−εm,λm+εm[um) = (un|E]λn−εn,λn+εn[E]λm−εm,λm+εm[um) = 0

since E]λn−εn,λn+εn[E]λm−εm,λm+εm[ = 0 because the two intervals are disjoint. Thus {un} is
orthonormal. Finally,

||(T − λ)un||2 =
∫

R
|t− λ|2dµun(t) ≤ 2(|λn − λ|2 + ε2

n)
∫

R
dµun(t)

since supp µun ⊂ [λn − εn, λn + εn]. The upper bound tends to 0 because
∫

R
dµun(t) =

||un||2 = 1.

For the converse, suppose that there exists an orthonormal family {un}n∈N of elements of
D(T) such that ||(T − λ)un|| −−−−→

n→+∞
0. Then for every ε > 0, Im (E(λ + ε)− E(λ− ε)) is

infinite-dimensional. Indeed, if this projection had finite rank, it would be compact and
would map an orthonormal sequence, which converges weakly to 0, to another sequence

Random operators and Anderson localization page 11



Chapter 2. Spectral types and dynamics

converging weakly to 0. In particular, the sequence (µun) would then converge vaguely
to 0 on the interval (λ− ε, λ + ε]. Thus we may write:

||(T − λ)un||2 =
∫

R
|t− λ|2dµun(t)

=
∫

R\(λ−ε,λ+ε]
|t− λ|2dµun(t) +

∫
(λ−ε,λ+ε]

|t− λ|2dµun(t)

≥ ε2 +
∫
(λ−ε,λ+ε]

|t− λ|2dµun(t).

Letting n→ ∞ yields the contradiction 0 ≥ ε2.

Therefore, either Im (E{λ}) is infinite-dimensional and λ is an eigenvalue of infinite mul-
tiplicity, or this projection has finite rank and Im (E(λ + ε) − E(λ − ε)) is still infinite-
dimensional. In this case, (]λ− ε, λ[∪]λ, λ + ε[) ∩ σ(T) ̸= ∅, so λ is not isolated. Hence
λ ∈ σess(T).

2

This Weyl criterion for the essential spectrum allows one to prove a stability result for the
essential spectrum.

Theorem 2.2.11. Let T and S be two self-adjoint operators, with S additionally assumed to be compact.
Then σess(T + S) = σess(T).

Proof : We prove the first inclusion. Let λ ∈ σess(T + S). By Weyl’s criterion, there exists an
orthonormal sequence (un)n∈N such that

||(T + S− λ)un|| −−−−→
n→+∞

0.

Since (un)n∈N is orthonormal, it converges weakly to 0, and since S is compact, Sun → 0.
Thus ||(T − λ)un|| −−−−→

n→+∞
0, and by the converse of Weyl’s criterion, λ ∈ σess(T).

The second inclusion follows by applying the first one to T + S, which is self-adjoint
by the Kato–Rellich theorem (since S is compact, hence bounded), and to −S, which is
compact.

2

2.2.3 Pure point, absolutely continuous, and singular continuous spectra

Let µ be a Borel measure on R such that µ(R) < ∞. Then µ({x}) = 0 except for at most a
countable set of real numbers x.

Definition 2.2.12. Let M be a Borel subset of R.

1. We say that µ is a pure point measure if

µ(M) = ∑
x∈M

µ({x}).

In particular, its support is countable.

2. We say that µ is a continuous measure if ∀x ∈ R, µ({x}) = 0.

3. We say that µ is absolutely continuous with respect to Lebesgue measure if

Leb (M) = 0 ⇒ µ(M) = 0.
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4. We say that µ is singular continuous if µ is continuous and there exists a Borel set S ⊂ R such
that µ(S) = 0 and Leb(R \ S) = 0.

Example 2.2.13. 1. Pure point measure: the Dirac measure at a point a ∈ R defined by δa(M) = 1
if a ∈ M and 0 otherwise.

2. Absolutely continuous measure: let f ∈ L1(R, Leb). Then the measure µ defined by

∀g ∈ C0
b(R),

∫
R

g(x)dµ(x) =
∫

R
g(x) f (x)dx

is absolutely continuous with respect to Lebesgue measure. Conversely, by the Radon–Nikodym
theorem, all such measures are of this form and f = dµ

dx is the Radon–Nikodym derivative of µ.

3. Singular continuous measure: the Cantor measure, whose distribution function is the Devil’s
staircase defined on the triadic Cantor set.

The interest of these notions is that every finite Borel measure decomposes into a sum of
measures having these properties.

Theorem 2.2.14 (Lebesgue–Radon–Nikodym.). Every finite Borel measure µ decomposes uniquely
as

µ = µpp + µac + µsc

where µpp is a pure point measure, µac is absolutely continuous with respect to Lebesgue measure, and
µsc is singular continuous with respect to Lebesgue measure.

Proof : See [21], Section 6.10.
2

We now apply this decomposition of finite Borel measures to the spectral measures associ-
ated with a self-adjoint operator.

Let T be a self-adjoint operator on H and let u ∈ H. Let µu be the spectral measure associ-
ated with T and u. It is a finite Borel measure with values in C a priori. We define:

1. Hpp = {u ∈ H | µu is a pure point measure}.

2. Hac = {u ∈ H | µu is absolutely continuous}.

3. Hsc = {u ∈ H | µu is singular continuous}.

Theorem 2.2.15. Hpp,Hac, andHsc are closed subspaces ofH, pairwise orthogonal, and such that

H = Hpp ⊕Hac ⊕Hsc.

Moreover, each of these subspaces is invariant under T.

Proof : The first point follows from the fact that if u and v are inHpp, then there exist countable
sets X and Y such that EXu = u and EYv = v. Then EX∪Yu = EX∪YEXu = E(X∪Y)∩Xu =
EXu = u, and similarly EX∪Yv = v. Hence EX∪Y(u + v) = u + v, and X ∪ Y is countable.
The same holds for scalar multiplication. The same argument shows that the other two
sets are vector subspaces. For Hsc one uses the fact that if X and Y are null sets, then
X ∪Y is also a null set.

For the second point, let u ∈ H and write µu = µu,pp + µu,ac + µu,sc. Let X be a countable
set such that µu,pp(R \X) = 0. Choose Y such that Y ∩X = ∅, Leb(Y) = 0, and µu,sc(R \
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Y) = 0. Finally, set Z = R \ (X ∪ Y). Then R = X ∪ Y ∪ Z is a disjoint union, and we
have µu,ac = µu(Z ∩ ·), µu,sc = µu(Y ∩ ·), and µu,pp = µu(X ∩ ·). We write:

u = ERu = EX∪Y∪Zu = EXu + EYu + EZu.

Moreover, µEZu = χZµu << Leb, hence EZu ∈ Hac. Similarly, EYu ∈ Hsc and EXu ∈
Hpp. Pairwise orthogonality follows from the fact that the projections are orthogonal.

For invariance under T, let u ∈ D(T) and associate to it µu. We compute µTu. We have∫ t

−∞
dµTu(s) = (E(t)(Tu)|Tu) = (TE(t)Tu|u) = (E(id)E(χ]−∞,t])E(id)u|u) = (E(id χ]−∞,t] id)|u)

If ut = id χ]−∞,t] id, then ut(s) = s2χ]−∞,t](s). Hence

∫ t

−∞
dµTu(s) =

∫ t

−∞
s2dµu(s).

Thus µTu = t2µu. We deduce the invariance of the three subspaces under T.
2

One can then define three spectral types that decompose the spectrum of T.

Definition 2.2.16. Let T be a self-adjoint operator.

1. The pure point spectrum of T is the set σpp(T) = σ(T|Hpp).

2. The absolutely continuous spectrum of T is the set σac(T) = σ(T|Hac).

3. The singular continuous spectrum of T is the set σsc(T) = σ(T|Hsc).

One then has:
σ(T) = σpp(T) ∪ σac(T) ∪ σsc(T)

but this union is not necessarily disjoint (see the examples of embedded eigenvalues in the
absolutely continuous spectrum).

We say that the operator T has purely absolutely continuous spectrum (resp. pp, resp. sc) when
Hac = H (resp. Hpp = H, resp. Hsc = H). Although this does imply that σ(T) = σac(T), the
converse is not true in general.

Moreover, one has:
σpp(T) = σp(T).

Indeed, any countable set is a countable union of singletons.

Finally, with this decomposition, one can also define the notions of continuous spectrum and
singular spectrum. SetHc = Hac⊕Hsc; this is the space of vectors such that µu is a continuous
measure. The spaceHc is again invariant under T, and we define:

σc(T) = σ(T|Hc).

One can also defineHs = Hpp ⊕Hsc and σs(T) = σ(T|Hs), the singular spectrum of T.
We conclude this section with a stability result for the absolutely continuous spectrum. Before-
hand, we introduce a definition.
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Definition 2.2.17. LetH be a Hilbert space and {un}n∈N a Hilbert basis ofH. A self-adjoint, bounded,
and positive operator T is said to be of trace class when:

Tr(T) = ∑
n∈N

(un|Tun) < ∞.

The number Tr(T) does not depend on the choice of the Hilbert basis, and more generally a
bounded self-adjoint operator T is said to be of trace class when Tr(T) < ∞. A trace class
operator is compact.

Theorem 2.2.18 (Kato–Rosenblum). Let T and S be two self-adjoint operators with S of trace class.
Then

σac(T + S) = σac(T).

Proof : For a more complete statement giving a result on wave operators as well as for the
proof, see [14], Theorem 4.4, page 542.

2

2.3 Examples of spectra

2.3.1 The discrete Laplacian in dimension 1

We introduce the discrete Laplacian in one dimension. It is the operator ∆ defined on the
Hilbert space ℓ2(Z) by

∀u ∈ ℓ2(Z), ∀n ∈ Z, (∆u)n = un−1 + un+1.

The operator ∆ is the discrete analogue of the second derivative.

First of all, ∆ is bounded. Indeed, if ∥u∥ℓ2(Z) ≤ 1, then ∥∆u∥ℓ2(Z) ≤ 2∥u∥ℓ2(Z) ≤ 2, hence
∥∆∥ ≤ 2. Next, let us show that ∆ is self-adjoint. Let u, v ∈ ℓ2(Z). Then

(∆u|v) = ∑
n∈Z

(∆u)nvn = ∑
n∈Z

un−1vn + ∑
n∈Z

un+1vn = ∑
n∈Z

unvn+1 + ∑
n∈Z

unvn−1

= ∑
n∈Z

un(vn−1 + vn+1) = ∑
n∈Z

un(∆v)n = (u|∆v).

Thus, ∆ is a bounded self-adjoint operator.

We now compute the spectrum of ∆. To this end, we introduce the Fourier operator F :
ℓ2(Z) → L2([0, 2π]) defined for all u = (un)n∈N ∈ ℓ2(C) and all x ∈ [0, 2π] by (Fu)(x) =

∑n∈Z uneinx. We then set S = F ◦ ∆ ◦ F−1. Let us compute S. Let f ∈ L2([0, 2π]). Suppose
that, for all x ∈ [0, 2π], f (x) = ∑n∈Z f̂ (n)einx. For all n ∈ Z, (F−1 f )n = f̂ (n). Then, for all
x ∈ [0, 2π],

(S f )(x) = ∑
n∈Z

( f̂ (n− 1) + f̂ (n + 1))einx = ∑
n∈Z

f̂ (n)ei(n+1)x + ∑
n∈Z

f̂ (n)ei(n−1)x

= (eix + e−ix) ∑
n∈Z

f̂ (n)einx = (2 cos(x)) f (x).

Thus, setting for all x ∈ [0, 2π], φ(x) = 2 cos(x), we have S = Mφ, where Mφ is the operator
of multiplication by φ. Since F is a unitary transformation, we have σ(∆) = σ(Mφ) and
σp(∆) = σp(Mφ). Hence, σ(Mφ) = φ(R) = [−2, 2]. Therefore,

σ(∆) = [−2, 2].
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Moreover, since φ is not constant on any interval of R, Mφ has no eigenvalues. Indeed, if
u ∈ L2([0, π]), the equation φ(x)u(x) = λu(x) for all x ∈ [0, 2π] forces u = 0. Thus,

σp(∆) = ∅.

For all λ ∈ R, let M(λ) = {x ∈ M | φ(x) ≤ λ}. For all λ ∈ R and all u ∈ L2([0, 2π]),
define E(λ)u = 1M(λ)u. Then E : R → L(L2([0, 2π])) is a spectral family. Moreover, Mφ =∫ 2
−2 λdE(λ), so E is the spectral family associated with Mφ by the spectral theorem. Since F is

unitary, the map Ẽ = F−1 ◦ E ◦ F is again a spectral family, and one can check, as for E, that

∆ =
∫ 2

−2
λ dẼ(λ).

This also reflects the fact that the spectrum of ∆ is purely absolutely continuous:

σ(∆) = σac(∆).

Remark 2.3.1. All the results obtained in this example generalize directly to the case of arbitrary di-
mension d ≥ 1.

Remark 2.3.2. Fourier transform and spectrum. The use of the Fourier transform F in this example
is very common in the computation of spectra of operators, especially for differential operators. This is
due to the fact that, since F is unitary, conjugation by F leaves the spectrum and the point spectrum
invariant. Moreover, F has the property of transforming a (here discrete) differentiation into a multi-
plication. Thus, conjugating the operator under study by F allows one to reduce the computation of its
spectrum to the computation of the spectrum of a multiplication operator.

2.3.2 A Sturm–Liouville operator

Let q ∈ C([0, 1], R). Let (T, D(T)) be the operator defined on L2([0, 1]) by

D(T) = { f ∈ C2([0, 1]) | f (0) = f (1) = 0} and ∀ f ∈ D(T), T f = − f ′′ + q f .

First of all, for all f , g ∈ D(T), one proves by integration by parts that (T f |g) = ( f |Tg). Thus,
the operator (T, D(T)) is symmetric. One can then show that it is essentially self-adjoint, and
in the sequel we consider its closure (T, D(T)), which is self-adjoint. The operator T is an
example of a Sturm–Liouville operator.

One then proves, using the variation of constants of order 2, that if z /∈ σp(T), then there exists
Kz ∈ L2([0, 1]2) (and even Kz ∈ C([0, 1]2)) such that

∀g ∈ C2([0, 1]), (T − z) f = g⇔ f (t) =
∫ 1

0
Kz(t, s)g(s)ds.

This means that, for all z /∈ σp(T), the resolvent Rz(T) is the restriction of a Hilbert–Schmidt
operator and is therefore a compact operator. In particular, for all z /∈ σp(T), Rz(T) is the
restriction of a bounded operator. This remains valid for T, hence, if z /∈ σp(T), then z /∈ σ(T),
from which one deduces that σ(T) = σp(T) = σp(T).

Moreover, if λ ∈ σp(T) and f ∈ Ker (T − λ), then, by integration by parts, λ∥ f ∥2
2 = (T f | f ) =

∥ f ′∥2
2 +
∫ 1

0 q(t) f̄ (t) f (t)dt ≥ (inf[0,1] q)∥ f ∥2
2, hence λ ≥ inf[0,1] q. Therefore σ(T) ⊂ [inf[0,1] q,+∞[.

If µ < inf[0,1] q, then µ /∈ σ(T) and Rµ(T) is compact and self-adjoint since T is. Hence the
spectrum of Rµ(T) consists of 0 and eigenvalues of finite multiplicity. In fact,

σ(Rµ(T)) = {
1

µ− λn
| λn ∈ σp(T)}.
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Moreover, there exists a Hilbert basis ( fn)n∈N of L2([0, 1]) such that

∀g ∈ L2([0, 1]), Rµ(T)g =
∞

∑
n=0

1
µ− λn

(g| fn) fn,

where the fn are eigenfunctions of Rµ(T) associated with the eigenvalues 1
µ−λn

. Hence the fn

are also eigenfunctions of T associated with the eigenvalues λn. From all this one deduces that

T = ∑
n≥0

λn(.| fn) fn and D(T) = { f ∈ L2([0, 1]) | ∑
n≥0
|λn( f | fn)|2 < +∞}.

Thus, although T is not bounded, the fact that its resolvent is compact still allows us to diago-
nalize it in a Hilbert basis, as for a compact operator.

2.3.3 Periodic Schrödinger operators

We consider the example of a periodic Schrödinger operator acting on the Sobolev space
H2(R),

H = − d2

dx2 + V, (2.1)

where V is a piecewise continuous function that is periodic on R, with period 2L0 to fix the
notation.
Then the spectrum of the operator H is purely absolutely continuous, H has no eigenvalues,
and its spectrum is a union of bands called spectral bands:

σ(H) =
⋃
p≥0

[
Ep

min, Ep
max
]

.

The real numbers Ep
min and Ep

max are called the band edges, and the intervals (Ep
max, Ep+1

min ) are
the spectral gaps.
The band edges are solutions of equations with quasi-periodic boundary conditions. Let
ω ∈ [−L0, L0]. We consider the restriction H(ω) of H to H2([−L0, L0]), the Sobolev space
of functions ψ ∈ H2(R) such that

∀x ∈ R, ψ(x + 2L0) = ei( π
L0

ω+π)
ψ(x). (2.2)

Since H2([−L0, L0]) ⊂ C1([−L0, L0]), this condition is equivalent to the boundary conditions:

ψ(L0) = ei( π
L0

ω+π)
ψ(−L0) and ψ′(L0) = ei( π

L0
ω+π)

ψ′(−L0). (2.3)

The operator H(ω) is self-adjoint. Its resolvent is even Hilbert–Schmidt and therefore compact.
Hence its spectrum is purely point, and the band edges are then the eigenvalues of H(−L0)
and of H(0). Indeed, one also has that H(2L0 − ω) and H(ω) are unitarily equivalent for
all ω ∈ [−L0, L0]. Moreover, the functions ω 7→ Ep(ω) are strictly monotone on [−L0, 0],
increasing for even p and decreasing for odd p. One then has:

σ(H(−L0)) := {E0
min, E1

max, E2
min, E3

max, . . .}

and
σ(H(0)) := {E0

max, E1
min, E2

max, E3
min, . . .}.

The link between H and H(ω) is given by the notion of direct integral of operators. First, if
H′ is a Hilbert space and if (X, dµ) is a measure space, one considers the “continuous sum” of
copies ofH′,

H =
∫ ⊕

X
H′dµ := L2(X, dµ,H′).
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Then, if A′(·) is a measurable function from X into the set of self-adjoint operators on H′, one
defines an operator A onH by:

D(A) =

{
ψ ∈ H, ψ(x) ∈ D(A′(x)) for a.e. x ∈ X and

∫
X
||A′(x)ψ(x)||2H′dµ(x) < +∞

}
and (Aψ)(x) = A′(x)ψ(x). One then writes

A =
∫ ⊕

X
A′(x)dµ(x).

With this formalism, one then shows that H is the direct integral of the operators H(ω):

H =
∫ ⊕
[−L0,L0]

H(ω)dω.

The result on the band spectrum of H then follows from the fact that one can show that the
eigenvalues of H(ω) are analytic in ω and non-constant (they are even strictly monotone, in-
creasing for even bands and decreasing for odd ones). A general result on direct integrals of op-
erators then ensures that the spectrum is purely absolutely continuous (the Radon–Nikodym
derivative on each band is given by the inverse of the derivative of ω 7→ Ep(ω)).

2.3.4 Quasi-periodic Schrödinger operators in dimension 1

We are interested in a discrete Schrödinger operator:

hα,ω, f = −∆d + V acting on ℓ2(Z).

where V is a quasi-periodic potential, i.e. of the form

∀n ∈ Z, V(n) = f (ω + nα), α, ω ∈ Td, f ∈ C(Td, R).

The vector α = (α1, . . . , αd) ∈ Td has rationally independent coordinates (after adding 1 to the
coordinates):

k j ∈ Z, 1 ≤ j ≤ d, k1α1 + · · ·+ kdαd = 0 ∈ T ⇒ k j = 0, 1 ≤ j ≤ d.

Generically, such an operator has purely singular continuous spectrum.

Theorem 2.3.3. There exists a residual set Fsc ⊂ C(Td, R) such that for all f ∈ Fsc and for Lebesgue-
almost every ω ∈ Td, the spectrum of hα,ω, f is purely singular continuous.

Moreover, this spectrum is generically a Cantor set (a closed subset, with no isolated points
and containing no interval).

Theorem 2.3.4. There exists a residual set Fcantor ⊂ C(Td, R) such that for all f ∈ Fcantor and for all
ω ∈ Td, the spectrum of hα,ω, f is a Cantor set.

It turns out that the case of quasi-periodic Schrödinger operators is more subtle than this.
Indeed, by introducing a coupling parameter in front of the potential, other spectral types may
appear. To illustrate this phenomenon, we consider the only quasi-periodic model that can be
regarded as completely understood, the almost Mathieu operator. Let Hα,λ

ω act on ℓ2(Z) by:

∀n ∈ Z, (Hα,λ
ω ψ)(n) = ψ(n + 1) + ψ(n− 1) + λ cos(2π(ω + nα))ψ(n).

We then set
Σα,λ =

⋃
ω∈T

σ(Hα,λ
ω ).

We then have the following theorems, where α is always assumed to be irrational.
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Theorem 2.3.5 (Measure of the spectrum.). For all λ > 0 and for all irrational α ∈ T, one has

Leb(Σα,λ) = 4|1− λ|.

Theorem 2.3.6 (Metal–insulator transition.). 1. If λ < 1, then for all α and all ω, σ(Hα,λ
ω ) is

purely absolutely continuous.

2. If λ = 1, for all α and for all ω except a countable set, σ(Hα,λ
ω ) is purely singular continuous.

3. If λ > 1, for almost every α and almost every ω, σ(Hα,λ
ω ) is purely point and the associated

eigenfunctions decay exponentially.

4. If λ > 1, for generic α and for all ω, σ(Hα,λ
ω ) is purely singular continuous.

5. If λ > 1, for all α and for generic ω, σ(Hα,λ
ω ) is purely singular continuous.

Theorem 2.3.7 (Ten Martini Problem.). For all λ > 0 and all irrational α ∈ T, Σα,λ is a Cantor set.

2.4 Spectral types and dynamics

We consider a quantum system such as, for instance, an electron propagating in a crystal.
Given an initial state ψ0 ∈ H, there must exist a unique state ψ(·, t) : x 7→ ψ(x, t) representing
the state of the system at time t. We write:

∀t ∈ R, ψ(·, t) = U(t)ψ0.

For each t, U(t) is a linear operator onH which is unitary (∥U(t)ψ∥ = ∥ψ∥) and satisfies:

U(0) = Id, and ∀s, t ∈ R, U(s + t) = U(s)U(t).

We further assume that for all ψ ∈ H and all t0 ∈ R,

lim
t→t0

U(t)ψ = U(t0)ψ.

We say that U is a strongly continuous one-parameter unitary group.
We then define:

D(H) =

{
ψ ∈ H

∣∣∣∣ lim
t→0

1
t
(U(t)ψ− ψ) exists

}
and, for all ψ ∈ D(H),

Hψ = lim
t→0

i
t
(U(t)ψ− ψ) ←→ U(t) = eitH.

The operator (H, D(H)) is called the Hamiltonian of the quantum system and corresponds to
the energy of this system. If ψ0 ∈ D(H), then ψ is a solution of the Schrödinger equation:

∂tψ = iHψ and ψ(·, 0) = ψ0.

Using functional calculus, one can therefore write:

ψ(·, t) = eitHψ0.

Studying the dynamics of a system means studying the time evolution of its states. We will see
in the following that the evolution of ψ(·, t) strongly depends on the space in which the initial
state ψ0 lies in the decomposition

H = Hpp ⊕Hac ⊕Hsc.

Conversely, these spaces are characterized by the dynamics of the states they induce.
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2.4.1 Reminders on the Fourier transform of a measure

Let µ be a Borel measure on R. The Fourier transform of µ is defined by:

∀t ∈ R, µ̂(t) =
∫

R
e−ixtdµ(x).

We then have the following three results:

1. Riemann–Lebesgue lemma: if µ is absolutely continuous with respect to the Lebesgue
measure, then µ̂(t) −−−→

t→±∞
0.

2. Plancherel theorem: µ̂ ∈ L2(R) if and only if µ is absolutely continuous with respect to
the Lebesgue measure and its Radon–Nikodym derivative dµ

dx ∈ L2(R). In this case:∫
R
|µ̂(t)|2dt = 2π

∫
R

∣∣∣∣dµ

dx
(x)
∣∣∣∣2 dx.

3. Wiener theorem:

lim
t→+∞

1
t

∫ t

0
|µ̂(s)|2ds = ∑

x∈R

|µ({x})|2.

2.4.2 The R.A.G.E. theorem

Theorem 2.4.1 (R.A.G.E.). Let H be a self-adjoint operator acting on H = L2(Rd) (or on
ℓ2(Zd) with adapted notation).

1. ψ ∈ Hpp if and only if

lim
R→+∞

sup
t≥0

(∫
Rd\B(0,R)

|e±itHψ(x)|2dx
)
= 0.

Such a ψ is called a bounded state.

2. ψ ∈ Hc if and only if

∀R > 0, lim
T→+∞

1
T

∫ T

0

(∫
B(0,R)

|e±itHψ(x)|2dx
)

dt = 0.

Such a ψ is called a diffusive state.

3. If ψ ∈ Hac then

∀R > 0, lim
t→+∞

∫
B(0,R)

|e−itHψ(x)|2dx = 0,

but the converse is not true.

One may replace B(0, R) by any compact subset of Rd; what matters is the applicability of the
dominated convergence theorem.
Let ψ ∈ H, ∥ψ∥ = 1. Then,

TR(ψ) =
∫ +∞

0

∫
B(0,R)

|e±itHψ(x)|2dx

is the sojourn time of the particle in the state ψ inside B(0, R).
Let ψ ∈ H, ∥ψ∥ = 1. Then,

WR(ψ) = lim
T→+∞

1
T

∫ T

0

(∫
B(0,R)

|e±itHψ(x)|2dx
)

dt

is the probability of presence of the particle in the state ψ inside B(0, R).
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Corollary 2.4.2. 1. If, for all R > 0 and all ψ ∈ H with norm 1, one has TR(ψ) = ∞ and
WR(ψ) > 0, thenH = Hpp and H has purely point spectrum.

2. If, for all R > 0 and all ψ ∈ H with norm 1, one has TR(ψ) = ∞ and WR(ψ) = 0, then
H = Hsc and H has purely singular continuous spectrum.

3. If, for all R > 0 and all ψ ∈ H with norm 1, one has TR(ψ) < ∞, then H = Hac and H has
purely absolutely continuous spectrum.

Proof : [Proof of the R.A.G.E. theorem]

1. Let us begin by proving the direct implication in point 1. Let ψ ∈ Hpp. Up to con-
sidering linear combinations (and using Pythagore’s theorem since the eigenspaces are
pairwise orthogonal) and passing to the limit using the dominated convergence theo-
rem, we may assume that ψ is an eigenfunction associated with an eigenvalue λ ∈ R of
H (since H is self-adjoint). Then:

e±itHψ = e±iλtψ

and since λ ∈ R and ψ ∈ L2(Rd),∫
Rd\B(0,R)

|e±itHψ(x)|2dx =
∫

Rd\B(0,R)
|ψ(x)|2dx −−−−→

R→+∞
0.

2. Let us prove the direct implication of point 2. Let R > 0. Let φ, ψ ∈ H and let E(·)
denote the spectral family associated with H. Then:

(φ|e−itHψ) =
∫

R
e−iλtdµφ,ψ(λ) = µ̂φ,ψ(t),

where µφ,ψ(λ) = (φ|E(λ)ψ). We apply Wieners theorem to µφ,ψ:

lim
T→+∞

1
T

∫ T

0
|µ̂φ,ψ(t)|2dt = ∑

λ∈R

|µφ,ψ({λ})|2.

Hence,

lim
T→+∞

1
T

∫ T

0
|(φ|e±itHψ)|2dt = ∑

λ∈R

|(φ|E({λ})ψ)|2.

If ψ ∈ Hc, then for all λ ∈ R, E({λ})ψ = 0. Therefore, for all φ ∈ H,

lim
T→+∞

1
T

∫ T

0
|(φ|e±itHψ)|2dt = 0.

We obtain the desired result by choosing φ = 1B(0,R)e±itHψ.

1-2 bis. We prove simultaneously the converses of points 1 and 2. Let:

Ha = {ψ ∈ H | lim
R→+∞

sup
t≥0

(∫
Rd\B(0,R)

|e±itHψ(x)|2dx
)
= 0}

and

Hb = {ψ ∈ H | ∀R > 0, lim
T→+∞

1
T

∫ T

0

(∫
B(0,R)

|e±itHψ(x)|2dx
)

dt = 0}.
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We have just shown that: Hpp ⊂ Ha andHc ⊂ Hb. Let φ ∈ Ha and ψ ∈ Hb. Then, for all
T > 0,

(φ|ψ) = 1
T

∫ T

0
(φ|ψ)dt

=
1
T

∫ T

0
(e−itH φ|e−itHψ)dt

=
1
T

∫ T

0
((1− 1B(0,R))e

−itH φ|e−itHψ)dt +
1
T

∫ T

0
(1B(0,R)e

−itH φ|e−itHψ)dt.

The first term can be made arbitrarily small for R large enough since φ ∈ Ha, and one can
bound the integrand by the uniform supremum over t ≥ 0 after applying the Cauchy–
Schwarz inequality. The second term tends to 0 as T goes to infinity for any fixed R > 0
since ψ ∈ Hb, again using Cauchy–Schwarz. We can therefore let T tend to infinity and
then R tend to infinity to obtain (φ|ψ) = 0. Hence Ha⊥Hb. Using the inclusions already
obtained: Ha⊥Hc and Hb⊥Hpp. Thus, since H = Hpp ⊕Hc, we have Ha ⊂ H⊥c = Hpp

andHb ⊂ H⊥pp = Hc. This yields the desired equalities.

3. By a previous computation, for all φ, ψ ∈ H, (φ|e−itHψ) = µ̂φ,ψ(t). Moreover, for any
Borel set M:

|µφ,ψ(M)| = |(E(M)φ|E(M)ψ| ≤ ||E(M)φ|| · ||E(M)ψ|| = |µφ(M)| 12 |µψ(M)| 12 .

Assume now that ψ ∈ Hac. Then µψ is absolutely continuous with respect to Lebesgue
measure, and the same is therefore true for µφ,ψ for any φ ∈ H. By the Riemann–
Lebesgue lemma, it follows that

(φ|e−itHψ) = µ̂φ,ψ(t) −−→
t→∞

0.

Let φ = 1B(0,R)e±itHψ. Then φ ∈ H and

(φ|e−itHψ) =
∫

B(0,R)
|e−itHψ(x)|2dx,

which yields the desired result.
2

The second point of the R.A.G.E. theorem admits the following generalization.

Proposition 2.4.3. Let H be a self-adjoint operator. Let K be an operator, either compact, or such that
K(H + i)−1 is compact. Then, for all ψ ∈ Hc,

lim
T→+∞

1
T

∫ T

0
∥Ke−itHψ∥2dt = 0.

Proof : If K is compact, it is the limit of finite-rank operators. It therefore suffices to prove the
result for finite-rank operators. Such an operator is a linear combination of operators
of the form K = (ϕ|·)φ, and by the triangle inequality we are reduced to point 2 of the
R.A.G.E. theorem.

Suppose now that K(H + i)−1 is compact. Since D(H) ∩Hc is dense in Hc, it suffices to
prove the result for ψ ∈ D(H) ∩Hc. We then write:

∥Ke−itHψ∥ = ∥K(H + i)−1e−itH(H + i)ψ∥,

which reduces the problem to the previous case.
2
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Random operators

Throughout this chapter, (Ω,A,P) denotes a complete probability space.

3.1 Measurable families of operators

We begin by defining the notion of measurability for a family of bounded random operators.

Definition 3.1.1. Let H be a Hilbert space. Let {Hω}ω∈Ω be a family of bounded operators onH. We
say that {Hω}ω∈Ω is measurable if for all φ, ψ ∈ H, the map ω 7→ (φ|Hωψ) is measurable.

The discrete Anderson model acting on ℓ2(Zd) is a measurable family of bounded operators.
In order to pass to the case of unbounded operators, we restrict ourselves to self-adjoint oper-
ators so as to be able to use the functional calculus.

Definition 3.1.2. Let H be a Hilbert space. Let {Hω}ω∈Ω be a family of self-adjoint operators on H.
We say that {Hω}ω∈Ω is measurable if for every bounded Borel function f : R → R, the family
{ f (Hω)}ω∈Ω is measurable in the sense of bounded operator families.

One can then prove the following characterizations of measurability.

Proposition 3.1.3. Let {Hω}ω∈Ω be a family of self-adjoint operators on H. For each ω ∈ Ω, let Eω

denote the spectral family associated with Hω. Then:

1. {Hω}ω∈Ω is measurable if and only if, for every Borel set B of R, the family {Eω(B)}ω∈Ω is
measurable.

2. {Hω}ω∈Ω is measurable if and only if there exists z ∈ C \R such that {(Hω + z)−1}ω∈Ω is
measurable.

3. {Hω}ω∈Ω is measurable if and only if for all t ∈ R, the family {eitHω}ω∈Ω is measurable.

Proof : For details, see [8], Proposition V.1.2, page 243.
2

The first point of the previous proposition yields a measurability result for the projections onto
the different spectral types. Let us first recall that the spectral theorem allows one to define, for
every Borel set B of R, a spectral projection by the formula E(B) = χB(H). Since E decomposes
as a sum E = Epp + Eac + Esc according to the Lebesgue decomposition of the spectral measure
of H, one can define, for every Borel set B of R, the projections Epp(B), Eac(B) and Esc(B).

Proposition 3.1.4. Let {Hω}ω∈Ω be a family of self-adjoint operators onH such that for each ω ∈ Ω,
Eω denotes the spectral family associated with Hω. Suppose that {Hω}ω∈Ω is measurable. Then for ev-
ery Borel set B of R, the families {Eω(B)}ω∈Ω, {Eω,pp(B)}ω∈Ω, {Eω,ac(B)}ω∈Ω and {Eω,sc(B)}ω∈Ω
are measurable.
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Proof : See [8], Proposition V.1.7, page 246.
2

We now verify that the Schrödinger operators we wish to study in the sequel are indeed
measurable. We have the following general result.

Proposition 3.1.5. Let H = −∆ + V act on L2(Rd) and be essentially self-adjoint on C∞
0 (Rd).

If {Vω}ω∈Ω is a stochastic process measurable in x and ω such that for every ω, Hω = H + Vω is
essentially self-adjoint on C∞

0 (Rd), then {Hω}ω∈Ω is measurable.

Proof : See [8], Proposition V.3.1, page 257.
2

Example 3.1.6. 1. The Anderson model is measurable.

2. The quasi-periodic model is measurable.

3. The Poisson random displacement model is measurable.

3.2 Ergodic families of operators

Let (Ω,A,P) be a complete probability space and let {Ti}i∈Zd be a group of measurable trans-
formations preserving the measure P. A set A ∈ A is said to be invariant under the action of
{Ti} if T−1

i A = A for all i ∈ Zd.
Then {Ti} is said to be ergodic if every invariant set has measure zero or equal to 1.
The family {Ti} is ergodic if and only if for every measurable function f : Ω→ R,

(∀i, f (Tiω) = f (ω) for almost every ω) ⇒ ( f is almost surely constant).

Finally, if {Ti} is ergodic, a potential x 7→ Vω(x) for x ∈ Rd and ω ∈ Ω is said to be Zd-
transitive (with respect to {Ti}i∈Zd ) when:

∀i ∈ Zd, ∀x ∈ Rd, VTiω(x) = Vω(x− i).

Similarly, if {Ty}y∈Rd is a group of measurable transformations preserving the measure P, the
potential Vω(x) is said to be Rd-transitive (with respect to {Ty}y∈Rd ) when:

∀y ∈ Rd, ∀x ∈ Rd, VTyω(x) = Vω(x− y).

Definition 3.2.1. A measurable family of self-adjoint operators {Hω}ω∈Ω is said to be Zd-ergodic
(resp. Rd-ergodic) if there exists a family of unitary operators Uy defined by Uyϕ(x) = ϕ(x− y) such
that:

∀i ∈ Zd, ∀ω ∈ Ω, HTiω = Ui HωU∗i .

The interest of this definition is that, for all ω ∈ Ω and all i ∈ Zd, σ(HTiω) = σ(Hω), which
leads to the existence of a deterministic set equal to the spectrum of Hω P-almost surely.

We also have the following property.

Proposition 3.2.2. If the family {Hω}ω∈Ω is ergodic, then for every measurable and bounded function
f , the family { f (Hω)}ω∈Ω is ergodic.
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3.3 The almost-sure spectrum

We begin with a first result that guides us toward the notion of the almost-sure spectrum.

Lemma 3.3.1. If {Pω}ω∈Ω is an ergodic family of orthogonal projectors, then the rank of Pω is P-almost
surely constant.

Proof : Let {φk}k≥1 be a Hilbert basis ofH. For every ω ∈ Ω we define

r(ω) := Tr Pω = ∑
k≥1

(Pω φk|φk).

Then r is a positive random variable and for all i and all ω,

r(Tiω) = ∑
k≥1

(PTiω φk|φk) = ∑
k≥1

(U∗i PωUi φk|φk) = ∑
k≥1

(PωUi φk|Ui φk) = Tr Pω = r(ω).

By ergodicity, we deduce that r is almost surely constant.
2

We then have the theorems of Pastur and of Kunz–Souillard / Kirsch–Martinelli, which
ensure that for an ergodic family of self-adjoint operators, almost surely their spectrum is in-
dependent of ω.

Theorem 3.3.2. Let {Hω}ω∈Ω be an ergodic family of self-adjoint operators. Then there exists a closed
set Σ ⊂ R such that Σ = σ(Hω) P-almost surely.

The set Σ is called the almost-sure spectrum of the family {Hω}ω∈Ω.

Proof : Let us first note that since Hω is self-adjoint, it is closed, and therefore its spectrum
σ(Hω) is a closed subset of R. Using the structure of open sets of R as countable unions
of pairwise disjoint open intervals with rational endpoints, we may write:

σ(Hω) = R \

 ⋃
a<b, a,b∈Q, σ(Hω)∩]a,b[=∅

]a, b[

 .

Let a < b be two real numbers. We define:

Ωa,b = {ω ∈ Ω | σ(Hω)∩]a, b[= ∅}.

Note that
(σ(Hω)∩]a, b[= ∅) ⇔ (Eω(]a, b[) = 0).

Since {Hω}ω∈Ω is measurable, the family {Eω}ω∈Ω is also measurable, and since ]a, b[
is a Borel set of R, Ωa,b is measurable. Moreover, the spectrum is invariant under the
unitary transformation Ui. Hence:

∀i ∈ Zd, T−1
i (Ωa,b) = {ω ∈ Ω | σ(HTiω)∩]a, b[= ∅}

= {ω ∈ Ω | σ(Ui HωU∗i )∩]a, b[= ∅}
= {ω ∈ Ω | σ(Hω)∩]a, b[= ∅}
= Ωa,b.

Since the family {Ti}i∈Zd is ergodic, we deduce that

P(Ωa,b) = 0 or P(Ωa,b) = 1.
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We introduce the set:

Ω′ =

 ⋂
a<b, a,b∈Q, P(Ωa,b)=1

Ωa,b

 \
 ⋃

c<d, c,d∈Q, P(Ωc,d)=0

Ωc,d

 .

By countability of Q, P(Ω′) = 1.

Let ω ∈ Ω′. Then, for all a, b ∈ Q, a < b, such that P(Ωa,b) = 1, we have σ(Hω)∩]a, b[=
∅. Moreover, for all c, d ∈ Q, c < d, such that P(Ωc,d) = 0, we have ω /∈ Ωc,d, i.e.,
σ(Hω)∩]c, d[ ̸= ∅. Hence,

∀ω ∈ Ω′,
⋃

a<b, a,b∈Q, σ(Hω)∩]a,b[=∅

]a, b[=
⋃

a<b, a,b∈Q, P(Ωa,b)=1

]a, b[.

We observe that the left-hand side depends on ω, while the right-hand side is indepen-
dent of ω. We therefore define

Σ = R \

 ⋃
a<b, a,b∈Q, P(Ωa,b)=1

]a, b[

 .

The set Σ is a closed subset of R and we have:

∀ω ∈ Ω′, σ(Hω) = Σ.

This yields the desired result since P(Ω′) = 1.
2

The proof given above extends directly to the spectral types by replacing the projector Eω

with the projectors Eω,pp, Eω,ac and Eω,sc.

Theorem 3.3.3. Let {Hω}ω∈Ω be an ergodic family of self-adjoint operators. Then there exist closed
sets Σpp, Σsc and Σac in R such that P-almost surely,

Σpp = σpp(Hω), Σsc = σsc(Hω) and Σac = σac(Hω).

Finally, we have a result concerning the essential and discrete spectra.

Theorem 3.3.4. Let {Hω}ω∈Ω be an ergodic family of self-adjoint operators. Then the essential spec-
trum and the discrete spectrum of Hω are P-almost surely constant.

Proof : Once again, the proof of the Ishii–Pastur theorem adapts directly to these two types of
spectrum by considering the associated spectral projectors.

2

3.4 Examples of almost-sure spectra

3.4.1 The discrete Anderson model

Let (Ω̃, Ã, P̃) be a complete probability space and set

(Ω,A,P) =

(⊗
n∈Zd

Ω̃,
⊗

n∈Zd

Ã,
⊗

n∈Zd

P̃

)
.

page 26 Random operators and Anderson localization



3.4 Examples of almost-sure spectra

We aim to compute the almost-sure spectrum of the ergodic family of operators {hω}ω∈Ω act-
ing on ℓ2(Zd) defined by:

(hωu)n = − ∑
|m−n|=1

um + ωnun

where, for each ω ∈ Ω and n ∈ Zd, ωn is a random variable on Ω̃. We assume this family of
random variables is i.i.d..
Let us briefly justify the ergodicity of this random family. First, for each i ∈ Zd and ω ∈ Ω, we
define Ti(ω) = (ωn−i)n∈Zd . Then the transformations Ti preserve the product measure P since
P is the product of copies of the same measure. Moreover, the family {Ti}i∈Zd defined in this
way is ergodic. Indeed, one shows that for all A, B ∈ A,

P(T−1
i A ∩ B) −−−−−→

||i||∞→∞
P(A)P(B). (3.1)

Recall that, by definition of the product σ-algebra, A is generated by cylinders of the form

{ω ∈ Ω | ωi1 ∈ Ã, . . . , ωik ∈ Ã}.

If A and B are such cylinders, then by the definition of the product measure and since each Ti
preserves the measure, (3.1) holds. Since the set of A and B for which (3.1) holds is a σ-algebra
and cylinders generate A, (3.1) is true for all of A. Now, let M be a set invariant under the
action of {Ti}i∈Zd . Applying (3.1) with A = B = M gives

P(M) = P(M ∩M) = P(T−1
i M ∩M) −−−−−→

||i||∞→∞
P(M)P(M) = P(M)2.

Hence P(M) is either 0 or 1. Finally, the family {Ti}i∈Zd is ergodic.
We can then define the unitary operators Ui as translations:

∀i ∈ Zd, ∀u ∈ ℓ2(Zd), ∀n ∈ Zd, (Uiu)n = un−i.

Then we have the relation:

∀i ∈ Zd, ∀ω ∈ Ω, hTiω = UihωU∗i .

Indeed, for all i ∈ Zd, u ∈ ℓ2(Zd) and n ∈ Zd,

(UihωU∗i u)n = (Uihωu·+i)n

= Ui

(
− ∑
|m−n|=1

um+i + ωnun+i

)
= − ∑

|m−n|=1
um + ωn−iun

= (hTiωu)n.

Since the ωn are i.i.d., let ν denote their common law. The support of ν is by definition

supp ν = {x ∈ R | ∀ε > 0, ν((x− ε, x + ε)) > 0}.

Furthermore, define

ℓ2
0(Z

d) = {u ∈ ℓ2(Zd) | un = 0 for all but finitely many n}.

Since the discrete Laplacian is bounded, by the Kato–Rellich theorem, hω is essentially self-
adjoint on ℓ2

0(Z
d).

We begin by proving a lemma on the random potential.
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Lemma 3.4.1. There exists a set Ω0 ⊂ Ω of probability 1 such that: for every ω ∈ Ω0, for every finite
set Λ ⊂ Zd, for every sequence (qi)i∈Λ of elements qi ∈ supp ν, and for every ε > 0, there exists a
sequence (jn)n∈N of elements in Zd such that ||jn||∞ −−−−→

n→+∞
+∞ and

sup
i∈Λ
|qi −ωi+jn | < ε.

Proof : Fix a finite set Λ ⊂ Zd, a sequence (qi)i∈Λ of elements in supp ν, and ε > 0. By the
definition of the support and the i.i.d. property of the ωi, we have P(A) > 0 where A is
the event A = {ω ∈ Ω | supi∈Λ |qi −ωi| < ε}.
Let (ln)n∈N be a sequence in Zd such that the distance between any two terms ln and lm
(n ̸= m) is greater than twice the diameter of Λ. Then, by translation invariance in law
and independence, the events

An = {ω ∈ Ω | sup
i∈Λ
|qi −ωi+ln | < ε}.

are independent and satisfy for all n, P(An) = P(A) > 0. By the Borel–Cantelli lemma,
the event

ΩΛ,{qi},ε = {ω ∈ Ω | ω ∈ An infinitely often}

has probability 1. Moreover, since supp ν ⊂ R, it contains a countable dense subset
denoted S. Also, the set Fd of finite subsets of Zd is countable, so:

Ω0 =
⋂

Λ∈Fd, (qi)∈SΛ, n∈N∗

ΩΛ,(qi), 1
n

is a countable intersection of sets of probability 1, hence P(Ω0) = 1. Therefore, Ω0 is
suitable.

2

We can now compute the almost-sure spectrum of {hω}ω∈Ω.

Theorem 3.4.2. For P-almost every ω ∈ Ω, σ(hω) = [−2d, 2d] + supp ν.

