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Chapter 1

Anderson model

1.1 The physical phenomenon

In an ideal crystal, made up of atoms arranged on a periodic lattice, an electron can move
without encountering any obstacle: if the crystal has an energy taking certain values above a
minimal energy, it then behaves as an electrical conductor. These energies correspond to what
is called the spectrum of the crystal and take values in given intervals, somewhat like the lines
of the hydrogen atom spectrum, with thickness added.

However, in nature, ideal crystals do not exist; they always contain defects. These defects
or impurities can be of different kinds. For example, one can observe the presence of ionized
atoms in the lattice forming the crystal or, in the case where the crystal is not made up of iden-
tical atoms but results from an alloy of several materials, it may happen that the lattice is no
longer perfectly periodic, but that here and there an atom is not located at the correct position.
Finally, some atoms are sometimes slightly displaced with respect to their ideal position on the
periodic lattice. In all these cases, the physical properties of the crystal are modified.

1



Chapter 1. Anderson model
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How can one then model these impurities in a crystal and their impact on electronic trans-
port? The first to propose a model explaining the effects of disorder on the quantum behavior
of electrons in an imperfect crystal was the American physicist Philip Warren Anderson in a
seminal 1958 paper. By introducing random terms into the Schrodinger equation (the equa-
tion governing the quantum behavior of electrons in the crystal), two new phenomena were
highlighted: Anderson localization and the Anderson transition for three-dimensional crys-
tals. These discoveries earned him the Nobel Prize in Physics in 1977, jointly with Nevill Mott
and John van Vleck.

The phenomenon of Anderson localization can be stated as follows: at a fixed energy of the
spectrum, beyond a certain amount of disorder in the crystal, the electron ceases to move freely
through it and remains confined in a localized region. The crystal ceases to be a conductor and
becomes an insulator. To explain this phenomenon, one must recall that in quantum mechan-
ics, an electron can just as well be viewed as a particle endowed with mass as an associated
wave: this is the wave-particle duality discovered by Louis de Broglie in 1924. Thus, at each
collision of the electron with an impurity of the crystal, its associated wave is scattered.
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The “mean free path” is defined as the average distance traveled by the electron between
two collisions. One might expect that as disorder increases, the mean free path decreases con-
tinuously. But this is not what happens. After a certain critical amount of impurities, the diffu-
sion of the electron stops abruptly. This sudden halt occurs when the mean free path becomes

page 2 Random operators and Anderson localization



1.1 The physical phenomenon

shorter than the wavelength of the electron: if the wave is scattered before even completing a
tirst period, it can no longer truly be regarded as a wave...

Longueur YA
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5 | -;_’:__I parcours
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The phenomenon of localization goes beyond the framework of quantum mechanics. It can
be observed in other situations where a wave propagates in a disordered medium. This may
be the case for light waves, microwaves, or acoustic waves.

From a mathematical point of view, Anderson localization is now a relatively well-understood
phenomenon. The first mathematically rigorous proofs date back to the 1970s with the work
of Goldsheid, Molchanov, and Pastur, followed by that of Kunz and Souillard. These first rig-
orous results all concerned one-dimensional crystal models. From there, the study of random
operators became a very active research area. As early as 1983, Frohlich and Spencer, by in-
troducing multiscale analysis, succeeded in obtaining a first proof of Anderson localization
for crystals of arbitrary dimension, when their energy is close to the minimal energy. This
mathematical technique was subsequently widely used to obtain various results related to the
Anderson model and other models in condensed matter physics. In 2001, Damanik, Sims, and
Stolz proved that Anderson localization occurs at all energies of the spectrum for a weakly
disordered one-dimensional crystal governed by the Anderson model, thus completing the
study of this model in dimension 1. It remains today to prove an important and very diffi-
cult conjecture asserting that Anderson localization also occurs at all energies for a disordered
two-dimensional crystal. In dimension 2 and higher, we only know that Anderson localiza-
tion manifests itself for energies close to the minimal energy; we know nothing for the other
energies.

The second phenomenon discovered after the introduction of the Anderson model is the ex-
istence of a transition between an insulating state and a conducting state for a three-dimensional
crystal at a certain critical energy, regardless of the amount of impurities in the crystal. For
one-dimensional and two-dimensional crystals, this transition does not exist: at any energy,
Anderson localization appears for sufficiently large disorder. Let us specify that this is well
proved in dimension 1 but remains a conjecture in dimension 2. Mathematical research on
the proof of this Anderson transition is very active, but has not yet led to rigorous results for
the Anderson model. Initial results by Germinet, Klein, and Schencker or by Aizenmann and
Warzel have highlighted this transition for other random models, but the techniques employed
do not yet seem sufficient to obtain a rigorous proof of the existence of the Anderson transition
in dimensions higher than 3.

It should be specified here that the Anderson mathematical model does not take into ac-
count the interactions between the electrons moving in the crystal and those associated with
the atoms forming the lattice. A priori, the electrons circulating in the crystal interact with the
electrons of the lattice, and the latter are themselves modified by the presence of the former.
Taking these interactions into account could lead to results very different from those cited
above, such as, for example, the appearance of the insulator-conductor transition in dimen-
sions 1 and 2 and not only in dimensions higher than 3.

Random operators and Anderson localization page 3



Chapter 1. Anderson model

1.2 Mathematical modeling

1.2.1 Reminders of quantum mechanics

Let us first recall that in quantum mechanics, the state of a system of N particles is described
by its wave function
CRWNXxR — C
Uwn o g

with ¢ € L2(R3N x R). The probability density of presence of the system at time t is then
given by x — |¢(x,t)|?, i.e., if A is a Borel subset of R?",

P((Xl,. . .,XN) € A) = |I,U(X1,. .., XN, t)|2dx1 - day.
A

Moreover,
\v4 R x x zdx codaxny =
te ,/3N|¢( 17y Nlt)| 1 N 1.

The evolution of the system is then described through the Schrédinger equation as we have
already seen in the previous chapter. If the classical energy of the system is given by the Hamil-
tonian H(x1,...,xN, p1,-- ., PN), one defines by (Weyl) quantization the self-adjoint operator

H = H(xl,. . .,XN,—ihaxl,.. .,—ihaxN).

For example, if H(x,p) = % + V(xy,...,xN), then H = —%A + V. The Laplacian thus
corresponds to the kinetic energy of the system and the operator of multiplication by V' to the
potential energy of the system, that is, its interaction with its environment.

Moreover, any quantity associated with the system that can be measured is called an observ-
able. For example, energy is one, but so is the position x of a particle, even if one prefers to it

the probability of being in a Borel set A defined above.

The postulates of quantum mechanics can be summarized as follows:
1. The configuration space of a quantum system is a Hilbert space (#, (-|-)).
2. The possible states of the system are the elements of H of norm 1.

3. An observable h of a quantum system is represented by a linear self-adjoint operator H

on H.

4. If the system is in the state 1, the value of the measurement § at time ¢ is the real number
Ey = (y[Hy).

5. Since this expectation is not always finite, in general H is only defined on a dense sub-
space D(H) of H.

1.2.2 The Anderson model

We wish to study the evolution of an electron in a crystal. If the crystal is perfect, the atoms are
distributed on a periodic lattice, for example Z“. At the point x € RY, the electron experiences
a potential of the form qf (x — i) due to an atom of charge g located ati € Z“. The total potential
experienced by the electron in the crystal is therefore

V(x) = ¥ af(x—i).

icz?

page 4 Random operators and Anderson localization



1.2 Mathematical modeling

There are several ways to model disorder in a crystal. We begin by presenting Anderson’s idea.
To model imperfections in the crystal, one can consider the charge of the atoms in the crystal
as a random variable. This leads to considering a potential experienced at the point x of the

form
Vo(x) = ) qi(w)f(x —1),
iez?
where the ¢; are i.i.d. random variables on a probability space (Q), A, P). A priori, the g; take
only finitely many values, but we will see later that in order to carry out the mathematical

study of the Schrodinger operator associated with this potential, it may be simpler to consider
the case where the g; have a continuous distribution.

This idea leads to introducing a random family of Schrodinger operators:

Yw e, HA = —A; + Y gi(w)f(x—1i),
i€z

acting on the Sobolev space H?(R?), where f is a function supported in the unit cube [0, 1]“.
The family of operators { HA} < is called the continuous Anderson model.
In particular, in dimensiond =1, forall w € (), forall u € Hz(]R) and forall x € R,

(HGu)(x) = —u"(x) + }_ qi(w)f (x = i)u(x).

i€eZ

The discrete analogue of this model is given by

|m—n|=1
acting on ¢%(Z“). In particular, ford = 1, forall w € Q, forall u € ¢*(Z) and foralln € Z,

<hwu)n = _(unfl + un+1> + qn (w>u”

There are other ways to model imperfections in a crystal. For example, one can consider the
random displacement model:

VweQ, H) = =M+ Y flx—i—xi(w)),
icz4

where the x;(w) €] — 3, 1[? are i.id. random variables. For this type of model, one generally

assumes that they follow a Poisson distribution.
Another way to conceive disorder in a crystal is to consider quasi-periodic models. For a €

R\Q,¢ € Tand Q: T — R continuous, one sets

Vx € R, gpa(x) = Q¢ + ax).

This potential is called a quasi-periodic potential of frequency a and phase ¢. One then defines

d2
Vo e R\Q, V¢ € T, Hyp = e + Gap (%),

acting on H2(IR). Similarly, in the discrete case: Va € R\ Q, V¢ € T, Yu € (*(Z),Vn € Z,

(hoc,zpu)n = —(Uup—1+tps1) + qrx,tp(”)”n-

Random operators and Anderson localization page5
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Chapter 2

Spectral types and dynamics

2.1 The spectral theorem for self-adjoint operators

We are going to generalize to the setting of unbounded operators on a Hilbert space the clas-
sical result asserting that any real symmetric matrix can be diagonalized in an orthonormal
basis.
A convenient way to state this theorem for matrices is to write that for any real symmetric
matrix A € M,(R), there exist real numbers A4,...,A, and orthogonal projectors Pi, ..., P,
such that:

A=MPi+ -+ APy

It is this formulation that we are going to generalize to infinite dimension, by transforming the
sum into an integral with respect to projector-valued measures.

Definition 2.1.1. A spectral family (or resolution of the identity) on H is a mapping E : R — L(H)
such that:

1. Forallt € R, E(t) is an orthogonal projection, i.e. E(t)? = E(t) and E(t)* = E(¢t).
2. Vs <t E(s) <E(t),ie. Yu € H,(E(s)ulu) < (E(t)u|u).

3. Strong right continuity: Vu € H, E(t +¢€)u Py E(t)u.
e—

4. Yu € H, E(t)u —— Oand E(t)u — u.
t——o0 t—4-o00

Let u,v € H. We consider the function F,,(A) = (E(A)u|v). It is then a complex linear
combination of four right-continuous increasing functions at every point:

1 : . : :
Fuo(A) =7 (lIE(/\)(M +0)[* = [EQ) (= o) + i | E(A) (u + i) |2 = [|E(A) (u — 1Z))IIZ) ,
and we denote this expression by F,,(A) = a1F(A) 4+ -+ - + aaFs(A). According to Stieltjes

integration theory, there therefore exist four Borel measures yj, ..., u4 corresponding to the F;
such that one can define, for any function ¢ in £}(IR, py + - - - + p4),

| #NdFL() = [ p)dm+--+as [ 9(1)dps

The measures y; depend on 1 and v and, by the normalization property of spectral families,
each y; is a finite measure. Indeed, one has 1 (R) < ||u+v]|%,..., us(R) < ||u — iv||.

We can now state the spectral theorem for self-adjoint operators.

7



Chapter 2. Spectral types and dynamics

Theorem 2.1.2 (Spectral theorem for self-adjoint operators.). Let T be a self-adjoint operator. There
exists a unique spectral family E : R — L(H) such that

T— / AdE(A) = / AdE(A)
R Jo(T)
in the sense that, for all u,v € H,
(Tulv) = / A dE,. (7).
o(T)

If $ : R — C is a locally bounded Borel function on R and if T is a self-adjoint operator,
one can define the operator ¢(T) by:

D(¢(T)) = {ucH] /]R [p(A)[PdFu(A) < +oo}

and

Vi, v € H, (¢(T)uv) = /g i, PEFio (),

where F,, comes from the spectral family associated with T by the spectral theorem. This
allows one to develop a functional calculus for self-adjoint operators.
Note that if ¢ is real-valued, then ¢(T) is also self-adjoint.

A first application of the functional calculus is the following formula for the resolvent of a
self-adjoint operator.

Proposition 2.1.3. Let T be a self-adjoint operator. Let z € C, z & o(T). Then

1
(o1
R(T) = (=T)7' = [ —5dEQY)
where E is the spectral family associated with T. Moreover,
1

1= < faiem)

Proof : The first point follows immediately from the definition of the functional calculus. Then,
ifue™H,

1z =T) " ul? = ((z—T) "ul(z—T)u)
- /U(T)(Z—A)1(z—A)—1d(E(A)u]u)

= [ )z = I PAEWul)

a2 u) — 1 2
< sup Jz=A S AEW ) = el

O

The spectral theorem also makes it possible to define the notion of a spectral projector on a
Borel set B of R via the formula:
Ep = 15(T).

In particular, if B is an interval and if E is the spectral family associated with T, let us note

Eqp = E(b7) — E(a") and Ejop = E(b™)—E(a™).

page 8 Random operators and Anderson localization



2.2 Spectral types

2.2 Spectral types

Let T be a self-adjoint operator on a Hilbert space H. Let E : R — L(H) be the spectral
family associated with T. For u € H, we will denote throughout by y, the spectral measure
associated with T and u, defined by:

Vt € R, py((—oo,t)) = (E(t)ulu).

This is the measure associated with the function F, , defined previously.

2.21 Spectrum, point spectrum, and spectral measures
We begin by giving a characterization of the spectrum in terms of spectral measures.
Proposition 2.2.1. The following are equivalent:

1. Aeo(T).

2. Foreverye >0,E(A+¢€) —E(A —¢) = E(r_gatq] 7 0.

3. For every € > 0, there exists u = u, € D(T) such that p, ((A —¢, A +¢]) > 0.

Proof : Assume 1 and prove 2. Let A € o(T). Suppose, by contradiction, that there exists ¢ > 0
such that E(A +¢) — E(A —¢) = 0. By Weyl’s criterion, there exists a sequence (u,),eN
in D(T) such that ||u,|| = 1forall nand (T — A)u, — 0. Then

+o00
T =Myl P = [ A= tPdp, (1)

Now, E is constant on (A — ¢, A + €], hence for all u € #, the function t — i, ((—00,])
vanishes on this interval. Therefore,

—+o0
A —t2d t:/ A —t2d t>2/ du, (t) = & 2,
/ N | |“dptu, (t) R\(H’M}I |“dptu, (t) > & R\ (Aot P, (1) = & [|unl|

Hence ||(T — A)uy||? > €2||u,||> = €2, which contradicts (T — A)u,, — 0. This proves 2.

Assume 2 and prove 1. Let A € R such that for every e > 0, E(A +¢) —E(A —¢) # 0.
Then, for every n > 1, E(A+2) —E(A—1) #0. Letu, € Im (EA+1)—E(A-1))

with [|u,|| = 1. Then E(A_;,AJFL)}L[” = u, for all n > 1, and since p,, (R \ (A — %,/\—i—

1)]) = 0, we have

1T = Dl P = | 5

A—tAd £ <
(A—LA+1)] | ", () <

By Weyl's criterion, A € o(T).
Assume 2. Letu € Im (E(A +¢) — E(A —¢)) with ||u|| = 1. Then p,(R\ (A —¢, A +¢]) =
0, hence iy ((A — ¢, A +¢]) > 0, which gives 3.

If there exists ¢ > 0 such that E(A +¢) —E(A —¢) =0, thenforallu € H, uy, (A —¢, A +

e]) = 0. Thus 3 implies 2 by contraposition.
O

Corollary 2.2.2. We have:

o(T) = U supp py # D.
ueH
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Chapter 2. Spectral types and dynamics

Recall that the point spectrum of T is the set of its eigenvalues:
0,(T) = {A € C| T — Ais not injective }.
Proposition 2.2.3. The following are equivalent:
1. A€ oy(T).
2. Eqjy = E(A) — E(A7) # 0 (discontinuity).
3. There exists u € D(T) such that u, ({A}) > 0.

Proof : Assertions 2 and 3 are equivalent since p, ({A}) = (Eqyyulu) = |[Eqpyull*.
Assume 2 and let u € Im Ey,y, u 7# 0. Then

T =A)ul? = [ 12— tPdu,(t) = 0

since supp p, = {A}. Thus Tu = Au with u # 0, hence A € 0,,(T).

The converse follows from the same computation, starting this time from 0 = ||(T —
Mul?.
O

Remark 2.2.4. This leads to defining the multiplicity of an eigenvalue A € 0,,(T) as the dimension of
Im Ey,y. This multiplicity may be infinite.

Corollary 2.2.5. If A is an isolated point of o(T), then A € o,(T).
Proof : By definition, there exists ¢ > 0 such that (A —¢,A +¢) No(T) = {A}. Hence E,, #

0. Indeed, E(y_.,) = 0since (A —¢g A) No(T) = @. Similarly, E(A +¢) — E(A) = 0.
Therefore E(A) — E(A™) # 0and A € 0,(T).

(]
More precisely, if A is an isolated point of o(T), let ¢ > 0 be such that
(JA —2¢, A[UJA, A +2¢]) No(T) = @.
One can then define the Riesz projection
Py = 1/ (z—T) 'dz
2irt Jc,
where C; is the circle {z € C; |z — A| = ¢} oriented counterclockwise. The integral is well

defined since z — (z — T) ! is analytic in the annulus {z € C; 0 < |z — A| < 2¢}.

Proposition 2.2.6. P, is the spectral projection onto the eigenspace associated with the eigenvalue A.

Proof : See [16], Proposition 3.2, page 42.
(]
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2.2.2 Essential spectrum and discrete spectrum

The last corollary of the previous section leads us to the following distinction.

Definition 2.2.7. The essential spectrum of T is the set
Oess(T) = {A € o(T) | A is not isolated or is an eigenvalue of infinite multiplicity}.
The discrete spectrum of T is the set
04(T) = {A € o(T) | A is isolated and of finite multiplicity}.

Remark 2.2.8. A real number A belongs to the essential spectrum of T if and only if for every e > 0,
the rank of the spectral projection onto the interval (A — ¢, A + ¢€) is infinite.

The spectrum of T is the disjoint union of its essential spectrum and its discrete spectrum.
Moreover, 04(T) C 0,(T).

Example 2.2.9. 1. If T = Idy, then 0(T) = {1} and 0(T) = 0ess(T) if dimH = oo, while
o(T) = 04(T) if dim H < oo.

2. IfdimH < oo, then 0ess(T) = @.

3. If T is compact, then o(T) N (R\ {0}) = o,(T) N (R\ {0}) = 04(T) N (R\ {0}) and
Tess(T) = {0}.

Theorem 2.2.10 (Weyl criterion for the essential spectrum.). Let T be a self-adjoint operator. Then
A € 0ess(T) if and only if there exists an orthonormal family {u, }nen of elements of D(T) such that
(T =AMyl ~— 0.

Proof : We prove the direct implication.

Case 1: if A is an eigenvalue of infinite multiplicity, we take for {u,} an orthonormal
sequence of eigenvectors.

Case 2: if A is not isolated in ¢(T), there exists a sequence (A,) of pairwise distinct ele-
ments of o(T) converging to A. Moreover, for each n, there exists ¢, > 0 such that the
intervals |A,, — €4, A,y + €, ] are pairwise disjoint. Since A, € 0(T), we have E(A, +¢,) —
E(Ay —€,) # 0. We can therefore choose u,, € Im (E(A, +¢,) — E(A, — ¢€,)) such that
||un|| = 1. Moreover,

(n|um) = (E}An—en,)\y,—l-s,,[un‘E]Am—em,Am—Fem[um) = (”n’E}/\n—en,/\n+en[E}Am—e,,,,)»m+em[”m) =0
since Ejy, ¢, Ayt enEJAn—emAnmt+en| = 0 because the two intervals are disjoint. Thus {u,} is
orthonormal. Finally,

1T = A)ual B = [ 16— Mg, (6) < 2010 = AP +3) [ dpn, (8

since supp py, C [Ay — €n, An + €4]. The upper bound tends to 0 because [ dpy, (t) =
a2 = 1

For the converse, suppose that there exists an orthonormal family {1y } nen of elements of
D(T) such that |[(T — A)uy]| — 0. Then for every e > 0, Im (E(A +¢) — E(A —¢)) is
n [ee]

infinite-dimensional. Indeed, if this projection had finite rank, it would be compact and
would map an orthonormal sequence, which converges weakly to 0, to another sequence
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Chapter 2. Spectral types and dynamics

converging weakly to 0. In particular, the sequence (j,,) would then converge vaguely
to 0 on the interval (A — ¢, A + ¢]. Thus we may write:

T = Apual P = [ 1= AP, (1

= t—A 2d t) + / F— A Zd ¢
R\()\*E,)\{»g] | ’ ‘Mun( ) (/\78,/\4’8] | | ]/’un( )

>+ erre |t — A|2dyun(t).

Letting n — oo yields the contradiction 0 > &2.

Therefore, either Im (Ey,,) is infinite-dimensional and A is an eigenvalue of infinite mul-
tiplicity, or this projection has finite rank and Im (E(A + ¢) — E(A — ¢)) is still infinite-
dimensional. In this case, (JA — ¢, A[UJA, A +¢[) No(T) # @, so A is not isolated. Hence

A € ess(T).
O

This Weyl criterion for the essential spectrum allows one to prove a stability result for the
essential spectrum.

Theorem 2.2.11. Let T and S be two self-adjoint operators, with S additionally assumed to be compact.
Then Oess(T + S) = Oess(T).

Proof : We prove the first inclusion. Let A € 0ess(T + S). By Weyl’s criterion, there exists an
orthonormal sequence (u,,),en such that

Since (U, )nen is orthonormal, it converges weakly to 0, and since S is compact, Su, — 0.
Thus ||[(T — A)u,|| e 0, and by the converse of Weyl's criterion, A € 0ess(T).
n 00

The second inclusion follows by applying the first one to T + S, which is self-adjoint
by the Kato—Rellich theorem (since S is compact, hence bounded), and to —S, which is

compact.
O

2.2.3 Pure point, absolutely continuous, and singular continuous spectra

Let p be a Borel measure on R such that #(R) < co. Then u({x}) = 0 except for at most a
countable set of real numbers x.

Definition 2.2.12. Let M be a Borel subset of R.

1. We say that u is a pure point measure if

n(M) =} p({x}).

xeM
In particular, its support is countable.
2. We say that y is a continuous measure if Vx € R, u({x}) =0.

3. We say that u is absolutely continuous with respect to Lebesgue measure if

Leb (M) =0 = u(M) =0,
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4. We say that y is singular continuous if y is continuous and there exists a Borel set S C IR such
that u(S) = 0and Leb(R \ S) = 0.

Example 2.2.13. 1. Pure point measure: the Dirac measure at a point a € R defined by 5,(M) =1
ifa € M and 0 otherwise.

2. Absolutely continuous measure: let f € L(R, Leb). Then the measure y defined by

Vg € QR), [ g(@du(x) = [ gx)f(x)dx

is absolutely continuous with respect to Lebesgue measure. Conversely, by the Radon—Nikodym
theorem, all such measures are of this form and f = % is the Radon—Nikodym derivative of .

3. Singular continuous measure: the Cantor measure, whose distribution function is the Devil’s
staircase defined on the triadic Cantor set.

The interest of these notions is that every finite Borel measure decomposes into a sum of
measures having these properties.

Theorem 2.2.14 (Lebesgue-Radon-Nikodym.). Every finite Borel measure y decomposes uniquely
as

W = Hpp + Hac T+ Hsc

where ypp is a pure point measure, yac is absolutely continuous with respect to Lebesgue measure, and
Usc 15 singular continuous with respect to Lebesgue measure.

Proof : See [21], Section 6.10.
O

We now apply this decomposition of finite Borel measures to the spectral measures associ-
ated with a self-adjoint operator.

Let T be a self-adjoint operator on H and let u € H. Let y, be the spectral measure associ-
ated with T and u. It is a finite Borel measure with values in C a priori. We define:

1. Hpp = {u € H | py is a pure point measure}.
2. Hae = {u € H | py is absolutely continuous}.
3. Hse = {u € H | yy is singular continuous}.

Theorem 2.2.15. Hyp, Hac, and Hse are closed subspaces of H, pairwise orthogonal, and such that
H == pr @ Hac @ HSC-

Moreover, each of these subspaces is invariant under T.

Proof : The first point follows from the fact that if # and v are in Hp, then there exist countable
sets X and Y such that Exu = u and Eyv = v. Then Ex yu = ExuyExu = E(xuy)nxt =
Exu = u, and similarly Exyv = v. Hence Ex y(u + v) = u + v, and X U Y is countable.
The same holds for scalar multiplication. The same argument shows that the other two
sets are vector subspaces. For Hs. one uses the fact that if X and Y are null sets, then
X UY is also a null set.

For the second point, let u € H and write p, = plypp + Puac + Pusc- Let X be a countable
set such that 1, pp (R \ X) = 0. Choose Y such that Y N X = @, Leb(Y) = 0, and pi,sc(R '\
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Y) = 0. Finally, set Z = R\ (XUY). Then R = XU Y U Z is a disjoint union, and we
have piyac = uu(ZN-), puse = pu(Y N -), and pypp = pu (X N -). We write:

u = Eru = Exuyuzu = Exu + Eyu + Ezu.

Moreover, ug,, = Xzpu << Leb, hence Ezu € H,.. Similarly, Eyu € Hs and Exu €
Hpp- Pairwise orthogonality follows from the fact that the projections are orthogonal.

For invariance under T, let u € D(T) and associate to it y,,. We compute pr,. We have

/_too dpru(s) = (E(t)(Tu)|Tu) = (TE(t) Tulu) = (E(id) E(X)—co) E(id)u|u) = (E(id X|_co,p id) |u)

If uy = id X)_co ) id, then u;(s) = s2X]_co g (s). Hence

/_:o dpr,(s) = /_too s2dpu, (s).

Thus ut, = t*p,. We deduce the invariance of the three subspaces under T.

One can then define three spectral types that decompose the spectrum of T.
Definition 2.2.16. Let T be a self-adjoint operator.

1. The pure point spectrum of T is the set opp(T) = 0(T|3,, ).

2. The absolutely continuous spectrum of T is the set 0ac(T) = (T |3,. ).

3. The singular continuous spectrum of T is the set 0s.(T) = 0 (T |y, ).

One then has:
0(T) = 0pp(T) U0ac(T) Uoe(T)
but this union is not necessarily disjoint (see the examples of embedded eigenvalues in the

absolutely continuous spectrum).

We say that the operator T has purely absolutely continuous spectrum (resp. pp, resp. sc) when
Hac = H (resp. Hpp = H, resp. Hse = H). Although this does imply that 0(T) = 0ac(T), the
converse is not true in general.

Moreover, one has:
0pp(T) = 0p(T).

Indeed, any countable set is a countable union of singletons.

Finally, with this decomposition, one can also define the notions of continuous spectrum and
singular spectrum. Set H. = Hac ® Hsc; this is the space of vectors such that y,, is a continuous
measure. The space H. is again invariant under T, and we define:

0e(T) = o (T3.)-

One can also define Hs = Hpp @ Hse and 05(T) = o(T|4, ), the singular spectrum of T.
We conclude this section with a stability result for the absolutely continuous spectrum. Before-
hand, we introduce a definition.
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Definition 2.2.17. Let H be a Hilbert space and {u,, } neN a Hilbert basis of H. A self-adjoint, bounded,
and positive operator T is said to be of trace class when:

Te(T) = Z]I:\T(un\Tun) < o0.

The number Tr(T) does not depend on the choice of the Hilbert basis, and more generally a
bounded self-adjoint operator T is said to be of trace class when Tr(T) < co. A trace class
operator is compact.

Theorem 2.2.18 (Kato—Rosenblum). Let T and S be two self-adjoint operators with S of trace class.
Then

Tac(T+S) = 0ac(T).

Proof : For a more complete statement giving a result on wave operators as well as for the

proof, see [14], Theorem 4.4, page 542.
O

2.3 Examples of spectra

2.3.1 The discrete Laplacian in dimension 1

We introduce the discrete Laplacian in one dimension. It is the operator A defined on the
Hilbert space /2(Z) by

Yu e 2(Z),Vn € Z, (Au)y = tiy_1 + tiyiq.

The operator A is the discrete analogue of the second derivative.

First of all, A is bounded. Indeed, if [[u[l2z) < 1, then [[Aull,2(z) < 2[[ull2z) < 2, hence
|A|l < 2. Next, let us show that A is self-adjoint. Let u,v € ¢?(Z). Then

(Aulo) = ) (Au)pTy = ) ty1Tp+ ) Uns10n = ) UnOns1 + ), UnOn1

nez nez nez nez nez
= Y un(vp—1+0441) = Y un(Av), = (u]Av).
nez nez

Thus, A is a bounded self-adjoint operator.

We now compute the spectrum of A. To this end, we introduce the Fourier operator F :

?2(Z) — L*([0,27t]) defined for all u = (uy)yen € ¢2(C) and all x € [0,27] by (Fu)(x) =

Y ez une"™ . We then set S = FoAo F~L Letuscompute S. Let f € Lz([O 27t]). Suppose

that, for all x € [0,271], f(x) = Y,ez f(n)é"*. Foralln € Z, (F~'f), = f(n). Then, for all
€ [0,2r],

SHE) = Y (fn—1)+fn+1))e™ =Y f(n)e™V*+ 3" f(n)

nez nez nez

= (e 4e) Zz )e™ = (2cos(x))f(x).

Thus, setting for all x € [0,27], ¢(x) = 2cos(x), we have S = M, where M, is the operator
of multiplication by ¢. Since F is a unitary transformation, we have o(A) = o¢(M,) and
0p(A) = 0p(M,). Hence, 0(M,) = ¢(R) = [—-2,2]. Therefore,

7(A) = [-2,2)].

Random operators and Anderson localization page 15



Chapter 2. Spectral types and dynamics

Moreover, since ¢ is not constant on any interval of R, M, has no eigenvalues. Indeed, if
u € L*([0, 7t]), the equation ¢(x)u(x) = Au(x) for all x € [0,27] forces u = 0. Thus,

0y(A) = @.

Forall A € R, let M(A) = {x € M| ¢(x) < A}. Forall A € R and all u € L%([0,27]),
define E(A)u = 1pyu. Then E : R — L(L?([0,27])) is a spectral family. Moreover, M, =

i 32 AdE(A), so E is the spectral family associated with M, by the spectral theorem. Since F is
unitary, the map £ = F~! o E o F is again a spectral family, and one can check, as for E, that

A= /22/\ dE(M).

This also reflects the fact that the spectrum of A is purely absolutely continuous:
g(A) = 0ac(A).

Remark 2.3.1. All the results obtained in this example generalize directly to the case of arbitrary di-
mension d > 1.

Remark 2.3.2. Fourier transform and spectrum. The use of the Fourier transform F in this example
is very common in the computation of spectra of operators, especially for differential operators. This is
due to the fact that, since F is unitary, conjugation by F leaves the spectrum and the point spectrum
invariant. Moreover, F has the property of transforming a (here discrete) differentiation into a multi-
plication. Thus, conjugating the operator under study by F allows one to reduce the computation of its
spectrum to the computation of the spectrum of a multiplication operator.

2.3.2 A Sturm-Liouville operator

Letg € C([0,1],R). Let (T, D(T)) be the operator defined on L?([0,1]) by

D(T) = {f € C*([0,1]) | f(0) = f(1) =0} and Vf € D(T), Tf = —f" +4f.

First of all, for all f, ¢ € D(T), one proves by integration by parts that (Tf|g) = (f|Tg). Thus,
the operator (T, D(T)) is symmetric. One can then show that it is essentially self-adjoint, and
in the sequel we consider its closure (T, D(T)), which is self-adjoint. The operator T is an
example of a Sturm-Liouville operator.

One then proves, using the variation of constants of order 2, that if z ¢ ¢, (T), then there exists
K, € L2([0,1]?) (and even K, € C([0,1]?)) such that

vg e CH01)), (T—2)f =g & £ = [ K(t9)g(s)ds

This means that, for all z ¢ 0,(T), the resolvent R,(T) is the restriction of a Hilbert-Schmidt
operator and is therefore a compact operator. In particular, for all z ¢ 0,(T), R.(T) is the
restriction of a bounded operator. This remains valid for T, hence, if z ¢ 0,(T), then z ¢ o(T),

from which one deduces that ¢(T) = 0,,(T) = 0,,(T).

Moreover, if A € 0,,(T) and f € Ker (T — A), then, by integration by parts, A| f||3 = (Tf|f) =
IF1B+ Jo a())f(£)f(£)dt = (inf) q)[I 113 hence A > inflq ) 4. Therefore o(T) C [infiy,) g, +oo].
If u < infjgq)q, then p ¢ o(T) and Ry, (T) is compact and self-adjoint since T is. Hence the

spectrum of R, (T) consists of 0 and eigenvalues of finite multiplicity. In fact,

1
#—=Au

o(Ry(T)) = { | An € 0p(T)}-
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Moreover, there exists a Hilbert basis ( f;;),en of L?([0,1]) such that

vg € L*([0,1]), Ry(T)g = Z A (81fn)fs

oH—

where the f, are eigenfunctions of R, (T) associated with the eigenvalues ﬁ Hence the f,

are also eigenfunctions of T associated with the eigenvalues A,. From all this one deduces that

T= Y A(lfi)foand D(T) = {f € L2([0,1]) | ¥ [Aulf1fu)|> < +oo}.

n>0 n>0

Thus, although T is not bounded, the fact that its resolvent is compact still allows us to diago-
nalize it in a Hilbert basis, as for a compact operator.

2.3.3 Periodic Schrédinger operators

We consider the example of a periodic Schrodinger operator acting on the Sobolev space
d?

H= ~ 32 +V, (2.1)
where V is a piecewise continuous function that is periodic on R, with period 2Ly to fix the
notation.

Then the spectrum of the operator H is purely absolutely continuous, H has no eigenvalues,

and its spectrum is a union of bands called spectral bands:

o(H) = [Eqins Emax] -
p=0

The real numbers EF.. and EF,, are called the band edges, and the intervals ( max, Ef;:nl ) are

the spectral gaps. "

The band edges are solutions of equations with quasi-periodic boundary conditions. Let
w € [—Lo,Lo]. We consider the restriction H(w) of H to H*([—Ly, Lo]), the Sobolev space
of functions ¢ € H?(R) such that

Vx € R, p(x +2Lo) = e L T ip(x). (2.2)

Since H2([—Lo, Lo]) € C'([—Lo, Lo]), this condition is equivalent to the boundary conditions:

P(Lo) = e 0 y(—Lo) and /(Lo) = LTy (~Ly). (2.3)

The operator H(w) is self-adjoint. Its resolvent is even Hilbert-Schmidt and therefore compact.
Hence its spectrum is purely point, and the band edges are then the eigenvalues of H(—Ly)
and of H(0). Indeed, one also has that H(2Ly — w) and H(w) are unitarily equivalent for
all w € [—Ly,Lo]. Moreover, the functions w +— EP(w) are strictly monotone on [—Lg,0],
increasing for even p and decreasing for odd p. One then has:

U(H(_ )) - {Emm/ max’ Erznm/ Eranaxl . }
and
U-(H( )) - {Emaxl min’/ EIZI'laX/ Efmn/ ‘ '}'
The link between H and H(w) is given by the notion of direct integral of operators. First, if

' is a Hilbert space and if (X, dy) is a measure space, one considers the “continuous sum” of
copies of H/,

57
1 :/ Hdp = L2(X, du, H').
X
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Then, if A’(-) is a measurable function from X into the set of self-adjoint operators on H’, one
defines an operator A on H by:

D(A) = {1/) €H, p(x) € D(A'(x)) fora.e. x € X and /X A (x)(x)|)3,du(x) < —1—00}

and (Ay)(x) = A’(x)p(x). One then writes

@
A:/X A (x)dp ().

With this formalism, one then shows that H is the direct integral of the operators H(w):
®
H= H(w)dw.

The result on the band spectrum of H then follows from the fact that one can show that the
eigenvalues of H(w) are analytic in w and non-constant (they are even strictly monotone, in-
creasing for even bands and decreasing for odd ones). A general result on direct integrals of op-
erators then ensures that the spectrum is purely absolutely continuous (the Radon-Nikodym
derivative on each band is given by the inverse of the derivative of w — E,(w)).

2.3.4 Quasi-periodic Schréodinger operators in dimension 1
We are interested in a discrete Schrodinger operator:
haw, = —0g+ V acting on (7).
where V is a quasi-periodic potential, i.e. of the form
VneZ, V(n) = f(w+na), a,w € T, f e C(TR).

The vector « = (ay, ..., &) € T has rationally independent coordinates (after adding 1 to the
coordinates):

k]'EZ, 1<i<d kar+---+kjog =0T = k]':O, 1<j<d.
Generically, such an operator has purely singular continuous spectrum.

Theorem 2.3.3. There exists a residual set F,. C C(T%,R) such that for all f € Fs. and for Lebesgue-
almost every w € T¥, the spectrum of hy ., £ is purely singular continuous.

Moreover, this spectrum is generically a Cantor set (a closed subset, with no isolated points
and containing no interval).

Theorem 2.3.4. There exists a residual set Feonior C C(T’l, R) such that for all f € Feantor and for all
w € T4, the spectrum of hy 7 is a Cantor set.

It turns out that the case of quasi-periodic Schrodinger operators is more subtle than this.
Indeed, by introducing a coupling parameter in front of the potential, other spectral types may
appear. To illustrate this phenomenon, we consider the only quasi-periodic model that can be
regarded as completely understood, the almost Mathieu operator. Let HY" act on (2(Z) by:

Vn € Z, (H ) (n) = p(n+1) + p(n — 1) + Acos(27(w + na))p(n).

We then set
2 = | o(HYY).
weT

We then have the following theorems, where « is always assumed to be irrational.
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Theorem 2.3.5 (Measure of the spectrum.). Forall A > 0 and for all irrational « € T, one has
Leb(X%") = 4]1 — A|.

Theorem 2.3.6 (Metal-insulator transition.). 1. If A < 1, then for all a and all w, c(H%") is
purely absolutely continuous.

2. If A =1, for all w and for all w except a countable set, o(H%™) is purely singular continuous.

3. If A > 1, for almost every a and almost every w, o(HY") is purely point and the associated
eigenfunctions decay exponentially.

4. If A > 1, for generic & and for all w, o(HY") is purely singular continuous.

5. If A > 1, for all a and for generic w, o(H%Y) is purely singular continuous.

Theorem 2.3.7 (Ten Martini Problem.). For all A > 0 and all irrational « € T, =% is a Cantor set.

2.4 Spectral types and dynamics

We consider a quantum system such as, for instance, an electron propagating in a crystal.
Given an initial state ¢p € H, there must exist a unique state ¢ (-, t) : x — §(x, t) representing
the state of the system at time ¢. We write:

VEER, (-, t) = U(t) .
For each t, U(t) is a linear operator on H which is unitary (|[U(f)y|| = ||¢||) and satisfies:
U(0) =1d, and Vst € R, U(s+t) = U(s)U(t).
We further assume that for all y € H and all ) € R,
lim U (£) = U(to)y.

t—to

We say that U is a strongly continuous one-parameter unitary group.
We then define:

D(H) = {we?—l

0 %(U(t)t,b — 1) exists}

Li
t—

and, forall y € D(H),

Hyp = lim (U ()~ p) +— U(E) =&,

The operator (H, D(H)) is called the Hamiltonian of the quantum system and corresponds to
the energy of this system. If o € D(H), then ¢ is a solution of the Schrédinger equation:

orp = iHy and ¢(-,0) = to.

