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Abstract. — A key ingredient in the Taylor-Wiles proof of Fermat last
theorem is the classical Thara lemma which is used to raise the modular-
ity property between some congruent galoisian representations. In their
work on Sato-Tate, Clozel-Harris-Taylor proposed a generalization of the
Thara lemma in higher dimension for some similitude groups. The main
aim of this paper is then to prove some new instances of this generalized
Thara lemma by considering some particular non pseudo Eisenstein max-
imal ideals of unramified Hecke algebras. As a consequence, we prove a
level raising statement.
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Introduction

Let ' = FTE be a CM field with F/Q quadratic imaginary. For B/F
a central division algebra with dimension d? equipped with a involution of
second kind = and [ € F*:_l, consider the similitude group G/Q defined
for any QQ-algebra R by

G(R) :={()\g) € R* x (B” ®y R)* such that gg* = A}

with B” = B®p. F where ¢ = + is the complex conjugation and fiz the
involution = — 2% = Bz*B~!. For p = uu’ decomposed in E, we have

G@Q) ~Q; x| [(B))"

wlu
where w describes the places of F' above u. We suppose:

— the associated unitary group Go(R) being compact,
— for any place z of Q inert or ramified in E, then G(Q,) is quasi-split.
— There exists a place vy of F' above u such that FUO ~ D,,.q 1s the
central division algebra over the completion F,, of F' at vy, with
invariant é.
Fix a prime number [ # p and consider a finite set S of places of F
containing the ramification places Bad of B. Let denote by Tg/Z; the
unramified Hecke algebra of GG outside S. For a cohomological minimal
prime ideal m of Tg, we can associate both a near equivalence class of
Q;-automorphic representation Il and a Galois representation

ps : Gp = Gal(F/F) — GL4(Q)

such that the eigenvalues of the Frobenius morphism at an unramified
place w are given by the Satake parameter of the local component Il ,,
of II. The semi-simple class p,, of the reduction modulo [ of pz depends
only of the maximal ideal m of T containing m. For all prime x of Z split
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in £ and a place w ¢ S of F' above x, we then denote by Py ., (X) the
characteristic polynomial of 7, (Froby,).

Conjecture. — (Generalized Ihara lemma by Clozel-Harris-
Taylor) Consider

— an open compact subgroup U of G(A) such that outside S, its local
component is the maximal compact subgroup;

— a place wy ¢ S decomposed in E;

— a mazimal m of Tg such that p,, is absolutely irreducible.

Let 7@ be an irreducible sub-representation of C*(G(QN\G(A)/TU ", F))um,

where U = Uwoﬁwo, then its local component T, at wy is generic.

Remark. In its classical version for GLs, Thara’s lemma is used to raise
the modularity property between some congruent galoisian representa-
tions and so was the role of this higher dimensional version in Clozel-
Harris-Taylor paper on the Sato-Tate conjecture. Shortly after Taylor
found an argument to avoid Thara’s lemma. However this conjecture re-
mains highly interesting, see for example works of Clozel-Thorne [14], or
Emerton-Helm [18].

The main result of this paper is the following instances of the previous
conjecture.

Theorem. — The previous generalized Ihara conjecture is true if the
maximal ideal m verifies the following extra properties.

(H1) m is KHT-free, cf. the next remark;

(H2) The image of Py, in its Grothendieck group is multiplicity free)
and® does not contain any full Zelevinsky line.

(H3) Py 18 multiplicity free in the following meaning. It corresponds, cf.
§1.2, by Jacquet-Langlands correspondence to some superspeh repre-
sentation, Speh,(0y,), where 0y, is a supercuspidal Fj-representation
of GLy(F,,) with d = sg, cf. theorem 3.1.4 of [16]. We then ask,
cf. the notation in §1.2, that

Oug» Qvo{l}) ) Qvo{s - 1})
are pairwise distinct.
(W1In particular Gw, can’t be congruent to 1 modulo .

(2)Using the main result of [9] we could take off the condition about not containing a
full Zelevinsky line, cf. the last remark of §3.2.
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Remark. Concerning (H1), we say that m is KHT-free if the cohomology
groups of the Kottwitz-Harris-Taylor Shimura variety of §1.1, localized at
m, are free. From [8], any of the following properties insure KHT-freeness
of m, cf. §2.2

(1) There exists wy € Spl(I) such that, cf. §2.1, the multi-set Sy (wy) of
roots of Py, (X) does not contain any sub-multi-set of the shape
{a, g, 0} where g, is the cardinality of the residue field. This
hypothesis is called generic in [12].

(2) When [F(exp(2in/l) : F| > d, if we suppose the following prop-
erty to be true, cf. [8] 4.17. If 0 : Gr — GL4(Q) is an ir-
reducible continuous representation such that for all place w ¢ S
above a prime z € Z split in F, then P, ,(6(Frob,)) = 0 (resp.
Py (0(Frob,)) = 0) then 6 is equivalent to 5, (resp. pyv), where
mY is the maximal ideal of Tg associated to the dual mutliset of
Satake parameters, cf. [8] notation 4.4. In [17], the authors proved
that the previous property is verified in each of the following cases:

e cither p,, is induced from a character of G where K/F is a
cyclic galoisian extension;

e orl>dand SLy(k)  p,,(Gr) © F, GLy(k) for some subfield
k c F[.

(3) Finally in [11], we announce m to be KHT-free when p,, is irre-
ducible and [F(exp(2in/l) : F] > d.

By Cebotarev’s theorem, the hypothesis [F'(exp(2in/l) : F| > d allows
to pick places v of F' such that the order g, of the residue field of F' at
v, is of order strictly greater than d in Z/IZ.

Remark. About (H2) note that the first condition also appears in section
4.5 of [13] in the statements of level raising. Concerning the second
condition of (H2), using the main result of [9], we can remove it, cf. the
remark after the proof of lemma 3.2.2.

To prove this result, we first translate such a property to the coho-
mology group of middle degree of the Kottwitz-Harris-Taylor Shimura
variety X7 associated to the similitude group G/Q such that

— G(A%) = G(A™?) x GLa(Fy) x [T wi (By),
WAV
— the signatures of G(R) are (1,d — 1) xO(O,d) x -+ x (0,d).
In particular to each prime ideal m of Tg, is associated a Q-irreducible
automorphic representation Il of G(Ag) whose Satake parameters at
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finite places outside S are prescribed by m. We then compute the co-
homology groups of the geometric generic fiber of X7 through the spec-
tral sequence of vanishing cycles at the place vg. Thanks to (H1), the
H'(Xy,Zy)m are free and so, H (Xy,F;)m = (0) for i # d — 1.

Remark. Moreover (H2) (resp. (H3)) insures that the graded parts of the
filtration of H?1(Xy,F;)m, given by the integral version of the weight-
monodromy filtration, at the place wy (resp. vg) are also free.

The contribution of the supersingular points of the special fiber at vy,
using (H3), allows us to associate to an irreducible sub-representation
7 of C*(G(Q\G(A)/U",F))m, an irreducible sub-representation 7 of
H*Y( Xy, F))m, such that 7% ~ 7% We then try to prove the gener-
icness of m,, by proving, using (H2), such genericness property of irre-
ducible submodules of H*~!(Xy;,F}),,. On ingredient in §3.1, comes from
[21] §5, where the hypothesis that p,, is absolutely irreducible, insures
that the lattices of isotypic components of H%'(Xy, Q,)n given by the
7Z,-cohomology, can be written as a tensorial product of stable lattices
for the G(A®) and the Galois actions.

