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Résumé. — La persistence de la non dégénérescence est un phénomene
qui apparait dans la théorie des Q,-représentations du groupe linéaire:
toute sous-représentation irréductible de la restriction au groupe
mirabolique d’une représentation irréductible non dégénérée, est non
dégénérée. Ce n’est plus le cas en général pour la réduction modulo !
d’un réseau stable. Comme dans la généralisation par Clozel-Harris-
Taylor du lemme d’Thara, nous montrons que cette propriété de non
dégénérescence, qui est reliée a la notion de représentation essentielle-
ment absolument générique de Emerton-Helm, reste valide pour les
réseaux donnés par la cohomologie des espaces de Lubin-Tate. Nous
une application de nature globale en construisant des congruences
automorphes dans ’esprit du travail de Ribet.
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Introduction

Before the “Ihara avoidance” argument of Taylor, the proof of Sato-
Tate conjecture by Clozel, Harris and Taylor, rested on a conjectural gen-
eralization in higher dimension of the classical Thara’s lemma for GLs.
Their formulation can be understood as some persistence of the non-
degeneracy property by reduction modulo [ of automorphic representa-
tions.

Fix prime numbers [ # p and a finite extension K of Q,. Recall then
[28] corollary 6.8, that any irreducible Q,-representation m of GLy(K)
is homogeneous which means, cf. [28] definition 5.1, that its restriction
to the mirabolic subgroup My(K) of matrices such that the last row
is (0,---,0,1), is homogeneous in the sense that every irreducible sub-
M, (K)-representation has the same level of degeneracy, cf. [28] 4.3 or
[5] 3.5. In particular if 7 is non-degenerate i.e. its level of degeneracy
equals d, then any irreducible sub-representation of sz, k) is also non-
degenerate. Modulo [, for 7 an irreducible non-degenerate representation
of GL4(K), there might exist stable lattices such that my,x) ®7, F; owns
irreducible degenerate subspaces, cf. corollary 1.4.3.

We then propose to prove some persistence of non-degeneracy phe-
nomenons in the cohomology groups of Lubin-Tate spaces. Consider
a finite extension K/Q, with ring of integers Ok. For d > 1, denote

by Mpr.4, the formal scheme representing the functor of isomorphism
classes of deformations by quasi-isogenies of the formal Ox-module over
F, of dimension 1 and height d with n-level structure. We denote by

M 1.4y its generic fiber over K, For A = @l, 7, or F,, consider both

ugild,A = lim H*! (MLT,d,n@)f(unFa A)
and
d—1 . 1: d—1 ~ =
Viraa =M H (Mrran® g K, A).

: : d—1
There is a natural action of GL4(K) X Dp , x Wi on L[LT’ 43, and

Vﬁ}}i x> Where D 4 (resp. W) is the central division algebra over K
with invariant 1/d (resp. the Weil group of K). In this paper we focus
on the action of GL4(K) and it appears, cf. [7], that every irreducible

G Ly(K)-subquotient of Z/{z;}d@l and Vz;}d@l is either a cuspidal or a

generalized Steinberg representation, so it is always non-degenerate. One
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can then ask if any irreducible G Ly(K)-equivariant subspace of U:;ld 5,

(resp. Vﬁ;ldﬁ) is still non-degenerate or even more if any irreducible
y &

M,(K)-equivariant subspace is non-degenerate.

Theorem. — (cf. corollaries 4.1.9 and 4.2.5)
The persistence of non-degeneracy property relatively to My holds for

d—1 d—1 . . .
VLT,le ®z, 1 and ULT’le,free ®z, Fi, i.e. any irreducible My(K)-

equivariant subspace is non-degenerate.

Remark: L[‘Liildzh free 18 the free quotient of L[‘Li;}dzl. In [10] we prove that

% % ;
VLT’ 47, and U 1147, AT free for every i so that
d—1 T yd—1 d—1 T o 7gd—1
VLT,d,Z 7, [y = VLT,d,E and uLT,d,Zl, free ®z, [ = uLT,d,E'

Note that we do not use this result to prove the theorem.

The main motivation of this work is to obtain a geometric incarnation
of the local Langlands correspondance in families of Emerton-Helm-Moss
and we hope to come to this project soon.

The strategy for proving this property of the Lubin-Tate cohomology,
is to argue globally on Shimura varieties of Harris-Taylor type, X; —
Spec O where Ok is the ring of integers of K, cf. 2.2. Thanks to
Berkovich’s comparison theorem in [4], we have to understand the stalk of
the Z;-vanishing cycle perverse sheaf ¥; at some geometric supersingular
point of the geometric special fiber X;; of X;.

Using the Newton stratification of X; ; and usual adjunction proper-
ties, cf. [11], we can construct various filtrations of W;. The main issue
about these general constructions is to understand, with the terminology
of §3.2, the phenomenon of saturation which is a blind process consist-
ing of choosing artificially the right sub-perverse sheaves so that all the
graded pieces are free. In particular it seems impossible to follow the lat-
tices during this process. One solution is to use the construction of [14]
based on a coarse filtration of stratification as recalled in §3, which intro-
duce no saturation process during the construction: see lemmas 3.4.1 and
4.1.2. As explained in [14] the main reason that this coarse filtration is
more interesting, is its link with the small mirabolic induction as defined
in (1.3.5) rather than the full parabolic induction appearing in [7]. For
more details, we advice the reader to look at the introduction of §4.

For z a geometric supersingular point and i, : {z} < X5, by consid-
ering either i*H'W; or i\ H'W;, where H® designates the functor of sheaf
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. . d—1 d—1
cohomology, we then obtain a filtration of L[LT’ 4T, free and VLT’ 4T, free’
The graded pieces of these filtrations are then lattices of the irreducible
Q[GL4(K) x Dy 4 X Wi]-subquotients of ng;ld@l (resp. Vﬁ;}d@l), which
can be described as a tensorial product of stable lattices Ag ® Ap @ Ay
of respectively GL4(K), Df, and Wk. Using the combinatorics of
the non supersingular strata and the classical properties of the induced
representations, cf. proposition 1.3.7, we are then able to prove that
V= Ag ®z, Fi is an essentially absolutely irreducible and generic repre-

sentation in the sense of [21] definition 3.2.1, i.e.

— the socle soc(V') of V' is absolutely irreducible and generic,
— the quotient V/soc(V') contains no generic Jordan-Holder factors,
— the representation V' is the union of its finite length submodules.

In §4.3, using results of [10], we also look at Z/{z;}djﬁ (resp. VZ;};%‘I ) for
0 > 0. The situation is less pleasant to state but we can find cases where,
cf. proposition 4.3.1 and the remarks before and after it, that irreducible
subspaces must have minimal derivative order, but among the irreducible
quotients of such derivative order, the lattices of Lubin-Tate cohomology
groups select the one with non-degenerate highest derivative.

In the last section, we give a global application with new congruences
between tempered and non tempered automorphic representations with
the same level at [: their level are the same except at one place which
can be chosen almost arbitrary.

Finally to give a perspective about this work, we could say, using the
terminology cf. §3.2, that in [10] we solve the question about positions
of the perverse Harris-Taylor sheaves inside the perverse sheaf of nearby
cycles, and here we elucidate that of lattices.
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1. Review on the representation theory for GL,(Q,)

We fix a finite extension K/Q, with residue field F,. We denote by
| — | its absolute value.

1.1. Induced representations. — For a representation 7 of GLg4(K)
and n € %Z, set

W{n} — ﬂ_®qfnvalodet.

1.1.1. Notations. — For 7w and 7wy representations of respectively
GL,,(K) and GL,,(K), we will denote by
. 1GLp; 10, (K) N2 ny
T X Ty 1= mdPnl,i;iQ(K) Wl{?} & 7T2{—7 )

the normalized parabolic induced representation where for any sequence
r=0<r <ry<---<ryp=d), we write P, for the standard parabolic
subgroup of G L4 with Levi

GLyy X GLypy_yy X --- X GL

Tk—Tk—1"

The symbol x being associative, we define inductively m X --- X Ty as
(T X oo X Tg_1) X g =71 X (Mg X +++ X 7).

Recall that a representation o of GL4(K) is called cuspidal (resp.
supercuspidal) if it is not a subspace (resp. subquotient) of a proper
parabolic induced representation. When the field of coefficients is of
characteristic zero then these two notions coincide, but this is not true
anymore for F;.

1.1.2. Definition. — (see [28] §9 and [8] §1.4) Let g be a divisor of
d = sg and 7 an irreducible cuspidal Q;-representation of GL,(K).

— The induced representation

W{l_s}Xﬂ{3_S}X ---xw{s_l}
2 2

holds a unique irreducible quotient (resp. subspace) denoted by
Sts(m) (resp. Spehy(m)); it’s a generalized Steinberg (resp. Speh)
representation.

— For any integers t,r > 1, the induced representation St (m{Z }) x
Speh, (7{%}) (resp.  Ste1(m{=521}) x Speh, . (7{51})) owns
a unique irreducible subspace (resp. quotient), denoted by
LT, (t—1,7).
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1.2. Reduction modulo [/ of a Steinberg representation. — De-
note by e;(¢q) the order of g € F*.

1.2.1. Notation. — For A = Q, or F;, denote by Scusp,(g) the set
of equivalence classes of irreducible supercuspidal A-representations of

GL,(K).

1.2.2. Proposition. — (cf. [26] I11.5.10) Let 7 be an irreducible cusp-
idal representation of GL,(K) with a stable Z,-lattice™), then its modulo
[ reduction s irreducible and cuspidal but not necessarily supercuspidal.

In the following we will denote by r; the functor of modulo [ reduction,
i.e. for a Q-representation 7 of a group G, with a stable Z;-lattice A,
then r;(m) is A ®z F; with the induced action of G. Note that such r;()
should depend on the chosen lattice A but its semi-simplification doesn’t.

1.2.3. Proposition. — [20] §2.2.3
Let w be an irreducible entire cuspidal representation, and s > 1. Then
the modulo | reduction of Speh(m) is irreducible.

1.2.4. Notation. — The Zelevinski line associated with some 1irre-
ducible supercuspidal Fi-representation o, is the set {o{i} /i € Z}. It is
clearly a finite set and we denote by €(p) its cardinal which is a divisor
of ei(q). We also introduce, cf. [27] p.51

m(o) = { e(0), if e0) > 1

[ sinon.

1.2.5. Definition. — Consider a multiset® s = {p/* .-+ o} of ir-
reducible supercuspidal Fj-representations. Following [27] V.7, we then
denote by St(s) the unique non-degenerate irreducible sub-quotient of the
induced representation

ni Ny

——— ——
p(ﬁ) =PI X X PLX e X P X X Py

Remark: Thanks to [27] V.7, every irreducible non-degenerate [F;-
representation can be written as St(s).