Proof : First, recall that the spectrum of a multiplication operator is given by the closure of the
image of the function defining it. Thus, almost surely, σ(Vω) = supp ν where Vω is the
multiplication operator by the sequence (ωn)n∈Zd . Moreover, the spectrum of the discrete
Laplacian is deterministic and given by [−2d, 2d]. Since Vω is bounded and symmetric
and −∆disc is also bounded, we have by [14, Theorem 4.10, Chapter V], for almost every
ω,

σ(−∆disc + Vω) ⊂ σ(−∆disc) + σ(Vω) = [−2d, 2d] + supp ν.

Conversely, let λ ∈ [−2d, 2d] + supp ν. Write λ = λ0 + λ1, with λ0 ∈ [−2d, 2d] and
λ1 ∈ supp ν. Since hω is essentially self-adjoint on ℓ2

0(Z
d), by Weyl’s criterion, there

exists a sequence (un)n∈N in ℓ2
0(Z

d) of norm 1 such that

||(−∆disc − λ0)un|| −−−−→
n→+∞

0.

Furthermore, since λ1 ∈ supp ν, by Lemma 3.4.1, there exists a sequence (jn)n∈N in Zd

such that ||jn||∞ tends to infinity as n→ ∞ and for all n ≥ 1

sup
i∈supp un

|ωi+jn − λ1| <
1
n

.
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Finally, set vn = un−jn . Then ||vn||2 = 1 for all n and, for almost every ω,

||(hω − λ)vn|| ≤ ||(−∆disc − λ0)vn||+ ||(Vω − λ1)vn||
≤ ||(−∆disc − λ0)un||+ ||(Vω − λ1)vn||

≤ ||(−∆disc − λ0)un||+
1
n

.

Hence, for almost every ω, ||(hω − λ)vn|| tends to 0, and by Weyl’s criterion, λ ∈ σ(hω).
This gives almost surely the desired equality.

2

3.4.2 A quasi one-dimensional continuous Anderson model

Consider the random family of matrix-valued one-dimensional Anderson-Bernoulli operators

Hl,ω = − d2

dx2 ⊗ IN + V + ∑
n∈Z


c1ω

(n)
1 1[0,l](x− ln) 0

. . .

0 cNω
(n)
N 1[0,l](x− ln)

 (3.2)

acting on L2(R)⊗CN , where N ≥ 1 is an integer, IN is the identity matrix of order N and l > 0
is a real number. The matrix V is a real N × N symmetric matrix, the space of these matrices
being denoted by SN(R) . The constants c1, . . . , cN are non-zero real numbers.

For every i ∈ {1, . . . , N}, (ω
(n)
i )n∈Z is a sequence of independent and identically dis-

tributed (i.i.d., for short) random variables on a complete probability space (Ω̃i, Ãi, P̃i), of
common law νi such that {0, 1} ⊂ supp νi and supp νi is bounded. In particular, the ω

(n)
i ’s

can be Bernoulli random variables. The family {Hl,ω}ω∈Ω is a family of random operators
indexed by the product space

(Ω,A,P) =

(⊗
n∈Z

(Ω̃1 ⊗ · · · ⊗ Ω̃N),
⊗
n∈Z

(Ã1 ⊗ · · · ⊗ ÃN),
⊗
n∈Z

(P̃1 ⊗ · · · ⊗ P̃N)

)
.

We also set, for every n ∈ Z, ω(n) = (ω
(n)
1 , . . . , ω

(n)
N ), which is a random variable on (Ω̃1 ⊗

· · · ⊗ Ω̃N , Ã1 ⊗ · · · ⊗ ÃN , P̃1 ⊗ · · · ⊗ P̃N) of law ν1 ⊗ · · · ⊗ νN . The expectation value with respect
to P will be denoted by E(·).

As a bounded perturbation of − d2

dx2 ⊗ IN , the operator Hl,ω is self-adjoint on the Sobolev
space H2(R) ⊗ CN and thus, for every ω ∈ Ω, the spectrum of Hl,ω, denoted by σ(Hl,ω), is
included in R. Moreover, because of the periodicity in law of the random potential of Hl,ω, the
family {Hl,ω}ω∈Ω is lZ-ergodic. Thus, there exists Σ ⊂ R such that, for P-almost every ω ∈ Ω,
Σ = σ(Hl,ω). There also exist Σpp, Σac and Σsc, subsets of R, such that, for P-almost every
ω ∈ Ω, Σpp = σpp(Hl,ω), Σac = σac(Hl,ω) and Σsc = σsc(Hl,ω), respectively the pure point,
absolutely continuous and singular continuous spectrum of Hl,ω.

We can give an explicit description of the almost-sure spectrum Σ of {Hl,ω}ω∈Ω. For ω(0) =

(ω
(0)
1 , . . . , ω

(0)
N ) ∈ supp(ν1⊗ · · · ⊗ νN), we denote by Eω(0)

1 , . . . , Eω(0)

N the real eigenvalues of the
real symmetric matrix V + diag(c1ω

(0)
1 , . . . , cNω

(0)
N ). Then, we have

Σ = [0,+∞) +
⋃

ω(0)∈supp(ν1⊗···⊗νN)

{Eω(0)

1 , . . . , Eω(0)

N }. (3.3)

In particular, Σ does not depend on the parameter l. In the proof, we will use the specific form
of the potential, in particular the fact that V is constant and, in the random part, the fact that
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the single site potential is of the form 1[0,l] instead of a generic single site potential v ∈ L1
loc(R)

supported on [0, l].

We fix l > 0. Let ω ∈ Ω and n ∈ Z. If V is a matrix in SN(R) , we set

Vω(n) = V + diag(c1ω
(n)
1 , . . . , cNω

(n)
N ) ∈ SN(R) . (3.4)

Let x ∈ R. We set
Vω(x) = ∑

n∈Z

1[0,l](x− ln)⊗Vω(n) . (3.5)

We denote by Vω the maximal multiplication operator by the function x 7→ Vω(x). Since
(ω(n))n∈Z is a sequence of i.i.d. random variables and since for every n ∈ Z the function
x 7→ 1[0,l](x − ln) ⊗ Vω(n) is constant on [ln, l(n + 1)], the almost-sure spectrum of the lZ-
ergodic family {Vω}ω∈Ω is

Σ(Vω) =
⋃

ω(0)∈supp(ν1⊗···⊗νN)

{Eω(0)

1 , . . . , Eω(0)

N }. (3.6)

We recall that if we consider the operator − d2

dx2 on L2(R)⊗C of domain H2(R)⊗C, we have

σ

(
− d2

dx2

)
= [0,+∞). (3.7)

Now, since the operator − d2

dx2 ⊗ IN is deterministic, its almost-sure spectrum is

Σ
(
− d2

dx2 ⊗ IN

)
= [0,+∞). (3.8)

For any ω ∈ Ω, Vω is a bounded self-adjoint operator on L2(R) ⊗ CN and − d2

dx2 ⊗ IN is
self-adjoint on H2(R)⊗CN . Then, adapting the proof of [14, Theorem 4.10, Chapter V], we get
that every λ ∈ Σ satisfies λ ∈ Σ(− d2

dx2 ⊗ IN) + Σ(Vω) and thus, Σ ⊂ Σ(− d2

dx2 ⊗ IN) + Σ(Vω).
Indeed, if λ < min(0, inf Σ(Vω)) then it is almost-surely in the resolvent set of− d2

dx2 ⊗ IN +Vω.
At least, a direct application of the result of Kato leads to

σ ⊂ [−max(| inf Σ(Vω)|, | sup Σ(Vω)|),+∞).

Conversely, let α ∈ Σ(− d2

dx2 ⊗ IN) and let β ∈ Σ(Vω). Then, α ∈ [0,+∞) and in particular,
α ∈ σ(− d2

dx2 ). One can find a sequence (gp)p∈N of elements of H2(R)⊗C such that

(i) ||gp||L2(R)⊗C = 1 for every p ∈N,

(ii) || − g
′′
p − αgp||L2(R)⊗C tends to 0 as p tends to infinity,

(iii) supp gp ⊂ [−(p + 1), (p + 1)] for every p ∈N.

To construct such a sequence (gp)p∈N, we can consider a solution of the ordinary differential
equation−u′′ = αu, for example the function u : x 7→ ei

√
αx. Then, we multiply this solution by

a sequence of functions (χp)p∈N which are compactly supported in the interval [−(p+ 1), (p+
1)], constant on the interval [−p, p] and such that ||χp||L2(R)⊗C = 1 for every p ∈N.

Let m ∈N and n ∈ Z. We set

Ω(m)
n = {ω ∈ Ω ; β ∈ σ(Vω(n)) and ω(n) = ω(n+1) = · · · = ω(n+m)}, (3.9)
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where σ(Vω(n)) = {Eω(n)

1 , . . . , Eω(n)

N }. We remark that

Σ(Vω) =
⋃

ω(0)∈supp(ν1⊗···⊗νN)

σ(Vω(0)) =
⋃

ω(n)∈supp(ν1⊗···⊗νN)

σ(Vω(n)), for any n ∈ Z. (3.10)

We also set

Ω(m) = {ω ∈ Ω ; β ∈ σ(Vω(n)) and ω(n) = · · · = ω(n+m) for infinitely many n ∈ Z}. (3.11)

Since (ω(n))n∈Z is a sequence of i.i.d. random variables, we have

P(Ω(m)
i ) = P(Ω(m)

j ) for any (i, j) ∈ Z2 such that i ̸= j. (3.12)

Moreover, as β ∈ Σ(Vω), by (3.10) and the fact that the random variables ω(n) are i.i.d., we
have

P(Ω(m)
n ) > 0 for any n ∈ Z. (3.13)

Finally, the events (Ω(m)
(m+1)n)n∈Z are independent and we can apply Borel-Cantelli’s lemma to

obtain
P(Ω(m)) = 1 for any m ∈N. (3.14)

We set

Ω1 = {ω ∈ Ω ; ∀m ∈N, β ∈ σ(Vω(n)) and ω(n) = · · · = ω(n+m) for infinitely many n ∈ Z}.

Then, Ω1 is the countable intersection of the Ω(m) and, by (3.14), P(Ω1) = 1. We set

Ω2 = {ω ∈ Ω ; σ(Hl,ω) = Σ}.

By definition of Σ, we have P(Ω2) = 1. Thus, if we set Ω0 = Ω1 ∩Ω2, we have P(Ω0) = 1. In
particular, Ω0 ̸= ∅. We fix ω ∈ Ω0.

Let p ∈ N and let m ∈ N such that m > 2p + 2. Since ω ∈ Ω0, there exists n ∈ Z such
that β ∈ σ(Vω(n)) and ω(n+i) = ω(n) for every i ∈ {1, . . . , m}. Since properties (i), (ii) and (iii)
of (gp)p∈N are invariant by translation, one may assume that supp gp ⊂ [n, n + m]. Moreover,
since ω(n+i) = ω(n) for every i ∈ {1, . . . , m}, Vω(n+i) = Vω(n) for every i ∈ {1, . . . , m}. Since
β ∈ σ(Vω(n)), one can find an eigenvector fn ∈ CN of the matrix Vω(n) associated to β which
is also an eigenvector of Vω(n+i) associated to β for every i ∈ {1, . . . , m}. We can assume that
|| fn||CN = 1, where || · ||CN is any norm on CN .

Then, we set f ∈ L2(R)⊗CN which is equal to fn on [n, n+m] and equal to 0 on R \ [n, n+
m]. We have

(Vω − β) · f =
n+m

∑
j=n

(Vω(j) − β) · fn + ∑
j∈Z\{n,...,n+m}

(Vω(j) − β) · 0 = 0, (3.15)

since fn is a common eigenvector to the matrices Vω(j) for j ∈ {n, . . . , n + m}.
Now we can define hp = gp f for every p ∈ N. Then hp ∈ H2(R) ⊗ CN because gp ∈

H2(R)⊗C, supp gp ⊂ [n, n + m] and f ∈ L2(R)⊗CN is constant on [n, n + m]. We have

||hp||2L2(R)⊗CN =
∫

R
||gp(x) f (x)||2

CN dx (3.16)

=
∫
[n,n+m]

|gp(x)|2 || fn||2CN dx

=
∫
[n,n+m]

|gp(x)|2dx = ||gp||L2(R)⊗CN = 1,
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since supp gp ⊂ [n, n + m]. We also have, using (3.15),

||(Hl,ω − (α + β)) · hp||L2(R)⊗CN =

∣∣∣∣∣∣∣∣(− d2

dx2 ⊗ IN − α

)
· hp + (Vω − β) · hp

∣∣∣∣∣∣∣∣
L2(R)⊗CN

=
∣∣∣∣∣∣(−g

′′
p − αgp) f + gp(Vω − β) · f

∣∣∣∣∣∣
L2(R)⊗CN

=
∣∣∣∣∣∣(−g

′′
p − αgp) f

∣∣∣∣∣∣
L2(R)⊗CN

≤
∣∣∣∣∣∣−g

′′
p − αgp

∣∣∣∣∣∣
L2(R)⊗C

×
(

sup
x∈R

|| f (x)||2
CN

)
=

∣∣∣∣∣∣−g
′′
p − αgp

∣∣∣∣∣∣
L2(R)⊗C

,

by supx∈R || f (x)||2
CN = || fn||2CN = 1. By (ii), we obtain that ||(Hl,ω − (α + β)) · hp||L2(R)⊗CN

tends to 0 when p tends to infinity. Combining this with (3.16) and applying Weyl’s criterion
with the sequence (hp)p∈N, we obtain α + β ∈ σ(Hl,ω). Since ω ∈ Ω2, we have α + β ∈ Σ.
Thus, Σ(− d2

dx2 ⊗ IN) + Σ(Vω) ⊂ Σ and finally

Σ = Σ
(
− d2

dx2 ⊗ IN

)
+ Σ(Vω) = [0,+∞) +

⋃
ω(0)∈supp(ν1⊗···⊗νN)

{Eω(0)

1 , . . . , Eω(0)

N }. (3.17)
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Lyapunov exponents

The aim of this chapter is to study the convergence of sequences of products of i.i.d. random
matrices. In particular, we seek to understand how the law of large numbers generalizes to
this setting.

Throughout the sequel, N ≥ 1 denotes an integer.

4.1 Upper Lyapunov exponent and the Furstenberg–Kesten theorem

Let (Ω,A,P) be a complete probability space. We begin by introducing the upper Lyapunov
exponent of a sequence of i.i.d. random matrices in GLN(R) , denoted by (Aω

n )n∈N.

Definition 4.1.1. Assume that the expectation E(log+ ||Aω
0 ||) is finite. Then the following limit

belongs to R∪ {−∞}:
γ = lim

n→∞

1
n

E(log ||Aω
n−1 · · · Aω

0 ||)

We call it the upper Lyapunov exponent associated with the sequence (Aω
n )n∈N.

By equivalence of norms in finite dimension, γ does not depend on the choice of the norm
onMN(R).

Proof : Let Sn = Aω
n−1 · · · Aω

0 . Choosing a sub-multiplicative norm onMN(R), we have

||Sn|| ≤ ||Aω
n−1|| · · · ||Aω

0 ||.

Then, under the assumption that the expectation E(log+ ||Aω
0 ||) is finite, we also have

integrability of log+ ||Sn|| by independence and multiplicativity of expectation in the
independent case. We may then write, for all p, n ∈N,

E(log+ ||Sn+p||) ≤ E(log ||Aω
n+p · · · Aω

n ||) + E(log ||Aω
n−1 · · · Aω

0 ||)
= E(log+ ||Sp||) + E(log+ ||Sn||),

using the i.i.d. property in the first term. Thus, the sequence (E(log+ ||Sn||))n∈N is sub-
additive and 1

n E(log+ ||Sn||) converges to infm≥1
1
m E(log+ ||Sm||) in R∪ {−∞}.

2

Example 4.1.2. If we assume that each matrix Aω
n is diagonal with diagonal entries aω

n,i for i ∈
{1, . . . , N}, then γ = supi E(log |aω

0,i|) and, by the usual strong law of large numbers,

γ = lim
n→+∞

1
n

log(||Sn||)

for almost every ω.
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Thus, convergence in expectation is easily obtained. This convergence also holds almost
surely, which is a less obvious result. It can be proved directly using cocycle theory, as done in
[2]. Almost sure convergence is also a consequence of Kingman’s sub-additive ergodic theo-
rem.

Let T be a set that can be either N or Z, or R or [0,+∞). We then consider a semigroup
Θ = {θt | t ∈ T} of transformations of Ω that preserve P. The quadruple (Ω,A, Θ,P) is called
a dynamical system.

A random variable Z on Ω is said to be invariant with respect to Θ if for all t ∈ T, Z ◦ θt =
Z. Finally, a dynamical system (Ω,A, Θ,P) is said to be ergodic if every random variable
invariant under Θ is P-almost surely constant.

Definition 4.1.3. A real-valued stochastic process {X(t) | t ∈ T} on (Ω,A, Θ,P) is said to be sub-
additive if

X(0) = 0 and ∀s, t ∈ T, X(t + s) ≤ X(t) + X(s) ◦ θt.

In the case of equality, the process is called additive.

Theorem 4.1.4 (Kingman). Let {X(n) | n ∈N} be a sub-additive process such that

1. for all n ∈N, X(n) is integrable,

2. the sequence ( 1
n E(X(n)))n≥1 is bounded from below.

Then there exists a random variable Z, invariant with respect to Θ, such that ( 1
n X(n))n≥1 converges

P-almost surely and in expectation to Z. Moreover,

E(Z) = inf
n≥1

1
n E(X(n)).

Using this theorem, one can prove the Furstenberg–Kesten theorem.

Theorem 4.1.5 (Furstenberg–Kesten). Let (Aω
n )n∈N be a sequence of i.i.d. random matrices in

GLN(R) . Assume that the expectation E(log+ ||Aω
0 ||) is finite. Then, P-almost surely, the following

limit exists and

lim
n→+∞

1
n

log ||Aω
n−1 . . . Aω

0 || = γ,

the upper Lyapunov exponent.

Proof : Case 1. Assume γ ∈ R. Then the process (log(||Sn||))n∈N is sub-additive for Θ = {Id},
and the assumptions of Kingman’s theorem are satisfied by the proof of Definition 4.1.1.
Hence the result in this case.

Case 2. Assume γ = −∞. In this case, Kingman’s theorem can no longer be applied
directly. Fix m ∈N∗ and, for every integer n ≥ 1, perform the Euclidean division of n by
m, n = qm + r with q ≥ 0 and 0 ≤ r < m. We have

1
n

log(||Sn||) ≤
1
n

log(||Aω
n−1 . . . Aω

qm+1||) +
1
n

log(||Aω
qm . . . Aω

0 ||)

≤ 1
n

n−1

∑
i=qm+1

log(||Aω
i ||) +

1
n

q−1

∑
j=0

log(||Aω
(j+1)m · · · A

ω
jm+1||)

≤ 1
n

n−1

∑
i=qm+1

log(||Aω
i ||) +

1
m

(
1
q

q−1

∑
j=0

log(||Aω
(j+1)m · · · A

ω
jm+1||)

)
.
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The first sum has a fixed finite number of terms bounded by m, independent of n. Hence
the first term of the upper bound tends to 0 as n tends to infinity. For the second term,
we may apply the usual law of large numbers to obtain

lim
q→+∞

1
q

q−1

∑
j=0

log(||Aω
(j+1)m · · · A

ω
jm+1||) = E(log(||Aω

m−1 · · · Aω
0 ||)).

Since q tends to infinity as n tends to infinity, we deduce that

∀m ∈N∗, lim sup
n→+∞

1
n

log(||Sn||) ≤
1
m

E(log(||Aω
m · · · Aω

1 ||)).

Letting m tend to infinity finally yields

−∞ ≤ lim inf
n→+∞

1
n

log(||Sn||) ≤ lim sup
n→+∞

1
n

log(||Sn||) ≤ γ = −∞.

Thus, the conclusion of the theorem holds with the limit and γ equal to −∞.
2

4.2 Sequences of random matrices in GL2(R)

Before turning to the general case, let us examine what happens for products of invertible
random 2× 2 matrices, since the geometric interpretations are simpler in this setting.

4.2.1 Furstenberg’s theorem

We seek simple conditions ensuring that, for two nonzero vectors x and y in RN , the random
vectors Snx and Sny tend to align in the same direction at an exponential rate.

For a nonzero x ∈ RN , we denote by x̄ its equivalence class in P(RN), and if M ∈ GLN(R) ,
we set Mx̄ = Mx. Then, if x and y are two unit vectors in RN , we define their distance by

δ(x̄, ȳ) = (1− (x|y)2)
1
2 ,

which is the modulus of the sine of the angle between x̄ and ȳ when N = 2. We now assume
that N = 2. In this case, if x = (x1, x2) and y = (y1, y2), then

δ(x̄, ȳ) =
|x1y2 − x2y1|
||x|| ||y|| ,

and this indeed defines a distance on P(R2). Possibly replacing each Aω
n by |det(Aω

n )|−
1
2 Aω

n ,
which does not change Sn x̄ (since we are working in projective space), we may assume that
|det(Aω

n )| = 1. In this case, a direct computation for

Sn =
(

a b
c d

)
with |ad− bc| = 1 yields

δ(Sn x̄, Snȳ) =
||x|| ||y||
||Snx|| ||Sny||δ(x̄, ȳ).

Now, if γ > 0, we are guaranteed that there exists a unique direction in the plane along which
||Snx|| decays exponentially. This is precisely the content of Oseledets’ theorem, which ensures
that if x̄ ̸= ȳ, then one of the two norms ||Snx|| or ||Sny|| grows exponentially to +∞. Hence,
the distance δ(Sn x̄, Snȳ) always decays exponentially to 0.
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Theorem 4.2.1 (Oseledets in SL2(R)). Let (An)n∈N be a sequence of matrices in SL2(R) such that

(i) limn→+∞
1
n ln ||An|| = 0,

(ii) γ = limn→+∞
1
n ln(||An · · · A1||) > 0.

Then there exists a one-dimensional subspace V− ⊂ R2 such that

1. ∀v ∈ V−, v ̸= 0, limn→+∞
1
n ln(||An · · · A1v||) = −γ,

2. ∀v /∈ V−, limn→+∞
1
n ln(||An · · · A1v||) = γ.

We therefore seek conditions ensuring that γ > 0. These conditions are given by Fursten-
berg’s theorem.

Theorem 4.2.2 (Furstenberg). Let (Aω
n )n∈N be a sequence of random variables in GL2(R) with

common law µ. Let Gµ be the smallest closed subgroup of GL2(R) containing the support of µ, called
the Furstenberg subgroup associated with (Aω

n )n∈N. Assume that

(i) for all M ∈ Gµ, |det(M)| = 1,

(ii) Gµ is not compact,

(iii) there exists no finite union L of lines in R2 such that M(L) = L for all M ∈ Gµ.

Then:

1. for all x̄, ȳ ∈ P(R2), P-almost surely,

lim
n→+∞

δ(Sn x̄, Snȳ) = 0,

2. if E(log+(||Aω
0 ||)) is finite, there exists γ > 0 such that for all x ∈ R2, x ̸= 0, P-almost surely,

lim
n→+∞

1
n

log(||Snx||) = lim
n→+∞

1
n

log(||Sn||) = γ.

Assumption (iii) can be difficult to verify. However, if µ is such that (i) and (ii) hold, then
(iii) is equivalent to the following property (iii)′:

(iii)′ ∀x̄ ∈ P(R2), #{M.x̄ | M ∈ Gµ} ≥ 3.

For a proof of this equivalence, see [2][Proposition 4.3], page 31.

4.2.2 Application to the one-dimensional discrete scalar Anderson model

We apply Furstenberg’s theorem to a first example of a sequence of i.i.d. random matrices in
GL2(R) arising from the one-dimensional discrete scalar Anderson model.

Let (Ω̃, Ã, P̃) be a complete probability space, and let (ωn)n∈Z be a sequence of i.i.d. ran-
dom variables with common law ν, such that there exist a ̸= b, {a, b} ⊂ supp ν, and supp ν is
bounded. Set

(Ω,A,P) =

(⊗
n∈Z

Ω̃,
⊗
n∈Z

Ã,
⊗
n∈Z

P̃

)
.

If

hω :
ℓ2(Z) → ℓ2(Z)
(un)n∈Z 7→ −(un+1 + un−1) + ωnun
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then {hω}ω∈Ω is an ergodic family of random operators with almost-sure spectrum [−2, 2] +
supp ν.

We aim to study the asymptotic behavior of generalized eigenfunctions of hω. If E belongs
to the almost-sure spectrum of hω, we seek to understand the asymptotic behavior of sequences
(un)n∈Z such that

∀n ∈ Z, −(un+1 + un−1) + ωnun = Eun.

This equation can be written as

∀n ∈ Z,
(

un+1
un

)
=

(
ωn − E −1

1 0

)(
un

un−1

)
. (4.1)

We then set

Tω
n (E) =

(
ωn − E −1

1 0

)
.

The matrix Tω
n (E) is called the transfer matrix at site n. The sequence (Tω

n (E))n∈Z is a sequence
of random matrices in SL2(R) , independent and identically distributed, with common law µ
induced by the law ν of the random variables ωn.

The asymptotic behavior of (un)n∈Z reduces, by iteration of (4.1), to that of the product
Tω

n (E) · · · Tω
0 (E). The upper Lyapunov exponent of this sequence of matrices is well defined,

and we will show that it is strictly positive.
Since the transfer matrices are i.i.d., the smallest subgroup of SL2(R) containing the sup-

port of µ is given by
Gµ = ⟨{Tω

0 (E) | ω0 ∈ supp ν}⟩.

First, all matrices in Gµ indeed have determinant 1. Let us show that Gµ is not compact. To this
end, we exhibit an unbounded sequence in Gµ. By the assumption on the law of ω0, we have〈(

a− E −1
1 0

)
,
(

b− E −1
1 0

)〉
⊂ Gµ.

Then, (
a− E −1

1 0

)(
b− E −1

1 0

)−1

=

(
1 a− b
0 1

)
∈ Gµ,

and for all n ∈N, (
1 a− b
0 1

)n

=

(
1 n(a− b)
0 1

)
∈ Gµ,

which therefore contains an unbounded sequence since a− b ̸= 0.

It remains to show that for all x̄ ∈ P(R2), #{Mx̄ | M ∈ Gµ} ≥ 3. Let x = (x1, x2) ∈ R2,
x ̸= 0. Suppose that x2 ̸= 0. Then, by solving linear systems explicitly, one shows that for

A =
(

1 a−b
0 1

)
,

the vectors Ax, A2x, and A3x are pairwise non-colinear, which allows one to construct three
distinct elements in {Mx̄ | M ∈ Gµ}. If x2 = 0, then x1 ̸= 0 and we consider

B =
( 1 0

a−b 1

)
=
( a−E −1

1 0

)−1 ( b−E −1
1 0

)
∈ Gµ,

and then the vectors Bx, B2x, and B3x, which are pairwise non-colinear.

Thus, Furstenberg’s theorem applies and ensures that the Lyapunov exponent associated
with the sequence of transfer matrices is strictly positive. More precisely: ∀E ∈ R, γ(E) > 0.
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By Oseledets’ theorem, P-almost surely there exist only exponentially growing or exponen-
tially decaying solutions to the equation hωu = Eu. An exponentially decaying solution (as
+∞) is obtained only for an initial condition v+∞ ∈ V+

− . Any other initial condition leads to a
solution that grows exponentially as +∞.

One may define the Lyapunov exponent at −∞ by the formula

γ−(E) = lim
n→∞

1
n

E(log ||(Tω
−n+1(E))−1 · · · (Tω

0 (E))−1||).

Since
(Tω
−n+1(E))−1 · · · (Tω

0 (E))−1 = (Tω
0 (E) · · · Tω

−n+1(E))−1,

we have, by the i.i.d. property,

E(log ||(Tω
−n+1(E))−1 · · · (Tω

0 (E))−1||) = E((Sn(E))−1).

Now, if J =
(

0 −1
1 0

)
, we have

t(JSn(E)J−1) = (Sn(E))−1,

and since transposition, J, and J−1 are isometries, we obtain γ−(E) = γ+(E) = γ(E). This
exponent is also strictly positive for all E ∈ R by Furstenberg’s theorem. Again by Oseledets’
theorem, an exponentially decaying solution as −∞ is obtained only for an initial condition
v−∞ ∈ V−− . Thus, to obtain an eigenvector in ℓ2(Z), one must have Vect(v+∞) = Vect(v−∞).

It is important to note that the above statements depend on E. If E varies in an uncountable
set (for instance an interval of R), the set of ω ∈ Ω for which, for all E, the Lyapunov exponent
is not strictly positive could have nonzero measure, or even measure 1. For example, one
cannot assert that P-almost surely, for all E ∈ R, every solution of hωu = Eu is exponentially
growing or decaying. This requires a more refined analysis.

On the other hand, we will see in Chapter 6 that this already implies the almost-sure ab-
sence of absolutely continuous spectrum for the family {hω}ω∈Ω.

4.3 Sequences of random matrices in SpN(R)

4.3.1 Exterior powers

We define the exterior powers of a finite-dimensional vector space E. In order to fix ideas,
and since we will in any case work in this framework later on, we assume that this vector space
is RN for a fixed integer N.

Definition 4.3.1. For p ∈ {1, . . . , N}, ∧pRN is the vector space of alternating p-linear forms on the
dual (RN)∗. The vector space ∧pRN is called the p-th exterior power of the space RN .

For u1, . . . , up in RN and f1, . . . , fp in (RN)∗, we set:

(u1 ∧ . . . ∧ up)( f1, . . . , fp) = det(( fi(uj))i,j)

Any vector of the form u1 ∧ . . .∧ up is called a decomposable p-vector. Using these decom-
posable p-vectors, one can define a basis of the space ∧pRN in the following way.

Proposition 4.3.2. Let p ∈ {1, . . . , N}. The following properties hold:

1. If (u1, . . . , uN) is a basis of RN , then {ui1 ∧ . . .∧ uip | 1 ≤ i1 < . . . ip ≤ N} is a basis of ∧pRN .

2. For u1, . . . , up in RN , u1 ∧ . . . ∧ up is nonzero if and only if the vectors u1, . . . , up are linearly
independent.
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3. (u1, . . . , up) and (v1, . . . , vp) generate the same subspace if and only if there exists a real number
λ ̸= 0 such that:

u1 ∧ . . . ∧ up = λ(v1 ∧ . . . ∧ vp)

This proposition justifies the fact that the operations we shall define on ∧pRN will be de-
fined simply on the set of decomposable p-vectors.

In the following, we will study the asymptotic behavior of the norms of sequences of matri-
ces whose p-th exterior power we wish to consider. For the moment, we have neither defined
what the exterior power of a matrix is, nor the norm on an exterior power of a vector space.

First, we define an inner product on ∧pRN . For two p-tuples (u1, . . . , up) and (v1, . . . , vp)
of vectors in RN , we define the inner product on decomposable p-vectors by:

(u1 ∧ . . . ∧ up, v1 ∧ . . . ∧ vp) = det((⟨ui, vj⟩)i,j)

where ⟨., .⟩ denotes the usual inner product on RN . We denote by || || the associated norm.
It remains to define how an element of the linear group GLN(R) acts on ∧pRN . If M ∈

GLN(R) , we define an automorphism ∧p M of ∧pRN by defining it on decomposable p-vectors
by:

(∧p M)(u1 ∧ . . . ∧ up) = Mu1 ∧ . . . ∧Mup

We then have the multiplicativity property: ∧p(MN) = (∧p M)(∧pN).

The norm of the linear map or matrix ∧p M is the norm induced by || || on ∧pRN :

|| ∧p M|| = sup{||(∧p M)v|| | v ∈ ∧pRN , ||v|| = 1}

We also denote it by || ||, since in what follows there will be no possible confusion in practice
between the norm on ∧pRN and the operator norm it induces. By the multiplicativity property
of the exterior power and the submultiplicativity of the operator norm, we have for M and N
in GLN(R) :

|| ∧p (MN)|| ≤ || ∧p M|| || ∧p N||

We note that if K is an orthogonal matrix for the usual inner product on RN , then ∧pK is
also orthogonal. This remark leads to the following proposition:

Proposition 4.3.3. Let M be a matrix in GLN(R) and let a1(M) ≥ . . . ≥ aN(M) > 0 be the positive
square roots of the eigenvalues of t MM. Then for all p ∈ {1, . . . , N}, we have:

|| ∧p M|| = a1(M) . . . ap(M)

Proof : We write a polar decomposition of M, M = KAU with K and U orthogonal matrices
and A = diag(a1(M), . . . , aN(M)). Since ∧pK and ∧pU are also orthogonal, we have:
|| ∧p M|| = || ∧p A||.
Now, if (e1, . . . , eN) is the canonical basis of RN :

(∧p A)(ei1 ∧ . . . ∧ eip) = (ai1 . . . aip)(ei1 ∧ . . . ∧ eip)

Hence:

||(∧p A)|| = sup{ai1 . . . aip | 1 ≤ i1 < . . . < ip ≤ N} = a1(M) . . . ap(M)

This completes the proof.
2

Finally, we can also estimate the logarithm of the norm of ∧p M.
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Proposition 4.3.4. Let M be a matrix in GLN(R) . We set:

ℓ(M) = max(log+ ||M||, log+ ||M−1||)

Then for all p ∈ {1, . . . , N}, and for any unit vector w in ∧pRN , we have:

| log(|| ∧p M||)| ≤ pℓ(M) and | log(||(∧p M)w||)| ≤ pℓ(M)

Proof : This follows from the previous proposition as explained in [2], Lemma 5.4, page 62.
2

4.3.2 Furstenberg theorem for GLN(R)

Let us first note that Furstenberg’s theorem extends directly to the case of sequences of random
matrices in GLN(R) . It then yields the strict positivity of the upper Lyapunov exponent.

The upper Lyapunov exponent describes the asymptotic exponential behavior of the se-
quence (Aω

n )n∈N in the whole space RN , that is, the global asymptotic behavior of this se-
quence. However, by itself, this exponent does not allow one to determine the asymptotic
exponential behavior on the invariant subspaces of the matrix Aω

n−1 . . . Aω
0 and therefore does

not fully capture the associated dynamics of this sequence of random matrices. To overcome
this difficulty, one defines other, intermediate Lyapunov exponents, which allow for a more
refined analysis of the asymptotic behavior of (Aω

n )n∈N. A precise dynamical interpretation of
these Lyapunov exponents is given by Oseledets’ theorem.

Definition 4.3.5. Let (Aω
n )n∈Z be a sequence of random matrices, i.i.d. in GLN(R) , such that the

expectation E(log+ ||Aω
0 ||) is finite. The Lyapunov exponents γ1, . . . , γN associated with the sequence

(Aω
n )n∈N are defined inductively by γ1 = γ (the upper Lyapunov exponent) and for p ≥ 2,

p

∑
i=1

γi = lim
n→∞

1
n

E(log || ∧p (Aω
n−1 . . . Aω

0 )||)

One can see that the sums ∑
p
i=1 γi are in fact the upper Lyapunov exponents associated

with the sequences (∧p(Aω
n ))n∈Z as p varies. Thus, the limits exist and these sums belong to

R ∪ {−∞}. If moreover E(log+ ||(Aω
0 )
−1||) < +∞ (which will be automatically satisfied in

the symplectic case), then Proposition 4.3.4 applies and for all p:∣∣∣∣∣ 1p
p

∑
i=1

γi

∣∣∣∣∣ ≤ max(E(log+ ||Aω
0 ||), E(log+ ||(Aω

0 )
−1||)) < +∞

As a consequence, the case where one of the sums would be equal to −∞ being excluded, all
Lyapunov exponents are finite.

One can give a characterization of these Lyapunov exponents in terms of the sequence of
eigenvalues of the matrices t(Aω

n−1 . . . Aω
0 )(Aω

n−1 . . . Aω
0 ).

Proposition 4.3.6. If a1(n) ≥ . . . ≥ aN(n) > 0 are the square roots of the eigenvalues of the symmet-
ric positive definite matrix t(Aω

n−1 . . . Aω
0 )(Aω

n−1 . . . Aω
0 ), then, P-almost surely,

∀p ∈ {1, . . . , n}, γp = lim
n→∞

1
n

E(log ap(n)) = lim
n→∞

1
n

log ap(n)

Proof : See [2], Proposition 5.6, page 63.
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2

In particular, this proposition justifies the numbering of the Lyapunov exponents and the
terminology of upper Lyapunov exponent, since it implies that γ1 ≥ · · · ≥ γN . We can now
give a geometric interpretation of these intermediate Lyapunov exponents.

Theorem 4.3.7 (Oseledets). Let (Aω
n )n∈Z be a sequence of random matrices, i.i.d. in GLN(R) , such

that the expectation E(log+ ||Aω
0 ||) is finite. Let γ1 ≥ · · · ≥ γN be its Lyapunov exponents. Let r

denote the number of distinct Lyapunov exponents, with values λ1, . . . , λr.
There exists a decreasing sequence of measurable subspaces of RN , (Vω

i )1≤i≤r+1 such that

1. {0} = Vω
r+1 ⊂ Vω

r ⊂ · · · ⊂ Vω
1 ⊂ RN .

2. ∀i ∈ {1, . . . , r}, x ∈ Vω
i \ Vω

i+1 ⇔ limn→+∞
1
n log(||Snx||) = λi.

3. dim(Vω
i )− dim(Vω

i+1) is equal to the multiplicity of λi.

We now wish to generalize Furstenberg’s theorem and obtain conditions under which the
Lyapunov exponents are pairwise distinct. Strong irreducibility generalizes as follows:

Definition 4.3.8. Let p ∈ {1, . . . , N}. A subset S of GLN(R) is said to be p-strongly irreducible if
there does not exist a finite family of proper subspaces of ∧pRN , V1, . . . , Vk such that:

(∧p M)(V1 ∪ . . . ∪Vk) = V1 ∪ . . . ∪Vk

for all M ∈ S.

The non-compactness condition of the Furstenberg subgroup generalizes to the notion of
p-contractivity. Before that, let us define the notion of a contracting set.

The index of a subset T of GLN(R) is the smallest integer r such that there exists a sequence
(Mn)n∈N of elements of T such that (||Mn||−1Mn)n∈N converges to a matrix of rank r. A subset
of GLN(R) is said to be contracting if it has index 1.

Recall that a probability measure P on P(RN) is said to be proper if for every hyperplane
H in RN , P({x̄ ∈ P(RN), x ∈ H \ {0}}) = 0.

Then, if T ⊂ GLN(R) is a contracting set, for any proper probability measure P on P(RN),
there exists a sequence (Mn)n∈N of elements of T such that MnP converges weakly to a Dirac
measure.

Indeed, let (Mn)n∈N be a sequence of elements of T such that (||Mn||−1Mn)n∈N converges
to a matrix M of rank 1. For any x ∈ RN such that Mx ̸= 0, we have Mn x̄ −−−−→

n→+∞
Mx̄. But

since P is proper and since {x ∈ RN , Mx = 0} is a hyperplane, we have

lim
n→+∞

Mn x̄ = Mx̄ for P-almost every x̄.

Thus, if Im M = Vect(z), we obtain

lim
n→+∞

Mn x̄ = z̄ for P-almost every x̄.

This means that MnP converges weakly to δz̄.
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Definition 4.3.9 (p-contracting set). Let T be a subset of GLN(R) and p an integer in {1, . . . , N −
1}. The set T is said to be p-contracting if there exists a sequence (Mn)n∈N in T such that the following
limit exists:

lim
n→∞

∧p Mn

|| ∧p Mn||
= M

and is a matrix of rank 1.

This property can be seen as the analogue of non-compactness in the case N = 2. In-
deed, assuming that all matrices of the Furstenberg group have determinant of modulus 1
(assumption (i) of Furstenberg’s theorem), then the non-compactness of Gµ is equivalent to its
contracting property.

Assume that Gµ is contracting. Let (Mn)n∈N be a sequence in Gµ such that (||Mn||−1Mn)
converges to a matrix M of rank 1. Then,

0 = |det(M)| = lim
n→+∞

|det(||Mn||−1Mn)| = lim
n→+∞

||Mn||−2|det(Mn)| = lim
n→+∞

||Mn||−2.

(4.2)
In particular, ||Mn|| tends to +∞ and Gµ is unbounded, hence non-compact.

Conversely, if Gµ is non-contracting, since it is a subgroup of GL2(R) , it must have index
2 since it cannot have index 0 or 1. Let (Mn)n∈N be any sequence of elements of Gµ. Then the
sequence (||Mn||−1Mn) takes values in the unit sphere, which is compact, so one can extract a
convergent subsequence, say (||Mnm ||−1Mnm), converging to a limit M. Since Gµ has index 2,
M has rank 2 and is therefore invertible. Then, by (4.2),

0 ̸= |det(M)| = lim
m→+∞

||Mnm ||−2.

In particular, (||Mnm ||)m∈N converges, and hence so does the sequence (Mnm)m∈N. Therefore,
from any sequence in Gµ one can extract a convergent subsequence, and thus Gµ is compact.

p-contractivity can also be interpreted as the fact that the set T is sufficiently “large” so that
one can find within it a sequence converging to a rank-one matrix. We now give a simple way
to ensure that a subset of GLN(R) is p-contracting for all p.

Proposition 4.3.10. A subset T of GLN(R) which contains a matrix having N eigenvalues with
distinct moduli is p-contracting for all p ∈ {1, . . . , N − 1}.

Proof. Let M be a matrix in T having N eigenvalues with distinct moduli, {λ1, . . . , λN}. Then
∧p M has a simple dominant eigenvalue for all p in {1, . . . , N− 1}. Indeed, if u1, . . . , uN are the
eigenvectors associated with the eigenvalues of M, then:

∀p, (∧p M)(u1 ∧ . . . ∧ uN) = λ1 . . . λN(u1 ∧ . . . ∧ uN)

It then follows, from the Jordan decomposition of ∧p M, that ∧p M2n

||∧p M2n|| converges to a projection
matrix with image ker(M− (λ1 . . . λN)I) of dimension 1. Therefore, the sequence ((∧p M)n)n
is p-contracting for all p in {1, . . . , N − 1}.

Of course, this criterion is not applicable in full generality to prove that a subset of GLN(R)
is p-contracting for all p, but in some simple cases it may be sufficient.

We can now state a criterion for the separation of Lyapunov exponents in GLN(R) .

Theorem 4.3.11. Let (Aω
n )n∈N be an i.i.d. sequence of invertible random matrices of size N with

common distribution µ, and let p be an integer in {1, . . . , N}. Assume that the Furstenberg group
Gµ associated with the sequence (Aω

n )n∈N is p-contracting and p-strongly irreducible, and that the
expectation E(log ||Aω

0 ||) is finite. Then:
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1. γp > γp+1

2. For every nonzero element x of ∧pRN and for P-almost every ω,

lim
n→∞

1
n

log || ∧p (Aω
n−1 . . . Aω

0 )x|| =
p

∑
i=1

γi

4.3.3 Furstenberg Theorem for SpN(R)

In the models we are interested in, we are led to study sequences of transfer matrices that
naturally belong to the symplectic group due to the Hamiltonian nature of the flow of these
models.

Definition 4.3.12. The group of symplectic matrices of order 2N is the subgroup of GL2N(R) consist-
ing of matrices M satisfying:

t MJM = J

where J is the 2N × 2N matrix defined by J =
(

0 −I
I 0

)
. It is denoted by SpN(R) . In the definition of J,

I is the N × N identity matrix.

We can then state some first properties that will be useful in what follows.

Proposition 4.3.13. If M is a matrix in SpN(R) .

1. t M belongs to SpN(R) .

2. If λ is an eigenvalue of M, then 1
λ is also an eigenvalue of M.

3. There exist two orthogonal matrices K and U in SpN(R) and a diagonal matrix
A = diag(a1, . . . , aN , 1

a1
, . . . , 1

aN
) with a1 ≥ . . . ≥ aN ≥ 1 such that: M = KAU.

4. ||M|| = ||M−1||.

Proof : For point 1, one checks directly that if t MJM = J, then by taking inverses, M−1 J−1(t M)−1 =
J−1. Since J−1 = −J, we obtain M−1 J(t M)−1 = J, hence J = MJt M and t M belongs to
SpN(R) .

For point 2, if λ is an eigenvalue of M associated with the eigenvector v, then:

t MJv =
1
λ

t MJMv =
1
λ

Jv

Thus 1
λ is an eigenvalue of t M and hence of M.

For point 3, we refer to the proof of Lemma 3.1, page 88 in [2], where one sees that the
ai are precisely the positive square roots of the eigenvalues of the symmetric positive
definite matrix t MM.

Finally, for point 4, this is an immediate consequence of point 3 since then ||M|| = ||A|| =
||A−1|| = ||M−1||.

2

The definition of Lyapunov exponents and Oseledets’ theorem remain valid in the setting
of i.i.d. sequences of random matrices in SpN(R) . We even have two additional properties in
this setting. The first is that if E(log+ ||(Aω

0 )||) < +∞, then by point 4 of Proposition 4.3.13,
we also have E(log+ ||(Aω

0 )
−1||) < +∞, and all Lyapunov exponents are finite. The second is

a symmetry property.
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Proposition 4.3.14. If γ1 ≥ . . . ≥ γ2N are the Lyapunov exponents associated with an i.i.d. sequence
of random matrices in SpN(R) , then for all 1 ≤ i ≤ N:

γ2N−i+1 = −γi.

Proof : This is a direct consequence of point 3 of Proposition 4.3.13 applied to the symplectic
matrix t(Aω

n−1 . . . Aω
0 )(Aω

n−1 . . . Aω
0 ), of Proposition 4.3.6, and of the fact that log 1

ai(n)
=

− log(ai(n)).
2

This symmetry property shows that the Lyapunov exponents associated with an i.i.d. se-
quence of random symplectic matrices can be grouped into pairs, and we will see that to prove
their separation it will suffice to study the first N.