Finally (H2) is needed to control the combinatorics.

Remark. As pointed out to us by M. Harris, the case where the cardinal-
ity qu, of the residue field at wy, is congruent to 1 modulo [ should be of
crucial importance for the applications. Meanwhile our strategy relies on
the construction of a filtration of H(Xy, E)m which each graded parts
verify the genericness property of irreducible submodule and where these
graded parts are parabolically induced. When ¢,,, =1 mod [, paraboli-
cally induced Fj-representations are often semi-simple and so they can’t
verify such genericness property of irreducible submodule. It seems that
our approach is not well adapted to treat this fundamental case.

To state our application to level raising, denote by S,,,(m) the super-
cuspidal support of the modulo [ reduction of Il ,, for any prime ideal
m < m: it depends only on m. By (H2) this support is multiplicity
free and we first break it S,,(m) = [ [,z So(m) according to the set of
Zelevinsky lines ZL(p) = {o{k} : k € Z}, where Z is the set of equiv-
alence classes of irreducible supercuspidal Fj-representations ¢ of some
G Lg(o)(Fu,) with 1 < g(0) < d, under the equivalence relation o ~ o{k}
for any k € Z.

For any such ¢ we then denote by l1(0) = --- = l,(»)(0) = 1, such that
S,(m) can be written as the union of r(¢) Zelevinsky unlinked segments
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of length 1;(p)
[ka7ﬁyk+li(9)—l] _ {ka’ ka+17 L 7gyk+li(9)—l}'

Then for any minimal prime ideal m < m, and II € II, we write its local
component Il,,, ~ X Il (o) and Il,,(0) =~ X:igl) I1,,(0,7) where for
each 1 < i < r(p), the modulo [ reduction of the supercuspidal support
of I, (0, 1) is, with the notations of §2.2, those of the Zelevinsky segment
[Qyisi’ Qy5i+l¢(9)*1].

Proposition. — Take a mazimal ideal m verifying the hypothesis (H1)
and (H2). Let oo such that S,,(m) is non empty and consider 1 < i <
r(00). Then there exists a minimal prime ideal M < m and an auto-
morphic representation I1 € Il such that, with the previous notations,
Iy (00, %) is mon degenerate, i.e. isomorphic to Sty () (Tw,) for some ir-
reducible cuspidal Q;-representation .

In particular when there is only one segment, which is always the case
for G Lo, then the result is optimal.

Remark. In the previous proposition, we could also prove that for any
such m and any II € I, then I, (0o,) is non degenerate, which looks
similar to theorem 2.1 of [1] where p,, is supposed to be absolutely ir-
reducible and decomposed generic which also imposes the cohomology
groups to be free.

1. Shimura variety of Kottwitz-Harris-Taylor type

1.1. Geometry. — Recall from the introduction that a prime number
[ is fixed, distinct from all others prime numbers which will be consid-
ered in the following. Let F' = F*E be a CM field with F/Q imaginary
quadratic such that [ is unramified, and F'* totally real with a fixed em-
bedding 7 : F'* < R. For a place v of F', we denote by F,, the completion
of F' at v, with ring of integers O,, uniformizer w, and residual field x(v)
with cardinality g,.

Let B be a central division algebra over F' of dimension d? such that
at any place = of F', either B, is split or it is a division algebra. We
moreover suppose the existence of an involution of second kind * on B
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such that =5 is the complex conjugation c¢. For g € B*=~!, we denote by
tg: @ — Br*B~! and let G/Q such that for any Q-algebra R,

G(R) = {(\,g9) € R* x (B ® R)* such that gg** = A},
with B? = B®,. F. If x = yy© is split in F then
G(Qu) = (BY)" x Q =@ = [ [(B)"

where, identifying the places of F'* above x with those of F' above y, we
write x = [ [, z;. Moreover we can impose that

— if z is inert in F then G(Q,) is quasi-split,

— the signature of G(R) are (1,d — 1) x (0,d) x --- x (0, d).
With the notations of the introduction, we have

G(A) = G(A™) x (@, GLa(Fy) < T] (B)).

wlu
wWFVQ

1.1.1. Definition. — We denote by Bad the set of places w of F' such
that By, is non split. Let Spl the set of finite places w of F not in Bad
such that wiq is split in E. For such a place w with p = w\q, we write
abusively

G(AY) = G(A7) x Q) x [ [ (B,

ulp
UFWw

and G(Fy,) = GL4(Fy).

Remark. With the notations of the introduction, the role of w in the
previous definition will be taken by either by vg, v or wy.

1.1.2. Notation. — For all open compact subgroups UP of G(A™P) and
m = (my,---,m,) € ZL,, we consider

UP(m) = UP x Z,; X HKer((’)gvi — (O, /P))").

=1

For wy one of the v; and n € N, we also introduce U™ (n) :=

Ur(0,---,0,n,0,--- ,0).
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We then denote by Z for the set of these UP(m) such that there exists
a place x for which the projection from U? to G(Q,) does not contain
any element with finite order except the identity, cf. [19] bellow of page
90.

Attached to each I € 7 is a Shimura variety X; — Spec O, of type
Kottwitz-Harris-Taylor and we denote by X7 = (X)rer the projective
system: recall that the transition morphisms r;; : X; — X are finite
flat and even etale when my(J) = my(I). This projective system is then
equipped with a Hecke action of G(A®) x Z, where the action of z in the
Weil group W, of F, is given by —deg(z) € Z where deg = valo Art; ",
where Art; ! : W ~ F* is the Artin isomorphism which sends geometric
Frobenius to uniformizers.

1.1.3. Notations. — (cf. [3] §1.3) Let [ € Z,

— the special fiber of X1 will be denoted by Xis and its geometric
special fiber Xy 5 := X, x SpecTF,.

— For1 < h < d, let ng (resp. Xil) be the closed (resp. open)
Newton stratum of height h, defined as the subscheme where the
connected component of the universal Barsotti-Tate group is of rank
greater or equal to h (resp. equal to h).

Remark: ng is of pure dimension d — h. For 1 < h < d, the Newton
stratum X7 "is geometrically induced under the action of the parabolic
subgroup P, 4-n(F,), defined as the stabilizer of the first i vectors of
the canonical basis of F%. Concretly this means there exists a closed
subscheme sz,g,fh stabilized by the Hecke action of Py 4—4(F,) and such
that

Xt~ X7t xp, o wim) GLa(F).

)S 7,51y
1.1.4. Notations. — Denote by
h . yr=h >1 >h. y=h >h
1 XI,§ —> XI,E? ] . XI§ — AXVI’g

and j=" = ihj=",

1.2. Jacquet-Langlands correspondence and p-type. — For a

representation m, of GLy(F,) and n € 1Z, set m,{n} := m, ® ¢, "9
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Recall that the normalized induction of two representations m,; and m, 2
of respectively GL,, (F,) and GL,,(F,) is

GLnl +ng (Fv)

. 12 n
T4 X Tg 1= lndPnl,n1+n2(Fu) ﬂ-v,l{?} ®7T»U72{—? .

A representation 7, of GL4(F,) is called cuspidal (resp. supercuspidal)
if it is not a subspace (resp. subquotient) of a proper parabolic induced
representation. When the field of coefficients is of characteristic zero then
these two notions coincides, but this is no more true for F,.