(D'We say that 7 is entire.
(2)meaning we take into account the multiplicities
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1.2.6. Notation. — For s > 1 and o an irreducible cuspidal F;-
representation, we denote by s(o) for the multi-segment { o, o{1},- - , o{s—

1}} and, cf. [27] V.4, Sts(0) := St(s(0)).

1.2.7. Proposition. — (cf. [27] V.4)
With the previous notation, the IFi-representation Sts(o) is cuspidal if and
only if s =1 or m(o)I* for some k > 0.

Remark: by [26] III-3.15 and 5.14, every irreducible cuspidal [F;-
representation can be written St(o) for some irreducible supercuspidal
representation g, and s = 1 or s = m(p)I* with k > 0.

1.2.8. Notations. — Let o be an irreducible cuspidal F;-representation
of GLy(K). We then denote

— g-1(0) :=g and for i >0, gi(0) := m(o)l'g;

— 0-1 =0 and for all i >0, 0; = Sty i (0)-

— Cusp(o,4) the set of equivalence classes of irreducible entire Q-
representations such that modulo [ it is isomorphic to o;,

— and Cusp(o) = U;>_, Cusp(o, 7).

1.2.9. Notation. — Let s > 1 and o an irreducible cuspidal F-
representation of GLy(K). We denote by Z,(s) the set of sequences
(m_1,mq, -+ ) of non-negative integers such that

+oo
s=m_1 +m(p) Z myl".
k=0

We denote by 1g,(s) the cardinal of T,(s). We then define a relation of
order on Z,(s) by
(m_1,mg,--+) > (m"_,mg, )< 3k > —1 s.t. Vi >k:m; =m] and my, > mj.

1.2.10. Definition. — Fori = (i_y,ip, - -) € L,(s), we define

St£<Q) = Sti_l (Qfl) X Stig(@O) X e X Stzu(gu)

where iy, =0 for all k > u.

Remark: we will denote by spax the maximal element of Z,(s) so that
Sts,... () is non-degenerate.
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1.2.11. Theorem. — (cf. [9] proposition 3.1.5) Consider m an entire
irreducible cuspidal Q,-representation of GLy(K) and let o be its modulo
[ reduction. In the Grothendieck group of F-representations of GLg,(K),
we have the following equality:

n(St(m) = Y Stie).

1€Z,(s)

Remark: for s < m(p), it is irreducible so, up to isomorphism, it possesses
a unique stable lattice, cf. [2] proposition 3.3.2 and the following remark.

1.3. Restriction to the mirabolic group. — In this paragraph,
we want to state some of the main results of [5] §4 about Q-

representations®: for Fj-representations the usual reference is [26]
111,

Recall first some notations of [5] §3, see also [26] §III-1 or [21] §3.
The mirabolic subgroup My(K) of GL4(K) is the set of matrices with
last row (0,---,0,1): we denote

‘/d(K) = {(mi,j) € Md(K) DMy = 5i,j fOI‘j < d}

its unipotent radical. We fix a non trivial character ¢) of K and let 6 the
character of Vy(K) defined by 8((m;;)) = ¥(m4_1,4). For G = GL,(K) or
M, (K), we denote Alg(G) the abelian category of smooth representations
of G and, following [5], we introduce

U™ Alg(My(K)) — Alg(GLg-1(K)),
and
™+ Alg(My(K)) — Alg(Ma-1(K)),
defined by W~ = ry,; (resp. ®~ = ry,p) the functor of V; coinvari-

ants (resp. (Vjy,0)-coinvariants), cf. [5] 1.8. We also introduce the un-
normalized compact induced functor

Ut =y, Alg(GLg_1(K)) — Alg(My(K)),
O =iy Alg(My_ 1 (K)) — Alg(My(K)).
1.3.1. Proposition. — ([5] p451, [21] proposition 3.1.3 or [26] §11I-1)
— The functors W=, Ut &~ and & are exact.

()In loc. cit. the author consider complex representations, but for admissible ones,
so in particular for irreducible smooth representations, they are defined over a finite
extension of Q so that the facility consisting to fix an isomorphism Q; ~ C is harmless.
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— P oVt =0 0Pt =0.
— U™ (resp. ®1) is left adjoint to Wt (resp. ® ) and the following
adjunction maps

Id — & &7, Uy~ —s Id,
are isomorphisms and the following sequence is exact
0—=®"® — Id — TT~ — 0.
1.3.2. Definition. — For 7 € Alg(My(K)), the representation
*) =y o ((I)_)k_l(T)

is called the k-th derivative of 7. If T #£ 0 and 7™ =0 for allm > k,
then 7%) is called the highest derivative of T.

1.8.3. Notation. — (cf. [28] 4.3) Let 7 € Alg(GLy(K)) (or m €
Alg(My(K))). The mazimal number k such that (ma,)® # (0) is
called the level of non-degeneracy of m and denoted by ().

Remark: cf [5] 3.5, there exists a natural filtration 0 C 7y C --- C 7 =7
with

7 = (BN 1o () Y(7) and 7 /7iyr = (BT Lo UH(7 (),
In particular for 7 irreducible there is exactly one k such that 7*) # (0)

and then 7 ~ (®+)F=1o Wt (7)),

1.3.4. Notation. — In the particular case where k = d, there is a
unique irreducible representation T,q of My(K) with derivative of order

d.

Remark: Note then by [5] 4.4, for every irreducible supercuspidal repre-
sentation m of GL4(K), we have
W\Md(K) >~ Thd-

We can moreover understand theorem 1.2.11 as giving a partition of
Stt<ﬂ')| M, (k) that associates to each part an irreducible constituent of

(St (7).
Consider first the following embedding GL,(K) x My(K) — M, s(K)

sending
A 0
(A, M) — ( 0 M ) .
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Imposing acting trivially, and considering the normalized in-

I. U
0 I
duced functor, we then define

pRT € Alg(GL,.(K)) x Alg(Ms(K)) — px 1 € Alg(M,,s(K)). (1.3.5)

Secondly we consider M, (K) x GLs(K) < M,;s(K) sending

A0V
((’g ‘{),B)H 0 B 0 |,
0 0 1
I, U 0
imposing 0 Iy 0 | acting trivially and considering the normal-
0 0 1

ized compact induction functor, we define

T® p € Alg(M,(K)) x Alg(GLy(K)) + 7 x pv~ '/ € Alg(M,14(K)),
(1.3.6)
where for ¢ € GL,(K), we denote by v(g) := ¢"(det9),

1.8.7. Proposition. — (cf. [5] 4.13) Let p € Alg(GL.(K)), o €
Alg(GLy(K)) and T € Alg(M,(K)).
(a) In Alg(M,,+(K)), we have

0 = (Pag () X 0 = (P X O)aty iy — P X (Oaaiy) = 0.
(b) If Q is one of the functors U=, &% then p x Q1) ~ Q(p X 7).
(¢) U™ (7 x p) =~V (1) X p and
0—=@ (1) xp— @ (1 xp) — ¥ (1) X (pa,(x)) — 0.

(d) Suppose r > 0. Then for any non-zero M, s(K)-submodule w C
T X p, we have ®~(w) # (0).

We will call the the induced representation p X 7 (resp. 7 X p) the small
(resp. the big) mirabolic induced representation in the sense that the big
one owns the highest derivative as you can see it in the proposition above
or in lemma 1.3.11.

1.3.8. Definition. — (|28] 5.1) A representation 7 € Alg(My(K)) is
called homogeneous if for all non-zero submodules o C T, we have A\(o) =

A(T).

1.3.9. Proposition. — (cf. [28] 6.8) Let m be an irreducible represen-
tation of GL4(K). Then m, k) is homogeneous.
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In the sequel we will use, in some sense dually, the group P;(K) with
first column equals to *(1,0,---,0). The map g — o(‘g~')o~! where o
is the matrix permutation associated with the cycle (1 2 --- n), induces
an isomorphism between P,;(K) and My(K). After twisting with this
isomorphism, we obtain analogs of the previous results with for example

the following short exact sequence
0= px (O1px)) = (P X 0)iprssiie) — (Pp)) X 0 = 0, (1.3.10)

where the first representation is the compact induction relatively to

I 0 Vi
0 GL. U |,
0 0 GL.

and the second one is the induction from

P U
0 GL; )
We will particularly use the following case.

1.8.11. Lemma. — (cf. [14] lemme 4.4) Let w be an irreducible cusp-
idal representation of GLy(K). Then as a representation of Puyysy(K),
we have isomorphisms

S t
Stt(w{—i})mg(m X Spehs(w{é}) ~ LT (t—1, S)‘P(t+s)g(](),
and

S t
Stt<ﬂ{—§}) X Spehs@{é})lPsg(K) ~ LT:(t, s — 1)|P(t+s)g(K)-

1.8.12. Notation. — For ¢ € K9 we will denote by M.(K) the
marabolic subgroup stabilizing c.

Remark: with this notation Py(K) is M.(K) for ¢ = (1,0,---,0).

1.4. Some lattices of Steinberg representations. — Let 7 be an
irreducible cuspidal Q,-representation of GL,(K), supposed to be entire.
As its reduction modulo [, denoted by p, is still irreducible, up to iso-
morphism, it has a unique stable lattice, cf. [2] proposition 3.3.2 and its
following remark.



12 BOYER PASCAL

1.4.1. Definition. — (cf. [9]) Given a stable lattice of Sty(), the sur-
jection (resp. the embedding)

Sty(m) x w{t} — Styp1(m), resp. Stypq(m) = Sty(m{l}) x 7

gives a stable lattice of Styyq1(m) so that inductively starting from t = 1,
we construct a lattice denoted by Rlz (m,t) (resp. Rlz ,(m,t)). We
then denote by

Rlﬁh_(ﬂ', t) = R_le’_(ﬂ, t>®ZE’ resp. R]]pl’_i_(ﬂ', t):= RIZL,+(7T>75)®ZLE-

1.4.2. Proposition. — (cf. [9] propositions 3.2.2 and 3.2.7) For ev-
ery 0 < k < lg,(s), there erists a unique length k sub-representation
Vo (sik) of Rlg, o(m, 5)

(0) = Voue(5:0) G Voo (51 1) G -+ G Vi (s 1, (5)) = Rl o (),

such that the image of V, _(s; k) (resp. V,(s;k)) in the Grothendieck
group verifies the following property: all its irreducible constituents are
strictly greater (resp. smaller) than any irreducible constituent of

Wo—(s:k) 1= Vo (5:18,(5))/ Vo~ (57 k)

(resp. Wi (s3k) = V,o1(s;1g,(5))/ Vo1 (s;:k)), relatively to the relation
of order of 1.2.9.

1.4.8. Corollary. — Iflg,(s) > 2, then we have two irreducible sub-
spaces of Rl (m, s)\p,, k) @z, Fi which are
— first some irreducible Ps,(K)-subspaces of Sts(0) which is necessarily
degenerate,

— and the non-degenerate irreducible Py, (K)-representation, T,q which
is a subspace of Stsmax( )|psg(K).