Using functional calculus, one can therefore write:
(-, ) = e,

Studying the dynamics of a system means studying the time evolution of its states. We will see
in the following that the evolution of ¥(-, t) strongly depends on the space in which the initial
state ¢ lies in the decomposition

H - pr @ Hac @ Hsc~

Conversely, these spaces are characterized by the dynamics of the states they induce.
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2.4.1 Reminders on the Fourier transform of a measure

Let i be a Borel measure on R. The Fourier transform of yu is defined by:

ViER, A(t) = / e i d(x).
R
We then have the following three results:

1. Riemann-Lebesgue lemma: if y is absolutely continuous with respect to the Lebesgue
measure, then 7i(t) P 0.
—> 0

2. Plancherel theorem: i € L?(R) if and only if u is absolutely continuous with respect to
the Lebesgue measure and its Radon-Nikodym derivative d} ' € L*(R). In this case:

[ nwrar=2n [ [0

lim 7 [ 16 Pds = 1 Iu({xDP

t——+oo t

3. Wiener theorem:

2.4.2 The R.A.G.E. theorem

Theorem 2.4.1 (RA.G.E.). Let H be a self-adjoint operator acting on H = L*(R?) (or on
0%(Z4) with adapted notation).

1. ¢ € Hypyp if and only if

li +itH 2d —0.
380 (o 00 ) =0

Such a 1 is called a bounded state.
2. ¢ € Hcifand only if

YR >0, lim — / ( / iitHgb(x)Fdx) dt = 0.

T—+o0 T

Such a  is called a diffusive state.

3. If ¢ € Hac then

VR >0, lim le "y (x)|?dx =0,
t—+o00 JB(0,R)

but the converse is not true.

One may replace B(0, R) by any compact subset of IRY; what matters is the applicability of the
dominated convergence theorem.
Lety € H, ||| = 1. Then,

/+°°/ e*itH y(x) Pdx
B(0,R)

is the sojourn time of the particle in the state ¢ inside B(0, R).
Lety € H, ||| = 1. Then,

o=t [ ([ 0]

is the probability of presence of the particle in the state ¢ inside B(0, R).
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Corollary 2.4.2. 1. If, for all R > 0 and all ¢ € H with norm 1, one has Tr(y) = oo and
Wr () > 0, then H = Hpp and H has purely point spectrum.

2. If, for all R > 0 and all ¢ € H with norm 1, one has Tr(y) = oo and Wr(yp) = 0, then
‘H = Hsc and H has purely singular continuous spectrum.

3. If, for all R > 0 and all € H with norm 1, one has Tr () < oo, then H = Hac and H has
purely absolutely continuous spectrum.

Proof : [Proof of the R.A.G.E. theorem]

1. Let us begin by proving the direct implication in point 1. Let ¢ € Hpp. Up to con-
sidering linear combinations (and using Pythagore’s theorem since the eigenspaces are
pairwise orthogonal) and passing to the limit using the dominated convergence theo-
rem, we may assume that ¢ is an eigenfunction associated with an eigenvalue A € R of
H (since H is self-adjoint). Then:

etitHy — eilty,

and since A € R and ¢ € L?(IRY),
[ e yPdr= [ fp(x)Pdx ——o.
R#\B(0,R) R4\ B(0,R) R0

2. Let us prove the direct implication of point 2. Let R > 0. Let ¢, € H and let E(-)
denote the spectral family associated with H. Then:

(gle ™) = | e ™Mdugy(A) = foy(t),
R

where 115 4(A) = (¢|E(A)¢). We apply Wieners theorem to iy, y:

tim 2 [ (0Pt = T gy ((ADP

T—+o T R

Hence,

lim - / (gle*™y)Pde = Y [(plE({AN)w)

T—r+o0 AR

If p € He, thenforall A € R, E({A})yp = 0. Therefore, for all ¢ € H,

lim —/ |(ple ™ y)|2dt = 0.

T—+oco T

We obtain the desired result by choosing ¢ = 1 gye™ 7.

1-2 bis. We prove simultaneously the converses of points 1 and 2. Let:

Ho={p eH| Rlim sup </}Rd\B(O,R) |eiitH1,lJ(x)|2dx> =0}

— 400 £>0

and

Hy={y € #| YR >0, lim T/ (/ i”Hlp(x)\de) dt = 0},
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We have just shown that: Hpp, C H, and He C Hy. Let ¢ € H; and ¢ € H. Then, for all
T>0,

(ply) = T/ (¢lyp)d
:f/o (efitHgD‘efitHT’b)dt

L —i —i 1 /T » B
:T/O ((1_1B(O,R))e tHgo’e tHlP)dt—’—f/O (1B(O,R)e tH(P’e tHiP)dt.

The first term can be made arbitrarily small for R large enough since ¢ € H,, and one can
bound the integrand by the uniform supremum over t > 0 after applying the Cauchy-
Schwarz inequality. The second term tends to 0 as T goes to infinity for any fixed R > 0
since i € Hy, again using Cauchy-Schwarz. We can therefore let T tend to infinity and
then R tend to infinity to obtain (¢|y) = 0. Hence H,_LH;. Using the inclusions already
obtained: H, L H. and Hy L Hypp. Thus, since H = Hpp, & He, we have H, C ”HCL = Hpp
and H;, C 'Hép = H.. This yields the desired equalities.

itH ) — D

3. By a previous computation, for all ¢, € H, (¢le™ flg,p(t). Moreover, for any

Borel set M:
l1,p(M)| = [(E(M)@|E(M)y| < |[E(M)q|| - [[E(M)p]] = |ng(M)|2]py (M)]2.

Assume now that ¥ € Hae. Then py is absolutely continuous with respect to Lebesgue
measure, and the same is therefore true for y,y for any ¢ € H. By the Riemann-
Lebesgue lemma, it follows that

) = floy(t) — 0.

t—o0

(ple”

Let ¢ = 1B(O,R)ei“H1/J. Then ¢ € H and

(ple ) = [ e ()P,

which yields the desired result.

The second point of the R.A.G.E. theorem admits the following generalization.

Proposition 2.4.3. Let H be a self-adjoint operator. Let K be an operator, either compact, or such that
K(H +1) = is compact. Then, for all € H,,

1 .
li K —itH 2 )
TalrJrrloo T /O H ¢ IIJH a 0

Proof : If K is compact, it is the limit of finite-rank operators. It therefore suffices to prove the
result for finite-rank operators. Such an operator is a linear combination of operators
of the form K = (¢|-)¢, and by the triangle inequality we are reduced to point 2 of the
R.A.G.E. theorem.

Suppose now that K(H +1i) ! is compact. Since D(H) N H. is dense in H,, it suffices to
prove the result for ¢ € D(H) N H.. We then write:

[Ke "yl = [K(H +1) e (H +1)pll,

which reduces the problem to the previous case.
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Random operators

Throughout this chapter, (Q), A, P) denotes a complete probability space.

3.1 Measurable families of operators

We begin by defining the notion of measurability for a family of bounded random operators.

Definition 3.1.1. Let H be a Hilbert space. Let {H, }weq be a family of bounded operators on H. We
say that {Hy, }weq is measurable if for all ¢, € H, the map w — (@|H) is measurable.

The discrete Anderson model acting on ¢2(Z“) is a measurable family of bounded operators.
In order to pass to the case of unbounded operators, we restrict ourselves to self-adjoint oper-
ators so as to be able to use the functional calculus.

Definition 3.1.2. Let H be a Hilbert space. Let {H,, }weq be a family of self-adjoint operators on H.
We say that {H }weq is measurable if for every bounded Borel function f : R — R, the family
{f(Hy) }weaq is measurable in the sense of bounded operator families.

One can then prove the following characterizations of measurability.

Proposition 3.1.3. Let {Hy, } e be a family of self-adjoint operators on H. For each w € Q, let E,,
denote the spectral family associated with H,,. Then:

1. {Hy }weq is measurable if and only if, for every Borel set B of R, the family {E, (B)}weq is
measurable.

2. {Hy}weq is measurable if and only if there exists z € C \ R such that {(Hy +z) ! }weq is
measurable.

3. {Hw }wea is measurable if and only if for all t € R, the family {e"«} ,cq is measurable.

Proof : For details, see [8], Proposition V.1.2, page 243. .

The first point of the previous proposition yields a measurability result for the projections onto
the different spectral types. Let us first recall that the spectral theorem allows one to define, for
every Borel set B of R, a spectral projection by the formula E(B) = xp(H). Since E decomposes
asasum E = Epp, + E,c + Egc according to the Lebesgue decomposition of the spectral measure
of H, one can define, for every Borel set B of R, the projections Ep,(B), Eac(B) and Esc(B).

Proposition 3.1.4. Let {Hy, } e be a family of self-adjoint operators on H such that for each w € Q,
E,, denotes the spectral family associated with H,,. Suppose that { Hy, },eq is measurable. Then for ev-

ery Borel set B of R, the families {E¢y(B) }weq, {Ew,pp(B) }weq, {Ewac(B)}weq and {Ewsc(B) fwen
are measurable.
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Chapter 3. Random operators

Proof : See [8], Proposition V.1.7, page 246.
O

We now verify that the Schrodinger operators we wish to study in the sequel are indeed
measurable. We have the following general result.

Proposition 3.1.5. Let H = —A + V act on L*(IR?) and be essentially self-adjoint on C3°(RY).
If {V,, }weaq is a stochastic process measurable in x and w such that for every w, H, = H + V,, is
essentially self-adjoint on CP(R?), then {Hy, }weq is measurable.

Proof : See [8], Proposition V.3.1, page 257.

Example 3.1.6. 1. The Anderson model is measurable.
2. The quasi-periodic model is measurable.

3. The Poisson random displacement model is measurable.

3.2 Ergodic families of operators

Let (), A, P) be a complete probability space and let {T;};.« be a group of measurable trans-
formations preserving the measure P. A set A € A is said to be invariant under the action of
{T;}if T, 'A = Aforalli € Z%.

Then {T;} is said to be ergodic if every invariant set has measure zero or equal to 1.

The family {T;} is ergodic if and only if for every measurable function f : O — R,

(Vi, f(Tiw) = f(w) for almost every w) = (f is almost surely constant).

Finally, if {T;} is ergodic, a potential x + V,,(x) for x € R? and w € Q is said to be Z4-
transitive (with respect to {T; };cz«) when:

Vie Z%, Vx € R, Vryp(x) = Vip(x —i).

Similarly, if {Ty },cgs is a group of measurable transformations preserving the measure P, the
potential V,,(x) is said to be R“-transitive (with respect to {Ty} ere) when:

Vy € RY, Vx € RY, Vp,o(x) = Vio(x — y).

Definition 3.2.1. A measurable family of self-adjoint operators {H, }weq is said to be Z4-ergodic
(resp. R¥-ergodic) if there exists a family of unitary operators U, defined by U, (x) = ¢(x —y) such
that:

Vi€ Z%, Yw € O, Hr = UH, U; .

The interest of this definition is that, for all w € Q and all i € Z%, o(Hr,,) = ¢(H,), which
leads to the existence of a deterministic set equal to the spectrum of H,, P-almost surely.
We also have the following property.

Proposition 3.2.2. If the family { H, },cq is ergodic, then for every measurable and bounded function
f, the family { f(Hy) }weaq is ergodic.
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3.3 The almost-sure spectrum

3.3 The almost-sure spectrum

We begin with a first result that guides us toward the notion of the almost-sure spectrum.

Lemma 3.3.1. If { P, }eq is an ergodic family of orthogonal projectors, then the rank of P,, is P-almost
surely constant.

Proof : Let { ¢k }x>1 be a Hilbert basis of H. For every w € () we define

r(w):=TrP, = E(ngok|(pk).
k>1

Then r is a positive random variable and for all i and all w,

r(Tiw) = Y (Prwrler) = Y (U Poligrler) = Y (Poligr|Uigr) = Tr Py = r(w).
k=1 k>1 k>1

By ergodicity, we deduce that r is almost surely constant.
0

We then have the theorems of Pastur and of Kunz-Souillard / Kirsch-Martinelli, which
ensure that for an ergodic family of self-adjoint operators, almost surely their spectrum is in-
dependent of w.

Theorem 3.3.2. Let {H,, }weq be an ergodic family of self-adjoint operators. Then there exists a closed
set ¥ C R such that *. = o(H,,) P-almost surely.

The set X is called the almost-sure spectrum of the family { Hy } weq-

Proof : Let us first note that since H,, is self-adjoint, it is closed, and therefore its spectrum
o(Hy) is a closed subset of R. Using the structure of open sets of R as countable unions
of pairwise disjoint open intervals with rational endpoints, we may write:

c(Hy) =R\ U la,b[ | .
a<b, a,beQ, o(H,)N]a,b[=0

Let a < b be two real numbers. We define:
QO ={w e Q| o(Hy)Na, b= D}.

Note that
(¢(Hy)N]a,b[= @) < (E,(]a,b]) = 0).

Since {Hy }weq is measurable, the family {E, },ecq is also measurable, and since |a, b|
is a Borel set of R, (), ), is measurable. Moreover, the spectrum is invariant under the
unitary transformation U;. Hence:

Vie 2%, T, (Qup) = {w € Q| o(Hrw)N]a, b[= @}
= {w € Q| o(U;H, U;)N]a, b[= @}
= {w € Q| ¢(Hy)N]a,b[= @}
= Qgp.

Since the family {T;}, 5. is ergodic, we deduce that

P(Qa,b) =0 or P(Qa,b) =1
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We introduce the set:

Q' = ﬂ Qa,b \ U Qc,d .
a<b, a,bcQ, P(Q,;)=1 c<d, c,deQ, P(Q4)=0

By countability of Q, P(Q)') = 1.

Letw € . Then, foralla,b € Q, a < b, such that P(Q, ;) = 1, we have c(H,,)N]a, b[=
@. Moreover, for all ¢,d € Q, ¢ < d, such that P(Q.4;) = 0, we have w ¢ Qg ie.,
o(Hw)N]e, d[# @. Hence,

Vw e (Y, U la,b|= U la,bl.

a<b, a,beQ, c(Hy)N|a,b|=D a<b, a,beQ, P(Q,;)=1

We observe that the left-hand side depends on w, while the right-hand side is indepen-
dent of w. We therefore define

Z=R\ U la,b] ] .
a<b, a,beQ, P(Q,)=1

The set X is a closed subset of R and we have:
Vw e (Y, 0(Hy) = 2.

This yields the desired result since P(Q)') = 1.
]

The proof given above extends directly to the spectral types by replacing the projector E,,
with the projectors E,pp, Ew,ac and Ee sc-

Theorem 3.3.3. Let {H,, }weq be an ergodic family of self-adjoint operators. Then there exist closed
sets Lipp, Lisc and Lac in R such that P-almost surely,

Ypop = Opp(Hw), Zse = 0sc(Hw) and Lo = 0ac(Hy)-
Finally, we have a result concerning the essential and discrete spectra.

Theorem 3.3.4. Let {H,, }weq be an ergodic family of self-adjoint operators. Then the essential spec-
trum and the discrete spectrum of H,, are P-almost surely constant.

Proof : Once again, the proof of the Ishii-Pastur theorem adapts directly to these two types of
spectrum by considering the associated spectral projectors.
O

3.4 Examples of almost-sure spectra

3.4.1 The discrete Anderson model

Let (O, A, P) be a complete probability space and set

(O, AP) = <® 0ORAR ﬁ).

nezd nez4 nezd
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We aim to compute the almost-sure spectrum of the ergodic family of operators {h }wecq act-
ing on ¢2(Z%) defined by:
(hott)p = — Yty + wylty

|m—n|=1

where, for each w € Q and n € Z%, w, is a random variable on (). We assume this family of
random variables is i.i.d..

Let us briefly justify the ergodicity of this random family. First, for eachi € Z¢ and w € Q, we
define T;(w) = (wy—i),ez¢- Then the transformations T; preserve the product measure P since
P is the product of copies of the same measure. Moreover, the family {T;}, .« defined in this
way is ergodic. Indeed, one shows that forall A, B € A,

P(T,'ANB) ——— P(A)P(B). (3.1)

[[i]|eo—>00
Recall that, by definition of the product o-algebra, A is generated by cylinders of the form
{w e 0 | wj, € A,...,wik S A}

If A and B are such cylinders, then by the definition of the product measure and since each T;
preserves the measure, holds. Since the set of A and B for which holds is a o-algebra
and cylinders generate A, is true for all of A. Now, let M be a set invariant under the
action of {T;},. . Applying with A = B = M gives

P(M) =P(MNM)=P(T,'MNM) —— P(M)P(M) = P(M)~

[[illoo—r00

Hence P(M) is either 0 or 1. Finally, the family {T;};. . is ergodic.
We can then define the unitary operators U; as translations:

Vie z%, Yu € (2(Z%),Vn € 7%, (Uju), = ;.
Then we have the relation:
Vi€ Z%, Vo € O, hrp = Uih U}
Indeed, for alli € Z%, u € ¢*(Z%) and n € Z9,

= U; <_ 2 U4 +wnun+i>

|m—n|=1

= - Z Uy + Wy iUy

|m—n|=1
= (hrwit)n.
Since the w; are i.i.d., let v denote their common law. The support of v is by definition
suppv ={x € R| Ve >0, v((x —g,x+¢)) > 0}.
Furthermore, define
2z = {u € 1*(2%) | u, = 0 for all but finitely many n}.
Since the discrete Laplacian is bounded, by the Kato-Rellich theorem, h,, is essentially self-

adjoint on £2(Z%).
We begin by proving a lemma on the random potential.
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Lemma 3.4.1. There exists a set (Yo C Q) of probability 1 such that: for every w € Q, for every finite
set A C Z°, for every sequence (q;)ica of elements q; € supp v, and for every e > 0, there exists a
sequence (j,)nen of elements in Z9 such that ||jn||eo ot and

n——+0o0

sup |q; — witj,| <e
ieA

Proof : Fix a finite set A C Z% a sequence (g;);cp of elements in suppv, and ¢ > 0. By the
definition of the support and the i.i.d. property of the w;, we have P(A) > 0 where A is
theevent A = {w € O | sup,., |9; — wi| < e}

Let (I4)nen be a sequence in Z% such that the distance between any two terms /,, and I,
(n # m) is greater than twice the diameter of A. Then, by translation invariance in law
and independence, the events

Ay ={w e Q] suplgi — wit,| < e}
ieA
are independent and satisfy for all n, P(A,) = P(A) > 0. By the Borel-Cantelli lemma,

the event
Opfgi1e = {w € Q| w € Ay infinitely often}

has probability 1. Moreover, since suppv C IR, it contains a countable dense subset
denoted S. Also, the set F; of finite subsets of Z¢ is countable, so:

Qo = M Op (g1
A€Fy, (9,)€S", neN*

is a countable intersection of sets of probability 1, hence P(Qy) = 1. Therefore, () is

suitable.
Od

We can now compute the almost-sure spectrum of {f, }weq-

Theorem 3.4.2. For P-almost every w € Q, 0(h,) = [—2d,2d] + supp v.

Proof : First, recall that the spectrum of a multiplication operator is given by the closure of the
image of the function defining it. Thus, almost surely, 0(V,,) = supp v where V,, is the
multiplication operator by the sequence (wp),,cz:. Moreover, the spectrum of the discrete
Laplacian is deterministic and given by [—2d,2d]. Since V,, is bounded and symmetric
and —Ags is also bounded, we have by [14, Theorem 4.10, Chapter V], for almost every
w,

a(_Adisc + Vw) - 0-(_Adisc) + U(Vw> = [_2d1 2d] +suppv.

Conversely, let A € [—2d,2d] + suppv. Write A = Ag + Ay, with Ay € [—2d,2d]| and
A1 € suppv. Since h, is essentially self-adjoint on ¢3(Z?), by Weyl'’s criterion, there
exists a sequence (Uy)peN In E%(Zd) of norm 1 such that

|| (—Adisc — Ao)utnl| P 0.

Furthermore, since A1 € suppv, by Lemma m there exists a sequence (j,),enN in Z%
such that ||ju||c tends to infinity as n — oo and foralln > 1

1
sup |wiyj, — M| < p
iesupp uy
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Finally, set v, = u,_;,. Then ||v,||2 = 1 for all n and, for almost every w,
[[(heo — A)vn]| < [[(=Daise — Ao)vnl | + [| (Vo — A1)vn]]
< [[(=Adise = A0)tn|| + |(Veo — A1)a]]
1
< ||[(=Adisc — Ao)unl|| + e

Hence, for almost every w, ||(hw — A)vy|| tends to 0, and by Weyl's criterion, A € o(hy,).

This gives almost surely the desired equality.
O

3.4.2 A quasi one-dimensional continuous Anderson model

Consider the random family of matrix-valued one-dimensional Anderson-Bernoulli operators

clwgn)l[oll](x — In) 0

QIN+V+ Y (3.2)

nez

d2
Hiw =g

0 cNa)Z(\?)l[O,”(x —In)

acting on L?(R) @ CN, where N > 11is an integer, Iy is the identity matrix of order N and [ > 0
is a real number. The matrix V is a real N X N symmetric matrix, the space of these matrices
being denoted by Sy (IR) . The constants ¢y, . . ., cy are non-zero real numbers.

For every i € {1,...,N}, ((Ui(n))ngz is a sequence of independent and identically dis-
tributed (i.i.d., for short) random variables on a complete probability space (Q;, A;, P;), of
common law v; such that {0,1} C suppv; and supp v; is bounded. In particular, the wl.(n)’s
can be Bernoulli random variables. The family {H;, },ecq is a family of random operators

indexed by the product space

(Q, A,P) = (@(()1@9---®(~2N),®(ﬂl®---®/TN),®(I51®---®5N)>.

nezZ nezZ nez

We also set, for every n € Z, wn) = (w§”), .. .,wgl)), which is a random variable on (ﬁl ®

20N @ @Ay, P1®- - ®@Py) oflaw 11 ® - - - @ vy. The expectation value with respect
to P will be denoted by E(-).

As a bounded perturbation of —(?722 ® Iy, the operator H; , is self-adjoint on the Sobolev
space H?(R) ® CV and thus, for every w € (), the spectrum of H;, denoted by ¢(H;,,), is
included in IR. Moreover, because of the periodicity in law of the random potential of H; ,,, the
family {H; , }weq is [Z-ergodic. Thus, there exists £ C R such that, for P-almost every w € (),
Y = 0(H;). There also exist Ypp, Zac and g, subsets of R, such that, for P-almost every
w € O, Tpp = Opp(Hiw), Tac = Oac(Hiw) and X = 0sc(Hj, ), respectively the pure point,
absolutely continuous and singular continuous spectrum of Hj ,,.

We can give an explicit description of the almost-sure spectrum X of {H; , }cq. For w(® =
(w§0), e, wg]))) € supp(11 @ - - - @ vy ), we denote by Ei"w),. .., E%(O) the real eigenvalues of the

real symmetric matrix V + diag(clwgo), ..., cNan,] )). Then, we have

% = [0, 400) + U (<Y, B9 (3.3)
w0 gsupp (1 ®-+-Quy)

In particular, ¥ does not depend on the parameter [. In the proof, we will use the specific form
of the potential, in particular the fact that V is constant and, in the random part, the fact that
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the single site potential is of the form 1y ; instead of a generic single site potential v € Ll (R)
supported on [0, [].

We fix I > 0. Let w € Qand n € Z. If V is a matrix in SN (R) , we set

Vom=V+ diag(clwgn),...,ch](\?)) € SN(R). (3.4)
Let x € R. We set
Vo (x) =) Lo (x = 1n) @ V). 3.5)
neZ

We denote by V,, the maximal multiplication operator by the function x — V,,(x). Since
(wM),cz is a sequence of ii.d. random variables and since for every n € Z the function
x = Ty (x —In) ® V) is constant on [In,[(n + 1)], the almost-sure spectrum of the /Z-
ergodic family {V,, },eq is

0 o)
(Vo) = U {E¢™, . ES ) (3.6)
w(© esupp(v1®--@uy)

We recall that if we consider the operator — & on L2(R) ® C of domain H2(R) ® C, we have

dx?

S da?

a( d’ ) — [0, +o0). (37)

Now, since the operator — % ® Iy is deterministic, its almost-sure spectrum 1s

d2
5 (—dxz ® 1N> = [0, 4c0). (3.8)

For any w € ), V,, is a bounded self-adjoint operator on L?(R) ® CN and —f—; ® IN is
self-adjoint on H(IR) ® CN. Then, adapting the proof of [14, Theorem 4.10, Chapter V], we get
that every A € X satisfies A € Z(—% ® In) + (V) and thus, & C Z(—dd—;2 ® Iy) + Z(Vo).

Indeed, if A < min(0, infX(V,,)) then it is almost-surely in the resolvent set of — ;—; ® In + V.
At least, a direct application of the result of Kato leads to

o C [—max(|infX(Vy,)], | supZ(Vy)|), +00).

Conversely, let & € Z(—C%zz ® In) and let B € £(V,,). Then, a € [0, +00) and in particular,
S (7(—;—;). One can find a sequence (g,)ycn of elements of H*(R) @ C such that

@) [Igpll2r)ec = 1 forevery p € N,
@) || — g; — agpl|li2(r)ec tends to 0 as p tends to infinity,
(iii) suppgp C [-(p+1),(p +1)] for every p € N.

To construct such a sequence (gy),eN, we can consider a solution of the ordinary differential
equation —u" = au, for example the function u : x — elvax, Then, we multiply this solution by
a sequence of functions () e Which are compactly supported in the interval [—(p + 1), (p +
1)], constant on the interval [—p, p] and such that ||xp||;2(r)ec = 1 for every p € N.

Let m € N and n € Z. We set

oM ={weq;pe o(V m)and w™ = wD = ... = rmy 3.9)
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where o(V ) = {E“’ . E%W }. We remark that

(Vo) = U oc(V,o) = U o(V,m), forany n € Z. (3.10)
wO esupp(1,®@---@Vy) wm esupp(v1®@-+-Quy)
We also set
" ={weQ;per(V,w) andw™ = ... = 0™ for infinitely many n € Z}. (3.11)

Since (w(”) Jnez is a sequence of i.i.d. random variables, we have
P(O") = P(Q")) forany (i,f) € Z* such that i # j. (3.12)

Moreover, as p € X(Vy), by 1i and the fact that the random variables w are iid., we
have
P(Q,(qm)) > (0 foranyn € Z. (3.13)

nez are independent and we can apply Borel-Cantelli’s lemma to

Finally, the events (QEZ)H)”)

obtain
P(Q") =1 forany m € N. (3.14)

We set
O ={weQ;VmeN, ge€o(V,w)and w = ... = "™ for infinitely many n € Z}.
Then, (), is the countable intersection of the Q™) and, by , P(()) = 1. We set
={weQ; o(H,y, =X}

By definition of X, we have P(€);) = 1. Thus, if we set Oy = ;1 N (), we have P(()y) = 1. In
particular, Qg # @. We fix w € Q.

Let p € IN and let m € IN such that m > 2p + 2. Since w € (), there exists n € Z such
that B € 0(V, ) and w) = ™ for every i € {1,...,m}. Since properties (i), (ii) and (iii)
of (gp)pen are invariant by translation, one may assume that supp g, C [n, n + m]. Moreover,
since w"*) = w for every i € {1,...,m}, V sy = V@ for every i € {1,...,m}. Since
B € 0(V,w), one can find an eigenvector f, € CV of the matrix V, . associated to § which
is also an eigenvector of V, . associated to p for every i € {1,...,m}. We can assume that
||fullcy = 1, where || - ||cn is any norm on CN.

Then, we set f € L?(R) ® CN which is equal to f, on [n,n +m] and equal to 0 on R \ [, n +
m]. We have

n-—+m
(Vo—=p)-f = Z Vo fit Y (Vuw—p)-0=0, (3.15)
j€z\{n,...n+m}
since f, is a common eigenvector to the matrices V, ( forj € {n,...,n +m}.

Now we can define h, = g,f for every p € ]N Then h), € H2(]R) ® CN because g, €
H*(R) ® C,supp gy C [n,n+m|and f € L*(R) @ CN is constant on [n,n + m]. We have

sl Bampecy = | 118p(x) () |2dlx (316)
= fo |gp<x>\2 1fuldx

= [ lgp(@)Pdx = lgyllimecs =1
[n,n+m]
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since supp g, C [1,n + m]. We also have, using (3.15),

d2
H(Hl,w - (“"‘,3)) 'thLZ(IR)@)CN = (‘de ®IN — D€> 'hp + (Vw - /5) ‘hp

L2(R)®CN
= ||(~g)— agy)f + (V= B) - f|

= (—8; - “8P)f‘

L2(R)®CN

L2(R)®CN

2
SR CUCTS

[2(R)®C

"
< |-y —agy|

"

= _gp_lng"

by sup. g [If(0)][gn = [Ifulléy = 1. By (ii), we obtain that ||(Hi — (a + B)) - hpllr2m)ecy
tends to 0 when p tends to infinity. Combining this with (3.16) and applying Weyl’s criterion
with the sequence (/) eN, wWe obtain a + B € ¢(H;,,). Since w € (), we have a + € X.

Thus, £(— & ® Ix) + £(V,,) C T and finally

d2
Y—% (—dxz ® 1N> +2(V) = [0, +00) + U (9", E$Y. (3.17)
w© esupp (1 ®-+-®@vy)
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Chapter 4

Lyapunov exponents

The aim of this chapter is to study the convergence of sequences of products of i.i.d. random
matrices. In particular, we seek to understand how the law of large numbers generalizes to
this setting.

Throughout the sequel, N > 1 denotes an integer.

4.1 Upper Lyapunov exponent and the Furstenberg—Kesten theorem
Let (), A, P) be a complete probability space. We begin by introducing the upper Lyapunov

exponent of a sequence of i.i.d. random matrices in GLN(R) , denoted by (A% ),en.

Definition 4.1.1. Assume that the expectation E(log™ ||A§||) is finite. Then the following limit
belongs to R U { —o0}:

.1
7= lim E(log||Ay_, - Ag )
We call it the upper Lyapunov exponent associated with the sequence (A% )eN-

By equivalence of norms in finite dimension, 7y does not depend on the choice of the norm

on Mn(R).
Proof : LetS, = A%, --- Af. Choosing a sub-multiplicative norm on My(RR), we have
[ISall < (1Al - [AG]]-

Then, under the assumption that the expectation E(log™ || A¥||) is finite, we also have
integrability of log™ ||S,|| by independence and multiplicativity of expectation in the
independent case. We may then write, for all p,n € IN,
E(log" |[Sn+pll) < E(logl|A},, -+ A7|]) + E(log || A7, -+ AF'[])
= E(log" [|Spl]) + E(log™ [|Sul]),
using the i.i.d. property in the first term. Thus, the sequence (E(log™ ||S,||))nen is sub-

additive and 2E(log™ |[S,||) converges to inf,>1 ~E(log™ |[Si||) in R U {—o0}.
O

Example 4.1.2. If we assume that each matrix Ay is diagonal with diagonal entries a;’; for i €
{1,..., N}, then v = sup, E(log |ay;|) and, by the usual strong law of large numbers,

) 1
v = lim =log(||S4l||)

n—-+oo 1

for almost every w.
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Chapter 4. Lyapunov exponents

Thus, convergence in expectation is easily obtained. This convergence also holds almost
surely, which is a less obvious result. It can be proved directly using cocycle theory, as done in
[2]. Almost sure convergence is also a consequence of Kingman'’s sub-additive ergodic theo-
rem.

Let T be a set that can be either IN or Z, or R or [0, +00). We then consider a semigroup
© = {6; | t € T} of transformations of () that preserve P. The quadruple (Q), A, ®, P) is called
a dynamical system.

A random variable Z on () is said to be invariant with respect to @ if forallt € T, Z o 6; =
Z. Finally, a dynamical system ((,.A,®,P) is said to be ergodic if every random variable
invariant under © is P-almost surely constant.

Definition 4.1.3. A real-valued stochastic process {X(t) | t € T} on (Q, A, ®,P) is said to be sub-
additive if
X(0) =0 and Vs,t € T, X(t+s) < X(t) + X(s) o 6.

In the case of equality, the process is called additive.
Theorem 4.1.4 (Kingman). Let {X(n) | n € IN} be a sub-additive process such that
1. foralln € N, X(n) is integrable,

2. the sequence (IE(X(n)))y>1 is bounded from below.

Then there exists a random variable Z, invariant with respect to ©, such that (1 X(n)),>1 converges
P-almost surely and in expectation to Z. Moreover,

E(Z) = inf 1E(X(n)).

n>1 n
Using this theorem, one can prove the Furstenberg—Kesten theorem.

Theorem 4.1.5 (Furstenberg—Kesten). Let (AY),en be a sequence of ii.d. random matrices in
GLn(R) . Assume that the expectation E(log™ || A ||) is finite. Then, P-almost surely, the following
limit exists and

lim —10g||A LA =,

n——+oo n

the upper Lyapunov exponent.

Proof : Case 1. Assume 7 € R. Then the process (log(||Sx||))nen is sub-additive for ® = {Id},
and the assumptions of Kingman'’s theorem are satisfied by the proof of Definition [4.1.1}
Hence the result in this case.

Case 2. Assume 7y = —oo. In this case, Kingman’s theorem can no longer be applied
directly. Fix m € IN* and, for every integer n > 1, perform the Euclidean division of n by
m,n =qgm+rwithg > 0and 0 <r < m. We have

1 1
LLog([ISall) = —log([[An_y - Aguall) + 10g(HA“’m---A8’H)
1 n—1
= log([|AF[) + ZIOgHA]H A ll)
i=qm+1
1 n—1
<o Y log(lA¢ll) + ( Zlog!!A]+1 -A;znmn).
i=qgm+1
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4.2 Sequences of random matrices in GL,(IR)

The first sum has a fixed finite number of terms bounded by m, independent of n. Hence
the first term of the upper bound tends to 0 as n tends to infinity. For the second term,
we may apply the usual law of large numbers to obtain

-1

qETmﬁ Zlog AG 1y - Ajwa ) = E(log([[ A5 1 - - - AF|])-

Since q tends to infinity as n tends to infinity, we deduce that

1
vm € N, hmsupflog(HS 1) = —E(log([|Ay - - - AT[]))-

n——+4o0

Letting m tend to infinity finally yields

—o0 < 11minf,10g(HS ) < 11msup—log [1Sal]) < 7 = —c0.

n= n—r—+00

Thus, the conclusion of the theorem holds with the limit and y equal to —co.

4.2 Sequences of random matrices in GL,(IR)

Before turning to the general case, let us examine what happens for products of invertible
random 2 X 2 matrices, since the geometric interpretations are simpler in this setting.

4.21 Furstenberg’s theorem

We seek simple conditions ensuring that, for two nonzero vectors x and y in RY, the random
vectors S,x and S,y tend to align in the same direction at an exponential rate.

For anonzero x € RY, we denote by ¥ its equivalence class in P(RY), and if M € GLn(R),
we set MX = Mx. Then, if x and y are two unit vectors in RN, we define their distance by

5(x,7) = (1 (x[y)?)?,

which is the modulus of the sine of the angle between ¥ and 7 when N = 2. We now assume
that N = 2. In this case, if x = (x1,x2) and vy = (y1,12), then

ooy _ [xaya — xoy|
7)) = =

Y Iy
and this indeed defines a distance on P(IR?). Possibly replacing each A by | det(AY)|~2A¥,
which does not change S, X (since we are working in projective space), we may assume that
| det(A%)| = 1. In this case, a direct computation for

Su=("1)
with |ad — be| = 1 yields x| [y
_ XY 505 5
3(SuXx, Suyf) = [|Sux|| ||Snyl] o)

Now, if 7 > 0, we are guaranteed that there exists a unique direction in the plane along which
||Snx|| decays exponentially. This is precisely the content of Oseledets’ theorem, which ensures
that if ¥ # 7, then one of the two norms ||S,x|| or ||S,y|| grows exponentially to +co. Hence,
the distance 6(S,%, S,7) always decays exponentially to 0.
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Theorem 4.2.1 (Oseledets in SLy(R)). Let (Ayn)nen be a sequence of matrices in SL,(R) such that
(i) limy o0 3+ In[|Ay]] =0,
(ii) v = limy oo 3 In([[ Ay - - - A1]]) > 0
Then there exists a one-dimensional subspace V_ C IR? such that
1. Yoe V., v#0, limy i+ In(][Ay - Arol]]) = —
2. Vo ¢ Vo, limy i s In(||Ay - - Aro]|) =

We therefore seek conditions ensuring that oy > 0. These conditions are given by Fursten-
berg’s theorem.

Theorem 4.2.2 (Furstenberg). Let (A%),en be a sequence of random variables in GLp(R) with
common law p. Let Gy, be the smallest closed subgroup of GLy(IR) containing the support of u, called
the Furstenberg subgroup associated with (AY)yeN. Assume that

(i) forall M € Gy, |det(M)| =1,
(ii) Gy is not compact,
(iii) there exists no finite union L of lines in R? such that M(L) = L for all M € G,,.
Then:

1. forall x,7 € P(R?), P-almost surely,

lim 6(S,%,S,7) =0,

n—-+4oo

2. if E(log™ (||A§|])) is finite, there exists -y > O such that for all x € R?, x # 0, P-almost surely,

1 1
lim —log(|[Sux[[) = lim - log(|[Sul[) =~

n—-+oo 11

Assumption (iii) can be difficult to verify. However, if y is such that (i) and (i) hold, then
(iii) is equivalent to the following property (iii)’:

(iii))  Vx € P(R?), #{M.x | M € G,} > 3.

For a proof of this equivalence, see [2][Proposition 4.3], page 31.

4.2.2 Application to the one-dimensional discrete scalar Anderson model

We apply Furstenberg’s theorem to a first example of a sequence of i.i.d. random matrices in
GL,(R) arising from the one-dimensional discrete scalar Anderson model.

Let (Q), A, P) be a complete probability space, and let (wy),cz be a sequence of i.i.d. ran-
dom variables with common law v, such that there exist a # b, {a,b} C suppv, and suppv is

bounded. Set
(O, A,P) (@ 0,RAQR P)

nez nez nez

If
— 2(Z)
(un>n€Z — _(un—H + un—l) + wny
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then {hy }weq is an ergodic family of random operators with almost-sure spectrum [—2,2] +
supp v.

We aim to study the asymptotic behavior of generalized eigenfunctions of k. If E belongs
to the almost-sure spectrum of /,, we seek to understand the asymptotic behavior of sequences
(uy ) nez such that

Vne€Z, —(Ups1 + ty—1) + wytly = Euy,.

This equation can be written as

Up1) [ wp—E -1 Uy
ez, ()= (9E LY () "

e = ()

The matrix T (E) is called the transfer matrix at site n. The sequence (T (E)),cz is a sequence
of random matrices in SL,(R) , independent and identically distributed, with common law y
induced by the law v of the random variables w;,.

The asymptotic behavior of (u,),cz reduces, by iteration of (4.1), to that of the product
TY(E)--- T (E). The upper Lyapunov exponent of this sequence of matrices is well defined,
and we will show that it is strictly positive.

Since the transfer matrices are i.i.d., the smallest subgroup of SL;(R) containing the sup-
port of u is given by

We then set

Gy = ({T§'(E) | wo € suppv}).

First, all matrices in G, indeed have determinant 1. Let us show that Gy, is not compact. To this
end, we exhibit an unbounded sequence in G,. By the assumption on the law of wy, we have

() ("7 9 ))ee
() () () e

and for alln € IN,
1 a-b\" (1 nla—b)
<o 1 )‘(o 1 >6Gf“

which therefore contains an unbounded sequence since 2 — b # 0.

Then,

It remains to show that for all ¥ € P(R?), #{Mx | M € G,} > 3. Letx = (x1,x2) € R?,
x # 0. Suppose that x, # 0. Then, by solving linear systems explicitly, one shows that for

A= ("),

the vectors Ax, A%x, and A3x are pairwise non-colinear, which allows one to construct three
distinct elements in {Mx | M € G, }. If x; = 0, then x; # 0 and we consider

_ (1 0\ _ (a—E-1\"1(p-E -1
B=(,151)=(""7) ("1"3)€Gy
and then the vectors Bx, B2x, and B3x, which are pairwise non-colinear.

Thus, Furstenberg’s theorem applies and ensures that the Lyapunov exponent associated
with the sequence of transfer matrices is strictly positive. More precisely: VE € R, y(E) > 0.
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By Oseledets’ theorem, P-almost surely there exist only exponentially growing or exponen-
tially decaying solutions to the equation h,u = Eu. An exponentially decaying solution (as
+00) is obtained only for an initial condition v« € V. Any other initial condition leads to a
solution that grows exponentially as +oco.