Remark. The modulo [ reduction of an irreducible Q;-representation is
still irreducible and cuspidal but not necessarily supercuspidal. In this
last case, its supercuspidal support is a Zelevinsky segment associated to
some unique inertial equivalent class p, where o is an irreducible super-
cuspidal Fj-representation. Thanks to (H2) we will not be concerned by
this subtlety.

1.2.1. Definition. — We say that m, is of type o when the supercusp-
1dal support of its modulo | reduction is contained in the Zelevinsky line

of o.

1.2.2. Definition. — (see [24] §9 and [4] §1.4) Let g be a divisor of

d = sg and m, an irreducible cuspidal Q;-representation of GL4(F,).
Then the normalized induced representation

1- - 1
ol 28}><7rv{3 S}x---xm{s

}

holds a unique irreducible quotient (resp. subspace) denoted by Sts(m,)
(resp. Spehy(m,)); it is a generalized Steinberg (resp. Speh) representa-
tion.

Remark. If x, is a character of F* then Speh,(x,) = x» © det.

The local Jacquet-Langlands correspondance is a bijection between ir-
reducible essentially square integrable representations of GLg4(F,), i.e.
representations of the type Sty(m,) for 7, cuspidal, and irreducible repre-
sentations of D; 4 Where D, ;4 is the central division algebra over F, with
invariant é.
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1.2.3. Notation. — We will denote by m,[s|p the irreducible represen-
tation of D;d associated to Sts(my) by the local Jacquet-Langlands cor-
respondance.

We denote by Rg,(d) the set of equivalence classes of irreducible F;-
representations of D ;. For 7 € Ry (d), let C; be the sub-category of
smooth Zj"-representations of D, with objects whose irreducible sub-
quotients are isomorphic to a sub-quotient of 7__|D§,d‘ Note that C: is a

direct factor inside Repzn-(D;,) so that every Zj"-representation Vzpr of
D; , can be decomposed as a direct sum
Vopr = @D Vapr
‘T'E'R,ﬁl (d)
where VZ?; is an object of C.
Let 7, be an irreducible cuspidal representation of GL,(F,) and fix an

integer s = 1. Then the modulo [ reduction of Speh (7) is irreducible,
of. [16] §2.2.3.

1.2.4. Notation. — When the modulo | reduction of 7w, denoted by o,
is supercuspidal, then we will denote by Speh,(o) the modulo | reduction
of Speh, () we call it a Fy- superspeh representation.

By [16] 3.1.4, we have a bijection

{E — superspeh irreducible representations of GLd(Fv)}

~

{]F‘l — representations irreducible of D d} (1.2.5)

compatible with the modulo [ reduction in the sense that if 7, is a lifting
of o, then the modulo [ reduction of 7V [s]p matches through the previous
bijection, with the superspeh Speh,(p).

1.2.6. Definition. — A F-representation of Dy, (resp. an irreducible
cuspidal representation of GL4(F,)) is said to be of type o if all its ir-
reducible sub-quotients are, through the previous bijection, associated to
some superspeh Speh (o) (resp. its supercuspidal support belongs to the
Zelevinsky line of o).
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Recall that if €(p) is the cardinality of the Zelevinsky line associated
to o and, cf. [23] p.51, then let

m<g) _ { 6(@)7 if E(Q) > 1;

[, otherwise.

1.2.7. Notation. — Let r(p) be the biggest integer i such that I* divides

ﬁ. We then define

g-1(0) =g and YO<i<r(0), g:(0) =m(o)l'g.

We also denote by s;(p) := [#‘lg)].

Then if m, is an irreducible cuspidal @l—representation of GLi(F,) with
type o, then there exists ¢ such that k = g;. We say that 7, is of o-type
i and we denote by Scusp,(p) the set of inertial equivalence classes of
irreducible cuspidal Q,-representations of o-type i.

1.2.8. Notation. — For o an irreducible supercuspidal F;- representa-
tion of GLy(F,), we denote by R, = [[,o, R,(s9) where R,(sg) is the

set of equivalence classes of irreducible F;-representations of Dy, of type

0.

1.3. Harris-Taylor local systems. — Let 7, be an irreducible cuspi-
dal Q,-representation of GL,(F,) and fix ¢ > 1 such that tg < d. Thanks

to Igusa varieties, Harris and Taylor constructed a local system on X~ f9_
as)lh

[

Ly, (m[tp); = 6:) Ls, (po.i)T5

where (7,[t]p)px = ;7 pus With py, irreducible. The Hecke action of
Piya—tg(Fy) is then given through its quotient GLg_;; x Z. These local
systems have stable Z;-lattices and we will write simply L(7,[t]p)s, for

any Z;-stable lattice that we do not want to specify.

1.3.1. Notations. — For 11, any representation of GLiy, and =
7 —> Z, defined by 2(3) = ¢2, we introduce

tg—d
2

HT1(my, 1) := L(m[t]p) - @ I, @ =
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and its induced version
—~ tg—d
HT(TFU, Ht) = (ﬁ(ﬂ'v[t]D)E ® Ht ® =2 ) XPtg,d—tg(Fv) GLd(FU),

where the unipotent radical of Py a_iy(F,) acts trivially and the action of
¢ %
o (B )0 S G x Py s(F) < W,
1S given

tg—d

— by the action of g5 on 11, and deg(o,) € Z on 272 , and
— the action of (g™, g, val(det g¢)—deg 0,,) € G(A™")x GLg—14(F,) x
—tg—d
Z on Lg,(m[tlp); ® =72 .
We also introduce

HT(my, ;)1 = ﬁ(ﬂ'w IT;)3[d — tg],

and the perverse sheaf
Pt w5y = 529, HT (my, Ste(m))ry ® L(,),
and their induced version, HT (m,,I1;) and P(t,m,), where
j=h=i"0?" X7t — X70 — Xp5
and ILY 1is the local Langlands correspondence.

Remark. Recall that 7 is said to be inertially equivalent to m, if there
exists a character ¢ : Z — Q, such that 7/, ~ 7, ® (¢ o val o det). Note,
cf. [3] 2.1.4, that P(t,7,) depends only on the inertial class of m, and

P(t,m,) = e, P(t,m,)

where P(t,m,) is an irreducible perverse sheaf. When we want to speak
of the Q,-versions we will add it on the notations.

1.3.2. Definition. — We will say that HT (m,,11;) or P(t,m,) is of
type o if w, is.

1.8.1. Lemma. — If p® o is a GLy(F,) x W, equivariant irreducible
sub-quotient of H'(Xzs,, P(my,t) ®z F) then

— 0 is an irreducible sub-quotient of the modulo | reduction of L(m, ®
Xv), where x, is an uramified character of F,, and
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— pis an irreducible sub-quotient of the modulo | reduction of a induced
representation of the following shape Sty(m, ® X,) X 1, where 1, is
an integral irreducible representation of GLg_14(Fy).

Proof. — The result follows directly from the description of the actions
given previously. O

As usually for o a representation of W, and n € %Z, we will denote by
o(n) the twisted representation g — o(g)| Art,(g)
absolute value of F,,.

|" where | — | is the

1.4. Free perverse sheaf. — Let S = SpecF, and X /S of finite type,
then the usual ¢-structure on D(X, %) := D%(X,7Z;) is

AePD(X,Z) & Yre X, HFi*A =0, Vk > — dim {z}
AerD>(X,7) = Ve e X, HF'A =0, Vk < —dim {z}

where i, : Spec x(z) — X and HF(K) is the k-th sheaf of cohomology of
K.