1.4.4. Proposition. — The only irreducible subspace of the modulo [
reduction of R[—h_(ﬂ', S)|P.,(K) @5 the non-degenerate one T,q.

Proof. — From the previous section, we have

RIZ ,(77 5)|Psg K) = RIZ (ﬂ{%l}v - ) (ﬂ-{ })|Psg K)>

so that the result follows by induction using proposition 1.3.7. O
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2. Review on the geometric objects

2.1. Lubin-Tate spaces. — Let Ok be the ring of integers of K, Pk
its maximal ideal, wy a uniformizer and k = O /Pk the residue field
of cardinal ¢ = p/. Let K™ be the maximal unramified extension of K
and K™ its completion with ring of integers Ojfenr. Let X 4 be the one-
dimensional Og-formal module of Barsotti-Tate over Fp with height d,
cf. [22] §II. We consider the category C' of artinian local Op.,.-algebras
with residue field %.

2.1.1. Definition. — The functor Mprq, which associates to an ob-
ject R of C', the set of isomorphism classes of deformations by quasi-
isogentes over R of Yk 4, equipped with a n-level structure, is a dis-

joint union of sub-functors M(Lf%dm of deformations by a quasi-isogeny
of height h which is representable by a formal scheme /T/I\(Lh%’d’n where

A g(R)
MLT,d,n-

Remark: each of the M\(Lfg 4. 18 non canonically isomorphic to the formal
scheme ./\//Y(LO% 4n denoted by SpfDefy, in [7]. We will use the nota-
tions without hat for the Berkovich generic fibers which are Knr -analytic

spaces in the sense of [3] and we note ./\/lCLl/TKn = Mpran® g K .

The group of quasi-isogenies of Xk 4 is isomorphic to the unit group
Dy 4 of the central division algebra over K with invariant 1/d, which then

acts on ./\/ldL/TKn For all n > 1, we have a natural action of GL;(Ok/P})
on the level structures and then on ./\/lCLl/TKn This action can be extended
to GL4(K) on the projective limit gH;MdL/TKn which is then equipped with
the action of GLq(K) X Dg , which factorises by <GLd(K) X sz(,d) JK*
where K* is embedded diagonally.

2.1.2. Definition. — Let Vi, ;, ~ Hi(M(LO%d’n@f(m?, A), be the
A-module of finite type associated, by the wvanishing cycle theory of

Berkovich, to the structural morphism M(L(]%,dm — Spf Oy
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We also introduce U 4, = H’(MCLUTK”, A) and Uje 5 g = lim Use 5 4.,

as well as the cohomology groups with compact supports

_ ) d/K 7 I 7
VKAdn- H (MLTm A), and VK,A,d = an VK,A,d,n-

n

As R, = Ker(GLa(Ok) — GL4(Ok [P})) is pro-p for all n > 1, then
we have Uy 4, = Uk . 2" and Vi Adn = (W(,A,d)ﬁ"-

The description of the U] .4 18 given in [7] theorem 2.3.5. We will

denote by Z/{;(Z dfree (resp. V%z y free) the free quotient which is the

whole of U;(Z y (resp. V;(Z d) by the main result of [10].

2.2. KHT-Shimura varieties. — Let F' = F''E be a CM field with
E/Q quadratic imaginary. For B/F a central division algebra with di-
mension d? equipped with an involution of second kind * and 8 € B*=~1,
consider the similitude group G/Q defined for any Q-algebra R by

G<R> = {()\79> € RX X (BOp ®(Q) R)X such that ggﬁﬂ = )\}

with B?” = B ®p, I’ where ¢ = *p is the complex conjugation and fg
the involution = — % = Ba*B~!. For p = uu® decomposed in E, we
have

G(Q) =y x [[(B)"
wlu
where w describes the places of F' above u. We suppose as in [22] that
— the associated unitary group Go(R) has signatures (1,d—1) x (0, d) X
x (0, d);
— for any place z of Q inert or ramified in E, then G(Q,) is quasi-split.

— We moreover suppose that u is chosen so that there exists a fixed
place v|u with B, ~ My(F,).

2.2.1. Notations. —  — Denote by A the adele ring of Q. For a
finite set S of places of Q, we then introduce A® the adele ring of
Q outside S.

— The set of places p of Q decomposed in E is denoted Spl and we
also introduce Spl® the subset of places of Spl which does not belong
to S.
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For all open compact subgroups U? of G(A*?) and m = (My)uwfu 2
collection of non-negative integers, we consider

UP(m) = UP X ) HKer((’)gw — (OB, /Pu)"),

wlu

where Op,, is the maximal order of B,,.

We then denote by Z the set of these UP(m) such that it exists a place
x for which the projection from UP to G(Q,) doesn’t contain any element
with finite order except the identity, cf. [22] bellow of page 90.

Attached to each I € 7 is a Shimura variety X; — Spec O, of type
Kottwitz-Harris-Taylor. The projective system X7 = (Xj)jez is then
equipped with a Hecke action of G(A), the transition morphisms 7 :
Xy — Xy for J C I being finite flat and even etale when m,,(J) = m,(I).

2.2.2. Notations. — (cf. [7] §1.3) Let I € Z,

— the special (resp. generic) fiber of X at v will be denoted by X s
(resp. Xi,) and its geometric special (resp. generic) fiber X5 =
X715 % SpecF, (resp. Xr;).

— For 1 < h <d, let X7 (resp. X71) be the closed (resp. open)
Newton stratum of heigh’t h, defined as the subscheme where the con-
nected component of the universal Barsotti-Tate group is of height
greater or equal to h (resp. equal to h).

Remark: XIZZ is of pure dimension d — h. For 1 < h < d, the Newton
stratum XI:’; is geometrically induced under the action of the parabolic

subgroup P, 4(O,) in the sense where there exists a closed subscheme
XIZQE stabilized by the Hecke action of P}, 4(O,) and such that
X;g ~ X;];,E XPh,d(Ov) GLd<OU)

=h__.
17571h ’

Let G(h) denote the universal Barsotti-Tate group over X
0— G(h)* — G(h) — G(h)*" =0

where G(h)¢ (resp. G(h)¢") is connected (resp. étale) of height h (resp.
d — h). Denote by t,, : (P;™ /0,)% — G(h)[P™] the universal level
structure. If we denote by (e;)1<i<q the canonical basis of (P, ™ /O, )4,
then the Newton stratum XI:,QE is defined by asking {tm, (e;) 1 1< i<

h} to be a Drinfeld basis of G(h)°[P™].
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2.2.3. Notation. — In the following, we wont make any distinc-
tion between an element a € GLg(F,)/Pya(F,) and the subspace
(a(er), -+ ,alen)) generated by the image through a of the first h vectors
e1, -, ep of the canonical basis of F?. Denote by P,(F,) := aPj4(F,)a™
the parabolic subgroup of elements of GLy(F,) stabilizing a C F¢.

For I € 7, the element a € GL4(F,)/Pyq(F,) gives a direct factor
G, Of (P;™ /O,)% and so a stratum X%, which is defined by asking
for a basis (f1,---, fn) of a,,, that {Lmv(fi) : 1 <i < h}is a Drinfeld
basis of G(h)°[P™]. We also denote by X7 its closure in X72. Such
a stratum is said pure compared to the folfdwing situation. For a pure
stratum X7 and h' > h, denote by

=n . =n
XI,E,C T H XI,E,a
a: dima=h’
cCa
>h
and X7 its closure.
2.3. Harris-Taylor perverse sheaves. — We recall now some nota-

tions about Harris-Taylor local systems of [22]. Let 7, be an irreducible
cuspidal Q,-representation of GL,(F,). Fix t > 1 such that tg < d. The
Jacquet-Langlands correspondence associates to Sty(m,), an irreducible
representation m,[t]p of D, . For D,;, the maximal order of D, ,, we

v,tg*
decompose (m,]t] D)‘,Dx = D™ pyi with the p,; irreductible. Thanks
v,tg
to Igusa varieties, we then have a local system Lg (pv,i)1; on X, t,gF
»S,y g
associated with each p,; and we write
L(ﬂ'v[t]p)m = L@l (pv)m (231)

where p, is any of the p,;, cf. [7] §2.4.4. Note that the Hecke action of
P,y 4(F,) on (2.3.1) is given through its quotient GLg_1y(F,) X Z.

2.3.2. Notation. — Let e,, denote the order of the set of w. inertially
equivalent to mw, in the sense there exists a character € : 7. —» @lX such

that 7' ~ m ® (£ o valodet) where val : F,, — 7 is the valuation of F,;
cf. definition 1.1.3 of [7].
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2.3.3. Notations. — For 1, any representation of GLy,(F,) and = :
%Z — le defined by E(%) = ¢'/?, we introduce

tg—d

ﬁf@(ﬁva ) == L(m[tlp); @ I @ 72

. —t . . . .. —t
living over X=7— and its induced version living over X7 2
I,S 1tg S

)

tg—d
HT(m,,11,) = (ﬁ(m o) © 1L © EL) % by, o5y GLa(F),

where the unipotent radical of Pyg 4(F,) acts trivially and the action of

oo,V ’lc} * o0,V
@ (g ) o € G x ByalF) x W
1S given

tg—d

— by the action of g5 on 11, and deg(o,) € Z on =~z , and
— the action of (¢°, g, val(det ¢5)—deg 0,,) € G(A®Y)XGLg_ty(F,) %
Z on Ly, (m[t]p)m; ® Chenl
We also introduce
HTy,,(my, L) == HTy, (w0, o)[d — tg].
and the perverse sheaf

P(t, )1y, = 5209, HTy, (m,, Ste(m,)) ® L(m,),

Tog *= I, 1

and their induced version, HT (m,,I1;) and P(t,m,), where
— for any 1 < h < d we denote by

=h ._ :h _ :>h . y=h >h
Ji=itogtt i Xog = Xis = Xaos,

)5
and
gt =il o g2t X o X2 o X,
— The contragredient IV of L, is the local Langlands correspondence.

More notations: for a € GL4(F,)/Piy.a(F,) as in notation 2.2.3, we will
also denote by HT,(m,,I1;) (vesp. Pu(my,t)) the image of HTy, (7, 1)
(resp. Pr(m,,t)) under the action of a, which is then equivariant for
P,(F,). We will also consider, cf. the end of the previous paragraph,
non necessarily pure strata Xzzfg?c associated with some pure strata XZ7
with h < tg and more specifically to the case where h = 1 to which we
then restrict ourselves. Denote by

HT,(m,, 11,) := indp ") ) HT, (m,, I1,) (2.3.4)



18 BOYER PASCAL

(resp. P.(my,t) := mdiz(CF”(%c) P,(m,,t)) where, using notation 2.2.3,

— the index a € GL4(F,)/Pya(F,) is any element containing ¢ €
GL4(F,)/ P a(F,) and P.(F,) (resp. P.cq(F),)) is the parabolic sub-
group of GL4(F,) stabilizing ¢ (resp. ¢ C a);

— we restrict the natural action of P,(F,) on HT,(m,,II;) (resp. on
P,(my,t)) to P.co(F,) before inducing.