One may define the Lyapunov exponent at —co by the formula

7-(E) = lim 1115(1055||(T3’;1+1(E))_1 (TS (E) D).

n—oo mn

Since
(T2 (E) "+ (T§(E)) ! = (T¢(E) - T, 44 (E)) 7,
we have, by the i.i.d. property,

E(log||(T¢, 1 (E)) ™+ (T¢'(E)) ) = E((Sa(E)) ™).

Now, if | = ((1) _Ol),we have
{(JSu(E)] ™) = (Su(E)) T,

and since transposition, ], and ]! are isometries, we obtain y_(E) = 4 (E) = (E). This
exponent is also strictly positive for all E € R by Furstenberg’s theorem. Again by Oseledets’
theorem, an exponentially decaying solution as —oo is obtained only for an initial condition
U_o € V_. Thus, to obtain an eigenvector in ¢?(Z), one must have Vect(v«) = Vect(v_c).

It is important to note that the above statements depend on E. If E varies in an uncountable
set (for instance an interval of R), the set of w € () for which, for all E, the Lyapunov exponent
is not strictly positive could have nonzero measure, or even measure 1. For example, one
cannot assert that P-almost surely, for all E € IR, every solution of h,u = Eu is exponentially
growing or decaying. This requires a more refined analysis.

On the other hand, we will see in Chapter E] that this already implies the almost-sure ab-
sence of absolutely continuous spectrum for the family {1, }weq-

4.3 Sequences of random matrices in Spy(R)

4.3.1 Exterior powers

We define the exterior powers of a finite-dimensional vector space E. In order to fix ideas,
and since we will in any case work in this framework later on, we assume that this vector space
is RN for a fixed integer N.

Definition 4.3.1. For p € {1,..., N}, APRN is the vector space of alternating p-linear forms on the
dual (RN)*. The vector space A\PRYN is called the p-th exterior power of the space RN,

For uy,...,up in RN and f,... ,fpin (RN)*, we set:
(u1 VANAN up)(fl, c.. pr) = det((fi(u]‘))i,]’)

Any vector of the form u; A ... Au, is called a decomposable p-vector. Using these decom-
posable p-vectors, one can define a basis of the space APRYN in the following way.

Proposition 4.3.2. Let p € {1,..., N}. The following properties hold:
1. If (uy,...,uy) is a basis of RN, then {ui, N ... A, |1<1i; <...ip < N}isabasis of A\PRN.

2. Foruy,...,upin RN, ug A ... A up is nonzero if and only if the vectors uy, ..., u, are linearly
independent.
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3. (u1,...,up)and (vy,...,v,) generate the same subspace if and only if there exists a real number
A # 0 such that:
U A AUy = A0 AL ADp)

This proposition justifies the fact that the operations we shall define on APRN will be de-
fined simply on the set of decomposable p-vectors.

In the following, we will study the asymptotic behavior of the norms of sequences of matri-
ces whose p-th exterior power we wish to consider. For the moment, we have neither defined
what the exterior power of a matrix is, nor the norm on an exterior power of a vector space.

First, we define an inner product on APRN. For two p-tuples (uy, ..., up) and (v, ..., vp)
of vectors in RN, we define the inner product on decomposable p-vectors by:

(U Ao ANup, o1 AL AN Dp) = det(((ug, v)))i )

where (.,.) denotes the usual inner product on RN. We denote by || || the associated norm.

It remains to define how an element of the linear group GLN(R) acts on APRN. If M €
GLN(R), we define an automorphism AP M of APRYN by defining it on decomposable p-vectors
by:

(APM)(ur A ... Aup) = Mug A ... A Muy,

We then have the multiplicativity property: AP(MN) = (APM)(APN).
The norm of the linear map or matrix AP M is the norm induced by || || on APRN:
|| AP M| = sup{[|(\"M)o]| | v € APRY, [Jo]| =1}

We also denote it by || ||, since in what follows there will be no possible confusion in practice
between the norm on A’PRYN and the operator norm it induces. By the multiplicativity property
of the exterior power and the submultiplicativity of the operator norm, we have for M and N
in GLy(R) :

[IAP (MN)[ < [[ AP M| [| AP N

We note that if K is an orthogonal matrix for the usual inner product on RY, then APK is
also orthogonal. This remark leads to the following proposition:

Proposition 4.3.3. Let M be a matrix in GLy(R) and let a1 (M) > ... > an(M) > 0 be the positive
square roots of the eigenvalues of 'MM. Then forall p € {1,..., N}, we have:

| AP M| = a1 (M) ... ay(M)

Proof : We write a polar decomposition of M, M = KAU with K and U orthogonal matrices
and A = diag(a;(M),...,an(M)). Since AYK and APU are also orthogonal, we have:
(AP M| = [[ AP Al

Now, if (ey,...,ey) is the canonical basis of RV:
(/\pA)(eil N... /\eip) = (Ell‘1 .. .Cll'p>(€l'1 A... /\eip)
Hence:
H(/\PA)H = Sup{tll‘1 ey, | 1<ii<... < ip < N} = 611(M)...EIP(M)

This completes the proof.

Finally, we can also estimate the logarithm of the norm of AP M.
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Proposition 4.3.4. Let M be a matrix in GLx(R) . We set:
((M) = max(log™ ||M]|,log™ [[M~']])
Then forall p € {1,..., N}, and for any unit vector w in APRN, we have:

[log([| AP M[[)] < pé(M) and [log(|[(A"M)wl[)| < pt(M)

Proof : This follows from the previous proposition as explained in [2], Lemma 5.4, page 62.

4.3.2 Furstenberg theorem for GLy(IR)

Let us first note that Furstenberg’s theorem extends directly to the case of sequences of random
matrices in GLx(IR) . It then yields the strict positivity of the upper Lyapunov exponent.

The upper Lyapunov exponent describes the asymptotic exponential behavior of the se-
quence (AY),en in the whole space RN, that is, the global asymptotic behavior of this se-
quence. However, by itself, this exponent does not allow one to determine the asymptotic
exponential behavior on the invariant subspaces of the matrix A% ;... Aj and therefore does
not fully capture the associated dynamics of this sequence of random matrices. To overcome
this difficulty, one defines other, intermediate Lyapunov exponents, which allow for a more
refined analysis of the asymptotic behavior of (A% ),cN. A precise dynamical interpretation of
these Lyapunov exponents is given by Oseledets’ theorem.

Definition 4.3.5. Let (AY)ncz be a sequence of random matrices, ii.d. in GLy(R), such that the
expectation E(log™ || AY||) is finite. The Lyapunov exponents 1, . ..,y associated with the sequence
(AY)nen are defined inductively by 1 = vy (the upper Lyapunov exponent) and for p > 2,

p . 1
Y- i = lim —E(log || A7 (A5, .. AF)]])
i=1

One can see that the sums Y/, 7; are in fact the upper Lyapunov exponents associated
with the sequences (AP (A%¥))ncz as p varies. Thus, the limits exist and these sums belong to
R U {—oo}. If moreover E(log™ ||(AY)!||) < +oo (which will be automatically satisfied in
the symplectic case), then Proposition [4.3.4]applies and for all p:

P
'1 Y 1| < max(E(log” || A5 ), E(log™ [|(4§)|I)) < +oo

p i=1

As a consequence, the case where one of the sums would be equal to —co being excluded, all
Lyapunov exponents are finite.

One can give a characterization of these Lyapunov exponents in terms of the sequence of
eigenvalues of the matrices '(AY | ... AY)(AY ;... AY).

Proposition 4.3.6. Ifai(n) > ... > an(n) > 0 are the square roots of the eigenvalues of the symmet-

ric positive definite matrix t(A‘,;’_l L AYV(AY .. AY), then, P-almost surely,

Vpe{l,...,n}, vp = lim l]E(logap(n)) = lim lloga,,(n)

n—oo 11 n—oo 11

Proof : See [2], Proposition 5.6, page 63.
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O

In particular, this proposition justifies the numbering of the Lyapunov exponents and the
terminology of upper Lyapunov exponent, since it implies that y; > --- > y. We can now
give a geometric interpretation of these intermediate Lyapunov exponents.

Theorem 4.3.7 (Oseledets). Let (AY),cz be a sequence of random matrices, i.i.d. in GLx(R) , such
that the expectation E(log™ ||A§||) is finite. Let 1 > -+ > 7y be its Lyapunov exponents. Let r
denote the number of distinct Lyapunov exponents, with values A1, ..., A;.

There exists a decreasing sequence of measurable subspaces of RN, (V¥)1<j<,11 such that

1. {0} =V¥, cv¥cC---Cc W CRN
2.Vie{l,...r}, x €VE\ VY, & limys i 2 log(]|Snx]]) = Ai.

3. dim(V¥) — dim (VY

<) is equal to the multiplicity of A;.

We now wish to generalize Furstenberg’s theorem and obtain conditions under which the
Lyapunov exponents are pairwise distinct. Strong irreducibility generalizes as follows:

Definition 4.3.8. Let p € {1,...,N}. A subset S of GLN(IR) is said to be p-strongly irreducible if
there does not exist a finite family of proper subspaces of \PRN, Vi, ..., Vi such that:

(NPM)(VU...UV) =V U... UV
forall M € S.

The non-compactness condition of the Furstenberg subgroup generalizes to the notion of
p-contractivity. Before that, let us define the notion of a contracting set.

The index of a subset T of GLN(IR) is the smallest integer r such that there exists a sequence
(My)nen of elements of T such that (||M,,|| "M, ) e converges to a matrix of rank r. A subset
of GLn(IR) is said to be contracting if it has index 1.

Recall that a probability measure P on P(IRY) is said to be proper if for every hyperplane
HinRY,P({x € P(RN), x € H\ {0}}) =0.

Then, if T C GLN(R) is a contracting set, for any proper probability measure P on P(RY),
there exists a sequence (My,),en of elements of T such that M,P converges weakly to a Dirac
measure.

Indeed, let (M,),cn be a sequence of elements of T such that (||M,|| ' M, ),en converges

to a matrix M of rank 1. For any x € RN such that Mx # 0, we have M, ¥ T> Mzx. But
n <)

since P is proper and since {x € RN, Mx = 0} is a hyperplane, we have

lim M,x = Mx for P-almost every X.
n—-+oo

Thus, if Im M = Vect(z), we obtain

lim M,x =z for P-almostevery %.
n——+oo

This means that M,,P converges weakly to ;.
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Definition 4.3.9 (p-contracting set). Let T be a subset of GLn(R) and p an integer in {1,...,N —
1}. The set T is said to be p-contracting if there exists a sequence (M, )neN in T such that the following
limit exists:

and is a matrix of rank 1.

This property can be seen as the analogue of non-compactness in the case N = 2. In-
deed, assuming that all matrices of the Furstenberg group have determinant of modulus 1
(assumption (i) of Furstenberg’s theorem), then the non-compactness of G, is equivalent to its
contracting property.

Assume that G, is contracting. Let (M,),cn be a sequence in G, such that (||M,||~'M,)
converges to a matrix M of rank 1. Then,

0=|det(M)| = lim |det(||[M,||""M,)| = Lim |[|M,||"*|det(My,)| = lim |[M,||>
n——+oo n—+o0 n—r—+00
(4.2)
In particular, ||M,|| tends to +-co and G, is unbounded, hence non-compact.
Conversely, if G, is non-contracting, since it is a subgroup of GL»(IR), it must have index
2 since it cannot have index 0 or 1. Let (M, ),en be any sequence of elements of G,. Then the
sequence (||M,||~1M,) takes values in the unit sphere, which is compact, so one can extract a

convergent subsequence, say (||M,,, ||~*M,, ), converging to a limit M. Since G, has index 2,
M has rank 2 and is therefore invertible. Then, by (4.2),

0 # | det(M)| = Tim_|[My, || 2.

In particular, (||My,,||)men converges, and hence so does the sequence (M, )men. Therefore,
from any sequence in Gy one can extract a convergent subsequence, and thus GH is compact.

p-contractivity can also be interpreted as the fact that the set T is sufficiently “large” so that
one can find within it a sequence converging to a rank-one matrix. We now give a simple way
to ensure that a subset of GLN(IR) is p-contracting for all p.

Proposition 4.3.10. A subset T of GLn(R) which contains a matrix having N eigenvalues with
distinct moduli is p-contracting forall p € {1,...,N — 1}.

Proof. Let M be a matrix in T having N eigenvalues with distinct moduli, {A1,...,An}. Then
AP M has a simple dominant eigenvalue for all pin {1,..., N — 1}. Indeed, if uy, ..., uy are the
eigenvectors associated with the eigenvalues of M, then:

Vp, (APM)(ulA...AuN):Al...AN(ul/\.../\uN)

It then follows, from the Jordan decomposition of A? M, that HQZiﬁ;ZH converges to a projection
matrix with image ker(M — (A1 ...Ayn)I) of dimension 1. Therefore, the sequence ((AYM)"),
is p-contracting for all pin {1,..., N —1}. O

Of course, this criterion is not applicable in full generality to prove that a subset of GLy(R)
is p-contracting for all p, but in some simple cases it may be sufficient.

We can now state a criterion for the separation of Lyapunov exponents in GLy(RR) .

Theorem 4.3.11. Let (A% )nen be an iid. sequence of invertible random matrices of size N with
common distribution p, and let p be an integer in {1,...,N}. Assume that the Furstenberg group
Gy, associated with the sequence (Ay)),eN is p-contracting and p-strongly irreducible, and that the
expectation E(log || Ag'||) is finite. Then:
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L vp > vpta
2. For every nonzero element x of APRN and for P-almost every w,

.1 7
lim —log || AP (AY 1 ... AF)x|| =) _ i
i=1

n—oo 11

4.3.3 Furstenberg Theorem for Spy(RR)

In the models we are interested in, we are led to study sequences of transfer matrices that
naturally belong to the symplectic group due to the Hamiltonian nature of the flow of these
models.

Definition 4.3.12. The group of symplectic matrices of order 2N is the subgroup of GLon (IR) consist-
ing of matrices M satisfying:

‘MM =]
where | is the 2N x 2N matrix defined by | = (Y )'). It is denoted by Spy(R) . In the definition of |,
I'is the N x N identity matrix.

We can then state some first properties that will be useful in what follows.
Proposition 4.3.13. If M is a matrix in Spy(R).
1. 'M belongs to Spy(R) .
2. If A is an eigenvalue of M, then 1 is also an eigenvalue of M.

3. There exist two orthogonal matrices K and U in Spy(R) and a diagonal matrix
A= diag(al,...,aN,%,...,%) withay > ... > an > 1such that: M = KAU.

4. [|M]] = ||MHl.

Proof : For point 1, one checks directly thatif ' MJM = J, then by taking inverses, M~ 1] 71 (*M)~1 =
J~1. Since 7! = —], we obtain M~'J(*M)~! = ], hence ] = MJ'M and ‘M belongs to
Spn(R) -

For point 2, if A is an eigenvalue of M associated with the eigenvector v, then:
tMJv = lfM]Mz; = ljv
A A

Thus } is an eigenvalue of ‘M and hence of M.

For point 3, we refer to the proof of Lemma 3.1, page 88 in [2], where one sees that the
a; are precisely the positive square roots of the eigenvalues of the symmetric positive
definite matrix 'MM.

Finally, for point 4, this is an immediate consequence of point 3 since then ||[M|| = ||A|| =
|ATH] = [[]M 1]
O

The definition of Lyapunov exponents and Oseledets’ theorem remain valid in the setting
of i.i.d. sequences of random matrices in Spy(IR) . We even have two additional properties in
this setting. The first is that if E(log™ ||(AY)||) < oo, then by point 4 of Proposition
we also have E(log™ ||(AY)~!||) < +o0, and all Lyapunov exponents are finite. The second is
a symmetry property.
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Proposition 4.3.14. If v1 > ... > 7o are the Lyapunov exponents associated with an i.i.d. sequence
of random matrices in Spy(R), then forall 1 <i < N:

Y2N—-i+1 = —7i-

Proof : This is a direct consequence of point 3 of Proposition (4.3.13| applied to the symplectic
matrix {(AY ;... AY)(AY ... AY), of Proposition [4.3.6] and of the fact that log —+~ =

a;(n)
—log(ai(n)).

O

This symmetry property shows that the Lyapunov exponents associated with an i.i.d. se-
quence of random symplectic matrices can be grouped into pairs, and we will see that to prove
their separation it will suffice to study the first N.

Definition 4.3.15. The Lyapunov exponents are said to be separated when they are distinct:

Y1 >72> ... > 72N

We now wish to obtain a criterion for the separation of Lyapunov exponents analogous to
the one obtained in GLy(RR) . Unfortunately, the action of Spy(R) on A2R?Y is not irreducible
(and therefore a fortiori not p-strongly irreducible). Indeed, the space spanned by YN ; ¢; A en
is invariant under every element of Spy(R). The notion of p-irreducibility is therefore not
suited to the symplectic setting. We thus refine this definition to adapt it to our needs.

We introduce the p-Lagrangian subvariety of R?N. Let (ey,...,ean) be the canonical basis
of R2N.

Definition 4.3.16. For every p in {1,...,N}, let Ly, be the subspace of N\PR*N generated by { Mey N
...AMe, | M € Spy(R) }. It is called the p-Lagrangian subvariety of R*N.

The projective space P(L,) is the set of isotropic subspaces of dimension p in R?N for the
bilinear form given by the usual scalar product.

Definition 4.3.17 (L,-strong irreducibility). Let T be a subset of Spy(IR) and let p be an integer in
{1,...,N}. We say that T is L,-strongly irreducible if there does not exist a finite union W of strict
subspaces of L, such that \PM(W) = W forall M € T.

Here again, by strict subspace we mean a subspace of L, different from L, and from {0}.
Restricting to strict subspaces of L, makes it possible to avoid the pitfall encountered by the
tirst definition. However, this definition is less intuitive from a geometric point of view than
the previous one, which is why we did not state it directly.

We can now state the theorem providing the main criterion for the separation of Lyapunov
exponents.

Theorem 4.3.18. Let (A% ),eN be an i.i.d. sequence of random symplectic matrices of order 2N, with
common distribution y, and let p be an integer in {1,..., N}. Assume that the Furstenberg subgroup
Gy, associated with the sequence (Ay )nen is p-contracting and Ly-strongly irreducible, and that the
expectation IE(log || A§'||) is finite. Then:

L vp > vpsa

2. For every nonzero element x of L, and for P-almost every w,

.1 P
lim —log || AP (AY 1 ... AF)x|| =) _ 7i
i=1

n—oo 1
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This result will mainly be of interest to us in the form of the following corollary:

Corollary 4.3.19. Let (AY)uez be an iid. sequence of random symplectic matrices of order 2N,
with common distribution p. Assume that the Furstenberg subgroup G, associated with the sequence
(A¥)nez is p-contracting and L,-strongly irreducible for all p € {1,..., N}, and that the expectation
E(log ||A§'||) is finite.

Then the Lyapunov exponents associated with the sequence (AY) ez are separated; in particular:

’)’1>')’2>...>’)’N>0

Proof : The fact that 1 > 72 > ... > 7y follows from repeated application of point 1 of
Theorem 4.3.18|above, for each pin {1,..., N —1}. Then <y is strictly positive because,

by Proposition 4.3.14, yn = —7yn+1 and by Theorem YN > YN+1, and therefore
one cannot have Yy = yn4+1 = 0.

O

We thus observe that a link is established between, on the one hand, a dynamical property
associated with an i.i.d. sequence of random symplectic matrices, namely the separation of
its Lyapunov exponents, and, on the other hand, more geometric properties of an algebraic
object associated with this sequence, namely the Furstenberg subgroup. This constitutes a
very powerful criterion in practice, since it allows one to avoid studying directly limits of
matrix products and instead to reduce the problem to finite products of such matrices in the
Furstenberg subgroup.

4.3.4 Goldsheid—-Margulis criterion

It turns out that the properties of p-contractivity and L,-strong irreducibility are difficult to
handle for the models we are interested in. In this section, we present a powerful algebraic
criterion that will allow us to deal with our models.

We begin by recalling the definition of density with respect to the Zariski topology in a
linear Lie group (i.e. a Lie subgroup of GLyn(IR)). We keep in mind that we wish to apply
these definitions and results to the symplectic group Spy(R).

We first define the Zariski topology on My (IR). For this purpose, we identify My(IR) with
RN, Then, for any subset S of R[Xj, ..., Xyz2], we set:

V(S)={x e RV |VP €S, P(x) =0}

Thus, V(S) consists of the common zeros of the polynomials in S. The set V(S) is called the
affine algebraic set defined by S. One can then prove that an arbitrary intersection of affine
algebraic sets is again an affine algebraic set, as well as any finite union.

These affine algebraic sets are therefore the closed sets of a topology on RY *, which is called
the Zariski topology. The Zariski topology is the topology whose closed sets are the common
zeros of families of polynomials.

Considering the Zariski topology on My (IR) amounts to considering polynomials in the
N2 matrix coefficients. The Zariski topology on GLy (R) is the topology induced by the Zariski
topology just defined. The same applies to the Zariski topology on any subgroup of GLN(R),
such as Spy(R) or the Furstenberg subgroup associated with an i.i.d. sequence of random
matrices.

We can now define the Zariski closure of a subset of GLy(R) .
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Definition 4.3.20. The Zariski closure of a subset G of GLn(IR) is the smallest Zariski-closed subset
of GLN(R) containing G. It is denoted by Clz(G). A subset G' C G is then said to be Zariski-dense
in G if Clz(G’) = Clz(G).

In other words, if G is a subset of GLn(IR), Clz(G) is the set of zeros in GLN(IR) of the
polynomials that vanish on G. Thus, G’ is Zariski-dense in G if every polynomial that vanishes
on G’ also vanishes on G.

The classical example of a Zariski-dense subset of another is Z, which is Zariski-dense in
R.

We now state an important property of the Zariski closure: it preserves the group structure.

Proposition 4.3.21. If G is a closed subgroup of GLn(IR), then its Zariski closure Clz(G) is also a
subgroup of GLN(R) .

Moreover, since the Zariski closure of a subset is also closed for the usual topology, it fol-
lows that the Zariski closure of a Lie subgroup of GLN(R) is again a Lie group. This will be
essential in order to consider the Lie algebra of the Zariski closure of the Furstenberg subgroup.

We now have at our disposal the elementary definitions needed to present the Goldsheid-
Margulis criterion.

Theorem 4.3.22 (Goldsheid and Margulis). Let G be a subgroup of Spy(R) . If G is Zariski-dense
in Spy(R), then G is p-contracting and L,-strongly irreducible for all p € {1,...,N}.

Proof : According to [10], Lemma 6.2 and Theorem 6.3, page 57, it suffices to prove that the
connected component of the identity of Spy(IR) is irreducible in L, and that Spy(R) is
p-contracting, for all p. For p-contractivity, by Proposition it suffices to find an
element of Spy(R) whose eigenvalues have pairwise distinct moduli. For example, the
matrix diag(2,3,...,N+1, %, %, e, ﬁ) has eigenvalues with pairwise distinct moduli.
Thus, we have already shown that Sp(R) is p-contracting for all p.

To study the irreducibility in L, of the connected component of the identity in Spy(R),
we first recall that Spy (IR) is connected. Hence, the connected component of the identity
in Spy(R) is the symplectic group Spy(IR) itself. We are therefore reduced to proving
that Spy(R) is irreducible in L, for all p. We must thus show that there is no strict
subspace V of L, such that (AP M)(V) C V for all M in Spy(R).

Suppose by contradiction that such a V exists. We write M = KAU with K, A, and U
as in point 3 of Proposition Then, if (eq,...,exn) is the canonical basis of R2N  we
have:

(ANPA)(e1 N...Nep) =ay...aper N ... Nep

and thus (APA)(V) C V. Butife; A ... Ae, belongs to V, then Me; A ... A Me, belongs
to V, and therefore V = Ly. Thus, V is not a strict subspace of L,. Hence, e; A ... Aep
belongs to W, the orthogonal complement of V in L,,. Then,ifw € Wand v € V:

(ANPMw,v) = (w, NPM*v) =0

for all M in Spy(R) (since ‘M also belongs to Spy(R) ). Thus, Me; A ... A Me, belongs to
W for all M, and hence W = L. This again contradicts the fact that V is a strict subspace

of L,. Therefore, Spy(R) is indeed L,-strongly irreducible. -

We thus have at our disposal a powerful criterion, effective in certain cases, which allows
one to prove that a subgroup of Spy(R) is L,-strongly irreducible and p-contracting for all
p € {1,...,N}. This criterion is sufficient, for example, to study the case of discrete quasi-1d
Schrodinger operators, as we shall see in the following chapter.
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Chapter 5

Quasi-1d discrete and continuous
Anderson models

5.1 Quasi-1d discrete Anderson model

Let N > 1. We want to study the operator

?(z,ct) — #(z,cl)

BN .
w (un) — (_(un—H + un—l) + Vw(")un)
where

w1 0

1

Vom =

1
0 1 W

with (w§n) | (wl(\? ) )nez being sequences of independent and identically distributed real
random variables on a complete probability space (), B, P), with common law v whose sup-
port contains at least 2 points (for instance 0 and 1 in the Bernoulli case). We also set wm =

(w%”), e, wg\?)), which has distributionv ® - - - Q v.
To study the generalized eigenfunctions of the operator 1Y, we solve the equation

_(un+1 + unfl) + Vw(n)un = Eunr

which leads to the introduction of the transfer matrices
 (Vw—E —I
e = (48 7).

These transfer matrices form a sequence of i.i.d. matrices in Spy(R) with common law pg, and
one can therefore consider the associated Fiirstenberg subgroup

Gy = (supp pE)-

We then have

Gro13(E) = (T (E) | w® € {0,1}N) C (T 0 (E) | w® € suppveN).

w

We thus want to show that the subgroup generated by 2N matrices, G (01} (E), is Zariski-dense
in Spy(R) . We denote by X(E) its Zariski closure in Spy(R) .
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Recall that the Lie algebra of Spy(R) is given by

spy(R) = {( baz b}a > , 4 € Mn(R), by and by symmetric} .

Fori,je {1,...,N},let E;; denote the matrix in Mn(R) with a coefficient 1 at the intersection
of the i-th row and the j-th column, and 0 elsewhere. We also set

.. 1/0 E;+Ej; E;; 0
Vz,]G {1,...,N}, XZJZE < 0 gl 0 I >, Yl‘]‘:tXij, Zij: ( OZ] —E]'i >

Let ;; be the Kronecker symbol:

s 1 Q=]

P10 i i #]
We observe that the family {X;;, Yjj, Z;;}ij—1.n is a basis of spy(R). A direct computation
yields, for alli,j, k,r € {1,...,N},

() [Zij, Xir] = 6 Xir + 6 Xit
(i) [Yir, Zij] = 0uYrj + 6ir Y

(iii) [Xij, Yir] = 1 (65 Zir + 03 Zix + SiZir + 6ir Zite)
where [, | denotes the usual Lie bracket on the Lie algebras of linear Lie groups. From these
relations one deduces that spy(R) is generated by

{Xl.].,yi]. |i,je{l,..., N}, [i—j| < 1}'

Indeed, let g be the Lie algebra generated by this set. Leti € {1,...,N}. Then Z;; = 2[Xj;, Y;;] €
gand Z;;1 = 2[Xi;,Yiit1] € g. Thus, for all i,j € {1,...,N} with |i —j| < 1, we have
Zii € g. It follows that Xi;» = [Ziiy1, Yisvir2l, Yiive = [Yiiv1, Zizrise] € gand Z;jp =
2[Xiiv1,Yis1,i+2] € g Hence, foralli,j € {1,...,N} with |[i — j| = 2, Xj;, Yj; and Z;; belong
to g. By induction, one proceeds similarly for indices 7,j such that |i — j| = 3, and more
generally for all i,j € {1,...,N}. One thus proves that {Xj;, Yj;, Z;;}i—1.n is contained in
g, hence spy(R) C g. Finally, g = spy(R) .

Therefore, to prove Lemma it suffices to show that, for all E € R, the Lie algebra gen-
erated by {T, 0 (E) | w® € {0,1}V} contains all the matrices X;j and Y;; fori,j € {1,...,N}
with [i — j| < 1. Let

a(E) = Lie{ T, 0 (E) | w® € {0,1}N}. (5.1)

To show that a(E) contains all matrices X;; and Yj; for i,j € {1,...,N} with |i —j| < 1, we
proceed in successive steps. Fix E € RR.

Step 1. We prove that matrices of the form

(o 7)) (5 7)

where D is diagonal, belong to X (E).
We choose T; and T3 in G, associated with two realizations V; and V> of Vo). Since X(E)
is a group, it is stable under inversion and multiplication. We therefore have

_ I V-V
B::T1T21:<O Y 2)6GHE
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and

- I 0
C::T11T2:<V2_V1 1>€Gu5-

Fixi € {1,...,N}. We may choose V; and V; such that

(I Ej B I 0
B_<O I)andC—<EiiI>.

I 0 I nE;
n n 11
B __<nEii I)andC ——<0 I )

Let P be a polynomial in R[X1 1, ..., Xon2n] such that Vi € Z, P(C") = 0. We fix X;; = 1 for
allj € {1,...,2N} and X,; = 0 for r # [ except for X; y;, and we consider

0 \ 0
~ I — X —
P:X;nyir> P 0 ’f‘N“ 0

0 I

Then, foralln € Z,

p is a one-variable polynomial with inﬁnitgly many roots, namely the integers n € Z.

Hence P is the zero polynomial and Va € R, P(a) = 0. This means that P vanishes on all
. I ocEii

matrices 0 I . Moreover,

Va € R, < é “?i > e X(E).

Since i was arbitrary, we obtain for distinct i and j:

I 0(1E11 I DCNENN . I DC1E11+...+D(NENN
szl,...,ucNGIR,<O I ><O I >—<0 [ >€X(E).

This implies that

(é ?)exus)

for all diagonal matrices D. The other part of this first step is treated in the same way using C
instead of B.

Step 2: We write
(0 7)

By differentiating at the point (

( )+1><<8 %1>EX(E).
0
I

(I) ) we obtain

(8 1?)1 ) € a(E).

< D02 8 > €a(E),
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and hence the sum
0 D
< D, 0 ) € a(E)

for all diagonal matrices D; and D». In particular,

]:<_OI é)Ea(E).

But, forallt € R,
[ cos(t)I  sin(#)I
exp(t]) = < —sin(t)I cos(t)I

For t = 7 we obtain ] € X(E).

> € X(E).

Step 3: Since we are working in a linear Lie group, if z € a(E) and A € X(E), then
AzAT € a(E).

Step 4: If
z:< ? b} ) €a(E),

bz —a

since | € X(E), applying Step 3 yields
-1 0 —I a b1 0 I . —ta —bz
=00 ) (e ) (o) =(Co 2 e
In particular, if
0 b
(O 0 > € a(E),

<l?1 8)6(1(12)

(since if z € a(E), then —z € a(E)). The same holds for

(ho):

We have thus shown that, in our construction, b; and b, play the same role.

then

Step 5: Since

I 0
we have
A7l = < é Vaj“” > € X(E)
Step 6: If
- ( N ) € a(E)
and

A= ( (I) Vc;“’) ) e X(E),
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then
71 = AzATl—z
(1 Vo 0 0 I —V,o\ (0 0
0 I b 0 0 I b, 0
B Vw(o) b, 0 I —Vw(o) B 0 0
- b 0 )\o I b 0
Vioob2 =V, 0b2V 0
= E).
( 0 “b V0 € a(E)
And
i =i o Vool =V bV,
21=A""zA—z= < 0 bV o € a(E).
Finally,

1 N Vw(o)bz 0
2(21 +z1) = ( 0 bV € a(E).

If one can construct in a(E) a matrix with an off-diagonal block, then one can place this block
on the diagonal.

Step 7: Let us show that one can do the reverse, namely that one can move a block from
the diagonal off the diagonal. If

and

then

t
2z = < 8 Vw(o)a—(l)—anm) ) € a(E) and < é (I) > + tzo € X(E)

for every real t. Indeed, z; = z — AzA~! and it suffices to take the exponential map from the
Lie algebra to the Lie group.

Step 8: We apply Steps 2 and 6 with b, = D a diagonal matrix and V) = I, to obtain
D 0
zl—<0 _D>€a(E).

Step 9: We may therefore assume that D = E;;. We then have, for everyi € {1,...,N},

< %i _E; > € a(E).

Moreover, by Step 1, if D o) denotes the diagonal of V), then

(él%@>exwy

Furthermore, by Step 5,
I Vo
< 0 T > € X(E),
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and .
I Vo I Dyoo\ _ (I Vg0 —Dyo
( 0 I ) ( 0 I ~\o I € X(E)
Now,
01 0
-
V0 — Dy = : =W
S
0 10

If V; denotes the matrix containing only the i-th row and the i-th column of Vj, then
Vi = EiiVo + WoE;;

(since its only diagonal entry that would carry a factor 2 is zero). Then, for this V;, by Step 7,

we have
IV
( 0 I ) € a(E).

Step 10. Recall that X;; = Xj; and Yj; = Yj;. Leti € {1,...,N}. By applying Step 7 again with
Ei_1i-10r Eiy1,41 and V;, we obtain that
Yii-1+ Y1 € a(E).

For i = 1, this means that Y7, € a(E). Then

%Zl,z = [X11, V1] € a(E),
hence Z;, € a(E). But we also have

2X1p = [Z12,X2p] € a(E),
and therefore X1, € a(E). Fori = 2, we have

Y>1+ Ya3 € a(E).
But we have just shown that Y>; € a(E), hence Y>3 € a(E). By induction, we obtain
Vie {1,...,N}, Vi1 € a(E).
We also have, foralli € {1,..., N},
[Xii, Yiita] = 1Zz‘,z‘+1 €a(E) and [Z;jr1, Xit1,i41] = 2Xii41 € a(E).

2

This shows that all matrices X;; and Yj; for i,j € {1,...,N} and |i — j| < 1 belong to a(E).
Hence,
a(E) = spn(R).

This allows us to deduce that the Furstenberg group associated with the operator {hY },cq
is Zariski-dense in Spy(IR) . It follows that the associated Lyapunov exponents are separated
and, in particular, that they are all strictly positive, for every energy E € R.

By applying Oseledets theorem, we deduce that for each fixed energy E, and for P-almost
every w, one can construct N solutions of i) u = Eu that decay exponentially to 0 as +c0. One
can do the same at —oo, with L solutions a priori distinct from the L obtained at +co. Indeed,
in this case all Lyapunov exponents have multiplicity 1.

As in the scalar case, this leads, by adapting Kotani theory to the setting of matrix-valued
Schrodinger operators, to the absence of absolutely continuous spectrum.
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5.2 Quasi-1d continuous Anderson model

5.2.1 The model and its almost-sure spectrum

We discuss properties of a random family of matrix-valued one-dimensional Anderson-Bernoulli
operators

clwgn)l[o,l](x —In) 0
QIN+V+ Y, (5.2)

nez

dZ
Mo =~ 4

0 chg\?)l[O,”(x —In)

acting on LZ(]R) ® CN, where N > 1isan integer, Iy is the identity matrix of order N and / > 0
is a real number. The matrix V is a real N X N symmetric matrix, the space of these matrices
being denoted by SN (IR) . The constants ¢y, . . ., ¢ are non-zero real numbers.

For every i € {1,...,N}, (wi("))nez is a sequence of independent and identically dis-
tributed (i.i.d., for short) random variables on a complete probability space (ﬁi, ,Z,-, ﬁ), of
common law v; such that {0,1} C suppv; and suppv; is bounded. In particular, the wE")'s
can be Bernoulli random variables. The family {H;, },ecq is a family of random operators

indexed by the product space

(O, AP) = (@(()1 ® @), QA1 @ @ Ay), Q) (P ®---®|5N)> .
nez nez nez
We also set, for every n € Z, v = (w%”), . ~/‘*’1(\7))r which is a random variable on ((; ®
0N A ® QAN PR ® Py) of law 11 ® - - - ® vy. The expectation value with respect
to P will be denoted by E(-).

As a bounded perturbation of —(%22 ® Iy, the operator H; ,, is self-adjoint on the Sobolev
space H?(R) ® CVN and thus, for every w € Q, the spectrum of H;,, denoted by ¢(H;,,), is
included in IR. Moreover, because of the periodicity in law of the random potential of H; ,,, the
family {H; , }weq is [Z-ergodic. Thus, there exists £ C R such that, for P-almost every w € (),
Y = 0(H). There also exist Ypp, Zac and g, subsets of R, such that, for P-almost every
w € O, Tpp = 0pp(Hiw), Tac = Oac(Hiw) and X = 0sc(Hj, ), respectively the pure point,
absolutely continuous and singular continuous spectrum of Hj .

0)

We can give an explicit description of the almost-sure spectrum X of {Hj ., }weq. For w!
(w§0), ey wg]))) € supp(11 ® - - - ® vy ), we denote by Ei"m),. e Eﬁ(o) the real eigenvalues of the

real symmetric matrix V + diag(clwgo), e, cNan? )). Then, we have

> = [0, +00) + U (e 9. (5.3)
w0 esupp (1 ®-+-Quy)

In particular, 2 does not depend on the parameter /. It is important that V is constant and, in
the random part, that the single site potential is of the form 1|y instead of a generic single site
potential v € L{. (R) supported on [0,].

If we want to consider the case of a generic single site potential v supported on [0,!], we
will face two problems. The first one is that, from our proof of the structure of X, we can
not recover that ¥ is independent of I, which may lead to an empty statement in thge result
of localization that we aim at proving. The second problem is that in this case, or if instead
of V we choose a matrix-valued function x — V(x) from R to Sy(IR) which is not constant,

the particular form of the transfer matrices will not be simple anymore. Indeed, our analysis
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rests on the fact that the transfer matrices are exponentials of matrices. If neither V nor the
single site potential 1) are constant, the transfer matrices become time-ordered exponentials
instead of exponentials of matrices. In this case, we can not compute anymore the logarithms
of these time-ordered exponentials and all the algebraic approach fails.

5.2.2 Transfer matrices

Let E € IR. We want to understand the exponential asymptotic behaviour of a solution u :
R — CN of the second order differential system

Hju = Eu. (5.4)

For this, we transform into an Hamiltonian differential system of order 1 and we introduce
the transfer matrix T, (E) of H;,, from In to I(n 4+ 1) which maps a solution (u,u’) of the
order 1 system at position /n to the solution at position I(n + 1). The transfer matrix T, (E)
is therefore defined by the relation

u(l(n+1)) \ _ u(ln)
< w(l(n+1)) ) Totn (E) u'(In) (5-5)
for all n € Z. Since T, (E) is the solution of an Hamiltonian differential system of order

1 at time 1, the transfer matrix T, (E) lies in the symplectic group Spy(IR). The sequence

(T, (E))nez is also a sequence of i.i.d. symplectic matrices because of the i.i.d. character of

the wfn)’s for every i in {1,..., N} and the non-overlapping of these random variables. By
iterating the relation (9.31) we get the asymptotic behaviour of (u, u’).

Definition 5.2.1. For every E € R, the Furstenberg group of { H} ., } weq is defined by
Gy = <SUpp HE >,

where g is the common distribution of the T, (E) and the closure is taken for the usual topology in
Spn(R).

Asthe T, (E) areiid., pug = (T,,0(E))+ (11 ® - - - ® vn) and we have the internal descrip-
tion of Gy, :

Gy =< T 0(E); w® €supp(r1 ®---®vy) >forall E € R. (5.6)

w

As, foreveryi € {1,...,N},{0,1} C suppv;, we also have

<T

w

o (E); w® € {0,1}N > C Gy,. (5.7)

We will denote by Gy 1} (E) the subgroup < T, (E) ; w® € {0,1}N > of G, with 2N gener-
ators.

We will prove that, for almost every V € Sy(IR) and for all E € R except those in a finite
set, Gyo,1}(E) is dense in Spy(R) . Actually, we will prove it for V the multiplication operator
by the tridiagonal matrix Vj having a null diagonal and coefficients on the upper and lower
diagonals all equal to 1. Then one can apply a genericity argument to obtain the desired results.

We finish this section by giving the explicit form of the transfer matrices T, (E). Let
VeSN(R),E€R,n € Zand w™ € supp(v; @ - -- @ vy). We set

M, (E, V) =V + diag(c10\", ..., enw") — Eln. (5.8)
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Then, we set the matrix in the Lie algebra spy(R) € Mon(R)

0 I
X, m(E, V)= < M. (E,V) oN ) (5.9)

By solving the constant coefficients system on [In,I1(n+1)], we have
T (E) = exp (IX_ (E, V)) (5.10)

w
for every | > 0, every n € Z, every V € SNy(R) and every E € R.