1.4.1. Notation. — Let PC(X,7Z;) denote the heart of this t-structure
with associated cohomology functors PH'. For a functor T we denote
PP :=PHOoT.

The category PC(X,Z;) is abelian equipped with a torsion theory
(T, F) where T (resp. F) is the full subcategory of objects T' (resp.
F) such that [N1p is trivial for some large enough N(resp. [.1p is a
monomorphism). Applying Grothendieck-Verdier duality, we obtain

PDO(X, 7)) = {A e "D<N(X,Z) - "H'(A) e T}
PDA0(X,Z) := {A e "D*(X,Z) : "HO(A) € F)

with heart?*C(X,Z;) equipped with its torsion theory (F,T[—1]).
1.4.2. Definition. — (cf. [6] §1.3) Let
.F(X,Zl) = pC(X,Zl) M p+C(X,ZZ) = p’DSO(X,Zl) M p+’D>O(X,Zl)

the quasi-abelian category of free perverse sheaves over X.
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Remark. For an object L of F(X,Z;), we will consider filtrations
L]_CLQC"'CLEZL

such that for every 1 <v<e—1, L; — L;;; is a strict monomorphism,
i.e. Liy1/L; is an object of F(X,7Z;).
For a free L € F(X,A), we consider the following diagram

L

W cany,r,

PGt e P L P g L P g L

where below is, cf. the remark following 1.3.12 of [6], the canonical
factorisation of P*jjj* L — Pj,5* L and where the maps can, ;, and can, f,
are given by the adjonction property. Consider now X equipped with a
stratification

X=X2'"5X>?5...5x>%

and let L € F(X,Z;). For 1 < h < d, denote by X'sh .= X>1 — x>h+1
and j'sh . X'sh < X>1 We then define

Fil] (L) 1= T (775 L — L),
which gives a filtration
0 = Fil)(L) < Fil} (L) < Fil} (L) - - - < Fil}"}(L) < Fil}(L) = L.

Dually CoFil, (L) = Coimg (L — pjlng“*L), define a cofiltration

*

L= COFHGV*J(L) - COF1167*7d_1(L) —» ..
.- — CoFilg 4 1(L) = CoFilg . (L) = 0,

and a filtration
0=Fil;%L) c Fill"%(L)c ---c Fil%(L) = L

where Fil,"(L) := Kerz(L — CoFil,,(L)).

Remark. These two constructions are exchanged by Grothendieck-Verdier
duality, D(coFi16,!,_r(L)> ~ Filg,(D(L)) and D(coFﬂg,*,T(L)) ~
Filg, (D(L)).
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We can also refine the previous filtrations, cf. [6] proposition 2.3.3, to
obtain exhaustive filtrations

2d—1

0 =Fill;> (L) « Fill7 2 (L) < - -

o cFilN(L) ¢ -+ c Fi?" 7Y (L) = L, (1.4.3)

such that the graded parts grr®(L) are simple over @, i.e. verify

Pjhj=l*orr®(L) <, grr®(L) for some h. Dually we can construct a

cofiltration
L= COFﬂl*gdfl (L) - COFiH*’Qd—l_l(L) TP COFiH*’_Qd—l (L) =0
and a filtration Fill,"(L) := Kerz(L — CoFill,,(L)).

1.5. Vanishing cycles perverse sheaf. —

1.5.1. Notation. — For [ € L, let

Wi = R — 1))

be the vanishing cycle autodual perverse sheaf on Xrs, . When A = 7,
we will simply write V.

Recall the following result of [19] relating W7 with Harris-Taylor local
systems.

1.5.2. Proposition. — (cf. [19] proposition IV.2.2 and §2.4 of [3])
There is a G(A™") x Py q_n(F,) x W, -equivariant isomorphism

D* L o
(1;’:>)<hh)0wlz} (Hh’ d Z\III,Zl)‘X:hi ~ @ EZhE(UQ’Nl ’L)’

T.5:1p ’T'ERFl (h)

ind

where

— Ry, (h) is the set of equivalence classes of irreducible F,-representations
of Dy,

— for 7 € Rg,(h) and V a Zy-representation of D}y, Vz denotes, cf.
[15] §B.2, the direct factor of V whose irreducible subquotients are
isomorphic to a subquotient Of%IDZ,h where D, j, is the mazimal order
Of Dv,h .

— With the previous notation, Uz  := (U%U,Z,d)%'
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— The matching between the system indexed by I and those by N 1is
given by the map my : Z — N.

Remark. For 7 € Ry, (h), and a lifting 7 which by Jacquet-Langlands
correspondence can be written 7 ~ 7[t]p for 7 irreducible cuspidal, let
0 € Scuspg, (g9) be in the supercuspidal support. Then the inertial class
of o depends only on 7 and we will use the following notation.

1.5.3. Notation. — With the previous notation, we denote by V, for
V.

Remark. W;7 is an object of F(Xzs,Z;). Indeed, by [2] proposition
4.4.2, W7 is an object of PD<°(Xz5,7Z;). By [20] variant 4.4 of theorem
4.2, we have DW;7 ~ W, 7, so that

Uyz € DXz, 2) N P"D> (X5, ) = F(X15,Z).

1.5.4. Proposition. — (cf. [9] §3.2) We have a decomposition

d
\1’126‘) @ v,

9=1 oeScuspg, (9)
where all the Harris-Taylor perverse sheaves of ¥, @z Q, are of type o.

Remark. In [3], we decomposed ¥ ®; Q; as a direct sum @ ¥, where
m, described the set of equivalent inertial classes of irreducible cuspidal
representations. The ¥, @ Q; ~ D ccusp(o) Yro Where Cusp(o) is the
set of equivalent inertial classes of irreducible cuspidal representation of
type o in the sense of definition 1.2.6.

In [10], we give the precise description of the gr,(Vz,) which is de-
fined over Z;. By construction they are supported on X; 5, and trivial if
g does not divide r. Otherwise for r = tg, we have

3 D1>)< o= J—
lnd(Dgig)ow% (] tg,*gr%g’!(qflg) ®Zl @l> ~
(o) _—
S @ HT(m, Sty () @ L(m,)(—
i=—1  m,eScusp,; (o) 2
v P;ilo
tigi(0)=tg

).
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We can then consider the following naive p-filtration

Fil? 5, (Y. tg) < - c Fill_ 5 (V,1g) = 7% erd (Vz,,) ®z Q

o.7(0)

. .Dx, - - .
where md( D;ig)ow% <F11g7k’@l(\11, tg)) is isomorphic to

(o) t.—1
@ @ HT(m,St(m)) ®L(m)(———5—),
i=k myEScusp; (o) 2
p;le
tigi(0)=tg

and the associated integral filtration of j:tg’*gr'g’!(\lfz,g) defined by pull-
back

Fllz,k(gvtg>L - - FﬂZ’}g’@l(\I}a tg)
|
\

G grd (Wg,) — j="9*grd (Vz,) ®, Q.