Consider a geometric supersingular point z and denote by i, : {z} —

X7z,5. We then have an action of P.(F,) on 1nd ”Xd o HiisPj ), YHT,(r,,11;)

resp. 1nd vl Hg! 2P tgHT Ty, 11;)). From (2.3.4) we then obtain
D )0 Z c

the followmg abstract description.

2.3.5. Lemma. — Foranytg—d < i <0, md DYy Z’Hl *pjctgHT(TrU,Ht)

as a representation of the mirabolic group M, (Fv) assocmted with ¢, cf.
notation 1.5.12, is isomorphic to a small mirabolic induced representation
of 1.3.7, cf. also the remark after loc. cit.

() 7o) X T,

for T some representation of GLy_1,(F,) and where, by abuse of notation
in the term (IL;)m.(r,) of the above formula, M.(F,) is the mirabolic
subgroup of G Ly (F,).

2.3.6. Notation. — Let XI?;C be a pure stratum and denote by
Jre=Jge t Xz \ Xz, = Xzo

For XIsc # X Isc/ two distinct pure strata, and for h > 2, we write
{c,d) the subspace of F'¢ generated by {c, '} and

=h _ =h
XI,E,(C,C’) - H XI,§,a7
a:dim a=h

(e,c/)Ca

>1
) T,5

Consider a pure stratum XI’E with a D (¢,¢'). For HT,(m,,11;) a
Harris-Taylor local system on X7 . we will denote by

Z,5,a°
c,C )
HT(C,c’)(Trant) = 1n dPicc) a(F)

with j<:c’hc,> :XIS<CC> ‘—>X Tae

HT,(m, IL,), (2.3.7)
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where P oy (F,) (resp. P eyca(Fy)) is the parabolic subgroup of ele-
ments of GL4(F,) stabilizing (c ) (resp. (¢, ) C a).

Consider now the subgroup P..(F,) of P.(F,) stabilizing ¢’. Every
element of P.(F,) induces a endomorphism of F¢/c and the image of
P..(F,) is then the parabolic P.(F,) of GL(F¢/c).

2.3.8. Lemma. — With the previous notations, and m, an irreducible
cuspidal entire Q,-representation of GL,(F,), we have the following short
exact sequence of P,. . (F,)-equivariant perverse sheaves

= 1
0= Pt W H ey (0, St () (5) —

(c,cy,
JZwy G (Pin S HT (my, Sty(m,)))
— PiZh . j# “(Pi P HT(my, Ste(m,))) — 0.

Remark: using the main results of [10], we could easily proved that the
lemma is still valid over Z;.

Proof. — Recall that for P a perverse sheaf on Xj; the kernel of
j;cl,’!j;i/*P — j;;/7!*j;1,’*P is given by PH 15" P so that we are reduced
to prove that

" 1
P (P HT (o, Stu(m))) 2 P 17 HT g, oy (T, St (1) (3).

In [7] 4.3.1, we described ja:fg HT,(m,, Sty(m,)) in the Grothendieck group
of equivariant perverse sheaves and the weight filtration gives us a filtra-
tion, cf. also [14] (5.4), with the successive graded parts

29 =11 & S1sm (=2 672),

By inducing from P.-,(F),) to P.(F,), we then obtain a filtration Fil}(¢)
of pjj!tg HT,.(m,, Sty(m,)) with graded parts

=TI HT (7, Sty (m){

a'*

2 (0) 1= P HT (o, St gy ) % Sts(m) (21)(6/2),

where by lemma 1.3.11, and taking into account the notation x in 1.1.1,

(Ste(rod ) e X Sto(m{2)) = Sters(m)mcr
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We then apply then the functor H 145" to this filtration of j:!tgHTc(ﬂU, Ste(my)),
so that we obtain

P (P HT (7, Stu(m,))) = PHYL Fil ! (8) — PO g, L (1),

c'*

with PHO:%5* oer () ~ pj< (ttl)gHﬂ oy (0, Stega () (3)-

Now we use the computations of [14] corollary 6 6, where we proved

the same result for the whole of X7 1_* instead of X7 I_s o L€
1
PHY " (5 HT (m, Ste(m)) = Py HT A, St (7)) ()

Note also, cf. [14] lemma 6.2, that PH~*4}* (Pip. " HT (7y, Sty(,))) is zero
for any k # —1. We then apply the functor p?—[_lii;* to the short exact
sequence of perverse sheaves

0 — Pj)f “HT.(7y, Sti(m,)) — P4 HT (7., Sty (7))
— 37&0 HT (7, Ste(my)) — 0,

which gives us in particular

B 1
PN (el HT (0, Ste(m)) < Pigy " HT (7, St (1) (),

which factorizes to 7j (ttl)g HT e (my, Stega () (3), just by considering
the supports.
0

3. Some coarse filtrations of U7

3.1. Filtrations of free perverse sheaves. — Let S = SpecF, and
X/S of finite type, then the usual t-structure on D(X, %) := D%(X,Z;)
is
AePDNX, 7)) & Vo € X, HFitA =0, Yk > —dim {2}
AePDX,Z) < Ve X, HNN'A=0, Vk < —dim {x}
where i, : Spec x(z) — X and H¥(K) is the k-th sheaf of cohomology of
K.

3.1.1. Notation. — Denote by PC(X,Z,;) the heart of this t-structure
with associated cohomology functors PH!. For a functor T we denote by
PT :=PHOo T.
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The category PC(X, Z;) is abelian equipped, cf. [11] §1.1, with a torsion
theory (7,F) where T (resp. JF) is the full subcategory of objects T
(resp. F) such that [Y1p is trivial for some large enough N(resp. [.1g
is a monomorphism). Recall that this means in particular that for every
object A there exists a short exact sequence

0—= Ajor — A — Appee = 0

with Ay, € T and Ay € F. Applying Grothendieck-Verdier duality,
we obtain

DX, ) = {A e "D (X, ) : "H(A) € T}
PD20(X 7)) = {A € PD=9(X,Z;) : PH(A) € F}
with heart?*C(X,Z;) equipped with its torsion theory (F, 7 [-1]).
3.1.2. Definition. — (cf. [11] §1.3) Let
F(X,Z) :="C(X,Z;)) NPTC(X, 7)) = PD=°(X,Z;) N P D="(X, Z)
the quasi-abelian category of free perverse sheaves over X.
Remark: for an object L of F(X,Z;), we will consider filtrations
LiCcLyC---CL.=1L

such that for every 1 <1 < e — 1,_Li — L;y1 is a strict monomorphism,
i.e. Liy1/L; is an object of F(X,Z;).

Consider an open subscheme j : U — X and ¢ : F := X\U — X.
Then

PHAF(UZY) C F(X,Z) and 5. F(U,Z) C F(X,7Z).
Moreover, if j is affine then j is t-exact and 7, = P, = P*y,.

3.1.3. Lemma. — Consider L € F(X,7Z;) such that jij*L € F(X,Z;).
Then l'*pH_‘si*L 1s trivial for every & # 0,1; for 6 = 1 it belongs to
F(X,Zy).

Remark: If j is affine then the condition j5*L € F(X,Z;) is fulfilled.

Proof. — Start from the following distinguished triangle j,7*L — L —
1+1* L ~~. From the perversity of L and 7,7*L, the long exact sequence of
perverse cohomology is

0— i,’H 'L — Pjij* L — L — i,”H%" L — 0.
The freeness of i,PH~'4* L then follows from those of ?jj*L = jij*L. O
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3.1.4. Definition. — Recall the following notions, cf. [11] definition
1.8.4.

— A bimorphism of F(X,Z;), written L < L', is both a monomor-
phism in PC(X,7Z;) and an epimorphism in P*C(X,7Z;). If moreover
the cokernel in PC(X,7Z;) is of dimension strictly less than those of
the support of L, we will write L < L.

— A morphism L — L' is a strict monomorphism (resp. a strict
epimorphism) if it is a monomorphism (resp. an epimorphism) in
PYC(X,Zy) (resp. inPC(X,7Z;)) in which case we denote it by L —
L' (resp. L -+ L').

For a free L € F(X,Z;), we consider the following diagram
L

PERG L b P L P Lt P L

where the bottom row is, cf. the remark following 1.3.10 of [11], the
canonical factorisation of P*jj*L — ?4,5*L and where the maps can, f,
and can, j, are given by the adjunction property.

3.1.5. Notation. — (cf. lemma 2.1.2 of [11]) We introduce the filtra-
tion Fil;) (L) C Fil;,(L) C L with

FilOUv!(L) =Img(can ;) and Fil[_]}!(L) = Im;((can!,L)mL),
where Pr, := i*ijjrleei*j*j*L is the kernel of Kerx <7’+jlj*L —» pjl*j*L>.

Remark: we have L/ FilOUv!(L) ~ ,PTi* L and 7§, J* L < FilOUJ(L)/ Fil[_]}!(L),
which gives, cf. lemma 1.3.11 of [11], a commutative triangle

Pjij* L Fill (L) Fil (L)
,\ +£
P j* L.

3.1.6. Notation. — (cf. [11] 2.1.4) Dually there is a cofiltration L —
CoFily.o(L) — CoFily.1(L) where

CoFily.o(L) = Coimg(can, ) and CoFily, (L) = Coimz(pocan, 1),
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with pr, : V¥ jug* L — Qr = i."HY,.. 7" j. 5" L.
Remark: the kernel cogry, (L) of CoFily,. (L) — CoFily. (L) verifies
Pjug L 4 cogry, (L) < P g L.

The kernel cogry, o(L) of L — CoFily, (L) is isomorphic to ¢,7'L.
Consider now X equipped with a stratification consisting of closed
subsets
X=X"'2X>*>...0X>%

and let L € F(X,7;). For 1 < h < d, denote by X'sh .= X1 — x=2h+1
and j1=M: X1'sh <y X21 We then define

Fill (L) := Im;(erj!lS’"le”’*L — L),
which gives a filtration
0= Fil)(L) c Fil} (L) c Fil}(L)--- C Fil" (L) c Fil}(L) = L.
Dually, the following
CoFil, (L) = Coimy (L N pjiﬁ"jlg"’*L),

define a cofiltration

L = CoFil, 4(L) - CoFil,4—1(L) — - --

-+ — CoFil, ; (L) - CoFil, o(L) =0,
and a filtration
0=Fil;%L) c Fill"%(L) c--- Cc Fil’(L) = L
where
Fil,"(L) := Ker;(L — CoFil,,(L)).

Note these two constructions are exchanged by Grothendieck-Verdier du-
ality,

D(CoFilL_r(L)) ~ Fil-"(D(L)) and D(CoFﬂ*,r(L)) ~ Fill (D(L)).