Since the transfer matrices are exponentials of matrices, we cannot directly apply the ap-
proach of the matrix-valued discrete case. Indeed, the morphism property of the exponential
fails in the non-commutative case. Thus, we need an other approach which is based upon a
general result of Breuillard and Gelander.

5.2.3 Generating dense subgroups in a Lie group

Proving that a subgroup of Spy(IR) is Zariski-dense in Spy(R) remains a constructive prob-
lem that can be quite difficult to implement. Already in the work of Goldsheid and Margulis,
the construction made for a matrix-valued discrete Schrodinger operator is relatively intricate.
In the case of matrix-valued continuous operators, one faces the fact that the transfer matrices
are more complicated than in the discrete case and that the construction of [10] proves to be
unstable under perturbation. To study the continuous model, one must therefore find a way to
prove that a subgroup of Spy(IR) is Zariski-dense. In the work of Breuillard and Gelander, a
stronger criterion is provided that allows one to prove that a subgroup of Spy(IR) is dense for
the usual topology in Spy(IR) . It is this criterion and its consequences that we now present.

We present a criterion that reduces the question of whether a subgroup of a semi-simple Lie
group G generated by a finite number of elements is dense to a problem of reconstructing the
Lie algebra of G. This result is presented in [7], where some of its consequences are explored.

In the work of Breuillard and Gelander, the result we will state is given in the framework
of topologically perfect groups. Let us therefore start by giving a definition and see why the
real symplectic group Spy(R) satisfies it.

Definition 5.2.2. A connected Lie group G is said to be topologically perfect if its derived group [G, G]
is dense in G.

In our context, recall that the symplectic group Spy(R) is connected and semi-simple. More-
over, a connected semi-simple Lie group G always satisfies [G, G] = G, hence it is topologically
perfect. Indeed, let us recall the definition of a semisimple group.

Definition 5.2.3. A connected Lie group G is said to be topologically perfect if its derived group
[G, G] (that is, the subgroup of G generated by the commutators [x,y] = x 'y ~1xy) is dense in G.

In our framework, we recall that the symplectic group Spy(R) is connected and semisimple.
Now, any connected semisimple Lie group G always satisfies |G, G] = G, and is therefore
topologically perfect. Indeed, recall that by definition a Lie group is said to be semisimple
when it has no non-trivial abelian quotient. By construction, the quotient G/ |G, G] is abelian.
Hence, if G is semisimple, this quotient can only be equal to {e}. Therefore, G = [G, G].
We may therefore apply the following theorem with G = Spy(IR), which is semisimple.

Theorem 5.2.4 (Breuillard and Gelander). Let G be a connected real Lie group that is topologically
perfect, with Lie algebra g. There exists a neighborhood of the identity O C G on which log = exp ™!
is a well-defined diffeomorphism, such that g1,...gm € O generate a dense subgroup of G if and only

iflog(g1),...,log(gm) generate g.
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This result tells us that in a certain neighborhood of the identity (which by construction
depends only on G), a finite subset is topologically generating for G if and only if it is alge-
braically generating for g.

5.2.4 Separation of Lyapunov Exponents

Notations

Before stating our main results, we need to introduce some more notations. Let O be the
neighborhood of I in Spy(R) given by Theorem[5.2.4]applied to G = Spy(R) .
We set
diog © = max{R > 0; B(0,R) C log O}, (5.11)

where B(0, R) is the open ball, centered on 0 and of radius R > 0, for the metric induced on the
Lie algebra spy(R) of Spy(R) by the matrix norm induced by the euclidean norm on R?N.

For w® = (0\”,...,w¥) € {0,1}V, let
M,0(0,V)=V+ diag(cm)go), cee, cNaJ](\(]))).
As M0 (0,V) € Sn(R), it has )\i"(o), ey A‘If,(o) as real eigenvalues. We set,

. . (0) (0)
Amin = min min A{, Amax = max max AY (5.12)
WO ef0,1IN 1<i<N WO e{0,1}N 1<i<N

and 6 = (Amax — Amin) /2. We also set

dio
Ic :=Ic(N, V) = min <1, : § O) (5.13)

and, for every I € (0,1¢),

d d
I(N,V,1) = [Amx - %,Amm + 1"? °

(5.14)

We remark that, as [ tends to 0", I(N, V,[) tends to the whole real line. We can now state
our main result. For E € R, let G, be the Fiirstenberg group associated to H; , (see Definition
5.2.1).

Results
We can now state the result on the separation of Lyapunov exponents.

Theorem 5.2.5. For almost every V. € SN(IR), there exist a finite set Sy C R and a real number
Cc(N, V) > 0 such that, for all £ €]0,¢c(N, V)|, there exists a compact interval I(N,V,¢) C R on

which the N positive Lyapunov exponents y1(E), ..., yn(E) of { HS\? Ywea satisfy:
VE € I(N,V,0)\ Sy, 71(E)>--->yNn(E)>0. (5.15)
As we shall see presently, the real number /c(N, V) and the interval I(N,V,¢) for { <
¢c(N, V) are defined in such a way that one can apply Theorem to the Furstenberg group
of {H }wen.
Theorem provides the outline of our proof.

1. We construct /c(N, V) and I(N, V, ) so thatforall ¢ €]0,{c(N,V)[andallE € I(N,V, ),
one has T, o (E) € O forall w® € {0,1}¥, where O is the neighborhood of Ly given by

Theorem 5.2.4applied to Spy(RR) .

page 56 Random operators and Anderson localization



5.2 Quasi-1d continuous Anderson model

2. For ¢ < {c(N,V), we compute log T, o) (E).

3. Finally, we prove that the Lie algebra generated by these logarithms,
Lie{log T,,0 (E) | 0¥ € {0,1}"} = spx(R),

is the Lie algebra of Spy(R) .

An algebraic lemma

We assume that V = V), where Vj; denotes the multiplication operator by the tridiagonal
matrix whose diagonal coefficients are zero and whose sub- and super-diagonal coefficients
are equal to 1.

Lemma 5.2.6. Let N > 1and E € R. The Lie algebra generated by {X_ ) (E) | w® € {0,1}N} is
equal to spy(R) .

Proof : First, we recall that :

spy(R) = { < ;2 bga > , 4 € Mn(R), by and by symmetric} .

Fori,je{1,...,N}, let E;j be the matrix in Mn(IR) with a 1 coefficient at the intersection
of the ith row and the jth column, and 0 elsewhere. We also set

Vi,j € {1,...,N}, Xij:2<0 1]0 Ji ),Yz‘]’:tXij, Zi]-:< 011 _Eﬁ >

We also denote by ¢;; the Kronecker’s symbol :

s [ Q=
BTV 0 i i #£]

We remark that the set {Xj, Yij, Zij}ij—1.n is a basis of spy(R) . By direct computation,
we get the relations, for every i,j,k,r € {1,...,N},
[Zij, Xir] = 0 Xir + 0 Xik
@) [Yar, Zij] = oYy + 0 Yy
(iii) [Xij, Yir] = 1(65cZir + 05 Zix + i Zir + 6ir Zitc)

where [, | is the usual bracket on Lie algebra of linear Lie groups. From these relations,
we deduce that spy(IR) is generated by

{Xi,Yij|i,je{1,...,N}, Ji—jl <1}.

Indeed, let g be the Lie algebra generated by this set. Leti € {1,...,N}. Then, Z; =
2[Xi;, Yiil € gand Z; ;1 = 2[Xji, Yiit1] € 9. Thus, foreveryi,j € {1,...,N},[i—j| <1,
Z;; € g. Then we have, X;;y» = [Z;ii1, Yis1iv2), Yiito = [Yiit1, Zig1iv2] € gand Z; ;4 =
2[X,‘,1’+1,Y1’+1,l‘+2] € g. Thus, for every l,] S {1,. . .,N}, ‘Z - ]’ =2, Xl']', Yl']', Zij cg. By
induction, we do the same for indices i, j such that |i — j| = 3 and more generally for all
indices 7,j € {1,...,N}. Thus, we proved that {Xj;, Yjj, Z;;}; j—1.~ is included in g and
then spy(R) C g. Finally, g = spn(R) .
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According to this, to prove Lemma we only have to prove that, for every E € R,
the Lie algebra generated by {X ) (E) | w® € {0,1}N} contains all the matrices Xjj and
Yiifori,je{1,..., N}, |i—j| <1 Let

a(E) = Lie{ X0 (E) | 0! € {0,1}N}. (5.16)

To prove that a(E) contains the matrices X;; and Yj; fori,j € {1,...,N}, |[i —j| <1, we
will proceed in several steps. We fix E € R.

Step 1. We prove that the matrices Z;; fori € {1,...,N} arein a(E). Let w(® and @© in
{0,1}N. We have :

= diag(c; (wio) — w%o)), .

In particular, for w0 = (0,...,0) and @0

= ..,0), with a 1 at the ith place
and 0 elsewhere, we get Z;; = [X ) (E), X 50 (E

©,...,1,
)] € a(E).

Step 2. With the same choice of w© and @@, we get

X0 (E) = X0 (E) = Y.

Thus, foreveryi € {1,...,N}, Y;; € a(E).
Step 3. We fix w(® € {0,1}N andi € {1,...,N}. We have:

0 —2E;;
X E),Z;| = .
Ko (E), Zil ( M0 (0)E;; + E;iM 0 (0) —2EE; 0 )
= =2X;+ 2Ym;1 + ZYi/i+1 + 2(601.(0) — E)Yi'

with the convention that Yi]- is zero if the index jis notin {1, ..., N}. Thus, dividing by
2, one gets,

Vi e {1, . .,N}, —Xii + Yi,ifl + ‘Yi’iJ’,l + (wl(o) — E)Yii S a(E) (5.17)

Step 4. We prove that the matrix J is in a(E). We fix w(® = (0,...,0). By summing (5.17)
fori e {1,...,N}, westay in a(E) and we have:

M-

Il
—_

N
0 0
(—=Xii + Yiio1 + Yiiy1 — EYy) = ;(—Xz’i) + < M, (E) 0 ) € a(E).

We can substract X o) (E) € a(E) from this, to get :
N
o 0 —Ix\_ (0 —2Iy
Thus, (8 _éN ) € a(E). But, by Step 2, all the Y;;’s are in a(E), so we also have :
N
0 0
Z Y = ( In O > S Cl(E)

By adding these two matrices, | = ( I?\w 75"‘) € a(E).
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Step 5. Forevery i € {1,...,N}, [J, Zi] = 2Y;i +2X;; € a(E). But Y;; € a(E), so 2X;; =
[], Zii) —2Y;; € a(E) and, foreveryi € {1,...,N}, X;; € a(E).

Step 6. We recall that X;; = Xj; and Y;; = Yj;. Leti € {1,...,N}. Substracting (w® —
E)Y;; € a(E) and adding X;; € a(E) in we get Yi;1+Yii+1 € a(E). Fori =1, it
means that Y1, € a(E). Then, 121,2 = [X11,Y12] € a(E) and Z;, € a(E). But we also
have 2X1, = [Z1, X22] € a(E) and Xj, € a(E). Now, for i = 2, we have Y1 + Ya3 €
a(E). But we just proved that Y51 € a(E), thus Y3 € a(E). Inductively, we prove that :

Vi e {1,...,N}, Yi,i+1 & a(E).
Also, foreveryi € {1,...,N},

1
[Xii, Yiisa] = 5Zii1 € a(E) and  [Zij, Xis1,i41] = 2Xii41 € a(E).
It proves that all the matrices X;j and Yj; fori,j € {1,...,N} and |i —j| < 1 arein a(E).
Thus, a(E) = spy(R).

O
Continuation of the proof

Let us return to the first step of the proof. First, the eigenvalues of X« (E)'X o (E) are 1,
(A" —E)2, ..., (A9 — E)2, hence:

- w® _
X (B)]] = ma (1, max 13" ~ ),

where || || denotes the matrix norm associated with the Euclidean norm on R?V.
Since the neighborhood O depends only on Spy(IR) , hence only on N, we aim to construct
an interval of values of E such that, for ¢ sufficiently small,

Vw® € {0,1}Y, 0 < £||X 0 (E)|| < diog 0, (5.18)
or equivalently
w0
0 < £max <1, w<0>r2?0),(1}N 12‘?1(\1 |AS E[) < diog 0- (5.19)

Assume that ¢ < dlog o and setr, = %dlog o > 1. Then, since ry > 1, the set

I(N,V,l) =¢E€R| max |1, max max |/\§"(O) —E|] <1y (5.20)
WO {01}V 1IN

can be written as the following intersection,

INV,O= () ) P =28 47, (5.21)
w0 e{0,1}N 1<i<N

If \g < 7y, then I(N, V,{) # @ and more precisely, I(N,V,{) = [Amax — *¢, Amin + 7¢].

This interval is centered at W and has length 2r, — 2A > 0, which tends to +oo as
{—0".

Moreover, since Amin, Amax, and dlog o depend only on N and V, I(N, V, ¢) depends only
on ¢, V,and N, and the condition Ay < r; is equivalent to

dlog o

l < Ao

lc.
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We have thus constructed /¢ and I(N, V, /) such that
Ve < Le, VE € I(N,V,£), 0 < £]| X0 (E)|| < diog 0- (5.22)

Recall that, by the definition of O via Theorem the map exp is a diffeomorphism from
log O onto O. Therefore, for all E € I(N,V,{),log T, ) (E) = {X 0 (E), which immediately
completes the second step of our proof.

For the third step, it suffices to apply Lemma to obtain:

V¢ >0, VE € R, Lie{¢X ) (E) | 0¥ € {0,1}V} = spn(R). (5.23)

We can thus finally apply Theorem to conclude that

Ve <lc, VEE€I(!,N), < T, 0(E)|w® € {0,1}N > =Spy(R). (5.24)

The genericity argument

The use of the Breuillard and Gelander theorem to obtain the separation of Lyapunov expo-
nents leads us to prove an algebraic property on a Lie algebra generated by a finite number of
matrices. This is an open condition and, moreover, the n-tuples of elements in Spy(R) that do
not generate a dense subgroup are contained in a closed analytic submanifold.

In Theorem [5.2.5) genericity is understood in the sense of the Lebesgue measure on Sy(RR),

N+1

identified with the Lebesgue measure on R~z . However, the proof of this theorem implies
a stronger result, which is Zariski genericity, meaning that one can choose V in a Zariski dense
open subset of SN(R) .

For k € IN*, let
Vi = {(Xl, .., Xp) € (spn(R) ¥ | (X4,..., Xk) does not generate spy(R) } . (5.25)
Since generating the algebra spy(IR) is an algebraic condition of the type non-vanishing of a

finite family of determinants (finite because, for any m € IN*, R[Tj,..., T,] is Noetherian),
there exist Qy, ..., Qy, € R[(spn(R) )¥] such that:

Vi = {(X1,., X0) € (spn(R))* [ Qu(Xa,0 Xi) = 0,00, Qn (X, X =0) . (526)
Here, we identify R[(spy(RR) )¥] >~ R[Ty, ..., Tyonz4n))- Let E € R and

Viey ={V € SN(R) [ {X1(E,V),..., Xon(E, V) } does not generate spy(R) } . (5.27)

We show that Leb v+ (V(g)) = 0. Indeed, let
2

fo: SN2 E?ZNg{% X (E,V)) 529

Then, fg is polynomial in the M coefficients defining V, and we have:
VeVe & (Quofe)(V) =0,...,(Qry o fe) (V) =0, (5.29)
each Q; o fg being polynomial in the w coefficients defining V. Moreover, we have proven

that Vo ¢ V(g). Therefore, there exists ip € {1,...,7,v} such that (Q;, o fg)(Vo) # 0 and, since
the function Q;, o fr is polynomial and not identically zero,

Leb n( N+1 ({V S SN ) ‘ (Ql OfE)(V) = 0)}) =0, (5.30)
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and by inclusion,
Leb N(N+1) (V(E)) =0. (5.31)
2

Finally, let V = OEGRV(E). Then V has Lebesgue measure zero, and if V & V), there exists
Ey € R such that the family {X;(Eo,V),..., Xon(Ep, V)} generates spy(R) . Therefore, there
exists ip € {1,..., v} such that (Q;, o f)(Eo, V) # 0, where
FoRXSE) o () | -
(EV) = (X(EV),...,Xn(EV))

For fixed V, the map E — (Q;, o f)(E, V) is polynomial and not identically zero, so it has only
a finite set Sy of zeros, and for all E € R\ Sy, (Q;, © f)(E, V) # 0, that s,

VE € R\ Sy, {X1(E,V),..., X;x(E,V)} & V. (5.33)

Hence, we have obtained that V has Lebesgue measure zero and that if V' ¢ V), there exists a
finite set Sy C R such thatforall E € R\ Sy, {X1(E,V),..., Xon(E, V) } generates spy(R) .

From this, the proof of Theorem is completed. We fix V € Sy(R) \ V and apply
Theorem initially defining the real number ¢-(N, V) and the interval I(N,V,{) so that
the logarithms of the T, ) (E) equal £X ) (E, V) and lie in log O.

As we have just seen, it is the algebraic nature of the objects involved that allows one to
prove a generic result in V and the finiteness of the set of critical energies. The ideas used
can be summarized by recalling that the set of zeros of a nonzero polynomial in one variable
is finite, and more generally, the set of zeros of a nonzero polynomial in several variables has
Lebesgue measure zero.
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Chapter 6

Kotani’s theory

6.1 Generalized eigenvalues and spectrum

In this section, we state results in both the discrete and continuous cases that allow the charac-
terization of the spectrum using the notion of eigenvalues and generalized eigenfunctions.
All results will be stated for Schrodinger operators. These are deterministic results.

6.1.1 Discrete Case

We begin by stating the desired definitions and results for a discrete Schrodinger operator
acting on ¢%(Z4).

Recall that a function u : Z? — R is said to be polynomially bounded if there exist constants
C > 0 and p > 0 such that

V€ 2%, |u(n)| < C(1+ [|n]|e)?-
In this section, H = —Agjsc + V is a discrete Schrodinger operator with arbitrary potential V.

Definition 6.1.1. We say that E € R is a generalized eigenvalue of H if there exists a polynomially
bounded function u : Z* — R satisfying Hu = Eu. Such a function u is called a generalized
eigenfunction.

Let 0,_¢(H) denote the set of generalized eigenvalues of H.

Note that a generalized eigenfunction is not necessarily an eigenfunction of H since it is not
assumed to belong to /2(Z%).

Finally, we say that two Borel sets A and B of R are equal up to a set of spectral measure zero
if Eq\g(H) = Ep\a(H) = 0. Using this notion, we can state the theorem characterizing the
spectrum by generalized eigenvalues.

Theorem 6.1.2. The spectrum of H coincides with o, (H) up to a set of spectral measure zero.
From this we deduce the following result.

Corollary 6.1.3. We have 0, o(H) C o(H). Moreover,
o(H) = 0,_¢(H).
Let B be a Borel subset of R and let y(B) =
associated with H. For ¢, 9 € (2(Z%), define j,(
pmn(B) = (6m, p(B)dn)-
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Let (a),cze be a family of strictly positive real numbers such that ), 5«0, = 1. We then
define the positive Borel measure

P(B) = Z ‘xnﬂn,n(B)r

ncz4

called a real-valued spectral measure of H. We have
p(B) =0 if and only if u(B) = 0.

In particular, two Borel sets are equal up to a set of spectral measure zero if and only if p(A \
B) = p(B\ A) = 0. Moreover, we have

supp p = 0(H),
and this support does not depend on the choice of the family (a),,cz4-

The first inclusion in Theorem [6.1.2| can be stated as follows, also known as Sch’nol’s
lemma.

Lemma 6.1.4 (Sch'nol). Let p be a real-valued spectral measure for H = —Agisc + V. Then, for
p-almost every E € IR, there exists a polynomially bounded solution u of the equation Hu = Eu.

Proof : Let B be a Borel subset of IR. By Cauchy-Schwarz, we have

1 1
Vm,n € Z2°, | (B)| < [m,m (B) |2 [pn,n(B) 2.

Since by construction of p, the y,, , are absolutely continuous with respect to p, the same
holds for all j,, ,. We can thus apply the Radon-Nikodym theorem to obtain the existence
of p-integrable functions F,, , such that

pna(B) = [ Eua(1)do(1)

Since i, , is a positive measure, the functions F, , are p-almost surely positive. Moreover,

p(B) = ¥ tuina(B) = ¥ tn [ Fun(V)dp() = [ T auua(A)dp(A).

nezd nezd nezd

In particular, p-almost surely, Y, cz¢ &, Fyn(A) = 1. We deduce that p-almost surely, for
alln € 79, Fin(A) < “17 We then have

[ Fu0)d0 )| = 1 (3)
< (jmn(B)* (1nn(B))

() ()

< IXmZ(Xn p(B).

Nl—

Hence, p-almost surely,
_1 1
| Fnnl < oty (6.1)

By functional calculus, for any bounded measurable function f, we have

(G, f(H)01) = [ FN)Fun(M)dp(2).
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In particular, if ¢ is bounded with compact support, take f(A) = Ag(A) and we obtain

//\g A)dp(A) = (8, Hg(H)3,)
= Y —(Omsp, §(H)Sn) + V(m)(6m,§(H)5y))

lpl=1

= ¥ = [ 8 Fupa(0)dp(1) + [ ALAIV () Fu (V)dp(2)

lpl=1

_ /R Ag(A)HM™E,,(A)dp(A),

where H™E,, ,(A) denotes the application of the operator H to the sequence m
Fin(A). Thus, for any bounded compactly supported function g,

[ A8 Ena(V)dp(d) = [ AgA)HEyn(2)dp(A).

Hence, for p-almost every E € R and for any fixed n € Z¢, the sequence defined by
um = Eyn(E) is a solution of Hu = Eu. Moreover, this sequence (i, ),,c7z« satisfies by

@D,

1
Vm € Z°, |ty | < Cote®.

For arbitrary B > d, choose a,, = c¢(1 + |m|) =P with ¢ > 0 a normalization constant. Let
€ > 0. For B = d + 2e we obtain the estimate

3C >0, Vm € Z9, |uy| < C(1+ |m|)2+e.
This shows that (uy,),,cz« is a polynomially bounded solution of Hu = Eu, constructed

for p-almost every E € R.
|

The converse of Theorem is given by:

Proposition 6.1.5. If the equation Hu = Eu admits a polynomially bounded solution, then E € o(H).

Proof : For L € N we define A = {m € Z% | |m| < L}, the cube centered at 0 with side length
2L+ 1.1f S C Z and u € 2(Z“), we denote

[lulls = Y fum/*.

meSs

Step 1. Let us show by contradiction that if u is polynomially bounded and nonzero and
if | > 1, then there exists a sequence of integers (L, ),en tending to infinity such that

Hu‘ ‘AL;1+Z
[lullay,  nbes

Otherwise, there exists a > 1 and Ly € IN such that forall L > L,
ulla,,, = allulla,-
Iterating this relation and starting with L = Lo, for all k € IN,
[u

||AL0+1<1 > ak| |u| |ALO'
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However, u is polynomially bounded, so there must exist C,C; > 0 and p € IN such that

| < Ci(Lo + k)P < CKP.

‘ ’ALO kI

Hence, for all k € IN, a¥ < Ck?, which is a contradiction.

Step 2. Now, let u be a polynomially bounded solution of Hu = Eu. We truncate it by
setting
| um if m| <L
(e ) = { 0 otherwise
Let v, = HulTH”L andS; = {me€Z|L—1<|m| <L+1}.Letm & Sp. If jm| > L+1,

then in the expression

((H=E)up)m = — |Z (”L)m+p + (Vi — E)(ur)m
r|=1

all terms vanish, so ((H — E)ur), = 0. If |m| < L —1, then in the same expression,
ur = uand we have ((H — E)ur)u = ((H— E)u),, = 0. Thus,

I(H = Eyur| > < {[ull§, = Y uml® = [lullz,., —IlullX,_,.

meSy

By Step 1, there exists a sequence (L, ) tending to infinity such that

[l A,
[lullay, o noteo

Hence
’ 2 . 2
P 1 et 1

H—-E oL
= e, Wl e

Thus, (vr, )nen is @ Weyl sequence for H and E, so E € o(H).
O

Proof : We prove the corollary. First, 0, ¢(H) C o(H) by Proposition[6.1.5} Since the spectrum
is closed, we obtain the first inclusion: o,,_¢(H) C o(H).

Then, by Theorem“ we have p(R \ 0,_¢(H)) = 0, hence

(R\ 0p—¢(H)) No(H) = (R\ 0p—g(H)) Nsuppp = @.

From this, c(H) C 0, _¢(H).

6.1.2 Continuous Case

For proofs and further references for this section, we refer to [26]. We start by defining the class
of functions in which the potential will be chosen.

Definition 6.1.6. Let V : RY — R. We say that V € K if

1. Ifd > 3,
limsup [ fx—y 2|V (y)dy = 0.
x—y|<wa

a—0 XG]Rd

page 66 Random operators and Anderson localization



6.1 Generalized eigenvalues and spectrum

2. Ifd =2,
lim sup In(lx — y| ) V(y)ldy = 0.

a—0 XG]RZ ‘x—y‘g(x

3. Ifd =1,
sup [ |V(y)ldy < e
lx—y|<1

x€R
Moreover, we say that V € K¢ if Vipr) € Kg forall R > 0.

Furthermore, we define V_ = max(—V,0) and V; = max(V,0). We then have the follow-
ing result due to Sch’nol and independently to Simon. Recall that a function u : RY — R is
polynomially bounded if there exist C > 0 and p > 0 such that

Vx € RY, |u(x)| < C(1+ |x|)?.

Theorem 6.1.7. Let H = —A + V acting on H?(R?) with V., € K and V_ € K;. Let E € R be
such that there exists a polynomially bounded solution u of Hu = Eu. Then E € o(H).

In fact, the “polynomially bounded” condition on # can be weakened to:

VA >0,3C >0, Vx € R, |u(x)| < Cel¥,

It is not true in general that conversely, if E € ¢(H), then Hu = Eu has a polynomially
bounded solution. However, we have:

o(H) = {E € R|Hu = Eu has a polynomially bounded solution}

where the overline denotes closure in the usual topology of R.
More precisely, a continuous version of Sch’nol’s lemma can be stated as in [26][Theorem
C.54].

Theorem 6.1.8. Let V. € K‘IjOC and V_ € Kyjand H = —A+ V. Fix§ > %. Then there exists a
real-valued spectral measure p and a family { Ay },>1 of pairwise disjoint measurable sets whose union
equals the support of p, such that if E € Ay, there exist n functions uy (-, E), ..., u(-, E) satisfying

1. Huj = Euj in the weak sense with respect to the measure p,
2.3C >0, Juj(x, E)| < C(1+12)3,

3. if E is fixed, the functions uq(+, E), ..., u,(+, E) are linearly independent.

Proof : The main difficulty is to construct the measure p in this case and to verify the first point.
It is obtained as a trace:

p(B) = Te((1+ %) 2E(A) (1 +x%) %)
O

We then recover the equality stated above by noting that if Ey € o(H), then for all e > 0,
p(Eo —€,Eo+€) > 0, and for any E arbitrarily close to Eg, Hu = Eu admits a polynomially
bounded solution (here we use the definition of the support of p).
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6.2 Ishii-Pastur Theorem

6.2.1 Scalar-valued Schréodinger Operator

Let (Q, A, P) be a probability space and let T : ) — Q) be an invertible ergodic transformation.
Let f : ) — R be measurable and bounded. We define:

YVweQ,VneZ, Vi = f(T"w).
We consider the random Schrédinger operator h,, acting on ¢2(Z) by:
(hwu)n = _(un+1 + un_l) + V;luun.

We consider the equation h,u = Eu, E € R, and the associated transfer matrix sequence

(T (E))nez, given by
i (V¥—E -1
e <E>_< TE )

To this sequence (TY(E))necz is associated the Lyapunov exponent v(E) > 0. Indeed, for
nez,setS,(wE)=Ty(E) - -T¢(E)ifn > 1and S_,(w,E) = (T¥,{(E))" - (T§(E)) !
if n > 1. Then the two limits
. 1
T+(w, E) = lim WIOg(HSn(w/E)H)

n—too (1

exist for P-almost every w € Q). Moreover, since S_,(w,E) = (T§(E)--- T, ,(E)) "}, by the

i d ) n+1
L.1.d. property,
E(log ||S—n(w, E)|]) = E((S(E)) ).

(S
Now, if | = (9 '), we have /(JS,(E)]J ') = (S«(E)) !, and since transposition, ] and ]! are
isometries, it follows that y_ (w, E) = 4 (w, E) = (E), P-almost surely.

Moreover, since det(S,(w,E)) = 1, at least one of its eigenvalues has modulus greater than
1, and therefore the norm of all these matrices is greater than 1. Taking logarithms, (E) is
positive.

We then define
Z={EcR|v(E)=0}.
We also recall that if S C R, the essential closure of S is defined by:

S ={Ee€R|Ve>0,Leb(SN(E—¢E+e¢)) >0}

Theorem 6.2.1. Let X, be the almost-sure absolutely continuous spectrum of the ergodic family
{hw}wea- Then,

—~€ss

Yoe C Z (6.2)

Proof : We prove this inclusion by contraposition. Let (4,b) C R be an interval and suppose
that y(E) > 0 for Lebesgue almost every E € (a,b).

Let A = {w € Q| y(w, E) = 0}. Then for Lebesgue almost every E € (a,b), P(Ag) = 0.
We then define

A={(w,E) € QA% (a,b)|v+(w,E) # v—(w, E) or the limits do not exist or y(w, E) = 0}
and

Aw={E € (a,b)|v+(w,E) # v_(w, E) or the limits do not exist or y(w, E) = 0}.
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Then, by Fubini’s theorem,

(P @ Leb)(A) = (Leb ® P)(A) = /b P(Ag)dE = 0.

Hence, for P-almost every w € (), Leb(A,) = 0. Thus, for P-almost every w € Q,
y(w,E) > 0forall E € (a,b) outside a set of Lebesgue measure zero.

Moreover, by Theorem
ER\0,_ () () = 0.

Furthermore, since Leb(A,) = 0, by definition of the absolutely continuous spectrum,
we have E¥f (hy) = 0. Now, if E & A, by Oseledets’ theorem, the only polynomially
bounded solutlons of h,u = Eu are exponentially decaying at infinity and hence belong
to (?(Z). Since (*(Z) is a separable Hilbert space, there can be at most countably many
such eigenvectors, and we deduce that

Leb(, () N ((a,b) \ Ay)) = 0.

Finally, using that Er\s, __(n,) (hy) = 0, we obtain

Eon) (ho) = Ef pyno,_ () ) = Efapyna, ) + EG pyno, o (h)nag, () = 0.

This proves the desired inclusion.
O

Remark 6.2.2. This proof does not use the fact that the Schrodinger operator is discrete. Indeed, assum-
ing Sch’nol’s lemma also holds in the continuous case, and provided the transfer matrices are properly
defined in the continuous setting (which is also possible), this proof adapts directly.

Corollary 6.2.3. Let (a,b) C R, a < b, be an interval. If for Lebesgue almost every E € (a,b),
Y(E) > 0, then Xac N (a,b) = @.

Example 6.2.4. We again consider the almost-Mathieu operator HY acting on (*(Z) by:
Yu € (2(Z), Vn € Z,(HS u)y = ttysq + ty_1 + Acos(w + 27tna)uy,

where w is irrational, A is real, and w € [0,27). Here the potential is ergodic by taking Q) = T endowed
with the Haar measure. We then show that

VE € R, 7(E) > log (‘QD . 63)

For E € R, consider the transfer matrix sequence

n Acos(w +2mna) — E —1
T(E,)(E):< ( ; ) 0 >

We rewrite it using trigonometric relations.
For z € C, set z, = ze*™ and consider the matrix

Zu(2,E) = ( 2(Z2+1)—Ez, -z, )

Zn 0

For z = e\¥, z,, = eAmatw g

1
= —(zx+ 1) & 2z,co8(w +2mna) = 22 4 1.

cos(w + 2mna) 2( »
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Thus,
Zn(e,E) = < Az, cos(w +Zi7'cnoc) —Ez, —(.)zn ) _ znT(E,n)(E).
Then,
1Zn(e, E) -+~ Zo(e, E)|| = |z~ zo| |TS"(E) -+~ Ty (E)|| = 1+ ||Su(w, E)]].
If we set

10(E) = B0 1Su . E)) = 5 [ g 1T (E) - TS (B)]|

then, since f : z +— log||Z,(z,E) - - - Zo(z, E)|| is subharmonic (it is upper semicontinuous and f(z)
is less than or equal to the average value of f over any circle centered at z), we have

Yu(E) > f(0) =log||Z4(0,E) - - Zo(0, E)|| = log <’/2\’>n+1

o)

), and taking the limit after dividing by n + 1, we obtain
o2vm(()

We can then apply the corollary of the Ishii-Pastur theorem to conclude that for almost every w €
[0,277), the absolutely continuous spectrum of HY is empty for |A| > 2.

because

O N>

Z,(0,E) = <

Thus, v4(E) > (n+1)log (|5

6.2.2 Matrix-valued Schrédinger Operator

Let N > 1. We consider operators of the form

2(Z)ocN — P(z)ecN

hN
@ (un) — (_(”n—i-l + un—l) + Vw(”)un)

where the V(. are real symmetric matrices that are i.i.d. on a complete probability space
(Q, B,P). Thus, the family {hY },cq is ergodic.
To study the generalized eigenfunctions of the operator 1Y we solve the equation

_(un-i-l + un—l) + Vw(n)un = Euy,

which leads us to introduce the transfer matrices
Vi —E —I
Tw(")(E> = ( w! I 0 > :

These transfer matrices form an i.i.d. sequence in Spy(R) with common law g, and we can
therefore consider the associated Furstenberg subgroup,

Gy = (supp pE).

The Lyapunov exponents at -cc are then well-defined, and they are equal and independent of
w for P-almost every w € Q.
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Notation. Let Qy,p be a subset of () such that:
L P(Oryap) =1,

2. forall w € QOyyqp the limits defining the Lyapunov exponents exist at +oo and for each p
they are equal at +oc0 and —oo,

3. forallw € QLyap, these limits are independent of w.

In this setting of matrix-valued operators, an analogue of the Ishii-Pastur theorem is es-
tablished on the characterization of the absolutely continuous spectrum via the zeros of the
Lyapunov exponents.

Recall that for w € Qyyap, the operator /1Y has 2N Lyapunov exponents which can be grouped
in pairs of opposite real numbers:

Y1(E) >+ > n(E) 20> yna(E) = —yn(E) = -+ > 7an(E) = —71(E).
Forje {1,...,N}, weset
Z] = {E e R | 311,...,12]' S {1,...,2N}, ’)/l](E) = :’)112],(E) :O}

Proposition 6.2.5. Let j € {1,..., N} and let E € Z; be fixed. Let w € Qyyap. Then, every subspace

of
{pe (CN)? | o =Egp, ¢ ¢ (*(Z)®CN and ¢ is polynomially bounded }

has dimension at most 2j.

Proof : We define
Vaal(E) = {9 € (C*)* | hyp = Eq},

Vp(E) = {¢ € Vi (E) | ¢ is polynomially bounded },

and
Ve (E) = {9 € Vaa(2) | 9 € £(Z) 2 C"}.

To prove the proposition, it suffices to show that
dim Vp(E) < 2j+ dim V2 (E).
For ¢ = (¢n)nez and P = (P )nez in Vo1 (E), we define
Wig,¥) = (571 (%),

where | = ( (I) BI ) Then W is an antisymmetric bilinear form on V,,(E). Moreover, since
P is in Vo (E), it is uniquely determined by (i(l’ ), and since | is invertible, W is non-

degenerate. Indeed, if ¢ € Vg, (E) satisfies W(¢, ) = 0 for all ¢ € V,,(E), applying this
equality to 2N distinct sequences ¢ such that () are the 2N canonical basis vectors of

C?N, we obtain a Cramer system with unique solution | <$‘f) = 0. Since | is invertible,

we get (i‘;) = 0 and hence ¢ = 0.

Since W is a non-degenerate antisymmetric bilinear form on V) (E), if V; and V, are two
subspaces of V. (E) such that

Vo e Vi, Y € Vo, W(p, ) =0, (6.4)
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then

dim V] +dim V, < 2N. (6.5)
Indeed, V; and JV; are orthogonal for W.
We set:

Dy = {¢ € Vi (E) | ¢ decays exponentially at + oo}.

Since E € Z;, exactly 2j of the 2N Lyapunov exponents vanish at E. By Oseledets’ theo-
rem,
dim Dy =N — .

Also, Dy ND_ C Vp(E), so by the Grassmann formula,
dim (Dy +D_) = dim D4 +dim D_ —dim (D ND_)
> 2N —2j - dim Vp(E) (6.6)

Moreover, if ¢ € Vp(E) and ¢ € Dy, then, by domination,
im (f7) 7T (4, ) =o. 6.7)

Moreover, the sequence (( o )* ] (1;/]11 )) Z is constant when ¢ and ¢ are chosen in
" ne

Vsol(E), since T, ) (E) € Spy(R) forall n € Z. Hence, foralln € Z,

) T(50) = (T ® () TTm(E) (7))

In particular,

(5)7 7 () = tim ()T (4f,) =0 (6:5)

n—=4oo

Hence, if ¢ € Vp(E) and ¢ € D, + D_, then W(¢,¢) = 0 by linearity in the second
argument. Therefore, by (6.5),

dim Vp(E) + dim (D4 + D_) < 2N.

Combining with (6.6),
dim VP(E) S 2] + dim ng(E),

which proves the proposition.
O

Let PLqq denote the set of real numbers E such that the equation h} ¢ = E¢ admits a non-trivial
polynomially bounded solution. We then have a matrix-valued analogue of Sch’nol’s lemma.

Proposition 6.2.6. For P-almost every w € (),

o(hy) = Poaa = {E € R| 3¢ € Vo(E) \ {0}}

and Egyp,,,(hY) = 0, where Eg\p,,, (1) is the spectral projector on R \ Pyaq associated with the
self-adjoint operator hY.

Using this proposition, one can prove a matrix-valued analogue of the Ishii-Pastur theorem.
The ideas of the proof are the same as in the scalar case.

Theorem 6.2.7. For every w € Qyap, the multiplicity of the absolutely continuous spectrum of hly in
Z; is at most 2j.
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Proof : Let w € Qyyap. For A a Borel subset of R, we denote by Ex (kYY) the spectral projector
on A and by E&°(hY) the spectral projector onto the absolutely continuous part of o (hY)
in A.

To prove the theorem, we need to show that
rg BY (hy) < 2.
According to Proposition ER\p,,, (h) = 0,50

B (1) = EX by, (1) = B op,puns (1) + B ap, ynse (1),

where S = {E € R| 3¢ € Vp(E)NVp(E), ¢ # 0}. If E € S, then E is an eigenvalue
of hYY. Since there is only a countable number of eigenvectors in ¢? for the self-adjoint
operator Y, the Lebesgue measure of S is zero. Hence,

%ijbddms(hg) =0 and Eac (hN) aZCmeddeC(hN) (6.9)
Since E € Z;, we can apply Proposition[6.2.5to obtain directly that

rg Ez, ﬂPbddﬁsc(h ) < 2]

which implies
rg B meddef(h ) < 2j. (6.10)

Combining and (6.10), we have proved that
rg BY (hyy) < 2],

which completes the proof.

Theorem implies the following corollary.
Corollary 6.2.8. If for Lebesque-almost every E € R, y1(E) > --- > yn(E) > 0, then L, = @.

Proof : If E € R satisfies 'yN( ) > 0, then none of the Lyapunov exponents vanish at E, so
E € Zy. By Theorem (hN ) = 0. If A is a Borel subset of R, then by hypothesis
Leb(R\ Zy) =0, so

EX(hYy) = EXz, (hiy) =0, for P-ae. w € Q.

Hence X, = @ by the definition of Xc.

6.2.3 Statement of the Ishii-Pastur-Kotani Theorem

The results linking the zeros of Lyapunov exponents and the absolutely continuous spectrum
are actually deeper than the previously stated ones. We reuse the notations introduced earlier.

Theorem 6.2.9. 1. The set Z; is the essential support of the absolutely continuous spectrum of
multiplicity 2j.