For k = —1,--- ,r(0), the graded parts gr,,(¥,tg) are then of o-type k.
We can then refine these filtrations by separating the 7, € Scusp, (o) to
obtain

(0) = Fil:° (W, tg) « Fili' (W, tg) < - - < Filb" (U, tg) = j=*grd,(Vz,).
By taking the iterated images of j,~ Filg(\ll, tg) — grg!(\lllg), we then
construct a filtration

(0) = Fil)(V, tg) = Fily(¥,tg) « - -~ < Fill(¥, tg) = grd,(Vz,,).

Finally we can filtrate each of these graded part using an exhaustive
filtration of stratification to obtain a filtration of Uz , whose graded parts
are the ‘B(mﬂf)(%) for m, € Scusp,;(p) with ¢ > —1, and k =
0, - ,si(0) — 1.

2. Cohomology of KHT Shimura varieties

2.1. Localization at a non pseudo-Eisenstein ideal. —

2.1.1. Definition. — Let Spl be the set of places v of F such that
Py = vjg # [ is split in E and B ~ GLq4(F,). For each I € I, write
Spl(I) the subset of Spl of places which do not divide the level I.
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Let Unr(7) be the union of
— places ¢ # [ of Q inert in E not below a place of Bad and where I,

is maximal,
— and places w € Spl(I).

2.1.2. Notation. — For I € I a finite level, write

T, = |] T

z€Unr(I)

where for x a place of Q (resp. x € Spl(I)), T, is the unramified Hecke
algebra of G(Q,) (resp. of GL4(F,)) over Z,.

Ezample: for w € Spl(I), we have
Tw :Zl[Tw,i D= 17 7d]7

where T, ; is the characteristic function of
; d—i
GL4(Ow) diag(m, L, 1)GLy(Oy) = GLa(Fy).
More generally, the Satake isomorphism identifies T, with Z;[ X""(T,)]"=
where

— T, is a split torus,

— W, is the spherical Weyl group

— and X""*(T,) is the set of Z;-unramified characters of T,.

Consider a fixed maximal ideal m of T; and for every x € Unr (/) denote
by Sm(z) the multi-set® of modulo [ Satake parameters at z associated
to m.

Ezample: for every w € Spl(I), the multi-set of Satake parameters at w
corresponds to the roots of the Hecke polynomial

d - itim1) o
Pow(X) = > (~1)'qu ® Ty X" e FI[X]
i=0
ie. Su(w) := {\ € Tr/m ~ F, such that Py, (\) = 0}. For a maximal
ideal m of Ty ®z, Q,, we also have the multi-set of Satake parameters

Sa(w) == {\ e T; ®;, Q,/M ~ Q such that Pay(\) = 0}.

() A multi-set is a set with multiplicities.
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2.1.3. Notation. — Let 11 be an irreducible automorphic representa-
tion of G(A) of level I which means here, that I1 has non trivial invari-
ants under I and for every x € Unr([), then II, is unramified. Then II
defines

— a mazimal ideal M(IT) of Tp @z, Q;, or
— a minimal prime ideal M(IT) of Tp contained in a mazimal ideal
m(II) of T which corresponds to its the modulo | Satake parameters.

A minimal prime ideal m of T, is said to be cohomological if there
exists a cohomological automorphic Q,-representation IT of G((A) of level
I with m = m(II). Such a IT is not unique but m defines a unique near
equivalence class in the sense of [22], we denote it by II. Let then

pag, - Gal(F/F) — GLqa(Q)

be the galoisian representation associated to such a II thanks to [19] and
[22], which by the Cebotarev theorem, can be defined over some finite
extension Kg, i.e. pgg, =~ Pi Ok, Q.

It’s well known that pz has stable lattices and the semi-simplication
of its modulo [ reduction is independent of the chosen stable lattice.
Moreover it depends only of the maximal ideal m; we denote by

ﬁm . GF I GLd(Fl),

its extension to F;. For every w e Spl(I), recall that the multiset of
eigenvalues of p,, (Frob,,) is Sy (w) obtained from Sk (w) by taking modulo
[ reduction.

Assume moreover that p,, is absolutely irreducible. Then the Q-
cohomology group H ' (Xy 5, Q,)m gives a continuous d-dimensional Ga-
lois representation

Pm - Galp’s I GLd(TS,m[l/le

where Galpg is the Galois group of the maximal extension of F' which
is unramified outside S. As all characteristic polynomials of Frobenius
take values in Tg,, and as p,, is absolutely irreducible, using the clas-
sical theory of pseudo-representations, we know that p, takes values in

GL4(Tgm).
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2.2. Freeness of the cohomology. — From now on we fix such a
maximal ideal m of T; verifying one of the following three conditions, cf.
the introduction also.

(1) There exists wy € Spl(I) such that Sy(w;) does not contain any
sub-multi-set of the shape {a, g, &} where ¢,, is the cardinality of
the residue field. This hypothesis is called generic in [12].
(2) With [F(exp(2in/l) : F] > d, we ask m to verify one of the two
following hypothesis
e cither p,, is induced from a character of G for a cyclic ga-
loisian extension K/F;
e or SL,(k) < p,(Gr) < F, GL, (k) for a sub-field k c F,.
Remark. If the main result of [11] is true, one may only suppose, beside
the irreducibility of p,,, that [F(exp(2in/l) : F| > d.

2.2.1. Theorem. — (cf. [8]) For m as above, the localized cohomology
groups H (X1, Z1)m are free.

As X; — SpecO, is proper, we have a G(A*) x W, -equivariant
isomorphism Hd_1+"(XI,,7U,Z) ~ H'(X;s,, 7). Using the previous fil-
tration of Wz, we can compute H?"9(X;;5, , ¥z ,)m through a spectral
sequence whose entries® EP? are the HP*9(Xz s, ,B(m,, t)(l_si(?ﬂ))m
for 7, € Scusp;(0) with i > —1, and k = 0,--- ,s;(0) — 1. Over Q,, it
follows from [4], thanks to the hypothesis (1) above on m, that all these
cohomology groups are concentrated in degree 0 so that this Q,-spectral
sequence degenerates in Ej. In this section, under (H2), we want to
prove the same result on F; which is equivalent to the freeness of the
HI(Xz5,, B, £)(2252))

We need first some notations from [4] §1.2. For all ¢ > 0, we denote
by

I = {(al,--- Ay €1, 6) ENT X {£} 0 r =1, Zaizt}.
i—1

A element of I' will be denoted by (&7, - - - , @, ) where for the arrow above
each integer a; is @; (resp. @;) if ¢, = — (resp. ¢; = +). We then consider

(Y'We do not need here to give the precise relations between (p,q) and i,t,k in the
formula.
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on I'" the equivalence relation induced by

(@b, )= at b)), (@ b, ) = at b,
and (--- ,ﬁ,---) = (---,0,---). We denote by T the set of these
equivalence classes whose elements are denoted by [ay, -, a,].

Remark. In each class [G7, -+ ,az] € T)t, there exists a unique reduced
element (by,--- , by, €1, ,€.) € I such that for all 1 <i <r b; >0 and

for 1 <i<r, ey =—.

2.2.1. Definition. — Let (by, - ,b., €1, -+ ,€,.) be the reduced element
in |G, ,a] € T'. We then define
as the subset of permutations o of {0, --- ,t—1} such that for all1 < i <r
with e; = + (resp. €, = —) and for allby+---+b;_1 < k <k <bj+---+b;
then o1 (k) < o= Y(K') (resp. o7 (k) > o= Y(K')).