We can also refine the previous filtrations with the help of Fil,}},(L),
cf. [11] proposition 2.3.2, to obtain exhaustive filtrations

0= Fill;>" (L) c Fil; > (L) C - -
.. CFill%L) C---CcFil? "YL)=L, (3.1.7)
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such that the graded pieces grr®(L) are simple over Q,, i.e. verify
pPjhi=h*grrk (L) < grr* (L) for some h. Dually using : coFily, 1(L), we

construct a cofiltration
L= COFﬂl*Qdfl(L) - COFiH*’Qdﬂ_l(L) O 4 COFi11*7_2d71(L) =0

and a filtration Fill;"(L) := Kerz(L — CoFill,,(L)). These two con-
structions are exchanged by duality

D(CoFill, (L)) ~ Fill] (D(L)) and D(CoFill,, (L)) ~ Fill;(D(L))

and can be mixed if we want to.

3.2. Remarks and terminology about perverse sheaves. — Be
cause the previous definitions come from the geometry, it is then possible
to construct filtrations whatever is the ring of coefficients. Moreover when
you want to understand the graded pieces,

— you can first look at these filtrations over Q; which gives you the
simple perverse sheaves described in terms of an intermediate exten-
sion i, 1. L]—0] of some local system £ living in some locally closed

stratum U—2s U~ X where § is the dimension of U.

— Then you have to understand the Z;-lattice of £; in the following

we will speak about the lattice of the perverse sheaf.

— And finally determine the position of the graded piece between the

two natural intermediate extension ,2j, L[—0d] < 1,7 L[—0].
One also have to take into account that the lattices and the positions
depend strongly on the order of the graded pieces, i.e. for two different
filtrations Fil] and Fil}, then two graded pieces gr'fl and gréﬁ2 which are
isomorphic over Q;, might be not isomorphic over Z; either because the
lattices, or their positions, are different.

Finally as remarked in the introduction, when taking image in F or
kernel in F, you loose control of lattices and positions:® we then speak
of a saturation process as it corresponds to the usual saturation of lattices
in the case where the geometric support is of dimension 0. In the following
we will focus on graded pieces concentrated on the supersingular locus
so that there is no issue about the positions. Concerning the lattices of
these graded pieces, we advise the reader when reading the arguments
of 84 to focus on this issue to understand how we manage to recover the
lattices.

(9 The understanding of positions in the previous meaning, is solved in [10].
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Remark: by arguing inductively on the Lubin-Tate spaces, we will in fact
be able, cf. the proof of theorem 4.1.6, to understand among all the
lattices of Harris-Taylor perverse sheaf P(t,,)(152%) with 0 < k <
t — 1, given by filtrations of stratification of Wz, those for £ = 0 and
k =1t —1. It would then be possible, and quite easy using the coarse
filtrations of §3, to describe the others which then depend on how we
decide to filtrate Wz, as opposed to the cases where k = 0, ¢—1 considered
here. We postpone this work to the day when we will find an application.

3.3. Supercuspidal decomposition of V7. —

3.3.1. Notation. — For I € T, let

Wy = B, (A - 1))

be the vanishing cycle autodual perverse sheaf on Xrs. When A = Z;, we
will simply write Wy,

As before, we will use the notation Wz for the system (V;);ez. Recall
the following result of [22] relating W7 with Harris-Taylor local systems.

3.3.2. Proposition. — (cf. [22] proposition IV.2.2 and §2.4 of [7])
There is an isomorphism G(A*") X Py 4(F,) x W, -equivariant

vh h—d—i h 1 —1
1nd DX, )0 z(H \IIIZL @ Ezl 1h ),

TE’R— (h)

where

Zl,lh(Ule ") is the local system over XIQE associated with Z/{h T

viewed as a representation of Dvh, cf. the remark before 2.3.3;

— Rz, (h) is the set of equivalence classes of irreducible IF;-representations
Of DU h;

— forT € Rﬁl(h) and V' a Z;-representation of Dv hs then Vi denotes,
cf. [19] §B.2, the direct factor of V' whose irreducible subquotients
are isomorphic to a subquotient of ?‘Dvx’h where D, , 1s the mazimal
order of Dy .

— With the previous notation, ULy = (U;U,Z,d,n)%'

— The matching at finite levels between the system indexed by I and
those by N is given by the map m, : Z — N.
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Remark: for 7 € Rz (h), and a lifting 7 which by Jacquet-Langlands
correspondence can be written 7 ~ 7[t|p for 7 irreductible cuspidal, let
0 € Scuspg, (g9) be in the supercuspidal support. Then the inertial class
of o depends only on 7 and we will use the following notation.

3.3.3. Notation. — With the previous notation, we write V, for V.

The description of the various filtration from the previous section ap-
plied to W5 is given in [11] §3.4. Over Z;, first note that W77 is
an object of F(Xzg,Z;). Indeed, by [1] proposition 4.4.2, U 7 is an
object of PD=(X74,7;). By [23] variant 4.4 of theorem 4.2, we have
DV, 7 ~ V7, so that

\I[I,Zl E pDS(](XI’g’Zl) ﬂ p+,DZO<XI7'§’Zl> - .F(X_’[’g,Zl).

We can then deduce from the description of the filtrations of V7, the
same sort of description except that first we have no control on the bi-
morphism Pj; ;" j="*grr*(L) < grr*(L) and secondly all the contribution
relatively to irreducible cuspidal Q;-representations should be considered
altogether. About this last point, we have the following result.

3.3.4. Proposition. — We have a decomposition
d
L@ @ W
g=1 QESCusp?l (9)

with W, @7, Q ~ D, ccusp(o) Yr. where the irreducible constituent of
V... are exactly the perverse Harris-Taylor sheaves attached to m,, i.e.
with the notations of 2.3.3, the P(m,, t)(:2) with 1 < t < d/g and
0<o<t—1.

Remark: the graded pieces grf'(¥,) of the previous filtration of stratifi-
cation of ¥, verify

— 0 ifgth

hyx__h ~

I e (T,) = { Lz, (oltlp) for h=tg.

Proof. — We argue by induction on r to show that there exists a decom-

position

d
Filj(U7) =€) €P Fili, (7).

g=1 QESCuSpﬁl (9)
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The case r = 0 being trivial, we suppose it is true for » — 1. From
= e (Ur) o~ ®g|r:t9 @geswspﬁl(g) L7 (o[t]p), we obtain

af{(U)~H P e, (V)
glr 0€Scuspg (9)

with ji=" L7 (o[tlp)[d — 7] — g1 ,(¥z) where the irreducible constituents
of gr (V1) ®7z, Q, are of type o.
Consider two free perverse sheaves A; and A, and let A be an extension
0—>A —A— Ay — 0,

supposed to be split over Q;. Denote then the pull back A/,

AL - - - s A
5
|
\

Ay @7, Q—— A ®z, Q,

so that

Ay —— 4 (3.3.5)

!

Al - A A

b

A A, T

where T is the common cokernel of 4; — A} and A}, — A,. Then
T = 0 if and only the extension A is split. Now suppose that A; (resp.
As) is a Harris-Taylor perverse sheaf of type p; (resp. g2) with g¢; and
02 not belonging to the same Zelevinsky line. Then the action of the
Weil group on T[l] seen as a quotient of A} (resp. of Aj) is isotypic
relatively to the galois representation associated with o (resp. 09) by
the Langlands-Vigneras correspondence, which imposes that 7" = 0.

By applying this general remark to grf, (¥z), we conclude it is in

a direct sum with Fili;ll(\llz), which, by varying ¢; and ps, proves the
result. O

In order to understand the next computations on ¥z, it might be useful
for the reader to recall the following description in the Grothendieck
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group of ¥, given in [7]

t—1

1—t+2k
ZP t,7m)( %), (3.3.6)
t=1 k=0

—
in\&

where 7, is an irreducible cuspidal representation of GL,(F, ) Then, cf.
[11] §3.4, the graded pieces grj (V,, ) are zero if r & {g,2g, - - Lng} and
otherwise its image in the Grothendieck group is

L]

[0 (U, )] = D P(tm)(

Qe

1+t— 2k (33.7)
2
In particular for £ = 1, then
14)
(o (V)] = ; P, m)(%). (3.3.8)
3.4. Filtrations with the use of j... — Denote by
j: X5 X7« X15: i,

and consider the following t-structure on X7 := X7 X Spec 0, SPEC 0,
obtained by glueing

(pDS*(XM,Z),ppzfl(xm,z)) and (pDSO(XI,g,Z),pDEO(XI,g,Z))
The functors j; and j, = Pjy, are then t-exact with
__ d—1 - d—1
0— V7 — 51Z[d — 1](T) — JZy[d — 1](T) — 0.

Consider now a pure stratum X Zéc Note then that the morphism
Jre: X1\ XIZ,;C <+ X7 is affine, cf. [14] beginning of §7.

3.4.1. Lemma. — The perverse sheaf ¥, := 1. ero L *(\III) 18 free.
Proof. — Let F := j,.Z;|d — 1](%) = juZyld —1)(%t ) over X7. Denote
by ! Xzsc — X;i, and i, :=i042!. As U7 = er G Zy[d — 1)(51),

we have to prove that il*PH~1*F is perverse for the t-structures p and
p+. Consider the spectral sequence

Byt = il ("HTF) = rHT
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As j is affine, by lemma 3.1.3, we know that PH*i*F is trivial for s < —1.
The epimorphism jij*F —» F, gives also that PH%*F = 0 so that the
previous spectral sequence degenerates at Fy with

PHTE o P (PHTF),
In the same way as jy. : X7\ X ISC — X7z is affine, then, by lemma
3.1.3, PH"i* F is trivial for 7 < —1 and free for 7 = —1 which finishes the

proof. O
The decomposition of 3.3.4 gives U, ~ @Zil @QeswspF (¢) Yoo For
l

any ¢ € Scuspg,(g) we then have the following short exact sequence of
free perverse sheaves

0= JrejuVo — ¥y —> Wyro — 0, (3.4.2)

where j.. : X%é \ X;ic — X>1
Remark: applied to W, , the equality (3.3.6) becomes, cf. [11] §3.4

—t
7"1}7'70 ZP t 7Tv c ) (3.4.3)

Consider the filtration of stratlﬁcatlon
0=Fil;4V,,.) C Fill"W,,.) C--- CFil%(V,,.)=V,,..
3.4.4. Proposition. — The graded pieces gr'(V,,.) verify the follow-
ing properties

— it is trivial if h is not equal to some—g;(0) +1 > —d for i > —1;
— for such i > —1 with g;(0) < d, then

myECusp(o,7)
where gr:gi(g)ﬂ(\llm,!,c) is the push forward
\I,ﬂ'»u \I’Wv,!,c

| i

COFil, g,(0)(Ur,) = == gra O (W, ).