Definition 4.3.15. The Lyapunov exponents are said to be separated when they are distinct:

γ1 > γ2 > . . . > γ2N

We now wish to obtain a criterion for the separation of Lyapunov exponents analogous to
the one obtained in GLN(R) . Unfortunately, the action of SpN(R) on ∧2R2N is not irreducible
(and therefore a fortiori not p-strongly irreducible). Indeed, the space spanned by ∑N

i=1 ei ∧ eN+i
is invariant under every element of SpN(R) . The notion of p-irreducibility is therefore not
suited to the symplectic setting. We thus refine this definition to adapt it to our needs.

We introduce the p-Lagrangian subvariety of R2N . Let (e1, . . . , e2N) be the canonical basis
of R2N .

Definition 4.3.16. For every p in {1, . . . , N}, let Lp be the subspace of ∧pR2N generated by {Me1 ∧
. . . ∧Mep | M ∈ SpN(R) }. It is called the p-Lagrangian subvariety of R2N .

The projective space P(Lp) is the set of isotropic subspaces of dimension p in R2N for the
bilinear form given by the usual scalar product.

Definition 4.3.17 (Lp-strong irreducibility). Let T be a subset of SpN(R) and let p be an integer in
{1, . . . , N}. We say that T is Lp-strongly irreducible if there does not exist a finite union W of strict
subspaces of Lp such that ∧p M(W) = W for all M ∈ T.

Here again, by strict subspace we mean a subspace of Lp different from Lp and from {0}.
Restricting to strict subspaces of Lp makes it possible to avoid the pitfall encountered by the
first definition. However, this definition is less intuitive from a geometric point of view than
the previous one, which is why we did not state it directly.

We can now state the theorem providing the main criterion for the separation of Lyapunov
exponents.

Theorem 4.3.18. Let (Aω
n )n∈N be an i.i.d. sequence of random symplectic matrices of order 2N, with

common distribution µ, and let p be an integer in {1, . . . , N}. Assume that the Furstenberg subgroup
Gµ associated with the sequence (Aω

n )n∈N is p-contracting and Lp-strongly irreducible, and that the
expectation E(log ||Aω

0 ||) is finite. Then:

1. γp > γp+1

2. For every nonzero element x of Lp and for P-almost every ω,

lim
n→∞

1
n

log || ∧p (Aω
n−1 . . . Aω

0 )x|| =
p

∑
i=1

γi
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This result will mainly be of interest to us in the form of the following corollary:

Corollary 4.3.19. Let (Aω
n )n∈Z be an i.i.d. sequence of random symplectic matrices of order 2N,

with common distribution µ. Assume that the Furstenberg subgroup Gµ associated with the sequence
(Aω

n )n∈Z is p-contracting and Lp-strongly irreducible for all p ∈ {1, . . . , N}, and that the expectation
E(log ||Aω

0 ||) is finite.
Then the Lyapunov exponents associated with the sequence (Aω

n )n∈Z are separated; in particular:

γ1 > γ2 > . . . > γN > 0

Proof : The fact that γ1 > γ2 > . . . > γN follows from repeated application of point 1 of
Theorem 4.3.18 above, for each p in {1, . . . , N − 1}. Then γN is strictly positive because,
by Proposition 4.3.14, γN = −γN+1 and by Theorem 4.3.18, γN > γN+1, and therefore
one cannot have γN = γN+1 = 0.

2

We thus observe that a link is established between, on the one hand, a dynamical property
associated with an i.i.d. sequence of random symplectic matrices, namely the separation of
its Lyapunov exponents, and, on the other hand, more geometric properties of an algebraic
object associated with this sequence, namely the Furstenberg subgroup. This constitutes a
very powerful criterion in practice, since it allows one to avoid studying directly limits of
matrix products and instead to reduce the problem to finite products of such matrices in the
Furstenberg subgroup.

4.3.4 Goldsheid–Margulis criterion

It turns out that the properties of p-contractivity and Lp-strong irreducibility are difficult to
handle for the models we are interested in. In this section, we present a powerful algebraic
criterion that will allow us to deal with our models.

We begin by recalling the definition of density with respect to the Zariski topology in a
linear Lie group (i.e. a Lie subgroup of GL2N(R)). We keep in mind that we wish to apply
these definitions and results to the symplectic group SpN(R) .

We first define the Zariski topology onMN(R). For this purpose, we identifyMN(R) with
RN2

. Then, for any subset S of R[X1, . . . , XN2 ], we set:

V(S) = {x ∈ RN2 | ∀P ∈ S, P(x) = 0}

Thus, V(S) consists of the common zeros of the polynomials in S. The set V(S) is called the
affine algebraic set defined by S. One can then prove that an arbitrary intersection of affine
algebraic sets is again an affine algebraic set, as well as any finite union.

These affine algebraic sets are therefore the closed sets of a topology on RN2
, which is called

the Zariski topology. The Zariski topology is the topology whose closed sets are the common
zeros of families of polynomials.

Considering the Zariski topology on MN(R) amounts to considering polynomials in the
N2 matrix coefficients. The Zariski topology on GLN(R) is the topology induced by the Zariski
topology just defined. The same applies to the Zariski topology on any subgroup of GLN(R) ,
such as SpN(R) or the Furstenberg subgroup associated with an i.i.d. sequence of random
matrices.

We can now define the Zariski closure of a subset of GLN(R) .
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Definition 4.3.20. The Zariski closure of a subset G of GLN(R) is the smallest Zariski-closed subset
of GLN(R) containing G. It is denoted by ClZ(G). A subset G′ ⊂ G is then said to be Zariski-dense
in G if ClZ(G′) = ClZ(G).

In other words, if G is a subset of GLN(R) , ClZ(G) is the set of zeros in GLN(R) of the
polynomials that vanish on G. Thus, G′ is Zariski-dense in G if every polynomial that vanishes
on G′ also vanishes on G.

The classical example of a Zariski-dense subset of another is Z, which is Zariski-dense in
R.

We now state an important property of the Zariski closure: it preserves the group structure.

Proposition 4.3.21. If G is a closed subgroup of GLN(R) , then its Zariski closure ClZ(G) is also a
subgroup of GLN(R) .

Moreover, since the Zariski closure of a subset is also closed for the usual topology, it fol-
lows that the Zariski closure of a Lie subgroup of GLN(R) is again a Lie group. This will be
essential in order to consider the Lie algebra of the Zariski closure of the Furstenberg subgroup.

We now have at our disposal the elementary definitions needed to present the Goldsheid–
Margulis criterion.

Theorem 4.3.22 (Goldsheid and Margulis). Let G be a subgroup of SpN(R) . If G is Zariski-dense
in SpN(R) , then G is p-contracting and Lp-strongly irreducible for all p ∈ {1, . . . , N}.

Proof : According to [10], Lemma 6.2 and Theorem 6.3, page 57, it suffices to prove that the
connected component of the identity of SpN(R) is irreducible in Lp and that SpN(R) is
p-contracting, for all p. For p-contractivity, by Proposition 4.3.10, it suffices to find an
element of SpN(R) whose eigenvalues have pairwise distinct moduli. For example, the
matrix diag(2, 3, . . . , N + 1, 1

2 , 1
3 , . . . , 1

N+1 ) has eigenvalues with pairwise distinct moduli.
Thus, we have already shown that SpN(R) is p-contracting for all p.

To study the irreducibility in Lp of the connected component of the identity in SpN(R) ,
we first recall that SpN(R) is connected. Hence, the connected component of the identity
in SpN(R) is the symplectic group SpN(R) itself. We are therefore reduced to proving
that SpN(R) is irreducible in Lp for all p. We must thus show that there is no strict
subspace V of Lp such that (∧p M)(V) ⊂ V for all M in SpN(R) .

Suppose by contradiction that such a V exists. We write M = KAU with K, A, and U
as in point 3 of Proposition 4.3.13. Then, if (e1, . . . , e2N) is the canonical basis of R2N , we
have:

(∧p A)(e1 ∧ . . . ∧ ep) = a1 . . . ape1 ∧ . . . ∧ ep

and thus (∧p A)(V) ⊂ V. But if e1 ∧ . . . ∧ ep belongs to V, then Me1 ∧ . . . ∧Mep belongs
to V, and therefore V = Lp. Thus, V is not a strict subspace of Lp. Hence, e1 ∧ . . . ∧ ep
belongs to W, the orthogonal complement of V in Lp. Then, if w ∈W and v ∈ V:

(∧p Mw, v) = (w,∧p M∗v) = 0

for all M in SpN(R) (since t M also belongs to SpN(R) ). Thus, Me1 ∧ . . .∧Mep belongs to
W for all M, and hence W = Lp. This again contradicts the fact that V is a strict subspace
of Lp. Therefore, SpN(R) is indeed Lp-strongly irreducible.

2

We thus have at our disposal a powerful criterion, effective in certain cases, which allows
one to prove that a subgroup of SpN(R) is Lp-strongly irreducible and p-contracting for all
p ∈ {1, . . . , N}. This criterion is sufficient, for example, to study the case of discrete quasi-1d
Schrödinger operators, as we shall see in the following chapter.
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Chapter 5

Quasi-1d discrete and continuous
Anderson models

5.1 Quasi-1d discrete Anderson model

Let N ≥ 1. We want to study the operator

hN
ω :

ℓ2(Z, CL) → ℓ2(Z, CL)
(un) 7→ (−(un+1 + un−1) + Vω(n)un)

where

Vω(n) =


ω

(n)
1 1 0

1
. . . . . .
. . . . . . . . .

. . . . . . 1
0 1 ω

(n)
N


with (ω

(n)
1 )n∈Z, . . . , (ω(n)

N )n∈Z being sequences of independent and identically distributed real
random variables on a complete probability space (Ω,B,P), with common law ν whose sup-
port contains at least 2 points (for instance 0 and 1 in the Bernoulli case). We also set ω(n) =

(ω
(n)
1 , . . . , ω

(n)
N ), which has distribution ν⊗ · · · ⊗ ν.

To study the generalized eigenfunctions of the operator hN
ω , we solve the equation

−(un+1 + un−1) + Vω(n)un = Eun,

which leads to the introduction of the transfer matrices

Tωn(E) =
(

Vω(n) − E −I
I 0

)
.

These transfer matrices form a sequence of i.i.d. matrices in SpN(R) with common law µE, and
one can therefore consider the associated Fürstenberg subgroup

GµE = ⟨supp µE⟩.

We then have

G{0,1}(E) = ⟨Tω(0)(E) | ω(0) ∈ {0, 1}N⟩ ⊂ ⟨Tω(0)(E) | ω(0) ∈ supp ν⊗N⟩.

We thus want to show that the subgroup generated by 2N matrices, G{0,1}(E), is Zariski-dense
in SpN(R) . We denote by X(E) its Zariski closure in SpN(R) .
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Recall that the Lie algebra of SpN(R) is given by

spN(R) =

{(
a b1
b2 −ta

)
, a ∈ MN(R), b1 and b2 symmetric

}
.

For i, j ∈ {1, . . . , N}, let Eij denote the matrix inMN(R) with a coefficient 1 at the intersection
of the i-th row and the j-th column, and 0 elsewhere. We also set

∀i, j ∈ {1, . . . , N}, Xij =
1
2

(
0 Eij + Eji
0 0

)
, Yij =

tXij, Zij =

(
Eij 0
0 −Eji

)
.

Let δij be the Kronecker symbol:

δij =

{
1 if i = j
0 if i ̸= j.

We observe that the family {Xij, Yij, Zij}i,j=1..N is a basis of spN(R) . A direct computation
yields, for all i, j, k, r ∈ {1, . . . , N},

(i) [Zij, Xkr] = δjkXir + δjrXik

(ii) [Ykr, Zij] = δikYrj + δirYkj

(iii) [Xij, Ykr] =
1
4 (δjkZir + δjrZik + δkiZjr + δirZjk)

where [ , ] denotes the usual Lie bracket on the Lie algebras of linear Lie groups. From these
relations one deduces that spN(R) is generated by{

Xij, Yij | i, j ∈ {1, . . . , N}, |i− j| ≤ 1
}

.

Indeed, let g be the Lie algebra generated by this set. Let i ∈ {1, . . . , N}. Then Zii = 2[Xii, Yii] ∈
g and Zi,i+1 = 2[Xii, Yi,i+1] ∈ g. Thus, for all i, j ∈ {1, . . . , N} with |i − j| ≤ 1, we have
Zij ∈ g. It follows that Xi,i+2 = [Zi,i+1, Yi+1,i+2], Yi,i+2 = [Yi,i+1, Zi+1,i+2] ∈ g and Zi,i+2 =
2[Xi,i+1, Yi+1,i+2] ∈ g. Hence, for all i, j ∈ {1, . . . , N} with |i − j| = 2, Xij, Yij and Zij belong
to g. By induction, one proceeds similarly for indices i, j such that |i − j| = 3, and more
generally for all i, j ∈ {1, . . . , N}. One thus proves that {Xij, Yij, Zij}i,j=1..N is contained in
g, hence spN(R) ⊂ g. Finally, g = spN(R) .

Therefore, to prove Lemma 5.2.6, it suffices to show that, for all E ∈ R, the Lie algebra gen-
erated by {Tω(0)(E) | ω(0) ∈ {0, 1}N} contains all the matrices Xij and Yij for i, j ∈ {1, . . . , N}
with |i− j| ≤ 1. Let

a(E) = Lie
{

Tω(0)(E)
∣∣ ω(0) ∈ {0, 1}N}. (5.1)

To show that a(E) contains all matrices Xij and Yij for i, j ∈ {1, . . . , N} with |i − j| ≤ 1, we
proceed in successive steps. Fix E ∈ R.

Step 1. We prove that matrices of the form(
I D
0 I

)
and

(
I 0
D I

)
where D is diagonal, belong to X(E).

We choose T1 and T2 in GµE associated with two realizations V1 and V2 of Vω(0) . Since X(E)
is a group, it is stable under inversion and multiplication. We therefore have

B := T1T−1
2 =

(
I V1 −V2
0 I

)
∈ GµE
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and

C := T−1
1 T2 =

(
I 0

V2 −V1 I

)
∈ GµE .

Fix i ∈ {1, . . . , N}. We may choose V1 and V2 such that

B =

(
I Eii
0 I

)
and C =

(
I 0

Eii I

)
.

Then, for all n ∈ Z,

Bn =

(
I 0

nEii I

)
and Cn =

(
I nEii
0 I

)
.

Let P be a polynomial in R[X1,1, . . . , X2N,2N ] such that ∀n ∈ Z, P(Cn) = 0. We fix Xj,j = 1 for
all j ∈ {1, . . . , 2N} and Xr,l = 0 for r ̸= l except for Xi,N+i, and we consider

P̃ : Xi,N+i 7→ P

 I

 0 | 0
− Xi,N+i −
0 | 0


0 I

 .

P̃ is a one-variable polynomial with infinitely many roots, namely the integers n ∈ Z.
Hence P̃ is the zero polynomial and ∀α ∈ R, P̃(α) = 0. This means that P vanishes on all

matrices
(

I αEii
0 I

)
. Moreover,

∀α ∈ R,
(

I αEii
0 I

)
∈ X(E).

Since i was arbitrary, we obtain for distinct i and j:

∀α1, . . . , αN ∈ R,
(

I α1E11
0 I

)
. . .
(

I αNENN
0 I

)
=

(
I α1E11 + . . . + αNENN
0 I

)
∈ X(E).

This implies that (
I D
0 I

)
∈ X(E)

for all diagonal matrices D. The other part of this first step is treated in the same way using C
instead of B.

Step 2: We write(
I D1
0 I

)
=

(
I 0
0 I

)
+ 1×

(
0 D1
0 0

)
∈ X(E).

By differentiating at the point
(

I 0
0 I

)
we obtain

(
0 D1
0 0

)
∈ a(E).

We also have (
0 0

D2 0

)
∈ a(E),
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and hence the sum (
0 D1

D2 0

)
∈ a(E)

for all diagonal matrices D1 and D2. In particular,

J =
(

0 I
−I 0

)
∈ a(E).

But, for all t ∈ R,

exp(tJ) =
(

cos(t)I sin(t)I
− sin(t)I cos(t)I

)
∈ X(E).

For t = π
2 we obtain J ∈ X(E).

Step 3: Since we are working in a linear Lie group, if z ∈ a(E) and A ∈ X(E), then
AzA−1 ∈ a(E).

Step 4: If

z =

(
a b1
b2 −ta

)
∈ a(E),

since J ∈ X(E), applying Step 3 yields

JzJ−1 =

(
0 −I
I 0

)(
a b1
b2 −ta

)(
0 I
−I 0

)
=

(
−ta −b2
−b1 a

)
∈ a(E).

In particular, if (
0 b1
0 0

)
∈ a(E),

then (
0 0
b1 0

)
∈ a(E)

(since if z ∈ a(E), then −z ∈ a(E)). The same holds for(
0 0
b2 0

)
.

We have thus shown that, in our construction, b1 and b2 play the same role.

Step 5: Since

A =

(
Vω(0) −I

I 0

)
∈ X(E),

we have

AJ−1 =

(
I Vω(0)

0 I

)
∈ X(E).

Step 6: If

z =

(
0 0
b2 0

)
∈ a(E)

and

A =

(
I Vω(0)

0 I

)
∈ X(E),
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then

z1 := AzA−1 − z

=

(
I Vω(0)

0 I

)(
0 0
b2 0

)(
I −Vω(0)

0 I

)
−
(

0 0
b2 0

)
=

(
Vω(0)b2 0

b2 0

)(
I −Vω(0)

0 I

)
−
(

0 0
b2 0

)
=

(
Vω(0)b2 −Vω(0)b2Vω(0)

0 −b2Vω(0)

)
∈ a(E).

And

z′1 = A−1zA− z =

(
−Vω(0)b2 −Vω(0)b2Vω(0)

0 b2Vω(0)

)
∈ a(E).

Finally,
1
2
(z1 + z′1) =

(
Vω(0)b2 0

0 −b2Vω(0)

)
∈ a(E).

If one can construct in a(E) a matrix with an off-diagonal block, then one can place this block
on the diagonal.

Step 7: Let us show that one can do the reverse, namely that one can move a block from
the diagonal off the diagonal. If

z =

(
a 0
0 −ta

)
∈ a(E)

and

A =

(
I Vω(0)

0 I

)
∈ X(E),

then

z2 =

(
0 Vt

ω(0)a + aVω(0)

0 0

)
∈ a(E) and

(
I 0
0 I

)
+ tz2 ∈ X(E)

for every real t. Indeed, z2 = z− AzA−1 and it suffices to take the exponential map from the
Lie algebra to the Lie group.

Step 8: We apply Steps 2 and 6 with b2 = D a diagonal matrix and Vω(0) = I, to obtain

z1 =

(
D 0
0 −D

)
∈ a(E).

Step 9: We may therefore assume that D = Eii. We then have, for every i ∈ {1, . . . , N},(
Eii
0 −Eii

)
∈ a(E).

Moreover, by Step 1, if Dω(0) denotes the diagonal of Vω(0) , then(
I Dω(0)

0 I

)
∈ X(E).

Furthermore, by Step 5, (
I Vω(0)

0 I

)
∈ X(E),
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and (
I Vω(0)

0 I

)(
I Dω(0)

0 I

)−1

=

(
I Vω(0) − Dω(0)

0 I

)
∈ X(E).

Now,

Vω(0) − Dω(0) =


0 1 0

1
. . . . . .
. . . . . . . . .

. . . . . . 1
0 1 0

 := V0.

If Vi denotes the matrix containing only the i-th row and the i-th column of V0, then

Vi = EiiV0 + V0Eii

(since its only diagonal entry that would carry a factor 2 is zero). Then, for this Vi, by Step 7,
we have (

I Vi
0 I

)
∈ a(E).

Step 10. Recall that Xij = Xji and Yij = Yji. Let i ∈ {1, . . . , N}. By applying Step 7 again with
Ei−1,i−1 or Ei+1,i+1 and Vi, we obtain that

Yi,i−1 + Yi,i+1 ∈ a(E).

For i = 1, this means that Y1,2 ∈ a(E). Then

1
2

Z1,2 = [X1,1, Y1,2] ∈ a(E),

hence Z1,2 ∈ a(E). But we also have

2X1,2 = [Z1,2, X2,2] ∈ a(E),

and therefore X1,2 ∈ a(E). For i = 2, we have

Y2,1 + Y2,3 ∈ a(E).

But we have just shown that Y2,1 ∈ a(E), hence Y2,3 ∈ a(E). By induction, we obtain

∀i ∈ {1, . . . , N}, Yi,i+1 ∈ a(E).

We also have, for all i ∈ {1, . . . , N},

[Xii, Yi,i+1] =
1
2

Zi,i+1 ∈ a(E) and [Zi,i+1, Xi+1,i+1] = 2Xi,i+1 ∈ a(E).

This shows that all matrices Xij and Yij for i, j ∈ {1, . . . , N} and |i − j| ≤ 1 belong to a(E).
Hence,

a(E) = spN(R) .

This allows us to deduce that the Furstenberg group associated with the operator {hN
ω}ω∈Ω

is Zariski-dense in SpN(R) . It follows that the associated Lyapunov exponents are separated
and, in particular, that they are all strictly positive, for every energy E ∈ R.

By applying Oseledets theorem, we deduce that for each fixed energy E, and for P-almost
every ω, one can construct N solutions of hN

ω u = Eu that decay exponentially to 0 as +∞. One
can do the same at −∞, with L solutions a priori distinct from the L obtained at +∞. Indeed,
in this case all Lyapunov exponents have multiplicity 1.

As in the scalar case, this leads, by adapting Kotani theory to the setting of matrix-valued
Schrödinger operators, to the absence of absolutely continuous spectrum.
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5.2 Quasi-1d continuous Anderson model

5.2.1 The model and its almost-sure spectrum

We discuss properties of a random family of matrix-valued one-dimensional Anderson-Bernoulli
operators

Hl,ω = − d2

dx2 ⊗ IN + V + ∑
n∈Z


c1ω

(n)
1 1[0,l](x− ln) 0

. . .

0 cNω
(n)
N 1[0,l](x− ln)

 (5.2)

acting on L2(R)⊗CN , where N ≥ 1 is an integer, IN is the identity matrix of order N and l > 0
is a real number. The matrix V is a real N × N symmetric matrix, the space of these matrices
being denoted by SN(R) . The constants c1, . . . , cN are non-zero real numbers.

For every i ∈ {1, . . . , N}, (ω
(n)
i )n∈Z is a sequence of independent and identically dis-

tributed (i.i.d., for short) random variables on a complete probability space (Ω̃i, Ãi, P̃i), of
common law νi such that {0, 1} ⊂ supp νi and supp νi is bounded. In particular, the ω

(n)
i ’s

can be Bernoulli random variables. The family {Hl,ω}ω∈Ω is a family of random operators
indexed by the product space

(Ω,A,P) =

(⊗
n∈Z

(Ω̃1 ⊗ · · · ⊗ Ω̃N),
⊗
n∈Z

(Ã1 ⊗ · · · ⊗ ÃN),
⊗
n∈Z

(P̃1 ⊗ · · · ⊗ P̃N)

)
.

We also set, for every n ∈ Z, ω(n) = (ω
(n)
1 , . . . , ω

(n)
N ), which is a random variable on (Ω̃1 ⊗

· · · ⊗ Ω̃N , Ã1 ⊗ · · · ⊗ ÃN , P̃1 ⊗ · · · ⊗ P̃N) of law ν1 ⊗ · · · ⊗ νN . The expectation value with respect
to P will be denoted by E(·).

As a bounded perturbation of − d2

dx2 ⊗ IN , the operator Hl,ω is self-adjoint on the Sobolev
space H2(R) ⊗ CN and thus, for every ω ∈ Ω, the spectrum of Hl,ω, denoted by σ(Hl,ω), is
included in R. Moreover, because of the periodicity in law of the random potential of Hl,ω, the
family {Hl,ω}ω∈Ω is lZ-ergodic. Thus, there exists Σ ⊂ R such that, for P-almost every ω ∈ Ω,
Σ = σ(Hl,ω). There also exist Σpp, Σac and Σsc, subsets of R, such that, for P-almost every
ω ∈ Ω, Σpp = σpp(Hl,ω), Σac = σac(Hl,ω) and Σsc = σsc(Hl,ω), respectively the pure point,
absolutely continuous and singular continuous spectrum of Hl,ω.

We can give an explicit description of the almost-sure spectrum Σ of {Hl,ω}ω∈Ω. For ω(0) =

(ω
(0)
1 , . . . , ω

(0)
N ) ∈ supp(ν1⊗ · · · ⊗ νN), we denote by Eω(0)

1 , . . . , Eω(0)

N the real eigenvalues of the
real symmetric matrix V + diag(c1ω

(0)
1 , . . . , cNω

(0)
N ). Then, we have

Σ = [0,+∞) +
⋃

ω(0)∈supp(ν1⊗···⊗νN)

{Eω(0)

1 , . . . , Eω(0)

N }. (5.3)

In particular, Σ does not depend on the parameter l. It is important that V is constant and, in
the random part, that the single site potential is of the form 1[0,l] instead of a generic single site
potential v ∈ L1

loc(R) supported on [0, l].
If we want to consider the case of a generic single site potential v supported on [0, l], we

will face two problems. The first one is that, from our proof of the structure of Σ, we can
not recover that Σ is independent of l, which may lead to an empty statement in thge result
of localization that we aim at proving. The second problem is that in this case, or if instead
of V we choose a matrix-valued function x 7→ V(x) from R to SN(R) which is not constant,
the particular form of the transfer matrices will not be simple anymore. Indeed, our analysis
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rests on the fact that the transfer matrices are exponentials of matrices. If neither V nor the
single site potential 1[0,l] are constant, the transfer matrices become time-ordered exponentials
instead of exponentials of matrices. In this case, we can not compute anymore the logarithms
of these time-ordered exponentials and all the algebraic approach fails.

5.2.2 Transfer matrices

Let E ∈ R. We want to understand the exponential asymptotic behaviour of a solution u :
R→ CN of the second order differential system

Hl,ωu = Eu. (5.4)

For this, we transform (5.4) into an Hamiltonian differential system of order 1 and we introduce
the transfer matrix Tω(n)(E) of Hl,ω from ln to l(n + 1) which maps a solution (u, u′) of the
order 1 system at position ln to the solution at position l(n + 1). The transfer matrix Tω(n)(E)
is therefore defined by the relation(

u(l(n + 1))
u′(l(n + 1))

)
= Tω(n)(E)

(
u(ln)
u′(ln)

)
(5.5)

for all n ∈ Z. Since Tω(n)(E) is the solution of an Hamiltonian differential system of order
1 at time 1, the transfer matrix Tω(n)(E) lies in the symplectic group SpN(R) . The sequence
(Tω(n)(E))n∈Z is also a sequence of i.i.d. symplectic matrices because of the i.i.d. character of
the ω

(n)
i ’s for every i in {1, . . . , N} and the non-overlapping of these random variables. By

iterating the relation (9.31) we get the asymptotic behaviour of (u, u′).

Definition 5.2.1. For every E ∈ R, the Furstenberg group of {Hl,ω}ω∈Ω is defined by

GµE = < supp µE >,

where µE is the common distribution of the Tω(n)(E) and the closure is taken for the usual topology in
SpN(R) .

As the Tω(n)(E) are i.i.d., µE = (Tω(0)(E))∗ (ν1⊗ · · · ⊗ νN) and we have the internal descrip-
tion of GµE :

GµE = < Tω(0)(E) ; ω(0) ∈ supp(ν1 ⊗ · · · ⊗ νN) > for all E ∈ R. (5.6)

As, for every i ∈ {1, . . . , N}, {0, 1} ⊂ supp νi, we also have

< Tω(0)(E) ; ω(0) ∈ {0, 1}N > ⊂ GµE . (5.7)

We will denote by G{0,1}(E) the subgroup < Tω(0)(E) ; ω(0) ∈ {0, 1}N > of GµE with 2N gener-
ators.

We will prove that, for almost every V ∈ SN(R) and for all E ∈ R except those in a finite
set, G{0,1}(E) is dense in SpN(R) . Actually, we will prove it for V0 the multiplication operator
by the tridiagonal matrix V0 having a null diagonal and coefficients on the upper and lower
diagonals all equal to 1. Then one can apply a genericity argument to obtain the desired results.

We finish this section by giving the explicit form of the transfer matrices Tω(n)(E). Let
V ∈ SN(R) , E ∈ R, n ∈ Z and ω(n) ∈ supp(ν1 ⊗ · · · ⊗ νN). We set

Mω(n)(E, V) = V + diag(c1ω
(n)
1 , . . . , cNω

(n)
N )− EIN. (5.8)
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Then, we set the matrix in the Lie algebra spN(R) ⊂M2N(R)

Xω(n)(E, V) =

(
0 IN

Mω(n)(E, V) 0

)
. (5.9)

By solving the constant coefficients system (5.4) on [ln, l(n + 1)], we have

Tω(n)(E) = exp (lXω(n)(E, V)) (5.10)

for every l > 0, every n ∈ Z, every V ∈ SN(R) and every E ∈ R.

Since the transfer matrices are exponentials of matrices, we cannot directly apply the ap-
proach of the matrix-valued discrete case. Indeed, the morphism property of the exponential
fails in the non-commutative case. Thus, we need an other approach which is based upon a
general result of Breuillard and Gelander.

5.2.3 Generating dense subgroups in a Lie group

Proving that a subgroup of SpN(R) is Zariski-dense in SpN(R) remains a constructive prob-
lem that can be quite difficult to implement. Already in the work of Goldsheid and Margulis,
the construction made for a matrix-valued discrete Schrödinger operator is relatively intricate.
In the case of matrix-valued continuous operators, one faces the fact that the transfer matrices
are more complicated than in the discrete case and that the construction of [10] proves to be
unstable under perturbation. To study the continuous model, one must therefore find a way to
prove that a subgroup of SpN(R) is Zariski-dense. In the work of Breuillard and Gelander, a
stronger criterion is provided that allows one to prove that a subgroup of SpN(R) is dense for
the usual topology in SpN(R) . It is this criterion and its consequences that we now present.

We present a criterion that reduces the question of whether a subgroup of a semi-simple Lie
group G generated by a finite number of elements is dense to a problem of reconstructing the
Lie algebra of G. This result is presented in [7], where some of its consequences are explored.

In the work of Breuillard and Gelander, the result we will state is given in the framework
of topologically perfect groups. Let us therefore start by giving a definition and see why the
real symplectic group SpN(R) satisfies it.

Definition 5.2.2. A connected Lie group G is said to be topologically perfect if its derived group [G, G]
is dense in G.

In our context, recall that the symplectic group SpN(R) is connected and semi-simple. More-
over, a connected semi-simple Lie group G always satisfies [G, G] = G, hence it is topologically
perfect. Indeed, let us recall the definition of a semisimple group.

Definition 5.2.3. A connected Lie group G is said to be topologically perfect if its derived group
[G, G] (that is, the subgroup of G generated by the commutators [x, y] = x−1y−1xy) is dense in G.

In our framework, we recall that the symplectic group SpN(R) is connected and semisimple.
Now, any connected semisimple Lie group G always satisfies [G, G] = G, and is therefore
topologically perfect. Indeed, recall that by definition a Lie group is said to be semisimple
when it has no non-trivial abelian quotient. By construction, the quotient G/[G, G] is abelian.
Hence, if G is semisimple, this quotient can only be equal to {e}. Therefore, G = [G, G].
We may therefore apply the following theorem with G = SpN(R) , which is semisimple.

Theorem 5.2.4 (Breuillard and Gelander). Let G be a connected real Lie group that is topologically
perfect, with Lie algebra g. There exists a neighborhood of the identity O ⊂ G on which log = exp−1

is a well-defined diffeomorphism, such that g1, . . . gm ∈ O generate a dense subgroup of G if and only
if log(g1), . . . , log(gm) generate g.
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This result tells us that in a certain neighborhood of the identity (which by construction
depends only on G), a finite subset is topologically generating for G if and only if it is alge-
braically generating for g.

5.2.4 Separation of Lyapunov Exponents

Notations

Before stating our main results, we need to introduce some more notations. Let O be the
neighborhood of I2N in SpN(R) given by Theorem 5.2.4 applied to G = SpN(R) .

We set
dlog O = max{R > 0 ; B(0, R) ⊂ log O}, (5.11)

where B(0, R) is the open ball, centered on 0 and of radius R > 0, for the metric induced on the
Lie algebra spN(R) of SpN(R) by the matrix norm induced by the euclidean norm on R2N .

For ω(0) = (ω
(0)
1 , . . . , ω

(0)
N ) ∈ {0, 1}N , let

Mω(0)(0, V) = V + diag(c1ω
(0)
1 , . . . , cNω

(0)
N ).

As Mω(0)(0, V) ∈ SN(R) , it has λω(0)

1 , . . . , λω(0)

N as real eigenvalues. We set,

λmin = min
ω(0)∈{0,1}N

min
1≤i≤N

λω(0)

i , λmax = max
ω(0)∈{0,1}N

max
1≤i≤N

λω(0)

i (5.12)

and δ = (λmax − λmin)/2. We also set

lC := lC(N, V) = min
(

1,
dlog O

δ

)
(5.13)

and, for every l ∈ (0, lC),

I(N, V, l) =
[

λmax −
dlog O

l
, λmin +

dlog O
l

]
. (5.14)

We remark that, as l tends to 0+, I(N, V, l) tends to the whole real line. We can now state
our main result. For E ∈ R, let GµE be the Fürstenberg group associated to Hl,ω (see Definition
5.2.1).

Results

We can now state the result on the separation of Lyapunov exponents.

Theorem 5.2.5. For almost every V ∈ SN(R) , there exist a finite set SV ⊂ R and a real number
ℓC(N, V) > 0 such that, for all ℓ ∈]0, ℓC(N, V)[, there exists a compact interval I(N, V, ℓ) ⊂ R on
which the N positive Lyapunov exponents γ1(E), . . . , γN(E) of {H(N)

ω,ℓ }ω∈Ω satisfy:

∀E ∈ I(N, V, ℓ) \ SV, γ1(E) > · · · > γN(E) > 0. (5.15)

As we shall see presently, the real number ℓC(N, V) and the interval I(N, V, ℓ) for ℓ <
ℓC(N, V) are defined in such a way that one can apply Theorem 5.2.4 to the Furstenberg group
of {H(N)

ω,ℓ }ω∈Ω.
Theorem 5.2.4 provides the outline of our proof.

1. We construct ℓC(N, V) and I(N, V, ℓ) so that for all ℓ ∈]0, ℓC(N, V)[ and all E ∈ I(N, V, ℓ),
one has Tω(0)(E) ∈ O for all ω(0) ∈ {0, 1}N , where O is the neighborhood of I2N given by
Theorem 5.2.4 applied to SpN(R) .
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2. For ℓ < ℓC(N, V), we compute log Tω(0)(E).

3. Finally, we prove that the Lie algebra generated by these logarithms,

Lie{log Tω(0)(E) | ω(0) ∈ {0, 1}N} = spN(R) ,

is the Lie algebra of SpN(R) .

An algebraic lemma

We assume that V = V0, where V0 denotes the multiplication operator by the tridiagonal
matrix whose diagonal coefficients are zero and whose sub- and super-diagonal coefficients
are equal to 1.

Lemma 5.2.6. Let N ≥ 1 and E ∈ R. The Lie algebra generated by {Xω(0)(E) | ω(0) ∈ {0, 1}N} is
equal to spN(R) .

Proof : First, we recall that :

spN(R) =

{(
a b1
b2 −ta

)
, a ∈ MN(R), b1 and b2 symmetric

}
.

For i, j ∈ {1, . . . , N}, let Eij be the matrix inMN(R) with a 1 coefficient at the intersection
of the ith row and the jth column, and 0 elsewhere. We also set

∀i, j ∈ {1, . . . , N}, Xij =
1
2

(
0 Eij + Eji
0 0

)
, Yij =

tXij, Zij =

(
Eij 0
0 −Eji

)
.

We also denote by δij the Kronecker’s symbol :

δij =

{
1 if i = j
0 if i ̸= j.

We remark that the set {Xij, Yij, Zij}i,j=1..N is a basis of spN(R) . By direct computation,
we get the relations, for every i, j, k, r ∈ {1, . . . , N},

[Zij, Xkr] = δjkXir + δjrXik

(i)(ii) [Ykr, Zij] = δikYrj + δirYkj

(iii) [Xij, Ykr] =
1
4 (δjkZir + δjrZik + δkiZjr + δirZjk)

where [ , ] is the usual bracket on Lie algebra of linear Lie groups. From these relations,
we deduce that spN(R) is generated by{

Xij, Yij | i, j ∈ {1, . . . , N}, |i− j| ≤ 1
}

.

Indeed, let g be the Lie algebra generated by this set. Let i ∈ {1, . . . , N}. Then, Zii =
2[Xii, Yii] ∈ g and Zi,i+1 = 2[Xii, Yi,i+1] ∈ g. Thus, for every i, j ∈ {1, . . . , N}, |i− j| ≤ 1,
Zij ∈ g. Then we have, Xi,i+2 = [Zi,i+1, Yi+1,i+2], Yi,i+2 = [Yi,i+1, Zi+1,i+2] ∈ g and Zi,i+2 =
2[Xi,i+1, Yi+1,i+2] ∈ g. Thus, for every i, j ∈ {1, . . . , N}, |i − j| = 2, Xij, Yij, Zij ∈ g. By
induction, we do the same for indices i, j such that |i− j| = 3 and more generally for all
indices i, j ∈ {1, . . . , N}. Thus, we proved that {Xij, Yij, Zij}i,j=1..N is included in g and
then spN(R) ⊂ g. Finally, g = spN(R) .
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According to this, to prove Lemma 5.2.6, we only have to prove that, for every E ∈ R,
the Lie algebra generated by {Xω(0)(E) | ω(0) ∈ {0, 1}N} contains all the matrices Xij and
Yij for i, j ∈ {1, . . . , N}, |i− j| ≤ 1. Let

a(E) = Lie
{

Xω(0)(E)
∣∣ ω(0) ∈ {0, 1}N}. (5.16)

To prove that a(E) contains the matrices Xij and Yij for i, j ∈ {1, . . . , N}, |i− j| ≤ 1, we
will proceed in several steps. We fix E ∈ R.

Step 1. We prove that the matrices Zii for i ∈ {1, . . . , N} are in a(E). Let ω(0) and ω̃(0) in
{0, 1}N . We have :

[Xω(0)(E), Xω̃(0)(E)] = Xω(0)(E)Xω̃(0)(E)− Xω̃(0)(E)Xω(0)(E)

= diag(c1(ω̃
(0)
1 −ω

(0)
1 ), . . . , cN(ω̃

(0)
N −ω

(0)
N ), c1(ω

(0)
1 − ω̃

(0)
1 ), . . . , cN(ω

(0)
N − ω̃

(0)
N )).

In particular, for ω(0) = (0, . . . , 0) and ω̃(0) = (0, . . . , 1, . . . , 0), with a 1 at the ith place
and 0 elsewhere, we get Zii = [Xω(0)(E), Xω̃(0)(E)] ∈ a(E).

Step 2. With the same choice of ω(0) and ω̃(0), we get

Xω̃(0)(E)− Xω(0)(E) = Yii.

Thus, for every i ∈ {1, . . . , N}, Yii ∈ a(E).

Step 3. We fix ω(0) ∈ {0, 1}N and i ∈ {1, . . . , N}. We have :

[Xω(0)(E), Zii] =

(
0 −2Eii

Mω(0)(0)Eii + Eii Mω(0)(0)− 2EEii 0

)
= −2Xii + 2Yi,i−1 + 2Yi,i+1 + 2(ω(0)

i − E)Yii

with the convention that Yij is zero if the index j is not in {1, . . . , N}. Thus, dividing by
2, one gets,

∀i ∈ {1, . . . , N}, −Xii + Yi,i−1 + Yi,i+1 + (ω
(0)
i − E)Yii ∈ a(E). (5.17)

Step 4. We prove that the matrix J is in a(E). We fix ω(0) = (0, . . . , 0). By summing (5.17)
for i ∈ {1, . . . , N}, we stay in a(E) and we have :

N

∑
i=1

(−Xii + Yi,i−1 + Yi,i+1 − EYii) =
N

∑
i=1

(−Xii) +

(
0 0

Mω(0)(E) 0

)
∈ a(E).

We can substract Xω(0)(E) ∈ a(E) from this, to get :

N

∑
i=1

(−Xii) +

(
0 −IN
0 0

)
=

(
0 −2IN
0 0

)
∈ a(E).

Thus,
( 0 −IN

0 0

)
∈ a(E). But, by Step 2, all the Yii’s are in a(E), so we also have :

N

∑
i=1

Yii =

(
0 0
IN 0

)
∈ a(E).

By adding these two matrices, J =
( 0 −IN

IN 0

)
∈ a(E).
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Step 5. For every i ∈ {1, . . . , N}, [J, Zii] = 2Yii + 2Xii ∈ a(E). But Yii ∈ a(E), so 2Xii =
[J, Zii]− 2Yii ∈ a(E) and, for every i ∈ {1, . . . , N}, Xii ∈ a(E).

Step 6. We recall that Xij = Xji and Yij = Yji. Let i ∈ {1, . . . , N}. Substracting (ω(0) −
E)Yii ∈ a(E) and adding Xii ∈ a(E) in (5.17) we get Yi,i−1 + Yi,i+1 ∈ a(E). For i = 1, it
means that Y1,2 ∈ a(E). Then, 1

2 Z1,2 = [X1,1, Y1,2] ∈ a(E) and Z1,2 ∈ a(E). But we also
have 2X1,2 = [Z1,2, X2,2] ∈ a(E) and X1,2 ∈ a(E). Now, for i = 2, we have Y2,1 + Y2,3 ∈
a(E). But we just proved that Y2,1 ∈ a(E), thus Y2,3 ∈ a(E). Inductively, we prove that :

∀i ∈ {1, . . . , N}, Yi,i+1 ∈ a(E).

Also, for every i ∈ {1, . . . , N},

[Xii, Yi,i+1] =
1
2

Zi,i+1 ∈ a(E) and [Zi,i+1, Xi+1,i+1] = 2Xi,i+1 ∈ a(E).

It proves that all the matrices Xij and Yij for i, j ∈ {1, . . . , N} and |i− j| ≤ 1 are in a(E).
Thus, a(E) = spN(R) .

2

Continuation of the proof

Let us return to the first step of the proof. First, the eigenvalues of Xω(0)(E)tXω(0)(E) are 1,
(λω(0)

1 − E)2, . . ., (λω(0)

N − E)2, hence:

||Xω(0)(E)|| = max
(

1, max
1≤i≤N

|λω(0)

i − E|
)

,

where || || denotes the matrix norm associated with the Euclidean norm on R2N .
Since the neighborhoodO depends only on SpN(R) , hence only on N, we aim to construct

an interval of values of E such that, for ℓ sufficiently small,

∀ω(0) ∈ {0, 1}N , 0 < ℓ||Xω(0)(E)|| < dlog O, (5.18)

or equivalently

0 < ℓmax

(
1, max

ω(0)∈{0,1}N
max

1≤i≤N
|λω(0)

i − E|
)

< dlog O. (5.19)

Assume that ℓ ≤ dlog O and set rℓ = 1
ℓdlog O ≥ 1. Then, since rℓ ≥ 1, the set

I(N, V, ℓ) =

{
E ∈ R

∣∣∣∣ max

(
1, max

ω(0)∈{0,1}N
max

1≤i≤N
|λω(0)

i − E|
)
≤ rℓ

}
(5.20)

can be written as the following intersection,

I(N, V, ℓ) =
⋂

ω(0)∈{0,1}N

⋂
1≤i≤N

[λω(0)

i − rℓ, λω(0)

i + rℓ]. (5.21)

If λ0 < rℓ, then I(N, V, ℓ) ̸= ∅ and more precisely, I(N, V, ℓ) = [λmax − rℓ, λmin + rℓ].
This interval is centered at λmin+λmax

2 and has length 2rℓ − 2λ0 > 0, which tends to +∞ as
ℓ→ 0+.

Moreover, since λmin, λmax, and dlog O depend only on N and V, I(N, V, ℓ) depends only
on ℓ, V, and N, and the condition λ0 < rℓ is equivalent to

ℓ <
dlog O

λ0
= ℓC.
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We have thus constructed ℓC and I(N, V, ℓ) such that

∀ℓ < ℓC, ∀E ∈ I(N, V, ℓ), 0 < ℓ||Xω(0)(E)|| ≤ dlog O. (5.22)

Recall that, by the definition of O via Theorem 5.2.4, the map exp is a diffeomorphism from
logO onto O. Therefore, for all E ∈ I(N, V, ℓ), log Tω(0)(E) = ℓXω(0)(E), which immediately
completes the second step of our proof.

For the third step, it suffices to apply Lemma 5.2.6 to obtain:

∀ℓ > 0, ∀E ∈ R, Lie{ℓXω(0)(E) | ω(0) ∈ {0, 1}N} = spN(R) . (5.23)

We can thus finally apply Theorem 5.2.4 to conclude that

∀ℓ < ℓC, ∀E ∈ I(ℓ, N), < Tω(0)(E) | ω(0) ∈ {0, 1}N > = SpN(R) . (5.24)

The genericity argument

The use of the Breuillard and Gelander theorem to obtain the separation of Lyapunov expo-
nents leads us to prove an algebraic property on a Lie algebra generated by a finite number of
matrices. This is an open condition and, moreover, the n-tuples of elements in SpN(R) that do
not generate a dense subgroup are contained in a closed analytic submanifold.

In Theorem 5.2.5, genericity is understood in the sense of the Lebesgue measure on SN(R) ,

identified with the Lebesgue measure on R
N(N+1)

2 . However, the proof of this theorem implies
a stronger result, which is Zariski genericity, meaning that one can choose V in a Zariski dense
open subset of SN(R) .