We also introduce S ( [G1,- -+ ,ar] ), by imposing under the same con-

ditions, o1 (k) > o= (k') (resp. o1 (k) < o7 (K)).

2.2.2. Proposition. — (cf. [24] §2) Let g be a divisor of d = sg and
7 an irreducible cuspidal representation of GLy(F,). There exists a bi-

jection
—s—1

(1, a7]e T =&, , @,
into the set of irreducible sub-quotients of the induced representation
1— 3 — -1
=) x m{) < x m )
characterized by the following property
N 1—-s 1—-s
JPg,2g,-~,sg<[$17 T ar]ﬂ') = Z W{ +U(O)}® ' ®7T{ 2 +0'(8_1)}7

or equivalently by
— 1-
(&, @)= Y o«

1-—s
2

Tpor Lo (0)}® - @

9,29, ;89

+o(s—1)}.
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Remark. With this notation Ste(m) (resp. Spehy(m)) is [s — 1], (resp.
[s = 1]x).

2.2.3. Lemma. — Let w be an irreducible cuspidal Q,-representation
of GLy(F,) such that its modulo | reduction o is supercuspidal. Suppose
the cardinality of the Zelevinsky line of o is greater or equal to s. Then

the irreducible sub-quotients of the modulo | reduction of [&1,--- ,ay|,
1
for [&1,- -+ ,a;] describing T , are pairwise distinct.

Proof. — By hypothesis on the cardinality of the Zelevinsky line,
all these irreducible [F;-sub-quotient have a non trivial image under
Jp, 4. o, The result then follows directly

— from the commutation of Jacquet functors with the modulo ! reduc-
tion and

— from the fact that the ry(7) {152 +k} are pairwise distinct for 0 < k <
s so that the image under Jp,, . of m{iz2} xm{32} - xw{=1}

S

is multiplicity free.

O

2.2.2. Notation. — We will denote by [a1,--- ,a,], any irreducible
sub-quotient of the modulo | reduction of &1, , @y ]x-

Remark. If moreover the cardinality of the Zelevinsky line of p is strictly
greater than s, then, cf. [5], the modulo [ reduction of [s — 1], is ir-
reducible and non degenerate, i.e. [s — 1], is well determinate and non

degenerate.

2.2.4. Theorem. — Consider a mazximal ideal m of Tg such that
for all i, the Z;-module H"‘(XU,;,,ZZ)m is free. We suppose moreover
(H2) that the image of pmw, in the Grothendieck group is multiplic-
ity free. Then for all Z;-Harris-Taylor local system HT(my,,t), the
H'( Xy s, i “HT (g, 1) ) are free.

Remark. In the previous statement, we just need the multiplicity free
part of (H2) as it is used in the previous lemma. Note moreover that, by
[7] §4.5, the multiplicity free hypothesis is necessarily.
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Proof. — First denote by Scusp,, (m) the set of inertial equivalence
classes of irreducible supercuspidal F;-representations belonging to the
supercuspidal support of the modulo [ reduction of the local component
at wq of a representation II in the near equivalence class I, associated
to m.

We then consider the vanishing cycle spectral sequence at wy, localized
at m

H (Xvgu Z)w >~ B H'(Xusu, Yzo)m

0EScusp,,, (m)

Then for every g € Scusp,,,(m), the H'(Xys,,, ¥1,0)m are free. For m, of
type o, the strategy to prove the freeness of the H"(Xagw0 i HT (T, 1))
is then to argue by absurdity and to produce some torsion cohomology
class in one of the H*(Xys,,, ¥7,,)m- Let then ¢ be minimal such that
there exists ¢ # 0 with

1—t+2k

Hi (Xzygwo ) ,P(ﬂ-w07 t)( 2

) ®z, Fi # (0)
for 0 < k < t, and where P(my,,t)(:=52) is a graded part of some
filtration of W,.

Consider for example the filtration constructed before using the ad-

junction j;<"j1<h* — 1d. As remarked before and considering also ¥,

and its filtration constructed using Id — jIShjIsh* we can suppose
that such ¢ is strictly negative and we denote by iy such a minimal .
By lemma 1.3.1, an irreducible GL4(F,,) x Wy,-equivariant sub-
quotient of Hi(XngO,P(WwO,t)(#))m ®z, F, is one of the modulo
reduction of a representation we can write in the following shape

> >

4]
([ﬁla 7ma 1 7t_ 17 1 7@7"'&]# X Two) ®]L(7T{§}>
where the a; are some integers, T, is an irreducible Q,-representation
whose modulo [ reduction has a supercuspidal support away from those
of the previous segment and where

— the symbol ‘T before (resp. after) the f —1 can be 1 or 1 if

23;11 a; >0 (vesp. D)7_; ., a; > 0). We will write moreover a; = t+1.
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— Let {71’{%},71’{% + 1}, m{§ +t - 1}} denote the supercuspidal

support of ¢ — 1 inside [Gy, -+ ,t —1,---@;],. The g = 5 +k where

k is the integer in P(my,, t)(lit;%)'

Remark. In particular we can suppose that the previous k is equal to 0.
Consider then such an irreducible sub-quotient 7 x 1,,, ® o where

— 1y, (resp. o) is any irreducible sub-quotient of the modulo [ reduc-
tion of Yy, (resp. L(m{$})), and
— 7 is an irreducible sub-quotient of the modulo [ reduction of some

— — —
[ﬁla y Ai—1, 17t_17 17a’i+17"'ar]ﬂ'-

By the previous lemma, we can recover the a; from 7.

Let show now that this 7 x ¢,, ® o is also a sub-quotient of
H*(X15,,:V1,0)m ®z F;, which contradicts our hypothesis on m.
Let denore Fil*"! < Fil* < Wz, such that gr* = Fil*/Fil"! ~

P(Tuwo, t)(45). By the hypothesis (H2), all the irreducible cus-

pidal Q-representations m, € Scuspg,(¢) such that one of the
H'(Xz5,,,P(m, t)(:=L2EY), # (0) are necessarily of o-type —1. Then

wo?
in particular all the Harris-Taylor perverse sheaves P(m, ,t’) which are
sub-quotient of Fil*~!, must verify ¢’ > ¢. The spectral sequence which
computes H iO“(XI,ng,Filk_l)m ®z, F; thanks to a filtration of Filk—1,

allows to describe it as extensions between irreducible sub-quotients of

the modulo [ reduction of some

<« < <>

5/
([m7 70_@—7_17 1 7t/_ 17 1 76’;:{7“'5;]71" X ww0> ®L(7T,{§})

with ¢ > ¢ and where 7’ {%/} belongs to the supercuspidal support of
t' —1 in the previous writing. But using the inequality ¢ > ¢, we

see that 7 can’t be a sub-quotient of the modulo [ reduction of any
-

[ylv 7ma_1)7t_ 17Tyma“'ar)]7r-

Now using the filtration Fil*~! < Fil* V¥, to conclude it suffices to
look at H*'(Xzs,,, Vz,/ Fil*),, ®7z, F;. For the Harris-Taylor perverse
sheaves P(m, ,t)(:-425) with ¢ > ¢ we argue as before, and for the
others we invoke the minimality of ¢ and 4. O]