2. There is no absolutely continuous spectrum of odd multiplicity.

3. We have

Yac=Zn  ={EE€R|1(E) = =yw(E) =0} .
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Finally, we have a local result.

Proposition 6.2.10. If Zy contains an interval I, then the almost-sure spectrum of {hl },cq is purely
absolutely continuous in I.

The proofs of these results rely on the fine properties of the Weyl-Titchmarsh M-functions
and Kotani’s w-function (see [17]). They also allow to prove a partial characterization result
for deterministic potentials.

Let C denote the upper complex half-plane {z € C | Im(z) > 0} and C_ the lower half-plane
{z € C|Im(z) < 0}.

Proposition 6.2.11. Let E € C UC_. Fix w € Q. Then there exists a unique function x — Fy (x, E)
with values in My(C) (respectively x — F_(x, E)) satisfying:
“F" + VoF, = EF,, F,(0,E) = I, and / I|E+ (x, E)|2dx < +o0
0
respectively:

0
—F" +V,F- =EF_, F_(0,E) =1, and / ||E=(x, E)| Pdx < +oo.

Definition 6.2.12. For E € C U C_, we define the functions m, M, and M_ by:

d d
M, (E) = EP+(x,E)|x:o and M_(E) = —EP,(x,Eﬂx:o.

The function M characterizes the potential on the positive real half-line.

Theorem 6.2.13. M. characterizes {V (x) }1>0 in the sense that if Vi and V, are two bounded poten-
tials such that My 1 = M. 5, then Vi (x) = Va(x) for almost every x > 0.

There is an analogous statement in the discrete case. See [17], Theorem 4.1 and Theorem 4.2.
To know the potential on the negative real half-line, we use the following result.

Proposition 6.2.14. For almost every E € Zy and for almost every w € ),
M_(E+i0,w) = =M (E+1i0,w)".

Again, we refer to [17] for the proof and for the analogous statement in the discrete case. This
finally allows to deduce:

Theorem 6.2.15. If Leb(Zy) > 0, then V is deterministic.

Proof : Knowing V on (—co,0] implies knowing M_. The previous result implies that M. is
then known on Zy. Since Leb(Zy) > 0, this determines M, on all of C by analytic
continuation of Herglotz functions. But M, determines V on [0, +0). Finally, knowing

V on (—oo, 0] implies knowing V on [0, +c0), which means that V is deterministic.
O
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Regularity of the Lyapunov exponents
and of the integrated density of states

7.1 Regularity of Lyapunov Exponents

7.1.1 Invariant Measures

We begin by giving a definition of the action of a group on a compact space. In this section, G
denotes a locally compact group with identity element e, and B is a topological space.

Definition 7.1.1. We say that G acts on B if one can continuously associate to each (g,b) € G x B an
element gb of B such that:

1. g1(g2b) = (12)b, V1,82 € G and Vb € B.
2. eb=h, Vb € B.

For such a pair (G, B), one may assume a measure j on G and a measure v on B are given.
We can then define the pseudo-convolution of these two measures.

Definition 7.1.2. The pseudo-convolution of a measure yu on G and a measure v on B is the unique
measure y x v on B defined by:

pev(f) = [ Flgb)du(g)av(v)

for any bounded measurable function f on B.

Remark 7.1.3. If B = G, then this pseudo-convolution coincides with the ordinary convolution of two
measures on a group. In this case, we denote ™ as the n-th convolution of p with itself: p ... * u.

Remark 7.1.4. If ji1 and py are measures on G and v is a measure on B, then we have: (1 * pp) x v =
ty * (pp xv).

We can now define the notion of an invariant measure on a topological space on which a group
acts. In the following, we fix a probability measure y on G.

Definition 7.1.5. A measure v on B is called py-invariant if: yxv = v.

Theorem 7.1.6. Let (AY(E))nen be a sequence of i.i.d. random symplectic matrices of order 2N de-
pending on a real parameter E, and let p € {1,...,N}. Let ug be the common distribution of A% (E).
Suppose that the Furstenberg subgroup G, associated with this sequence of symplectic matrices is
p-contracting and L,-strongly irreducible, and that E(log ||A§ (E)||) is finite. Then the following
assertions hold:
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1. vp(E) > vp+1(E)

2. For any non-zero x in Ly:
: 1 14 w w a
lim —log || A7 (A3 (E) ... AF (E))al| = Y- (E)
i=1

3. There exists a unique pg-invariant probability distribution, denoted v, g, on P(L,) = {X €
P(APR?N) | x € Ly} such that:

|| AP Mx]]
1]

=

log dup(M)dvye(x) = ) 7i(E)

/SPN(IR) xIP(Lp)

i=1

The fact that we have an integral representation of the Lyapunov exponents involving the
measure Vj g implies that, to study the regularity of these exponents as a function of E, it will
suffice to study the regularity of this measure seen as a function of E.

7.1.2 Continuity

We will first prove the continuity of the Lyapunov exponents with respect to the energy pa-
rameter E.

Theorem 7.1.7. Let (AY(E))uen be an i.id. sequence of symplectic matrices depending on a real
parameter E. Let ug be the common law of AY (E). Fix a compact interval I in R, and suppose that for
all E € I:

1. Gy, is p-contracting and Ly-strongly irreducible forall p € {1,...,N}.
2. There exist constants C; > 0, Co > 0 independent of n, w, E such that forall p € {1,...,N}:

| AP AR (E)[]? < exp(pCi + p|E| + p) < Ca. (7.1)

3. There exists a constant C3 > 0 independent of n,w, E such that for all E,E' € I and all p €
{1,...,N}:
| AP AY(E) — APAY(E)|| < GS|E — E'|. 72)

Then, for all p € {1,... N}, the map E +— 7y, (E) is continuous on I.

The methods to prove this result can be found in [8], Chapter V. In that reference, this regu-
larity result is stated for a sequence of transfer matrices associated with discrete matrix-valued
Schrodinger operators. However, this restriction concerns only the estimates and .
These are clearly satisfied in the case of transfer matrices associated with discrete operators
and are also verified in the continuous case.

The main steps of the proof are as follows. First, one proves the continuity of the function

IxP(L,) — R
(E, .7?) — @F’E(f) = (log W)

(1]

(I)p,E .

forall p € {1,... N}. At this stage, only the estimates (7.1) and (7.2) are used. Next, one proves
the weak continuity of E — v, ¢ using the Banach-Alaoglu theorem and the uniqueness of the
pe-invariant measure vy, . Combining these two continuity properties and noting that

T(E) +. ..+ 7p(E) = vpe(Ppe),
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one obtains the continuity of the Lyapunov exponents.
Fix an integer p € {1,..., N} and a compact interval I as in Theorem For E € I, define:

Vx € P(L), @, k(%) = E <log Hwﬁi\(f))x")

In the following proposition, we summarize the properties of the function ®, k.
Proposition 7.1.8. The function ®  has the following properties:
1. % +— @, (X) is continuous on P(L,).

2. There exists C > 0 such that for all E, E' € I, supgcp(; |<I>,,E( X) —@,p(x)] <C|IE—-E'|

I x ]P(Lp) — R
(E,f) — ch,E(f)

Proof : From (7.1) we have:

3. The function @ : is continuous.

[[(AP A (E))x||

1
%8 ]|

< log [|(APAY(E))[| < log v Ca.

Hence, if X, — % in IP(L,), by the dominated convergence theorem of Lebesgue (a con-
stant is integrable on a probability space!):

@y (%) = E <1og ||<APA::<E>>sz> L E <1og H(APA%J(E))xH) P

||| [|l]

This proves the first point.

For two matrices A and B, with B assumed invertible: || Ax|| = ||AB~'Bx|| < ||AB~!|| || Bx||.
Hence: ‘H@;‘"" < ||AB~!]|. Then:

|AB~!|| = [[(A=B+B)B~'|| <||[A— B[ |[B7Y|+ || = ||A = B[ ||[B~"[| + 1.
Using this inequality and then (7.2), we obtain:

i i |[(APA3 (E))x|]
@y e(%) — Dy p(X)] = ‘]E< ||(/\pAw(E’))fc||>’

< E (log|| (AP A% (E)) (AP A (E) 7))

< E (log(||(APAg (B)) — (APAG (B [(APAG (E) 7| +1))
< E(II(A\PAL(E)) = (AP AL (E)I| [[(APAS(E) )

< GIE-FEVG

This proves point (ii).

To prove the third point, we just need to combine points (i) and (ii). Let ¢ > 0 and choose
(E, %) and (E', ) sufficiently close so that:

[Py (%) = Ppp ()] < [Ppe(X) = Ppp (D) + [Py (X) — Pp e (7))
< C|E-FE|+e¢
< Ctee
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Using this proposition, we can now prove the continuity of the Lyapunov exponents.

Proposition 7.1.9. The map E — (1 + ...+ 7vp)(E) is continuous on I.

Proof : Fix E € I. Let E; be a sequence of real numbers in I converging to E. By Theorem[7.1.6]
there exists a unique yg-invariant measure vi,E onlP(L;), and for each I € IN, there exists

a pig,-invariant measure v, g, on P(L,). By 1) we have: pg, IL> UE.
— 00

By the Banach-Alaoglu theorem, the sequence (v, )ien contains a subsequence, say
(Vp,E,. )ien, weakly converging to a limit 7. Since convolution is weakly continuous:

w ~
VpE, = ME, *VpE, —— > PE*V.

Then, by uniqueness of the weak limit: # = ug * #. Thus ¥ is a pg-invariant measure,

and by uniqueness in Theorem|7.1.6; 7 = vp,e- We deduce that Vp,E IL> UpE, and hence
—00

E — v, is weakly continuous.

By the integral representation given in Theorem we have:

(’)’1 4+ ...+ ’)’p)(E) = Vp,E(q)p,E)-
Then, using point (ii) of Proposition and the weak continuity we just proved, we

obtain:
lﬁ_{g(% +.. ) (E) = lim Vp,E, (PpE;)
= }gg (Vp,Ez(q)p/E) + Vp, £ (Pp g, — q)p,E))
Vp,E(q)p,E)

= (m+...+7)(E)

This proves the continuity of the sums of Lyapunov exponents.

O
We then have the following corollary:
Corollary 7.1.10. For any integer p € {1,...,N}, the map E — 7y,(E) is continuous.
Proof : Indeed, one can write:
W(E) =+ +1)E) = (n+...+7p-1)(E)
]

7.1.3 Subharmonicity of sums of Lyapunov exponents

Throughout this section, we assume that the Lyapunov exponents under study are associated
with a sequence (A% (E))nen of i.i.d. symplectic matrices that depend analytically on the pa-
rameter E. This is satisfied for the transfer matrices associated with a continuous (or discrete)
model, since their expression involves only solutions of —u"” + V,u = Eu which are analytic
in E.

First, we note that the definition of Lyapunov exponents allows us to define them for com-
plex values of the energy E. Indeed, the formula:

o1
(11 + -+ 1) (E) = lim E (log]|| A7 (A5 (E) ... A§ ()|
also makes sense for E € C.

We now define subharmonic functions and state their basic properties.
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Definition 7.1.11. A function f C — [—o0, 00| is called subharmonic if:

1. f is upper semi-continuous, i.e.: VE € C, f(E) > limsup, ¢ f(y)

2. VE€C, ¥r>0, f(E) < 2[5 f(E+re®)de.

Remark 7.1.12. Of course, a continuous function is upper semi-continuous, and the first hypothesis of
the definition is satisfied by the sums of Lyapunov exponents as proved in Proposition[7.1.9]

We now prove a proposition giving the main stability properties of the set of subharmonic
functions and the main example of a subharmonic function.

Proposition 7.1.13. 1. If f and g are two subharmonic functions equal almost everywhere in the
sense of Lebesgue measure on IR?, then they are equal everywhere.

2. If fy is a sequence of subharmonic functions locally bounded below, then the pointwise infimum
of this sequence is subharmonic.

3. If A(z) is an entire matrix-valued function, the function z — log || A(z)|| is subharmonic.

Proof : (i) Fix E € C. By the maximum principle for subharmonic functions, we have:

1
Vr>0, f(E) < —/ dz.
r>0 fE) s 25 g, f2)E
Then, by upper semi-continuity:
(E) = lim — [ e
f a 1’1%0 7172 D(E,r) )

Hence, if f = g almost surely, it follows that:

.1 .1
f(E) = lim — /D(E,r)f(z)dz = lim — /D(E,r)g(z)dz =g(E),

r—0 7712 r—0 7172

and the first point is proved.

(ii) An upper semi-continuous function is bounded below on any compact subset K C C.
Fix a compact K C C. We can then locally apply the dominated convergence theorem of
Lebesgue to obtain:

1 2 . 1 27 .
: < inf L i :7/ _ ,
VE € K, ;gﬂgfn(E) < nlgﬂ{} 2 )y fn(E +re)do 2 )y (]}gﬂgfn)(E-i-re )do,

and the infimum of a family of upper semi-continuous functions is still upper semi-
continuous.

(iii) This point follows from Jensen’s formula on the logarithm of holomorphic functions.
O

We now have everything we need to prove the subharmonicity of sums of Lyapunov expo-
nents.

Proposition 7.1.14. For every p € {1,...,N}, the function E — 1(E) + ...+ v,(E) is subhar-
monic.
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Proof : First, the function E — A% (E) is entire by assumption. Then, since a product of entire
functions is entire, E — AP(AY(E)...Ag(E)) is also entire. Finally, by point (iii) of
Proposition[7.1.13} E — log || AP (A¥(E) ... Ay (E))]| is subharmonic.

By Fatou’s lemma, the map E — E (log || AP (AY(E) ... A§(E))||) is also subharmonic.
Moreover, the sequence (+E (log || AP (AY(E) ... A§ (E))|| ) e 18 @ subadditive sequence
of strictly positive numbers, so its limit is given by an infimum, and point (ii) of Proposi-
tion(7.1.13{applies to show that y{(E) + ... + 7, (E) is subharmonic.

O

To conclude this section, we recall without proof one of the most interesting properties of
subharmonic functions: the existence of non-tangential limits.

Proposition 7.1.15. For almost every E € R and for every p € {1,..., N}, the following limit exists
and satisfies:
lim(y1+... +7p)(E+ie) = (11 + ...+ 1) (E).

Proof : We use the fact that any subharmonic function on C is tangentially continuous at almost

every point of the real line in the sense of Lebesgue measure.
O

7.1.4 Holder regularity

With much more work, one can obtain the following general theorem on Holder regularity of
Lyapunov exponents.

Theorem 7.1.16. Let (A% (E))yen be an ii.d. sequence of symplectic matrices depending on a real
parameter E. Let ug be the common law of AY(E). Fix a compact interval I in R and assume that for
allE € I:

1. Gy, is p-contracting and Ly-strongly irreducible forall p € {1,...,N}.
2. There exist constants C; > 0, Co > 0 independent of n, w, E such that forall p € {1,...,N}:

|| AP AY(E)||* < exp(pC1 + p|E| + p) < Ca. (7.3)

3. There exists a constant C3 > 0 independent of n,w, E such that for all E,E" € [ and all p €
{1,...,N}:
| AP AY(E) — APAY(E')|| < GS|E — E'|. (7.4)

Then there exist constants « > 0 and 0 < C < +o00 such that:
Vpe{l,...N}, VE,E' €1, \'yp(E) —'yp(E’)| < C|E - E'|*.

To prove this result, one uses a result on negative cocycles as stated in [8], Proposition IV
3.5, p.187. One also needs estimates on Laplace operators on Holder spaces as in Proposition
V 4.13, p.277 in [8], which rely on estimates and (7.4). Finally, using the decomposition
given in Proposition IV 3.12, p.192 of [8], one can prove the H6lder continuity of E + v, g on
I

7.1.5 Application to the continuous matrix-valued Anderson model

In an interval where it has already been shown that the Furstenberg group is p-contracting and
Ly-irreducible for all p, it remains to prove estimates (7.3) and (7.4) in order to apply Theorem
7116}
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General Estimates

Lemma 7.1.17. Let V be a matrix-valued function in L} (R, M,,(C)) and let u be a solution of —u" +
Vu = 0. Then for all x,y € R:

max(x,y)
I+ 1 ()P < ()| + I Pexe (7™ V(o) +1)1 ).

Proof : Set R(t) = ||u(t)||*> + ||« (t)||*>. Then, with this notation:

R'(t) u(t),u'(t) > + < u'(t),u(t) >+ <u’(t),u'(t) >+ <u'(t),u"(t) >
2Re(< u(t),u'(t) >) +2Re(< u/(t), V(H)u(t) >)

2Re(< u'(t), (V(t) + Du(t) >)

2Re([[u’ (1) [V (£) + 1] [[u(t)]])

2 u/ 2
2y|V(t)+1|,(|| u(t)|| +2|| Gl )

= [IV(£) + 1[R(#)

IN

IN

We used the Cauchy-Schwarz inequality on the fourth line and the arithmetic-geometric
inequality on the fifth. Finally, we have the inequality:

R(t) <[V (1) +1||R(2),

which after integration gives the desired estimate.
d

Lemma 7.1.18. Fori =1,2,let V; € L}

loc (IR, M, (C)) and let u; be solutions of —u"" + Viu = 0 such
that:

Fy € R, ur(y) = u2(y) and w3 (y) = uz(y)-
Then for all x € R:

NI—

(1. (x) = w2 ()P + [ (x) — w3 (x)|?)
% ~max (x,y) max(x,y)
< (1P + 1) exp (7 " Va0l + Iva)l+-288) s [ (o) = vy

min(x,y)

Proof : Without loss of generality, assume y < x. In C?V, by the hypotheses on 11 and uy:

(=409 ) = L Conm—sampmen )2+ L (ot o) (0350 )

Taking norms on both sides, we get:

H(ziggiﬁiﬁ )H [ @ -volllm@ide+ [ v+ H(i Z,zgg)Hdt.

Then by Gronwall’s lemma:

(=) = (L 1mo = v i) es ([l + e @3)

Lemma tells us that for all t € [y, x|:

a1 < O+ 115401 < (s I+ s 1) exp ([ A1+ 1)
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Hence:

a1 < a1+ 15 )P exp (5 [+ 1)

Plugging this into inequality gives:

NI—

([ (x) = w2 ()17 + [ua (x) — iy (x) )

1 ~max(x,y)
< (1P + I )1R) exp ([

This proves the desired inequality since 1||Vi(#)|| + 3 < |[VA(t)]] + 1.

1 1 ~max(x,y)
IO+ 5 + Va0 1) [ ™ v ) = o)l

O

Estimates for the norm of the transfer matrices

From the general estimates we have just proved, one can obtain estimates for the norm of the
transfer matrices, uniform in the parameter E when it varies in a compact interval of R. Fix a
compact interval I C R. Let E € I. First, u',...,u?N denote the solutions of —u" + V,,u = Eu
with initial conditions:

1 0 0
0 1 0

'(m,Ey=|"|, #*mE)=|"]|, #*N(nE) = : (7.6)
0 6 ]

where i (n,E) = *(u'(n,E) (u')'(n,E)).
The transfer matrix is the matrix whose columns are the vectors ' (n + 1, E):

wl(n+1LE)  u3(n+LE) .. ulN(n+1E)

A9(E) = ul(nHLE) w3 (n+LE) .. 13N (n+1,E)
« =
(ud) (n+LE) (u3)'(n+LE) .. (u2N)'(n+1,E)

(ul) (n+1,E) (13,) (n+1E) ... 122N (n+1,E)

Lemma 7.1.19. There exist constants C; > 0 and C; > 0 independent of n, w, E such that:

AT (E)I* < exp(C1 +|E[+1) < G

Proof : Letu'(n+ 1, E) be the column of A¥(E) with maximal norm. Then:
147 ()P = || (n + 1, E)|[* = [Ju'(n + L, E)|[> + [|(u') (n + 1, E)|*
Applying Lemma 7.1.17|withx = n+1and y = n:

[l (n+1, E) P +[|(u) (n+ 1, E)|

n+

< (I, E)P + 11 G, B exp ([ 1) = B+ 101)

Now, ||u!(n,E)||> = 1 and ||(u')'(n, E)||?> = 0 or vice versa. In all cases: ||ii' (1, E)||> = 1.
Hence

n+1
|| A (E)||* < exp </ ||V (t) — E|| —|—1dt> .
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Since Vi (x) = Yrez v (x — k) is invariant under translation by 1:
n+1 1
| WVa® = Ell+1dt = [T1Vi(t) = B[ +1d < ( sup [IVu(0)]] ] + |E| +1.
n te[O,l]

Moreover, as in V,, the w; take values in {0, 1}, there exists a constant C; > 0 independent
of w, n, E such that:

(Sup HVw(t)H> <G

te[0,1]

Thus:
|| A (E)|]> < exp(Cy + |E| +1).

Finally, since I is bounded, |E| is bounded and there exists a constant C; > 0 independent
of w, n, E such that:
exp(C1 + |E|+1) < C.

Remark 7.1.20. Since A¥ (E) is symplectic, its norm is the same as that of its inverse, hence:

AT (E) PP < Ca.

We now prove an estimate giving the variation of the norm of A% (E) when E varies in I.

Lemma 7.1.21. Forall E,E’ € I, there exists a constant C3 > 0 independent of n, w, E such that:

||A (E) — AR (E')|| < G|E - E/|.

Proof : We have: . .
1A% (E) = AZ(ED|| = [[# (n +1,E) — ' (n + 1, E') ||,

By Lemma[7.1.18;
[’ (n+1,E) — @' (n+1,E)||
<1 B[ 1Vl ~ £ = () = Elat ) exp ([ 100 = El1+ 100 — )]+ 21

Hence:
1
142(8) = AL EN < |E - E'lexp ([ 20Vl + |EI+ 1+ 2.

As in the proof of Lemma [7.1.19) sup, (o1 ||Veo(t)|| < Ci, and |E| and |E'| are bounded
since I is, say by a constant M. Then there exists C3 > 0 independent of 1, w, E such that:

n+1
exp </ ||V (t) — E|| + || (Vi (t) — E')]| +2dt> <exp(2C; +2+2M) < Cs.

Our estimate is proved.

We conclude by giving estimates for the p-th exterior powers of the transfer matrices.
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Lemma 7.1.22. There exist constants C; > 0, C5 > 0and C, > 0 independent of n, w, E such that for
all integers p € {1,...,N}:

| AP AT (E)[] < exp(pCy + pIE| +p) < G5,

and for all E,E’ € I:
| AP AR (E) — APAS(E')|| < GIE — E'|.

Proof : For the first inequality, we simply use the general fact: if M € GLon(R) then || AP M|| <
||M||P, which follows from the polar decomposition of M. A proof can be found in [2],
Lemmas 5.3 and 5.4, p.62. Applying this result and Lemma|7.1.19, we obtain:

|| AP A (E)|? < (exp(Cr + |E| +1))P = exp(pC1 + p|E| + p) < C.

For the second inequality, the result is slightly more technical. We show that for two
invertible matrices M and N:

[IAP M = APN|| < [IN = MI[(IIN]]P7 [ [MIINT P2 e ([P,
Indeed, we start from:
APM — APN = APM(I — AP(MIN)) = APM(I — AP(M™Y (N — M) +1)).

We then need to compute AP (M~1(N — M) + I). For a decomposable p-vector 13 A ... A
Up:

AP(M YN =M)+1)(ug A... Auyp)
= (up+M Y (N=Mu)A...A(up+M YN - M)uy)
= A Ay +MYN=Muy) +M YN-Mug A...A(up, + M (N —M)u,)

= A Aup+...+u A AM YN = M)u,

Hence, for APM(I — AP(M™Y(N — M) +1))(u1 A ... Aup), we obtain:

ANPM(I=A (MY N=M)+1)(ug A...Aup)
= —((N=M)uy ANug A...ANup+ Mug AN(N—M)ug A...ANNup+ ...
cooFMug AL AMuy A (N — M)uy)
Taking norms, we get the estimate:

|| AP M= APNI| < [IN = MI[(IIN][P~" + [[M[IN][P=2 + ...+ [[M]]P7T).

Finally, applying Lemmas|7.1.19/and [7.1.21|and this estimate with M = A% (E) and N =
AY(E'), we obtain:

| A7 A5 (E) = AP A (EN)]] < pCh ' Go|E — E/),

and C} = pC§71C3 is independent of n,w and E, E'.
Od
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7.2 The Integrated Density of States

We aim to study the existence of the integrated density of states and its regularity for continu-
ous, matrix-valued Anderson operators of the form:

Ho =M@ In+ Y V) (x —n) (7.7)

ncz4

acting on L2(R?) ® CN, where d and N are natural numbers, Iy is the identity matrix of order
N, and A, is the continuous Laplacian in dimension d.

Let (Q), A, P) be a complete probability space and w € Q). For each n € Z, the functions
X VCS,”) (x) take values in symmetric matrices, are supported in [0,1]?, and are uniformly
bounded in x, n, and w. We also set:

Vx € RY, V,(x) = ) Va(,n)(x —n),

nezd

and denote by V,, the maximal multiplication operator by x — V,,(x). The function x — V,,(x)
is uniformly bounded on R in x and w. The potential V,, will also be chosen so that { Hy, }wen
is Z-ergodic. As a bounded perturbation of —A,; ® Iy, H,, is self-adjoint on the Sobolev space
H?(RY) ® CN.

7.2.1 Existence of the Integrated Density of States

We want to define a function of the real variable that counts the number of spectral values
of H, below a fixed energy E. To define this function, we start by restricting H,, to cubes of
finite volume in R?. Let L be an integer greater than 1 and let D = [—L, L]? C R? be the cube
centered at 0 with side length 2L. We set:

HY =AY oIyv+ ¥ v (x—n) (7.8)

nezd
the restriction of H,, acting on 12 (D)® CN with Dirichlet boundary conditions on oD.

Definition 7.2.1. The integrated density of states of { Hy }weq is the function from R to Ry, E +—
N(E), where for E € R:

N(E) = lim — #{A <E|A e o(HD)), (7.9)

L—+o00 |D‘
and |D| is the volume of D.

There is a double issue of existence in expression (7.9). First, one must prove that the

cardinality #{A < E | A € O'(HL(UL))} is finite for any fixed E, and second, one must prove the
existence of the limit. The answer to both issues is provided by the existence of an L? kernel

. (L) . . . .
for the one-parameter semigroup (e ‘<" ),.o. This kernel is obtained using a Feynman-Kac

formula involving a time-ordered exponential.

A matrix-valued Feynman-Kac formula

We first present how to obtain a matrix-valued Feynman-Kac formula for the one-parameter

semigroup (e~ *H«),- . We then deduce a Feynman-Kac formula for (e_tHc(vL> )0
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Let W = C(R4,R) be the space of continuous functions from R to R. For each t > 0,
consider the coordinate function:

W — R

Xty Xi(w) = w(t)

Let WV be the smallest c-algebra on W for which the maps X; are measurable. For s, > 0 and
X,y € R?, denote by Ws .+, the conditional Wiener measure, defined on (W, W), associated
with Brownian motion starting at x at time s and arriving at y at time ¢. Also denote by [Es y 1,
the expectation associated with W v 1 .

We now study the one-parameter semigroup (e *Hv), 0. Fixt > 0 and w € Q. By the
Lie-Trotter formula, we have:

Vfe 2R @CVN, e Hof = lim (e—<—Ad®IN>%e-Vw%)" f. (7.10)

n—-—+oo

For fixed n € IN, the operator:

n
(e (—Aa®IN) e—Vwﬁ)

has an integral kernel given by the path integral:
/He (VD) dWg 1y (W). (7.11)

As n tends to infinity, by the definition of the Dyson time-ordered exponential:

lim He (Ve (w(F)) = exp.q (— /Ot Vw(w(s))ds>. (7.12)

n—-toos
Then, by dominated convergence:

Vf e LARY) o CN, vx € RY, e~Hof(x) = /Rd Ki(x,y)f(y)dx (7.13)
where

t
vx,y € R, Vi > 0, Ki(x,y) = / exp.y (— / Vw(w(s))ds> AW v 1y (). (7.14)
0

We have thus shown that e« has an integral kernel K;(x,y). Let us see how to deduce the

existence of an integral kernel for e’ Denote by Tp(w) the first exit time of D for the path
we W:
TD(W) = inf{t >0 ’ Xt(W> ¢ D} (7.15)

Since Dirichlet boundary conditions are used on D, to define H((UL) one can use results on killed
Brownian motions, which lead to the formula:

vt >0, ¥f € LA(RY) @ CV, vx € RY, e’tHLDf(x) -

1 e
\/ﬁ /]Rd /X{t<TD(W eXpord ( / Vw Xs ) dWO,x,t,y(W) e_%f(y)dy (716)
We have thus established the following result.

Proposition 7.2.2. Forall t > 0, et as an integral kernel given by:

Vx,y € R, V>0, K\ (x,y) =

| 2

1 .
ﬁ (/ X{t<TD(w) W) eXpy 4 < / Voo (Xs(w ) dWo 1,y (w) e 2t ) (7.17)
and KEL) belongs to L*(D?) @ M(C) forall t > 0.
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Existence of the Integrated Density of States

Since the kernel is in L?, it follows that for any ¢ > 0, the operator e~tH” is Hilbert-Schmidt on
L?*(D) ® CN. In particular, it is compact and its spectrum has the form:

L
—tAll)

{e ,j >0},

where (/\](1;3) j>0 is an increasing sequence of real numbers, bounded from below and tending

(L)

to +-o00. This sequence coincides with the spectrum of H,,’. In particular, for fixed E € R:

#{A <E[Aeo(HY)} =#{AlL) <E} < +oo.

This addresses the first issue in proving the existence of N(E).
It remains to show that the sequence <| D|#{/\ o < E}) , converges to a real number in-
(L).

dependent of w: N(E). To do this, we introduce the eigenvalue counting measure of H,,

npw = D] D| Y. 0w (7.18)

j=0 N

(L )

where §_ 1) is the Dirac measure at A . Then we have:

AL

/w

Proposition 7.2.3. The sequence of measures (np . )1>1 converges weakly to a measure n independent
of w as L tends to infinity, for P-almost every w in ). Moreover, the Laplace transform of this limiting
measure is given by: V't > 0,

L(n)(t) \/7// Tren expord( /V ds) dw dWyt0(w). (7.19)

Corollary 7.2.4. For any E € R, the limit:

N(E) = lim —#{A < E| A € o(H)}
L—+o0 | |

exists and is P-almost surely independent of w. The function E — N(E) is the distribution function of
n:
VE € R, N(E) = n((—oo, E]).

We conclude by giving a formula linking the measure n and the spectral measure Ep,
associated with the self-adjoint operator H,,.

Proposition 7.2.5. Let f be a continuous, compactly supported, positive function on R? such that
|[f12(ray = 1. Let My be the maximal multiplication operator by f. Then, for any bounded Borel set
Bin R, the operator M¢Ey,, (B) Mgy is of trace class P-almost surely in w, and:

n(B) = E(Tr(MEx, (B)My)), (720)
where E is the expectation associated with the probability measure P.

We now want, in the case d = 1, to link N(E) with the sum of the Lyapunov exponents at
E. Before that, we introduce Kotani’s w-function.

From now on, we assume d = 1.
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7.2.2 Kotani’s w-function

Before defining Kotani’s w-function, we define the m-functions. Let C. be the upper complex
half-plane {z € C | Im(z) > 0} and C_ the lower half-plane {z € C | Im(z) < 0}.

Proposition 7.2.6. Let E € C UC_. Fix w € Q). Then there exists a unique function x — F (x, E)
with values in My(C) (respectively x — F_(x, E)) satisfying:
_F' + V,F, = EF,, F,(0,E) = I, and / I|E+ (x, E)|[2dx < +oo,
0
respectively:

0
—F" 4+ V,F- =EF_, F_(0,E) =1, and / ||E-(x, E)| [Pdx < +oo.

Definition 7.2.7. For E € C UC_, we define the m-functions M., and M_ associated with { Hy } weq
by:
d d

M (E) = - Fo(x,E)|x=g and M_(E) = — 2 F(x, E) a=o.

These functions allow the computation of the Green kernel of the resolvent of H,, off the real
axis.

Proposition 7.2.8. Let E € C UC_. Then (H,, — E)~! has a continuous integral kernel Gg(x,y, w)
given by:

_ P (x)(My+Mo)THEL(y) if x <y,
Celvy ) = { ~Fe(x)(My + M) (y) if y <

We can now define Kotani’s w-function. This function links the Lyapunov exponents to the
integrated density of states. Indeed, its real part will (in the limit) be the sum of the N positive
Lyapunov exponents, while its imaginary part will (again in the limit) equal TN (E).

Definition 7.2.9. Let E € C U C_. Kotani’s w-function is defined by:
w(E) = JE(Tr(M, (E) + M. (E))).

The w-function has the following properties:
Proposition 7.2.10. For E € CL UC_:

1. w(E) = E(Tr(M+.(E))) = E(Tr(M-(E))).

2. $w(E) = E(Tr(Ge(0,0,w))).

3. —Rew(E) = (711 + ...+ 7)(E).

4. E (Te(Im Ms(E,w) 1)) = —ZewlB) _ 2mtetm)(E)

ImE ImE
In point 3, let us clarify that the formula:
.1
1(E) + .+ (E) = lim —E(log|[ A™ (A7 (E) ... A7 (E))[])

makes sense for all E € C.

One can then use results from harmonic analysis valid for matrix-valued Schrédinger op-
erators. First, we introduce the space of Herglotz functions:

H = {h| his holomorphiconC; and h : C; — C.}.
We then consider the subspace of H:
W={weH|w v, —iwe H}.
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Proposition 7.2.11. Kotani’s function w belongs to V.

Proof : First, since H,, is self-adjoint, its spectrum lies in R and E +— M, (E) is holomorphic on
C \ R. The same holds for E — Tr(M (E)). Moreover, if InE > 0, we have:

+o00
Im M. (E) = (ImE)/ F(x,E)*Fy(x,E) > 0.
0
Thus, E — Tr(M4(E)) isin H and w € H.

Next, by point 2 of Proposition w'(E) = E(Tr(Gg(0,0,w))). But Gg(0,0,w) is
holomorphic off the spectrum of H,,, so Tr(Gg(0,0, w)) is also holomorphic. If ImE > 0,
the operator Im(H,, — E) ! is positive, and ImTr(Gg (0,0, w)) > 0. Therefore, Imw'(E) =
ImTr(Gg(0,0,w)) > 0and w’ € H.

Finally, —iw is holomorphic on C since wis. If E € C:
Im(—iw(E)) = —Re w(E) = (ImE)E(Tr(Im M, (E,w) "))

by point 4 of Proposition [7.2.10 Since Tr(Im M (E,w)~!) > 0 for E € C,, we have
Im(—iw(E)) > 0. Hence, —iw € H.

O
7.2.3 Thouless formula
Let n be the measure defined in Proposition [7.2.3]
Proposition 7.2.12.
VE € C\R, E(Tr Ge(0,0,)) = [ ‘;’,‘(_Eg (7.21)

Proof : Since R is a countable union of bounded Borel sets and the Dirac distribution at 0, dy,
can be approximated by continuous, compactly supported, positive functions with L2-
norm equal to 1, using Proposition (7.2.12), we have:

E/ CHE TI'(< b0, EH ((—OO, E/])5() >)) .

Then, by the spectral theorem,

[E) g (1 g < oo B (o B )
(

Tr(< &, </ ———dEn, (- oo,E’])> 5 >))

O
From this formula, we deduce the link between the imaginary part of w and E — N(E).
Proposition 7.2.13.
VE € R, 1ir(151+ Im w(E +1ia) = wN(E). (7.22)
a—
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Proof : First, by point 2 of Proposition[7.2.10

Vz € C\ R, w'(z) = B(Tr(G:(0,0,w))).
Then, by Proposition

vz € C\R, w/(z) = [ (if‘/(_Ez) - /IR m dE' (7.23)

by integration by parts. Integrating this expression, there exists a constant ¢ € C such
that: L E
+ E'z
wz) =t [ (E—2)(1+E?)
If z € R is not in the spectrum of H,, then w(z) € R (see Carmona Saint-Flour, Lemma

5.10, p84). Hence, c € R. Taking the imaginary part in (7.24) and writing z € C, as
z=E+ia, E€ER,a > 0:

N(E')dE'. (7.24)

Imw(E +1ia) = a/]R( N(E) dE’

E' —E)?+a?

/ N(E + au) du
R 1+ u?

where u = EI;E. Since N(E) is a distribution function, it is right-continuous, and

VE € R, lim Imw(E+ia) = N(E) | 1;2 du = TN(E).
O
There is an analogous result for the real part of w(E).
Proposition 7.2.14. For Lebesgue-almost every E in IR, we have:
lim Re w(E +ia) = — (71 + ...+ 7n)(E). (7.25)

a—0+t

Moreover, if I C R is an interval on which E — —(y1 + ...+ yn)(E) is continuous, then holds
forall E € I.

Proof : First, by point 3 of Proposition[7.2.10| we have:

Vze C\R, Rew(z) = —(y1+... +n)(2). (7.26)

The function z — —(7y1 + ... + yn)(z) is subharmonic, and for almost every E € R, the
tangential limit exists:

lim(y -+ ) (E +ia) = (1 + -+ 1) (B)- (7.27)

Let E be a real number for which (7.27) holds. Setting z = E + ia with a > 0 in (7.26), we
obtain the existence of the limit:

lim Re w(E 4ia) = —(y1 + ...+ 7n)(E). (7.28)

a—0+t

Moreover, if [ is an interval on which E — (91 + ...+ yn)(E) is continuous, the relation

(7.28) holds for all E in I since it holds for almost every E € I.
0
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We now have all the necessary tools to prove a Thouless formula adapted to the case of
continuous, matrix-valued random Schrodinger operators. Since (1 + ...+ yn)(E) and N(E)
are respectively the real and imaginary parts of the function w, which belongs to the space WV,
the harmonic analysis developed for this space by Kotani gives that these two functions are
related by an integral formula.

Theorem 7.2.15 (Thouless formula). For Lebesgue-almost every E € R, we have:

E'—E
(71+...+’YN)(E)——0¢+/]Rlog<‘ T

> dn(E) (7.29)

where w is a real number independent of E and n is the measure whose integrated density of states is
the distribution function. Moreover, if I C R is an interval on which E — —(y1+ ...+ yn)(E) is
continuous, then holds for all E € 1.

Proof : Since w € W, by Kotani’s results and also using Proposition|7.2.13

Vz € C\R, w(z) =w(i) + /]Rlog <§, :;) dn(E"). (7.30)

Then: )
E i
Re w(z) = Re w(i) + /]Rlog <’ 5 _; ) dn(E"). (7.31)
Let z = E +ia with E € R such that (7.25) holds and a > 0. Then, as a tends to 0, by
Proposition

E'—i
E'—E

—(r+...+9n)(E) =Rew(i) +/]Rlog <

) dn(E"). (7.32)

Setting # = Re w(i) gives (7.29) for all E € R such that (7.25) holds, i.e. for Lebesgue-
almost every E in R. Finally, if I is an interval on which E — (y; + ...+ yn)(E) is

continuous, by Proposition|7.2.14} (7.29) holds for all E € I.
d

We can then use this Thouless formula to show that the function E — N(E) has the same
regularity as the Lyapunov exponents.

7.2.4 Holder regularity

We begin with some reminders on the Hilbert transform and its main properties.

Definition 7.2.16. If € L2(R), its Hilbert transform is the function defined on R by:

(T$)(x) = lim 1/ ¥ g,

e—0+t 7T ‘x7t|>g X — t
Proposition 7.2.17. Let € L?>(R).
1. T?p(x) = —(x) for Lebesgue-almost every x € R.

2. If ¢ is Holder continuous on the interval [xo — a, xo + a], a > 0, then T is Holder continuous
on the interval [xo — 5, xo + §].

From these properties, we deduce the following regularity result.
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Theorem 7.2.18. Let I be a compact interval in R and I an open interval containing 1. Assume that
the potential V,, in Hy, for d = 1 and N > 1 is such that the Furstenberg group G, of {Hw }weq is
p-contracting and Ly-strongly irreducible for all p € {1,...,N} and all E € 1. Then the integrated
density of states associated with { Hy, },eq is Holder continuous on 1.