Remark: from [14] proposition 7.1, the graded pieces grf! (gr:gi(g)ﬂ(\llmvhc))
of the filtration of stratification are then



30 BOYER PASCAL

— trivial if A is not of the shape tg;(0) < d, B
— and for h = tg;(0) < d, we have, if we consider for simplicity ¢ = 13
1—1

ol L e PLa(RY) -
ari? @ (g @ (W, 1)) = indi U Pt )y

).
Proposition 7.1 of [14] only deals with the Grothendieck group and not
with the filtration, which is the main point of our proposition here.

Proof. — As explained in the remark before §3.3, as long as the state-
ment do not speak about the lattices and the positions, then it is only a
statement on W, and the precise description of ¥, . For simplicity we
suppose ¢ = 1;. From [11], the graded piece gr{"(coFil, 4, (¥r,)) of the
filtration Fil} (coFil, 4,(,)(Vx,)) are trivial for all h # tg;(0) < d and

) ) 1—t
grfgl(g) (coFllwi(g)(\Ilm)) ~ P(t, m)(T)

3.4.5. Lemma. — For 0 <r <d, the
gry (iflz,*pHOii’* Filf (COFﬂ*vgi(g) (Vr, )))

verify the following properties

— they are trivial if r < g;(0);
— for tgi(e) < v < (t + Vai(g), they are trivial if h# 1g:(0);
— otherwise, for a € GL4(F,)/Pya(Fy) such that ¢ C a, it is isomor-
phic to
1t

. P.(Fy
ind;; ", P(t, m)a(—5)-

Remark: in the last point with h = tg;(0), for ¢ = 1; and a = 1, the
formula is
1—1¢

ind, ) Pt ) (o).

Py p,a(Fv)

Proof. — Note first that the statement is trivially true for r < g;(o).
Recall moreover that
1—t¢
it PHOIL P(t,m,) = P(t, 7). = ind ") Pt m)a(~—5):

PcCa(Fv)
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where a € GLq(F,)/Pig,(0),a(Fy) is such that ¢ C a. We then argue by
induction through the short exact sequence

0 = Fil; ™ (coFil. () (¥r,)) ) — Fill (coFiL. ) (¥r,))

— gry (COFﬂ*yi(g)(\Ifﬂv))) — 0.
If r is not of the shape tg;(g) there is nothing to prove, otherwise as

— the irreducible constituents of i; PH%i}* Fil; ™ (coFil, () (¥, ))

are, by induction, intermediate extensions of Harris-Taylor local
systems on X7 % for 1<,

— and 4} PH"'i)* P(t, m,) is supported on XIEZH,
then the cone map i} PH ™ il * P(t, m,) — i} ,PH %" Fil ™ "(coFil, 4,0 (¥r,))
is trivial. The result follows then from the short exact sequence

0 — s PH " Fili ! (coFil. 4, (\If L)) — ie MM Fill (coFily g, ) (W, ))

is PHiy g (coFﬂ* o) (W) — 0.
O
It suffices now to prove that the epimorphism
Qs SR — il PHY* (coF il g,(0) (Un,)

is an isomorphism. For that it suffices to prove that, for every geometric
point z, the germs at z of the sheaves cohomology groups of these two

perverse sheaves, are the same.
Let then z be a geometric point of X7 :h 1 By [7], the germ at z of

the i-th sheaf of cohomology H’j_ =kg Hle (7Tv, Ste(my)) ® = 2 s zero if

(h,i) is not of the shape (d — tg,tg d+k—t)with k <t < L%J and
otherwise isomorphic to those of

HTy; (m,,Stk(Wv{—})@Speht k(mo{5 }))

Then for h = d — tg and i = tg—d—i—k:—t, the fiber at z of
Hij= gHTh(m,, Str (7)) =% is isomorphic to those of

1+t 2k

1+t 2k

AT (e, (Ste(me {5 Dty x Spely_y(ma{51) ) @275,

where we induce from P y4(F,) ® GLt—g)g(Fy) to Piyg(F,). Moreover
considering the weights, we see that the spectral sequence computing
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the fibers of sheaves of cohomology of W, . from those of grf(¥,, .)
degenerate at F;. From 1.3.11, we have

k—t k
(Stk(ﬂ'v{T}» 1Py g () Xspehtfk<ﬂ-v{§}) = (LTW(k’ t_l_k>7r”) |P1,eg (Fv)

so that, by the main result of [7], the fiber at z of H'W,, . is isomorphic
to those of H!(PH%* U, ), so we are done. O

Dually we have
0— ‘;[197*70 — \I[Q — j;éc,*j;c\pg — 0, (346)

such that the graded pieces grf'(¥,. .) verify the following properties

— it is trivial if A is not equal to some g¢;(9) < d for i > —1;
— for such i > —1 with g;(9) < d, then

grf¢(9)<\119,*7c) ®Zz @l ~ @ gr?z(9)<\11ﬂv,*7c)

v €Cusp(p,i)

where grf? (W, ,.) is the pull back

gr!gi(g)(‘Ilmj,*,c)L - = \Ilwv,*,c
P

= < —

Fil @ w, ) e—— 0,

Remark: applied to ¥, , the equality (3.3.6) becomes, cf. [11] §3.4

14) -
(Ve = D P, m)c(%). (3.4.7)

More precisely for m, € Cusp(p,i), then grg'(g)(\llm,*vc) has a filtration
Fil* (grf 9 (0., ,.)) for 0 < k < si0) = L,(g)

grk<grfi(g)(\ywv,*,c)) >~ P( ( ) ]{;-|-1 7Tv)c<81(g) k

| with graded pieces

4. Non-degeneracy property for submodules

Recall ﬁrst that, for a fixed irreducible F;-representation o of Dv 4> the
notation V L (resp. U N ') designates the direct factor of V4L (resp.

FoZ;,d
the free quotlent Z/{;f ;l J free) associated with ¢ in the sense of [19] §B.2.
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Let 7, : 2 — X;g, be any supersingular point. Then, from the main
theorem of Berkovitch in [4], we have an isomorphism
v, 0!
md(Dxd oz W Vi, (4.0.1)
and respectively

(md ”;l oz W) U (4.0.2)

free
which are equivariant for D, x GL4(F,) X W,, so that we are led to
compute PH% W, (resp. the free quotient of PH%*W,).
Remark: P*H%' ¥, might have torsion® but by definition PH%' W, is
necessarily free.

Recall that our strategy is to construct a filtration of VZ§1 (resp. Ug&l)

with irreducible graded pieces as a Z-representation of G Lq(F,)x DF, ;%
W, , which means that they are free and irreducible after tensoring with
Q. Of course the idea is to obtain such a filtration from a filtration
Fil*(¥,) of U,, constructed using the Newton stratification, so that the
associated spectral sequences
=P er T (W,) = PHITSLW

and

E::i . pHTJrs *gr r(‘;[]g) = pHr+siZ\I’Q,
give us the expected filtrations of H% W, and PH%:V,, where gr*(¥,)
are the graded pieces of Fil*(\,).
Remark: as long as we are only interested in V ! (resp. Z/Id 1) and not
with the others V3 and U, we have in fact only to bother with the
perverse sheaves concentrated on the supersingular locus. More precisely
note that for a perverse sheaf P not concentrated in the supersingular
locus, then PH?iL P (resp. PH~%i*P) is zero for § < 0 (resp. zero for § < 0
and torsion for 6 = 0).

Meanwhile some of the £y (vesp. E.7) for r+s =1 (resp. r+5=0)
might be torsion so that to control the lattices, it is better if all the
perverse sheaves concentrated on the supersingular locus appears before
(resp. after) the others, see the fourth step in the next section.

Remark: of course as long as you are only concerned with perverse sheaves
on the supersingular locus, you do not need to bother about the positions

(5)The main theorem of [10] tells that this is not the case.
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of these perverse sheaves but only about their lattices, cf. §3.2. At
the end the non-degeneracy persistence property will be deduced from
proposition 1.3.7.

4.1. The case of Vg’_Nl. — The main goal is then to construct a filtra-
tion of W,.

First step: we start with the following three pieces filtration. For every
¢ € GL4(F,)/Pya(F,), note that any supersingular point belongs to the
pure stratum X;;C, so that in the short exact sequence (3.4.6)

0— ‘;[197*70 — \I,Q — j;éc,*j;c\pg — 0, (411)

we have, with harmless abuse of notations, H%! W, ~ H%' ¥, .. Con-
sider then another pure stratum Xzzé » with ¢ # c.

4.1.2. Lemma. — The perverse sheaf PHi* 0, . . is zero fori # 0 and
it is free for i = 0.

Proof. — Note first, cf. lemma 3.4.1, that the result is true for V,.
Moreover for any perverse free sheaf P, we have PH'i*, P = 0ifi & {0, —1}

and it is free for ¢ = —1. The result then follows easily from the long
exact sequence associated to the previous short exact sequence when we
apply 7. O

In particular in the following short exact sequence
0 —) j;‘éclv!j;cl\:[lgv*vc _> \IIQ _> \I/Q7*,C7!7Cl _> 0

the perverse sheaf V,,.1» is free. Moreover as the cokernel of
97 bt A

. . L. .1 .

It JueWone = Wone 18 iy M1 Wy e, we have the following short

exact sequence

1 0:1, . .
0— Zc’,*pH Zc’*\IIQy*vc — \1197*707!70' — j#&*];cqjﬁ? — 0.

Remark: with the terminology of §3.2, the dual version of lemma 3.4.1
tells us that in the short exact sequence (4.1.1), there is no saturation
process: in fact all the questions about saturation keep inside the left
and right terms of this short exact sequence, cf. [10] for more details.
In the same way, the previous lemma tells us that there is no saturation
process in considering the adjunction morphism jze 175 Wose — Vg e
Second step: we want to refine the filtration of the first step in order
to compute PH% W, for any supersingular point z. Note first that, as
z belongs to any X%l then PH%,jsc.j5.¥, = (0) so in fact we just

s,c/
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need to bother about the first two graded pieces of the previous filtration,
which corresponds to a filtration of ¥, , .. With the terminology of §3.2,
at this step we do not want to deal with lattices and positions, but just
describe the irreducible sub-quotients over Q.

Consider the first graded piece jze 1750 Vo e AS Jueo s affine, jre 175
is an exact functor, so that from the previous section, j;écf,!j;c/\l’w,c has a
filtration Fil® (j¢c/7!j;c/\1197*,c) with graded pieces j¢c/7!j;c,grfi(g)\1197*,c. (6)

We then have

j#c’,!j;c’gr?i(g)(\IIQ,*,C) ®z, Q ~ @ j#c’,!j;c’gr?i(g)(\Ijm,,*,c)a
oy €Cusp(,7)

where jer 155 grf”(g) (U, «.c) has a filtration whose graded pieces, by com-
bining (3.4.7) and lemma 2.3.8, are, in the order of appearance from the
socle to the top,
— for t = s;(p), -, 2, the P(t,m,).(5}) obtained through the follow-
ing short exact sequence twisted by (5%)
)e

0= P(t,my) e — P(t,m)e — P(t, m)(c,ery — 0,

where
P(t, Trv)c,;ﬁc/ = pj;;/7!*j;;/7*P@hc<t, 7TU),
— and with last quotient P(1,7,)¢ £

The second graded piece ii/7*p7—loii,’*\llg,*7c of the filtration of the first step,
is a free perverse sheaf which, over Q;, have then irreducible constituents

P(1,7,) ey for m, € Cusp(o) an irreducible representation of G'Ly(F)
with g < d.