IHARA LEMMA IN HIGHER DIMENSION 25

2.3. From IThara lemma to the cohomology. — Recall first that

=d _ =d
XI,§UO - H XI,EUO,i7

ieKer! (Q,G)
and that for a G(A”)-equivariant sheaf Fz; on X7 ‘givo 4 its fiber at some

compatible system z; 7 of supersingular points, has an action of G(Q) x
GL4(F,,)° where GL4(F,,)° is the kernel of the valuation of the determi-
nant so that, cf. [3] proposition 5.1.1, as a G(A®) ~ G(A®")x G Ly(F,,)-
module, we have

HO(X;gM.,]—“I,Z) md IxZ 2  Fri
with § € G(Q) — (§°%,valorn(é,,)) € G(AOO Y) x Z and where the ac-

tion of g,, € GL4(F,,) is given by those of (g, valdetguo Guo, valdet g,,) €
GL4(F,,)° x Z where gy € GLy4(F,,) is any fixed element with val det gy =
1. Moreover, cf. [3] corollaire 5.1.2, if zfF7 is provided with an action
of the kernel (D} ;)° of the valuation of the reduced norm, action com-

patible with those of G(Q) «— D, 4 then as a G(A”)-module, we have

H(XZ3, i Fri) ~ C*(G(Q\G(A™), A) @px md(l;(;d 2 Fri (2.3.1)
0, v, d
2.3.1. Lemma. — Le T be an irreducible sub-F;-representation of
C*(G(Q)\G(A)/U™,T,). Denote its local component 7, at vy as m,[s]p
with m,, an irreducible cuspidal representation of GLy(F,,) with d = sg.
Then T° is a sub-representation of H*(X5&% o HT( Ty 8)) @z, F,.

Proof. — Clearly we have 7 < C*(G(Q)\G(A)/U"™,F,) ® 7. The
result then follows from (2.3.1) and the definition of the Harris-Taylor
local system HT'(my ,s) with support on the supersingular stratum. [

2.3.2. Proposition. — Let m be a maximal ideal of Ts wverifying
(H1) and (H3), and let T be an irreducible sub-F;-representation of
CP(G(QN\G(A)/U"F))w.  Then 7% is a sub-F,-representation of
Hd= 1(XU,nUOaIFl)m-

Proof. — By [16] theorem 3.1.4, 7, is associated, through the modulo
[ Jacquet-Langlands correspondence, to some superspeh, Speh,(g) with
o an irreducible supercuspidal representation of GL,(F,,) with d = sg.
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Recall that H(Xy s, , ¥o)m is a direct factor of H*(Xy 5, ,Fi)m, so that
it suffices to prove that 7% is a sub-F,-representation of H (X U,5ug » U,)m-

As in the proof of theorem 2.2.4 using now (H3), consider then
the filtration of W, introduced before so that its graded parts are
some Harris-Taylor perverse sheaves of type o and whose m-localized
cohomology groups are free concentrated in degree 0. Note in par-
ticular that P(my,s)(55F) is its first graded part so that, using the
spectral sequence computing H'(Xys, ,V,)m with EP? given by the
H'(Xus,,, P, t)(F522) )m, we see that

s—1

D (X, W)

with free cokernel, so that H 0(X5g0,5v0773(7r;07 5)(552))m is a subspace of

HY(X Usilug » F;)m. The result then follows from the previous lemma. [

H'(Xuis,, P, 5)

vo?

The strategy now to prove Ihara lemma, under our restrictive hypothe-
sis on m, is then to prove the same statement on Hd_l(XU,ﬁUO,FZ)m, ie. if
7 is a subspace of it, then its local component 77" at the place wy, is
generic. Finally our Thara lemma statement will follows from proposition
3.2.1.

3. Non degeneracy property for global cohomology

3.1. Global lattices are tensorial product. — From now on we
suppose that p,, is absolutely irreducible.

3.1.1. Proposition. — Let 1I™Y ® Ly(IIy) be a direct factor of
Hd_l(XUﬁm,@l)m, and consider its lattice given by the Z;-cohomology.
Then this lattice is a tensorial product I'c @ 'y of a stable lattice I'g

(resp. Tw) of IV (resp. of Ly(ILY)).

Proof. — The result is classical and we resume the arguments of [21] §5.
With the definition 5.2 of loc. cit., as p,, is supposed to be absolutely
irreducible, IV @ Ly (1Y ) is 07,-typic where o7 is the only, up to iso-
morphism, stable Z;-lattice of L, (I1Y ). The statement then follows from
the proposition 5.4 of [21]. O
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Reasonably it should be possible to prove the higher dimensional ver-
sion of [21] theorem 5.6, i.e. to prove that as a Tgn,[Galps]-module,

Hd_l(XU,ﬁa Zl)m = Om ®Ts,m Pm,

for some Tg,-module o, on which Galp acts trivially.

3.2. Proof of the main result. — Let S(m) be the supercuspidal
support of the modulo [ reduction of any Il ., in the near equivalence
class associated to a minimal prime ideal m < m. Recall that S(m) de-
pends only on m and by (H2) it is multiplicity free, we decompose it
according to the set Z of Zelevinsky lines defined as the set of equiv-
alence classes of irreducible supercuspidal Fj-representations ¢ of some
G Lg(o)(Fu,) with 1 < g(0) < d, under the equivalence relation o ~ o{k}
for any k € Z:
S(m) = [ [S(m).
0EZ

Recall that for such p, its associated Zelevinsky line ZL(p) = {o{k}: ke
Z} is of cardinality €(0). We then denote by l1(g) = -+ = l,(»)(0) > 0, the
integers so that S,(m) can be written as a disjoint union of 7(p) unlinked
Zelevinsky segments

[o{0:}, 0{6; + 1i(0) — 1}] = {o{d:}, 0f0: + 1}, -, 0{di + li(0) — 1}}.

An irreducible Fj-representation 7, of GLg(F,,) whose supercuspidal
support is equal to S(m), can be written as a full induced 7, ~ X, 7,
where each 7, is also a full induced representation

(o)
To > X Ty
i=1

with 7,; of supercuspidal support equals to those of [0{d;}, 0{d; + ;(0) —
1}]. With the notations of 2.2.2, each of these 7,; can be written as

Toyi = [a1(0>7 CLQ(Q), T 7ati(@)(g>]9{5i}>
with Zz;(ﬁ) aj =1;(0) — 1.

3.2.1. Definition. — We say, cf. the remark following notation 2.2.2,
that Ty, is non degenerate if for all o and for all 1 < i < r(p), then

Toi = [li(0) — 1]9{51'}'
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3.2.1. Proposition. — Let T,, be an irreducible representation of
GLy(Fy,) which is a subspace of

H (X0 (o0) g FD)m 7= 100 H (X0 () s F

n

7777110 ?
Then my, 15 non degenerate.

Proof. — Note first that the supercuspidal support of 7,,, must be S(m).
The exhaustive filtration of ¥, , cf. §1.5, whose graded parts are Harris-
Taylor perverse sheaves, gives a filtration of H d_I(XUwO(OO)’ﬁwO JFD s
whose graded part are, thanks to theorem 2.2.4, the

1—t+42k =
L nes T

for m,, € Scusp_;(p) with ¢ such that S,(m) is non empty. Then 7,
must be a subspace of one of these graded parts. We argue by absurdity
using the following lemma.