For k ∈N∗, let

Vk =
{
(X1, . . . , Xk) ∈ (spN(R) )k | (X1, . . . , Xk) does not generate spN(R)

}
. (5.25)

Since generating the algebra spN(R) is an algebraic condition of the type non-vanishing of a
finite family of determinants (finite because, for any m ∈ N∗, R[T1, . . . , Tm] is Noetherian),
there exist Q1, . . . , Qrk ∈ R[(spN(R) )k] such that:

Vk =
{
(X1, . . . , Xk) ∈ (spN(R) )k | Q1(X1, . . . , Xk) = 0, . . . , Qrk (X1, . . . , Xk) = 0

}
. (5.26)

Here, we identify R[(spN(R) )k] ≃ R[T1, . . . , Tk(2N2+N)]. Let E ∈ R and

V(E) = {V ∈ SN(R) | {X1(E, V), . . . , X2N (E, V)} does not generate spN(R) } . (5.27)

We show that Leb N(N+1)
2

(V(E)) = 0. Indeed, let

fE : SN(R) → (spN(R) )2N

V 7→ (X1(E, V), . . . , X2N (E, V))
. (5.28)

Then, fE is polynomial in the N(N+1)
2 coefficients defining V, and we have:

V ∈ V(E) ⇔ (Q1 ◦ fE)(V) = 0, . . . , (Qr2N ◦ fE)(V) = 0, (5.29)

each Qi ◦ fE being polynomial in the N(N+1)
2 coefficients defining V. Moreover, we have proven

that V0 /∈ V(E). Therefore, there exists i0 ∈ {1, . . . , r2N} such that (Qi0 ◦ fE)(V0) ̸= 0 and, since
the function Qi0 ◦ fE is polynomial and not identically zero,

Leb N(N+1)
2

({V ∈ SN(R) | (Qi ◦ fE)(V) = 0)}) = 0, (5.30)
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and by inclusion,
Leb N(N+1)

2
(V(E)) = 0. (5.31)

Finally, let V = ∩E∈RV(E). Then V has Lebesgue measure zero, and if V /∈ V , there exists
E0 ∈ R such that the family {X1(E0, V), . . . , X2N (E0, V)} generates spN(R) . Therefore, there
exists i0 ∈ {1, . . . , r2N} such that (Qi0 ◦ f )(E0, V) ̸= 0, where

f : R× SN(R) → (spN(R) )2N

(E, V) 7→ (X1(E, V), . . . , X2N (E, V))
. (5.32)

For fixed V, the map E 7→ (Qi0 ◦ f )(E, V) is polynomial and not identically zero, so it has only
a finite set SV of zeros, and for all E ∈ R \ SV, (Qi0 ◦ f )(E, V) ̸= 0, that is,

∀E ∈ R \ SV, {X1(E, V), . . . , X2N (E, V)} /∈ V2N . (5.33)

Hence, we have obtained that V has Lebesgue measure zero and that if V /∈ V , there exists a
finite set SV ⊂ R such that for all E ∈ R \ SV, {X1(E, V), . . . , X2N (E, V)} generates spN(R) .

From this, the proof of Theorem 5.2.5 is completed. We fix V ∈ SN(R) \ V and apply
Theorem 5.2.4, initially defining the real number ℓC(N, V) and the interval I(N, V, ℓ) so that
the logarithms of the Tω(0)(E) equal ℓXω(0)(E, V) and lie in logO.

As we have just seen, it is the algebraic nature of the objects involved that allows one to
prove a generic result in V and the finiteness of the set of critical energies. The ideas used
can be summarized by recalling that the set of zeros of a nonzero polynomial in one variable
is finite, and more generally, the set of zeros of a nonzero polynomial in several variables has
Lebesgue measure zero.
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Chapter 6

Kotani’s theory

6.1 Generalized eigenvalues and spectrum

In this section, we state results in both the discrete and continuous cases that allow the charac-
terization of the spectrum using the notion of eigenvalues and generalized eigenfunctions.

All results will be stated for Schrödinger operators. These are deterministic results.

6.1.1 Discrete Case

We begin by stating the desired definitions and results for a discrete Schrödinger operator
acting on ℓ2(Zd).
Recall that a function u : Zd → R is said to be polynomially bounded if there exist constants
C > 0 and p ≥ 0 such that

∀n ∈ Zd, |u(n)| ≤ C(1 + ||n||∞)p.

In this section, H = −∆disc + V is a discrete Schrödinger operator with arbitrary potential V.

Definition 6.1.1. We say that E ∈ R is a generalized eigenvalue of H if there exists a polynomially
bounded function u : Zd → R satisfying Hu = Eu. Such a function u is called a generalized
eigenfunction.

Let σp−g(H) denote the set of generalized eigenvalues of H.

Note that a generalized eigenfunction is not necessarily an eigenfunction of H since it is not
assumed to belong to ℓ2(Zd).
Finally, we say that two Borel sets A and B of R are equal up to a set of spectral measure zero
if EA\B(H) = EB\A(H) = 0. Using this notion, we can state the theorem characterizing the
spectrum by generalized eigenvalues.

Theorem 6.1.2. The spectrum of H coincides with σp−g(H) up to a set of spectral measure zero.

From this we deduce the following result.

Corollary 6.1.3. We have σp−g(H) ⊂ σ(H). Moreover,

σ(H) = σp−g(H).

Let B be a Borel subset of R and let µ(B) = EB(H) denote the projector-valued measure
associated with H. For φ, ψ ∈ ℓ2(Zd), define µφ,ψ(B) = (φ, µ(B)ψ). In particular, for m, n ∈ Zd,

µm,n(B) = (δm, µ(B)δn).
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Let (αn)n∈Zd be a family of strictly positive real numbers such that ∑n∈Zd αn = 1. We then
define the positive Borel measure

ρ(B) = ∑
n∈Zd

αnµn,n(B),

called a real-valued spectral measure of H. We have

ρ(B) = 0 if and only if µ(B) = 0.

In particular, two Borel sets are equal up to a set of spectral measure zero if and only if ρ(A \
B) = ρ(B \ A) = 0. Moreover, we have

supp ρ = σ(H),

and this support does not depend on the choice of the family (αn)n∈Zd .

The first inclusion in Theorem 6.1.2 can be stated as follows, also known as Sch’nol’s
lemma.

Lemma 6.1.4 (Sch’nol). Let ρ be a real-valued spectral measure for H = −∆disc + V. Then, for
ρ-almost every E ∈ R, there exists a polynomially bounded solution u of the equation Hu = Eu.

Proof : Let B be a Borel subset of R. By Cauchy-Schwarz, we have

∀m, n ∈ Zd, |µm,n(B)| ≤ |µm,m(B)| 12 |µn,n(B)| 12 .

Since by construction of ρ, the µn,n are absolutely continuous with respect to ρ, the same
holds for all µm,n. We can thus apply the Radon-Nikodym theorem to obtain the existence
of ρ-integrable functions Fm,n such that

µm,n(B) =
∫

B
Fm,n(λ)dρ(λ).

Since µn,n is a positive measure, the functions Fn,n are ρ-almost surely positive. Moreover,

ρ(B) = ∑
n∈Zd

αnµn,n(B) = ∑
n∈Zd

αn

∫
B

Fn,n(λ)dρ(λ) =
∫

B
∑

n∈Zd

αnFn,n(λ)dρ(λ).

In particular, ρ-almost surely, ∑n∈Zd αnFn,n(λ) = 1. We deduce that ρ-almost surely, for
all n ∈ Zd, Fn,n(λ) ≤ 1

αn
. We then have∣∣∣∣∫B

Fm,n(λ)dρ(λ)

∣∣∣∣ = |µm,n(B)|

≤ (µm,m(B))
1
2 (µn,n(B))

1
2

=

(∫
B

Fm,m(λ)dρ(λ)

) 1
2
(∫

B
Fn,n(λ)dρ(λ)

) 1
2

≤ α
− 1

2
m α

− 1
2

n ρ(B).

Hence, ρ-almost surely,

|Fm,n| ≤ α
− 1

2
m α

− 1
2

n . (6.1)

By functional calculus, for any bounded measurable function f , we have

(δm, f (H)δn) =
∫

R
f (λ)Fm,n(λ)dρ(λ).
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In particular, if g is bounded with compact support, take f (λ) = λg(λ) and we obtain∫
R

λg(λ)Fm,n(λ)dρ(λ) = (δm, Hg(H)δn)

= (Hδm, g(H)δn)

= ∑
|p|=1
−(δm+p, g(H)δn) + V(m)(δm, g(H)δn))

= ∑
|p|=1
−
∫

R
g(λ)Fm+p,n(λ)dρ(λ) +

∫
R

λg(λ)V(m)Fm,n(λ)dρ(λ)

=
∫

R
λg(λ)H(m)Fm,n(λ)dρ(λ),

where H(m)Fm,n(λ) denotes the application of the operator H to the sequence m 7→
Fm,n(λ). Thus, for any bounded compactly supported function g,∫

R
λg(λ)Fm,n(λ)dρ(λ) =

∫
R

λg(λ)H(m)Fm,n(λ)dρ(λ).

Hence, for ρ-almost every E ∈ R and for any fixed n ∈ Zd, the sequence defined by
um = Fm,n(E) is a solution of Hu = Eu. Moreover, this sequence (um)m∈Zd satisfies by
(6.1),

∀m ∈ Zd, |um| ≤ C0α
− 1

2
m .

For arbitrary β > d, choose αm = c(1 + |m|)−β with c > 0 a normalization constant. Let
ϵ > 0. For β = d + 2ϵ we obtain the estimate

∃C > 0, ∀m ∈ Zd, |um| ≤ C(1 + |m|) d
2+ϵ.

This shows that (um)m∈Zd is a polynomially bounded solution of Hu = Eu, constructed
for ρ-almost every E ∈ R.

2

The converse of Theorem 6.1.2 is given by:

Proposition 6.1.5. If the equation Hu = Eu admits a polynomially bounded solution, then E ∈ σ(H).

Proof : For L ∈N we define ΛL = {m ∈ Zd | |m| ≤ L}, the cube centered at 0 with side length
2L + 1. If S ⊂ Zd and u ∈ ℓ2(Zd), we denote

||u||S = ∑
m∈S
|um|2.

Step 1. Let us show by contradiction that if u is polynomially bounded and nonzero and
if l ≥ 1, then there exists a sequence of integers (Ln)n∈N tending to infinity such that

||u||ΛLn+l

||u||ΛLn

−−−−→
n→+∞

1.

Otherwise, there exists a > 1 and L0 ∈N such that for all L ≥ L0,

||u||ΛL+l ≥ a||u||ΛL .

Iterating this relation and starting with L = L0, for all k ∈N,

||u||ΛL0+kl ≥ ak||u||ΛL0
.
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However, u is polynomially bounded, so there must exist C, C1 > 0 and p ∈N such that

||u||ΛL0+kl ≤ C1(L0 + lk)p ≤ Ckp.

Hence, for all k ∈N, ak ≤ C̃kp, which is a contradiction.

Step 2. Now, let u be a polynomially bounded solution of Hu = Eu. We truncate it by
setting

(uL)m =

{
um if |m| ≤ L
0 otherwise

Let vL = 1
||uL||uL and SL = {m ∈ Zd | L− 1 ≤ |m| ≤ L + 1}. Let m /∈ SL. If |m| > L + 1,

then in the expression

((H − E)uL)m = − ∑
|p|=1

(uL)m+p + (Vm − E)(uL)m

all terms vanish, so ((H − E)uL)m = 0. If |m| < L − 1, then in the same expression,
uL = u and we have ((H − E)uL)m = ((H − E)u)m = 0. Thus,

||(H − E)uL||2 ≤ ||u||2SL
= ∑

m∈SL

|um|2 = ||u||2ΛL+1
− ||u||2ΛL−2

.

By Step 1, there exists a sequence (Ln) tending to infinity such that

||u||ΛLn+1

||u||ΛLn−2

−−−−→
n→+∞

1.

Hence,

||(H − E)vLn ||2 ≤
||u||2ΛLn+1

− ||u||2ΛLn−2

||u||ΛLn−2

−−−−→
n→+∞

0.

Thus, (vLn)n∈N is a Weyl sequence for H and E, so E ∈ σ(H).
2

Proof : We prove the corollary. First, σp−g(H) ⊂ σ(H) by Proposition 6.1.5. Since the spectrum
is closed, we obtain the first inclusion: σp−g(H) ⊂ σ(H).

Then, by Theorem 6.1.2, we have ρ(R \ σp−g(H)) = 0, hence

(R \ σp−g(H)) ∩ σ(H) = (R \ σp−g(H)) ∩ supp ρ = ∅.

From this, σ(H) ⊂ σp−g(H).
2

6.1.2 Continuous Case

For proofs and further references for this section, we refer to [26]. We start by defining the class
of functions in which the potential will be chosen.

Definition 6.1.6. Let V : Rd → R. We say that V ∈ Kd if

1. If d ≥ 3,

lim
α→0

sup
x∈Rd

∫
|x−y|≤α

|x− y|−(d−2)|V(y)|dy = 0.
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2. If d = 2,

lim
α→0

sup
x∈R2

∫
|x−y|≤α

ln(|x− y|−1)|V(y)|dy = 0.

3. If d = 1,

sup
x∈R

∫
|x−y|≤1

|V(y)|dy < ∞.

Moreover, we say that V ∈ Kloc
d if V1B(0,R) ∈ Kd for all R > 0.

Furthermore, we define V− = max(−V, 0) and V+ = max(V, 0). We then have the follow-
ing result due to Sch’nol and independently to Simon. Recall that a function u : Rd → R is
polynomially bounded if there exist C > 0 and p ≥ 0 such that

∀x ∈ Rd, |u(x)| ≤ C(1 + |x|)p.

Theorem 6.1.7. Let H = −∆ + V acting on H2(Rd) with V+ ∈ Kloc
d and V− ∈ Kd. Let E ∈ R be

such that there exists a polynomially bounded solution u of Hu = Eu. Then E ∈ σ(H).

In fact, the ”polynomially bounded” condition on u can be weakened to:

∀A > 0, ∃C > 0, ∀x ∈ Rd, |u(x)| ≤ CeA|x|.

It is not true in general that conversely, if E ∈ σ(H), then Hu = Eu has a polynomially
bounded solution. However, we have:

σ(H) = {E ∈ R|Hu = Eu has a polynomially bounded solution}

where the overline denotes closure in the usual topology of R.
More precisely, a continuous version of Sch’nol’s lemma can be stated as in [26][Theorem

C.5.4].

Theorem 6.1.8. Let V+ ∈ Kloc
d and V− ∈ Kd and H = −∆ + V. Fix δ > d

2 . Then there exists a
real-valued spectral measure ρ and a family {∆n}n≥1 of pairwise disjoint measurable sets whose union
equals the support of ρ, such that if E ∈ ∆n, there exist n functions u1(·, E), . . . , un(·, E) satisfying

1. Huj = Euj in the weak sense with respect to the measure ρ,

2. ∃C > 0, |uj(x, E)| ≤ C(1 + x2)
δ
2 ,

3. if E is fixed, the functions u1(·, E), . . . , un(·, E) are linearly independent.

Proof : The main difficulty is to construct the measure ρ in this case and to verify the first point.
It is obtained as a trace:

ρ(∆) = Tr((1 + x2)−
δ
2 E(∆)(1 + x2)−

δ
2 )

2

We then recover the equality stated above by noting that if E0 ∈ σ(H), then for all ϵ > 0,
ρ(E0 − ϵ, E0 + ϵ) > 0, and for any E arbitrarily close to E0, Hu = Eu admits a polynomially
bounded solution (here we use the definition of the support of ρ).
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6.2 Ishii-Pastur Theorem

6.2.1 Scalar-valued Schrödinger Operator

Let (Ω,A,P) be a probability space and let T : Ω→ Ω be an invertible ergodic transformation.
Let f : Ω→ R be measurable and bounded. We define:

∀ω ∈ Ω, ∀n ∈ Z, Vω
n = f (Tnω).

We consider the random Schrödinger operator hω acting on ℓ2(Z) by:

(hωu)n = −(un+1 + un−1) + Vω
n un.

We consider the equation hωu = Eu, E ∈ R, and the associated transfer matrix sequence
(Tω

n (E))n∈Z, given by

Tω
n (E) =

(
Vω

n − E −1
1 0

)
.

To this sequence (Tω
n (E))n∈Z is associated the Lyapunov exponent γ(E) ≥ 0. Indeed, for

n ∈ Z, set Sn(ω, E) = Tω
n (E) · · · Tω

1 (E) if n ≥ 1 and S−n(ω, E) = (Tω
−n+1(E))−1 · · · (Tω

0 (E))−1

if n ≥ 1. Then the two limits

γ±(ω, E) = lim
n→±∞

1
|n| log(||Sn(ω, E)||)

exist for P-almost every ω ∈ Ω. Moreover, since S−n(ω, E) = (Tω
0 (E) · · · Tω

−n+1(E))−1, by the
i.i.d. property,

E(log ||S−n(ω, E)||) = E((Sn(E))−1).

Now, if J =
(

0 −1
1 0

)
, we have t(JSn(E)J−1) = (Sn(E))−1, and since transposition, J and J−1 are

isometries, it follows that γ−(ω, E) = γ+(ω, E) = γ(E), P-almost surely.
Moreover, since det(Sn(ω, E)) = 1, at least one of its eigenvalues has modulus greater than
1, and therefore the norm of all these matrices is greater than 1. Taking logarithms, γ(E) is
positive.

We then define
Z = {E ∈ R | γ(E) = 0}.

We also recall that if S ⊂ R, the essential closure of S is defined by:

Sess
= {E ∈ R | ∀ϵ > 0, Leb(S ∩ (E− ϵ, E + ϵ)) > 0}.

Theorem 6.2.1. Let Σac be the almost-sure absolutely continuous spectrum of the ergodic family
{hω}ω∈Ω. Then,

Σac ⊂ Z
ess

. (6.2)

Proof : We prove this inclusion by contraposition. Let (a, b) ⊂ R be an interval and suppose
that γ(E) > 0 for Lebesgue almost every E ∈ (a, b).

Let AE = {ω ∈ Ω | γ(ω, E) = 0}. Then for Lebesgue almost every E ∈ (a, b), P(AE) = 0.
We then define

A = {(ω, E) ∈ Ω× (a, b) | γ+(ω, E) ̸= γ−(ω, E) or the limits do not exist or γ(ω, E) = 0}

and

Aω = {E ∈ (a, b) | γ+(ω, E) ̸= γ−(ω, E) or the limits do not exist or γ(ω, E) = 0}.
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Then, by Fubini’s theorem,

(P⊗ Leb)(A) = (Leb⊗ P)(A) =
∫ b

a
P(AE)dE = 0.

Hence, for P-almost every ω ∈ Ω, Leb(Aω) = 0. Thus, for P-almost every ω ∈ Ω,
γ(ω, E) > 0 for all E ∈ (a, b) outside a set of Lebesgue measure zero.

Moreover, by Theorem 6.2.1,
ER\σp−g(hω)(hω) = 0.

Furthermore, since Leb(Aω) = 0, by definition of the absolutely continuous spectrum,
we have Eac

Aω
(hω) = 0. Now, if E /∈ Aω, by Oseledets’ theorem, the only polynomially

bounded solutions of hωu = Eu are exponentially decaying at infinity and hence belong
to ℓ2(Z). Since ℓ2(Z) is a separable Hilbert space, there can be at most countably many
such eigenvectors, and we deduce that

Leb(σp−g(hω) ∩ ((a, b) \ Aω)) = 0.

Finally, using that ER\σp−g(hω)(hω) = 0, we obtain

Eac
(a,b)(hω) = Eac

(a,b)∩σp−g(hω)
(hω) = Eac

(a,b)∩Aω
(hω) + Eac

(a,b)∩σp−g(hω)∩Ac
ω
(hω) = 0.

This proves the desired inclusion.
2

Remark 6.2.2. This proof does not use the fact that the Schrödinger operator is discrete. Indeed, assum-
ing Sch’nol’s lemma also holds in the continuous case, and provided the transfer matrices are properly
defined in the continuous setting (which is also possible), this proof adapts directly.

Corollary 6.2.3. Let (a, b) ⊂ R, a < b, be an interval. If for Lebesgue almost every E ∈ (a, b),
γ(E) > 0, then Σac ∩ (a, b) = ∅.

Example 6.2.4. We again consider the almost-Mathieu operator Hα,λ
ω acting on ℓ2(Z) by:

∀u ∈ ℓ2(Z), ∀n ∈ Z, (Hα,λ
ω u)n = un+1 + un−1 + λ cos(ω + 2πnα)un,

where α is irrational, λ is real, and ω ∈ [0, 2π). Here the potential is ergodic by taking Ω = T endowed
with the Haar measure. We then show that

∀E ∈ R, γ(E) ≥ log
(∣∣∣∣λ2

∣∣∣∣) . (6.3)

For E ∈ R, consider the transfer matrix sequence

T(n)
ω (E) =

(
λ cos(ω + 2πnα)− E −1

1 0

)
.

We rewrite it using trigonometric relations.
For z ∈ C, set zn = ze2iπnα and consider the matrix

Zn(z, E) =
(

λ
2 (z

2
n + 1)− Ezn −zn

zn 0

)
.

For z = eiω, zn = e2iπnα+ω and

cos(ω + 2πnα) =
1
2
(zn +

1
zn
) ⇔ 2zn cos(ω + 2πnα) = z2

n + 1.
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Thus,

Zn(eiω, E) =
(

λzn cos(ω + 2πnα)− Ezn −zn
zn 0

)
= znT(n)

ω (E).

Then,

||Zn(eiω, E) · · · Z0(eiω, E)|| = |zn · · · z0| ||T(n)
ω (E) · · · T(ω)

0 (E)|| = 1 · ||Sn(ω, E)||.

If we set

γn(E) = E(log ||Sn(ω, E)||) = 1
2π

∫ 2π

0
log ||T(n)

ω (E) · · · T(n)
ω (E)||

then, since f : z 7→ log ||Zn(z, E) · · · Z0(z, E)|| is subharmonic (it is upper semicontinuous and f (z)
is less than or equal to the average value of f over any circle centered at z), we have

γn(E) ≥ f (0) = log ||Zn(0, E) · · · Z0(0, E)|| = log
(∣∣∣∣λ2

∣∣∣∣)n+1

because

Zn(0, E) =
(

λ
2 0
0 0

)
.

Thus, γn(E) ≥ (n + 1) log
(∣∣λ

2

∣∣), and taking the limit after dividing by n + 1, we obtain

γ(E) ≥ log
(∣∣∣∣λ2

∣∣∣∣) .

We can then apply the corollary of the Ishii-Pastur theorem to conclude that for almost every ω ∈
[0, 2π), the absolutely continuous spectrum of Hα,λ

ω is empty for |λ| > 2.

6.2.2 Matrix-valued Schrödinger Operator

Let N ≥ 1. We consider operators of the form

hN
ω :

ℓ2(Z)⊗CN → ℓ2(Z)⊗CN

(un) 7→ (−(un+1 + un−1) + Vω(n)un)

where the Vω(n) are real symmetric matrices that are i.i.d. on a complete probability space
(Ω,B,P). Thus, the family {hN

ω}ω∈Ω is ergodic.
To study the generalized eigenfunctions of the operator hN

ω we solve the equation

−(un+1 + un−1) + Vω(n)un = Eun,

which leads us to introduce the transfer matrices

Tω(n)(E) =
(

Vω(n) − E −I
I 0

)
.

These transfer matrices form an i.i.d. sequence in SpN(R) with common law µE, and we can
therefore consider the associated Furstenberg subgroup,

GµE = ⟨supp µE⟩.

The Lyapunov exponents at ±∞ are then well-defined, and they are equal and independent of
ω for P-almost every ω ∈ Ω.
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Notation. Let ΩLyap be a subset of Ω such that:

1. P(ΩLyap) = 1,

2. for all ω ∈ ΩLyap the limits defining the Lyapunov exponents exist at ±∞ and for each p
they are equal at +∞ and −∞,

3. for all ω ∈ ΩLyap, these limits are independent of ω.

In this setting of matrix-valued operators, an analogue of the Ishii-Pastur theorem is es-
tablished on the characterization of the absolutely continuous spectrum via the zeros of the
Lyapunov exponents.
Recall that for ω ∈ ΩLyap, the operator hN

ω has 2N Lyapunov exponents which can be grouped
in pairs of opposite real numbers:

γ1(E) ≥ · · · ≥ γN(E) ≥ 0 ≥ γN+1(E) = −γN(E) ≥ · · · ≥ γ2N(E) = −γ1(E).

For j ∈ {1, . . . , N}, we set

Zj = {E ∈ R | ∃ l1, . . . , l2j ∈ {1, . . . , 2N}, γl1(E) = · · · = γl2j(E) = 0}.

Proposition 6.2.5. Let j ∈ {1, . . . , N} and let E ∈ Zj be fixed. Let ω ∈ ΩLyap. Then, every subspace
of

{φ ∈ (CN)Z | hN
ω φ = Eφ, φ /∈ ℓ2(Z)⊗CN and φ is polynomially bounded }

has dimension at most 2j.

Proof : We define
Vsol(E) = {φ ∈ (CN)Z | hN

ω φ = Eφ},

VP(E) = {φ ∈ Vsol(E) | φ is polynomially bounded },

and
Vℓ2(E) = {φ ∈ Vsol(z) | φ ∈ ℓ2(Z)⊗CN}.

To prove the proposition, it suffices to show that

dim VP(E) ≤ 2j + dim Vℓ2(E).

For φ = (φn)n∈Z and ψ = (ψn)n∈Z in Vsol(E), we define

W(φ, ψ) =
( φ0

φ1

)∗ J
(

ψ0
ψ1

)
,

where J =
(

0 −I
I 0

)
. Then W is an antisymmetric bilinear form on Vsol(E). Moreover, since

ψ is in Vsol(E), it is uniquely determined by
(

ψ0
ψ1

)
, and since J is invertible, W is non-

degenerate. Indeed, if ψ ∈ Vsol(E) satisfies W(φ, ψ) = 0 for all φ ∈ Vsol(E), applying this
equality to 2N distinct sequences φ such that

( φ0
φ1

)
are the 2N canonical basis vectors of

C2N , we obtain a Cramer system with unique solution J
(

ψ0
ψ1

)
= 0. Since J is invertible,

we get
(

ψ0
ψ1

)
= 0 and hence ψ = 0.

Since W is a non-degenerate antisymmetric bilinear form on Vsol(E), if V1 and V2 are two
subspaces of Vsol(E) such that

∀φ ∈ V1, ∀ψ ∈ V2, W(φ, ψ) = 0, (6.4)
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then
dim V1 + dim V2 ≤ 2N. (6.5)

Indeed, V1 and JV2 are orthogonal for W.

We set:
D± = {φ ∈ Vsol(E) | φ decays exponentially at ±∞}.

Since E ∈ Zj, exactly 2j of the 2N Lyapunov exponents vanish at E. By Oseledets’ theo-
rem,

dim D± = N − j.

Also, D+ ∩ D− ⊂ Vℓ2(E), so by the Grassmann formula,

dim (D+ + D−) = dim D+ + dim D− − dim (D+ ∩ D−)
≥ 2N − 2j− dim Vℓ2(E) (6.6)

Moreover, if φ ∈ VP(E) and ψ ∈ D±, then, by domination,

lim
n→±∞

( φn
φn+1

)∗ J
(

ψn
ψn+1

)
= 0. (6.7)

Moreover, the sequence
(( φn

φn+1

)∗ J
(

ψn
ψn+1

))
n∈Z

is constant when φ and ψ are chosen in

Vsol(E), since Tω(n)(E) ∈ SpN(R) for all n ∈ Z. Hence, for all n ∈ Z,( φn+1
φn+2

)∗ J
(

ψn+1
ψn+2

)
=

(
Tω(n)(E)

( φn
φn+1

))∗ JTω(n)(E)
(

ψn
ψn+1

)
=

( φn
φn+1

)∗ J
(

ψn
ψn+1

)
.

In particular, ( φ0
φ1

)∗ J
(

ψ0
ψ1

)
= lim

n→±∞

( φn
φn+1

)∗ J
(

ψn
ψn+1

)
= 0. (6.8)

Hence, if φ ∈ VP(E) and ψ ∈ D+ + D−, then W(φ, ψ) = 0 by linearity in the second
argument. Therefore, by (6.5),

dim VP(E) + dim (D+ + D−) ≤ 2N.

Combining with (6.6),
dim VP(E) ≤ 2j + dim Vℓ2(E),

which proves the proposition.
2

Let Pbdd denote the set of real numbers E such that the equation hN
ω φ = Eφ admits a non-trivial

polynomially bounded solution. We then have a matrix-valued analogue of Sch’nol’s lemma.

Proposition 6.2.6. For P-almost every ω ∈ Ω,

σ(hN
ω ) = Pbdd = {E ∈ R | ∃φ ∈ VP(E) \ {0}}

and ER\Pbdd
(hN

ω ) = 0, where ER\Pbdd
(hN

ω ) is the spectral projector on R \ Pbdd associated with the
self-adjoint operator hN

ω .

Using this proposition, one can prove a matrix-valued analogue of the Ishii-Pastur theorem.
The ideas of the proof are the same as in the scalar case.

Theorem 6.2.7. For every ω ∈ ΩLyap, the multiplicity of the absolutely continuous spectrum of hN
ω in

Zj is at most 2j.
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Proof : Let ω ∈ ΩLyap. For ∆ a Borel subset of R, we denote by E∆(hN
ω ) the spectral projector

on ∆ and by Eac
∆ (hN

ω ) the spectral projector onto the absolutely continuous part of σ(hN
ω )

in ∆.

To prove the theorem, we need to show that

rg Eac
Zj
(hN

ω ) ≤ 2j.

According to Proposition 6.2.6, ER\Pbdd
(hN

ω ) = 0, so

Eac
Zj
(hN

ω ) = Eac
Zj∩Pbdd

(hN
ω ) = Eac

Zj∩Pbdd∩S(h
N
ω ) + Eac

Zj∩Pbdd∩Sc(hN
ω ),

where S = {E ∈ R | ∃φ ∈ VP(E) ∩ Vℓ2(E), φ ̸= 0}. If E ∈ S, then E is an eigenvalue
of hN

ω . Since there is only a countable number of eigenvectors in ℓ2 for the self-adjoint
operator hN

ω , the Lebesgue measure of S is zero. Hence,

Eac
Zj∩Pbdd∩S(h

N
ω ) = 0 and Eac

Zj
(hN

ω ) = Eac
Zj∩Pbdd∩Sc(hN

ω ). (6.9)

Since E ∈ Zj, we can apply Proposition 6.2.5 to obtain directly that

rg EZj∩Pbdd∩Sc(hN
ω ) ≤ 2j

which implies
rg Eac

Zj∩Pbdd∩Sc(hN
ω ) ≤ 2j. (6.10)

Combining (6.9) and (6.10), we have proved that

rg Eac
Zj
(hN

ω ) ≤ 2j,

which completes the proof.
2

Theorem 6.2.7 implies the following corollary.

Corollary 6.2.8. If for Lebesgue-almost every E ∈ R, γ1(E) ≥ · · · ≥ γN(E) > 0, then Σac = ∅.

Proof : If E ∈ R satisfies γN(E) > 0, then none of the Lyapunov exponents vanish at E, so
E ∈ Z0. By Theorem 6.2.7, Eac

Z0
(hN

ω ) = 0. If ∆ is a Borel subset of R, then by hypothesis
Leb(R \ Z0) = 0, so

Eac
∆ (hN

ω ) = Eac
∆∩Z0

(hN
ω ) = 0, for P-a.e. ω ∈ Ω.

Hence Σac = ∅ by the definition of Σac.
2

6.2.3 Statement of the Ishii-Pastur-Kotani Theorem

The results linking the zeros of Lyapunov exponents and the absolutely continuous spectrum
are actually deeper than the previously stated ones. We reuse the notations introduced earlier.

Theorem 6.2.9. 1. The set Zj is the essential support of the absolutely continuous spectrum of
multiplicity 2j.

2. There is no absolutely continuous spectrum of odd multiplicity.

3. We have
Σac = ZN

ess
= {E ∈ R | γ1(E) = · · · = γ2N(E) = 0}ess

.
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Finally, we have a local result.

Proposition 6.2.10. If ZN contains an interval I, then the almost-sure spectrum of {hN
ω}ω∈Ω is purely

absolutely continuous in I.

The proofs of these results rely on the fine properties of the Weyl-Titchmarsh M-functions
and Kotani’s w-function (see [17]). They also allow to prove a partial characterization result
for deterministic potentials.
Let C+ denote the upper complex half-plane {z ∈ C | Im(z) > 0} and C− the lower half-plane
{z ∈ C | Im(z) < 0}.

Proposition 6.2.11. Let E ∈ C+ ∪C−. Fix ω ∈ Ω. Then there exists a unique function x 7→ F+(x, E)
with values inMN(C) (respectively x 7→ F−(x, E)) satisfying:

−F′′+ + VωF+ = EF+, F+(0, E) = I, and
∫ ∞

0
||F+(x, E)||2dx < +∞

respectively:

−F′′− + VωF− = EF−, F−(0, E) = I, and
∫ 0

−∞
||F−(x, E)||2dx < +∞.

Definition 6.2.12. For E ∈ C+ ∪C−, we define the functions m, M+, and M− by:

M+(E) =
d

dx
F+(x, E)|x=0 and M−(E) = − d

dx
F−(x, E)|x=0.

The function M+ characterizes the potential on the positive real half-line.

Theorem 6.2.13. M+ characterizes {V(x)}x≥0 in the sense that if V1 and V2 are two bounded poten-
tials such that M+,1 = M+,2, then V1(x) = V2(x) for almost every x ≥ 0.

There is an analogous statement in the discrete case. See [17], Theorem 4.1 and Theorem 4.2.
To know the potential on the negative real half-line, we use the following result.

Proposition 6.2.14. For almost every E ∈ ZN and for almost every ω ∈ Ω,

M−(E + i0, ω) = −M+(E + i0, ω)∗.

Again, we refer to [17] for the proof and for the analogous statement in the discrete case. This
finally allows to deduce:

Theorem 6.2.15. If Leb(ZN) > 0, then V is deterministic.

Proof : Knowing V on (−∞, 0] implies knowing M−. The previous result implies that M+ is
then known on ZN . Since Leb(ZN) > 0, this determines M+ on all of C+ by analytic
continuation of Herglotz functions. But M+ determines V on [0,+∞). Finally, knowing
V on (−∞, 0] implies knowing V on [0,+∞), which means that V is deterministic.

2
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Chapter 7

Regularity of the Lyapunov exponents
and of the integrated density of states

7.1 Regularity of Lyapunov Exponents

7.1.1 Invariant Measures

We begin by giving a definition of the action of a group on a compact space. In this section, G
denotes a locally compact group with identity element e, and B is a topological space.

Definition 7.1.1. We say that G acts on B if one can continuously associate to each (g, b) ∈ G× B an
element gb of B such that:

1. g1(g2b) = (g1g2)b, ∀g1, g2 ∈ G and ∀b ∈ B.

2. eb = b, ∀b ∈ B.

For such a pair (G, B), one may assume a measure µ on G and a measure ν on B are given.
We can then define the pseudo-convolution of these two measures.

Definition 7.1.2. The pseudo-convolution of a measure µ on G and a measure ν on B is the unique
measure µ ∗ ν on B defined by:

µ ∗ ν( f ) =
∫

G×B
f (gb)dµ(g)dν(b)

for any bounded measurable function f on B.

Remark 7.1.3. If B = G, then this pseudo-convolution coincides with the ordinary convolution of two
measures on a group. In this case, we denote µn as the n-th convolution of µ with itself: µ ∗ . . . ∗ µ.

Remark 7.1.4. If µ1 and µ2 are measures on G and ν is a measure on B, then we have: (µ1 ∗ µ2) ∗ ν =
µ1 ∗ (µ2 ∗ ν).

We can now define the notion of an invariant measure on a topological space on which a group
acts. In the following, we fix a probability measure µ on G.

Definition 7.1.5. A measure ν on B is called µ-invariant if: µ ∗ ν = ν.

Theorem 7.1.6. Let (Aω
n (E))n∈N be a sequence of i.i.d. random symplectic matrices of order 2N de-

pending on a real parameter E, and let p ∈ {1, . . . , N}. Let µE be the common distribution of Aω
n (E).

Suppose that the Furstenberg subgroup GµE associated with this sequence of symplectic matrices is
p-contracting and Lp-strongly irreducible, and that E(log ||Aω

0 (E)||) is finite. Then the following
assertions hold:
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1. γp(E) > γp+1(E)

2. For any non-zero x in Lp:

lim
n→∞

1
n

log || ∧p (Aω
n−1(E) . . . Aω

0 (E))x|| =
p

∑
i=1

γi(E)

3. There exists a unique µE-invariant probability distribution, denoted νp,E, on P(Lp) = {x̄ ∈
P(∧pR2N) | x ∈ Lp} such that:

∫
SpN(R)×P(Lp)

log
|| ∧p Mx||
||x|| dµE(M)dνp,E(x̄) =

p

∑
i=1

γi(E)

The fact that we have an integral representation of the Lyapunov exponents involving the
measure νp,E implies that, to study the regularity of these exponents as a function of E, it will
suffice to study the regularity of this measure seen as a function of E.

7.1.2 Continuity

We will first prove the continuity of the Lyapunov exponents with respect to the energy pa-
rameter E.

Theorem 7.1.7. Let (Aω
n (E))n∈N be an i.i.d. sequence of symplectic matrices depending on a real

parameter E. Let µE be the common law of Aω
n (E). Fix a compact interval I in R, and suppose that for

all E ∈ I:

1. GµE is p-contracting and Lp-strongly irreducible for all p ∈ {1, . . . , N}.

2. There exist constants C1 > 0, C2 > 0 independent of n, ω, E such that for all p ∈ {1, . . . , N}:

|| ∧p Aω
n (E)||2 ≤ exp(pC1 + p|E|+ p) ≤ C2. (7.1)

3. There exists a constant C3 > 0 independent of n, ω, E such that for all E, E′ ∈ I and all p ∈
{1, . . . , N}:

|| ∧p Aω
n (E)−∧p Aω

n (E′)|| ≤ C3|E− E′|. (7.2)

Then, for all p ∈ {1, . . . N}, the map E 7→ γp(E) is continuous on I.

The methods to prove this result can be found in [8], Chapter V. In that reference, this regu-
larity result is stated for a sequence of transfer matrices associated with discrete matrix-valued
Schrödinger operators. However, this restriction concerns only the estimates (7.1) and (7.2).
These are clearly satisfied in the case of transfer matrices associated with discrete operators
and are also verified in the continuous case.

The main steps of the proof are as follows. First, one proves the continuity of the function

Φp,E :
I ×P(Lp) −→ R

(E, x̄) 7−→ Φp,E(x̄) = E
(

log ||(∧
p Aω

n (E))x||
||x||

)
for all p ∈ {1, . . . N}. At this stage, only the estimates (7.1) and (7.2) are used. Next, one proves
the weak continuity of E 7→ νp,E using the Banach-Alaoglu theorem and the uniqueness of the
µE-invariant measure νp,E. Combining these two continuity properties and noting that

γ1(E) + . . . + γp(E) = νp,E(Φp,E),
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one obtains the continuity of the Lyapunov exponents.
Fix an integer p ∈ {1, . . . , N} and a compact interval I as in Theorem 7.1.7. For E ∈ I, define:

∀x̄ ∈ P(Lp), Φp,E(x̄) = E

(
log
||(∧p Aω

n (E))x||
||x||

)
In the following proposition, we summarize the properties of the function Φp,E.

Proposition 7.1.8. The function Φp,E has the following properties:

1. x̄ 7→ Φp,E(x̄) is continuous on P(Lp).

2. There exists C > 0 such that for all E, E′ ∈ I, supx̄∈P(Lp)
|Φp,E(x̄)−Φp,E′(x̄)| ≤ C|E− E′|.

3. The function Φ :
I ×P(Lp) −→ R

(E, x̄) 7−→ Φp,E(x̄) is continuous.

Proof : From (7.1) we have:

log
||(∧p Aω

n (E))x||
||x|| ≤ log ||(∧p Aω

n (E))|| ≤ log
√

C2.

Hence, if x̄l → x̄ in P(Lp), by the dominated convergence theorem of Lebesgue (a con-
stant is integrable on a probability space!):

Φp,E(x̄l) = E

(
log
||(∧p Aω

n (E))xl ||
||xl ||

)
→ E

(
log
||(∧p Aω

n (E))x||
||x||

)
= Φp,E(x̄).

This proves the first point.

For two matrices A and B, with B assumed invertible: ||Ax|| = ||AB−1Bx|| ≤ ||AB−1|| ||Bx||.
Hence: ||Ax||

||Bx|| ≤ ||AB−1||. Then:

||AB−1|| = ||(A− B + B)B−1|| ≤ ||A− B|| ||B−1||+ ||I|| = ||A− B|| ||B−1||+ 1.

Using this inequality and then (7.2), we obtain:

|Φp,E(x̄)−Φp,E′(x̄)| =

∣∣∣∣E(log
||(∧p Aω

n (E))x||
||(∧p Aω

n (E′))x||

)∣∣∣∣
≤ E

(
log ||(∧p Aω

n (E))(∧p Aω
n (E′))−1||

)
≤ E

(
log(||(∧p Aω

n (E))− (∧p Aω
n (E′))|| ||(∧p Aω

n (E′))−1||+ 1)
)

≤ E
(
||(∧p Aω

n (E))− (∧p Aω
n (E′))|| ||(∧p Aω

n (E′))−1||
)

≤ C3|E− E′|
√

C2

This proves point (ii).

To prove the third point, we just need to combine points (i) and (ii). Let ε > 0 and choose
(E, x̄) and (E′, ȳ) sufficiently close so that:

|Φp,E(x̄)−Φp,E′(ȳ)| ≤ |Φp,E(x̄)−Φp,E′(x̄)|+ |Φp,E′(x̄)−Φp,E′(ȳ)|
≤ C|E− E′|+ ε

≤ Cte ε

2
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Using this proposition, we can now prove the continuity of the Lyapunov exponents.

Proposition 7.1.9. The map E 7→ (γ1 + . . . + γp)(E) is continuous on I.

Proof : Fix E ∈ I. Let El be a sequence of real numbers in I converging to E. By Theorem 7.1.6,
there exists a unique µE-invariant measure νp,E on P(Lp), and for each l ∈N, there exists
a µEl -invariant measure νp,El on P(Lp). By (7.1), we have: µEl

w−−→
l→∞

µE.

By the Banach-Alaoglu theorem, the sequence (νp,El )l∈N contains a subsequence, say
(νp,Eli

)i∈N, weakly converging to a limit ν̃. Since convolution is weakly continuous:

νp,Eli
= µEli

∗ νp,Eli

w−−→
i→∞

µE ∗ ν̃.

Then, by uniqueness of the weak limit: ν̃ = µE ∗ ν̃. Thus ν̃ is a µE-invariant measure,
and by uniqueness in Theorem 7.1.6: ν̃ = νp,E. We deduce that νp,El

w−−→
l→∞

νp,E, and hence

E 7→ νp,E is weakly continuous.

By the integral representation given in Theorem 7.1.6 we have:

(γ1 + . . . + γp)(E) = νp,E(Φp,E).

Then, using point (ii) of Proposition 7.1.8 and the weak continuity we just proved, we
obtain:

lim
l→∞

(γ1 + . . . + γp)(El) = lim
l→∞

νp,El (Φp,El )

= lim
l→∞

(
νp,El (Φp,E) + νp,El (Φp,El −Φp,E)

)
= νp,E(Φp,E)

= (γ1 + . . . + γp)(E)

This proves the continuity of the sums of Lyapunov exponents.
2

We then have the following corollary:

Corollary 7.1.10. For any integer p ∈ {1, . . . , N}, the map E 7→ γp(E) is continuous.

Proof : Indeed, one can write:

γp(E) = (γ1 + . . . + γp)(E)− (γ1 + . . . + γp−1)(E).
2

7.1.3 Subharmonicity of sums of Lyapunov exponents

Throughout this section, we assume that the Lyapunov exponents under study are associated
with a sequence (Aω

n (E))n∈N of i.i.d. symplectic matrices that depend analytically on the pa-
rameter E. This is satisfied for the transfer matrices associated with a continuous (or discrete)
model, since their expression involves only solutions of −u′′ + Vωu = Eu which are analytic
in E.

First, we note that the definition of Lyapunov exponents allows us to define them for com-
plex values of the energy E. Indeed, the formula:

(γ1 + . . . + γp)(E) = lim
n→∞

1
n

E (log || ∧p (Aω
n (E) . . . Aω

0 (E))||)

also makes sense for E ∈ C.

We now define subharmonic functions and state their basic properties.
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Definition 7.1.11. A function f C→ [−∞,+∞[ is called subharmonic if:

1. f is upper semi-continuous, i.e.: ∀E ∈ C, f (E) ≥ lim supy→E f (y)

2. ∀E ∈ C, ∀r > 0, f (E) ≤ 1
2π

∫ 2π
0 f (E + reiθ)dθ.

Remark 7.1.12. Of course, a continuous function is upper semi-continuous, and the first hypothesis of
the definition is satisfied by the sums of Lyapunov exponents as proved in Proposition 7.1.9.

We now prove a proposition giving the main stability properties of the set of subharmonic
functions and the main example of a subharmonic function.

Proposition 7.1.13. 1. If f and g are two subharmonic functions equal almost everywhere in the
sense of Lebesgue measure on R2, then they are equal everywhere.

2. If fn is a sequence of subharmonic functions locally bounded below, then the pointwise infimum
of this sequence is subharmonic.

3. If A(z) is an entire matrix-valued function, the function z 7→ log ||A(z)|| is subharmonic.

Proof : (i) Fix E ∈ C. By the maximum principle for subharmonic functions, we have:

∀r > 0, f (E) ≤ 1
πr2

∫
D(E,r)

f (z)dz.

Then, by upper semi-continuity:

f (E) = lim
r→0

1
πr2

∫
D(E,r)

f (z)dz.

Hence, if f = g almost surely, it follows that:

f (E) = lim
r→0

1
πr2

∫
D(E,r)

f (z)dz = lim
r→0

1
πr2

∫
D(E,r)

g(z)dz = g(E),

and the first point is proved.