Third step: We now want, using the terminology of §3.2, to understand
lattices and positions of the perverse sheaves of the second step. Our
aim is to give a filtration over Z; from which we will be able to compute
PHO3' U, thanks to a spectral sequence as usual.

(a) Start first with ii,,*p’}-[oii}*\l/w,c. For m, an irreducible cuspidal
representation of GL,(F,) and 1 <t < s:= |d/g], note that, if tg < d,
then PH%.P(t,m,) = (0). In particular if PH%.P(1,7,) (e # (0) then
g = d so that

— trivially P(1, )y = P(1,7,),

(6) Again here there is no need of saturation.
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— concerning the action of GL4(F,), as the modulo ! reduction of =,
is still irreducible, all the stable lattices are homothetic and

— there is only one position possible for the intermediate extension as
the perverse sheaf is concentrated on a zero dimensional sub-scheme.

In short, we do not have to bother with 2'(13,7*”7-[0’5'(1:}*111@*76.
(b) We focus then on PH’i (j¢c/,!j;c,llfg,*7c) by refining the previous

filtration Fil* (je 1% Wone) With graded pieces j#/,gj;c,grf”(g)\lfw,c. Re-
call that

jzgi(Q)v*j#,7,j;c/grfi(g)‘I’g,m ®Zl @l ~ @ HTc,;éc’(ﬂ-va 7TU)>
my €Cusp(e;i)

and by fixing any numbering of Cusp(p, i) = {m, 1, - -} the pull-back

Fil* <j:gi(Q)’*jic’,!j;c/gl"fi(g)\I/g,*,c) C s j:gi(9)7*j¢c,7!j;clgr?i(Q)\:[197*76

(\
I
Y

k (o) - e s —
@i:l HTC,;&C’ (Wv,iu 71-v,i)(—) J 9i(e), j;ﬁclﬂj;ﬁc’gr!g (9)\119,*70 ®Zl Ql’

define then a naive filtration of j:gi(")’*j#/,gj;c,grf”(g)\Ilw,c such that
the graded pieces are some lattices of HT, . (m,,m,) for m, describing

Cusp(p,i). By taking the image by j!:gi(g) of this filtration, we obtain

a filtration of jix, j;c,gr!gi(g)\llg,m whose graded pieces are entire ver-

sions of j#/,!j;c,grf”(g)(\Ilm*,c) for m, describing Cusp(o,i). Then we

can filtrate each of these graded pieces to obtain a filtration denoted
Fill® (j¢c/,!j;c/llfg,*7c) whose graded pieces grr® (j#/,!j;c/\llw,c) are some
entire version of the P(t,m,). if 2 <t < s;(0) (vesp. P(1,m,)c2e), for
7, € Cusp(p,i) with i > —1: these entire perverse sheaves may depend
on all the choices.

Remark: as pointed out above, we just have to deal with the graded pieces
concentrated on the supersingular locus for which with do not have to
bother about the position of the intermediate extension, but now as ¢
might be strictly greater than one, we have to describe the lattices. For
7y € Cusp(p, i) and ¢ such that (¢t + 1)g;(0) = d, let then denote by

Prin,e(t + 1, m,),

the lattice defined above starting from a filtration of jze 5% Vr, s, cf.
(4.1.8). Note at this point that finally Pp.(t + 1,m,) is given by the
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short exact sequence of lemma 2.3.8 so that we can easily identify its
lattice as explained in theorem 4.1.6.

Fourth step: now we want to modify the previous filtration of ¥, . by
reorganizing the order of the graded pieces so that those concentrated on
the supersingular locus appear first. Let first explain why it is possible
to do so. Denote by

1<d—1 . y2>1 =d >1
J : XI,g \ X175 XI,g

and consider the adjunction morphism

gd—1j1§d—1,*\1,

where (3.4.7) described ¥, , ., at least over Q;. Then the kernel K, , .4
of this morphism, is by construction free and in the Grothendieck group
we have

, bl
\Ilgv*yc J*

0,%,C)

Koca®, @] =3 3 [Plam)(t5)
i>—1 m,eCusp(o,i)
d=t;g:(0)
i.e. K,y cq gathers all the irreducible constituents of W, , . concentrated
on the supersingular locus. To see this, it suffices to argue on ¥, for
7y € Cusp(p,i) with Ki, ..q the kernel of the adjunction morphism
U, ye — Phjlsd-ljlsd=lag We then notice that

— for a pure perverse sheaf P of weight 0 then the irreducible con-
stituents of Pj1=4-151<d=1* P are of non-negative weight;

— and the irreducible constituents of j<~1*W,_ . arethe P(t,T,)(5")
with t < s; := Li)j (resp. t < s;) if g;(0) do not divide d (resp. if

gi(e
sigi(e) = d).
Then when g;(¢) divide d, all the irreducible constituents are of
weight strictly greater than those of P(s;,m,)(352) so that Ky, .cq =

2
P(s;, m)(si;l). Otherwise Ky, 4.4 is trivial.

We start then from the previous filtration which is P, »(F},)-equivariant
and where the order of its graded pieces verifies the following property:

— P(1,m,) for m, € Cusp(p,?) with g;(0) = d appears after, i.e. in
higher graded pieces than those associated with either P(t, 7). 2
or P(t,m,)e for m, € Cusp(p,i’) where tg;(0) < dort > 1;

— let k& be the index of graded piece associated with P(t,m,) with
t > 1, m, € Cusp(p,i) with tg;(¢) = d. Then for any graduate piece
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of index k' < k associated with some P(t',7))c 2o or P(t', 7).
with 7, € Cusp(p, i) and t'gy(0) < d, then i' < i.
Note also that, for any m, € Cusp(p,7) and t such that tg;(0) < d,
then if k.» > ko are the indexes of the graded pieces associated with
respectively P(t',7))c 4o and P(t', 7))y, then for any kv < k < ko,
the associated graded piece is never concentrated in the supersingular
locus. This implies that we can modify the filtration such that

— the graded pieces are of the shape P(t,m,). without modifying the
lattices of the graded pieces concentrated in the supersingular locus.

— Now the filtration is equivariant for the action of P.(F,) as all
the graduate and the whole of the perverse sheaf, are P.(F,)-
equivariant.

4.1.3. Lemma. — Consider a P.(F,)-equivariant perverse sheaf X
which can be written

0—>A1—>X—>A2—>0

where
— Ay is a free perverse sheaf with Ay ®7 Q, = P(t,m,) for m, €
Cusp(p, i) and tg;(0) = d,
— and Ay is some free perverse sheaf with A; @z, Q, isomorphic to
P(t', 7). with w. € Cusp(p,i'), h = t'gis(0) and 7' < i.

Suppose moreover that
X @z, Qi ~ (A1 @z, Q) @ (42 @7, Q)),
then X ~ A, @ A,.

Proof. — We have a diagram like (3.3.5) where T is supported on Xff;
so that A; — A} — T is obtained through

p=h :=h,* / p+ =h :=h*
Jetxde Ay >y Ay >y Ap >y Jetxde A

Suppose by absurdity, that 7" # (0).
— Then as a quotient of A} and as a representation of P.(F),)
T ®z, F; is isomorphic to a small mirabolic induced representation
(11(Ste (7)) po(r,) X T for some Fi-representation 7 of G Lq_y g, (o) (Fy),
and where r; designates the modulo [ reduction functor. In particu-

lar, proposition 1.3.7 imposes that T'®7, F; must have an irreducible
sub-quotient with derivative of order gy (o).
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— On the other side, note that as a quotient of Ay all of its derivative
have order > g¢;(0) > gi(0).

So T must be trivial, i.e. X = A; & A,. O

We now sum up what we have done until now.

4.1.4. Proposition. — There exists a filtration
(0) = Fil’(¥,..) C Fil'(¥,..) CFil*(V,,.) = ¥,..

such that

— the irreducible constituents of gr'(W,..) ®z Q for i = 1 (resp.
i = 2) are all with support in Xz (resp. are of the form P(t,m,).
with 7, € Cusp(p,1) and tg;(p) < d).

— Moreover there is a filtration of

(0) = Fil 2 (gr! (Wye)) C Fil™ (g (Wpue)) C -
o C Fﬂs(grl(\llg,*,c» = grl(qja*,C)

whose graded pieces gr'(grt(W,..)) are zero except if there exists
t such that tg;(0) = d in which case with the previous notations,
gri(grt(V,.0)) admits a naive filtration, cf. point (b) in the third
step, indexed by m, € Cusp(p,i) such that its graded pieces are, cf.
(4.].8), the PF111717C<1J, 7TU).

Remark: we will next identify the Priny.(f, 7,) and see that, at least for
the action of P.(F,), they are independent of the choice of the naive
filtration, so that we will simply write

gr'(gr' (Wye)) & EB Prin,e(t, m), (4.1.5)
m,€Cusp(0,7)

in place of the long statement in the second point of the proposition
above.

Last step: as explained in the introduction of §4, for a perverse
sheaf P(t,m,) not concentrated in the supersingular locus, we have
PH P(t,7,) = (0). In the long exact sequence associated with the
PH*i! applied to the short exact sequence

0—gr'(V,..) — Fil*(V,..) — gr*(¥,..) — 0,
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we then have PH% W, , . ~ PH ' g1t (¥, ). From the previous proposi-
tion we obtain a filtration

(0) = Fil ("H L(T,)) C Fil ' (PHOL(T,)) C - --
- CRIP(PHYL (W) = PHYE(T,)

whose non zero graded pieces coincide with the indexes ¢ > —1 such that
there exists ¢ with tg;(¢) = d and then with the notation of (4.1.5)

grl(pHOZ,'z(\Dg)) ~ @ 7D]:"’ill,!,c(ta 7Tv)z~

my€Cusp(,7)

We will now simply denote by (Fill*(¥,..)) the filtration of

0<k<r
grt(¥,..) obtained above such that its graded pieces grr*(V,. ) are

irreducible after tensoring with Q;,. We then also denote by
. _ . DX N
Fill*(Va') := ind <D§d>°w% PO FillF(W,.,..).
4.1.6. Theorem. — As a Z[Py(F,) x Dy x Wg,]-module, the succes-

siwe graded pieces gr’“(VgJ_\,l) are such that there exists i, m, € Cusp(p, 1)
and t such that tg;(0) = d with

gr* (Vo) =~ Tapw (m),
with Tgpw(my) ~ Tg(m,) @ I'p(m,) @ Ty (m,) where
— I'p(my) (resp. Tw(m,)) is a stable lattice of m,[t]p (resp. Ly, (o) (70));

— Tg(my) is isomorphic to the stable lattice (Rl _(,, t))|Pd(F ) of def-
mation 1.4.1.