%’_f D is n-integrable on R. Indeed, the renormalization term

Proof : First, the map E’ — log (

E’ — i in the denominator compensates for the fact that the support of n is non-compact.
Hence, we have:

VE € R, li Eﬂl E-E dn(E') =0 7.33
< ’si{é}r E—¢ Og(‘E’—l’)‘ I‘l( )_ ( )
which implies:
VE € R, lirg}r |log(e)|(N(E+¢) — N(E—¢)) =0. (7.34)
e—

This shows that E — N(E) is continuous on R. Let Ey € I be fixed and a4 > 0 such that
[Eg — 4a, Eg + 4a] C I. By Theorem|7.2.15) for E €]Eq — 4a, Eg + 4a(:

E—E , Eo-+da E—E
o1 ') dn(E") = /150_4[7 log(

(m +~~+'YN)(E)JF”‘*./‘E/_EOleOg( ﬁ‘) dn(E').

Then:

e (1EE=ET dn(er) = 1 S log |E/ — E| dn(E’
/Eg—4q Og(‘ E,—i‘> ‘(1( )_eigh (/150—4a Og‘ - ’ n< )

Eo+4a 1 Eg+4a
+/ log |[E' — E| dn(E’)) - log(1+ (E')?) dn(E").
E+e 2 Eg—4a
Set:
1 E0+4LZ 5
T(Ey) = - log(1+ (E')?) dn(E").
2 JEy—4a

Integrating by parts the first two integrals, we get:

Eo+4a E' — E ,
/}504a log( B3 D dn(E")

— im | [N og B — EE, — [ NED gpr o (N(E og [E/ — E[JE4
- e0t g Eo—4a ng4aE—E/ g E+e
e N(E)
— dE'| — T(Ep).
. } (Fo)

Set (E) = N(E)X{|—E,|<4a} € L*(IR). By the definition of the Hilbert transform:

Ep+4a
/ log |[E' — E| dn(E')
E

0—4ﬂ

= n(Ty)(E)+ lim [(N(E—¢) — N(E+e¢))loge+ N(Ey + 4a)log|Ey — E + 4a|

e—0t
—N(Eg — 4a)log |Eg — E — 4a|] — Z(Eo)
=  7(Ty)(E) + N(Eq + 4a) log |Eo — E + 4a| — N(Eg — 4a) log |Eg — E — 4a| — Z(E)

by (7.34). Finally:

TTE) = (et )@ e [ g (|57 ) ane) -

N(Eo +4ﬂ) log |E0 —E +4b‘l| + N(Eo — 40) log |E0 —E— 4El| +I(E0)

E'—E
E - I e E" +Z(Ep).
etk ® ra- [ g (| =) ante) +2(e0)

/
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Since [Eg —4a,Eg+4a] C I C I, E — (91 + ...+ 9n)(E) is Holder continuous on
[Eo — 4a, Eg + 4a] by Theorem [7.1.16{ Moreover, E — f\E'—Eg\z4a log (‘%’,;_f ) dn(E') is

Holder continuous of order 1 on the interval |Ey — 44, Eg + 4a].

Hence Ty is Holder continuous on any compact interval contained in |Ey — 4a, Eg + 44|,
in particular on [Ey — 24, Ey + 2a]. By point 2 of Proposition T2y is Holder contin-
uous on [Eg — a, Eg + a]. By point 1 of Proposition and the continuity of E — N(E)

(by (7.39)),
VE € [Eo — a,Eo +a], (T*y)(E) = —N(E).

Thus E — N(E) is Holder continuous on [Ey — 4, Eg + a]. Since I is compact, it can
be covered by a finite number of intervals |Eg — a, Eg + a[C I with Eg € I. Therefore,

E — N(E) is Holder continuous on I.
O
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Chapter 8

Introduction to multi-scale analysis

8.1 Mathematical definitions of localization

There are several mathematical definitions to describe the phenomenon of Anderson localiza-
tion. Throughout, (), A, P) is a complete probability space.

Definition 8.1.1. Let I be an interval of R. The family of self-adjoint random operators {Hy, }weq
is said to be spectrally localized in I if the spectrum of H,, in I is non-empty and purely point for
P-almost every w € Q).

Definition 8.1.2. Let I be an interval of R. The family of self-adjoint random operators { Hy }weq i
said to have the Anderson localization property in I or equivalently is exponentially localized if:

1. the spectrum of H,, in I is non-empty and purely point for P-almost every w € ),

2. the (generalized) eigenfunctions associated with the (generalized) eigenvalues in I decay exponen-
tially to O at infinity.

Definition 8.1.3. Let I be an interval of R. The family of self-adjoint random operators {H, }weq on
H is said to be dynamically localized in I if:

1. the spectrum of H,, in I is non-empty for P-almost every w € (),
2. for every compact interval Iy C I and every ¢ € H,

=0k (Sup 101+ \x|2>3e—“Hw110<Hw>w||z> R
teR

This definition is of a dynamic nature and follows the evolution of wave packets over time. It
indicates that the particle remains near its initial position uniformly in time.
To understand the evolution of an electron in the crystal, one actually looks at the quantity:

() = [ lxy(e,x)Pax.

If it diverges, it means that x goes to infinity; if it converges, it means that x remains bounded.
There can be several behaviors for this quantity. Among them, the ballistic behavior where
(r(t))? ~ t? corresponds to a conducting medium, with the electron behaving like a moving
particle. When (r(t))? is bounded, one speaks of a localized state.

The study of the spectrum for the Anderson model is not easy. Indeed, if the Laplacian has
a purely absolutely continuous spectrum, the multiplication operator by V,, is (in the discrete
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case) a random diagonal matrix, and its spectrum is therefore discrete. The two effects coun-
terbalance each other when one looks at the spectrum of the sum of these two operators. Many
mathematical results are perturbative in nature and include a coefficient in front of the term
Vw. When this parameter is large, the random potential dominates over the Laplacian, and a
priori, there will be localization. When this parameter is small, the opposite occurs. Intuitively,
the greater the disorder, the more likely localized states will appear.

Surprisingly, in dimension 1, even a very small random term induces Anderson localization.
The idea is that in dimension 1, there isno “room” to bypass an impurity in the crystal, whereas
in higher dimensions there is.

In general, localization occurs at the bottom of the spectrum or at the edges of spectral bands
when there is a band spectrum (for example in the discrete case with a finite common law
support, we then have a finite number of translates of [0,4d]). Inside the bands, however, there
will be absolutely continuous spectrum and thus diffusion for d > 3. In dimension 2, it is
believed that localization occurs everywhere as in dimension 1 (except possibly on a discrete
set of energies).

Finally, another interpretation of Anderson localization is that it describes the absence of tun-
neling effects between two eigenvalues.

8.2 Localization for quasi-1d Anderson models

In what follows, we present a localization criterion for operators of the form:

d2

-2 ® NS v (x — tn), (8.1)

nez

H, =

acting on L?(R) ® CN, where N > 1 is an integer, Iy is the identity matrix of order N, and
¢ > 0is a real number. Let (2, A, P) be a complete probability space and let w € Q). For

all n € Z, the functions x — Va(,”) (x) take values in the space of real symmetric matrices, are
supported in [0, /], and are uniformly bounded in x, n, and w. The sequence (Va(,n))nez is an
iid. sequence on (). We also assume that the potential x — Y, 7 VLE,") (x — ¢n) is such that
{Hy }weq is Z-ergodic.

As a bounded perturbation of — (%22 ® IN, the operator H,, is self-adjoint on the Sobolev space
H?(R) ® CN, and thus, for all w € (), the spectrum of H,,, is contained in R.

By Z-ergodicity, there exists ¥ C R such that for P-almost every w € O, ¥. = 0(H,). There

also exist Lpp, Xac, and X, subsets of R, such that for P-almost every w € Q, pp = 0pp(How),
Zac = U'ac(Hw)/ and Xy = O-SC(HOJ)'

We will show that under certain assumptions on the Furstenberg group of { H, },ecq, this op-
erator exhibits Anderson localization on a certain interval of IR.

For E € R, let G, be the Furstenberg group of { Hy }wecn-

Theorem 8.2.1. Let I C R be a compact interval such that LN 1 # @ and let T be an open interval
containing I such that for all E € I, G, is p-contracting and Ly-strongly irreducible. Then, {Hy }weco
has the Anderson localization property and is dynamically localized on 1.

In dimension 1, to prove a theorem such as Theorem one can follow the following plan:

1. Show that the Lyapunov exponents of { H, },cq are separated.
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. Prove the Holder continuity of these exponents.
. Deduce the same regularity for the integrated density of states.
. From this, deduce a Wegner estimate.

. Then, one can apply a multi-scale analysis scheme.

8.3 Wegner estimate

The Holder continuity of the integrated density of states is a key ingredient in proving a Weg-
ner estimate adapted to operators whose randomness may be singular, such as H,,. Let L € IN*

and let H\") be the restriction of H,, to L2 ([-¢L,¢L]) ® CN with Dirichlet boundary conditions.

Theorem 8.3.1. Let I C R be a compact interval and I an open interval, I C I, such that forall E € 1,
Gy, is p-contracting and Ly-strongly irreducible. Then, for any p € (0,1) and any x > 0, there exist
Lo € N and ¢ > 0 such that

(W) P(d(Eo(HY))) <e™B’) <emth), (8.2)
forall E € Iand all L > Ly.

This statement can be compared with classical Wegner estimates, valid for operators whose
randomness is regular, involving random variables with densities.

For example, one can prove for a discrete scalar Anderson operator h,, with random vari-
ables having densities an optimal Wegner estimate:

E (Tr (11 (hg))) < Cw-|I]-|A| (8.3)

with Ciy > 0, |I] the length of the interval I, and |A| the volume of the cube A to which h,, is
restricted to define hJ}.
One can also obtain an improved Wegner estimate,

E (Tr (11 (hﬁ))) < Cw - N(I) - |A| (8.4)

where N(-) is the integrated density of states associated with {h }wecq-

We can now prove the following proposition upon which will be based the proof of Theorem
8.3.1l

Proposition 8.3.2. Let I C R be a compact interval and I be an open interval, I C I, such that, for
every E € I, Gy, is p-contracting and L,-strongly irreducible for every p € {1,...,N}. Then, there
exist « > 0, Ly € IN and C > 0 such that, for every E € I and every e > 0:

VL >1p, P({3F €(E—¢E+e),3peDHY)|(HY —F)p=0,
|lpl] = 1and [|¢'(—LL)[|* + ||¢' (€L)||* < €*}) < CLLe". (8.5)

Proof : The proof will mostly relies on the Holder continuity of the integrated density of states
of H,. Let I be an open interval such that, for every E € I, G, is p-contracting and
L,-strongly irreducible for every p € {1,...,N}. Let I C I be a compact interval. There
exist « > 0 and C; > 0 such that :

VE,E €I, IN(E) — N(E')| < G4|E — E'|*. (8.6)
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Let E be in the interior of I, ¢ > 0 and L € IN. For every k € Z, let I; be the interval

2klL 4 [—¢L,¢L] = [(2k —1)¢L, (2k + 1)/L] and denote by H the restriction of H,, to
L%(I;) ® CN with Dirichlet boundary conditions. We define the event A; € A as:

Ay ={w e Q| H" has an eigenvalue Ay € (E — ¢, E + ¢) such that the corresponding
normalized eigenfunction ¢y satisfies ||¢'(—¢L)||* + ||¢' (¢L)||* < €2}.

Then, because the ch,") are i.i.d. random variables, and because of the form of the poten-

tial in H,, as a ¢-periodization of Vu(,o), we deduce that P(Ay) is independent of k, that is,
Vk € Z, P(Ax) = P(Aop). Moreover, P(Ay) is equal to the probability in (8.5).

Letn € Nandlet [, = Uf__, Ik = [-(2n + 1)L, (2n + 1)¢L]. Let HU" be the restric-
tion of H,, to L2(J,) ® CN with Dirichlet boundary conditions. For a fixed w € Q, let
ki,...,kj € {—n,...,n} be distinct and such that w € Ay, for every i € {1,...,j}. Let
i€ {1, .. ,]} Let ¢; be detfined on Iki/ H(PIH =1, ¢1((2k1 — 1)£L) = (P,((Zkl + 1)€L) = 0.
We also assume that there exists Ay, € (E — ¢, E + €) such that H(E,Iki)(pi = Ak, ¢i.

Let)(be a smooth function onR,0<x <1, x(x) =00n (—00,0], x(x) = 1on [{,+)
and fo x)dx = 1. Let x* = (2k; £ 1)¢L, so that I, = [x;,x;"]. We extend ¢; to J, by
defining ¢z/ for x € Ju, by :

0 if x ¢ [x;’x;L]

s = ) x(x—x)gix) i xe [, x4

¢i(x) = i(x) if xelx +£4x" —/ (87
X(xj_ —x)(l)i(x> if xée [xz—’_ _glx?_]

Then, §; € D(HJ") and ||¢:]] < |gsl] = 1. As Ho% ¢ = A and Ay, € (E — ¢, E +¢),

we have :
WHD = E)gil] < [[(HI = A)dil| + || (A, — E)ill
= ||ij” = Ak @il + | Ak, — E| |||
< [IHI = A il + e (8.8)

We want to estimate HHSJ") — Ak,)$il|- For every x € [x;,x; + 4],
(x(x = x)i(x))" = X" (x = 27 )i(x) + 2% (x — 27 )i (%) + x(x — x;7 )¢y’ (x),
and, for every x € [x;" — £, x]"],

(x (" = 2)pi(x))" = X" (x;" = x)i(x) = 2x"(x] — )¢ (x) + x (2 — )¢ (x).

Thus, using Hc(ulk" )4)1' = A i,

0 if x¢ [x,x]]
() s ) X" (= x)gi(x) = 2x (x — a7 )gi(x) i x € [, + /]
Ho" = A )i = 0 if xe [x‘—i—éx -/
X = ¢ + 20 (F @) i x e [xf — )

Hence we have, applying twice Lemma for x; and for x;" at the second inequality
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and using the fac that potental i uniformly bounded,
I a0 = [ I 5+ 20 2 g0l Pt
b I =000 20 (67— g0l
6311 xxWx/ff’“H@”ft-’:))Hde
O e [ N )
(| 1IN

= G ([l (x> + i (x)[1?) < Coe?, (8.9)

IN

IN

using the fact that w € Ay, and using the Dirichlet boundary conditions of Hffkf) at x;”

and x; to say that ¢;(x;) = ¢;(x;") = 0. The constant C, depends only on x and the
parameters of the potential of {Hy }weq. We normalize ¢; by setting ¢; = ¢;/||$;]|. We
also have ||¢;|| > 5 because ||¢;|| = 1and [; x(x)dx = 1, and thus, by lb and ,

il I~ HI = E)yl|
< 24/ Cei= Cae. (8.10)

I|HI — E)§|

We have construct, for each i € {1,...,j}, a normalized function ¢; in D(H,, % ”)) sup-
ported in I, such that :

Vie{1,...,j}, |[(HI —E)§i|| < Cse, (8.11)

where C3 depends only on the choice of x and on the parameters of the potential of
{Hw }wea- Moreover, as ¢; is supported in I, and the intervals I, ..., Ik]. are disjoints,
(P1,--., (]) ) is an orthonormal set and :

Vi# i, (i, HV§r) = 0= (HI G, HI §r). (8.12)

(Jn)

We recall that, the spectrum of H,"' is a discrete set of eigenvalues with only +co as
accumulation point, and thus, its number of eigenvalues in any compact interval is finite
as already used in the proof of the well-definedness of the IDS). As we have (8.11) and

8.12), we can apply to (¢1,...,$;) and H‘(U]”) the version of Temple’s 1nequahty given in

[29, Lemma A.3.2] to obtain that the number of eigenvalues of H(E,]”) in [E — Cas¢, E 4 Csel,
counted with multiplicity, is at least j. So we have, for a fixed w € (),

j=#{ke{-n,... n}|weA} <#{A € [E—Cs¢E + Cse ‘AEUP(H(L’))}

Moreover, applying the law of large numbers to the random variables 1,4 ,,...,14,, we
get that, for P-almost every w € (),

1
2n+1

#{k S {—Tl,...,?’l} ‘ w € Ak} = (1A—n +... +1A”) m ]E(lAO),

2n+1
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withE(14,) = P(Ap). Now, we assume that ¢ is small enough to ensure that [E — C3¢, E +
Cse] C I C I and to apply on [E — Cs¢, E + Cs¢]. Then we have, for P-almost every

w € ),
P(A)) = ngrfwzn+1#{k€{—n,...,n} | w e A}
. (]I’I)

< nng2n+1#{/\€ [E —Cae, E+Cae] | A € 0p(Hy) }
_ ; 1 _ ()
= %Lnlﬂ‘w m#{A € [E—Cse, E+ Ce] | A € 0p(Hy) }
= 2/L(N(E + Cze) — N(E — Cz¢))
< 2€LC1 (2C38)“ = C/lLe".

It finishes the proof.

O

We remark that the exponent a in (8.5) is the same as the Holder exponent of the Lyapounov
exponent and the integrated density of states.

Before proving the Wegner estimate, we need three more results on the products of transfer
matrices. The first is a result of large deviations which is also used in the proof of the Initial
Length Scale Estimate which we will discuss later.

Notation. For every n € Z,let U (E) = T, (v (E) - - - T, 0 (E).

w

Lemma 8.3.3. We assume that E € R is such that G, is p-contracting and Ly-strongly irreducible
forevery p € {1,...,N}. Let p € {1,...,N}. Then, there exists ko > 0 such that, for every ¢ > 0,
x€Ly,x#0,

lim sup 1 log P (‘logH(/\”U(”)(E))xH —tn(y+---+ vp)(E)‘ > €n€> < —Ko- (8.13)
n—+o00 f]’l

The second is just a result of uniform convergence.

Lemma 8.3.4. Let [ C R be an open interval such that, for every E € I, Gy, is p-contracting and
L,-strongly irreducible for every p € {1,...,N}.

1 (o U ()]
0" (l"g Il

) — Y1(E) + ... +7p(E),

uniformly in E € I and % € P(Ly).

The third lemma is about exponential decay of some power of the products of transfer
matrices. This estimate is also crucial in the Fractional Moments Method as one can see for
example in the proofs of localization for unitray models which will be discussed at Chapter [0}

Lemma 8.3.5. Let I C R be an open interval such that, for every E € I, Gy, is p-contracting and
L,-strongly irreducible for every p € {1,...,N}. Let p € {1,...,N}. There exist {; > 0,6 > 0 and
n1 € IN such that, for every E € I, n > ny and x € AP(R?N), ||x|| = 1, we have :

E (H AP u<")(E)x|\—5) < e b, (8.14)

Proof : We fix p € {1,...,N}. We set Ny = || AP U (E)x||. We start by writing

—0 —dlog N,
Nu' =e og u,
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and using the inequality eV < 1+ y + y?elYl, for any y € R. Then, for every E € I and
every 6 > 0,

E (Ng®) <1-0E (log Nu) + &% ((log Nuy)” €80 ). (8.15)

But, as e?1°8Nu = NY, ||x|| = 1 and the T, (E) are i.i.d., by Cauchy-Schwarz inequality,

E (V%)

- nE
E [(;wogTwm(E)) ] E

< #p%E [(10g || T 0 (B)I)*] B [T 0 (B)[P]".

N|—

E ((log Nu)* e 8™ ) < E | (log Nu)'*|

2

IN

n—1 -
[T 1Tu0 (E)II?P
i1

Thus, there exist constants C; = C1(I) and C, = C(I) such that,
E (|| AP u<">(E)x||—5) <1-JE (1og|| AP u<">(E)x||) + 22 (C)" (8.16)

If C > 0 is such that, for every E € I, T (E) < C, we can choose C; = (plogC)?
and C, = CP°. Moreover, by Lemma there exists ngp > 1, uniform in E € I, and x
normalized, such that,

1 n
E (|| AP u("o>(E)x|r5) < 1= gmd(n(E) + -+ 7, (E)) + iy

1—¢

IN

for e > 0, if we choose ¢ small enough. Then, for n > 1, we set [nio] the largest integer

less than or equal to n%’ and we write the euclidian division of n by ng, n = [%]no + 7,
0 < r < np. Then, there exist n; > 1, a constant C and ¢1 > 0 such that for every
pe{l,...,N},

Vn>m,VE€ I, E (H AP u<no>(E)x|r5) <C(1—e)il < e tim,

O

We can now use Proposition Lemma and Lemma(7.1.1§|to prove Theorem 8.3.1}

Proof : [of Theorem Let I C R be a compact interval and I be an open interval, I C I,
such that, for every E € I, G, is p-contracting and L,-strongly irreducible for every
pe{l,...,N}.Let B € (0,1)and x > 0. For L € N, we set n; = [t(¢/L)P] + 1 with some
arbitrary T > 0, where [t(¢L)F] is the largest integer less or equal to T(¢L)P. For every
E € I and 6y > 0, we define the events :

AS(E) = {w € Q[ [Ty 10 (E) ... Ty (E) (3) | > €D, (8.17)

w

BY(E) = {w € Q| | Tywan) (E) ... Tyw (E) (9) || > (D1, (8.18)

w

Let 1 > O and § > 0 be the constants given by Lemma m Let 8 = % and let
C(M(E) € Abe the event :

{w € ‘ d (E,(T(H((UL))) < e_"(“)ﬁ}.
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If we set :

(@) == P|cW(E)N N [A@”(E’)mB@”(E')]),

{E/ | |E-E/|<er(DF)

) = P|APENBY(E)N AP (E )
9 ’ {E' | |E- E’|<e ( ’ )
) = P|AYENBP(E)N BV (E )
’ ’ (E'| |E- E’|<e w(eL)fy ( : >
@ = P((a”®))+r((B"®)),
then we have :
P ({w € ‘ d (E,a(HE}))) < e*WW}) <(a)+ D)+ (c)+(d). (819

Using Tchebychev’s inequality and Lemma [8.3.5] applied for p = 1, we directly get, for
L large enough,

(d) < De—Gim—00((L)F < De—GT(LP+ (L) _ o ~TL(IL)P (8.20)

To estimate (b) + (c), we use the fact that there exists a constant Cyp > 0 independent of
n,w, E such that, for every E,E' € I,

Vn € Z, ||Tym(E) = Tm (E)|| < GolE — E|. (8.21)

w
c
From this, we deduce that the event <A(9L) (E )> N AéL) (E) occurs for at least one E’ such
2

that |[E — E'| < e *(L)P, Then, we prove that for this E’, there exists ag > 0 such that, if
T > 0 is small enough,

p <Aé”(E) n <A(”(E’))C> < el (8.22)

0
2

c
We have a similar inequality for BéL)(E) N <BgL) (E” )> for at least one E” such that
2

|E — E"| < e *(')" Thus, by inclusions of the events :

(b) + (c) P (AgU(E) N <A(L)(E’)>C> 4P (BgL)(E) N <B(L)(E”)>C>(8.23)

[4 [4
2 2

IN

< De(fL)F

It remains to estimate (a). Let w be in the event in the probability (a). Let E’ € (E —

e *(L)F E 4 e_"(fL)ﬁ) be an eigenvalue of Ht(dL) with a normalized eigenvector ¢. As w is
in the event in the probability (a), we have, using Lemma|7.1.18

[1¢(—LL) |2+ [|¢' (—CL)|[* = ||¢/ (—LL)|[2 < 2771, (8.24)
and 5
[lp(CL)[1? + [1¢' (L) |2 = ||/ (£L)[|* < 2¢O, (8.25)
Now, using Proposition with ¢ = e (L) we get:
(a) < C/L max <e_K(éL)ﬁ,2\f2e_g(fL)ﬁ)a. (8.26)

Putting (8.20), (8.23) and (8.26) in (8.19), we finally obtain for a suitable ¢ > 0 and L

large enough. 0
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8.4 A quick tour of Multi-Scale Analysis

We start by stating a property that ensures the existence of generalized eigenfunctions in a
sense to be specified for {H,, },cn. Let H be the Hilbert space L*(R) ® CV, and let v > ;. We
define the weighted spaces H+ by:

Hi = L*(R, < x > dx) @ CV,

where < x >= /1 + |x|?> forall x € R. On H, X H_, we define the sesquilinear form
<, >H, H_ by:

Vg, 9) € M X Hoy <@ >u p = [ 9P

Let also T be the self-adjoint operator on H given by multiplication by < x >2?'. Recall that
E,(.) denotes the spectral projector of H,, and we define the property of “Strong Generalized
Eigenfunction Expansion”.

Definition 8.4.1. Let I C R be an open interval. We say that { H,, }eq satisfies the (SGEE) property
on 1 if, for some v > 1,

(i) for P-almost every w € Q, the set Dy (w) = {¢ € D(Hy) N Hy | Hop € Hi} is dense in
‘H and is a core for Hy,,,

(ii) there exists a continuous and bounded function f on R, strictly positive on o(H,,), such that:
1 1y)?
E ((trH(T f(Ho)Eo(DT ™) > < oo,

Definition 8.4.2. A measurable function  : R — CN is a generalized eigenfunction for H,, associated
with the generalized eigenvalue A if y € H_ \ {0} and:

Vo € Di(w), <Ho >you =A< > n -

We introduce notations for restrictions of H,, to finite-length intervals of R not necessarily
centered at 0. Forx € Zand L > 1, let I (x) = [x — ¢L,x + (L], centered at x and of length
2/L. Let 1, 1 be the characteristic function of I (x) and 1, the characteristic function of I;(x).
For L € 3IN*, we also define:

1Y =1, —10 o and 10y =1, ..

u

Forall x € Zand L > 1, let H."") be the restriction of H,, to L?(Ir(x)) ® CN with Dirich-
let boundary conditions, and for E ¢ o(H,, H )) let R )( E) be the resolvent of HYY at E,
RY L)(E) = (H‘(f L _ E)~!. Finally, let Efu Y be the spectral projector of HS . With these
notations, we can state a Simon-Lieb type inequality.

Definition 8.4.3. Let I C R be a compact interval. We say that {Hy, },eq has the (SLI) property if
there exists a constant Cy such that, given L, L', L" € ]N and x,y,y' € Z with I«(y) C Iy _»(y') C

I _»(x), for P-almost every w € Q) if E € I, E ¢ (7'( )) Ua(HY'E) (w)), we have:

L L )
1195 RE ™ (E)1y,10]] < Crl [0 RY ) ()1, 10| 18 RE™ (E) I, .

The (SLI) property allows estimating how the restricted resolvents R((f ’L)(E ) vary in norm
when passing from a given interval to a longer one containing it. This type of estimate is
also called the “Geometric Resolvent Inequality” in the literature. We can now state an esti-
mate for generalized eigenfunctions in terms of restricted resolvents, called the “Eigenfunction
Decay Inequality”.
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Definition 8.4.4. Let I C R be a compact interval. We say that {Hy, },eq has the (EDI) property if
there exists a constant C such that, for P-almost every w € Q, given a generalized eigenvalue E € 1,

we have for all x € Z and L € N with E ¢ o(H, XL)),
ou XL ou
11| < CISEFREY (EYLL | |1

The following property is an estimate on the average number of eigenvalues of Hc(f’L).

Definition 8.4.5. Let I C R be a compact interval. We say that {H,, }wecq has the (NE) property if
there exists a finite constant Cy such that, forall x € Z and L € N,

E (trH(E(“)(I))) < Cy(L.

The last property needed for multi-scale analysis is of a different nature. It is a probabilistic
property of independence of intervals far from each other. An event A € A is said to be based

on Ir(x) if it is determined by conditions on HYY Givendy > 0, L(x) and I, (x") are said to
be do-non-overlapping if d(Ir(x), I/ (x")) > dy.

Definition 8.4.6. We say that {H,, }cq has the (IAD) property if there exists dy > 0 such that any
pair of events based on dy-non-overlapping intervals are independent.

Before giving the definition of the multi-scale analysis set X\sa, we need one last definition.

Definition 8.4.7. Let v, E € Rand w € Q. For x € Z and L € 3IN*, the interval Iy (x) is said to be
(w,7,E)-good if E ¢ o(H, JCL)) and

1S4 RE (E)1L || < e 715,
We assume that { H, },cn satisfies the (IAD) property.

Definition 8.4.8. The set Ysa for { Hy }weq is the set of E € X for which there exists an open interval
I'such that E € 1 and, given (,0 < { < 1,and agy € (1,@‘1), there exists a length scale Ly € 6N and
a real number y > 0, such that if we set L1 = max{L € 6N | L < L;*} for all k € N, we have:

P({weQ|VE eI, I.(x) or I (y) is (w, 7, E') — good}) > 1 —e L,
forallk € N and x,y € Z such that |x — y| > Ly + do.

We conclude by stating the multi-scale analysis theorem of Germinet and Klein for operators
involving singular probability measures such as { Hy, }weq-

Theorem 8.4.9. Suppose that {H,, }weq has the properties (IAD), (SLI), (NE) and satisfies a Wegner
estimate (W) as in on an open interval I C R. Given v > O, for all E € I, there exists an integer
L (E), bounded on compact subintervals of I, such that for a given Eq € XN I, we have:

P({w e Q|I,(0)is (w,7,E) —good}) >1—e %, (8.27)
for Ly € IN, Ly > L (E) and 6 > 0, then Ey € Lysa.

The hypothesis (8.27) is also known as the initial length scale estimate or “Initial Length Scale
Estimate” (ILSE).

Finally, one can summarize the ingredients of a multi-scale analysis proof of Anderson and
dynamical localization:
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(IAD) + (SLI) + (NE) + (W) + (ILSE) (8.28)
U
(MSA) + (SGEE) + (EDI)
U

Anderson and dynamical localization

8.5 Initial Length Scale Estimate in the quasi-1d continuous case

8.5.1 Model and Notations
Let (O, A,IP) be a complete probability space. We consider, for all w € (),

2

Hot == g0

©In+ Y VI (x — tn), (8.29)

nez

acting on LZ(IR) ® RN, where N > 1is an integer and ¢ > 0 is a real number. For alln € Z,
the functions x — Va(,n)(x) are symmetric matrix-valued functions, supported in [0,¢] and
uniformly bounded in x, n, and w. The sequence (Va(,n))nez is a sequence of i.i.d. random
variables on (2. We also assume that the potential x — )7 VLE,")(x — ¢n) is such that the
family {H,, ¢ }weq is {Z-ergodic.
We consider the generalized eigenvalue equation, for all w € €,
Hyou=FEu, whereE€R and u=(*) : R— RN, (8.30)

u

For E € R and for all x,y € R, we introduce the transfer matrix Ty (E) associated with
{Hy ¢ }wea from x to y, which maps a solution (1, u) at position x to the same solution at

position y. It is defined by
wy) \ _ w'(x)
(i )-me () o0

and, in particular, T} (E) = In for all x € R. The transfer matrices are elements of the real
symplectic group
Spy(R) = {M € Mon(R) [ 'MJM = ]} (8.32)

. 0 —I
with | = (IN ON).
For E € R, we denote y1(E),...,v2an(E) the Lyapunov exponents associated with the sequence
(Tfﬁ”H)(E))neZ. We also define the Furstenberg group Gy, of {Hy}wen at E as the closed
group generated by the support of g, where g denotes the common law of the random ma-

L(n+1)

trices T,," "’ (E), and where the closure is taken with respect to the usual topology of My (IR):

Gy = < supp pg >.

8.5.2 A large deviations result

To estimate blocks of products of transfer matrices as in [19], we introduce, given a vector
subspace F of R2N, the orthogonal projection onto F, 7rr : R2N — F, and we set

., F — RN
7-[1: .
X = X
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Recall that a subspace F C R? is called Lagrangian if it is orthogonal to itself with respect to |
and of dimension N.

Let s, (-) denote the p-th singular value of the matrix under consideration. We prove a large
deviations property for the singular values of products of transfer matrices.

Proposition 8.5.1. Fix a compact interval I C R. Assume that for all E € I:
1. the Furstenberg group Gy, is included in Spy(R);
2. forallp € {1,...,N}, Gy, is Ly-strongly irreducible.

Then, for all € > 0 and all E € 1, there exist constants C(e, E) > 0and c(e, E) > 0 such that, for all
p €1,...,N,all Lagrangian subspaces F, and all integers m,n,

P <{ ’Mlogsp (Tfﬁ(E)> - 'Yp(E)‘ > 6}) < C(e,E)e_C(ErEm”—"ﬂ (8.33)
and
P <{ ’Mlogsp (TfZ(E)m’f-) - fyp(E)‘ > e}) < C(e, E)ec(&E)In=m]| (8.34)

Remark 8.5.2. The constants C(e€, E) and c(e, E) depend a priori on E and €, but they can be chosen
uniformly as € tends to 0 and uniformly in E over the compact interval I. This is one of the reasons why
we need to assume that the interval I is compact.

Proof : Recall that for a symplectic matrix M € Spy(RR), we have s,(M™') = s,(M) for all
p € 1,...,2N. Hence, we may assume without loss of generality that m < n, since
(Tjm(E))~" = Ty (E).

Letp €1,...,N. For each M € Spy(RR), denote by M the matrix in GL;(R) defined by
M;j = (fi, APMF;). (8.35)

where k is the dimension of Lp and (f1, ..., f¢) is an orthonormal basis of L,, with f; =
ey N---Nep. Let é; be the subgroup of GL;(R) generated by the matrices M for M €

—

Gyp. Since Gy, is Ly-strongly irreducible, G, is strongly irreducible. Applying then
[2, Theorem A.V.6.2], we obtain the existence of &« > 0 such that, for all € > 0 and all
x e P(Ly),

1 1
limsup —lo ]P(’lo APTI (E)z —(m+-+ E’>e)§—a
|n_m\_>foo€|”*m| g E\nfm| g(H fm( ) H) ( 1 P)( )
(8.36)

and
1 1
. pTin _ ... < —
limoup g lon P (| s AP @D = (1 -+ 420 )] > €) < =
(8.37)
Indeed, since the function x — Vu(,") (x) is uniformly bounded in x, n, and w, and since

the support of the law of the transfer matrices is bounded, the integrability assumption
in [2, Theorem A.V.6.2] is satisfied.

Let now F be a Lagrangian subspace of R?N. Then
AT (E)mp)l[ = sup  [[(APT(E)) (un A= Ay

uiA---Aup€P(Ly)
u;€F

= ||APT/"(E) ||, forsome @i € P(Lp),
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since the supremum is attained by compactness of P(L,). Hence, (8.36) rewrites as

1 1
limsup -—lo P(’lo AP(T (B ) — P E‘>€><[x
s, €t —m] 8 5\ [ = m] g([[AP(Ty (E)ma)|) — (1 7)(E)
(8.38)

for all Lagrangian subspaces F.

Fornme Z,p€1,...,N,e > 0and Lagrangian F, set

AumplerF) = {| oL B TEITDID = (1 -+ 1) (B)] > € ]
A€ = { | gy S OBUATTREI) = (-4 1) (B)] > € ]

BumpleF) = { |y (108 IIAPTEHE) i) )~ log(| 1P (TEEVTID) = 70(B)| > €

and

By (€) = { | g (0BUIAPTEAEV) — log(|IAPTEA(E))) = 7p()| > €.

lln —m|
Then
Bim,p(2€) C Anmp(€) N Aymp-1(€) and By p(2€,F) C Apmp(e, F) N Apmp-1(€, F).
(8.39)
Since for all p € 1,...,N, |[|[APT*(E)|| = si(T[(E)) - - -sp(T" (E)), combining (8:39)
and (8.37), we obtain (8.33).

Also, for any Lagrangian subspace F,
AP (Ty (E)7ep)|| = s1(Tip (E) ) -« sp (Tin (E) 7).

Combining (8.39) and (8.38), we obtain (8.34). This concludes the proof.
O

For any integer n € [—L/3,L/3], any matrix T € Mn(R), and any vector subspace F C
R2N  we define

F . 1 _
Q.T] = {1r<1}7a<xN (‘fln vy logs, (T) —vp(E)| + (8.40)
L rogs, (Tr2) — 1o(E)| ) < =5
fln—r] O8I Ty = 100N [
We set
F = {(g) weRN} C RN and F. = {(g) v e ]RN} C RN (8.41)

and, foralln € Z,
Fyi={(4) € €N [u = @ (tn)(®] (tn)) "o} (8.42)

Note that, since the transfer matrices belong to Spy(R), the vector subspace F, is Lagrangian.
Finally, we define

Qc(n) = QBT (E)] N OF [ Ti (E)] N QF [T} (B)] N OF [T (E)] N OF [TH(E)]. (843)
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8.5.3 Initial Length Scale Estimate (ILSE)
We denote I := I1(0).

Proposition 8.5.3 (ILSE for Schrodinger). Let I C IR be an open interval such that, for all E € I,
the Furstenberg group associated with {H,,¢},cq is p-contracting and Ly-strongly irreducible. Let
E € 1. Forany € > 0, there exist constants C,c > 0and Ly € IN such that, for all L > Ly,

P ({I.is (w,Yn(E) — ¢ E)-good}) > 1 — Ce . (8.44)

To prove the good ILSE for {H,, }wen, the first step is to give an explicit formula for the
Green kernel of H (O’ZL)

o in terms of the solutions ® of H,, (@1 = E®.. satisfying

D_(—¢L) = (7)) and &, (L) = (7). (8.45)
Lemma 8.5.4. Let w € Qand let x,y € Ip. Assume that @, (x) and ®_(x) are invertible, as well as

Q' (x)Py(x)"! — D' (x)®_(x) L. The Green kernel ofo‘S;F) is given by

It [ ei)(@ () (@ (1)@ (1) T =)@ (1)) ifx<y
G¥(E,x,y) = ) |
i) { O_()(@_(x))1 (@, ()P4 (1)~ P (O_(x) ) oy OO

Proof : We want to have

GiExy) ={ o il s 847

Moreover, we want G‘I‘Z to be continuous, i.e. for all x € I},
Dy (x)ay(x) =D (x)a_(x). (8.48)

By definition, we must have, for any ¢ € L?(I;) and almost all x € I,
0L
(HP =) [ GHExyw(x)dx = y()
L

Computing this expression explicitly and using the fact that (H,,; — E)®+ = 0, we obtain
that for all x € I},
—®4 (x)a! (x) + D_(x)a’ (x) = Iy. (8.49)

Differentiating (8.48), combined with (8.49), implies that
P (x)ay(x) — D (x)a_(x) = Iy. (8.50)
We can solve the system formed by (8.48) and (8.50) to obtain
_ _ 1\ -1
{ 14 (%) = (@4(0)) 7 ()P4 (1) = ()P (1)) 851)
k(1) = (@ (1) (B, ()04 (x) " — @ ()P (1))

which concludes the proof.

Our next goal is to bound sup, ., ]FO,LO(X)G?ZO (E, x,¥)Xo,L,/3(y)| with high probability.
¢ 0
To this end, for any integer n € [—L/3,L/3|, we consider the event Q. (1) as defined in (8.43).
Proposition 8.5.5. On Q¢ := Ny,c_1/3,/3Qe(n), we have, for all x € [—(L/3,(L/3] and all
y €L -1, 0L,
IGE (E, x,y)|| < Ce2(B)=)L, (8.52)
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Proof : We begin by showing that on Q), for all x € [-¢L/3,¢L/3], the matrix ®, (x) is invert-
ible, and we estimate its inverse. This amounts to bounding from below its N-th singular
value.

Let n be the unique integer such that x € [n{,(n + 1)¢). First, note that for all p €
{1,...,2N},

sp(TiL) = sp(Tii)san(Th) = sp(TITE I, (8.53)
where the last equality comes from the fact that T}, is symplectic. By [3, Lemma 6], there
exists a constant C > 0, independent of x and w, such that ||T} || < C. Consequently,
sp(TiL) = Clsp(T).

We have the following singular value decomposition:

TS (E) = UZV, (8.54)

0 X>_
with X, = diag(sy,...,sy) and £_ = diag(1/sy,...,1/sn), wheres; > 1 foralli €

{1,...,N}. We can write a block decomposition of U and V: U = <511 512> and
21 Ux

. . . . . X, 0
where U and V are unitary and, since the matrix is symplectic, we can write ¥ = < N )

Vi1 V12> .
V = . We then obtain
<V21 \%)

@, (x)=(In 0) @Ig;) = (Iy 0) T} (E) <1(1)\1> = UpXy Vi + UpZ V.