(ii) An upper semi-continuous function is bounded below on any compact subset K ⊂ C.
Fix a compact K ⊂ C. We can then locally apply the dominated convergence theorem of
Lebesgue to obtain:

∀E ∈ K, inf
n∈N

fn(E) ≤ inf
n∈N

1
2π

∫ 2π

0
fn(E + reiθ)dθ =

1
2π

∫ 2π

0
( inf

n∈N
fn)(E + reiθ)dθ,

and the infimum of a family of upper semi-continuous functions is still upper semi-
continuous.

(iii) This point follows from Jensen’s formula on the logarithm of holomorphic functions.
2

We now have everything we need to prove the subharmonicity of sums of Lyapunov expo-
nents.

Proposition 7.1.14. For every p ∈ {1, . . . , N}, the function E 7→ γ1(E) + . . . + γp(E) is subhar-
monic.
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Proof : First, the function E 7→ Aω
n (E) is entire by assumption. Then, since a product of entire

functions is entire, E 7→ ∧p(Aω
n (E) . . . Aω

0 (E)) is also entire. Finally, by point (iii) of
Proposition 7.1.13, E 7→ log || ∧p (Aω

n (E) . . . Aω
0 (E))|| is subharmonic.

By Fatou’s lemma, the map E 7→ E (log || ∧p (Aω
n (E) . . . Aω

0 (E))||) is also subharmonic.
Moreover, the sequence

( 1
n E (log || ∧p (Aω

n (E) . . . Aω
0 (E))||)

)
n∈N

is a subadditive sequence
of strictly positive numbers, so its limit is given by an infimum, and point (ii) of Proposi-
tion 7.1.13 applies to show that γ1(E) + . . . + γp(E) is subharmonic.

2

To conclude this section, we recall without proof one of the most interesting properties of
subharmonic functions: the existence of non-tangential limits.

Proposition 7.1.15. For almost every E ∈ R and for every p ∈ {1, . . . , N}, the following limit exists
and satisfies:

lim
ε→0

(γ1 + . . . + γp)(E + iε) = (γ1 + . . . + γp)(E).

Proof : We use the fact that any subharmonic function on C is tangentially continuous at almost
every point of the real line in the sense of Lebesgue measure.

2

7.1.4 Hölder regularity

With much more work, one can obtain the following general theorem on Hölder regularity of
Lyapunov exponents.

Theorem 7.1.16. Let (Aω
n (E))n∈N be an i.i.d. sequence of symplectic matrices depending on a real

parameter E. Let µE be the common law of Aω
n (E). Fix a compact interval I in R and assume that for

all E ∈ I:

1. GµE is p-contracting and Lp-strongly irreducible for all p ∈ {1, . . . , N}.

2. There exist constants C1 > 0, C2 > 0 independent of n, ω, E such that for all p ∈ {1, . . . , N}:

|| ∧p Aω
n (E)||2 ≤ exp(pC1 + p|E|+ p) ≤ C2. (7.3)

3. There exists a constant C3 > 0 independent of n, ω, E such that for all E, E′ ∈ I and all p ∈
{1, . . . , N}:

|| ∧p Aω
n (E)−∧p Aω

n (E′)|| ≤ C3|E− E′|. (7.4)

Then there exist constants α > 0 and 0 < C < +∞ such that:

∀p ∈ {1, . . . N}, ∀E, E′ ∈ I, |γp(E)− γp(E′)| ≤ C|E− E′|α.

To prove this result, one uses a result on negative cocycles as stated in [8], Proposition IV
3.5, p.187. One also needs estimates on Laplace operators on Hölder spaces as in Proposition
V 4.13, p.277 in [8], which rely on estimates (7.3) and (7.4). Finally, using the decomposition
given in Proposition IV 3.12, p.192 of [8], one can prove the Hölder continuity of E 7→ νp,E on
I.

7.1.5 Application to the continuous matrix-valued Anderson model

In an interval where it has already been shown that the Furstenberg group is p-contracting and
Lp-irreducible for all p, it remains to prove estimates (7.3) and (7.4) in order to apply Theorem
7.1.16.
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General Estimates

Lemma 7.1.17. Let V be a matrix-valued function in L1
loc(R, Mn(C)) and let u be a solution of−u′′+

Vu = 0. Then for all x, y ∈ R:

||u(x)||2 + ||u′(x)||2 ≤ (||u(y)||2 + ||u′(y)||2) exp
(∫ max(x,y)

min(x,y)
||V(t) + 1||dt

)
.

Proof : Set R(t) = ||u(t)||2 + ||u′(t)||2. Then, with this notation:

R′(t) = < u(t), u′(t) > + < u′(t), u(t) > + < u′′(t), u′(t) > + < u′(t), u′′(t) >
= 2Re(< u(t), u′(t) >) + 2Re(< u′(t), V(t)u(t) >)

= 2Re(< u′(t), (V(t) + 1)u(t) >)

≤ 2Re(||u′(t)|| ||V(t) + 1|| ||u(t)||)

≤ 2||V(t) + 1||
(
||u(t)||2 + ||u′(t)||2

2

)
= ||V(t) + 1||R(t)

We used the Cauchy-Schwarz inequality on the fourth line and the arithmetic-geometric
inequality on the fifth. Finally, we have the inequality:

R′(t) ≤ ||V(t) + 1||R(t),

which after integration gives the desired estimate.
2

Lemma 7.1.18. For i = 1, 2, let Vi ∈ L1
loc(R, Mn(C)) and let ui be solutions of −u′′ + Viu = 0 such

that:
∃y ∈ R, u1(y) = u2(y) and u′1(y) = u′2(y).

Then for all x ∈ R:(
||u1(x)− u2(x)||2 + ||u′1(x)− u′2(x)||2

) 1
2

≤
(
||u1(y)||2 + ||u′1(y)||2

) 1
2 exp

(∫ max(x,y)

min(x,y)
||V1(t)||+ ||V2(t)||+ 2dt

)
×
∫ max(x,y)

min(x,y)
||V1(t)−V2(t)||dt.

Proof : Without loss of generality, assume y ≤ x. In C2N , by the hypotheses on u1 and u2:(
u1(x)− u2(x)
u′1(x)− u′2(x)

)
=
∫ y

x

(
0

(V1(t)−V2(t))u1(t)

)
dt+

∫ y

x

(
0 I

V2(t) 0

)(
u1(t)− u2(t)
u′1(t)− u′2(t)

)
dt.

Taking norms on both sides, we get:∥∥∥∥( u1(x)− u2(x)
u′1(x)− u′2(x)

)∥∥∥∥ ≤ ∫ y

x
||V1(t)−V2(t)|| ||u1(t)||dt+

∫ y

x
(||V2(t)||+ 1)

∥∥∥∥( u1(t)− u2(t)
u′1(t)− u′2(t)

)∥∥∥∥dt.

Then by Gronwall’s lemma:∥∥∥∥( u1(x)− u2(x)
u′1(x)− u′2(x)

)∥∥∥∥ ≤ (∫ y

x
||V1(t)−V2(t)|| ||u1(t)||dt

)
exp

(∫ y

x
(||V2(t)||+ 1)dt

)
. (7.5)

Lemma 7.1.17 tells us that for all t ∈ [y, x]:

||u1(t)||2 ≤ ||u1(t)||2 + ||u′1(t)||2 ≤
(
||u1(y)||2 + ||u′1(y)||2

)
exp

(∫ y

x
(||V1(s)||+ 1)ds

)
.
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Hence:

||u1(t)|| ≤
(
||u1(y)||2 + ||u′1(y)||2

) 1
2 exp

(
1
2

∫ y

x
(||V1(s)||+ 1)ds

)
.

Plugging this into inequality (7.5) gives:(
||u1(x)− u2(x)||2 + ||u′1(x)− u′2(x)||2

) 1
2

≤
(
||u1(y)||2 + ||u′1(y)||2

) 1
2 exp

(∫ max(x,y)

min(x,y)

1
2
||V1(t)||+

1
2
+ ||V2(t)||+ 1dt

)
×
∫ max(x,y)

min(x,y)
||V1(t)−V2(t)||dt.

This proves the desired inequality since 1
2 ||V1(t)||+ 1

2 ≤ ||V1(t)||+ 1.
2

Estimates for the norm of the transfer matrices

From the general estimates we have just proved, one can obtain estimates for the norm of the
transfer matrices, uniform in the parameter E when it varies in a compact interval of R. Fix a
compact interval I ⊂ R. Let E ∈ I. First, u1, . . . , u2N denote the solutions of −u′′ + Vωu = Eu
with initial conditions:

ũ1(n, E) =

 1
0
0
...
0

 , ũ2(n, E) =

 0
1
0
...
0

 , ũ2N(n, E) =

 0
0
...
0
1

 (7.6)

where ũl(n, E) = t(ul(n, E) (ul)′(n, E)).

The transfer matrix is the matrix whose columns are the vectors ũl(n + 1, E):

Aω
n (E) =



u1
1(n+1,E) u2

1(n+1,E) ... u2N
1 (n+1,E)

...
...

...
u1

N(n+1,E) u2
N(n+1,E) ... u2N

N (n+1,E)

(u1
1)
′(n+1,E) (u2

1)
′(n+1,E) ... (u2N

1 )′(n+1,E)
...

...
...

(u1
N)
′(n+1,E) (u2

N)
′(n+1,E) ... (u2N

N )′(n+1,E)


Lemma 7.1.19. There exist constants C1 > 0 and C2 > 0 independent of n, ω, E such that:

||Aω
n (E)||2 ≤ exp(C1 + |E|+ 1) ≤ C2

Proof : Let ũi(n + 1, E) be the column of Aω
n (E) with maximal norm. Then:

||Aω
n (E)||2 = ||ũi(n + 1, E)||2 = ||ui(n + 1, E)||2 + ||(ui)′(n + 1, E)||2.

Applying Lemma 7.1.17 with x = n + 1 and y = n:

||ui(n+ 1, E)||2 + ||(ui)′(n+ 1, E)||2

≤
(
||ui(n, E)||2 + ||(ui)′(n, E)||2

)
exp

(∫ n+1

n
||Vω(t)− E||+ 1dt

)
Now, ||ui(n, E)||2 = 1 and ||(ui)′(n, E)||2 = 0 or vice versa. In all cases: ||ũi(n, E)||2 = 1.
Hence

||Aω
n (E)||2 ≤ exp

(∫ n+1

n
||Vω(t)− E||+ 1dt

)
.
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Since Vω(x) = ∑k∈Z V(n)
ω (x− k) is invariant under translation by 1:

∫ n+1

n
||Vω(t)− E||+ 1dt =

∫ 1

0
||Vω(t)− E||+ 1dt ≤

(
sup

t∈[0,1]
||Vω(t)||

)
+ |E|+ 1.

Moreover, as in Vω the ωi take values in {0, 1}, there exists a constant C1 > 0 independent
of ω, n, E such that: (

sup
t∈[0,1]

||Vω(t)||
)
≤ C1.

Thus:
||Aω

n (E)||2 ≤ exp(C1 + |E|+ 1).

Finally, since I is bounded, |E| is bounded and there exists a constant C2 > 0 independent
of ω, n, E such that:

exp(C1 + |E|+ 1) ≤ C2.

2

Remark 7.1.20. Since Aω
n (E) is symplectic, its norm is the same as that of its inverse, hence:

||Aω
n (E)−1||2 ≤ C2.

We now prove an estimate giving the variation of the norm of Aω
n (E) when E varies in I.

Lemma 7.1.21. For all E, E′ ∈ I, there exists a constant C3 > 0 independent of n, ω, E such that:

||Aω
n (E)− Aω

n (E′)|| ≤ C3|E− E′|.

Proof : We have:
||Aω

n (E)− Aω
n (E′)|| = ||ũi(n + 1, E)− ũi(n + 1, E′)||.

By Lemma 7.1.18:

||ũi(n + 1, E)− ũi(n + 1, E′)||

≤ ||ũi(n, E)||
(∫ n+1

n
||Vω(t)− E− (Vω(t)− E′)||dt

)
exp

(∫ n+1

n
||Vω(t)− E||+ ||(Vω(t)− E′)||+ 2 dt

)
Hence:

||Aω
n (E)− Aω

n (E′)|| ≤ |E− E′| exp
(∫ 1

0
2||Vω(t)||+ |E|+ |E′|+ 2 dt

)
.

As in the proof of Lemma 7.1.19, supt∈[0,1] ||Vω(t)|| ≤ C1, and |E| and |E′| are bounded
since I is, say by a constant M. Then there exists C3 > 0 independent of n, ω, E such that:

exp
(∫ n+1

n
||Vω(t)− E||+ ||(Vω(t)− E′)||+ 2 dt

)
≤ exp(2C1 + 2 + 2M) ≤ C3.

Our estimate is proved.
2

We conclude by giving estimates for the p-th exterior powers of the transfer matrices.
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Lemma 7.1.22. There exist constants C′1 > 0, C′2 > 0 and C′3 > 0 independent of n, ω, E such that for
all integers p ∈ {1, . . . , N}:

|| ∧p Aω
n (E)||2 ≤ exp(pC′1 + p|E|+ p) ≤ C′2,

and for all E, E′ ∈ I:
|| ∧p Aω

n (E)−∧p Aω
n (E′)|| ≤ C′3|E− E′|.

Proof : For the first inequality, we simply use the general fact: if M ∈ GL2N(R) then || ∧p M|| ≤
||M||p, which follows from the polar decomposition of M. A proof can be found in [2],
Lemmas 5.3 and 5.4, p.62. Applying this result and Lemma 7.1.19, we obtain:

|| ∧p Aω
n (E)||2 ≤ (exp(C1 + |E|+ 1))p = exp(pC1 + p|E|+ p) ≤ C′2.

For the second inequality, the result is slightly more technical. We show that for two
invertible matrices M and N:

|| ∧p M−∧pN|| ≤ ||N −M||
(
||N||p−1 + ||M|| ||N||p−2 + . . . + ||M||p−1).

Indeed, we start from:

∧p M−∧pN = ∧p M(I −∧p(M−1N)) = ∧p M(I −∧p(M−1(N −M) + I)).

We then need to compute ∧p(M−1(N−M) + I). For a decomposable p-vector u1 ∧ . . . ∧
up:

∧p(M−1(N−M)+ I)(u1∧ . . .∧up)

= (u1 + M−1(N −M)u1) ∧ . . . ∧ (up + M−1(N −M)up)

= u1 ∧ . . . ∧ (up + M−1(N −M)up) + M−1(N −M)u1 ∧ . . . ∧ (up + M−1(N −M)up)

...
= u1 ∧ . . . ∧ up + . . . + u1 ∧ . . . ∧M−1(N −M)up

Hence, for ∧p M(I −∧p(M−1(N −M) + I))(u1 ∧ . . . ∧ up), we obtain:

∧p M(I−∧p(M−1(N−M)+ I))(u1∧ . . .∧up)

= −((N −M)u1 ∧ Nu2 ∧ . . . ∧ Nup + Mu1 ∧ (N −M)u2 ∧ . . . ∧ Nup + . . .
. . . + Mu1 ∧ . . . ∧Mup−1 ∧ (N −M)up)

Taking norms, we get the estimate:

|| ∧p M−∧pN|| ≤ ||N −M||
(
||N||p−1 + ||M|| ||N||p−2 + . . . + ||M||p−1).

Finally, applying Lemmas 7.1.19 and 7.1.21 and this estimate with M = Aω
n (E) and N =

Aω
n (E′), we obtain:

|| ∧p Aω
n (E)−∧p Aω

n (E′)|| ≤ pCp−1
2 C3|E− E′|,

and C′3 = pCp−1
2 C3 is independent of n, ω and E, E′.

2
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7.2 The Integrated Density of States

We aim to study the existence of the integrated density of states and its regularity for continu-
ous, matrix-valued Anderson operators of the form:

Hω = −∆d ⊗ IN + ∑
n∈Zd

V(n)
ω (x− n) (7.7)

acting on L2(Rd)⊗CN , where d and N are natural numbers, IN is the identity matrix of order
N, and ∆d is the continuous Laplacian in dimension d.

Let (Ω,A,P) be a complete probability space and ω ∈ Ω. For each n ∈ Z, the functions
x 7→ V(n)

ω (x) take values in symmetric matrices, are supported in [0, 1]d, and are uniformly
bounded in x, n, and ω. We also set:

∀x ∈ Rd, Vω(x) = ∑
n∈Zd

V(n)
ω (x− n),

and denote by Vω the maximal multiplication operator by x 7→ Vω(x). The function x 7→ Vω(x)
is uniformly bounded on R in x and ω. The potential Vω will also be chosen so that {Hω}ω∈Ω
is Zd-ergodic. As a bounded perturbation of −∆d ⊗ IN , Hω is self-adjoint on the Sobolev space
H2(Rd)⊗CN .

7.2.1 Existence of the Integrated Density of States

We want to define a function of the real variable that counts the number of spectral values
of Hω below a fixed energy E. To define this function, we start by restricting Hω to cubes of
finite volume in Rd. Let L be an integer greater than 1 and let D = [−L, L]d ⊂ Rd be the cube
centered at 0 with side length 2L. We set:

H(L)
ω = −∆(L)

d ⊗ IN + ∑
n∈Zd

V(n)
ω (x− n) (7.8)

the restriction of Hω acting on L2(D)⊗CN with Dirichlet boundary conditions on ∂D.

Definition 7.2.1. The integrated density of states of {Hω}ω∈Ω is the function from R to R+, E 7→
N(E), where for E ∈ R:

N(E) = lim
L→+∞

1
|D|#{λ ≤ E | λ ∈ σ(H(L)

ω )}, (7.9)

and |D| is the volume of D.

There is a double issue of existence in expression (7.9). First, one must prove that the
cardinality #{λ ≤ E | λ ∈ σ(H(L)

ω )} is finite for any fixed E, and second, one must prove the
existence of the limit. The answer to both issues is provided by the existence of an L2 kernel

for the one-parameter semigroup (e−tH(L)
ω )t>0. This kernel is obtained using a Feynman-Kac

formula involving a time-ordered exponential.

A matrix-valued Feynman-Kac formula

We first present how to obtain a matrix-valued Feynman-Kac formula for the one-parameter

semigroup (e−tHω )t>0. We then deduce a Feynman-Kac formula for (e−tH(L)
ω )t>0.
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Let W = C(R+, R) be the space of continuous functions from R+ to R. For each t ≥ 0,
consider the coordinate function:

Xt :
W −→ R

w 7−→ Xt(w) = w(t)

LetW be the smallest σ-algebra on W for which the maps Xt are measurable. For s, t ≥ 0 and
x, y ∈ Rd, denote by Ws,x,t,y the conditional Wiener measure, defined on (W,W), associated
with Brownian motion starting at x at time s and arriving at y at time t. Also denote by Es,x,t,y
the expectation associated with Ws,x,t,y.

We now study the one-parameter semigroup (e−tHω )t>0. Fix t > 0 and ω ∈ Ω. By the
Lie-Trotter formula, we have:

∀ f ∈ L2(Rd)⊗CN , e−tHω f = lim
n→+∞

(
e−(−∆d⊗IN)

t
n e−Vω

t
n

)n
f . (7.10)

For fixed n ∈N, the operator: (
e−(−∆d⊗IN)

t
n e−Vω

t
n

)n

has an integral kernel given by the path integral:∫ n

∏
j=1

e−(
jt
n )Vω(w(

jt
n )) dW0,x,t,y(w). (7.11)

As n tends to infinity, by the definition of the Dyson time-ordered exponential:

lim
n→+∞

n

∏
j=1

e−(
jt
n )Vω(w(

jt
n )) = expord

(
−
∫ t

0
Vω(w(s)) ds

)
. (7.12)

Then, by dominated convergence:

∀ f ∈ L2(Rd)⊗CN , ∀x ∈ Rd, e−tHω f (x) =
∫

Rd
Kt(x, y) f (y)dx (7.13)

where

∀x, y ∈ Rd, ∀t > 0, Kt(x, y) =
∫

expord

(
−
∫ t

0
Vω(w(s)) ds

)
dW0,x,t,y(w). (7.14)

We have thus shown that e−tHω has an integral kernel Kt(x, y). Let us see how to deduce the

existence of an integral kernel for e−tH(L)
ω . Denote by TD(w) the first exit time of D for the path

w ∈ W:
TD(w) = inf{t > 0 | Xt(w) /∈ D}. (7.15)

Since Dirichlet boundary conditions are used on D, to define H(L)
ω one can use results on killed

Brownian motions, which lead to the formula:

∀t > 0, ∀ f ∈ L2(Rd)⊗CN , ∀x ∈ Rd, e−tH(L)
ω f (x) =

1√
2πt

∫
Rd

∫
χ{t<TD(w)}(w) expord

(
−
∫ t

0
Vω(Xs(w)) ds

)
dW0,x,t,y(w) e−

|x−y|2
2t f (y)dy. (7.16)

We have thus established the following result.

Proposition 7.2.2. For all t > 0, e−tH(L)
ω has an integral kernel given by:

∀x, y ∈ Rd, ∀t > 0, K(L)
t (x, y) =

1√
2πt

(∫
χ{t<TD(w)}(w) expord

(
−
∫ t

0
Vω(Xs(w)) ds

)
dW0,x,t,y(w) e−

|x−y|2
2t

)
(7.17)

and K(L)
t belongs to L2(D2)⊗MN(C) for all t > 0.
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Existence of the Integrated Density of States

Since the kernel is in L2, it follows that for any t > 0, the operator e−tH(L)
ω is Hilbert-Schmidt on

L2(D)⊗CN . In particular, it is compact and its spectrum has the form:

{e−tλ(L)
j,ω , j ≥ 0},

where (λ
(L)
j,ω )j≥0 is an increasing sequence of real numbers, bounded from below and tending

to +∞. This sequence coincides with the spectrum of H(L)
ω . In particular, for fixed E ∈ R:

#{λ ≤ E | λ ∈ σ(H(L)
ω )} = #{λ(L)

j,ω ≤ E} < +∞.

This addresses the first issue in proving the existence of N(E).
It remains to show that the sequence

(
1
|D|#{λ

(L)
j,ω ≤ E}

)
L≥1

converges to a real number in-

dependent of ω: N(E). To do this, we introduce the eigenvalue counting measure of H(L)
ω :

nD,ω =
1
|D| ∑j≥0

δ
λ
(L)
j,ω

, (7.18)

where δ
λ
(L)
j,ω

is the Dirac measure at λ
(L)
j,ω . Then we have:

Proposition 7.2.3. The sequence of measures (nD,ω)L≥1 converges weakly to a measure n independent
of ω as L tends to infinity, for P-almost every ω in Ω. Moreover, the Laplace transform of this limiting
measure is given by: ∀t > 0,

L(n)(t) =
1√
2πt

∫ ∫
Ω

TrCN expord

(
−
∫ t

0
Vω(Xs(w)) ds

)
dω dW0,0,t,0(w). (7.19)

Corollary 7.2.4. For any E ∈ R, the limit:

N(E) = lim
L→+∞

1
|D|#{λ ≤ E| λ ∈ σ(H(L)

ω )}

exists and is P-almost surely independent of ω. The function E 7→ N(E) is the distribution function of
n:

∀E ∈ R, N(E) = n((−∞, E]).

We conclude by giving a formula linking the measure n and the spectral measure EHω

associated with the self-adjoint operator Hω.

Proposition 7.2.5. Let f be a continuous, compactly supported, positive function on Rd such that
|| f ||L2(Rd) = 1. Let M f be the maximal multiplication operator by f . Then, for any bounded Borel set
B in R, the operator M f EHω (B)M f is of trace class P-almost surely in ω, and:

n(B) = E(Tr(M f EHω (B)M f )), (7.20)

where E is the expectation associated with the probability measure P.

We now want, in the case d = 1, to link N(E) with the sum of the Lyapunov exponents at
E. Before that, we introduce Kotani’s w-function.

From now on, we assume d = 1.
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7.2.2 Kotani’s w-function

Before defining Kotani’s w-function, we define the m-functions. Let C+ be the upper complex
half-plane {z ∈ C | Im(z) > 0} and C− the lower half-plane {z ∈ C | Im(z) < 0}.

Proposition 7.2.6. Let E ∈ C+ ∪C−. Fix ω ∈ Ω. Then there exists a unique function x 7→ F+(x, E)
with values inMN(C) (respectively x 7→ F−(x, E)) satisfying:

−F′′+ + VωF+ = EF+, F+(0, E) = I, and
∫ ∞

0
||F+(x, E)||2dx < +∞,

respectively:

−F′′− + VωF− = EF−, F−(0, E) = I, and
∫ 0

−∞
||F−(x, E)||2dx < +∞.

Definition 7.2.7. For E ∈ C+∪C−, we define the m-functions M+ and M− associated with {Hω}ω∈Ω
by:

M+(E) =
d

dx
F+(x, E)|x=0 and M−(E) = − d

dx
F−(x, E)|x=0.

These functions allow the computation of the Green kernel of the resolvent of Hω off the real
axis.

Proposition 7.2.8. Let E ∈ C+ ∪C−. Then (Hω− E)−1 has a continuous integral kernel GE(x, y, ω)
given by:

GE(x, y, ω) =

{
−F−(x)(M+ + M−)−1 tF+(y) if x ≤ y,
−F+(x)(M+ + M−)−1 tF−(y) if y ≤ x.

We can now define Kotani’s w-function. This function links the Lyapunov exponents to the
integrated density of states. Indeed, its real part will (in the limit) be the sum of the N positive
Lyapunov exponents, while its imaginary part will (again in the limit) equal πN(E).

Definition 7.2.9. Let E ∈ C+ ∪C−. Kotani’s w-function is defined by:

w(E) =
1
2

E(Tr(M+(E) + M−(E))).

The w-function has the following properties:

Proposition 7.2.10. For E ∈ C+ ∪C−:

1. w(E) = E(Tr(M+(E))) = E(Tr(M−(E))).

2. d
dE w(E) = E(Tr(GE(0, 0, ω))).

3. −Re w(E) = (γ1 + . . . + γN)(E).

4. E
(
Tr(Im M±(E, ω)−1)

)
= − 2Re w(E)

ImE = 2(γ1+...+γN)(E)
ImE .

In point 3, let us clarify that the formula:

γ1(E) + . . . + γN(E) = lim
n→∞

1
n

E(log || ∧N (Aω
n−1(E) . . . Aω

0 (E))||)

makes sense for all E ∈ C.

One can then use results from harmonic analysis valid for matrix-valued Schrödinger op-
erators. First, we introduce the space of Herglotz functions:

H = {h | h is holomorphic on C+ and h : C+ → C+}.

We then consider the subspace ofH:

W = {w ∈ H | w, w′, −iw ∈ H}.
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Proposition 7.2.11. Kotani’s function w belongs toW .

Proof : First, since Hω is self-adjoint, its spectrum lies in R and E 7→ M+(E) is holomorphic on
C \R. The same holds for E 7→ Tr(M+(E)). Moreover, if ImE > 0, we have:

Im M+(E) = (ImE)
∫ +∞

0
F+(x, E)∗F+(x, E) > 0.

Thus, E 7→ Tr(M+(E)) is inH and w ∈ H.

Next, by point 2 of Proposition 7.2.10, w′(E) = E(Tr(GE(0, 0, ω))). But GE(0, 0, ω) is
holomorphic off the spectrum of Hω, so Tr(GE(0, 0, ω)) is also holomorphic. If ImE > 0,
the operator Im(Hω− E)−1 is positive, and ImTr(GE(0, 0, ω)) > 0. Therefore, Im w′(E) =
ImTr(GE(0, 0, ω)) > 0 and w′ ∈ H.

Finally, −iw is holomorphic on C+ since w is. If E ∈ C+:

Im(−iw(E)) = −Re w(E) = (ImE)E(Tr(Im M+(E, ω)−1))

by point 4 of Proposition 7.2.10. Since Tr(Im M+(E, ω)−1) > 0 for E ∈ C+, we have
Im(−iw(E)) > 0. Hence, −iw ∈ H.

2

7.2.3 Thouless formula

Let n be the measure defined in Proposition 7.2.3.

Proposition 7.2.12.

∀E ∈ C \R, E(Tr GE(0, 0, ω)) =
∫

R

dn(E′)
E′ − E

. (7.21)

Proof : Since R is a countable union of bounded Borel sets and the Dirac distribution at 0, δ0,
can be approximated by continuous, compactly supported, positive functions with L2-
norm equal to 1, using Proposition (7.2.12), we have:

∫
R

dn(E′)
E′ − E

=
∫

R

1
E′ − E

dE
(
Tr(< δ0, EHω ((−∞, E′])δ0 >)

)
.

Then, by the spectral theorem,

∫
R

dn(E′)
E′ − E

= E

(
Tr(
∫

R

1
E′ − E

d < δ0, EHω ((−∞, E′])δ0 >)

)
= E

(
Tr(< δ0,

(∫
R

1
E′ − E

dEHω ((−∞, E′])
)

δ0 >)

)
= E

(
Tr(< δ0, (Hω − E)−1δ0 >)

)
= E (Tr(GE(0, 0, ω))) .

2

From this formula, we deduce the link between the imaginary part of w and E 7→ N(E).

Proposition 7.2.13.
∀E ∈ R, lim

a→0+
Im w(E + ia) = πN(E). (7.22)
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Proof : First, by point 2 of Proposition 7.2.10:

∀z ∈ C \R, w′(z) = E(Tr(Gz(0, 0, ω))).

Then, by Proposition 7.2.12:

∀z ∈ C \R, w′(z) =
∫

R

dn(E′)
E′ − z

=
∫

R

N(E′)
(E′ − z)2 dE′ (7.23)

by integration by parts. Integrating this expression, there exists a constant c ∈ C such
that:

w(z) = c +
∫

R

1 + E′z
(E′ − z)(1 + E′2)

N(E′)dE′. (7.24)

If z ∈ R is not in the spectrum of Hω, then w(z) ∈ R (see Carmona Saint-Flour, Lemma
5.10, p84). Hence, c ∈ R. Taking the imaginary part in (7.24) and writing z ∈ C+ as
z = E + ia, E ∈ R, a > 0:

Im w(E + ia) = a
∫

R

N(E′)
(E′ − E)2 + a2 dE′

=
∫

R

N(E + au)
1 + u2 du

where u = E′−E
a . Since N(E) is a distribution function, it is right-continuous, and

∀E ∈ R, lim
a→0+

Im w(E + ia) = N(E)
∫

R

1
1 + u2 du = πN(E).

2

There is an analogous result for the real part of w(E).

Proposition 7.2.14. For Lebesgue-almost every E in R, we have:

lim
a→0+

Re w(E + ia) = −(γ1 + . . . + γN)(E). (7.25)

Moreover, if I ⊂ R is an interval on which E 7→ −(γ1 + . . .+ γN)(E) is continuous, then (7.25) holds
for all E ∈ I.

Proof : First, by point 3 of Proposition 7.2.10, we have:

∀z ∈ C \R, Re w(z) = −(γ1 + . . . + γN)(z). (7.26)

The function z 7→ −(γ1 + . . . + γN)(z) is subharmonic, and for almost every E ∈ R, the
tangential limit exists:

lim
a→0

(γ1 + . . . + γN)(E + ia) = (γ1 + . . . + γN)(E). (7.27)

Let E be a real number for which (7.27) holds. Setting z = E + ia with a > 0 in (7.26), we
obtain the existence of the limit:

lim
a→0+

Re w(E + ia) = −(γ1 + . . . + γN)(E). (7.28)

Moreover, if I is an interval on which E 7→ (γ1 + . . . + γN)(E) is continuous, the relation
(7.28) holds for all E in I since it holds for almost every E ∈ I.

2
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We now have all the necessary tools to prove a Thouless formula adapted to the case of
continuous, matrix-valued random Schrödinger operators. Since (γ1 + . . . + γN)(E) and N(E)
are respectively the real and imaginary parts of the function w, which belongs to the spaceW ,
the harmonic analysis developed for this space by Kotani gives that these two functions are
related by an integral formula.

Theorem 7.2.15 (Thouless formula). For Lebesgue-almost every E ∈ R, we have:

(γ1 + . . . + γN)(E) = −α +
∫

R
log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣) dn(E′) (7.29)

where α is a real number independent of E and n is the measure whose integrated density of states is
the distribution function. Moreover, if I ⊂ R is an interval on which E 7→ −(γ1 + . . . + γN)(E) is
continuous, then (7.29) holds for all E ∈ I.

Proof : Since w ∈ W , by Kotani’s results and also using Proposition 7.2.13,

∀z ∈ C \R, w(z) = w(i) +
∫

R
log
(

E′ − i
E′ − z

)
dn(E′). (7.30)

Then:

Re w(z) = Re w(i) +
∫

R
log
(∣∣∣∣ E′ − i

E′ − z

∣∣∣∣) dn(E′). (7.31)

Let z = E + ia with E ∈ R such that (7.25) holds and a > 0. Then, as a tends to 0, by
Proposition 7.2.14,

−(γ1 + . . . + γN)(E) = Re w(i) +
∫

R
log
(∣∣∣∣ E′ − i

E′ − E

∣∣∣∣) dn(E′). (7.32)

Setting α = Re w(i) gives (7.29) for all E ∈ R such that (7.25) holds, i.e. for Lebesgue-
almost every E in R. Finally, if I is an interval on which E 7→ (γ1 + . . . + γN)(E) is
continuous, by Proposition 7.2.14, (7.29) holds for all E ∈ I.

2

We can then use this Thouless formula to show that the function E 7→ N(E) has the same
regularity as the Lyapunov exponents.

7.2.4 Hölder regularity

We begin with some reminders on the Hilbert transform and its main properties.

Definition 7.2.16. If ψ ∈ L2(R), its Hilbert transform is the function defined on R by:

(Tψ)(x) = lim
ε→0+

1
π

∫
|x−t|>ε

ψ(t)
x− t

dt.

Proposition 7.2.17. Let ψ ∈ L2(R).

1. T2ψ(x) = −ψ(x) for Lebesgue-almost every x ∈ R.

2. If ψ is Hölder continuous on the interval [x0 − a, x0 + a], a > 0, then Tψ is Hölder continuous
on the interval [x0 − a

2 , x0 +
a
2 ].

From these properties, we deduce the following regularity result.
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Theorem 7.2.18. Let I be a compact interval in R and Ĩ an open interval containing I. Assume that
the potential Vω in Hω for d = 1 and N ≥ 1 is such that the Furstenberg group GµE of {Hω}ω∈Ω is
p-contracting and Lp-strongly irreducible for all p ∈ {1, . . . , N} and all E ∈ Ĩ. Then the integrated
density of states associated with {Hω}ω∈Ω is Hölder continuous on I.

Proof : First, the map E′ 7→ log
(∣∣∣ E′−E

E′−i

∣∣∣) is n-integrable on R. Indeed, the renormalization term
E′ − i in the denominator compensates for the fact that the support of n is non-compact.
Hence, we have:

∀E ∈ R, lim
ε→0+

∫ E+ε

E−ε

∣∣∣∣log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣)∣∣∣∣ dn(E′) = 0 (7.33)

which implies:
∀E ∈ R, lim

ε→0+
| log(ε)|(N(E + ε)− N(E− ε)) = 0. (7.34)

This shows that E 7→ N(E) is continuous on R. Let E0 ∈ I be fixed and a > 0 such that
[E0 − 4a, E0 + 4a] ⊂ Ĩ. By Theorem 7.2.15, for E ∈]E0 − 4a, E0 + 4a[:

(γ1 + . . . + γN)(E) + α−
∫
|E′−E0 |>4a

log
(∣∣∣∣ E′ − E

E′ − i

∣∣∣∣) dn(E′) =
∫ E0+4a

E0−4a
log
(∣∣∣∣ E′ − E

E′ − i

∣∣∣∣) dn(E′).

Then: ∫ E0+4a

E0−4a
log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣) dn(E′) = lim
ε→0+

(∫ E−ε

E0−4a
log |E′ − E| dn(E′)

+
∫ E0+4a

E+ε
log |E′ − E| dn(E′)

)
− 1

2

∫ E0+4a

E0−4a
log(1 + (E′)2) dn(E′).

Set:

I(E0) =
1
2

∫ E0+4a

E0−4a
log(1 + (E′)2) dn(E′).

Integrating by parts the first two integrals, we get:∫ E0+4a

E0−4a
log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣) dn(E′)

= lim
ε→0+

[
[N(E′) log |E′ − E|]E−ε

E0−4a −
∫ E−ε

E0−4a

N(E′)
E− E′

dE′ + [N(E′) log |E′ − E|]E0+4a
E+ε

−
∫ E0+4a

E+ε

N(E′)
E′ − E

dE′
]
− I(E0).

Set ψ(E) = N(E)χ{|E−E0|≤4a} ∈ L2(R). By the definition of the Hilbert transform:∫ E0+4a

E0−4a
log |E′ − E| dn(E′)

= π(Tψ)(E) + lim
ε→0+

[(N(E− ε)− N(E + ε)) log ε + N(E0 + 4a) log |E0 − E + 4a|

−N(E0 − 4a) log |E0 − E− 4a|]− I(E0)

= π(Tψ)(E) + N(E0 + 4a) log |E0 − E + 4a| − N(E0 − 4a) log |E0 − E− 4a| − I(E0)

by (7.34). Finally:

π(Tψ)(E) = (γ1 + . . . + γN)(E) + α−
∫
|E′−E0|>4a

log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣) dn(E′)−

N(E0 + 4a) log |E0 − E + 4a|+ N(E0 − 4a) log |E0 − E− 4a|+ I(E0)

= (γ1 + . . . + γN)(E) + α−
∫
|E′−E0|≥4a

log
(∣∣∣∣E′ − E

E′ − i

∣∣∣∣) dn(E′) + I(E0).
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Since [E0 − 4a, E0 + 4a] ⊂ I ⊂ Ĩ, E 7→ (γ1 + . . . + γN)(E) is Hölder continuous on
[E0 − 4a, E0 + 4a] by Theorem 7.1.16. Moreover, E 7→

∫
|E′−E0|≥4a log

(∣∣∣ E′−E
E′−i

∣∣∣) dn(E′) is
Hölder continuous of order 1 on the interval ]E0 − 4a, E0 + 4a[.

Hence Tψ is Hölder continuous on any compact interval contained in ]E0 − 4a, E0 + 4a[,
in particular on [E0 − 2a, E0 + 2a]. By point 2 of Proposition 7.2.17, T2ψ is Hölder contin-
uous on [E0− a, E0 + a]. By point 1 of Proposition 7.2.17 and the continuity of E 7→ N(E)
(by (7.34)),

∀E ∈ [E0 − a, E0 + a], (T2ψ)(E) = −N(E).

Thus E 7→ N(E) is Hölder continuous on [E0 − a, E0 + a]. Since I is compact, it can
be covered by a finite number of intervals ]E0 − a, E0 + a[⊂ Ĩ with E0 ∈ I. Therefore,
E 7→ N(E) is Hölder continuous on I.

2
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Chapter 8

Introduction to multi-scale analysis

8.1 Mathematical definitions of localization

There are several mathematical definitions to describe the phenomenon of Anderson localiza-
tion. Throughout, (Ω,A,P) is a complete probability space.

Definition 8.1.1. Let I be an interval of R. The family of self-adjoint random operators {Hω}ω∈Ω
is said to be spectrally localized in I if the spectrum of Hω in I is non-empty and purely point for
P-almost every ω ∈ Ω.

Definition 8.1.2. Let I be an interval of R. The family of self-adjoint random operators {Hω}ω∈Ω is
said to have the Anderson localization property in I or equivalently is exponentially localized if:

1. the spectrum of Hω in I is non-empty and purely point for P-almost every ω ∈ Ω,

2. the (generalized) eigenfunctions associated with the (generalized) eigenvalues in I decay exponen-
tially to 0 at infinity.

Definition 8.1.3. Let I be an interval of R. The family of self-adjoint random operators {Hω}ω∈Ω on
H is said to be dynamically localized in I if:

1. the spectrum of Hω in I is non-empty for P-almost every ω ∈ Ω,

2. for every compact interval I0 ⊂ I and every ψ ∈ H,

∀n ≥ 0, E

(
sup
t∈R

||(1 + |x|2) n
2 e−itHω 1I0(Hω)ψ||2

)
< +∞.

This definition is of a dynamic nature and follows the evolution of wave packets over time. It
indicates that the particle remains near its initial position uniformly in time.
To understand the evolution of an electron in the crystal, one actually looks at the quantity:

(r(t))2 =
∫

Rd
|xψ(t, x)|2dx.

If it diverges, it means that x goes to infinity; if it converges, it means that x remains bounded.
There can be several behaviors for this quantity. Among them, the ballistic behavior where
(r(t))2 ∼ t2 corresponds to a conducting medium, with the electron behaving like a moving
particle. When (r(t))2 is bounded, one speaks of a localized state.

The study of the spectrum for the Anderson model is not easy. Indeed, if the Laplacian has
a purely absolutely continuous spectrum, the multiplication operator by Vω is (in the discrete
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case) a random diagonal matrix, and its spectrum is therefore discrete. The two effects coun-
terbalance each other when one looks at the spectrum of the sum of these two operators. Many
mathematical results are perturbative in nature and include a coefficient in front of the term
Vω. When this parameter is large, the random potential dominates over the Laplacian, and a
priori, there will be localization. When this parameter is small, the opposite occurs. Intuitively,
the greater the disorder, the more likely localized states will appear.

Surprisingly, in dimension 1, even a very small random term induces Anderson localization.
The idea is that in dimension 1, there is no “room” to bypass an impurity in the crystal, whereas
in higher dimensions there is.

In general, localization occurs at the bottom of the spectrum or at the edges of spectral bands
when there is a band spectrum (for example in the discrete case with a finite common law
support, we then have a finite number of translates of [0, 4d]). Inside the bands, however, there
will be absolutely continuous spectrum and thus diffusion for d ≥ 3. In dimension 2, it is
believed that localization occurs everywhere as in dimension 1 (except possibly on a discrete
set of energies).

Finally, another interpretation of Anderson localization is that it describes the absence of tun-
neling effects between two eigenvalues.

8.2 Localization for quasi-1d Anderson models

In what follows, we present a localization criterion for operators of the form:

Hω = − d2

dx2 ⊗ IN + ∑
n∈Z

V(n)
ω (x− ℓn), (8.1)

acting on L2(R) ⊗ CN , where N ≥ 1 is an integer, IN is the identity matrix of order N, and
ℓ > 0 is a real number. Let (Ω,A,P) be a complete probability space and let ω ∈ Ω. For
all n ∈ Z, the functions x 7→ V(n)

ω (x) take values in the space of real symmetric matrices, are
supported in [0, ℓ], and are uniformly bounded in x, n, and ω. The sequence (V(n)

ω )n∈Z is an
i.i.d. sequence on Ω. We also assume that the potential x 7→ ∑n∈Z V(n)

ω (x − ℓn) is such that
{Hω}ω∈Ω is Z-ergodic.
As a bounded perturbation of − d2

dx2 ⊗ IN, the operator Hω is self-adjoint on the Sobolev space
H2(R)⊗CN , and thus, for all ω ∈ Ω, the spectrum of Hω is contained in R.
By Z-ergodicity, there exists Σ ⊂ R such that for P-almost every ω ∈ Ω, Σ = σ(Hω). There
also exist Σpp, Σac, and Σsc, subsets of R, such that for P-almost every ω ∈ Ω, Σpp = σpp(Hω),
Σac = σac(Hω), and Σsc = σsc(Hω).
We will show that under certain assumptions on the Furstenberg group of {Hω}ω∈Ω, this op-
erator exhibits Anderson localization on a certain interval of R.

For E ∈ R, let GµE be the Furstenberg group of {Hω}ω∈Ω.

Theorem 8.2.1. Let I ⊂ R be a compact interval such that Σ ∩ I ̸= ∅ and let Ĩ be an open interval
containing I such that for all E ∈ Ĩ, GµE is p-contracting and Lp-strongly irreducible. Then, {Hω}ω∈Ω
has the Anderson localization property and is dynamically localized on I.

In dimension 1, to prove a theorem such as Theorem 8.2.1, one can follow the following plan:

1. Show that the Lyapunov exponents of {Hω}ω∈Ω are separated.
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2. Prove the Hölder continuity of these exponents.

3. Deduce the same regularity for the integrated density of states.

4. From this, deduce a Wegner estimate.

5. Then, one can apply a multi-scale analysis scheme.

8.3 Wegner estimate

The Hölder continuity of the integrated density of states is a key ingredient in proving a Weg-
ner estimate adapted to operators whose randomness may be singular, such as Hω. Let L ∈N∗

and let H(L)
ω be the restriction of Hω to L2([−ℓL, ℓL])⊗CN with Dirichlet boundary conditions.

Theorem 8.3.1. Let I ⊂ R be a compact interval and Ĩ an open interval, I ⊂ Ĩ, such that for all E ∈ Ĩ,
GµE is p-contracting and Lp-strongly irreducible. Then, for any β ∈ (0, 1) and any κ > 0, there exist
L0 ∈N and ξ > 0 such that

(W) P
(

d
(

E, σ(H(L)
ω )

)
≤ e−κ(ℓL)β

)
≤ e−ξ(ℓL)β

, (8.2)

for all E ∈ I and all L ≥ L0.

This statement can be compared with classical Wegner estimates, valid for operators whose
randomness is regular, involving random variables with densities.

For example, one can prove for a discrete scalar Anderson operator hω with random vari-
ables having densities an optimal Wegner estimate:

E
(

Tr
(

1I

(
hΛ

ω

)))
≤ CW · |I| · |Λ| (8.3)

with CW > 0, |I| the length of the interval I, and |Λ| the volume of the cube Λ to which hω is
restricted to define hΛ

ω .
One can also obtain an improved Wegner estimate,

E
(

Tr
(

1I

(
hΛ

ω

)))
≤ CW · N(I) · |Λ| (8.4)

where N(·) is the integrated density of states associated with {hω}ω∈Ω.

We can now prove the following proposition upon which will be based the proof of Theorem
8.3.1.