HO(XUwo(oo)ﬁwO , P(ﬂ'ww t)(

3.2.2. Lemma. — If p is a subspace of [t — 1]9{;5} x p/ then with the

notation 2.2.2,
s—t—1

—ifd=s5—1 thenp:[t—L_f”‘.f“]g;

s—t—1
—ifd=t—sthenp=|"--- ,T,t—l]g;
— otherwise, i.e. t —s <) < s—t, then
s—t—0—1 s—t+6—1
p=["" 1,1, 1T, lo-
Proof. — The result is well known over Q; and we can easily argue in

the same way using

— the fact that all the Q{% +k} for 0 < k < s—1 are pairwise distinct
— and the property of commutation between the modulo [ reduction
and the Jacquet functors.

Consider for example the case t —s < § < s—t. By Frobenius reciprocity

we see that the subspace we look for, is some undetermined irreducible
s—t—0—1 s—t+d—1
— e = f—/H]

subspace of the modulo [ reduction of [~ --- ", 1,t—1, T, -
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By convention, cf. notation 2.2.2, we denote by such a subquotient
s—t—o6—1 s—t+0—1

N 0

Suppose now, by absurdity, there exists an irreducible supercuspidal
F,-representation gy such that Ty, 18 degenerate and take ¢ with

Toosi [ 76’7...]90,
and let § € %Z such that go{f} is the supercuspidal corresponding to
the end of the arrow @ in the previous notation. From proposition
3.1.1, we see that 7, ® By, is a F;[GL4(F,,) x Gal(F/F)]-submodule of
H d*I(XUwD(OO)mO,E)m. After restricting the Galois action to the Weil
group at wy, we see that 7, ® L(00{3}) has to be a F;[GLy(Fy,) x Wi, |-
submodule of H dil(XUwo(oomwO,E)m and, as before, of one of the

1—t+4+2k

H()(XU“’O(OO)J?wOvP(Wwov t)( 92

))m ®Zl FZ

for m,, € Scusp_;(00). Recall that this last cohomology group is parabol-
ically induced from

1 -1+ 2k

HO(XZ! P1 (T, t)( 5

U™0(0), 7wy, 1tg’

))m ®Z Fl

where by lemma 1.3.1, every irreducible F;[ Py, 4(Fyy, ) X Wiy, ]-subquotient
of it can be written as [271]90{_%} ® 7 ® L(0o{cr}) where 7 is any irre-
ducible representation of GLy_4(F,,) and a € 1Z is such that go{a}
belongs to the supercuspidal support of [z(f_——l] cof~3}-

The contradiction then follows from the previous lemma. O

Finally our restricted version of Ihara lemma given in the introduction,
follows from propositions 2.3.2 and 3.2.1.
Remark. Note that in the previous proof we used the second part of (H2)
to say that the modulo [ reduction of [fs__——l]7r is irreducible and so any
of its subspace is non degenerate, cf. the remark just before theorem
2.2.4. Using the main result of [9], we have this last property without
any hypothesis so, as this is the only place where we use the second part

of (H2), we can remove it.
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3.3. Level raising. — Before dealing with the general case, consider
first the case d = 2 and take [ > 3 such that the order of ¢,, modulo [ is
2. Suppose then, by absurdity, there exists a maximal ideal m such that

; i
(a) for every prime ideal m < m, the local component at wy of Il is
unramified;
b) for such prime ideal, write Iz ., ~ Xuwe1 X Xwy2, and suppose
P ;W0 Xuwo, Xwo, pp
Xwo,lX;;a =v mod [

Using (a) and the spectral sequence of vanishing cycles at wg, we obtain
H Xy, Fi)w ~ H (X555, V(F))n

where X[j};wo is the ordinary locus of the geometric special fiber of Xy,
at wy. It is well known that this cohomology group is parabolic induced.
Moreover the only non degenerate irreducible representation of G Li(Fy,)
which is a subquotient of the modulo [ reduction of X1 X Xuw,,17 is cus-
pidal, because of the fact that g, is of order 2 modulo /, this non degen-
erate representation can not be a subspace of the induced representation
H'(Xy,F))m. The contradiction is then given by the Ihara lemma.

In higher dimension, recall first the notations of the beginning of the
previous section. For a minimal prime ideal m < m and an automorphic
representation II € Il in the near equivalence class associated to m, we
write its local component at wy

Hwo =~ >< H’U)[)(‘Q)
o

and I, (o) ~ Xzigl) I, (0,7) where for each 1 < i < 7(p), the modulo {
reduction of the supercuspidal support of I1,,, (0, %) is, with the notations
of the previous section, those of the Zelevinsky segment [0{d;}, 0{d; +

li(o) — 1}].

3.3.1. Proposition. — Take a maximal ideal m verifying the hypothe-
sis (H1) and (H2). Let gy such that S,,(m) is non empty and consider
1 < i < r(09). Then there exists a minimal prime ideal m < m and
an automorphic representation 11 € Il such that with the previous nota-
tion I, (00,%) is non degenerate, i.e. isomorphic to Sty (o) (mw,) for some
irreducible cuspidal Q,-representation T, .
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Remark. In particular if S(m) = S,,(m) and 7(gy) = 1, i.e. the super-
cuspidal support of the modulo [ reduction of the local component at wy
of any II € I for any m < m, is a Zelevinsky segment, then IT,, is non
degenerate. This is the case considered in section 4.5 of [13]. In an in-
coming work, we intend to explain how to raise the level simultaneously
for all 1 <i < r(go) and all gg together.

Proof. — For a minimal prime ideal m < m and II € II;, we write
Hwo(Q07 Z) = St81 (Wwo,l) Xoeee Stsa (Wwo,a)
where s; > s9 = -+ = 5, = 1 and my, 1, , Twy,q irreducible cuspidal

Q-representations of type gy of GLy,(Fl,). We then argue by absurdity,
i.e. we suppose a > 2 for all m < m and we choose such m so that s; is
maximal. The strategy is then, using lemma 3.2.2, to construct a degen-
erate Fy[GLq(Fy,)]-subspace of H™ (X (o) s
the genericness property of irreducible sub-modules of this cohomology

;) which contradicts

group as proved before. In [4] §3.6, we prove that for all minimal prime
mcm
HZ(XU,Ewow HT@Z (Trwml’ t))ﬁl’ = (0)

either if t > s; or for t = sq, if i # 0. Consider now the filtration

Fil, 9 (W) > Fil,™ " (T, ) > Ty,

and recall that, by construction,
— Fil, **9*(U,,) is supported in X;‘;ﬂ?

1—s S1—
- 8l e (quO) = @ﬂ’wOEScusp_l(go) P(ﬂ-wm Sl)( 12 1)'
By the theorem 2.2.4 we know the cohomology groups of Harris-Taylor

perverse sheaves to be free, so

- Hi(XU,EwoyFil;Swl(\Ijgo))m = (0)3

- H’(Xagwo, U,/ Fil, *19 (W, ) )m is free.
Recall moreover, cf. [4] §3.6, that IT,,, ® L(my,1) (25" ) is a direct factor
of

81—]_

Hi<XUw0(OO),§w07HT@Z(WU)O,I’SI)( 2 ))ﬁn

Moreover the stable lattice given by the Z;-cohomology looks like
(F(go, 1) x I‘QOJ) x I'y where

— I'(0o, 1) is a stable lattice of Stg, (Ty,.1),
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— ' is a stable lattice of (X, M, (0)) X (X;ig;) Iy, (00, 1)),
— and Ty is a stable lattice of L(my,,1)(257).

The result then follows from lemma 3.2.2.
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