On the one hand, the blocks U;; and V;; have norm less than 1, and on the other hand, on
the event Q¢ (1), we have ||Z_|| < Ce~(W(E)=e){lL=nl Therefore,

SN(CI)+(X)) > SN(U11Z+V12) — Ce_('YN(E)—E)ﬂL—n‘
Z SN(ull)SN(Z+)SN(V12) — Cef("/N(E)*e)g‘LfnL

Since sy (Z;) > ClelwE)=)L=nl (on the event () (n)), it remains to control sy (L)
and sy (V12). As in Claim 3.4 and Remark 3.5 of [19], on Q¢ (1),

SN(VlZ) > e~ 5= and SN(UH) > e~ mstil—nl, (8.55)
Consequently, on Q¢ (n),
Isn (D4 (x))] > C e E=F)IL=n| _ co=(mu(E)=e)l|L—n| (8.56)

For L sufficiently large, we obtain on (),

[sn (@4 (x))] > T E)20757 > g, (8.57)

In particular, @ (x) is invertible.

The next step, in order to apply Lemma is to show that
@' ()P4 (x)"! — @ (x)®_(x) ! is invertible. As in Equation (33) of [19], one shows

that
sN(D () Dy (x) L =@ (x)D_(x)71) >e 2L (8.58)
Then, by Lemma[8.5.4]
B (E xy) = D4 () (P (%) (P (1)@ () = (1)@ (x)71) . (8.59)
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Finally, note that for such y, by [3, Lemma 6],

/L
@4 (1)||2 < Nexp <z/y \Vw(t)\dt> <c, (8.60)

where C is independent of w and L.
Combining (8.60), (8.56), and (8.58), we obtain that on Q.
1G¢ (E, x,)|| < Ce 2 (E)=e)lL, (8.61)

O

The last step is to estimate the probability of ().. Since the sequence of transfer matrices
of {Hy, s} weq and its Furstenberg group satisfy the hypotheses of Proposition there exist
constants C, ¢ > 0 such that P(Q (1)) < Ce~¢‘I"~Ll, Consequently,

P((Qe) >1— Y Ceellnti>1 et (8.62)
ne[—L/3,L/3]

which proves the ILSE for {H,, ¢ }wecn-
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Chapter 9

Quasi-1d models of unitary and Dirac
types

9.1 Quasi-1d models of unitary type

In this setting, the role played by the symplectic group for the quasi-one-dimensional models
of Schrodinger type will be played by the so-called Lorentz group.
The Lorentz group U(D, D) of signature (D, D) is defined as the set of matrices of size

2D x 2D which preserve the form £ = (Ig _(}D ) in the sense that T is in U(D, D) if and only if
T*LT = L.

To pass from the results on Lyapunov exponents in the symplectic framework to the Lorentz
group framework, one uses the Cayley transform. By the Cayley transform, the group U(D, D)
is unitarily equivalent to the complex symplectic group. More precisely, if C = % (ID P ) €

Ip ilp
Mop(C) and if | = (1?3 —gD) , then U(D, D) = CSp,,(C)C*, where
Spp(C) = {M € Map(C)|M*JM = J}.

In order to apply directly the results of[2], we have to pass from the complex symplectic
group to the real symplectic group. For that we introduce the application which separates the
real and imaginary parts of a matrix with complex coefficients and place them in blocks:

MZD(C) — M4D(]R)
A+iB — (47F).

Finally, 7(C*-U(D, D) - C) C Sp,p(IR) which allows to use the results on Lyapunov exponents
in the symplectic group to study the Lyapunov exponents in the unitary setting.

9.1.1 The unitary Anderson model

The first example of unitary model in dimension one for which we present a localization result
is the unitary analog of the Anderson model. It was studied by Hamza, Joye and Stolz in [11].
We present their result and use their notations.

First, consider two 2 x 2 unitary matrices By = (It ﬁ) and B, = (; _rt) with (r,t) € R2
satisfying r> + t* = 1. These real numbers correspond to reflection and transition coefficients.
Then, let U, the unitary matrix operator in EZ(Z) defined as the direct sum of identical B;-
blocks with blocks starting at even indices. Construct also U, the unitary matrix operator in
¢%(Z) defined as the direct sum of identical By-blocks with blocks starting at odd indices. Let

S = U,U,, unitary operator on ?>(Z) with band structure.
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Then, introduce the probability space (Q), F,IP) where Q = T# (with T = R/(2nZ)), F
is the c-algebra generated by cylinders of Borel sets and IP = @z # where y is a non-trivial
probability measure on T. Assume that y is absolutely continuous with bounded density.
Then, define a sequence of random variables (6k)xcz on (Q, F,IP) which are T-valued and
i.id. with common law p. With these random variables one defines the diagonal random
operator D,, acting on ¢?(Z) and defined by :

Vw € O, Vk € Z, Dyep = e %(@g,

where (ey)kcz is the canonical basis of ¢%(Z).

The unitary Anderson model is the family {U,, }.cq of unitary operators acting on ?(Z)
where for every w € Q), U, = D,,S.

The family {Uy }weq is ergodic with respect to the 2-shift in () and one can show that
its almost-sure spectrum is equal to: & = {e" | a € [~Ag, Ao] — suppu} C S' where Ay =
arccos(r? — t2)[11].

Forw € Qand z € C\S! let G,(z) = (U, —2z) ! and for k,I € Z, let G,(k,1,z) =
(ex|Gw(z)e;) be the Green function of U,,,.

Using the Fractional Moments Method [1], Hamza, Joye and Stolz proved the following
result:

Theorem 9.1.1 ([11]). For every t < 1 there exists s > 0, C < oo and a > 0 such that
E(|Gw(k,1,2)[*) < Ce k1

forall z € Csuch that 0 < ||z| — 1| < } and all k,1 € Z. Therefore, {U, }weq exhibits dynamical
localization throughout X.

The proof of Theorem relies on the formalism of transfer matrices and on the use of
the Furstenberg theorem to get positivity of the Lyapunov exponent which allows to prove
results of exponential decay of some products of transfer matrices.

Let w € O. Consider the equation Ui = zyp for z € C \ {0} and with 1 not necessarily in
(%(Z). For all (6,7) € T?, let

_1le-ip z(ei(ew),lefw)
_ z t z
T:(0,1) = (1(1_1,3;-;7) _rizeiﬂ_,'_:;(l_i_ei(ﬂ—q)_%e—m) > .

Then, one has
vkeZ, (§21) = T(0u(w), b (@) ().

Let v(z) be the Lyapunov exponent associated to the sequence of i.i.d. matrices in SL,(R),
(T2(02k(w), Ok +1(w) ) )kez- Using Furstenberg theorem in a very similar way as for the discrete
scalar-valued one-dimensional Anderson model, it is proven that

(i) ifsuppu = {a,b} with |a—b| = mtheny(—a) = y(—b) = 0and forallz € T\ {—a, —b},
(z) > 0.

(i) If {a,b} C supp p with |[a — b| ¢ {0, 7t} then for every z € T, y(z) > 0.

This result of positivity of Lyapunov exponents implies that for every compact K C C there
exista > 0,6 € (0,1) and C < oo such that: Vz € K, ¥n € N, Vo € C?, |[v]| =1,

E(|T=(0205-1) (), 62n-1)11()) - = T=(80(-), B1(-))o||7) < Ce™™".

This estimate is the core of the proof of Theorem
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9.1.2 CMYV matrices

The unitary Anderson model is a particular case of more general one-dimensional unitary
random operators, the so-called CMV matrices.

Let (ay)nen a sequence of complex numbers such that for every n € N, |a,| < 1. If
on = (1— |ay, 2)2 then the CMV matrix associated to the Verblunsky sequence (ay,)qen is the
operator acting on ¢?(IN, C) given by the semi-infinite matrix,

&y @ip0  P1P0
po —&1ap —pP140
app1 —A01 A3P2  P3P2
C = P201 —p201 —A3dp —P3&2 9.1)
A403 —o403 a504  O504
0403 —P4l3 —O504 —P504

One also define the extended CMV matrix associated to («,),cz, a sequence of complex
numbers such that for every n € Z, |a,| < 1, as the operator acting on ¢2(Z,C) given by the
infinite matrix,

Xop_1 —ox_1 X100  P100
000—1 —pPo—1 —&1xg —pP100
= ®p1 —day X3Pz P302
S B 0201 —pP20&1 —A30p —pP3K2 (92)
Wyp3 —Wgiy AsPy  P504
P4P3 —P4d3 —A504 —P504

The CMV matrices are the unitary analog of Jacobi matrices and were originally introduced
in the study of orthogonal polynomials on the unit circle. Indeed they arise in the representa-
tion of the map f + zf on L?(S!,du) in the basis given by the orthonormalization of the set of
Laurent polynomials {1,z,z7},22,z72,...} according to the usual scalar product on L?(S?, du).
Here S! denote the unit circle in C and p denotes a probability measure on S! that does not
admit a finite support. See [27, 28] for a comprehensive review of this vast subject.

In order to introduce randomness in extended CMV matrices, let v be a Borel probability
measure supported on a compact set S of the open unit disk in C which contains at least two
points. Let Q = SZ and consider (a,(w))nez = (wn)nez € Q a sequence of i.i.d. random
variables of common law v. In particular, the w, could be Bernoulli variables.

The random Verblunsky sequence (a,(w))ncz defines a random extended CMV matrix
Ew. The family {&,}weq is Z-ergodic. For such an ergodic family, there is no multi-scale
analysis or Kunz-Souillard approach available and the proof of the first localization result in
the Bernoulli case is based upon the Furstenberg theorem and large deviations estimates.

9.1.3 Scattering zippers

Let L > 1 an integer. A scattering zipper is a system obtained by concatenation of elementary
unitary diffusion with a fixed number 2L of incoming and outgoing channels each.

Let || - || any subordinate norm on My (C). Let U(L) be the unitary subgroup of the linear
group GL(C) of order L. We introduce the set

U@L = { (4 f) € U(2L) \ a,7,8 € My (C) and B € GLL(C) } . 9.3)
which also has the representation:

U(2L)iy = {S(a, U, V) € UQ2L) | |la*a] <1 and U,V € U(L)}, (9.4)
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where for any U,V € U(L) and any &« € M (C) with ||a*«a| < 1,

S(a, U, V) = (V;(zx) f\(;éog*bllj> with  p(a) = (Ip — aa*)% and p(a) = (Ip — a2,

(9.5)
Let (Sy)nez be a sequence of matrices in the set U(2L)iny. The scattering zipper operator U
associated to the sequence (S, ),cz is the operator acting on ¢2(Z,Ct) and defined by :

U=VW, (9.6)

where the two unitary operators V and W act on ¢?(Z,Cl) and are given by

vV = So osé, W = 51 5, 9.7)

where s, is the shift operator to the left (v,),ez — (Vnt1)nez-

We now introduce randomness which allow to prove a dynamical localization result for
the random scattering zipper.
Let

0= (u(L) x {—1,1}F x [o,zn]L)2 (9.8)

endowed with the probability measure
i ®L oL\ “?
P = (v.® (B(p)™" ® (Lebpam)®) 9:9)

defined on B, the Borel 7-algebra on Q) for the usual topology on the Lie group. Here v; denotes
the Haar measure on the compact Lie group U(L), B(p) denotes the Bernoulli distribution of
parameter p € (0,1) and Lebyg | denotes the Lebesgue measure on the interval [0, 271].

We then define the product probability space:

(Q,B,P) = <QZ, R B, X EJ) : (9.10)
nezZ  neZ
Letw € Qand n € Z. Then w,, € Q) and we set
w, = (VS d),600,05, D5, 0)) (9.11)
with :
() U2 e U(L)and V" € U(L) ;

di) d = (a") d")y e {—1,1}* which will represent indifferently the L-uple or the

w17 7% w,L

diagonal matrix whose diagonal elements are the d((ﬂ,. .., dL(f)L and the same for DL(:Z ) =
(DY),..., D) € {~1,1}%;

(iii) 9‘(‘,”) = (9(”) O(n)) € [0,27]% which will represent indifferently the L-uple or the

w,1” 7 Yw,L
(n) g (n)

diagonal matrix whose diagonal elements are the 0 w1001 and the same for ®,,’ =

©",...,0") e [o0,27]".

w177 ~w,L
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With these notations we define, for every w € () and every n € Z, the following phases

UL(Un) _ ez'@((f) HL(Un)DL(d”)(CIL(dn))* — ei@fﬁ’) I:‘I(E}n) and Va(;n) _ Vé)n)dg)(ﬁijn))*eieg’) — \7},”)6"6‘(5)
(9.12)

") and Vu(,") are used in the proofs of Theorem m Lemma

where the reduced notations LAIwn
and Theorem

Remark 9.1.2. In view of the definition of the probability space (Q), B,IP) one can see (ljlc(‘,”) Jnez and

(\ZE,") Ynez as sequences of independent and identically distributed (i.i.d. for short) random variables in

U(L) of uniform law according to the Haar measure on U(L). The sequences (d((f? Ynez and (Dg]) Vnez,

fori,j € {1,...,L}, can be considered as sequences of ii.d. random variables in {—1,1} of common

law the Bernoulli law B(p) of parameter p € (0,1) and the sequences (981,3)”62 and (®$3’)”€Z for

i,j €{1,...,L} can be considered as sequences of i.i.d. random variables in [0, 27t] of common law the
uniform law on [0, 27t|. Moreover, all these sequences of random variables are independent from each
others.

Remark 9.1.3. Note that for every w € Q) and every n € Z, ljlc((,") and 1714()") are elements of U(L) N
H{ (C) where Hy(C) is the vector space of the Hermitian matrices of size L x L. This property will
be used in the proof of Lemma where will need that some squareroots of unitary matrices are
also Hermitian. This property is the reason why we introduce the randomness in this particular form.

The presence of the Bernoulli variables as diagonal elements of the matrices DL(J[ ) and d((f ) is therefore

necessary in order to have that U™ and VSV can take all the possible values in U(L) N Hy (C). Then

. . o - (1)
we add the diagonal matrices ¢©" and e to ensure that the random phases U\ and V" can take

all the possible values in U(L).

o ig(n) . . . . .
The presence of separates terms e'©«" and e also simplify the formulation of the finite rank per-

turbation arqument in the proofs of Theorem and Theorem|(9.1.12

With these notations, we now introduce the model of random scattering zipper. Consider
the random family of unitary operators {U,, },ecq where, for every w € (), the operator U,
acts on (2(Z,CF) and is the scattering zipper associated to the sequence of random scattering

matrices (sfj ) Jnez defined by

(n)
n n n 144 a)Ug,
S(E_;) — S((X, U(E) ),V(S; )) — (}’l)~ p((n)) N (}’l) ’ (9.13)
Vo 'pla) =V, a*Uy,

for a fixed « € M (C) such that |ja| < 1.

Note that the family {U,, } e has a very important property of 2Z-ergodicity which im-
plies the existence of an almost sure spectrum for this family. Note that if > denotes the almost-
sure spectrum of {Uy, }wen , £ C S since the operators U,, are unitary. The 2Z-ergodicity also
implies the existence of almost-sure pure point, absolutely continuous and singular continuous
spectra.

We have the following diagram in which the horizontal arrows represent the transition
from a scalar-valued operator to a matrix-valued operator, and the vertical arrows represent
the transition from a self-adjoint model to its unitary analogue.

Jacobi matrices — Jacobi matrices with matrix coefficients

3 1

CMV matrices — Scattering zipper
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9.14 Ingredients of the Fractional Moments Method

Notation. Let {¢; }scz be the canonical basis of ¢*(Z) ® CL. Fori,j € Z, we set €ij} i= €iL+js
which corresponds to the j-th component in the i-th L-block.

Theorem 9.1.4. There exists rg > 0 such that, for every &« € GL(C) with ||a|| < ro, there exists
Cr, > 0and b > 0 such that for all {k,p} and {l,q} in Z x {1,...,L},

E < Cpe b (9.14)

i (e (Wa)"eqgy)|

The estimate (9.14) means that the family {U,, },cq satisfies the condition of dynamical
localization. This property is dynamic in nature and follows the evolution of wave packets
over discrete time n € Z. It tells us that the solutions of the Schrodinger equation are localized
in space in the vicinity of their initial position and this, uniformly over time. This reflects the
absence of quantum transport.

The proof of Theorem[9.1.4]is based upon a number of intermediate results. First, following
the result of positivity of the Lyapunov exponents on the unit circle S!, we prove their strict
positivity on an annulus

Se:={zeCl—-e<|z|<1+¢€} (9.15)

for some € € (0, 1]. The proof is done by combining the positivity of the Lyapunov exponents
on the unit circle and their continuity on C \ {0}.
Notation. For j € Z,let E; = (...,0,Ip,0,...) where Ip is in the jth position.

For z € C\ S! let G, (z) be the resolvent at z of the operator Uy, and let G (z, -, -) be its
block Green kernel defined for every k,I € Z by:

Guw(z, k1) = (Ex, (Uy —2) L Ey). (9.16)

For a,b € Z U {+o0}, a < b, we denote by G([ff’b] (z) the resolvent of the restriction of the
operator Uy, to the interval [a, b] and by Gif}'b] (z,-,-) its block Green kernel :

a a -1
Gl (z) = (UL,'” —z) ) (9.17)

and for k,l € Z,
-1
Gl (2 k1) = (Ey, (UL‘}“ - z) E). (9.18)

See [5,11] for a precise definition of the boundary conditions used to define properly Ul

We study the fractional moments of Gt (z,-,+) for z € C\ S! and we first prove that they
are uniformly bounded.
Theorem 9.1.5. For every s € (0, }) there exists C(s) > 0 such that, for every z € C \ S, every
a,b € ZU{+oo}, a <b,andevery k,1 € Z such that |k —1| > 4,

E (HGB}'H (z,k,l)HS) < C(s). (9.19)

Once we have obtained this uniform bound, combining it with the positivity of the smallest
Lyapunov exponent and proving estimates on the blocks of the products of transfer matrices,
we prove the exponential decay of some blocks of the Green kernel restricted to suitable inter-
vals.
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Lemma 9.1.6. Let K C C a compact set. There exist constants C > O, ¢ > 0and s € (0,1), such that:

E (H (T(E,m) (z)... T(E,")(z))_l v||5> < Cecln=ml (9.20)

forall z € K, for all unit vector v , and for n,m € Z such that |n — m| is sufficiently large.
Theorem 9.1.7. There exist o > 0, €9 > 0,s9 € (0,1), po > 1, Csyr, > 0and -y > 0 such that, for
every o € GLy(C) with ||a|| < ro, every s € (0,so] and every € € (0, €],

E (HGB”'Z’”*” (2,21, 2m + 1)”5) < Ce~nlm=nl (9.21)

for every z € S¢ \ St and for every m and n in Z such that |m — n| > po.

Theorem is central in the proof of Theorem In order to be able to reduce our
analysis to the blocks for which we have the exponential decay (9.21), we prove two reduction
results. We start by showing that it suffices to deal with even-sized scattering zipper operators.

Proposition 9.1.8. Assume a € GLy(C) is such that ||a| < 1. Lets € (0,1), € € (0,1) and let
k,1 € Z such that |k — 1| > 4. There exists C(s,€) > 0 such that:

2 1
E (HGB"’] (z,k,l)Hs> < C(s,€) Y E(|GE(z,2n 4 2i,2m + 14 2j) )3, (9.22)
i,j=0

forall z € S\ S* and n, m such that k € {2n,2n + 1} and I € {2m,2m + 1}.

The proof involves bounding the norm of the “even” blocks || Gt (z,2n,2m)|| and || Gt (z,2n+

1,2m)|| by the norms of the “odd” blocks || Gt (z,2n,2m+1)| and || Gt (z,2n+1,2m+1)||.
A necessary condition for establishing this is the invertibility of . This invertibility is neces-
sary to prove the following lemma.

Lemma 9.1.9. If & € GLy(C), then for every € > 0, for every n € Z and for every z € S, the matrix
o+ zVal is invertible almost surely, and for every s € (0,1), there exists C(s) > 0 such that
VneZ E (H(a +ZV‘E,")aU£,"))_1||S) < C(s). (9.23)

Once we get Lemma[9.1.9] using Holder inequality and Theorem[9.1.5} one gets Proposition
9.1.8

The second reduction result show that it suffices to control the Green kernel of the restricted
operator to some finite interval in order to control the Green kernel of Uy,.

Proposition 9.1.10. Let s € (0,3) and € > 0. There exists C(s) > 0 such that
E (Go(z kD) < CH)E (16" 2.k, 1)) (9.24)

for every z € S¢ \ S and every k,| € Z such that |k — 1| > 4.

The proof of Lemma [9.1.10|relies on the geometric resolvent identity.

Combining Proposition and Proposition[9.1.10} as well as Theorem on the expo-
nential decay of the reduced case, we obtain the exponential decay of the fractional moments.

Theorem 9.1.11. There exist ro > 0,s € (0,1), eg > 0, Csy, > 0 and v > 0, such that for every
a € GLL(C) with ||a|| < 7o,

E ([|Go(z, kD) |°) < Csrpe” "5 (9.25)

for every € € (0,€], every k,| € Z and every z € S, \ S.

Random operators and Anderson localization page 117



Chapter 9. Quasi-1d models of unitary and Dirac types

The proof of Theorem follows from Theorem [9.1.11) and from the following estimate
on the moments of order two of the coefficients of the resolvent.

Theorem 9.1.12. There exist €y > 0, rg > 0, C;y > 0and «y > 0 such that, for every e € (0, €] and
everyz € S¢ \ S!, for every o € GL(C) with ||a|| < ro, and every {k,p}and {I,q} inZ x {1,...,L}:

— 2 — —
E (1= 12P) feepn | (W = 2) ) < e

Theorem(9.1.12|is a consequence of Theorem 9.1.11jusing second order perturbation theory.

Remark 9.1.13. The parameter € is chosen to guarantee strictly positive Lyapunov exponents over the
annulus Se,.

9.2 Quasi-1d models of Dirac type
Given an integer N > 1, the free Dirac operator on N parallel straight lines is

DN .= ]%, with ] 1= <ION _5N> and Dom(D{")) = H(R) @ C?V. (9.26)

This operator is self-adjoint.
We add to this free operator a random potential. Let (€, A, IP) a complete probability space
and ¢ > 0 be a disorder parameter: the smaller / is, the “more disordered” the system is. The

random potential (VLE,H) Jnez is a sequence of independent and identically distributed (i.i.d. for
short) random variables such that, for every n € Z, the function x — Va(,") (x) takes values in
the Hermitian matrices, is supported in [0, /] and is uniformly bounded in x, 7 and w.

We consider the random family {D,, }veq of quasi-one-dimensional Dirac operators de-
fined for every realization w € () by:

Dy := DN + Y VI (- — tm), (9.27)

nez

Under such conditions, for each w € (), the operator D,, is self-adjoint on the Sobolev space
H'(R) ® C2N and thus, for every w € ), the spectrum of D, denoted by ¢ (D), is included
in R.

9.2.1 Transfer matrices and Lyapunov exponents

In order to determine the almost-sure spectrum of {D,, },cq and to study the asymptotic be-
haviour of the corresponding generalized eigenfunctions, one considers, for every w € (), the
equation for the generalized eigenvalues,

Dou =Eu, whereE € C and u = (51) : R — C?V, (9.28)

The notation u = ( ZI ) refers to the decomposition spin up / spin down of the solution of the
Dirac equation.

Equation (9.28) is a linear differential system of order 1. We introduce, for E € C and every
x,y € R, the transfer matrix Ty (E) of D, from x to y which maps a solution (u', u,) at position
x to the same solution at position y. It is defined by the relation

( ZIE% ) =) < ZI% > 9.29)
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9.2 Quasi-1d models of Dirac type

and in particular, T (E) = Iy for every x € R. For real E, the transfer matrices are elements
of the hermitian symplectic group

Spn(C) = {M € Mon(C) | MM = ]} (9.30)

with | = (II(L %N). Indeed, for E € R and x € R fixed, y — Ty (E) satisfies D, (T{(E)) =
E T/(E) on R. It implies (%T%(E))*]T}{(E) + (TY(E)) T TL(E) = 0. Hence, the func-
tion y ~— (T{(E))*JTL(E) is constant on R. Taking the value at y = x one obtains | and
(TY(E))*JTL(E) = ] for every y € R.

Remark 9.2.1. Note that Spy(C) is a real Lie group since it is a C* manifold and not a holomorphic
manifold because of the presence of a conjugation in its definition.

For E € C fixed and two couples (x,y) and (x/,y’) in R?, the random matrices Ty (E)
and Tg,,(E) are not necessarily independent. In order to apply the results of the theory of
products of i.i.d. random matrices, we also introduce, for every n € Z, the transfer matrices
T (E) = Tf("ﬂ) (E) from ¢n to £(n 4 1). The transfer matrix T (E) is therefore defined by

the relation ! o ) on)
ut(f(n+1 (n) u'(fn
=T, (E 9.31
(itetnrny ) =70 (5 fon 31
foralln € Z.
The sequence (TC(L,") (E))nez is a sequence of i.i.d. matrices because of the i.i.d. character of

the Va(,n)’s and the disjointness of their supports for different values of n.

9.2.2 Localization criteria for quasi-one-dimensional operators of Dirac type

The formalism of transfer matrices, Lyapunov exponents and the Furstenberg group enables
to state criteria of dynamical localization for quasi-one-dimensional operators of Dirac type.
Before that, we introduce several definitions in order to fix the framework in which we
are able to obtain such criteria of dynamical localization. For this, we generalize the notion of
Ly-strong irreducibility.
Let L > 1 an integer. For I € {1,...,L} we denote indifferently by b, a bilinear form on
C2N or its matrix in the canonical basis of C2N. We also denote by by, or most simply by J, the

symplectic bilinear form on C2V associated with the matrix | = (1?\1 _éN ) .

For any p € {1,...,N}, let (], by, .. .,bL)—Lp be the vector subspace of APC2N whose ele-
ments are p-decomposable vectors u; A - - - A uy such that

Vi,j € {1,...,]9}, Vil € {0,...,L}, bl(ui,uj) =0

i.e, the family (uy,..., up) is orthogonal for all the bilinear forms b; (and in particular each u; is
orthogonal to itself for all b;).

The second property is called the (], by, ..., by )-L,-strong irreducibility. It generalizes the
notion of Ly-strong irreducibility as defined in [2] in the setting of the real symplectic group.

Definition 9.2.2. We say that a subset T of GLon(C) is (], by, ..., by)-Ly-strongly irreducible if
there does not exist any W, finite union of proper vector subspaces of (J,by,...,br)-Ly, such that
(APM)(W) =W forall Min T.

We now state two localization criteria for {D }wen. The first one states for the group
Spn(©)-

Theorem 9.2.3. We fix a compact interval I C R. We assume that there exists an open interval I
containing I and such that for every E € I:
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1. the Furstenberg group G, is included in Spy(C) ;
2. forevery p € {1,...,N}, Gy, is p-contracting and ]-L,-strongly irreducible.
Then {Dy, }weq exhibits dynamical localization in ¥.N 1.

In order to state a second theorem, we introduce the matrix
K 0
S:= ( 0 K ) € M (R), (9.32)

where K is the diagonal matrix with (—1)"*! in position i. We define the group
SpOy(R) := {M € Mon(R), ‘MJM = ], 'MSM = S} . (9.33)
The second localization criterion states for the group SpOy (R).

Theorem 9.2.4. Assume that N is even. We fix a compact interval I C IR. We assume that there exists
an open interval I containing I and such that for every E € I:

1. the Furstenberg group G, is included in SpOy(R) ;

2. forevery 2p € {1,...,N}, Gy, is 2p-contracting and (], S)-Lap-strongly irreducible.
Then { Dy, }weq exhibits dynamical localization in XN 1.

The proofs of Theorems and involve several steps:

1. The assumptions of the two theorems lead to an integral formula for the Lyapunov ex-
ponents which implies their Holder regularity.

2. We then deduce the same Holder regularity for the integrated density of states, using a
Thouless formula.

3. From this regularity of the integrated density of states, we get a weak Wegner’s estimate
adapted to Bernoulli randomness.

4. Finally we apply a multiscale analysis scheme which involves the proof of an Initial
Length Scale Estimate.

Actually, most of these steps except the proof of the Initial Length Scale Estimate in the last
one are true with more general hypothesis. Let us state them now.

Assumption 9.2.5 (L(N)). We fix a compact interval I C R. We assume that there exists Ly a vector
subspace of ANC?N and an open interval I containing I such that, for all E € I:

(L) forall g € Gy, (ANg)(Ln) C Ly;

(L;N)) forall x # 0in Ly,

Z

lim 1lE(log ||AN<I>E(71,')X”) = Z’Yi(E)?

n—oo 1 =
(LgN)) there exists a unique probability measure vy g on P(Ly) which is pg-invariant, such that

1(E) + -+ n(E) :/ log [(ANg)x||

N2 )M g dun £ (%);
Gug XP(Ly) [l x]] He(8)dvn e (%)

LN 4 (E)+ -+ yn(E) > 0.
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The properties of N-contractivity and J or (], S)-Ly-strong irreducibility imply Assumption
(LM). Tt is a consequence of [2, Proposition A.IV.3.4] in the case of Spy;(C) since one has the
identification between Spy;(C) and Sp,\(R) using the following application which split the
real and imaginery parts of the matrices in MyN(C):

MZN(C) — M4N (]R)

A+iB o (4F).

In the following Section, we will present some explicit cases of the model {D,} e for
which we are able to verify the assumptions of Theorem or Theorem

9.2.3 Application of the localization criteria to a class of splitting potentials

We introduce a particular case of quasi-one-dimensional operators of Dirac type whose po-
tentials split in a sum of two tensorized Pauli matrices. Recall the usual notations for Pauli
matrices :

qoi=D, o= (31), 0= (1), 5= (5.9).

Consider the particular family {D((u E) }wen where the potential split into a periodic part and
a random part :

N N
DN := DY + Voer + Ve, 9.34)

The potential Vpe, is a £-periodic function, linear combination of tensorized Pauli matrices
of the form
Voer 1= (@000 + 2101 + 2202 + 303) @ Vper, (9.35)

where «y, . .., a3 are real numbers and Vper is a ¢-periodic function with value in the space of
the N-by-N real symmetric matrices denoted by Sx(IR) . Note that :

ooV .= (‘68) € MZN(C)

and the same for the other tensor products.
We construct the random potential V,, in the following way. Let (Q;, A, 1), ..., (On, An, Py)
be N complete probability spaces. We take

(Q,AP) = (ngzﬂl><~-><()N,®fl1®~-®AN,®]I31®---®]I~)N>.

nez nez

Fori € {1,...,N}, the sequences (cul.("))nez are independent of each other and each one is a
sequence of i.i.d. real-valued random variables on (f)i, A, ]f’i). Let v; be the common law of
the wl-(”)’s. We assume that {0,1} C suppv; and supp v; is bounded. In particular, the wl-(”)’s
can be Bernoulli random variables which is the most difficult case of randomness to deal with
since it will imply the smallest possible Furstenberg group. We also set, for every n € Z, v =
(w%"),...,wl(?)), which is a random variable on (O x -+ x Qyn, A @ --- ® Ay, P1 @ - -- @ Py) of
law v = 11 ® - - - ® vn. For each n in Z, we introduce the random function

wi")vl(-fén) 0

0 w%”v;\](_ﬁn)

where the v; are measurable functions from [0, ) to R. We take

Vio = (Booo + P101 + 202 + B303) @ Y V) (9.36)
nez
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where By, ..., B3 are real numbers.

We will restrict ourselves to particular combinations of non-vanishing «;’s and g;’s. For
simplicity we will only consider real-valued potentials Vper and V,,, which corresponds to the
absence of magnetic field and to the following assumption.

Assumption 9.2.6. We assume that ay = B, = 0.

Hence we only consider potentials which are on 0y, 01 and 03 which implies in particular
that, for real energies E, the corresponding Furstenberg groups will be included in Spy(R)
instead of Spy;(C). Next, we consider only splitting potentials with one deterministic term and
one random term which allows to reduce the number of cases in which we should compute
the Furstenberg group from 43 to 9.

Assumption 9.2.7. We assume that one and only one among g, a1 and a3 is different from zero and
one and only one among Bo, B1 and B3 is different from zero.

Since we have to choose one random potential and one deterministic one, there are a priori
nine possibilities. Nevertheless, it is possible to reduce this number to five in the following
way. If one sets for (Vo, V1, V3) € (Mn(R))3,

D(Vo, V1, V3) = D(()N) +0@V+n@Vi+m;e Vs
acting on H!(R) ® IR?, then
V(Vo, Vi, V3) € (Mn(R))?, D(Vo, Vi, V3) = P(—D(—Vy, —V3,—V4))P*

with P the unitary matrix defined by

1 (Iy 1
pP= 7 (IE _IFN> . (9.37)

Hence, for any (Vo, V1, V3) € (Mn(R))3, the operators D(Vy, V4, V3) and —D(—Vy, — V3, — V1)
have the same spectrum and also the same pure point, absolutely continuous and singular
continuous spectra. These two operators have transfer matrices which are unitarily equiva-
lent (through P defined at (9.37)), hence their Lyapunov exponents are equal. They also have
Furstenberg groups which are unitarily equivalent (again through P) and there is localization
for D(Vy, V1, V3) if and only if there is localization for —D(—Vp, —V3, —V;). As a consequence,
there are five cases, as explained in the following table.

Vi \ Vper op | 01 | 03
Jp 1 5 5
] 3121 4
03 3 4 2

Table 9.1: The five possible cases

For each of these cases, we prove either localization or delocalization.

Moreover, in order to compute the Furstenberg group associated with {D,, },ecq, we will
express the transfer matrices as matrix exponentials. This is possible only when the potentials
are constant on each interval (n¢, (n + 1)¢). Else, we would have to deal with time-ordered
exponentials instead of matrix exponentials.

page 122 Random operators and Anderson localization



9.2 Quasi-1d models of Dirac type

Assumption 9.2.8.

1. We assume that Ve is a constant function equal to some fixed real symmetric matrix. We will
denote by Vper the unique value of the function Vyer as a small abuse of notation.

2. We also assume that the functions vy, . .., vy in the definition of V, ) are all equal to the charac-
teristic function of the interval [0,(] : vi = -+ - = VN = 1jg 4.

Notation. Let A the tridiagonal matrix with 0 on the diagonal and 1 on the upper and lower
diagonal.

Notation. Let us denote by {-, -} the anti-commutator of two matrices defined for every A, B €
MnN(R) by {A,B} = AB + BA.

Theorem 9.2.9.

1. In Case 1, for any symmetric matrix Vper € SN(R), £ = R and it is purely absolutely continu-
ous of multiplicity 2N.

2. In cases 2, 3 and 4, ifvper = A, there exists {c := {c(N) > 0 such that, for every £ € (0,¢c),
there exists a compact interval I(N,¢) C R such that if I C I(N,{) is an open interval with

NI #Q, then {DS?? Yweq exhibits Anderson and dynamical localization in XN I.
3. InCase5 :

(i) if {Vper, K} = 0 and if N is odd, there is presence of a.c. spectrum of multiplicity at least
2.

(ii) In particular, if Vper =A, {Dgy}weg exhibits Anderson and dynamical localization in
Y.N1if N iseven (for I as in Point (2)), and there is presence of a.c. spectrum of multiplicity
exactly 2 if N is odd.

(iii) On the contrary, if Vper = A+ Iy, there exists Ic > 0 such that, for every £ € (0,0c),
there exists a compact interval I(N,¢) C R such that if [ C I(N,¥) is an open interval

with ¥ N1 # @, then { ng;)}weg exhibits Anderson and dynamical localization in £.N I
forany N.

The localization results come from applications of our localization criteria in Theorems[9.2.3]
and The presence of a.c. spectrum in Case 1 and in Case 5 when N is odd is a consequence
of the following theorem of Sadel and Schulz-Baldes.

Theorem 9.2.10. Let {D, }weq be as in (9.27). Then, for k € {1,..., N}, the set
Sk := {E € R, exactly 2k Lyapunov exponents vanish at E}

is an essential support of the almost-sure absolutely continuous spectrum of multiplicity 2k.

This result of Kotani’s theory for quasi-one-dimensional operators of Dirac type has to be
seen as a delocalization result for { Dy, }weq-

Finally, one gets from the results of Theorem localization and delocalization results

for generic choices of the value of the matrix Vper. To state these results we need to precise
. .. . . . . N(N+1)
the notions of genericity. We identify the space Sy(IR) of real symmetric matrices to R T

and we consider the Lebesgue measure Leb yw:1) on it. The genericity on Sy (R) is defined
2

according to Leb nv1) .
2
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We also introduce the space of symmetric matrices which anticommute to K :
St (R) = {V e sN(R) | {V,K} = 0}. (9.38)

This space is of dimension NTZ if N is even and of dimension (N_IL& if N is odd. Hence, the

genericity on SI{\IK} (R) is defined according to Leb 2 if N is even and according to Leb 1)1
4 4

if N is odd.

Corollary 9.2.11. Denote by V the unique value of the function Vper.

1. For almost-every real symmetric matrix V € Sn(IR), there exist a finite set Sy C R and (¢ =
lc(N,V) > 0 such that, for every £ € (0,{c), there exists a compact interval I(N,V,¢) C R
such thatif 1 C I1(N,V,£) \ Sy is an open interval with XN 1 # @, then, in cases 2, 3, 4 and 5,

{Dg\]g) }wean exhibits Anderson and dynamical localization in £.1 1.

2. For almost-every V € SI{\IK}(IR), there exist a finite set Sy C R and fc := (c(N,V) > 0
such that, for every £ € (0,£c), there exists a compact interval I(N,V,¢) C R such that if
I C I(N,V,0)\ Sy is an open interval with © N I # @, then, in Case 5, {fo?}weg exhibits
Anderson and dynamical localization in ¥ N 1 if N is even and there is presence of a.c. spectrum
of multiplicity 2 if N is odd.

Remark 9.2.12. Both results of genericity in the Case 5 are consistent since Leb y1) (Sl{\IK} (R)) =0
2
)

in SN (R) . In Case 5, the generic result of localization in point (1) corresponds to Theorem[9.2.9|(3) (i
and the generic result in point (2) corresponds to Theorem [9.2.9| (3) (ii).
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Appendix A

Self-adjoints operators and spectral
theorem

(H, (-])) denotes a Hilbert space on R or on C. By convention, when (-|-) is a Hermitian
product, it will be semilinear on the right.

A.1 Bounded operators

We begin by defining the space of bounded operators between normed vector spaces and then
define several topologies on this space.

Definition A.1.1. If (E, || ||g) and (F, || ||r) are normed vector spaces, a bounded operator from E to
F is a continuous linear mapping T : E — F, i.e, such that

3C >0, Vu € E, ||Tullp < Clul,.

Notation. We denote by L(E, F) the set of bounded operators from E to F. When E = F, we
write L(E) = L(E,E).

L(E, F) is a vector space on which we introduce the norm,

|| Tu]|
HTﬂﬁ(E,F) = 8su [ b= sup || Tul|p.
ucE\{0} E ulg=1

The topology induced by this norm on L(E, F) is called the uniform operator topology. If (F, || ||r)
is a Banach space, then (L(E,F), || ||z(,r)) is also a Banach space. Furthermore, the norm
| lz(£ £y is an algebra norm on (L(E), +,.,©) and, more generally, if (E, || [|£), (F, || [|r), and
(G, || llc) are normed vector spaces and Ty € L(E,F) and T, € L(F,G),then T, o Ty € L(E,G)
and

[T20 TlHE(E,G) < HT2H£(F,G) HT1H£(E,F) :

Notation. Throughout, we denote TT; as the composition T, o T; of two operators T7 €
L(E,F)and T, € L(F,G).

We now introduce two weaker topologies on L(E, F). Firstly, the strong operator topology. It is
the smallest topology making the maps ev,, : L(E,F) — F, ev,(T) = Tu continuous. For this
topology, a sequence of bounded operators (T}, ),cn converges to a bounded operator T if and
only if, for every u € E, || T,,u — Tul|r — 0. We write T,, — T in this case.

The second topology is the weak operator topology. We could define it for arbitrary Banach spaces
E and F, but in what follows we restrict ourselves to bounded operators on (H, (:|-)), so we
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shall assume E = F = . Then the weak topology on L(#) is the smallest topology making
the maps evu, v : L(H) — C, evu,v(T) = (Tu|v) continuous. For this topology, a sequence of
bounded operators (T, ),cn converges to a bounded operator T if and only if, for all u,v € H,
(T, u|v) — (Tu|v) in C. We then write T,, — T.

The weak operator topology is weaker than the strong operator topology, which in turn is
weaker than the uniform operator topology. The following examples illustrate the differences
between these topologies on £(¢2(IN)).