Proposition 8.3.2. Let I ⊂ R be a compact interval and Ĩ be an open interval, I ⊂ Ĩ, such that, for
every E ∈ Ĩ, GµE is p-contracting and Lp-strongly irreducible for every p ∈ {1, . . . , N}. Then, there
exist α > 0, L0 ∈N and C > 0 such that, for every E ∈ I and every ε > 0 :

∀L ≥ L0, P
({
∃E′ ∈ (E− ε, E + ε), ∃ϕ ∈ D(H(L)

ω )
∣∣ (H(L)

ω − E′)ϕ = 0,

||ϕ|| = 1 and ||ϕ′(−ℓL)||2 + ||ϕ′(ℓL)||2 ≤ ε2}) ≤ C ℓ L εα. (8.5)

Proof : The proof will mostly relies on the Hölder continuity of the integrated density of states
of Hω. Let Ĩ be an open interval such that, for every E ∈ Ĩ, GµE is p-contracting and
Lp-strongly irreducible for every p ∈ {1, . . . , N}. Let I ⊂ Ĩ be a compact interval. There
exist α > 0 and C1 > 0 such that :

∀E, E′ ∈ I, |N(E)− N(E′)| ≤ C1|E− E′|α. (8.6)
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Let E be in the interior of I, ε > 0 and L ∈ N. For every k ∈ Z, let Ik be the interval
2kℓL + [−ℓL, ℓL] = [(2k− 1)ℓL, (2k + 1)ℓL] and denote by H(Ik)

ω the restriction of Hω to
L2(Ik)⊗CN with Dirichlet boundary conditions. We define the event Ak ∈ A as :

Ak = {ω ∈ Ω | H(Ik)
ω has an eigenvalue λk ∈ (E− ε, E + ε) such that the corresponding

normalized eigenfunction ϕk satisfies ||ϕ′(−ℓL)||2 + ||ϕ′(ℓL)||2 ≤ ε2}.

Then, because the V(n)
ω are i.i.d. random variables, and because of the form of the poten-

tial in Hω as a ℓ-periodization of V(0)
ω , we deduce that P(Ak) is independent of k, that is,

∀k ∈ Z, P(Ak) = P(A0). Moreover, P(A0) is equal to the probability in (8.5).

Let n ∈ N and let Jn =
⋃n

k=−n Ik = [−(2n + 1)ℓL, (2n + 1)ℓL]. Let H(Jn)
ω be the restric-

tion of Hω to L2(Jn) ⊗ CN with Dirichlet boundary conditions. For a fixed ω ∈ Ω, let
k1, . . . , k j ∈ {−n, . . . , n} be distinct and such that ω ∈ Aki for every i ∈ {1, . . . , j}. Let
i ∈ {1, . . . , j}. Let ϕi be defined on Iki , ||ϕi|| = 1, ϕi((2ki − 1)ℓL) = ϕi((2ki + 1)ℓL) = 0.

We also assume that there exists λki ∈ (E− ε, E + ε) such that H
(Iki

)
ω ϕi = λki ϕi.

Let χ be a smooth function on R, 0 ≤ χ ≤ 1, χ(x) = 0 on (−∞, 0], χ(x) = 1 on [ℓ,+∞)

and
∫ ℓ

0 χ(x)dx = 1. Let x±i = (2ki ± 1)ℓL, so that Iki = [x−i , x+i ]. We extend ϕi to Jn by
defining ϕ̂i, for x ∈ Jn, by :

ϕ̂i(x) =


0 if x /∈ [x−i , x+i ]
χ(x− x−i )ϕi(x) if x ∈ [x−i , x−i + ℓ]
ϕi(x) if x ∈ [x−i + ℓ, x+i − ℓ]
χ(x+i − x)ϕi(x) if x ∈ [x+i − ℓ, x+i ].

(8.7)

Then, ϕ̂i ∈ D(H(Jn)
ω ) and ||ϕ̂i|| ≤ ||ϕi|| = 1. As H

(Iki
)

ω ϕi = λki ϕi and λki ∈ (E− ε, E + ε),
we have :

||(H(Jn)
ω − E)ϕ̂i|| ≤ ||(H(Jn)

ω − λki)ϕ̂i||+ ||(λki − E)ϕ̂i||

= ||H(Jn)
ω − λki)ϕ̂i||+ |λki − E| ||ϕ̂i||

≤ ||H(Jn)
ω − λki)ϕ̂i||+ ε. (8.8)

We want to estimate ||H(Jn)
ω − λki)ϕ̂i||. For every x ∈ [x−i , x−i + ℓ],

(χ(x− x−i )ϕi(x))′′ = χ′′(x− x−i )ϕi(x) + 2χ′(x− x−i )ϕ
′
i(x) + χ(x− x−i )ϕ

′′
i (x),

and, for every x ∈ [x+i − ℓ, x+i ],

(χ(x+i − x)ϕi(x))′′ = χ′′(x+i − x)ϕi(x)− 2χ′(x+i − x)ϕ′i(x) + χ(x+i − x)ϕ′′i (x).

Thus, using H
(Iki

)
ω ϕi = λki ϕi,

H(Jn)
ω − λki)ϕ̂i =


0 if x /∈ [x−i , x+i ]
−χ′′(x− x−i )ϕi(x)− 2χ′(x− x−i )ϕ

′
i(x) if x ∈ [x−i , x−i + ℓ]

0 if x ∈ [x−i + ℓ, x+i − ℓ]
−χ′′(x+i − x)ϕi(x) + 2χ′(x+i − x)ϕ′i(x) if x ∈ [x+i − ℓ, x+i ].

Hence we have, applying twice Lemma 7.1.17 for x−i and for x+i at the second inequality
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and using the fact that potential is uniformly bounded,

||H(Jn)
ω − λki)ϕ̂i||2 =

∫ x−i +ℓ

x−i
||χ′′(x− x−i )ϕi(x) + 2χ′(x− x−i )ϕ

′
i(x)||2dx

+
∫ x+i

x+i −ℓ
||χ′′(x+i − x)ϕi(x)− 2χ′(x+i − x)ϕ′i(x)||2dx

≤
∣∣∣∣∣∣( ϕi

ϕ′i

)∣∣∣∣∣∣2
L∞([x−i ,x−i +ℓ])

×
∫ x−i +ℓ

x−i

∣∣∣∣∣∣( χ′′(x−x−i )

2χ′(x−x−i )

)∣∣∣∣∣∣2 dx

+
∣∣∣∣∣∣( ϕi

ϕ′i

)∣∣∣∣∣∣2
L∞([x+i −ℓ,x+i ])

×
∫ x+i

x+i −ℓ

∣∣∣∣∣∣( χ′′(x+i −x)
2χ′(x+i −x)

)∣∣∣∣∣∣2 dx

≤ C2

(∣∣∣∣∣∣( ϕi(x−i )

ϕ′i(x−i )

)∣∣∣∣∣∣+ ∣∣∣∣∣∣( ϕi(x+i )

ϕ′i(x+i )

)∣∣∣∣∣∣)2

= C2
(
||ϕ′i(x−i )||

2 + ||ϕ′i(x+i )||
2) ≤ C2ε2, (8.9)

using the fact that ω ∈ Aki and using the Dirichlet boundary conditions of H
(Iki

)
ω at x−i

and x+i to say that ϕi(x−i ) = ϕi(x+i ) = 0. The constant C2 depends only on χ and the
parameters of the potential of {Hω}ω∈Ω. We normalize ϕ̂i by setting ϕ̃i = ϕ̂i/||ϕ̂i||. We
also have ||ϕ̂i|| ≥ 1

2 because ||ϕi|| = 1 and
∫ ℓ

0 χ(x)dx = 1, and thus, by (8.8) and (8.9),

||H(Jn)
ω − E)ϕ̃i|| = ||ϕ̂i||−1||H(Jn)

ω − E)ϕ̂i||
≤ 2

√
C2ε := C3ε. (8.10)

We have construct, for each i ∈ {1, . . . , j}, a normalized function ϕ̃i in D(H(Jn)
ω ), sup-

ported in Iki , such that :

∀i ∈ {1, . . . , j}, ||(H(Jn)
ω − E)ϕ̃i|| ≤ C3ε, (8.11)

where C3 depends only on the choice of χ and on the parameters of the potential of
{Hω}ω∈Ω. Moreover, as ϕ̃i is supported in Iki and the intervals Ik1 , . . . , Ik j are disjoints,
(ϕ̃1, . . . , ϕ̃j) is an orthonormal set and :

∀i ̸= i′, (ϕ̃i, H(Jn)
ω ϕ̃i′) = 0 = (H(Jn)

ω ϕ̃i, H(Jn)
ω ϕ̃i′). (8.12)

We recall that, the spectrum of H(Jn)
ω is a discrete set of eigenvalues with only +∞ as

accumulation point, and thus, its number of eigenvalues in any compact interval is finite
(as already used in the proof of the well-definedness of the IDS). As we have (8.11) and
(8.12), we can apply to (ϕ̃1, . . . , ϕ̃j) and H(Jn)

ω the version of Temple’s inequality given in

[29, Lemma A.3.2] to obtain that the number of eigenvalues of H(Jn)
ω in [E−C3ε, E + C3ε],

counted with multiplicity, is at least j. So we have, for a fixed ω ∈ Ω,

j = #
{

k ∈ {−n, . . . , n}
∣∣ ω ∈ Ak

}
≤ #

{
λ ∈ [E− C3ε, E + C3ε]

∣∣ λ ∈ σp(H(Jn)
ω )

}
.

Moreover, applying the law of large numbers to the random variables 1A−n , . . . , 1An , we
get that, for P-almost every ω ∈ Ω,

1
2n + 1

#
{

k ∈ {−n, . . . , n}
∣∣ ω ∈ Ak

}
=

1
2n + 1

(1A−n + . . . + 1An) −−−−→n→+∞
E(1A0),
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with E(1A0) = P(A0). Now, we assume that ε is small enough to ensure that [E−C3ε, E+
C3ε] ⊂ I ⊂ Ĩ and to apply (8.6) on [E− C3ε, E + C3ε]. Then we have, for P-almost every
ω ∈ Ω,

P(A0) = lim
n→+∞

1
2n + 1

#
{

k ∈ {−n, . . . , n}
∣∣ ω ∈ Ak

}
≤ lim

n→+∞

1
2n + 1

#
{

λ ∈ [E− C3ε, E + C3ε]
∣∣ λ ∈ σp(H(Jn)

ω )
}

= 2ℓL lim
n→+∞

1
2(2n + 1)ℓL

#
{

λ ∈ [E− C3ε, E + C3ε]
∣∣ λ ∈ σp(H(Jn)

ω )
}

= 2ℓL(N(E + C3ε)− N(E− C3ε))

≤ 2ℓLC1(2C3ε)α := CℓLεα.

It finishes the proof.
2

We remark that the exponent α in (8.5) is the same as the Hölder exponent of the Lyapounov
exponent and the integrated density of states.

Before proving the Wegner estimate, we need three more results on the products of transfer
matrices. The first is a result of large deviations which is also used in the proof of the Initial
Length Scale Estimate which we will discuss later.
Notation. For every n ∈ Z, let U(n)(E) = Tω(n−1)(E) · · · Tω(0)(E).

Lemma 8.3.3. We assume that E ∈ R is such that GµE is p-contracting and Lp-strongly irreducible
for every p ∈ {1, . . . , N}. Let p ∈ {1, . . . , N}. Then, there exists κ0 > 0 such that, for every ε > 0,
x ∈ Lp, x ̸= 0,

lim sup
n→+∞

1
ℓn

logP
(∣∣∣log ||(∧pU(n)(E))x|| − ℓn(γ1 + · · ·+ γp)(E)

∣∣∣ > ℓnε
)
< −κ0. (8.13)

The second is just a result of uniform convergence.

Lemma 8.3.4. Let I ⊂ R be an open interval such that, for every E ∈ I, GµE is p-contracting and
Lp-strongly irreducible for every p ∈ {1, . . . , N}.

1
n

E

(
log
||(∧pU(n)(E))x||

||x||

)
−−−−→
n→+∞

γ1(E) + . . . + γp(E),

uniformly in E ∈ I and x̄ ∈ P(Lp).

The third lemma is about exponential decay of some power of the products of transfer
matrices. This estimate is also crucial in the Fractional Moments Method as one can see for
example in the proofs of localization for unitray models which will be discussed at Chapter 9.

Lemma 8.3.5. Let I ⊂ R be an open interval such that, for every E ∈ I, GµE is p-contracting and
Lp-strongly irreducible for every p ∈ {1, . . . , N}. Let p ∈ {1, . . . , N}. There exist ξ1 > 0, δ > 0 and
n1 ∈N such that, for every E ∈ I, n ≥ n1 and x ∈ ∧p(R2N), ||x|| = 1, we have :

E
(
|| ∧p U(n)(E)x||−δ

)
≤ e−ξ1n. (8.14)

Proof : We fix p ∈ {1, . . . , N}. We set NU = || ∧p U(n)(E)x||. We start by writing

N−δ
U = e−δ log NU ,
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and using the inequality ey ≤ 1 + y + y2e|y|, for any y ∈ R. Then, for every E ∈ I and
every δ > 0,

E
(

N−δ
U

)
≤ 1− δE (log NU) + δ2E

(
(log NU)

2 eδ log NU
)

. (8.15)

But, as eδ log NU = Nδ
U , ||x|| = 1 and the Tω(n)(E) are i.i.d., by Cauchy-Schwarz inequality,

E
(
(log NU)

2 eδ log NU
)
≤ E

[
(log NU)

4
] 1

2
E
(

N2δ
U

) 1
2

≤ E

(n−1

∑
i=0

p log ||Tω(i)(E)||
)4
 1

2

E

[
n−1

∏
i=1
||Tω(i)(E)||2pδ

] 1
2

≤ n2 p2E
[
(log ||Tω(0)(E)||)4

] 1
2

E
[
||Tω(0)(E)||2pδ

] n
2

.

Thus, there exist constants C1 = C1(I) and C2 = C2(I) such that,

E
(
|| ∧p U(n)(E)x||−δ

)
≤ 1− δE

(
log || ∧p U(n)(E)x||

)
+ δ2n2C1(C2)

n. (8.16)

If C > 0 is such that, for every E ∈ I, Tω(0)(E) ≤ C, we can choose C1 = (p log C)2

and C2 = Cpδ. Moreover, by Lemma 8.3.4, there exists n0 ≥ 1, uniform in E ∈ I, and x
normalized, such that,

E
(
|| ∧p U(n0)(E)x||−δ

)
≤ 1− 1

2
n0δ(γ1(E) + · · ·+ γp(E)) + δ2n2

0C1Cn0
2

≤ 1− ε,

for ε > 0, if we choose δ small enough. Then, for n ≥ 1, we set [ n
n0
] the largest integer

less than or equal to n
n0

, and we write the euclidian division of n by n0, n = [ n
n0
]n0 + r,

0 ≤ r < n0. Then, there exist n1 ≥ 1, a constant C̃ and ξ1 > 0 such that for every
p ∈ {1, . . . , N},

∀n ≥ n1, ∀E ∈ I, E
(
|| ∧p U(n0)(E)x||−δ

)
≤ C̃(1− ε)

[ n
n0
] ≤ e−ξ1n.

2

We can now use Proposition 8.3.2, Lemma 8.3.5 and Lemma 7.1.18 to prove Theorem 8.3.1.

Proof : [of Theorem 8.3.1] Let I ⊂ R be a compact interval and Ĩ be an open interval, I ⊂ Ĩ,
such that, for every E ∈ Ĩ, GµE is p-contracting and Lp-strongly irreducible for every
p ∈ {1, . . . , N}. Let β ∈ (0, 1) and κ > 0. For L ∈N, we set nL = [τ(ℓL)β] + 1 with some
arbitrary τ > 0, where [τ(ℓL)β] is the largest integer less or equal to τ(ℓL)β. For every
E ∈ I and θ0 > 0, we define the events :

A(L)
θ0

(E) =
{

ω ∈ Ω | ||Tω(nL−L−1)(E) . . . Tω(−L)(E)
(

1
0

)
|| > eθ0(ℓL)β}

, (8.17)

B(L)
θ0

(E) =
{

ω ∈ Ω | ||Tω(L+1−nL)(E) . . . Tω(L)(E)
(

0
1

)
|| > eθ0(ℓL)β}

. (8.18)

Let ξ1 > 0 and δ > 0 be the constants given by Lemma 8.3.5. Let θ = τξ1
2δ and let

C(L)(E) ∈ A be the event :{
ω ∈ Ω

∣∣∣ d
(

E, σ(H(L)
ω )

)
≤ e−κ(ℓL)β

}
.
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If we set :

(a) := P

C(L)(E) ∩
⋂

{E′ | |E−E′|≤e−κ(ℓL)β}

[
A(L)

θ
2
(E′) ∩ B(L)

θ
2

(E′)
] ,

(b) := P

A(L)
θ (E) ∩ B(L)

θ (E) ∩
⋃

{E′ | |E−E′|≤e−κ(ℓL)β}

(
A(L)

θ
2
(E′)

)c
 ,

(c) := P

A(L)
θ (E) ∩ B(L)

θ (E) ∩
⋃

{E′ | |E−E′|≤e−κ(ℓL)β}

(
B(L)

θ
2

(E′)
)c
 ,

(d) := P
((

A(L)
θ (E)

)c)
+ P

((
B(L)

θ (E)
)c)

,

then we have :

P
({

ω ∈ Ω
∣∣∣ d
(

E, σ(H(L)
ω )

)
≤ e−κ(ℓL)β

})
≤ (a) + (b) + (c) + (d). (8.19)

Using Tchebychev’s inequality and Lemma 8.3.5, applied for p = 1, we directly get, for
L large enough,

(d) ≤ 2e−ξ1nL−δθ(ℓL)β ≤ 2e−ξ1τ(ℓL)β+
τξ1

2 (ℓL)β
= 2e−

τξ1
2 (ℓL)β

. (8.20)

To estimate (b) + (c), we use the fact that there exists a constant C0 > 0 independent of
n, ω, E such that, for every E, E′ ∈ I,

∀n ∈ Z, ||Tω(n)(E)− Tω(n)(E′)|| ≤ C0|E− E′|. (8.21)

From this, we deduce that the event
(

A(L)
θ
2
(E′)

)c

∩ A(L)
θ (E) occurs for at least one E′ such

that |E− E′| ≤ e−κ(ℓL)β
. Then, we prove that for this E′, there exists α0 > 0 such that, if

τ > 0 is small enough,

P

(
A(L)

θ (E) ∩
(

A(L)
θ
2
(E′)

)c)
≤ e−α0(ℓL)β

. (8.22)

We have a similar inequality for B(L)
θ (E) ∩

(
B(L)

θ
2

(E′′)
)c

for at least one E′′ such that

|E− E′′| ≤ e−κ(ℓL)β
. Thus, by inclusions of the events :

(b) + (c) ≤ P

(
A(L)

θ (E) ∩
(

A(L)
θ
2
(E′)

)c)
+ P

(
B(L)

θ (E) ∩
(

B(L)
θ
2

(E′′)
)c)

(8.23)

≤ 2e−α0(ℓL)β
.

It remains to estimate (a). Let ω be in the event in the probability (a). Let E′ ∈ (E −
e−κ(ℓL)β

, E + e−κ(ℓL)β
) be an eigenvalue of H(L)

ω with a normalized eigenvector ϕ. As ω is
in the event in the probability (a), we have, using Lemma 7.1.18,

||ϕ(−ℓL)||2 + ||ϕ′(−ℓL)||2 = ||ϕ′(−ℓL)||2 ≤ 2e−θ(ℓL)β
, (8.24)

and
||ϕ(ℓL)||2 + ||ϕ′(ℓL)||2 = ||ϕ′(ℓL)||2 ≤ 2e−θ(ℓL)β

. (8.25)

Now, using Proposition 8.3.2 with ε = e−κ(ℓL)β
, we get :

(a) ≤ CℓL max
(

e−κ(ℓL)β
, 2
√

2e−
θ
2 (ℓL)β

)α
. (8.26)

Putting (8.20), (8.23) and (8.26) in (8.19), we finally obtain (8.2) for a suitable ξ > 0 and L
large enough.

2
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8.4 A quick tour of Multi-Scale Analysis

We start by stating a property that ensures the existence of generalized eigenfunctions in a
sense to be specified for {Hω}ω∈Ω. Let H be the Hilbert space L2(R)⊗CN , and let ν > 1

4 . We
define the weighted spacesH± by:

H± = L2(R,< x >±4ν dx)⊗CN ,

where < x >=
√

1 + |x|2 for all x ∈ R. OnH+ ×H−, we define the sesquilinear form
< , >H+,H− by:

∀(ϕ, ψ) ∈ H+ ×H−, < ϕ, ψ >H+,H−=
∫

R

tϕ(x)ψ(x)dx.

Let also T be the self-adjoint operator on H given by multiplication by < x >2ν. Recall that
Eω(.) denotes the spectral projector of Hω, and we define the property of “Strong Generalized
Eigenfunction Expansion”.

Definition 8.4.1. Let I ⊂ R be an open interval. We say that {Hω}ω∈Ω satisfies the (SGEE) property
on I if, for some ν > 1

4 ,

(i) for P-almost every ω ∈ Ω, the set D+(ω) = {ϕ ∈ D(Hω) ∩ H+ | Hωϕ ∈ H+} is dense in
H+ and is a core for Hω,

(ii) there exists a continuous and bounded function f on R, strictly positive on σ(Hω), such that:

E

((
trH(T−1 f (Hω)Eω(I)T−1)

)2
)
< ∞.

Definition 8.4.2. A measurable function ψ : R→ CN is a generalized eigenfunction for Hω associated
with the generalized eigenvalue λ if ψ ∈ H− \ {0} and:

∀ϕ ∈ D+(ω), < Hωϕ, ψ >H+,H−= λ < ϕ, ψ >H+,H− .

We introduce notations for restrictions of Hω to finite-length intervals of R not necessarily
centered at 0. For x ∈ Z and L ≥ 1, let IL(x) = [x − ℓL, x + ℓL], centered at x and of length
2ℓL. Let 1x,L be the characteristic function of IL(x) and 1x the characteristic function of I1(x).
For L ∈ 3N∗, we also define:

1out
x,L = 1x,L − 1x,L−2 and 1in

x,L = 1x, L
3
.

For all x ∈ Z and L ≥ 1, let H(x,L)
ω be the restriction of Hω to L2(IL(x)) ⊗ CN with Dirich-

let boundary conditions, and for E /∈ σ(H(x,L)
ω ), let R(x,L)

ω (E) be the resolvent of H(x,L)
ω at E,

R(x,L)
ω (E) = (H(x,L)

ω − E)−1. Finally, let E(x,L)
ω be the spectral projector of H(x,L)

ω . With these
notations, we can state a Simon-Lieb type inequality.

Definition 8.4.3. Let I ⊂ R be a compact interval. We say that {Hω}ω∈Ω has the (SLI) property if
there exists a constant CI such that, given L, L′, L′′ ∈ N and x, y, y′ ∈ Z with IL′′(y) ⊂ IL′−2(y′) ⊂
IL−2(x), for P-almost every ω ∈ Ω, if E ∈ I, E /∈ σ(H(x,L)

ω ) ∪ σ(H(y′,L′)(ω)), we have:

||1out
x,L R(x,L)

ω (E)1y,L′′ || ≤ CI ||1out
y′,L′R

(y′,L′)
ω (E)1y,L′′ || ||1out

x,L R(x,L)
ω (E)1out

y′,L′ ||.

The (SLI) property allows estimating how the restricted resolvents R(x,L)
ω (E) vary in norm

when passing from a given interval to a longer one containing it. This type of estimate is
also called the “Geometric Resolvent Inequality” in the literature. We can now state an esti-
mate for generalized eigenfunctions in terms of restricted resolvents, called the “Eigenfunction
Decay Inequality”.
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Definition 8.4.4. Let I ⊂ R be a compact interval. We say that {Hω}ω∈Ω has the (EDI) property if
there exists a constant C̃I such that, for P-almost every ω ∈ Ω, given a generalized eigenvalue E ∈ I,
we have for all x ∈ Z and L ∈N with E /∈ σ(H(x,L)

ω ),

||1xψ|| ≤ C̃I ||1out
x,L R(x,L)

ω (E)1x|| ||1out
x,L ψ||.

The following property is an estimate on the average number of eigenvalues of H(x,L)
ω .

Definition 8.4.5. Let I ⊂ R be a compact interval. We say that {Hω}ω∈Ω has the (NE) property if
there exists a finite constant ĈI such that, for all x ∈ Z and L ∈N,

E
(

trH(E(x,L)
ω (I))

)
≤ ĈIℓL.

The last property needed for multi-scale analysis is of a different nature. It is a probabilistic
property of independence of intervals far from each other. An event A ∈ A is said to be based
on IL(x) if it is determined by conditions on H(x,L)

ω . Given d0 > 0, IL(x) and IL′(x′) are said to
be d0-non-overlapping if d(IL(x), IL′(x′)) > d0.

Definition 8.4.6. We say that {Hω}ω∈Ω has the (IAD) property if there exists d0 > 0 such that any
pair of events based on d0-non-overlapping intervals are independent.

Before giving the definition of the multi-scale analysis set ΣMSA, we need one last definition.

Definition 8.4.7. Let γ, E ∈ R and ω ∈ Ω. For x ∈ Z and L ∈ 3N∗, the interval IL(x) is said to be
(ω, γ, E)-good if E /∈ σ(H(x,L)

ω ) and

||1out
x,L R(x,L)

ω (E)1in
x,L|| ≤ e−γℓ L

3 .

We assume that {Hω}ω∈Ω satisfies the (IAD) property.

Definition 8.4.8. The set ΣMSA for {Hω}ω∈Ω is the set of E ∈ Σ for which there exists an open interval
I such that E ∈ I and, given ζ, 0 < ζ < 1, and α0 ∈ (1, ζ−1), there exists a length scale L0 ∈ 6N and
a real number γ > 0, such that if we set Lk+1 = max{L ∈ 6N | L ≤ Lα0

k } for all k ∈N, we have:

P
({

ω ∈ Ω | ∀E′ ∈ I, IL(x) or IL(y) is (ω, γ, E′)− good
})
≥ 1− e−Lζ

k .

for all k ∈N and x, y ∈ Z such that |x− y| > Lk + d0.

We conclude by stating the multi-scale analysis theorem of Germinet and Klein for operators
involving singular probability measures such as {Hω}ω∈Ω.

Theorem 8.4.9. Suppose that {Hω}ω∈Ω has the properties (IAD), (SLI), (NE) and satisfies a Wegner
estimate (W) as in (8.2) on an open interval I ⊂ R. Given γ > 0, for all E ∈ I, there exists an integer
Lγ(E), bounded on compact subintervals of I, such that for a given E0 ∈ Σ ∩ I, we have:

P
({

ω ∈ Ω | IL0(0) is (ω, γ, E0)− good
})
≥ 1− e−δℓL, (8.27)

for L0 ∈N, L0 > Lγ(E) and δ > 0, then E0 ∈ ΣMSA.

The hypothesis (8.27) is also known as the initial length scale estimate or “Initial Length Scale
Estimate” (ILSE).

Finally, one can summarize the ingredients of a multi-scale analysis proof of Anderson and
dynamical localization:
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(IAD) + (SLI) + (NE) + (W) + (ILSE)︸ ︷︷ ︸
⇓

(8.28)

(MSA) + (SGEE) + (EDI)︸ ︷︷ ︸
⇓︷ ︸︸ ︷

Anderson and dynamical localization

8.5 Initial Length Scale Estimate in the quasi-1d continuous case

8.5.1 Model and Notations

Let (Ω,A, P) be a complete probability space. We consider, for all ω ∈ Ω,

Hω,ℓ = −
d2

dx2 ⊗ IN + ∑
n∈Z

V(n)
ω (x− ℓn), (8.29)

acting on L2(R)⊗RN , where N ≥ 1 is an integer and ℓ > 0 is a real number. For all n ∈ Z,
the functions x 7→ V(n)

ω (x) are symmetric matrix-valued functions, supported in [0, ℓ] and
uniformly bounded in x, n, and ω. The sequence (V(n)

ω )n∈Z is a sequence of i.i.d. random
variables on Ω. We also assume that the potential x 7→ ∑n∈Z V(n)

ω (x − ℓn) is such that the
family {Hω,ℓ}ω∈Ω is ℓZ-ergodic.

We consider the generalized eigenvalue equation, for all ω ∈ Ω,

Hω,ℓu = Eu, where E ∈ R and u =
(

u′
u

)
: R→ R2N . (8.30)

For E ∈ R and for all x, y ∈ R, we introduce the transfer matrix Ty
x (E) associated with

{Hω,ℓ}ω∈Ω from x to y, which maps a solution (u′, u) at position x to the same solution at
position y. It is defined by (

u′(y)
u(y)

)
= Ty

x (E)
(

u′(x)
u(x)

)
(8.31)

and, in particular, Tx
x (E) = I2N for all x ∈ R. The transfer matrices are elements of the real

symplectic group
SpN(R) = {M ∈ M2N(R) | t MJM = J} (8.32)

with J =
(

0 −IN
IN 0

)
.

For E ∈ R, we denote γ1(E), . . . , γ2N(E) the Lyapunov exponents associated with the sequence
(Tℓ(n+1)

ℓn (E))n∈Z. We also define the Furstenberg group GµE of {Hω,ℓ}ω∈Ω at E as the closed
group generated by the support of µE, where µE denotes the common law of the random ma-
trices Tℓ(n+1)

ℓn (E), and where the closure is taken with respect to the usual topology ofM2N(R):

GµE = < supp µE >.

8.5.2 A large deviations result

To estimate blocks of products of transfer matrices as in [19], we introduce, given a vector
subspace F of R2N , the orthogonal projection onto F, πF : R2N → F, and we set

π∗F :
F → R2N

x 7→ x .
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Recall that a subspace F ⊂ R2N is called Lagrangian if it is orthogonal to itself with respect to J
and of dimension N.

Let sp(·) denote the p-th singular value of the matrix under consideration. We prove a large
deviations property for the singular values of products of transfer matrices.

Proposition 8.5.1. Fix a compact interval I ⊂ R. Assume that for all E ∈ I:

1. the Furstenberg group GµE is included in SpN(R) ;

2. for all p ∈ {1, . . . , N}, GµE is Lp-strongly irreducible.

Then, for all ϵ > 0 and all E ∈ I, there exist constants C(ϵ, E) > 0 and c(ϵ, E) > 0 such that, for all
p ∈ 1, . . . , N, all Lagrangian subspaces F, and all integers m, n,

P
({∣∣∣∣ 1

ℓ(n−m)
log sp

(
Tℓn
ℓm(E)

)
− γp(E)

∣∣∣∣ ≥ ϵ

})
≤ C(ϵ, E)e−c(ϵ,E)ℓ|n−m| (8.33)

and

P
({∣∣∣∣ 1

ℓ(n−m)
log sp

(
Tℓn
ℓm(E)π∗F

)
− γp(E)

∣∣∣∣ ≥ ϵ

})
≤ C(ϵ, E)e−c(ϵ,E)ℓ|n−m|. (8.34)

Remark 8.5.2. The constants C(ϵ, E) and c(ϵ, E) depend a priori on E and ϵ, but they can be chosen
uniformly as ϵ tends to 0 and uniformly in E over the compact interval I. This is one of the reasons why
we need to assume that the interval I is compact.

Proof : Recall that for a symplectic matrix M ∈ SpN(R) , we have sp(M−1) = sp(M) for all
p ∈ 1, . . . , 2N. Hence, we may assume without loss of generality that m ≤ n, since
(Tℓn

ℓm(E))−1 = Tℓm
ℓn (E).

Let p ∈ 1, . . . , N. For each M ∈ SpN(R) , denote by M̂ the matrix in GLk(R) defined by

M̂ij = ⟨ fi, Λp M f j⟩. (8.35)

where k is the dimension of Lp and ( f1, . . . , fk) is an orthonormal basis of Lp, with f1 =

e1 ∧ · · · ∧ ep. Let ĜµE be the subgroup of GLk(R) generated by the matrices M̂ for M ∈
GµE . Since GµE is Lp-strongly irreducible, ĜµE is strongly irreducible. Applying then
[2, Theorem A.V.6.2], we obtain the existence of α > 0 such that, for all ϵ > 0 and all
x̄ ∈ P(Lp),

lim sup
|n−m|→+∞

1
ℓ|n−m| log P

(∣∣∣∣ 1
ℓ|n−m| log(||ΛpTℓn

ℓm(E)x̄||)− (γ1 + · · ·+ γp)(E)
∣∣∣∣ > ϵ

)
≤ −α

(8.36)
and

lim sup
|n−m|→+∞

1
ℓ|n−m| log P

(∣∣∣∣ 1
ℓ|n−m| log(||ΛpTℓn

ℓm(E)||)− (γ1 + · · ·+ γp)(E)
∣∣∣∣ > ϵ

)
≤ −α.

(8.37)

Indeed, since the function x 7→ V(n)
ω (x) is uniformly bounded in x, n, and ω, and since

the support of the law of the transfer matrices is bounded, the integrability assumption
in [2, Theorem A.V.6.2] is satisfied.

Let now F be a Lagrangian subspace of R2N . Then

||Λp(Tℓn
ℓm(E)π∗F)|| = sup

u1∧···∧up∈P(Lp)
ui∈F

||(ΛpTℓn
ℓm(E))(u1 ∧ · · · ∧ up)||

= ||ΛpTℓn
ℓm(E) ū||, for some ū ∈ P(Lp),
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since the supremum is attained by compactness of P(Lp). Hence, (8.36) rewrites as

lim sup
|n−m|→+∞

1
ℓ|n−m| log P

(∣∣∣∣ 1
ℓ|n−m| log(||Λp(Tℓn

ℓm(E)π∗F)||)− (γ1 + · · ·+ γp)(E)
∣∣∣∣ > ϵ

)
≤ −α

(8.38)
for all Lagrangian subspaces F.

For n, m ∈ Z, p ∈ 1, . . . , N, ϵ > 0 and Lagrangian F, set

An,m,p(ϵ, F) =
{∣∣∣∣ 1

ℓ|n−m| log(||Λp(Tℓn
ℓm(E)π∗F)||)− (γ1 + · · ·+ γp)(E)

∣∣∣∣ > ϵ

}
,

An,m,p(ϵ) =

{∣∣∣∣ 1
ℓ|n−m| log(||ΛpTℓn

ℓm(E)||)− (γ1 + · · ·+ γp)(E)
∣∣∣∣ > ϵ

}
,

Bn,m,p(ϵ, F) =
{∣∣∣∣ 1

ℓ|n−m|

(
log(||Λp(Tℓn

ℓm(E)π∗F)||)− log(||Λp−1(Tℓn
ℓm(E)π∗F)||)

)
− γp(E)

∣∣∣∣ > ϵ

}
and

Bn,m,p(ϵ) =

{∣∣∣∣ 1
ℓ|n−m|

(
log(||ΛpTℓn

ℓm(E)||)− log(||Λp−1Tℓn
ℓm(E)||)

)
− γp(E)

∣∣∣∣ > ϵ

}
.

Then

Bn,m,p(2ϵ) ⊂ An,m,p(ϵ) ∩ An,m,p−1(ϵ) and Bn,m,p(2ϵ, F) ⊂ An,m,p(ϵ, F) ∩ An,m,p−1(ϵ, F).
(8.39)

Since for all p ∈ 1, . . . , N, ||ΛpTℓn
ℓm(E)|| = s1(Tℓn

ℓm(E)) · · · sp(Tℓn
ℓm(E)), combining (8.39)

and (8.37), we obtain (8.33).

Also, for any Lagrangian subspace F,

||Λp(Tℓn
ℓm(E)π∗F)|| = s1(Tℓn

ℓm(E)π∗F) · · · sp(Tℓn
ℓm(E)π∗F).

Combining (8.39) and (8.38), we obtain (8.34). This concludes the proof.
2

For any integer n ∈ [−L/3, L/3], any matrix T ∈ M2N(R), and any vector subspace F ⊂
R2N , we define

ΩF
ϵ [T] :=

{
max

1≤p≤N

(∣∣∣∣ 1
ℓ|n− L| log sp (T)− γp(E)

∣∣∣∣+ (8.40)∣∣∣∣ 1
ℓ|n− L| log sp (Tπ∗F)− γp(E)

∣∣∣∣) ≤ ϵ

100N

}
.

We set

F+ :=
{
( u

0 ) |u ∈ RN
}
⊂ R2N and F− :=

{
( 0

v ) |v ∈ RN
}
⊂ R2N (8.41)

and, for all n ∈ Z,

Fn :=
{
( u

v ) ∈ C2N ∣∣ u = −Φ↓+(ℓn)(Φ↑+(ℓn))−1v
}

. (8.42)

Note that, since the transfer matrices belong to SpN(R) , the vector subspace Fn is Lagrangian.
Finally, we define

Ωϵ(n) := ΩFn
ϵ [tTℓn

ℓL (E)] ∩ΩF+
ϵ [tTℓn

ℓL (E)] ∩ΩF+
ϵ [Tℓn

ℓL (E)] ∩ΩF−
ϵ [tTℓn

ℓL (E)] ∩ΩF−
ϵ [Tℓn

ℓL (E)]. (8.43)
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8.5.3 Initial Length Scale Estimate (ILSE)

We denote IL := IL(0).

Proposition 8.5.3 (ILSE for Schrödinger). Let I ⊂ R be an open interval such that, for all E ∈ I,
the Furstenberg group associated with {Hω,ℓ}ω∈Ω is p-contracting and Lp-strongly irreducible. Let
E ∈ I. For any ε > 0, there exist constants C, c > 0 and L0 ∈N such that, for all L ≥ L0,

P
({

IL is (ω, γN(E)− ε, E)-good
})
≥ 1− Ce−cℓL. (8.44)

To prove the good ILSE for {Hω,ℓ}ω∈Ω, the first step is to give an explicit formula for the
Green kernel of H(0,L)

ω,ℓ in terms of the solutions Φ± of Hω,ℓΦ± = EΦ± satisfying

Φ−(−ℓL) =
( 0

IN

)
and Φ+(ℓL) =

( 0
IN

)
. (8.45)

Lemma 8.5.4. Let ω ∈ Ω and let x, y ∈ IL. Assume that Φ+(x) and Φ−(x) are invertible, as well as
Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1. The Green kernel of H(0,L)

ω,ℓ is given by

Gω
IL
(E, x, y) =

{
Φ+(y)(Φ+(x))−1 (Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1)−1 if x ≤ y
Φ−(y)(Φ−(x))−1 (Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1)−1 if x ≥ y

(8.46)

Proof : We want to have

Gω
IL
(E, x, y) =

{
Φ+(y)α+(x) if x ≤ y
Φ−(y)α−(x) if x ≥ y (8.47)

Moreover, we want Gω
IL

to be continuous, i.e. for all x ∈ IL

Φ+(x)α+(x) = Φ−(x)α−(x). (8.48)

By definition, we must have, for any ψ ∈ L2(IL) and almost all x ∈ IL,

(H(0,L)
ω,ℓ − E)

∫
IL

Gω
IL
(E, x, y)ψ(x)dx = ψ(y).

Computing this expression explicitly and using the fact that (Hω,ℓ− E)Φ± = 0, we obtain
that for all x ∈ IL

−Φ+(x)α′+(x) + Φ−(x)α′−(x) = IN . (8.49)

Differentiating (8.48), combined with (8.49), implies that

Φ′+(x)α+(x)−Φ′−(x)α−(x) = IN . (8.50)

We can solve the system formed by (8.48) and (8.50) to obtain{
α+(x) = (Φ+(x))−1 (Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1)−1

α−(x) = (Φ−(x))−1 (Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1)−1 (8.51)

which concludes the proof.
2

Our next goal is to bound supx,y∈IL0
|Γ0,L0(x)Gω

IL0
(E, x, y)χ0,L0/3(y)| with high probability.

To this end, for any integer n ∈ [−L/3, L/3], we consider the event Ωϵ(n) as defined in (8.43).

Proposition 8.5.5. On Ωϵ := ∩n∈[−L/3,L/3]Ωϵ(n), we have, for all x ∈ [−ℓL/3, ℓL/3] and all
y ∈ [ℓL− ℓ, ℓL],

||Gω
IL
(E, x, y)|| ≤ Ce−2(γN(E)−ϵ)ℓL. (8.52)
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Proof : We begin by showing that on Ωϵ, for all x ∈ [−ℓL/3, ℓL/3], the matrix Φ+(x) is invert-
ible, and we estimate its inverse. This amounts to bounding from below its N-th singular
value.

Let n be the unique integer such that x ∈ [nℓ, (n + 1)ℓ). First, note that for all p ∈
{1, . . . , 2N},

sp(Tx
ℓL) ≥ sp(Tℓn

ℓL )s2N(Tx
ℓn) = sp(Tℓn

ℓL )||Tx
ℓn||−1, (8.53)

where the last equality comes from the fact that Tx
ℓn is symplectic. By [3, Lemma 6], there

exists a constant C > 0, independent of x and ω, such that ||Tx
ℓn|| ≤ C. Consequently,

sp(Tx
ℓL) ≥ C−1sp(Tℓn

ℓL ).

We have the following singular value decomposition:

Tx
ℓL(E) = UΣV, (8.54)

where U and V are unitary and, since the matrix is symplectic, we can write Σ =

(
Σ+ 0
0 Σ−

)
with Σ+ = diag(s1, . . . , sN) and Σ− = diag(1/s1, . . . , 1/sN), where si ≥ 1 for all i ∈

{1, . . . , N}. We can write a block decomposition of U and V: U =

(
U11 U12
U21 U22

)
and

V =

(
V11 V12
V21 V22

)
. We then obtain

Φ+(x) =
(

IN 0
) (Φ+(x)

Φ′+(x)

)
=
(

IN 0
)

Tx
ℓL(E)

(
0
IN

)
= U11Σ+V12 + U12Σ−V22.

On the one hand, the blocks Uij and Vij have norm less than 1, and on the other hand, on
the event Ωϵ(n), we have ||Σ−|| ≤ Ce−(γN(E)−ϵ)ℓ|L−n|. Therefore,

sN(Φ+(x)) ≥ sN(U11Σ+V12)− Ce−(γN(E)−ϵ)ℓ|L−n|

≥ sN(U11)sN(Σ+)sN(V12)− Ce−(γN(E)−ϵ)ℓ|L−n|.

Since sN(Σ+) ≥ C−1e(γN(E)−ϵ)ℓ|L−n| (on the event Ωϵ(n)), it remains to control sN(U11)
and sN(V12). As in Claim 3.4 and Remark 3.5 of [19], on Ωϵ(n),

sN(V12) ≥ e−
ϵ

25 ℓ|L−n| and sN(U11) ≥ e−
ϵ

25 ℓ|L−n|. (8.55)

Consequently, on Ωϵ(n),

|sN(Φ+(x))| ≥ C−1e(γN(E)− 27ϵ
25 )ℓ|L−n| − Ce−(γN(E)−ϵ)ℓ|L−n|. (8.56)

For L sufficiently large, we obtain on Ωϵ,

|sN(Φ+(x))| ≥ e(γN(E)−2ϵ)
2ℓL

3 > 0. (8.57)

In particular, Φ+(x) is invertible.

The next step, in order to apply Lemma 8.5.4, is to show that
Φ′+(x)Φ+(x)−1 − Φ′−(x)Φ−(x)−1 is invertible. As in Equation (33) of [19], one shows
that

sN(Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1) ≥ e−
ϵ
2 ℓL. (8.58)

Then, by Lemma 8.5.4,

Gω
IL
(E, x, y) = Φ+(y)(Φ+(x))−1(Φ′+(x)Φ+(x)−1 −Φ′−(x)Φ−(x)−1)−1. (8.59)
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Finally, note that for such y, by [3, Lemma 6],

||Φ+(y)||2 ≤ N exp
(

2
∫ ℓL

y
|Vω(t)|dt

)
≤ C, (8.60)

where C is independent of ω and L.

Combining (8.60), (8.56), and (8.58), we obtain that on Ωϵ

||Gω
IL
(E, x, y)|| ≤ Ce−2(γN(E)− 7

4 ϵ)ℓL. (8.61)

2

The last step is to estimate the probability of Ωϵ. Since the sequence of transfer matrices
of {Hω,ℓ}ω∈Ω and its Furstenberg group satisfy the hypotheses of Proposition 8.5.1, there exist
constants C, c > 0 such that P(Ωϵ(n)) ≤ Ce−cℓ|n−L|. Consequently,

P(c(Ωϵ)) ≥ 1− ∑
n∈[−L/3,L/3]

Ce−cℓ|n−L| ≥ 1− C′e−c′ℓL (8.62)

which proves the ILSE for {Hω,ℓ}ω∈Ω.
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Chapter 9

Quasi-1d models of unitary and Dirac
types

9.1 Quasi-1d models of unitary type

In this setting, the role played by the symplectic group for the quasi-one-dimensional models
of Schrödinger type will be played by the so-called Lorentz group.

The Lorentz group U(D, D) of signature (D, D) is defined as the set of matrices of size
2D× 2D which preserve the form L =

(
ID 0
0 −ID

)
in the sense that T is in U(D, D) if and only if

T∗LT = L.
To pass from the results on Lyapunov exponents in the symplectic framework to the Lorentz

group framework, one uses the Cayley transform. By the Cayley transform, the group U(D, D)

is unitarily equivalent to the complex symplectic group. More precisely, if C = 1√
2

(
ID −iID
ID iID

)
∈

M2D(C) and if J =
(

0 −ID
ID 0

)
, then U(D, D) = CSpD(C)C∗, where

SpD(C) = {M ∈ M2D(C)|M∗ JM = J}.

In order to apply directly the results of[2], we have to pass from the complex symplectic
group to the real symplectic group. For that we introduce the application which separates the
real and imaginary parts of a matrix with complex coefficients and place them in blocks:

π :
M2D(C) → M4D(R)

A + iB 7→
( A −B

B A

)
.

Finally, π(C∗ ·U(D, D) ·C) ⊂ Sp2D(R) which allows to use the results on Lyapunov exponents
in the symplectic group to study the Lyapunov exponents in the unitary setting.

9.1.1 The unitary Anderson model

The first example of unitary model in dimension one for which we present a localization result
is the unitary analog of the Anderson model. It was studied by Hamza, Joye and Stolz in [11].
We present their result and use their notations.

First, consider two 2× 2 unitary matrices B1 =
( r t
−t r

)
and B2 =

( r −t
t r

)
with (r, t) ∈ R2

satisfying r2 + t2 = 1. These real numbers correspond to reflection and transition coefficients.
Then, let Ue the unitary matrix operator in ℓ2(Z) defined as the direct sum of identical B1-
blocks with blocks starting at even indices. Construct also Uo the unitary matrix operator in
ℓ2(Z) defined as the direct sum of identical B2-blocks with blocks starting at odd indices. Let
S = UeUo, unitary operator on ℓ2(Z) with band structure.
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Then, introduce the probability space (Ω,F , P) where Ω = TZ (with T = R/(2πZ)), F
is the σ-algebra generated by cylinders of Borel sets and P =

⊗
k∈Z µ where µ is a non-trivial

probability measure on T. Assume that µ is absolutely continuous with bounded density.
Then, define a sequence of random variables (θk)k∈Z on (Ω,F , P) which are T-valued and
i.i.d. with common law µ. With these random variables one defines the diagonal random
operator Dω acting on ℓ2(Z) and defined by :

∀ω ∈ Ω, ∀k ∈ Z, Dωek = e−iθk(ω)ek

where (ek)k∈Z is the canonical basis of ℓ2(Z).
The unitary Anderson model is the family {Uω}ω∈Ω of unitary operators acting on ℓ2(Z)

where for every ω ∈ Ω, Uω = DωS.
The family {Uω}ω∈Ω is ergodic with respect to the 2-shift in Ω and one can show that

its almost-sure spectrum is equal to: Σ = {eia | a ∈ [−λ0, λ0] − supp µ} ⊂ S1 where λ0 =
arccos(r2 − t2)[11].

For ω ∈ Ω and z ∈ C \ S1 let Gω(z) = (Uω − z)−1 and for k, l ∈ Z, let Gω(k, l, z) =
⟨ek|Gω(z)el⟩ be the Green function of Uω.

Using the Fractional Moments Method [1], Hamza, Joye and Stolz proved the following
result:

Theorem 9.1.1 ([11]). For every t < 1 there exists s > 0, C < ∞ and α > 0 such that

E(|Gω(k, l, z)|s) ≤ Ce−α|k−l|

for all z ∈ C such that 0 < ||z| − 1| < 1
2 and all k, l ∈ Z. Therefore, {Uω}ω∈Ω exhibits dynamical

localization throughout Σ.

The proof of Theorem 9.1.1 relies on the formalism of transfer matrices and on the use of
the Furstenberg theorem to get positivity of the Lyapunov exponent which allows to prove
results of exponential decay of some products of transfer matrices.

Let ω ∈ Ω. Consider the equation Uωψ = zψ for z ∈ C \ {0} and with ψ not necessarily in
ℓ2(Z). For all (θ, η) ∈ T2, let

Tz(θ, η) =

(
− 1

z e−iη r
t (ei(θ−η)− 1

z e−iη)
r
t (1− 1

z e−iη) − z
t2

eiθ+ r2

t2 (1+ei(θ−η)− 1
z e−iη)

)
.

Then, one has
∀k ∈ Z,

(
ψ2k+1
ψ2k+2

)
= Tz(θ2k(ω), θ2k+1(ω))

(
ψ2k−1

ψ2k

)
.

Let γ(z) be the Lyapunov exponent associated to the sequence of i.i.d. matrices in SL2(R) ,
(Tz(θ2k(ω), θ2k+1(ω)))k∈Z. Using Furstenberg theorem in a very similar way as for the discrete
scalar-valued one-dimensional Anderson model, it is proven that

(i) if supp µ = {a, b}with |a− b| = π then γ(−a) = γ(−b) = 0 and for all z ∈ T \ {−a,−b},
γ(z) > 0.

(ii) If {a, b} ⊂ supp µ with |a− b| /∈ {0, π} then for every z ∈ T, γ(z) > 0.

This result of positivity of Lyapunov exponents implies that for every compact K ⊂ C there
exist α > 0, δ ∈ (0, 1) and C < ∞ such that: ∀z ∈ K, ∀n ∈N, ∀v ∈ C2, ||v|| = 1,

E(||Tz(θ2(n−1)(·), θ2(n−1)+1(·)) · · · Tz(θ0(·), θ1(·))v||−δ) ≤ Ce−αn.

This estimate is the core of the proof of Theorem 9.1.1.
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9.1.2 CMV matrices

The unitary Anderson model is a particular case of more general one-dimensional unitary
random operators, the so-called CMV matrices.

Let (αn)n∈N a sequence of complex numbers such that for every n ∈ N, |αn| < 1. If
ρn = (1− |αn|2)

1
2 then the CMV matrix associated to the Verblunsky sequence (αn)n∈N is the

operator acting on ℓ2(N, C) given by the semi-infinite matrix,

C =


α0 α1ρ0 ρ1ρ0
ρ0 −α1α0 −ρ1α0

α2ρ1 −α2α1 α3ρ2 ρ3ρ2
ρ2ρ1 −ρ2α1 −α3α2 −ρ3α2

α4ρ3 −α4α3 α5ρ4 ρ5ρ4
ρ4ρ3 −ρ4α3 −α5α4 −ρ5α4

. . . . . . . . .

 (9.1)

One also define the extended CMV matrix associated to (αn)n∈Z, a sequence of complex
numbers such that for every n ∈ Z, |αn| < 1, as the operator acting on ℓ2(Z, C) given by the
infinite matrix,

E =



. . . . . . . . .
α0ρ−1 −α0α−1 α1ρ0 ρ1ρ0
ρ0ρ−1 −ρ0α−1 −α1α0 −ρ1α0

α2ρ1 −α2α1 α3ρ2 ρ3ρ2
ρ2ρ1 −ρ2α1 −α3α2 −ρ3α2

α4ρ3 −α4α3 α5ρ4 ρ5ρ4
ρ4ρ3 −ρ4α3 −α5α4 −ρ5α4

. . . . . . . . .


(9.2)

The CMV matrices are the unitary analog of Jacobi matrices and were originally introduced
in the study of orthogonal polynomials on the unit circle. Indeed they arise in the representa-
tion of the map f 7→ z f on L2(S1, dµ) in the basis given by the orthonormalization of the set of
Laurent polynomials {1, z, z−1, z2, z−2, . . .} according to the usual scalar product on L2(S1, dµ).
Here S1 denote the unit circle in C and µ denotes a probability measure on S1 that does not
admit a finite support. See [27, 28] for a comprehensive review of this vast subject.

In order to introduce randomness in extended CMV matrices, let ν be a Borel probability
measure supported on a compact set S of the open unit disk in C which contains at least two
points. Let Ω = SZ and consider (αn(ω))n∈Z = (ωn)n∈Z ∈ Ω a sequence of i.i.d. random
variables of common law ν. In particular, the ωn could be Bernoulli variables.

The random Verblunsky sequence (αn(ω))n∈Z defines a random extended CMV matrix
Eω. The family {Eω}ω∈Ω is Z-ergodic. For such an ergodic family, there is no multi-scale
analysis or Kunz-Souillard approach available and the proof of the first localization result in
the Bernoulli case is based upon the Furstenberg theorem and large deviations estimates.

9.1.3 Scattering zippers

Let L ≥ 1 an integer. A scattering zipper is a system obtained by concatenation of elementary
unitary diffusion with a fixed number 2L of incoming and outgoing channels each.

Let ∥ · ∥ any subordinate norm onML(C). Let U(L) be the unitary subgroup of the linear
group GLL(C) of order L. We introduce the set

U(2L)inv =
{(

α β
γ δ

)
∈ U(2L)

∣∣∣ α, γ, δ ∈ ML(C) and β ∈ GLL(C)
}

. (9.3)

which also has the representation:

U(2L)inv = {S(α, U, V) ∈ U(2L) | ∥α∗α∥ < 1 and U, V ∈ U(L)} , (9.4)
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where for any U, V ∈ U(L) and any α ∈ ML(C) with ∥α∗α∥ < 1,

S(α, U, V) =

(
α ρ(α)U

Vρ̃(α) −Vα∗U

)
with ρ(α) = (ID − αα∗)

1
2 and ρ̃(α) = (ID − α∗α)

1
2 .

(9.5)
Let (Sn)n∈Z be a sequence of matrices in the set U(2L)inv. The scattering zipper operator U

associated to the sequence (Sn)n∈Z is the operator acting on ℓ2(Z, CL) and defined by :

U = V W , (9.6)

where the two unitary operators V and W act on ℓ2(Z, CL) and are given by

V =

 . . .
S0

S2

. . .

 ◦ sL
g , W =


. . .

S−1
S1

. . .

 (9.7)

where sg is the shift operator to the left (vn)n∈Z 7→ (vn+1)n∈Z.

We now introduce randomness which allow to prove a dynamical localization result for
the random scattering zipper.

Let

Ω̃ =
(

U(L)× {−1, 1}L × [0, 2π]L
)2

(9.8)

endowed with the probability measure

P̃ =
(

νL ⊗ (B(p))⊗L ⊗ (Leb[0,2π])
⊗L
)⊗2

, (9.9)

defined on B̃, the Borel σ-algebra on Ω̃ for the usual topology on the Lie group. Here νL denotes
the Haar measure on the compact Lie group U(L), B(p) denotes the Bernoulli distribution of
parameter p ∈ (0, 1) and Leb[0,2π] denotes the Lebesgue measure on the interval [0, 2π].

We then define the product probability space:

(Ω,B, P) =

(
Ω̃Z,

⊗
n∈Z

B̃,
⊗
n∈Z

P̃

)
. (9.10)

Let ω ∈ Ω and n ∈ Z. Then ωn ∈ Ω̃ and we set

ωn = (Ṽ(n)
ω , d(n)ω , θ

(n)
ω , Ũ(n)

ω , D(n)
ω , Θ(n)

ω ) (9.11)

with :

(i) Ũ(n)
ω ∈ U(L) and Ṽ(n)

ω ∈ U(L) ;

(ii) d(n)ω = (d(n)ω,1, . . . , d(n)ω,L) ∈ {−1, 1}L which will represent indifferently the L-uple or the

diagonal matrix whose diagonal elements are the d(n)ω,1, . . . , d(n)ω,L and the same for D(n)
ω =

(D(n)
ω,1, . . . , D(n)

ω,L) ∈ {−1, 1}L ;

(iii) θ
(n)
ω = (θ

(n)
ω,1, . . . , θ

(n)
ω,L) ∈ [0, 2π]L which will represent indifferently the L-uple or the

diagonal matrix whose diagonal elements are the θ
(n)
ω,1, . . . , θ

(n)
ω,L and the same for Θ(n)

ω =

(Θ(n)
ω,1, . . . , Θ(n)

ω,L) ∈ [0, 2π]L.
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With these notations we define, for every ω ∈ Ω and every n ∈ Z, the following phases

U(n)
ω = eiΘ(n)

ω Ũ(n)
ω D(n)

ω (Ũ(n)
ω )∗ := eiΘ(n)

ω Û(n)
ω and V(n)

ω = Ṽ(n)
ω d(n)ω (Ṽ(n)

ω )∗eiθ(n)ω := V̂(n)
ω eiθ(n)ω

(9.12)
where the reduced notations Û(n)

ω and V̂(n)
ω are used in the proofs of Theorem 9.1.5, Lemma

9.1.9 and Theorem 9.1.12.

Remark 9.1.2. In view of the definition of the probability space (Ω,B, P) one can see (Ũ(n)
ω )n∈Z and

(Ṽ(n)
ω )n∈Z as sequences of independent and identically distributed (i.i.d. for short) random variables in

U(L) of uniform law according to the Haar measure on U(L). The sequences (d(n)ω,i )n∈Z and (D(n)
ω,j )n∈Z,

for i, j ∈ {1, . . . , L}, can be considered as sequences of i.i.d. random variables in {−1, 1} of common
law the Bernoulli law B(p) of parameter p ∈ (0, 1) and the sequences (θ

(n)
ω,i )n∈Z and (Θ(n)

ω,j)n∈Z for
i, j ∈ {1, . . . , L} can be considered as sequences of i.i.d. random variables in [0, 2π] of common law the
uniform law on [0, 2π]. Moreover, all these sequences of random variables are independent from each
others.

Remark 9.1.3. Note that for every ω ∈ Ω and every n ∈ Z, Û(n)
ω and V̂(n)

ω are elements of U(L) ∩
HL(C) where HL(C) is the vector space of the Hermitian matrices of size L × L. This property will
be used in the proof of Lemma 9.1.9 where will need that some squareroots of unitary matrices are
also Hermitian. This property is the reason why we introduce the randomness in this particular form.
The presence of the Bernoulli variables as diagonal elements of the matrices D(n)

ω and d(n)ω is therefore
necessary in order to have that Û(n)

ω and V̂(n)
ω can take all the possible values in U(L) ∩ HL(C). Then

we add the diagonal matrices eiΘ(n)
ω and eiθ(n)ω to ensure that the random phases U(n)

ω and V(n)
ω can take

all the possible values in U(L).

The presence of separates terms eiΘ(n)
ω and eiθ(n)ω also simplify the formulation of the finite rank per-

turbation argument in the proofs of Theorem 9.1.5 and Theorem 9.1.12.

With these notations, we now introduce the model of random scattering zipper. Consider
the random family of unitary operators {Uω}ω∈Ω where, for every ω ∈ Ω, the operator Uω

acts on ℓ2(Z, CL) and is the scattering zipper associated to the sequence of random scattering
matrices (S(n)

ω )n∈Z defined by

S(n)
ω = S(α, U(n)

ω , V(n)
ω ) =

(
α ρ(α)U(n)

ω

V(n)
ω ρ̃(α) −V(n)

ω α∗U(n)
ω

)
, (9.13)

for a fixed α ∈ ML(C) such that ∥α∥ < 1.

Note that the family {Uω}ω∈Ω has a very important property of 2Z-ergodicity which im-
plies the existence of an almost sure spectrum for this family. Note that if Σ denotes the almost-
sure spectrum of {Uω}ω∈Ω , Σ ⊂ S1 since the operators Uω are unitary. The 2Z-ergodicity also
implies the existence of almost-sure pure point, absolutely continuous and singular continuous
spectra.

We have the following diagram in which the horizontal arrows represent the transition
from a scalar-valued operator to a matrix-valued operator, and the vertical arrows represent
the transition from a self-adjoint model to its unitary analogue.

Jacobi matrices −→ Jacobi matrices with matrix coefficients
↓ ↓

CMV matrices −→ Scattering zipper
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9.1.4 Ingredients of the Fractional Moments Method

Notation. Let {ek}k∈Z be the canonical basis of ℓ2(Z)⊗CL. For i, j ∈ Z, we set e{i,j} := eiL+j,
which corresponds to the j-th component in the i-th L-block.

Theorem 9.1.4. There exists r0 > 0 such that, for every α ∈ GLL(C) with ∥α∥ ≤ r0, there exists
Cr0 > 0 and b > 0 such that for all {k, p} and {l, q} in Z× {1, . . . , L},

E

[
sup
n∈Z

∣∣∣〈e{k,p}, (Uω)
ne{l,q}

〉∣∣∣] ≤ Cr0 e−b|k−l|. (9.14)

The estimate (9.14) means that the family {Uω}ω∈Ω satisfies the condition of dynamical
localization. This property is dynamic in nature and follows the evolution of wave packets
over discrete time n ∈ Z. It tells us that the solutions of the Schrödinger equation are localized
in space in the vicinity of their initial position and this, uniformly over time. This reflects the
absence of quantum transport.

The proof of Theorem 9.1.4 is based upon a number of intermediate results. First, following
the result of positivity of the Lyapunov exponents on the unit circle S1, we prove their strict
positivity on an annulus

Sϵ := {z ∈ C; 1− ϵ < |z| < 1 + ϵ} (9.15)

for some ϵ ∈ (0, 1]. The proof is done by combining the positivity of the Lyapunov exponents
on the unit circle and their continuity on C \ {0}.
Notation. For j ∈ Z, let Ej = (. . . , 0, ID, 0, . . .) where ID is in the jth position.

For z ∈ C \ S1 let Gω(z) be the resolvent at z of the operator Uω and let Gω(z, ·, ·) be its
block Green kernel defined for every k, l ∈ Z by:

Gω(z, k, l) = ⟨Ek, (Uω − z)−1 El⟩. (9.16)

For a, b ∈ Z ∪ {±∞}, a < b, we denote by G[a,b]
ω (z) the resolvent of the restriction of the

operator Uω to the interval [a, b] and by G[a,b]
ω (z, ·, ·) its block Green kernel :

G[a,b]
ω (z) =

(
U

[a,b]
ω − z

)−1
, (9.17)

and for k, l ∈ Z,

G[a,b]
ω (z, k, l) = ⟨Ek,

(
U

[a,b]
ω − z

)−1
El⟩. (9.18)

See [5, 11] for a precise definition of the boundary conditions used to define properly U
[a,b]
ω .

We study the fractional moments of G[a,b]
ω (z, ·, ·) for z ∈ C \ S1 and we first prove that they

are uniformly bounded.

Theorem 9.1.5. For every s ∈ (0, 1
4 ) there exists C(s) > 0 such that, for every z ∈ C \ S1, every

a, b ∈ Z∪ {±∞}, a < b, and every k, l ∈ Z such that |k− l| > 4,

E
(
∥G[a,b]

ω (z, k, l)∥s
)
≤ C(s). (9.19)

Once we have obtained this uniform bound, combining it with the positivity of the smallest
Lyapunov exponent and proving estimates on the blocks of the products of transfer matrices,
we prove the exponential decay of some blocks of the Green kernel restricted to suitable inter-
vals.
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Lemma 9.1.6. Let K ⊂ C a compact set. There exist constants C > O, c > 0 and s ∈ (0, 1), such that:

E

(
∥
(

T(m)
ω (z) . . . T(n)

ω (z)
)−1

v∥s
)
≤ Ce−c|n−m| (9.20)

for all z ∈ K, for all unit vector v , and for n, m ∈ Z such that |n−m| is sufficiently large.

Theorem 9.1.7. There exist r0 > 0, ϵ0 > 0, s0 ∈ (0, 1), p0 > 1, Cs0,r0 > 0 and γ > 0 such that, for
every α ∈ GLL(C) with ∥α∥ ≤ r0, every s ∈ (0, s0] and every ϵ ∈ (0, ϵ0],

E
(
∥G[2n,2m+1]

ω (z, 2n, 2m + 1)∥s
)
≤ Ce−γ|m−n| (9.21)

for every z ∈ Sϵ \ S1 and for every m and n in Z such that |m− n| > p0.

Theorem 9.1.7 is central in the proof of Theorem 9.1.4. In order to be able to reduce our
analysis to the blocks for which we have the exponential decay (9.21), we prove two reduction
results. We start by showing that it suffices to deal with even-sized scattering zipper operators.

Proposition 9.1.8. Assume α ∈ GLL(C) is such that ∥α∥ < 1. Let s ∈ (0, 1
4 ), ϵ ∈ (0, 1) and let

k, l ∈ Z such that |k− l| > 4. There exists C(s, ϵ) > 0 such that:

E
(
∥G[a,b]

ω (z, k, l)∥s
)2
≤ C(s, ϵ)

1

∑
i,j=0

E(∥G[a,b]
ω (z, 2n + 2i, 2m + 1 + 2j)∥4s)

1
2 , (9.22)

for all z ∈ Sϵ \ S1 and n, m such that k ∈ {2n, 2n + 1} and l ∈ {2m, 2m + 1}.

The proof involves bounding the norm of the ”even” blocks ∥G[a,b]
ω (z, 2n, 2m)∥ and ∥G[a,b]

ω (z, 2n+

1, 2m)∥ by the norms of the ”odd” blocks ∥G[a,b]
ω (z, 2n, 2m + 1)∥ and ∥G[a,b]

ω (z, 2n + 1, 2m + 1)∥.
A necessary condition for establishing this is the invertibility of α. This invertibility is neces-
sary to prove the following lemma.

Lemma 9.1.9. If α ∈ GLL(C), then for every ϵ > 0, for every n ∈ Z and for every z ∈ Sϵ, the matrix
α + zV(n)

ω αU(n)
ω is invertible almost surely, and for every s ∈ (0, 1), there exists C(s) > 0 such that

∀n ∈ Z, E
(
∥(α + zV(n)

ω αU(n)
ω )−1∥s

)
≤ C(s). (9.23)

Once we get Lemma 9.1.9, using Hölder inequality and Theorem 9.1.5, one gets Proposition
9.1.8.

The second reduction result show that it suffices to control the Green kernel of the restricted
operator to some finite interval in order to control the Green kernel of Uω.

Proposition 9.1.10. Let s ∈ (0, 1
2 ) and ϵ > 0. There exists C(s) > 0 such that

E (∥Gω(z, k, l)∥s)2 ≤ C(s)E
(
∥G[k,l]

ω (z, k, l)2s∥
)

(9.24)

for every z ∈ Sϵ \ S1 and every k, l ∈ Z such that |k− l| > 4.

The proof of Lemma 9.1.10 relies on the geometric resolvent identity.
Combining Proposition 9.1.8 and Proposition 9.1.10, as well as Theorem 9.1.7 on the expo-

nential decay of the reduced case, we obtain the exponential decay of the fractional moments.

Theorem 9.1.11. There exist r0 > 0, s ∈ (0, 1), ϵ0 > 0, Cs,r0 > 0 and γ > 0, such that for every
α ∈ GLL(C) with ∥α∥ < r0,

E (∥Gω(z, k, l)∥s) ≤ Cs,r0 e−γ|k−l| (9.25)

for every ϵ ∈ (0, ϵ0], every k, l ∈ Z and every z ∈ Sϵ \ S1.
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The proof of Theorem 9.1.4 follows from Theorem 9.1.11 and from the following estimate
on the moments of order two of the coefficients of the resolvent.

Theorem 9.1.12. There exist ϵ0 > 0, r0 > 0, Cr0 > 0 and γ > 0 such that, for every ϵ ∈ (0, ϵ0] and
every z ∈ Sϵ \S1, for every α ∈ GLL(C) with ∥α∥ ≤ r0, and every {k, p} and {l, q} in Z×{1, . . . , L}:

E

(
(1− |z|2)

∣∣∣⟨e{k,p}| (Uω − z)−1 e{l,q}⟩
∣∣∣2) ≤ Cr0 e−γ(k−l)

Theorem 9.1.12 is a consequence of Theorem 9.1.11 using second order perturbation theory.

Remark 9.1.13. The parameter ϵ0 is chosen to guarantee strictly positive Lyapunov exponents over the
annulus Sϵ0 .

9.2 Quasi-1d models of Dirac type

Given an integer N ≥ 1, the free Dirac operator on N parallel straight lines is

D(N)
0 := J

d
dx

, with J :=
(

0 −IN
IN 0

)
and Dom(D(N)

0 ) = H1(R)⊗C2N . (9.26)

This operator is self-adjoint.
We add to this free operator a random potential. Let (Ω,A, P) a complete probability space

and ℓ > 0 be a disorder parameter: the smaller ℓ is, the “more disordered” the system is. The
random potential (V(n)

ω )n∈Z is a sequence of independent and identically distributed (i.i.d. for
short) random variables such that, for every n ∈ Z, the function x 7→ V(n)

ω (x) takes values in
the Hermitian matrices, is supported in [0, ℓ] and is uniformly bounded in x, n and ω.

We consider the random family {Dω}ω∈Ω of quasi-one-dimensional Dirac operators de-
fined for every realization ω ∈ Ω by:

Dω := D(N)
0 + ∑

n∈Z

V(n)
ω (· − ℓn). (9.27)

Under such conditions, for each ω ∈ Ω, the operator Dω is self-adjoint on the Sobolev space
H1(R)⊗C2N and thus, for every ω ∈ Ω, the spectrum of Dω, denoted by σ (Dω), is included
in R.

9.2.1 Transfer matrices and Lyapunov exponents

In order to determine the almost-sure spectrum of {Dω}ω∈Ω and to study the asymptotic be-
haviour of the corresponding generalized eigenfunctions, one considers, for every ω ∈ Ω, the
equation for the generalized eigenvalues,

Dωu = Eu, where E ∈ C and u =
(

u↑
u↓

)
: R→ C2N . (9.28)

The notation u =
(

u↑
u↓

)
refers to the decomposition spin up / spin down of the solution of the

Dirac equation.
Equation (9.28) is a linear differential system of order 1. We introduce, for E ∈ C and every

x, y ∈ R, the transfer matrix Ty
x (E) of Dω from x to y which maps a solution (u↑, u↓) at position

x to the same solution at position y. It is defined by the relation(
u↑(y)
u↓(y)

)
= Ty

x (E)
(

u↑(x)
u↓(x)

)
(9.29)
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and in particular, Tx
x (E) = I2N for every x ∈ R. For real E, the transfer matrices are elements

of the hermitian symplectic group

Sp∗N(C) = {M ∈ M2N(C) | M∗ JM = J} (9.30)

with J =
(

0 −IN
IN 0

)
. Indeed, for E ∈ R and x ∈ R fixed, y 7→ Ty

x (E) satisfies Dω(T
y
x (E)) =

E Ty
x (E) on R. It implies

(
d

dy Ty
x (E)

)∗
JTy

x (E) + (Ty
x (E))∗ J d

dy Ty
x (E) = 0. Hence, the func-

tion y 7→ (Ty
x (E))∗ JTy

x (E) is constant on R. Taking the value at y = x one obtains J and
(Ty

x (E))∗ JTy
x (E) = J for every y ∈ R.

Remark 9.2.1. Note that Sp∗N(C) is a real Lie group since it is a C∞ manifold and not a holomorphic
manifold because of the presence of a conjugation in its definition.

For E ∈ C fixed and two couples (x, y) and (x′, y′) in R2, the random matrices Ty
x (E)

and Ty′

x′ (E) are not necessarily independent. In order to apply the results of the theory of
products of i.i.d. random matrices, we also introduce, for every n ∈ Z, the transfer matrices
T(n)

ω (E) = Tℓ(n+1)
ℓn (E) from ℓn to ℓ(n + 1). The transfer matrix T(n)

ω (E) is therefore defined by
the relation (

u↑(ℓ(n + 1))
u↓(ℓ(n + 1))

)
= T(n)

ω (E)
(

u↑(ℓn)
u↓(ℓn)

)
(9.31)

for all n ∈ Z.
The sequence (T(n)

ω (E))n∈Z is a sequence of i.i.d. matrices because of the i.i.d. character of
the V(n)

ω ’s and the disjointness of their supports for different values of n.

9.2.2 Localization criteria for quasi-one-dimensional operators of Dirac type

The formalism of transfer matrices, Lyapunov exponents and the Furstenberg group enables
to state criteria of dynamical localization for quasi-one-dimensional operators of Dirac type.

Before that, we introduce several definitions in order to fix the framework in which we
are able to obtain such criteria of dynamical localization. For this, we generalize the notion of
Lp-strong irreducibility.

Let L ≥ 1 an integer. For l ∈ {1, . . . , L} we denote indifferently by bl a bilinear form on
C2N or its matrix in the canonical basis of C2N . We also denote by b0, or most simply by J, the
symplectic bilinear form on C2N associated with the matrix J =

(
0 −IN

IN 0

)
.

For any p ∈ {1, . . . , N}, let (J, b1, . . . , bL)-Lp be the vector subspace of ΛpC2N whose ele-
ments are p-decomposable vectors u1 ∧ · · · ∧ up such that

∀i, j ∈ {1, . . . , p}, ∀l ∈ {0, . . . , L}, bl(ui, uj) = 0

i.e, the family (u1, . . . , up) is orthogonal for all the bilinear forms bl (and in particular each ui is
orthogonal to itself for all bl).

The second property is called the (J, b1, . . . , bL)-Lp-strong irreducibility. It generalizes the
notion of Lp-strong irreducibility as defined in [2] in the setting of the real symplectic group.

Definition 9.2.2. We say that a subset T of GL2N(C) is (J, b1, . . . , bL)-Lp-strongly irreducible if
there does not exist any W, finite union of proper vector subspaces of (J, b1, . . . , bL)-Lp, such that
(Λp M)(W) = W for all M in T.

We now state two localization criteria for {Dω}ω∈Ω. The first one states for the group
Sp∗N(C).

Theorem 9.2.3. We fix a compact interval I ⊂ R. We assume that there exists an open interval Ĩ
containing I and such that for every E ∈ Ĩ:
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1. the Furstenberg group GµE is included in Sp∗N(C) ;

2. for every p ∈ {1, . . . , N}, GµE is p-contracting and J-Lp-strongly irreducible.

Then {Dω}ω∈Ω exhibits dynamical localization in Σ ∩ I.

In order to state a second theorem, we introduce the matrix

S :=
(

K 0
0 K

)
∈ M2N(R), (9.32)

where K is the diagonal matrix with (−1)i+1 in position i. We define the group

SpON(R) :=
{

M ∈ M2N(R), t MJM = J, t MSM = S
}

. (9.33)

The second localization criterion states for the group SpON(R).

Theorem 9.2.4. Assume that N is even. We fix a compact interval I ⊂ R. We assume that there exists
an open interval Ĩ containing I and such that for every E ∈ Ĩ:

1. the Furstenberg group GµE is included in SpON(R) ;

2. for every 2p ∈ {1, . . . , N}, GµE is 2p-contracting and (J, S)-L2p-strongly irreducible.

Then {Dω}ω∈Ω exhibits dynamical localization in Σ ∩ I.

The proofs of Theorems 9.2.3 and 9.2.4 involve several steps:

1. The assumptions of the two theorems lead to an integral formula for the Lyapunov ex-
ponents which implies their Hölder regularity.

2. We then deduce the same Hölder regularity for the integrated density of states, using a
Thouless formula.

3. From this regularity of the integrated density of states, we get a weak Wegner’s estimate
adapted to Bernoulli randomness.

4. Finally we apply a multiscale analysis scheme which involves the proof of an Initial
Length Scale Estimate.

Actually, most of these steps except the proof of the Initial Length Scale Estimate in the last
one are true with more general hypothesis. Let us state them now.

Assumption 9.2.5 (L(N)). We fix a compact interval I ⊂ R. We assume that there exists LN a vector
subspace of ΛNC2N and an open interval Ĩ containing I such that, for all E ∈ Ĩ:

(L(N)
1 ) for all g ∈ GµE , (ΛN g)(LN) ⊂ LN ;

(L(N)
2 ) for all x ̸= 0 in LN ,

lim
n→∞

1
n

E(log ∥ΛNΦE(n, ·)x∥) =
N

∑
i=1

γi(E);

(L(N)
3 ) there exists a unique probability measure νN,E on P(LN) which is µE-invariant, such that

γ1(E) + · · ·+ γN(E) =
∫

GµE×P(LN)
log
∥(ΛN g)x∥
∥x∥ dµE(g)dνN,E(x̄);

(L(N)
4 ) γ1(E) + · · ·+ γN(E) > 0.
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The properties of N-contractivity and J or (J, S)-LN-strong irreducibility imply Assumption
(L(N)). It is a consequence of [2, Proposition A.IV.3.4] in the case of Sp∗N(C) since one has the
identification between Sp∗N(C) and Sp2N(R) using the following application which split the
real and imaginery parts of the matrices inM2N(C):

π :
M2N(C) → M4N(R)

A + iB 7→
( A −B

B A

)
.

In the following Section, we will present some explicit cases of the model {Dω}ω∈Ω for
which we are able to verify the assumptions of Theorem 9.2.3 or Theorem 9.2.4.

9.2.3 Application of the localization criteria to a class of splitting potentials

We introduce a particular case of quasi-one-dimensional operators of Dirac type whose po-
tentials split in a sum of two tensorized Pauli matrices. Recall the usual notations for Pauli
matrices :

σ0 := I2, σ1 :=
(

0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ3 :=

(
1 0
0 −1

)
.

Consider the particular family {D(N)
ω,ℓ }ω∈Ω where the potential split into a periodic part and

a random part :
D(N)

ω,ℓ := D(N)
0 + Vper + Vω. (9.34)

The potential Vper is a ℓ-periodic function, linear combination of tensorized Pauli matrices
of the form

Vper := (α0σ0 + α1σ1 + α2σ2 + α3σ3)⊗ V̂per, (9.35)

where α0, . . . , α3 are real numbers and V̂per is a ℓ-periodic function with value in the space of
the N-by-N real symmetric matrices denoted by SN(R) . Note that :

σ0 ⊗V :=
(

V 0
0 V

)
∈ M2N(C)

and the same for the other tensor products.
We construct the random potential Vω in the following way. Let (Ω̃1, Ã1, P̃1), . . . , (Ω̃N , ÃN , P̃N)
be N complete probability spaces. We take

(Ω,A, P) =

(
"

n∈Z
Ω̃1 × · · · × Ω̃N ,

⊗
n∈Z

Ã1 ⊗ · · · ⊗ ÃN ,
⊗
n∈Z

P̃1 ⊗ · · · ⊗ P̃N

)
.

For i ∈ {1, . . . , N}, the sequences (ω
(n)
i )n∈Z are independent of each other and each one is a

sequence of i.i.d. real-valued random variables on (Ω̃i, Ãi, P̃i). Let νi be the common law of
the ω

(n)
i ’s. We assume that {0, 1} ⊂ supp νi and supp νi is bounded. In particular, the ω

(n)
i ’s

can be Bernoulli random variables which is the most difficult case of randomness to deal with
since it will imply the smallest possible Furstenberg group. We also set, for every n ∈ Z, ω(n) =

(ω
(n)
1 , . . . , ω

(n)
N ), which is a random variable on (Ω̃1 × · · · × Ω̃N , Ã1 ⊗ · · · ⊗ ÃN , P̃1 ⊗ · · · ⊗ P̃N) of

law ν = ν1 ⊗ · · · ⊗ νN . For each n in Z, we introduce the random function

V̂ω(n) :=

 ω
(n)
1 v1(·−ℓn) 0

. . .
0 ω

(n)
N vN(·−ℓn)

 ,

where the vi are measurable functions from [0, ℓ) to R. We take

Vω = (β0σ0 + β1σ1 + β2σ2 + β3σ3)⊗ ∑
n∈Z

V̂ω(n) (9.36)
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where β0, . . . , β3 are real numbers.
We will restrict ourselves to particular combinations of non-vanishing αi’s and β j’s. For

simplicity we will only consider real-valued potentials Vper and Vω, which corresponds to the
absence of magnetic field and to the following assumption.

Assumption 9.2.6. We assume that α2 = β2 = 0.

Hence we only consider potentials which are on σ0, σ1 and σ3 which implies in particular
that, for real energies E, the corresponding Furstenberg groups will be included in SpN(R)
instead of Sp∗N(C). Next, we consider only splitting potentials with one deterministic term and
one random term which allows to reduce the number of cases in which we should compute
the Furstenberg group from 43 to 9.

Assumption 9.2.7. We assume that one and only one among α0, α1 and α3 is different from zero and
one and only one among β0, β1 and β3 is different from zero.

Since we have to choose one random potential and one deterministic one, there are a priori
nine possibilities. Nevertheless, it is possible to reduce this number to five in the following
way. If one sets for (V0, V1, V3) ∈ (MN(R))3,

D(V0, V1, V3) = D(N)
0 + σ0 ⊗V0 + σ1 ⊗V1 + σ3 ⊗V3

acting on H1(R)⊗R2, then

∀(V0, V1, V3) ∈ (MN(R))3, D(V0, V1, V3) = P(−D(−V0,−V3,−V1))P∗

with P the unitary matrix defined by

P =
1√
2

(
IN IN
IN −IN

)
. (9.37)

Hence, for any (V0, V1, V3) ∈ (MN(R))3, the operators D(V0, V1, V3) and−D(−V0,−V3,−V1)
have the same spectrum and also the same pure point, absolutely continuous and singular
continuous spectra. These two operators have transfer matrices which are unitarily equiva-
lent (through P defined at (9.37)), hence their Lyapunov exponents are equal. They also have
Furstenberg groups which are unitarily equivalent (again through P) and there is localization
for D(V0, V1, V3) if and only if there is localization for −D(−V0,−V3,−V1). As a consequence,
there are five cases, as explained in the following table.

Vω \ Vper σ0 σ1 σ3

σ0 1 5 5
σ1 3 2 4
σ3 3 4 2

Table 9.1: The five possible cases

For each of these cases, we prove either localization or delocalization.

Moreover, in order to compute the Furstenberg group associated with {Dω}ω∈Ω, we will
express the transfer matrices as matrix exponentials. This is possible only when the potentials
are constant on each interval (nℓ, (n + 1)ℓ). Else, we would have to deal with time-ordered
exponentials instead of matrix exponentials.
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Assumption 9.2.8.

1. We assume that V̂per is a constant function equal to some fixed real symmetric matrix. We will
denote by V̂per the unique value of the function V̂per as a small abuse of notation.

2. We also assume that the functions v1, . . . , vN in the definition of V̂ω(n) are all equal to the charac-
teristic function of the interval [0, ℓ] : v1 = · · · = vN = 1[0,ℓ].

Notation. Let ∆ the tridiagonal matrix with 0 on the diagonal and 1 on the upper and lower
diagonal.
Notation. Let us denote by {·, ·} the anti-commutator of two matrices defined for every A, B ∈
MN(R) by {A, B} = AB + BA.

Theorem 9.2.9.

1. In Case 1, for any symmetric matrix V̂per ∈ SN(R) , Σ = R and it is purely absolutely continu-
ous of multiplicity 2N.

2. In cases 2, 3 and 4, if V̂per = ∆, there exists ℓC := ℓC(N) > 0 such that, for every ℓ ∈ (0, ℓC),
there exists a compact interval I(N, ℓ) ⊂ R such that if I ⊂ I(N, ℓ) is an open interval with
Σ ∩ I ̸= ∅, then {D(N)

ω,ℓ }ω∈Ω exhibits Anderson and dynamical localization in Σ ∩ I.

3. In Case 5 :

(i) if {V̂per, K} = 0 and if N is odd, there is presence of a.c. spectrum of multiplicity at least
2.

(ii) In particular, if V̂per = ∆, {D(N)
ω,ℓ }ω∈Ω exhibits Anderson and dynamical localization in

Σ∩ I if N is even (for I as in Point (2)), and there is presence of a.c. spectrum of multiplicity
exactly 2 if N is odd.

(iii) On the contrary, if V̂per = ∆ + IN, there exists ℓ̃C > 0 such that, for every ℓ ∈ (0, ℓ̃C),
there exists a compact interval Ĩ(N, ℓ) ⊂ R such that if Ĩ ⊂ Ĩ(N, ℓ) is an open interval
with Σ ∩ Ĩ ̸= ∅, then {D(N)

ω,ℓ }ω∈Ω exhibits Anderson and dynamical localization in Σ ∩ Ĩ
for any N.

The localization results come from applications of our localization criteria in Theorems 9.2.3
and 9.2.4. The presence of a.c. spectrum in Case 1 and in Case 5 when N is odd is a consequence
of the following theorem of Sadel and Schulz-Baldes.

Theorem 9.2.10. Let {Dω}ω∈Ω be as in (9.27). Then, for k ∈ {1, . . . , N}, the set

Sk := {E ∈ R, exactly 2k Lyapunov exponents vanish at E}

is an essential support of the almost-sure absolutely continuous spectrum of multiplicity 2k.

This result of Kotani’s theory for quasi-one-dimensional operators of Dirac type has to be
seen as a delocalization result for {Dω}ω∈Ω.

Finally, one gets from the results of Theorem 9.2.9, localization and delocalization results
for generic choices of the value of the matrix V̂per. To state these results we need to precise

the notions of genericity. We identify the space SN(R) of real symmetric matrices to R
N(N+1)

2

and we consider the Lebesgue measure Leb N(N+1)
2

on it. The genericity on SN(R) is defined
according to Leb N(N+1)

2
.
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We also introduce the space of symmetric matrices which anticommute to K :

S{K}N (R) = {V ∈ SN(R) | {V, K} = 0}. (9.38)

This space is of dimension N2

4 if N is even and of dimension (N−1)(N+1)
4 if N is odd. Hence, the

genericity on S{K}N (R) is defined according to Leb N2
4

if N is even and according to Leb (N−1)(N+1)
4

if N is odd.

Corollary 9.2.11. Denote by V the unique value of the function V̂per.

1. For almost-every real symmetric matrix V ∈ SN(R) , there exist a finite set SV ⊂ R and ℓC :=
ℓC(N, V) > 0 such that, for every ℓ ∈ (0, ℓC), there exists a compact interval I(N, V, ℓ) ⊂ R

such that if I ⊂ I(N, V, ℓ) \ SV is an open interval with Σ ∩ I ̸= ∅, then, in cases 2, 3, 4 and 5,
{D(N)

ω,ℓ }ω∈Ω exhibits Anderson and dynamical localization in Σ ∩ I.

2. For almost-every Ṽ ∈ S{K}N (R), there exist a finite set SṼ ⊂ R and ℓC := ℓC(N, Ṽ) > 0
such that, for every ℓ ∈ (0, ℓC), there exists a compact interval I(N, Ṽ, ℓ) ⊂ R such that if
I ⊂ I(N, Ṽ, ℓ) \ SṼ is an open interval with Σ ∩ I ̸= ∅, then, in Case 5, {D(N)

ω,ℓ }ω∈Ω exhibits
Anderson and dynamical localization in Σ ∩ I if N is even and there is presence of a.c. spectrum
of multiplicity 2 if N is odd.

Remark 9.2.12. Both results of genericity in the Case 5 are consistent since Leb N(N+1)
2

(S{K}N (R)) = 0

in SN(R) . In Case 5, the generic result of localization in point (1) corresponds to Theorem 9.2.9 (3)(iii)
and the generic result in point (2) corresponds to Theorem 9.2.9 (3)(ii).
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Appendix A

Self-adjoints operators and spectral
theorem

(H, (·|·)) denotes a Hilbert space on R or on C. By convention, when (·|·) is a Hermitian
product, it will be semilinear on the right.

A.1 Bounded operators

We begin by defining the space of bounded operators between normed vector spaces and then
define several topologies on this space.

Definition A.1.1. If (E, ∥ ∥E) and (F, ∥ ∥F) are normed vector spaces, a bounded operator from E to
F is a continuous linear mapping T : E→ F, i.e, such that

∃C > 0, ∀u ∈ E, ∥Tu∥F ≤ C ∥u∥E .

Notation. We denote by L(E, F) the set of bounded operators from E to F. When E = F, we
write L(E) = L(E, E).

L(E, F) is a vector space on which we introduce the norm,

∥T∥L(E,F) = sup
u∈E\{0}

∥Tu∥F
∥u∥E

= sup
∥u∥E=1

∥Tu∥F .

The topology induced by this norm on L(E, F) is called the uniform operator topology. If (F, ∥ ∥F)
is a Banach space, then (L(E, F), ∥ ∥L(E,F)) is also a Banach space. Furthermore, the norm
∥ ∥L(E,E) is an algebra norm on (L(E),+, ., ◦) and, more generally, if (E, ∥ ∥E), (F, ∥ ∥F), and
(G, ∥ ∥G) are normed vector spaces and T1 ∈ L(E, F) and T2 ∈ L(F, G), then T2 ◦ T1 ∈ L(E, G)
and

∥T2 ◦ T1∥L(E,G) ≤ ∥T2∥L(F,G) ∥T1∥L(E,F) .

Notation. Throughout, we denote T2T1 as the composition T2 ◦ T1 of two operators T1 ∈
L(E, F) and T2 ∈ L(F, G).

We now introduce two weaker topologies on L(E, F). Firstly, the strong operator topology. It is
the smallest topology making the maps evu : L(E, F) → F, evu(T) = Tu continuous. For this
topology, a sequence of bounded operators (Tn)n∈N converges to a bounded operator T if and
only if, for every u ∈ E, ∥Tnu− Tu∥F −−−−→n→+∞

0. We write Tn → T in this case.

The second topology is the weak operator topology. We could define it for arbitrary Banach spaces
E and F, but in what follows we restrict ourselves to bounded operators on (H, (·|·)), so we
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shall assume E = F = H. Then the weak topology on L(H) is the smallest topology making
the maps evu, v : L(H) → C, evu, v(T) = (Tu|v) continuous. For this topology, a sequence of
bounded operators (Tn)n∈N converges to a bounded operator T if and only if, for all u, v ∈ H,
(Tnu|v) −−−−→

n→+∞
(Tu|v) in C. We then write Tn ⇀ T.

The weak operator topology is weaker than the strong operator topology, which in turn is
weaker than the uniform operator topology. The following examples illustrate the differences
between these topologies on L(ℓ2(N)).
The following examples illustrate the differences between these topologies on L(ℓ2(N)).

Example A.1.2. Let Tn : ℓ2(N) → ℓ2(N), Tn(x0, x1, . . .) = ( 1
n x0, 1

n x1, . . .). Then (Tn)n∈N uni-
formly converges to 0, the zero operator.

Example A.1.3. Let Sn : ℓ2(N) → ℓ2(N), Sn(x0, x1, . . .) = (0, . . . , 0, xn, xn+1, . . .). Then (Sn)n∈N

strongly converges to 0 but not uniformly.
Indeed, for any x ∈ ℓ2(N),

||Snx||2ℓ2 =
+∞

∑
k=n
|xk|2 −−−−→n→+∞

0.

Then, for any x ∈ ℓ2(N), ||Snx||ℓ2 ≤ ||x||ℓ2 hence ||Sn||L(ℓ2(N)) ≤ 1. Furthermore, for all n ∈N,
||Snen||ℓ2 = 1 where en is the sequence being 0 for all k ̸= n and 1 at the n-th term. Therefore, for all n,
||Sn||L(ℓ2(N)) = 1, and (Sn) does not uniformly converge to 0.