The following examples illustrate the differences between these topologies on £(¢*(IN)).

Example A.1.2. Let T, : (2(N) — (*(N), Ty(xo,x1,...) = (3x0,1xy,...). Then (T,)nen uni-
formly converges to 0, the zero operator.

Example A.1.3. Let S, : (?(IN) — ¢2(IN), S,,(x0,x1,...) = (0,...,0,xn, Xns1,...). Then (Sy)nen
strongly converges to 0 but not uniformly.
Indeed, for any x € (*(N),

—+o0
2 _ 2
ISurlfl = Xl S 0

Then, for any x € (2(IN), ||Snx||2 < ||x]|s2 hence [Sullz(2ony) < 1. Furthermore, for alln € N,
||Snen||,2 = 1 where ey, is the sequence being O for all k # n and 1 at the n-th term. Therefore, for all n,
[Sullz(2ony) = 1, and (Sn) does not uniformly converge to 0.

Example A.1.4. Let W, : (2(IN) — (2(IN) be defined by W, (xo, x1,...) = (0,...,0,x0,x1,...) with
n zeros at the beginning of the sequence. Then (W), converges weakly to 0, but neither strongly
nor uniformly.

Throughout, we will often consider bounded operators between Hilbert spaces. In this Hilbert
framework, we provide a characterization of the operator norm.

Proposition A.1.5. Let Hy and Hy be two Hilbert spaces. Let T : H1 — Hy be a bounded operator.
Then,

TN 23, 74) = SUPLI(Tu[0) 0, | | [l < Land Jlofly, <1}

Proof : Let S be the right-hand side of the equality. By the Cauchy-Schwarz inequality,

| (Tulo)| < N Tutllg, 10130, < NT 20,4 18110, 10130, < T 200,10

when ||y, < 1and [|v[[3, < 1. Hence, S < ||T|| £(3, 3,)- Conversely, let M be a positive
real number; suppose S < M. Then, for any u € Hi, || Tu|lp, < Mlu|ly,. Indeed, if
u = 0 or Tu = 0, the inequality holds. Otherwise, 1’ = u/||u||3, and v' = Tu /|| Tul|y,
have norm 1, and as S < M, [(Tu'|v")| < M. Now, |(Tu'|v")| = ||Tu||p,/||u||3,, hence

| Tul[3, < M|[ul|,. By the definition of ||T|| (3, 7,), We get [| T z(3,,2,) < S- _
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A.2 Adjoint of a Bounded Operator

We will now define the adjoint of a bounded operator, which generalizes to any dimension the
transpose of a real matrix or the conjugate transpose of a complex matrix.

Proposition A.2.1. Let H be a Hilbert space and T € L(H). There exists a unique operator T* &
L(H) such that

Vu € H, Vo € H, (Tulv) = (u|T*v). (A1)

Proof: Let v € H. Then, ¢, : u — (Tul|v) is a continuous linear form on . By the Riesz

representation theorem for continuous linear forms, there exists a unique vector w € H
such that, forallu € H, ¢,(u) = (u|w). Let T* : H — H, T*v = w.

T* is linear. Indeed, for v1,v; € H and A, Ap € C, let v = Av1 + Apvp and wy = T*(vy),
wy = T*(v2), T*(v) = w. Then,
Vu e H, (ulw) = (Tulv) = (TulAo1 + Av2) = A1(Tuloy) + Az (Tulvy)
= Xl(u\wl) —i—Xz(M’ZUz) = (u|A1w1 + )ngz).

So, w — AMywy — Aywy € HE = {0} and w = Ayw; + Aw,, proving linearity of T*.
T* is bounded. Indeed, for u,v € H, ||ulyy < 1and ||v||y < 1, then

| T 0)| = [(Tulo)| < [|Tully [olly < 1Tl 2 -

Thus, taking u = 2%, forallv € H, [[o]% < Land T*v # 0, [|T*0|l3 < ||T|l - If

1T+l
v € H is such that T*v = 0, the inequality is still valid. This gives ||T*||z) < || Tl z(x)
and T* is bounded.

Finally, for uniqueness, if T} and T; satisfy (A.1), then for all u,v € H, (u|(T{ — T;)v) =
0,thus T} — T; = 0.
O

Definition A.2.2 (Adjoint). The bounded operator T* € L(H) is called the adjoint of the operator T.

Example A.2.3. For any Hilbert space H, 1d3, = Idy,.

We state the first properties verified by the adjoint of a bounded operator.

Proposition A.2.4 (Algebraic Properties of the Adjoint). Let T, Ty, T, € L(H) and A € C. Then,

1.

1S I NS B\

(M +To)* =T{ +T5;
(AT)* = AT*;

(MT2)" =T;T;
(T)*=T;

. if T has a bounded inverse T~', T* also has a bounded inverse, and (T*)~! = (T~1)*.

Proof : The first two points come from the right semilinearity of the inner product. For the

third point, for all u, v € H, write (T1 Tou|v) = (Tou|T;v) = (u|T; T{v). The fourth point
is obtained by noticing that in (A.1), vectors u and v play the same role, and (Tu|v) =
(u|T*v) for all u,v € H if and only if (T*ulv) = (u|Tv) for all u,v € H by taking
conjugates. Finally, for the last point, from TT-! = [ = T~!T, we deduce by taking the
adjoint that T*(T~1)* = [* = [ = I* = (T 1)*T*.

]
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Proposition A.2.5 (Metric Properties of the Adjoint). Let T € L(H). Then,
LT ey = Tl eny
2 T Tl = 1T -

Proof : From the proof of proposition IT* 22y < lITllzz)- Then, applying this in-
equality to the bounded operator T* and using the fact that (T*)* = T, we obtain
I Tl 22y < IIT*[|£(3), proving the first point. For the second point, we initially have
IT*Tll gy < NT* o) ITl 2y = NITIIZ: 30)- Conversely, if u € H, [Jully =1,

2
I Tul[3 = (TuTu) = (T Tulu) < [|T*TI| £,

hence || 7112, < 17Tl 0.

Proposition A.2.6 (Geometric Properties of the Adjoint). Let T € L(H). Then,
1. Ker T* = (ImT)* and (Ker T*)* = ImT;
2. if F C H is a subspace stable under T, then [ is stable under T*.

Proof : u belongs to (ImT)* if and only if, for all v € H, (u|Tv) = 0, which is equivalent to
saying that, for all v € H, (T*u|v) = 0. This is equivalent to T*u = 0, or equivalently
u € Ker T*. The second property arises from properties of orthogonal spaces in Hilbert
spaces.

For the second point, let v € FX and u € F. Then Tu € F, so (T*v|u) = (v|Tu) = 0.
Therefore, T*v € F+. o

Definition A.2.7. An operator T € L(H) is called self-adjoint when T = T*.

Self-adjoint operators are a generalization of symmetric matrices to infinite dimensions.
They play a major role in functional analysis and mathematical physics. A structural theorem
for these operators asserts that every self-adjoint operator is diagonalizable, in a sense to be
specified in infinite dimensions. A primary example of a self-adjoint operator is that of an
orthogonal projector.

Definition A.2.8. An operator P € L(H) is called a projector when P2 = P. Moreover, if P* = P, P
is called an orthogonal projector.

It is noted that the image of a projector is a closed subspace on which P acts as the identity.
Furthermore, if P is orthogonal, P acts as the null operator on (ImT)L. Then, the projection
theorem for closed subspaces in Hilbert spaces assures that there is a bijection between orthog-
onal projectors in a Hilbert space H and closed subspaces of H.

Example A.2.9. (Multiplication Operator). Let (X, u) be a o-finite measure space and let H =
L?(p). If ¢ € L™(p), we define the multiplication operator by ¢, My : L*(i) — L?(p) such that, for
allu € H, Myu = gu.

Then, My is in L(L?(n)) and |My| = ||¢@|le. Here, ||@||c denotes the essential supremum,
¢l = inf{c > 0| u({x € X | |¢(x)| > c}) = 0}. Therefore, by changing the representative
within the class of ¢, we can assume that ¢ is a bounded function.

Moreover, since || pul|2 < ||@||o||u|l2, Mg is a bounded operator and || M| < ||@||co. For any e >
0, as p is o-finite, there exists a measurable set A with 0 < u(A) < +oco such that |@(x)| > ||@|lec — €
forall x € A. Taking u = ,u(A)*%lA, then u € L?(u) and ||ul2 = 1. Thus, |My||> > ||ou|3 =
(A [, olPdu > (||@lle — €)% As € tends to 0, it holds that || M| > ||@]|c.

It is observed that, for any ¢ € L* (), My, = Mg, where ¢(x) = @(x) for all x in X. In particular,
if ¢ takes real values, M, = My and M, is self-adjoint.
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For bounded self-adjoint operators, proposition can be refined.
Proposition A.2.10. Let T € L(#H) be a self-adjoint operator. Then, for all u € H, (Tu|u) € R, and

TN 23y = sup{I(Tufw)[ | [[ully = 1}.

Proof : Let S be the right-hand side of the equality. According to Proposition S <
[ T|lz(3). To prove the other inequality, let’s begin by showing that, for all u € #H,
(Tulu) € R. Indeed, as T = T*, (Tulu) = (u|Tu) = (Tu|u) and (Tu|u) € R. Then,
using the polarization identity, we have

1
Vu,v € H, Re (Tu|v) = 1 (T(u+v)|u+v)— (T(u—20)|u—n0)).
Now, for all u € H, |(Tulu)| < S||u||>. Therefore, for all u,v € H,
5 2 2
<2 - .
Re (Tulo)| < 3 (Jlu+o]* + u—o|?)

Then, by the parallelogram identity, for all u,v € H, |[Re (Tu|v)| < 5 (||lu]|®+ [v/?).
Hence, if we assume ||u|| < 1 and ||v|| < 1, we obtain |[Re (Tu|v)| < S. By replacing
v with e %9, where ¢l (Tu|v) = |(Tu|v)|, we then get that, for all u,v € H, |(Tu|v)| =
(Tule™%v) = |Re (Tule~%v)| < S. Therefore, by Proposition Tl z¢3) < S, which

concludes the proof.
d

We conclude this section with a result that paves the way for the formalism of unbounded
operators.

Theorem A.2.11 (Hellinger-Toeplitz). Let T : H — H be an operator such that, for all u,v € H,
(u|Tv) = (Tu|v). Then T € L(H).

Proof : By the closed graph theorem, it suffices to demonstrate that I'(T), the graph of T, is
closed. Let (u,),en be a sequence of elements of 7 converging to u € H, such that
(Tuy)nen converges to v € H. We only need to show that v = Tu. For any w € H,

(wlo) = Jim (w[Tus) = fim (Toolu,) = (Tolu) = (ao|Tu),

thus v = Tu.
O

This result asserts that there cannot be an unbounded operator defined on the entire space
H that is self-adjoint (or symmetric in general). This poses a problem in quantum mechanics
where one wishes to define operators like energy (involving a derivative) that are unbounded
while being symmetric in the sense of (1|Tv) = (Tulv).

A.3 Unbounded operators on a Hilbert space

A.3.1 Unbounded operators

To bypass the Hellinger-Toeplitz result, we define unbounded operators on subspaces of H.
Such a subspace, called the domain of the operator T, is assumed to be dense in H.

Definition A.3.1. An unbounded operator T on a Hilbert space H is a linear map T : D(T) — H
where D(T) is a dense vector subspace of H, called the domain of T.
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Example A.3.2. We return to the multiplication operator. Let (X, u) be a o-finite measured space and
let H = L*(pu). We now assume that ¢ is only measurable and nonzero almost everywhere, and we
define the multiplication operator by ¢ via

D(My) = {u € L*(p) | up € L*(u)} C L*(p)

and My : D(My) — L?(p) such that, for all u € H, Myu = gu.
Then D(M,) is dense in L?(p). Likewise, the image of My, My(D(M,)), is also dense in L*(j1).

Example A.3.3. We wish to study directly the following Sturm-Liouville problem in terms of operators:

{ —MU _|_qu = )\M, u e CZ([O/ 1]) (A 2)

u@0)=u(l) = 0

where q : [0,1] — R is a continuous function and A € C. To this end, we set T : u — —u" +qu,
which is linear but not defined on the whole of L?([0,1]). We then introduce

D(T) = {u € C¥([0,1]) | u(0) = u(1) = 0}
which is dense in L%([0,1]), and we view T as an operator on L*([0,1]) with domain D(T).

Definition A.3.4. The graph of an unbounded operator (T, D(T)) is the vector subspace of H x H
I(T) = {(u, Tu) | u € D(T)}.

We can then define a class of unbounded operators whose properties are not too far from those
of bounded operators, namely closed operators.

Definition A.3.5. An unbounded operator (T, D(T)) is said to be closed if its graph T'(T) is closed in
H xH.

Remark A.3.6. In other words, (T, D(T)) is closed if for every sequence (ity)nen in D(T) that con-
verges to u € H and such that (Tu,) converges tov € H, then u € D(T) and Tu = v.

Remark A.3.7. By the closed graph theorem, if D(T) = H, then (T, D(T)) is closed if and only if it
is bounded.

The Sturm-Liouville operator presented above is not closed. Indeed, one can show that the
limit u in L2([0,1]) of a sequence in D(T) is not necessarily C2. The domain D(T) in this
example is too small for the operator to be closed. By considering instead the domain

{u e 12([0,1]) | u" € L?([0,1]), u(0) = u(1) = 0}

where the derivative 1" is taken in the sense of distributions (and where Sobolev embedding
is used to make sense of the boundary values), one then defines a closed operator. This leads
us to the following definition.

Definition A.3.8. Let (S,D(S)) and (T, D(T)) be two unbounded operators. We say that T extends
S (or is an extension of S), and we write S C T, when D(S) C D(T) and T|p) = S.
An unbounded operator is said to be closable if it admits a closed extension.

Remark A.3.9. An operator T is closable if and only if for every sequence (i) in D(T) such that
uy, — 0and Tu, — v € H, one has v = 0.

Proposition A.3.10. 1. (T,D(T)) is closable if and only if T (T) N ({0} x H) = {(0,0)}.

2. If (T,D(T)) is closable, then it admits a smallest closed extension whose graph is T'(T).
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3. This smallest closed extension is called the closure of (T, D(T)) and is denoted T. One then has:
[(T) =T(T).

Proof : If T is closable, there exists a closed operator S such that T C S, hence I'(T) C T'(S)
with T'(S) closed. Therefore, I'(T) C I'(S). Then,

L(T)N ({0} x H) < T(S) N ({0} x H) = {(u,Su) |u = 0} = {(0,0)}

since S is linear.

Conversely, if T(T) N ({0} x #) = {(0,0)}, then p; : T(T) — H, (u,v) — u is injective
since its kernel is {(0,0) }. Hence it is bl]ectwe onto its image. Denote by D(T) its image
and define, for u € D(T), (1, Tu) = py ' (). Then D(T) is dense because I'(T) is closed
and p; is linear and continuous, and I'(T) = I'(T) is closed, i.e. T is closable.

Finally, if S is a closed extension of T, then I'(T) C I'(S) and since I'(S) is closed, I'(T) C
I'(S),ie T CS.

Definition A.3.11. Let T be a closed operator. A set D C D(T) is called a core for Tif T|p = T

Example A.3.12. Let Q) be an open subset of R? and (ay)o<|s| <, @ family of functions in C*(£2). We
work in H = L?(Q)) and set

D(T) = C5*(Q) and Yu € D(T), Tu = Y a,0“u.

la|<m

Let (u,) be a sequence in H converging to 0 and such that (Tu,) converges to v in H. We want to
show that v = 0. To do so, we use the Dubois-Reymond lemma. Let ¢ € D(T). Since convergence in
L? implies convergence in D'(Q)),

—l Tn .
/Qvgo im Uy @

n—+oo JO

But

/Tungo— Z /aaa Un@

la|<m

and since ¢ has compact support,

/Qaaa“ungo = /]Rd " Uy = /]Rd un(—l)‘“‘a”‘(aa(p)

by integration by parts. Since (uy) tends to 0 in L2(Q)), the resulting sequence of integrals also tends
to 0 (either in D’ or by Cauchy-Schwarz). Finally, [ v¢ = 0and thus v = 0. Hence T is closable.

Example A.3.13. For H = L*(R) and D(T) = LY(R) N L2(R), if f € L?(R) is nonzero, we define

—+o0

Vu € D(T), Tu = (/

—00

u(x)dx) f.

Then (T, D(T)) is not closable.
Indeed, let p € D(T) with integral equal to 1 and set, forn > 1, u, = %p(;) Then, for all n, u, has
integral equal to 1 and Tu, = f. But we also have ||u,||*> — 0 whereas (u,, Tu,) — (0, f) # (0,0).
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A.3.2 Adjoint of an unbounded operator

Let (T, D(T)) be an unbounded operator. As in the bounded case, we would like to define an
operator (T*, D(T*)) such that: Vu € D(T), Yo € D(T*), (Tu|v) = (u|T*v).
The first thing to do is to properly define D(T*).

Definition A.3.14. Let (T, D(T)) be an unbounded operator. We define
D(T*)={veH, |3IC >0, Yu € D(T), |(Tulv)| < Cl||u||}.
Then, for v € D(T*) we define T*v = w where w € H is the unique vector such that
Yu € D(T), (Tulv) = (u|w).

Indeed, w exists by the Riesz representation theorem for continuous linear forms on a
Hilbert space, which applies here since, D(T) being dense, any continuous linear form on
D(T) can be extended to a continuous linear form on the whole space H.

Lemma A.3.15. With the notations of Definition and if R : H xH — H xH, (u,0) —
(—v,u) (rotation by angle T), then

[(T*) = {(v, T*0) Jv € D(T")} = (R(F(T)))".

Proof : Let (v,w) € H x H. Then,
(0,w) € (R(T(T)))* & Vu e D(T), ((v,w)|R((u, Tu))) = 0.
Equivalently, (v, w)|(—Tu,u)) =0 < —(v|Tu) + (w|u) = 0. Hence,
(0,w) € (R(I(T)))* & Vu € D(T), (ulw) = (Tulv).
O

Lemma A.3.16. With the notations of Definition D(T*) is dense in H if and only if T is
closable.

Proof : We use the fact that T is closable if and only if T(T) N ({0} x H) = {(0,0)}. First, by
Lemma|A.3.15/and since R? = —Idy;, we have

L(T*)* = ((R(T(T)))")* = R(I(T)) = R(T(T)).

Thus, (0,u) € T(T) if and only if (—u,0) € T(T*)*,ie. 0 = ((—u,0)|(v, T*v)) = —(u|v)
forallv € D(T*). Hence, (0,u) € T'(T) if and only if u € D(T*)*. Therefore, T is closable
if and only if D(T*)+ = {0}, which is equivalent to D(T*) being dense in H.

O

Remark A.3.17. By Lemma we obtain that T* is always closed. Indeed, its graph is the orthog-
onal of a subspace, hence it is closed.

Proposition A.3.18. If T is closable, then (T*)* = T.

Proof : We again use Lemma|A.3.15|and the fact that R, being an isometry, commutes with L.
Thus,

[(T™) = R} (T)**) = —I(T) = I(T).
]

page 132 Random operators and Anderson localization



A.3 Unbounded operators on a Hilbert space

Proposition A.3.19. Let T be a bijective operator. Then T* is also bijective and (T*)~! = (T~1)*.
Definition A.3.20. An operator T is said to be symmetric when
Vu,v € D(T), (Tulv) = (u|Tv).
An unbounded operator T is said to be self-adjoint when T = T*.
Proposition A.3.21. Let T be a self-adjoint operator. Then T is closed and symmetric.

Remark A.3.22. Warning: the converse is only true for bounded operators. Indeed, one can show that
if we consider (Ao, D(Ao)) defined by D(Ao) = C§°(]0,1[) and Aou = iu”, then Ay is symmetric, as
well as its closure Ao, which is moreover closed. However, one can show that Ay is not self-adjoint since
D(Ao) = Hy(]0,1[) whereas D((Ao)*) = H'(]0, 1]).

Remark A.3.23. Since T is symmetric if and only if T C T*, every symmetric operator is closable.

Example A.3.24. 1. As in the bounded case, a multiplication operator is self-adjoint if and only if
the function ¢ defining it is real-valued.

2. The free Schrodinger operator, defined by D(Hy) = H?(IR?) (Sobolev space) and for all i €
H?(RY), Hotp = — A, is self-adjoint.

This second point reduces to the first via the Fourier transform, which is unitary.

Since a closed and symmetric operator is not necessarily self-adjoint, one can give a characteri-
zation result for self-adjoint operators among symmetric operators. This is important since the
main results, namely the spectral theorem and Stone’s theorem, are only valid for self-adjoint
operators.

Theorem A.3.25. Let T be a symmetric operator on H. The following conditions are equivalent.
1. T is self-adjoint.
2. T is closed and Ker (T* — i) = Ker (T* +1i) = {0}.
3. There exists A € C such that Im (T — A) = Im (T — A) = H.

Proof : See [22], Theorem VIIL.3, page 256.
O

In many cases, the operators under consideration will be symmetric but not necessarily
closed, and therefore not self-adjoint. Since a symmetric operator is closable, one would then
like at least its closure to be self-adjoint. This leads to the following definition.

Definition A.3.26. A symmetric operator T is said to be essentially self-adjoint if its closure T is a
self-adjoint operator.

Proposition A.3.27. If T is essentially self-adjoint, then it admits a unique self-adjoint extension, T**.

Proof : Indeed, let S be such an extension of T. Then S is closed and since T C S, we have

T** C S. Hence, S = §* C (T**)* = T** and therefore S = T**.
O

Remark A.3.28. In general, a symmetric operator may admit several self-adjoint extensions, and even
infinitely many. Indeed, if D(T) is the set of absolutely continuous functions on [0,1] vanishing at
0 and 1, and if T is given by i-L on D(T), then for any « € C, |a| = 1, the operator (T, D(Ty)),
defined by the same formula as T but on the set of absolutely continuous functions ¢ on [0, 1] such that
¢(0) = ag(1), is a self-adjoint extension of T.
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Finally, one can state the analogue of Theorem for essentially self-adjoint operators.
Corollary A.3.29. Let T be a symmetric operator on H. The following conditions are equivalent.
1. T is essentially self-adjoint.
2. Ker (T* —i) =Ker (T* +1) = {0}.
3. Im (T % 1) are dense in H.

These criteria for self-adjointness make it possible to prove an essential result concerning
the self-adjoint or essentially self-adjoint character of the sum of two self-adjoint operators,
namely the Kato-Rellich theorem.

Let (T, D(T)) and (S, D(S)) be two self-adjoint operators. We set D(T + S) = D(T) N D(S)
and define T + S on this space. Itis clear thatif T and S are bounded, then T + S is bounded and
self-adjoint. In the case where one of the two is unbounded, an additional criterion is needed.
In particular, this makes it possible to obtain conditions for self-adjointness of an operator of
the form —A + V (see [18], p57-62.)

Definition A.3.30. The operator S is said to be T-bounded if D(T) C D(S) and if there exist strictly
positive constants a and b such that

Vu € D(T), [|Sul| < af|Tul + b[ul].

The infimum of the real numbers a for which such a b exists is called the relative bound of S with respect
toT.

Theorem A.3.31 (Kato-Rellich). Let T be self-adjoint and let S be symmetric and relatively bounded
with respect to T with relative bound a < 1. Then T + S is self-adjoint on D(T) and essentially
self-adjoint on any core for T.

Proof : According to Theorem it suffices to prove that for a suitably chosen A € R,
Im (T + S +1iA) = H. Since T is self-adjoint, its spectrum is contained in R, so we can
consider the operator S(T £iA)~! from H into H. Moreover, since T is self-adjoint, for
allu € D(T),

(T £ iA)ul? = || Tl [2+ 22 ]2

Applying this equality to u = (T +i))~!o for arbitrary v € H, we obtain
[0l = [IT(T £iA) o[ | + A%[[(T £iA) "ol > > [|T(T £iA) o] |?

as well as
A?|[(T £iA) ol > < [fo] %,
which implies that ||(T +iA) lo|| < ﬁHvH

Moreover, since S is T-bounded with relative bound a < 1, for any a < 4’ < 1, there
exists b’ > 0 such that, forall u € H,

/
HﬂTiM>%MSHNNTiM>%H+HwTiM)%H§wWW%NML

One can then choose A such that a’ + % < 1. This implies, by the Neumann series
lemma, that Id + S(T +iA) ! is invertible and that its inverse is given by

(Id+S(T+ir) " H) ™' =Y (=1)"(S(T +iA) 1),

n>0
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and is bounded. Since T =+ iA is invertible from D(T) into H with bounded inverse, it
follows that the same is true for T + S +iA, whose bounded inverse is given by

(T+S+id) L = (T+ir)Id + S(T+ir) 1)L

In particular, Im (T + S £iA) = H, and T + S is self-adjoint.

Let D be a core for T. Since Id + S|p (T +1iA) ! extends to a bounded operator and since
this operator is invertible for sufficiently large A, it follows from

(T+S)p +iA = (Id + S|p(T +id) ) (T|p £ir) 7},

by passing to the inverse, that this inverse has a bounded closure and in particular that
Im ((T 4 S)p £iA) = H. Thus, T + S is essentially self-adjoint on D.

O

A4 Spectrum of a closed operator

Let (T, D(T)) be an unbounded operator. We begin by defining the resolvent set of T as
o(T) = {A € C, T — A is bijective from D(T) into H and (T — A) ! is bounded}.

Definition A.4.1. The spectrum of an operator T is the complement of its resolvent set:

o(T) = C\p(T).

In infinite dimension, the spectrum of an operator is not composed solely of its eigenvalues.
The point spectrum is defined as the set of eigenvalues of T and is denoted by

0p(T) ={A € C|Ju #0, Tu = Au}.

We then have
o,(T) C o(T).

When T is moreover closed, by the bijection theorem (a corollary of the closed graph theo-
rem), if T — A is bijective, then its inverse is automatically continuous. Thus, for T closed,

p(T) = {A € C, T — Ais bijective from D(T) into H}.
We then introduce the resolvent of T:

Definition A.4.2. Let T be a closed operator and let A € p(T). The mapping

H — D(T)
v — (T-A)"1o

R/\(T) :
is called the resolvent of T at the point A.
For closed operators, the spectrum has good properties, as does the resolvent.
Proposition A.4.3. Let T be a closed operator. Then
1. o(T) is closed.

o(T) — L(H)

A s (T—A)! is holomorphic on the open set p(T).

2. The mapping
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3. If T* denotes the adjoint of T, then 0(T*) = o(T) and p(T*) = p(T).

4. If T is self-adjoint, then o(T) C R.
Proof : 1. Let Ag € p(T). Then R),(T) is linear and
T(R(T)) = {(u, (T = Ao)"u) [u € H} = {(u,0) | (v,u) € T(T — Ao)}-

Now, I'(T — Ap) is closed since I'(T) is closed because T is closed, hence I'(R),(T)) is
closed. Since R,,(T) is defined on the whole space #, by the closed graph theorem we
have R),(T) € L(H). Moreover,

T—A=(T—Ao)— (A—Ag) = (Id — (A — Ag) Ry, (T)) (T — Ag).

Since T — Ag is bijective from D(T) onto H, T — A is bijective if and only if Id — (A —
Ao)Ry(T) : H — H is bijective. As R)(T) is bounded, if |A — Aol[|Rx,(T)||z2) < 1
then A € p(T) (Neumann series lemma). Hence p(T') is open and ¢(T) is closed.

2. Moreover, if [A — Ao|[[Rxy (T)||£(2) < 1, then

[ee]

(Id = (A = A0)Ry,(T)) ™ = Y (A= A9)" (R (T))"
n=0

and

(T=A)™ = (T Ao) " M(Id — (A = Ag)Ryy(T)) " = Y (A = Ao)" (Ryy (T))"*,

n=0
which proves the second point.

3. We prove the equality of the resolvent sets by double inclusion. Assume A € p(T).
Then T — A is bijective and closed. Hence (T — A)* is injective (since Ker ((T — A)*) =
(Im (T — 7))t = Ht = {0}) and therefore bijective. Indeed, it is surjective since T — A
is injective and closed. Moreover, ((T — A)*)~1 = ((T — A)~1)*. Since (T — A)~1is
bounded, so is ((T — A)~!)*. Furthermore (T — A)* = T* — A, hence A € p(T*), which
yields the inclusion p(T) C p(T*). Then

p(T*) € p((T*)*) = p(T) = p(T),
which gives the reverse inclusion, and by taking complements, the desired equality of
spectra.

4. Let A and u be two real numbers. Then, by a direct computation, for all u € H,
1T = (A + i)l = [[(T = AJul| + ]|

Thus, forallu € H, |[(T — (A +ip))ul|?> > p?||ul|®. If u #0, T — (A +ipn) is injective.
Assume that Im (T — (A +iu)) # H. Then Ker (T* — (A +iu))* = Im (T — (A +ip)) #

Hand Ker (T* — (A +ip)) =Im (T — (A —Hy))L # {0}, sothat A —ip € 0,(T*) = 0,(T)
since T = T*.

But this is impossible since, for all u € H, ||(T — (A —ip))ul|? > p?||ul?.

Hence Im (T — (A +1iu)) = H and since T is closed, we deduce that T — (A +ip) is
bijective and has a bounded inverse on its image, which is closed. Therefore, if 4 # 0,

A +1iu € p(T), which proves that o(T) C R by contraposition.
]
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Proposition A.4.4. Let T be a closed operator. The family {R,(T) | A € p(T)} is commutative and
satisfies:
VA, p € p(T), Ru(T) = Ru(T) = (A = ) RA(T)Ry(T).

Moreover, forall A € C, (Ry(T))* = Ry(T).
Proof : We write
RA(T) = Ry(T) = RA(T)(T — p)Ry(T) = RA(T)(T = MRy, (T) = (A = p)RA(T)Ryu(T).

Then, by exchanging A and u, we see that R, (T) and R, (T) commute.

This relation is called the first resolvent identity.

Theorem A.4.5 (Weyl’s criterion). Let T be a self-adjoint operator. Then A € o(T) if and only if
there exists a family {u, },eN of elements of D(T') such that ||u,|| = 1 and |[(T — A)uy| — 0.
n [e°]

Proof : Let us prove the converse implication. Suppose that there exists a family {u, },en of
elements of D(T) such that ||u,|| = 1and ||(T — A)u,|| — 0. Assume, by contradic-
n o

tion, that A € p(T). Then
¥ € N, 1= [fuy|| = [[(T = 1) 7H(T = Mun| < [II(T = 27| - [[(T = Mun| —— 0.

This yields a contradiction, and thus A € o(T).

For the other implication, we will need the spectral theorem proved later, which is why

we must assume that T is self-adjoint.
O

A.5 On compact (self-adjoints) operators

Recall that an operator T : E — F is said to be compact when T(Bg) is compact in F, where Bg
is the unit ball of E. If T is compact, T is bounded.
We have the following results for the spectrum of compact operators.

Theorem A.5.1 (Riesz-Schauder). Let E be a Banach space, and T € Bs(E). Then, o(T) \ {0}
is a discrete set in C consisting of finite multiplicity eigenvalues of T. Additionally, if E is of infinite
dimension, 0 € o(T).

Note that when 0 € ¢(T), 0 might not be an eigenvalue of T. Moreover, 0 could be an accumu-
lation point of ¢(T).

Theorem A.5.2 (Spectral Theorem for Self-adjoint Compact Operators). Let T € L(H) be a self-
adjoint compact operator. Denote the non-zero eigenvalues of T by {A1, Ay, ...} and Py, as the projection
of H onto Ker (T — A,,). Then, for n # m, PyPy, = P,P, = 0, and P, is of finite rank. Moreover, if T
has finite rank, the set of eigenvalues of T is finite, and if T does not have finite rank, A,, — 0 as n tends
to infinity. Finally,

T = i APy
n=1

where the series converges in the operator norm (or is a finite sum in the case where T has finite rank).

Corollary A.5.3. Let T € L(H) be a compact self-adjoint operator. There exists a Hilbert basis
(¢n)nenN of H such that, for all n € IN, there exists a real number A, such that T, = Ay and
An — 0as n tends to infinity.
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A.6 The spectral theorem for self-adjoints operators

We will generalize the classical result asserting that any real symmetric matrix is diagonaliz-
able in an orthonormal basis to the framework of self-adjoints operators on a Hilbert space.

A good way to state this theorem for matrices is to write that for any real symmetric matrix
A € M, (R), there exist real numbers Ay, ..., A, and orthogonal projectors Py, . .., P, such that:

A=MP+ -+ AP,
It is this formulation that we will generalize to infinite dimension by transforming the sum
into an integral against measures with projector values.
A.6.1 Spectral Families

Definition A.6.1. A spectral family (or identity resolution) on H is a function E : R — L(H) such
that:

1. Forall t € R, E(t) is an orthogonal projection, i.e., E(t)*> = E(t) and E(t)* = E(t).
2. Monotonicity: ¥s < t, E(s) < E(t), i.e., Vu € H, (E(s)u|u) < (E(t)u|u).
3. Right-continuous: Yu € ‘H, E(t +¢e)u —— E(t)u.

e—0t

4. Normalization at infinity: Vu € H, E(t)u P 0 and E(t)u P
——00 — o0
In particular, points 1 and 2 imply that E(t)E(s) = E(s)E(t) for all s,t and if s < ¢,
E(s)E(t) = E(s).
Also: Vu € H,Vt € R, (E(t)u|u) = ||E(t)u]|*> > 0 (or with 2 and letting s tend to —co for a
fixed t).

Remark A.6.2. The concept of a spectral family is analogous to the cumulative distribution function of
a random variable in probabilities.

Example A.6.3. Let M C RY be measurable and g : M — R be measurable. We define M(t) = {x €
M | g(x) < t}. Then M(t) increases towards M in terms of inclusion. We then define for u € L>(M)
and t € R, E(t)u = xppu- Then, E : t — E(t) is a spectral family.

Example A.6.4. If T is a self-adjoint operator, with a discrete spectrum and such that for all u € H,
(Tulu) > C||u||?, then there exists a sequence A; of real numbers increasing towards infinity and an
orthonormal basis {u; }ic of H such that

—+00
YueH, Tu= Z)\i(u\ui)ui.
i=0
This resembles the spectral theorem for self-adjoint compact operators. We then define for all t € R,
E(t) as the orthogonal projector onto Vect{u, ... u;j|A; < t}. Then t — E(t) is a spectral family.
A.6.2 Spectral Theorem

Let u,v € H. By the polarization identity, the function F, ,(A) = (E(A)u|v) is a complex linear
combination of four right-continuous, non-decreasing functions at every point:

Fus() = 3 (IEQ) G+ 0) 2~ Q) (e = )P +1 [ (e + 1)~ § | EQ) (u — i0) ),
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and we note this expression as F,,(A) = a1F(A) 4+ - - - + a4F4(A). According to the Stieljes
integration theory, there exist four Borel measures y, ..., ya corresponding to F; such that for
any function ¢ in LY(R, pq + - - - + pa),

[ #NAEL () = a1 [ 9N+ + s [ 9Nl

The measures y; depend on u and v, and, by the normalization property of spectral families,
each y; is a finite measure. Indeed, we have 1 (R) < ||u+v]%,..., us(R) < ||u —iv||.

Example A.6.5. Let’s revisit the second example from the previous section. If u € H, then F, ,(A) =
(E(AM)ulu). If u = uo, then for A < Ao, Fugu,(A) = 0and for A > Mg, Fuyuo(A) = |Juol]? = 1.
Therefore, dFyyu, = Oa,. If u = aug + buy, then dF,, = |a|?6y, + |b|*6y,. More generally, if
u =Y 1% aiu; with Y |a;|* < +oo, then dF,,, = Y15 [ai]*6,,.

=
We can now state the spectral theorem for self-adjoint operators.

Theorem A.6.6 (Spectral Theorem for Bounded Operators). Let T be a self-adjoint operator. There
exists a unique spectral family E : R — L(H) such that

T:/]RA dE(A):/U(T)AdE(A)

where, for all u,v € H,
(Tulv) = A dE,,(A).
o(T)

Proof : We outline the main steps of the construction.

We start by defining for z € C, Imz # 0, and u € H, F(z) = (R;(T)u|u). Then F
is holomorphic in the upper complex half-plane, and we verify that Im F(z) > 0. Itis
therefore a Herglotz function that satisfies the inequality

C
Imz|

[F(z)] <

We can thus associate it with a positive Borel measure of finite mass, with a distribution
function w, such that
F T,
z) = ——dw, (A).
( ) [oo z—A u( )
Through polarization, we then obtain a complex Borel measure dw,, , that similarly rep-
resents (R (T)u|v) for all u,v € H. Moreover, by harmonic analysis results,

A+4
Wyp(A) = lim lim ((Rs—ie(T) — Rysie)u, v)ds.

0—0e—0 /) -0

Now, the map (u,v) — w,,,(A) is a continuous sesquilinear form, so for any A € R, there
exists a unique operator E(A) € L(H) such that

Wy o(A) = (E(A)ulv).

We then demonstrate that A — E(A) is a spectral family that satisfies the desired repre-

sentation formula for T.
Od
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A.6.3 Functional Calculus

If ¢ : R — C is a locally bounded Borel map on R and T is a self-adjoint operator, we can
define the operator ¢(T) as follows:

Vi, v € H, (¢(T)ulv) = / i, PEFi (),
g
where F,, comes from the spectral family associated with T via the spectral theorem. This
allows the development of a functional calculus on self-adjoint operators.
Note that if ¢ takes real values, then ¢(T) is also self-adjoint. Then we have the following

property.
Proposition A.6.7. Let f and g be two bounded Borel functions and T a self-adjoint operator. For all
u,veH,

(f(T)ulg(T)o) = /Rf(A)g()\)dFu,v(A)r
where Fy»(A) = (E(A)u|v) with E being the spectral family associated with T.

Proof : This is demonstrated by considering f and g as indicator functions of Borel sets, then
by linear combinations of such functions (step functions), and eventually passing to the
limit.

O

An initial application of functional calculus is the following formula for the resolvent of a
self-adjoint operator.

Proposition A.6.8. Let T be a self-adjoint operator. Let z € C, z ¢ o(T). Then

RZ(T):(z—T)lz/]RZiAdE(A)

where E is the spectral family associated with T. Furthermore,

1

1E=D7 < Gt o))

Proof : The first point follows immediately from the definition of functional calculus. Then, for
ueH,
1z =T) " ull = ((z=T)'ul(z—T)'u)
= [ =)= ) TAENul)
a(T)

= [ 1G=A)PdEQ)u)
o(T)

z— A2 ulu) = 1 ul |2
< e 2= AEO0 = G el

O

The spectral theorem also allows us to define the notion of a spectral projector on a Borel set B
in R using the formula:
Ep = 15(T).

In particular, if B is an interval and if E is the spectral family associated with T, let’s denote

Eqp = E(b7) — E(a") and Ejop = E(b™)—E(a™).
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Proposition A.6.9 (Stone’s formula.). Let T be a self-adjoint operator. For all a < b,

1 b 1
s—tim > [ (Reie(T) = Repie(T))dls = 5 (s + Equy) -

Proof : For a complete and detailed proof, see [16], Theorem 2.13, page 37.
O

Using the spectral theorem and the functional calculus it induces, we can define for t € R
and T a self-adjoint operator, the unitary operator U(t) = e!T. Let’s summarize the properties
of this operator.

Proposition A.6.10. 1. Foranyt € R, U(t) is unitary, and if s,t € R, U(t +s) = U(t)U(s).
2. Ifp € H then U()p — U(to)y.

t—to

3. Ifp € M, then YW= 5Ty

£ t—0

Proof : See Theorem VIIL7 in [22].

The unitary operator U(t) allows to solve the Schrodinger equation:

qyp = iTy .
th o € D(T).
{ Pl = o 0 T
Indeed, for any t > 0, (t) = U(t) .

This result of existence for a Schrodinger equation admits a reciprocal, the Stone’s theorem.

Definition A.6.11. An operator-valued function t — U (t) which satisfies properties 1 and 2 of Propo-
sition is called a strongly continuous one-parameter unitary group.

Theorem A.6.12. Let t — U(t) be a strongly continuous one-parameter unitary group on a Hilbert
space H. Then there exists a self-adjoint operator T on H such that for all t € R, U(t) = e'T. The
operator T is called the infinitesimal generator of U.

Proof : The construction of this infinitesimal generator is given in Theorem VIIL8 in [22].
Od
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