Example A.1.4. Let Wn : ℓ2(N)→ ℓ2(N) be defined by Wn(x0, x1, . . .) = (0, . . . , 0, x0, x1, . . .) with
n zeros at the beginning of the sequence. Then (Wn)n∈N converges weakly to 0, but neither strongly
nor uniformly.

Throughout, we will often consider bounded operators between Hilbert spaces. In this Hilbert
framework, we provide a characterization of the operator norm.

Proposition A.1.5. Let H1 and H2 be two Hilbert spaces. Let T : H1 → H2 be a bounded operator.
Then,

∥T∥L(H1,H2)
= sup{|(Tu|v)H2 | | ∥u∥H1

≤ 1 and ∥v∥H2
≤ 1}.

Proof : Let S be the right-hand side of the equality. By the Cauchy-Schwarz inequality,

|(Tu|v)| ≤ ∥Tu∥H2
∥v∥H2

≤ ∥T∥L(H1,H2)
∥u∥H1

∥v∥H2
≤ ∥T∥L(H1,H2)

when ∥u∥H1 ≤ 1 and ∥v∥H2 ≤ 1. Hence, S ≤ ∥T∥L(H1,H2). Conversely, let M be a positive
real number; suppose S ≤ M. Then, for any u ∈ H1, ∥Tu∥H2 ≤ M∥u∥H1 . Indeed, if
u = 0 or Tu = 0, the inequality holds. Otherwise, u′ = u/∥u∥H1 and v′ = Tu/∥Tu∥H2

have norm 1, and as S ≤ M, |(Tu′|v′)| ≤ M. Now, |(Tu′|v′)| = ∥Tu∥H2 /∥u∥H1 , hence
∥Tu∥H2 ≤ M∥u∥H1 . By the definition of ∥T∥L(H1,H2), we get ∥T∥L(H1,H2) ≤ S.

2
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A.2 Adjoint of a Bounded Operator

We will now define the adjoint of a bounded operator, which generalizes to any dimension the
transpose of a real matrix or the conjugate transpose of a complex matrix.

Proposition A.2.1. Let H be a Hilbert space and T ∈ L(H). There exists a unique operator T∗ ∈
L(H) such that

∀u ∈ H, ∀v ∈ H, (Tu|v) = (u|T∗v). (A.1)

Proof : Let v ∈ H. Then, ℓv : u 7→ (Tu|v) is a continuous linear form on H. By the Riesz
representation theorem for continuous linear forms, there exists a unique vector w ∈ H
such that, for all u ∈ H, ℓv(u) = (u|w). Let T∗ : H → H, T∗v = w.

T∗ is linear. Indeed, for v1, v2 ∈ H and λ1, λ2 ∈ C, let v = λ1v1 + λ2v2 and w1 = T∗(v1),
w2 = T∗(v2), T∗(v) = w. Then,

∀u ∈ H, (u|w) = (Tu|v) = (Tu|λ1v1 + λ2v2) = λ1(Tu|v1) + λ2(Tu|v2)

= λ1(u|w1) + λ2(u|w2) = (u|λ1w1 + λ2w2).

So, w− λ1w1 − λ2w2 ∈ H⊥ = {0} and w = λ1w1 + λ2w2, proving linearity of T∗.

T∗ is bounded. Indeed, for u, v ∈ H, ∥u∥H ≤ 1 and ∥v∥H ≤ 1, then

|(u|T∗v)| = |(Tu|v)| ≤ ∥Tu∥H ∥v∥H ≤ ∥T∥L(H) .

Thus, taking u = T∗v
∥T∗v∥H , for all v ∈ H, ∥v∥H ≤ 1 and T∗v ̸= 0, ∥T∗v∥H ≤ ∥T∥L(H). If

v ∈ H is such that T∗v = 0, the inequality is still valid. This gives ∥T∗∥L(H) ≤ ∥T∥L(H)

and T∗ is bounded.

Finally, for uniqueness, if T∗1 and T∗2 satisfy (A.1), then for all u, v ∈ H, (u|(T∗1 − T∗2 )v) =
0, thus T∗1 − T∗2 = 0.

2

Definition A.2.2 (Adjoint). The bounded operator T∗ ∈ L(H) is called the adjoint of the operator T.

Example A.2.3. For any Hilbert spaceH, Id∗H = IdH.

We state the first properties verified by the adjoint of a bounded operator.

Proposition A.2.4 (Algebraic Properties of the Adjoint). Let T, T1, T2 ∈ L(H) and λ ∈ C. Then,

1. (T1 + T2)∗ = T∗1 + T∗2 ;

2. (λT)∗ = λT∗;

3. (T1T2)∗ = T∗2 T∗1 ;

4. (T∗)∗ = T;

5. if T has a bounded inverse T−1, T∗ also has a bounded inverse, and (T∗)−1 = (T−1)∗.

Proof : The first two points come from the right semilinearity of the inner product. For the
third point, for all u, v ∈ H, write (T1T2u|v) = (T2u|T∗1 v) = (u|T∗2 T∗1 v). The fourth point
is obtained by noticing that in (A.1), vectors u and v play the same role, and (Tu|v) =
(u|T∗v) for all u, v ∈ H if and only if (T∗u|v) = (u|Tv) for all u, v ∈ H by taking
conjugates. Finally, for the last point, from TT−1 = I = T−1T, we deduce by taking the
adjoint that T∗(T−1)∗ = I∗ = I = I∗ = (T−1)∗T∗.

2

Random operators and Anderson localization page 127



Chapter A. Self-adjoints operators and spectral theorem

Proposition A.2.5 (Metric Properties of the Adjoint). Let T ∈ L(H). Then,

1. ∥T∗∥L(H) = ∥T∥L(H);

2. ∥T∗T∥L(H) = ∥T∥2
L(H).

Proof : From the proof of proposition A.2.1, ∥T∗∥L(H) ≤ ∥T∥L(H). Then, applying this in-
equality to the bounded operator T∗ and using the fact that (T∗)∗ = T, we obtain
∥T∥L(H) ≤ ∥T∗∥L(H), proving the first point. For the second point, we initially have
∥T∗T∥L(H) ≤ ∥T∗∥L(H)∥T∥L(H) = ∥T∥2

L(H). Conversely, if u ∈ H, ∥u∥H = 1,

∥Tu∥2
H = (Tu|Tu) = (T∗Tu|u) ≤ ∥T∗T∥L(H) ,

hence ∥T∥2
L(H) ≤ ∥T

∗T∥L(H).
2

Proposition A.2.6 (Geometric Properties of the Adjoint). Let T ∈ L(H). Then,

1. Ker T∗ = (ImT)⊥ and (Ker T∗)⊥ = ImT;

2. if F ⊂ H is a subspace stable under T, then F⊥ is stable under T∗.

Proof : u belongs to (ImT)⊥ if and only if, for all v ∈ H, (u|Tv) = 0, which is equivalent to
saying that, for all v ∈ H, (T∗u|v) = 0. This is equivalent to T∗u = 0, or equivalently
u ∈ Ker T∗. The second property arises from properties of orthogonal spaces in Hilbert
spaces.

For the second point, let v ∈ F⊥ and u ∈ F. Then Tu ∈ F, so (T∗v|u) = (v|Tu) = 0.
Therefore, T∗v ∈ F⊥.

2

Definition A.2.7. An operator T ∈ L(H) is called self-adjoint when T = T∗.

Self-adjoint operators are a generalization of symmetric matrices to infinite dimensions.
They play a major role in functional analysis and mathematical physics. A structural theorem
for these operators asserts that every self-adjoint operator is diagonalizable, in a sense to be
specified in infinite dimensions. A primary example of a self-adjoint operator is that of an
orthogonal projector.

Definition A.2.8. An operator P ∈ L(H) is called a projector when P2 = P. Moreover, if P∗ = P, P
is called an orthogonal projector.

It is noted that the image of a projector is a closed subspace on which P acts as the identity.
Furthermore, if P is orthogonal, P acts as the null operator on (ImT)⊥. Then, the projection
theorem for closed subspaces in Hilbert spaces assures that there is a bijection between orthog-
onal projectors in a Hilbert spaceH and closed subspaces ofH.

Example A.2.9. (Multiplication Operator). Let (X, µ) be a σ-finite measure space and let H =
L2(µ). If φ ∈ L∞(µ), we define the multiplication operator by φ, Mφ : L2(µ) → L2(µ) such that, for
all u ∈ H, Mφu = φu.

Then, Mφ is in L(L2(µ)) and ∥Mφ∥ = ∥φ∥∞. Here, ∥φ∥∞ denotes the essential supremum,
∥φ∥∞ = inf{c > 0 | µ({x ∈ X | |φ(x)| > c}) = 0}. Therefore, by changing the representative
within the class of φ, we can assume that φ is a bounded function.

Moreover, since ∥φu∥2 ≤ ∥φ∥∞∥u∥2, Mφ is a bounded operator and ∥Mφ∥ ≤ ∥φ∥∞. For any ε >
0, as µ is σ-finite, there exists a measurable set A with 0 < µ(A) < +∞ such that |φ(x)| ≥ ∥φ∥∞− ε

for all x ∈ A. Taking u = µ(A)−
1
2 1A, then u ∈ L2(µ) and ∥u∥2 = 1. Thus, ∥Mφ∥2 ≥ ∥φu∥2

2 =
µ(A)−1

∫
A |φ|

2dµ ≥ (∥φ∥∞ − ε)2. As ε tends to 0, it holds that ∥Mφ∥ ≥ ∥φ∥∞.
It is observed that, for any φ ∈ L∞(µ), M∗φ = Mφ, where φ(x) = φ(x) for all x in X. In particular,

if φ takes real values, M∗φ = Mφ and Mφ is self-adjoint.
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For bounded self-adjoint operators, proposition A.1.5 can be refined.

Proposition A.2.10. Let T ∈ L(H) be a self-adjoint operator. Then, for all u ∈ H, (Tu|u) ∈ R, and

∥T∥L(H) = sup{|(Tu|u)| | ∥u∥H = 1}.

Proof : Let S be the right-hand side of the equality. According to Proposition A.1.5, S ≤
∥T∥L(H). To prove the other inequality, let’s begin by showing that, for all u ∈ H,
(Tu|u) ∈ R. Indeed, as T = T∗, (Tu|u) = (u|Tu) = (Tu|u) and (Tu|u) ∈ R. Then,
using the polarization identity, we have

∀u, v ∈ H, Re (Tu|v) = 1
4
((T(u + v)|u + v)− (T(u− v)|u− v)) .

Now, for all u ∈ H, |(Tu|u)| ≤ S∥u∥2. Therefore, for all u, v ∈ H,

|Re (Tu|v)| ≤ S
4

(
∥u + v∥2 + ∥u− v∥2

)
.

Then, by the parallelogram identity, for all u, v ∈ H, |Re (Tu|v)| ≤ S
2

(
∥u∥2 + ∥v∥2).

Hence, if we assume ∥u∥ ≤ 1 and ∥v∥ ≤ 1, we obtain |Re (Tu|v)| ≤ S. By replacing
v with e−iθv, where eiθ(Tu|v) = |(Tu|v)|, we then get that, for all u, v ∈ H, |(Tu|v)| =
(Tu|e−iθv) = |Re (Tu|e−iθv)| ≤ S. Therefore, by Proposition A.1.5, ∥T∥L(H) ≤ S, which
concludes the proof.

2

We conclude this section with a result that paves the way for the formalism of unbounded
operators.

Theorem A.2.11 (Hellinger-Toeplitz). Let T : H → H be an operator such that, for all u, v ∈ H,
(u|Tv) = (Tu|v). Then T ∈ L(H).

Proof : By the closed graph theorem, it suffices to demonstrate that Γ(T), the graph of T, is
closed. Let (un)n∈N be a sequence of elements of H converging to u ∈ H, such that
(Tun)n∈N converges to v ∈ H. We only need to show that v = Tu. For any w ∈ H,

(w|v) = lim
n→∞

(w|Tun) = lim
n→∞

(Tw|un) = (Tw|u) = (w|Tu),

thus v = Tu.
2

This result asserts that there cannot be an unbounded operator defined on the entire space
H that is self-adjoint (or symmetric in general). This poses a problem in quantum mechanics
where one wishes to define operators like energy (involving a derivative) that are unbounded
while being symmetric in the sense of (u|Tv) = (Tu|v).

A.3 Unbounded operators on a Hilbert space

A.3.1 Unbounded operators

To bypass the Hellinger-Toeplitz result, we define unbounded operators on subspaces of H.
Such a subspace, called the domain of the operator T, is assumed to be dense inH.

Definition A.3.1. An unbounded operator T on a Hilbert space H is a linear map T : D(T) → H
where D(T) is a dense vector subspace ofH, called the domain of T.
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Example A.3.2. We return to the multiplication operator. Let (X, µ) be a σ-finite measured space and
let H = L2(µ). We now assume that φ is only measurable and nonzero almost everywhere, and we
define the multiplication operator by φ via

D(Mφ) = {u ∈ L2(µ) | uφ ∈ L2(µ)} ⊂ L2(µ)

and Mφ : D(Mφ)→ L2(µ) such that, for all u ∈ H, Mφu = φu.
Then D(Mφ) is dense in L2(µ). Likewise, the image of Mφ, Mφ(D(Mφ)), is also dense in L2(µ).

Example A.3.3. We wish to study directly the following Sturm-Liouville problem in terms of operators:{
−u′′ + qu = λu, u ∈ C2([0, 1])

u(0) = u(1) = 0
(A.2)

where q : [0, 1] → R is a continuous function and λ ∈ C. To this end, we set T : u 7→ −u′′ + qu,
which is linear but not defined on the whole of L2([0, 1]). We then introduce

D(T) = {u ∈ C2([0, 1]) | u(0) = u(1) = 0}

which is dense in L2([0, 1]), and we view T as an operator on L2([0, 1]) with domain D(T).

Definition A.3.4. The graph of an unbounded operator (T, D(T)) is the vector subspace ofH×H

Γ(T) = {(u, Tu) | u ∈ D(T)}.

We can then define a class of unbounded operators whose properties are not too far from those
of bounded operators, namely closed operators.

Definition A.3.5. An unbounded operator (T, D(T)) is said to be closed if its graph Γ(T) is closed in
H×H.

Remark A.3.6. In other words, (T, D(T)) is closed if for every sequence (un)n∈N in D(T) that con-
verges to u ∈ H and such that (Tun) converges to v ∈ H, then u ∈ D(T) and Tu = v.

Remark A.3.7. By the closed graph theorem, if D(T) = H, then (T, D(T)) is closed if and only if it
is bounded.

The Sturm-Liouville operator presented above is not closed. Indeed, one can show that the
limit u in L2([0, 1]) of a sequence in D(T) is not necessarily C2. The domain D(T) in this
example is too small for the operator to be closed. By considering instead the domain

{u ∈ L2([0, 1]) | u′′ ∈ L2([0, 1]), u(0) = u(1) = 0}

where the derivative u′′ is taken in the sense of distributions (and where Sobolev embedding
is used to make sense of the boundary values), one then defines a closed operator. This leads
us to the following definition.

Definition A.3.8. Let (S, D(S)) and (T, D(T)) be two unbounded operators. We say that T extends
S (or is an extension of S), and we write S ⊂ T, when D(S) ⊂ D(T) and T|D(S) = S.
An unbounded operator is said to be closable if it admits a closed extension.

Remark A.3.9. An operator T is closable if and only if for every sequence (un) in D(T) such that
un → 0 and Tun → v ∈ H, one has v = 0.

Proposition A.3.10. 1. (T, D(T)) is closable if and only if Γ(T) ∩ ({0} ×H) = {(0, 0)}.

2. If (T, D(T)) is closable, then it admits a smallest closed extension whose graph is Γ(T).

page 130 Random operators and Anderson localization



A.3 Unbounded operators on a Hilbert space

3. This smallest closed extension is called the closure of (T, D(T)) and is denoted T. One then has:
Γ(T) = Γ(T).

Proof : If T is closable, there exists a closed operator S such that T ⊂ S, hence Γ(T) ⊂ Γ(S)
with Γ(S) closed. Therefore, Γ(T) ⊂ Γ(S). Then,

Γ(T) ∩ ({0} ×H) ⊂ Γ(S) ∩ ({0} ×H) = {(u, Su) |u = 0} = {(0, 0)}

since S is linear.

Conversely, if Γ(T) ∩ ({0} ×H) = {(0, 0)}, then p1 : Γ(T) → H, (u, v) 7→ u is injective
since its kernel is {(0, 0)}. Hence it is bijective onto its image. Denote by D(T) its image
and define, for u ∈ D(T), (u, Tu) = p−1

1 (u). Then D(T) is dense because Γ(T) is closed
and p1 is linear and continuous, and Γ(T) = Γ(T) is closed, i.e. T is closable.

Finally, if S is a closed extension of T, then Γ(T) ⊂ Γ(S) and since Γ(S) is closed, Γ(T) ⊂
Γ(S), i.e. T ⊂ S.

2

Definition A.3.11. Let T be a closed operator. A set D ⊂ D(T) is called a core for T if T|D = T.

Example A.3.12. Let Ω be an open subset of Rd and (aα)0≤|α|≤m a family of functions in C∞(Ω). We
work inH = L2(Ω) and set

D(T) = C∞
0 (Ω) and ∀u ∈ D(T), Tu = ∑

|α|≤m
aα∂αu.

Let (un) be a sequence in H converging to 0 and such that (Tun) converges to v in H. We want to
show that v = 0. To do so, we use the Dubois-Reymond lemma. Let φ ∈ D(T). Since convergence in
L2 implies convergence in D′(Ω), ∫

Ω
vφ = lim

n→+∞

∫
Ω

Tun φ.

But ∫
Ω

Tun φ = ∑
|α|≤m

∫
Ω

aα∂αun φ

and since φ has compact support,∫
Ω

aα∂αun φ =
∫

Rd
∂αunaα φ =

∫
Rd

un(−1)|α|∂α(aα φ)

by integration by parts. Since (un) tends to 0 in L2(Ω), the resulting sequence of integrals also tends
to 0 (either in D′ or by Cauchy-Schwarz). Finally,

∫
Ω vφ = 0 and thus v = 0. Hence T is closable.

Example A.3.13. ForH = L2(R) and D(T) = L1(R) ∩ L2(R), if f ∈ L2(R) is nonzero, we define

∀u ∈ D(T), Tu =

(∫ +∞

−∞
u(x)dx

)
f .

Then (T, D(T)) is not closable.
Indeed, let ρ ∈ D(T) with integral equal to 1 and set, for n ≥ 1, un = 1

n ρ( ·n ). Then, for all n, un has
integral equal to 1 and Tun = f . But we also have ||un||2 → 0 whereas (un, Tun)→ (0, f ) ̸= (0, 0).
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A.3.2 Adjoint of an unbounded operator

Let (T, D(T)) be an unbounded operator. As in the bounded case, we would like to define an
operator (T∗, D(T∗)) such that : ∀u ∈ D(T), ∀v ∈ D(T∗), (Tu|v) = (u|T∗v).
The first thing to do is to properly define D(T∗).

Definition A.3.14. Let (T, D(T)) be an unbounded operator. We define

D(T∗) = {v ∈ H, | ∃C > 0, ∀u ∈ D(T), |(Tu|v)| ≤ C||u||}.

Then, for v ∈ D(T∗) we define T∗v = w where w ∈ H is the unique vector such that

∀u ∈ D(T), (Tu|v) = (u|w).

Indeed, w exists by the Riesz representation theorem for continuous linear forms on a
Hilbert space, which applies here since, D(T) being dense, any continuous linear form on
D(T) can be extended to a continuous linear form on the whole spaceH.

Lemma A.3.15. With the notations of Definition A.3.14 and if R : H ×H → H ×H, (u, v) 7→
(−v, u) (rotation by angle π

2 ), then

Γ(T∗) = {(v, T∗v) |v ∈ D(T∗)} = (R(Γ(T)))⊥.

Proof : Let (v, w) ∈ H×H. Then,

(v, w) ∈ (R(Γ(T)))⊥ ⇔ ∀u ∈ D(T), ((v, w)|R((u, Tu))) = 0.

Equivalently, ((v, w)|(−Tu, u)) = 0 ⇔ −(v|Tu) + (w|u) = 0. Hence,

(v, w) ∈ (R(Γ(T)))⊥ ⇔ ∀u ∈ D(T), (u|w) = (Tu|v).

2

Lemma A.3.16. With the notations of Definition A.3.14, D(T∗) is dense in H if and only if T is
closable.

Proof : We use the fact that T is closable if and only if Γ(T) ∩ ({0} × H) = {(0, 0)}. First, by
Lemma A.3.15 and since R2 = −IdH, we have

Γ(T∗)⊥ = ((R(Γ(T)))⊥)⊥ = R(Γ(T)) = R(Γ(T)).

Thus, (0, u) ∈ Γ(T) if and only if (−u, 0) ∈ Γ(T∗)⊥, i.e. 0 = ((−u, 0)|(v, T∗v)) = −(u|v)
for all v ∈ D(T∗). Hence, (0, u) ∈ Γ(T) if and only if u ∈ D(T∗)⊥. Therefore, T is closable
if and only if D(T∗)⊥ = {0}, which is equivalent to D(T∗) being dense inH.

2

Remark A.3.17. By Lemma A.3.15, we obtain that T∗ is always closed. Indeed, its graph is the orthog-
onal of a subspace, hence it is closed.

Proposition A.3.18. If T is closable, then (T∗)∗ = T.

Proof : We again use Lemma A.3.15 and the fact that R, being an isometry, commutes with ⊥.
Thus,

Γ(T∗∗) = R2(Γ(T)⊥⊥) = −Γ(T) = Γ(T).

2
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Proposition A.3.19. Let T be a bijective operator. Then T∗ is also bijective and (T∗)−1 = (T−1)∗.

Definition A.3.20. An operator T is said to be symmetric when

∀u, v ∈ D(T), (Tu|v) = (u|Tv).

An unbounded operator T is said to be self-adjoint when T = T∗.

Proposition A.3.21. Let T be a self-adjoint operator. Then T is closed and symmetric.

Remark A.3.22. Warning: the converse is only true for bounded operators. Indeed, one can show that
if we consider (A0, D(A0)) defined by D(A0) = C∞

0 (]0, 1[) and A0u = iu′′, then A0 is symmetric, as
well as its closure A0, which is moreover closed. However, one can show that A0 is not self-adjoint since
D(A0) = H1

0(]0, 1[) whereas D((A0)∗) = H1(]0, 1[).

Remark A.3.23. Since T is symmetric if and only if T ⊂ T∗, every symmetric operator is closable.

Example A.3.24. 1. As in the bounded case, a multiplication operator is self-adjoint if and only if
the function φ defining it is real-valued.

2. The free Schrödinger operator, defined by D(H0) = H2(Rd) (Sobolev space) and for all ψ ∈
H2(Rd), H0ψ = −∆ψ, is self-adjoint.

This second point reduces to the first via the Fourier transform, which is unitary.

Since a closed and symmetric operator is not necessarily self-adjoint, one can give a characteri-
zation result for self-adjoint operators among symmetric operators. This is important since the
main results, namely the spectral theorem and Stone’s theorem, are only valid for self-adjoint
operators.

Theorem A.3.25. Let T be a symmetric operator onH. The following conditions are equivalent.

1. T is self-adjoint.

2. T is closed and Ker (T∗ − i) = Ker (T∗ + i) = {0}.

3. There exists λ ∈ C such that Im (T − λ) = Im (T − λ) = H.

Proof : See [22], Theorem VIII.3, page 256.
2

In many cases, the operators under consideration will be symmetric but not necessarily
closed, and therefore not self-adjoint. Since a symmetric operator is closable, one would then
like at least its closure to be self-adjoint. This leads to the following definition.

Definition A.3.26. A symmetric operator T is said to be essentially self-adjoint if its closure T is a
self-adjoint operator.

Proposition A.3.27. If T is essentially self-adjoint, then it admits a unique self-adjoint extension, T∗∗.

Proof : Indeed, let S be such an extension of T. Then S is closed and since T ⊂ S, we have
T∗∗ ⊂ S. Hence, S = S∗ ⊂ (T∗∗)∗ = T∗∗ and therefore S = T∗∗.

2

Remark A.3.28. In general, a symmetric operator may admit several self-adjoint extensions, and even
infinitely many. Indeed, if D(T) is the set of absolutely continuous functions on [0, 1] vanishing at
0 and 1, and if T is given by i d

dx on D(T), then for any α ∈ C, |α| = 1, the operator (Tα, D(Tα)),
defined by the same formula as T but on the set of absolutely continuous functions φ on [0, 1] such that
φ(0) = αφ(1), is a self-adjoint extension of T.
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Finally, one can state the analogue of Theorem A.3.25 for essentially self-adjoint operators.

Corollary A.3.29. Let T be a symmetric operator onH. The following conditions are equivalent.

1. T is essentially self-adjoint.

2. Ker (T∗ − i) = Ker (T∗ + i) = {0}.

3. Im (T ± i) are dense inH.

These criteria for self-adjointness make it possible to prove an essential result concerning
the self-adjoint or essentially self-adjoint character of the sum of two self-adjoint operators,
namely the Kato-Rellich theorem.

Let (T, D(T)) and (S, D(S)) be two self-adjoint operators. We set D(T + S) = D(T)∩D(S)
and define T+S on this space. It is clear that if T and S are bounded, then T+S is bounded and
self-adjoint. In the case where one of the two is unbounded, an additional criterion is needed.
In particular, this makes it possible to obtain conditions for self-adjointness of an operator of
the form −∆ + V (see [18], p57-62.)

Definition A.3.30. The operator S is said to be T-bounded if D(T) ⊂ D(S) and if there exist strictly
positive constants a and b such that

∀u ∈ D(T), ||Su|| ≤ a||Tu||+ b||u||.

The infimum of the real numbers a for which such a b exists is called the relative bound of S with respect
to T.

Theorem A.3.31 (Kato-Rellich). Let T be self-adjoint and let S be symmetric and relatively bounded
with respect to T with relative bound a < 1. Then T + S is self-adjoint on D(T) and essentially
self-adjoint on any core for T.

Proof : According to Theorem A.3.25, it suffices to prove that for a suitably chosen λ ∈ R,
Im (T + S± iλ) = H. Since T is self-adjoint, its spectrum is contained in R, so we can
consider the operator S(T ± iλ)−1 from H into H. Moreover, since T is self-adjoint, for
all u ∈ D(T),

||(T ± iλ)u||2 = ||Tu||2 + λ2||u||2.

Applying this equality to u = (T ± iλ)−1v for arbitrary v ∈ H, we obtain

||v||2 = ||T(T ± iλ)−1v||2 + λ2||(T ± iλ)−1v||2 ≥ ||T(T ± iλ)−1v||2

as well as
λ2||(T ± iλ)−1v||2 ≤ ||v||2,

which implies that ||(T ± iλ)−1v|| ≤ 1
|λ| ||v||.

Moreover, since S is T-bounded with relative bound a < 1, for any a < a′ < 1, there
exists b′ > 0 such that, for all u ∈ H,

||S(T ± iλ)−1u|| ≤ a′||T(T ± iλ)−1u||+ b′||(T ± iλ)−1u|| ≤ (a′ +
b′

|λ| )||u||.

One can then choose λ such that a′ + b′
|λ| < 1. This implies, by the Neumann series

lemma, that Id + S(T ± iλ)−1 is invertible and that its inverse is given by

(Id + S(T ± iλ)−1)−1 = ∑
n≥0

(−1)n(S(T ± iλ)−1)n,
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and is bounded. Since T ± iλ is invertible from D(T) into H with bounded inverse, it
follows that the same is true for T + S± iλ, whose bounded inverse is given by

(T + S± iλ)−1 = (T ± iλ)−1(Id + S(T ± iλ)−1)−1.

In particular, Im (T + S± iλ) = H, and T + S is self-adjoint.

Let D be a core for T. Since Id + S|D(T ± iλ)−1 extends to a bounded operator and since
this operator is invertible for sufficiently large λ, it follows from

(T + S)D ± iλ = (Id + S|D(T ± iλ)−1)(T|D ± iλ)−1,

by passing to the inverse, that this inverse has a bounded closure and in particular that
Im ((T + S)D ± iλ) = H. Thus, T + S is essentially self-adjoint on D.

2

A.4 Spectrum of a closed operator

Let (T, D(T)) be an unbounded operator. We begin by defining the resolvent set of T as

ρ(T) = {λ ∈ C, T − λ is bijective from D(T) intoH and (T − λ)−1 is bounded}.

Definition A.4.1. The spectrum of an operator T is the complement of its resolvent set:

σ(T) = C \ ρ(T).

In infinite dimension, the spectrum of an operator is not composed solely of its eigenvalues.
The point spectrum is defined as the set of eigenvalues of T and is denoted by

σp(T) = {λ ∈ C | ∃u ̸= 0, Tu = λu}.

We then have
σp(T) ⊂ σ(T).

When T is moreover closed, by the bijection theorem (a corollary of the closed graph theo-
rem), if T − λ is bijective, then its inverse is automatically continuous. Thus, for T closed,

ρ(T) = {λ ∈ C, T − λ is bijective from D(T) intoH}.

We then introduce the resolvent of T:

Definition A.4.2. Let T be a closed operator and let λ ∈ ρ(T). The mapping

Rλ(T) :
H → D(T)
v 7→ (T − λ)−1v

is called the resolvent of T at the point λ.

For closed operators, the spectrum has good properties, as does the resolvent.

Proposition A.4.3. Let T be a closed operator. Then

1. σ(T) is closed.

2. The mapping
ρ(T) → L(H)

λ 7→ (T − λ)−1 is holomorphic on the open set ρ(T).
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3. If T∗ denotes the adjoint of T, then σ(T∗) = σ(T) and ρ(T∗) = ρ(T).

4. If T is self-adjoint, then σ(T) ⊂ R.

Proof : 1. Let λ0 ∈ ρ(T). Then Rλ0(T) is linear and

Γ(Rλ0(T)) = {(u, (T − λ0)
−1u) |u ∈ H} = {(u, v) | (v, u) ∈ Γ(T − λ0)}.

Now, Γ(T − λ0) is closed since Γ(T) is closed because T is closed, hence Γ(Rλ0(T)) is
closed. Since Rλ0(T) is defined on the whole space H, by the closed graph theorem we
have Rλ0(T) ∈ L(H). Moreover,

T − λ = (T − λ0)− (λ− λ0) = (Id− (λ− λ0)Rλ0(T))(T − λ0).

Since T − λ0 is bijective from D(T) onto H, T − λ is bijective if and only if Id − (λ −
λ0)Rλ0(T) : H → H is bijective. As Rλ0(T) is bounded, if |λ − λ0|||Rλ0(T)||L(H) < 1
then λ ∈ ρ(T) (Neumann series lemma). Hence ρ(T) is open and σ(T) is closed.

2. Moreover, if |λ− λ0|||Rλ0(T)||L(H) < 1, then

(Id− (λ− λ0)Rλ0(T))
−1 =

∞

∑
n=0

(λ− λ0)
n(Rλ0(T))

n

and

(T − λ)−1 = (T − λ0)
−1(Id− (λ− λ0)Rλ0(T))

−1 =
∞

∑
n=0

(λ− λ0)
n(Rλ0(T))

n+1,

which proves the second point.

3. We prove the equality of the resolvent sets by double inclusion. Assume λ ∈ ρ(T).
Then T − λ is bijective and closed. Hence (T − λ)∗ is injective (since Ker ((T − λ)∗) =
(Im (T − λ))⊥ = H⊥ = {0}) and therefore bijective. Indeed, it is surjective since T − λ
is injective and closed. Moreover, ((T − λ)∗)−1 = ((T − λ)−1)∗. Since (T − λ)−1 is
bounded, so is ((T − λ)−1)∗. Furthermore (T − λ)∗ = T∗ − λ, hence λ ∈ ρ(T∗), which
yields the inclusion ρ(T) ⊂ ρ(T∗). Then

ρ(T∗) ⊂ ρ((T∗)∗) = ρ(T) = ρ(T),

which gives the reverse inclusion, and by taking complements, the desired equality of
spectra.

4. Let λ and µ be two real numbers. Then, by a direct computation, for all u ∈ H,

∥(T − (λ + iµ))u∥2 = ∥(T − λ)u∥2 + µ2∥u∥2.

Thus, for all u ∈ H, ∥(T − (λ + iµ))u∥2 ≥ µ2∥u∥2. If µ ̸= 0, T − (λ + iµ) is injective.

Assume that Im (T − (λ + iµ)) ̸= H. Then Ker (T∗ − (λ + iµ))⊥ = Im (T − (λ + iµ)) ̸=
H and Ker (T∗− (λ + iµ)) = Im (T − (λ + iµ))

⊥ ̸= {0}, so that λ− iµ ∈ σp(T∗) = σp(T)
since T = T∗.

But this is impossible since, for all u ∈ H, ∥(T − (λ− iµ))u∥2 ≥ µ2∥u∥2.

Hence Im (T − (λ + iµ)) = H and since T is closed, we deduce that T − (λ + iµ) is
bijective and has a bounded inverse on its image, which is closed. Therefore, if µ ̸= 0,
λ + iµ ∈ ρ(T), which proves that σ(T) ⊂ R by contraposition.

2
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Proposition A.4.4. Let T be a closed operator. The family {Rλ(T) | λ ∈ ρ(T)} is commutative and
satisfies:

∀λ, µ ∈ ρ(T), Rλ(T)− Rµ(T) = (λ− µ)Rλ(T)Rµ(T).

Moreover, for all λ ∈ C, (Rλ(T))∗ = Rλ(T).

Proof : We write

Rλ(T)− Rµ(T) = Rλ(T)(T − µ)Rµ(T)− Rλ(T)(T − λ)Rµ(T) = (λ− µ)Rλ(T)Rµ(T).

Then, by exchanging λ and µ, we see that Rµ(T) and Rλ(T) commute.
2

This relation is called the first resolvent identity.

Theorem A.4.5 (Weyl’s criterion). Let T be a self-adjoint operator. Then λ ∈ σ(T) if and only if
there exists a family {un}n∈N of elements of D(T) such that ||un|| = 1 and ||(T − λ)un|| −−−−→

n→+∞
0.

Proof : Let us prove the converse implication. Suppose that there exists a family {un}n∈N of
elements of D(T) such that ||un|| = 1 and ||(T − λ)un|| −−−−→

n→+∞
0. Assume, by contradic-

tion, that λ ∈ ρ(T). Then

∀n ∈N, 1 = ||un|| = ||(T − λ)−1(T − λ)un|| ≤ |||(T − λ)−1||| · ||(T − λ)un|| −−−−→
n→+∞

0.

This yields a contradiction, and thus λ ∈ σ(T).

For the other implication, we will need the spectral theorem proved later, which is why
we must assume that T is self-adjoint.

2

A.5 On compact (self-adjoints) operators

Recall that an operator T : E→ F is said to be compact when T(BE) is compact in F, where BE
is the unit ball of E. If T is compact, T is bounded.
We have the following results for the spectrum of compact operators.

Theorem A.5.1 (Riesz-Schauder). Let E be a Banach space, and T ∈ B∞(E). Then, σ(T) \ {0}
is a discrete set in C consisting of finite multiplicity eigenvalues of T. Additionally, if E is of infinite
dimension, 0 ∈ σ(T).

Note that when 0 ∈ σ(T), 0 might not be an eigenvalue of T. Moreover, 0 could be an accumu-
lation point of σ(T).

Theorem A.5.2 (Spectral Theorem for Self-adjoint Compact Operators). Let T ∈ L(H) be a self-
adjoint compact operator. Denote the non-zero eigenvalues of T by {λ1, λ2, . . .} and Pn as the projection
of H onto Ker (T − λn). Then, for n ̸= m, PnPm = PmPn = 0, and Pn is of finite rank. Moreover, if T
has finite rank, the set of eigenvalues of T is finite, and if T does not have finite rank, λn → 0 as n tends
to infinity. Finally,

T =
∞

∑
n=1

λnPn

where the series converges in the operator norm (or is a finite sum in the case where T has finite rank).

Corollary A.5.3. Let T ∈ L(H) be a compact self-adjoint operator. There exists a Hilbert basis
(ϕn)n∈N of H such that, for all n ∈ N, there exists a real number λn such that Tϕn = λnϕn and
λn → 0 as n tends to infinity.
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A.6 The spectral theorem for self-adjoints operators

We will generalize the classical result asserting that any real symmetric matrix is diagonaliz-
able in an orthonormal basis to the framework of self-adjoints operators on a Hilbert space.
A good way to state this theorem for matrices is to write that for any real symmetric matrix
A ∈ Mn(R), there exist real numbers λ1, . . . , λn and orthogonal projectors P1, . . . , Pn such that:

A = λ1P1 + · · ·+ λnPn.

It is this formulation that we will generalize to infinite dimension by transforming the sum
into an integral against measures with projector values.

A.6.1 Spectral Families

Definition A.6.1. A spectral family (or identity resolution) on H is a function E : R → L(H) such
that:

1. For all t ∈ R, E(t) is an orthogonal projection, i.e., E(t)2 = E(t) and E(t)∗ = E(t).

2. Monotonicity: ∀s ≤ t, E(s) ≤ E(t), i.e., ∀u ∈ H, (E(s)u|u) ≤ (E(t)u|u).

3. Right-continuous: ∀u ∈ H, E(t + ε)u −−−→
ε→0+

E(t)u.

4. Normalization at infinity: ∀u ∈ H, E(t)u −−−→
t→−∞

0 and E(t)u −−−→
t→+∞

u.

In particular, points 1 and 2 imply that E(t)E(s) = E(s)E(t) for all s, t and if s ≤ t,
E(s)E(t) = E(s).

Also: ∀u ∈ H, ∀t ∈ R, (E(t)u|u) = ||E(t)u||2 ≥ 0 (or with 2 and letting s tend to −∞ for a
fixed t).

Remark A.6.2. The concept of a spectral family is analogous to the cumulative distribution function of
a random variable in probabilities.

Example A.6.3. Let M ⊂ Rd be measurable and g : M→ R be measurable. We define M(t) = {x ∈
M | g(x) ≤ t}. Then M(t) increases towards M in terms of inclusion. We then define for u ∈ L2(M)
and t ∈ R, E(t)u = χM(t)u. Then, E : t 7→ E(t) is a spectral family.

Example A.6.4. If T is a self-adjoint operator, with a discrete spectrum and such that for all u ∈ H,
(Tu|u) ≥ C||u||2, then there exists a sequence λi of real numbers increasing towards infinity and an
orthonormal basis {ui}i∈N ofH such that

∀u ∈ H, Tu =
+∞

∑
i=0

λi(u|ui)ui.

This resembles the spectral theorem for self-adjoint compact operators. We then define for all t ∈ R,
E(t) as the orthogonal projector onto Vect{u0, . . . uj|λj ≤ t}. Then t 7→ E(t) is a spectral family.

A.6.2 Spectral Theorem

Let u, v ∈ H. By the polarization identity, the function Fu,v(λ) = (E(λ)u|v) is a complex linear
combination of four right-continuous, non-decreasing functions at every point:

Fu,v(λ) =
1
4

(
∥E(λ)(u + v)∥2 − ∥E(λ)(u− v)∥2 + i ∥E(λ)(u + iv)∥2 − i ∥E(λ)(u− iv)∥2

)
,
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and we note this expression as Fu,v(λ) = α1F1(λ) + · · · + α4F4(λ). According to the Stieljes
integration theory, there exist four Borel measures µ1, . . . , µ4 corresponding to Fi such that for
any function ϕ in L1(R, µ1 + · · ·+ µ4),∫

R
ϕ(λ)dFu,v(λ) = α1

∫
R

ϕ(λ)dµ1 + · · ·+ α4

∫
R

ϕ(λ)dµ4.

The measures µi depend on u and v, and, by the normalization property of spectral families,
each µi is a finite measure. Indeed, we have µ1(R) ≤ ∥u + v∥2, . . . , µ4(R) ≤ ∥u− iv∥2.

Example A.6.5. Let’s revisit the second example from the previous section. If u ∈ H, then Fu,u(λ) =
(E(λ)u|u). If u = u0, then for λ < λ0, Fu0,u0(λ) = 0 and for λ ≥ λ0, Fu0,u0(λ) = ||u0||2 = 1.
Therefore, dFu0,u0 = δλ0 . If u = au0 + bu1, then dFu,u = |a|2δλ0 + |b|2δλ1 . More generally, if
u = ∑+∞

i=0 aiui with ∑ |ai|2 < +∞, then dFu,u = ∑+∞
i=0 |ai|2δλi .

We can now state the spectral theorem for self-adjoint operators.

Theorem A.6.6 (Spectral Theorem for Bounded Operators). Let T be a self-adjoint operator. There
exists a unique spectral family E : R→ L(H) such that

T =
∫

R
λ dE(λ) =

∫
σ(T)

λ dE(λ)

where, for all u, v ∈ H,

(Tu|v) =
∫

σ(T)
λ dFu,v(λ).

Proof : We outline the main steps of the construction.

We start by defining for z ∈ C, Im z ̸= 0, and u ∈ H, F(z) = (Rz(T)u|u). Then F
is holomorphic in the upper complex half-plane, and we verify that Im F(z) > 0. It is
therefore a Herglotz function that satisfies the inequality

|F(z)| ≤ C
|Im z| .

We can thus associate it with a positive Borel measure of finite mass, with a distribution
function wu such that

F(z) =
∫ +∞

−∞

1
z− λ

dwu(λ).

Through polarization, we then obtain a complex Borel measure dwu,v that similarly rep-
resents (Rz(T)u|v) for all u, v ∈ H. Moreover, by harmonic analysis results,

wu,v(λ) = lim
δ→0

lim
ε→0

∫ λ+δ

−∞
((Rs−iε(T)− Rs+iε)u, v)ds.

Now, the map (u, v) 7→ wu,v(λ) is a continuous sesquilinear form, so for any λ ∈ R, there
exists a unique operator E(λ) ∈ L(H) such that

wu,v(λ) = (E(λ)u|v).

We then demonstrate that λ 7→ E(λ) is a spectral family that satisfies the desired repre-
sentation formula for T.

2
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A.6.3 Functional Calculus

If ϕ : R → C is a locally bounded Borel map on R and T is a self-adjoint operator, we can
define the operator ϕ(T) as follows:

∀u, v ∈ H, (ϕ(T)u|v) =
∫

σ(T)
ϕ(λ)dFu,v(λ),

where Fu,v comes from the spectral family associated with T via the spectral theorem. This
allows the development of a functional calculus on self-adjoint operators.
Note that if ϕ takes real values, then ϕ(T) is also self-adjoint. Then we have the following
property.

Proposition A.6.7. Let f and g be two bounded Borel functions and T a self-adjoint operator. For all
u, v ∈ H,

( f (T)u|g(T)v) =
∫

R
f (λ)g(λ)dFu,v(λ),

where Fu,v(λ) = (E(λ)u|v) with E being the spectral family associated with T.

Proof : This is demonstrated by considering f and g as indicator functions of Borel sets, then
by linear combinations of such functions (step functions), and eventually passing to the
limit.

2

An initial application of functional calculus is the following formula for the resolvent of a
self-adjoint operator.

Proposition A.6.8. Let T be a self-adjoint operator. Let z ∈ C, z /∈ σ(T). Then

Rz(T) = (z− T)−1 =
∫

R

1
z− λ

dE(λ)

where E is the spectral family associated with T. Furthermore,

||(z− T)−1|| ≤ 1
dist(z, σ(T))

.

Proof : The first point follows immediately from the definition of functional calculus. Then, for
u ∈ H,

||(z− T)−1u||2 = ((z− T)−1u|(z− T)−1u)

=
∫

σ(T)
(z− λ)−1(z− λ)−1d(E(λ)u|u)

=
∫

σ(T)
|(z− λ)|−2d(E(λ)u|u)

≤ sup
λ∈σ(T)

|z− λ|−2
∫

R
d(E(λ)u|u) = 1

(dist(z, σ(T)))2 ||u||
2.

2

The spectral theorem also allows us to define the notion of a spectral projector on a Borel set B
in R using the formula:

EB = 1B(T).

In particular, if B is an interval and if E is the spectral family associated with T, let’s denote

E(a,b) = E(b−)− E(a+) and E[a,b] = E(b+)− E(a−).

page 140 Random operators and Anderson localization



A.6 The spectral theorem for self-adjoints operators

Proposition A.6.9 (Stone’s formula.). Let T be a self-adjoint operator. For all a < b,

s− lim
ε→0

1
2iπ

∫ b

a
(Rs−iε(T)− Rs+iε(T))ds =

1
2

(
E[a,b] + E(a,b)

)
.

Proof : For a complete and detailed proof, see [16], Theorem 2.13, page 37.
2

Using the spectral theorem and the functional calculus it induces, we can define for t ∈ R

and T a self-adjoint operator, the unitary operator U(t) = eitT. Let’s summarize the properties
of this operator.

Proposition A.6.10. 1. For any t ∈ R, U(t) is unitary, and if s, t ∈ R, U(t + s) = U(t)U(s).

2. If ψ ∈ H then U(t)ψ −−→
t→t0

U(t0)ψ.

3. If ψ ∈ H, then U(t)ψ−ψ
t −−→

t→0
iTψ.

Proof : See Theorem VIII.7 in [22].
2

The unitary operator U(t) allows to solve the Schrödinger equation:{
∂tψ = iTψ

ψ|t=0 = ψ0
with ψ0 ∈ D(T).

Indeed, for any t ≥ 0, ψ(t) = U(t)ψ0.
This result of existence for a Schrödinger equation admits a reciprocal, the Stone’s theorem.

Definition A.6.11. An operator-valued function t 7→ U(t) which satisfies properties 1 and 2 of Propo-
sition A.6.10 is called a strongly continuous one-parameter unitary group.

Theorem A.6.12. Let t 7→ U(t) be a strongly continuous one-parameter unitary group on a Hilbert
space H. Then there exists a self-adjoint operator T on H such that for all t ∈ R, U(t) = eitT. The
operator T is called the infinitesimal generator of U.

Proof : The construction of this infinitesimal generator is given in Theorem VIII.8 in [22].
2
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