Remark: in other words, the lattice Ppiny (¢, m,), which is a sheaf on
the supersingular locus, is with the previous notations, fiber by fiber
isomorphic to I'g(m,) @ I'p(m,) @ Dy (7).

Proof. — We argue by induction on d. As the result is trivial for g_1(p)
because, as the modulo [ reduction is irreducible, there is, up to isomor-
phism, only one stable lattice, we suppose the result true for all h < d. We
then use the statement of the theorem through the isomorphism (4.0.1),
to obtain informations on the lattices of our perverse sheaves not concen-
trated on the supersingular locus. Thus arguing like before on j!Sh*W
we can conclude that, for any ¢ > —1, 7, € Cusp(p, i) and tg;(9) < d, the
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lattices of HT,(m,, St¢(m,))(5+) of the graded pieces gr* (Jer 175V ge.c)
are of the shape

,CD (%9 (RIth(ﬂ-va t))‘Ptgi(g)(Fv) & Pw, (417)

where Lp is some stable Z;-lattice sheaf of £(7,[t]p)e.

To prove the theorem, by the isomorphism (4.0.1), we now have to show
that the lattice Pp (¢, m,) is a tensorial product of lattices equipped
with action by Py(F,), D;d and Wy, and the lattice for the action of
Py(F,) is isomorphic to (RIz _(m,, t))\Pd(Fv)'

By hypothesis we have m, € Cusp(p,?) and tg;(0) = d. Recall also,
using the exactness of j. zo 1, that Pr (¢, 7,) fits in the following short
exact sequence of lemma 2.3.8

0 _) PF1117'7C(t7 TrU) _> j#c/7!j;clgrk(j?éclv!j;cl\:[lgv*vc)
— pj;éc/’!*j;c/grk(j;éc/7!j;cllllg7*7c) — 0 (418)

where

. _ t—2 t—2
g1 (e W) @7, @ = Plt = 1L, m)o(—=) = Plt = 1,m)(—).

Over Z;, we have seen that j=(=19@*grF(j . 5% W, ) is a tensorial
product of lattices where those relatively to the action of Py_1)g,(0)(F3)
is (R[Z’_(m,t — 1))|P(t,1)gi(g)(Fv)' Moreover, as the supersingular locus

belongs to X%é -, relatively to the supersingular locus, gr® (j¢c/,!j;c,llfg,*7c)
behaves like a p-intermediate extension, i.e.

HOZgr" (G e Yome) = (0),
for all geometric supersingular point z. For such a p-intermediate exten-
sion we materialize this property by writing p(ss) as a left exponent. By
inducing we can then write

t—2

g (e e Vo) = P Prig(t — 1, ™) (—5—)

where P($)Pp; o (t — 1,7,) is a lattice of Pg,(t — 1,m,) verifying the fol-
lowing two properties:

— for all geometric supersingular point z, the perverse sheaf behaves
like a p-intermediate extension, i.e. H%* (p(ss)Pm@(t ~-1,m)) =

(0);
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— j=U gl PPy o (¢ — 1,7,)) is a tensorial stable lattice where
the lattice associated with the action of P;_1y4, (o) (F}) is isomorphic

to (R[Zl,—(ﬂ-%t - 1>)\P(t71)gi(9)(F“).

Remark: we prefer to introduce the full of P&)Pg; o (t — 1, 7,) instead of
JZ P Prr o (t — 1,7,) which is then isomorphic to gr¥ (jw 175 Woe),
see the next diagram.

We then have

Prin,t,e(t, To)© Joter 132 8T (G 172200V g o)
|

| ~
\
PH i P Prie(t = 1,m) (552) = e 7™ Pris (t — 1,m) (552).

By (4.1.8) Prine(t, m) =~ PH i gr* (jte 1550 Vo) and as for a Harris-
Taylor perverse sheaf P supported on the supersingular locus, we have
P = P. = P,y then the left map of the diagram is an isomorphism

over ;. Moreover as each of the other maps of this diagram are strict
so is the dotted one which is then an isomorphism.

By lemma 2.3.5 and (4.1.7), the lattice relatively to the action of Py(F},)

on PH 1PN Pry o (t—1,7,)(152) is given by the induced representation
1

Rlz, _(mo{5}t = 1) x (m{ 5 Dipy, 0 — (RIz, _(mo{ T 1t = 1) x m{F}) b
RIz (7, )|y,
which finishes the proof. O

From proposition 1.4.2, we obtain the expected non-degeneracy prop-
erty.

4.1.9. Corollary. — Any irreducible P,(F,)-equivariant subspace of
Vg&l ®7z, [y, s non-degenerate and so isomorphic to Tpq.

4.2. The case of Z/{g&l. — In [10], we prove that for any supercuspidal
Fj-representation p, then L[g&l is free. As at this stage we do not want to

use [10], we introduce its free quotient Z/Ig&lfme. We then follow exactly
the same steps than in the previous section, but dually. Precisely fix
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a supersingular point 2 and denote as before i, : z — X7 4. From the
D), x GL4(F,) x Wg,-equivariant isomorphism

X
D'U,d
X
(Dg.a)

ind o PHOEW, ~ UL (4.2.1)

we are led to compute the free quotient of PH *¥,. As explained in the
introduction of §4, we first construct a filtration of ¥,. Dually to the
previous section consider first the short exact sequences

0= JzeJucVo — ¥y —> Uy — 0,
and
. 1. . .
0— Zi’,*p+H0Zc; Vore — Vore — Jc,#@’,*]:,yéc/\llg,!,c — 0.

One can also introduce VU, .. ~ as the pull-back

Jer Iz Vo> Wolene =l STHYI W c

)

| f |

.j;ﬁc,!j;c\pg( \Ilg \Ilg,!,c-

(a) Using the exactness of jo . J%e, as in second step of the previous

section, the filtration Fil}(W,,.) of proposition 3.4.4, gives a filtration
—gi(0)+1

Fil* (Jter 4920 W or,c) With graded pieces jier 4% .81 (W¥,.1.c) such that
j#C’v*j;c/gr;gi(ng(\Dg,!,C) ¥z, @l = @ j#Cﬂ*j;kéc’gr;gi(ng(\IIWWLC)’
my€Cusp(,7)

where j¢6/7*j;c,grfgi(g)+1(\IIM,!,C) has a filtration whose graded pieces, by

lemma 2.3.8, are, from quotient to subspaces,

— for s;(0) >t > 2, the P(t,my) ey (5) and P(t, my)e, 20 (5E) allow-

ing to reconstruct P(¢,m,).(45) by the short exact sequence

0= P(t,my) ey — P(t,m)e — P(t, my)e e — 0,
—and P(1,7,)c 40
(b) Concerning i}, ,P*H? LW, ., after tensoring with @, its irreducible
sub-quotients are the P(1,7,).) for m, € Cusp(o,i) with g;(0) < d.

By arguing like in the third and fourth steps of the previous section,
we can manage to modify the previous filtration to another one such that

— it is equivariant for the action of P.(F,);
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— its graded pieces are the P(t,m,). without modifying the lattices,
given by the starting filtration, of the perverse sheaves concentrated
on the supersingular locus;

— the perverse sheaves concentrated on the supersingular locus ap-
pears in the last graded pieces;

— if P(t,m,)(552) (vesp. P(t',m)(555)) for m, € Cusp(o, i) (vesp. 7, €
Cusp(p,7’)) are concentrated in the supersingular locus. If i < 7

then the indexes k& and k' respectively associated to them verify

k> K.

Remark: As before we do not pay attention to the position of these
perverse sheaves between the p and p+ intermediate extensions, but we
merely concentrate on the lattice of the associated local systems.

4.2.2. Notation. — For m, € Cusp(o,i) and t such that tg;(0) = d,
denote by Prin«c(t, ™) the lattice obtained by the previous construction
starting from the filtration of jze «jheWr, e

To sum up we state the analogous of proposition 4.1.4.

4.2.3. Proposition. — There exists a filtration of
(0) = Fil*(W,10) C Fil™'(W,1.) CFil®(V,1.) = U,

such that

— the irreducible constituents of gr'(V,,.) ®z, Q fori=0 (resp. i =
—1) are all with support in X723 (resp. are of the form P(t,m,),
with m, € Cusp(p,i) and tg;(0) < d).

— Moreover there is a filtration of

(0) = Fil > H(gr’ (Vo)) C Fil*(gr’(¥y.0)) C -+ -
e C Fﬂ_1<gr0<\pg,!,0>> = gr0<\119,!,0)

whose graded pieces gr="(gr’(¥,..)) are zero except if there exists t
such that tg;(0) = d in which case with the notation of 4.2.2 and

(4.1.5),

gr_i (gro(\PQ7!7C)) ~ @ PFiH,*,c(ta 7Tv)-

v €Cusp(o,i)



LOCAL ITHARA’S LEMMA 45

We denote by (Fillk(\:[/g7!7c))0<k<r the filtration of gr’(¥,,.) obtained
above such that its graded pieces grr*(¥,, .) are irreducible after tensor-
ing with Q;. We also denote by

Fill* (U ) == PHO Fill* (0, ).

Using (4.0.2) and arguing by induction we obtain the Z/{Z&l—version of
theorem 4.1.6.

4.2.4. Theorem. — As a Z[Py(F,) x D)y x Wg,]-module, the succes-

sive graded pieces grr® (u;{gﬁ) are such that there exists i, m, € Cusp(o,1)
and t such that tg;(0) = d with

grrk (ug,&,lfree) ~I'cpw (ﬂ'U) )

with Tgpw(my) ~ Tg(m,) @ T'p @ Ty (m,) where

— I'p (resp. T'w ) is a stable lattice of m,[si(0)]p (resp. Ly, o) (m));

— D' is isomorphic to a stable Py(F,)-equivariant lattice of Stg, (o) ()
such that every irreducible subspace of its modulo | reduction, is
isomorphic to ri(Tha)-

The only difference from the previous section concerns the lattice I'g
which is obtained through

j;éc',*j;c/p+(ss)PRI,®(Si(Q) -1, Wu)(Q_Sgi(Q)) - p+H1i!c/PRI,®(5i(Q) -1, Wv)(%)

J

ot w e G (e e W gt c) Pri«e(si(0); ™)

and where, by induction, P*H', Pr; «(s:(0) — 1,7rv)($) is given by

I, x (ﬂy{l_‘;i(g)})|pgi(g)(pv) where by the induction hypothesis I’ is a

Plsi(0)-1)g: (o) (Fo)-equivariant lattice of Sty )—1(m,{2}) such that every
subspace of its modulo [ reduction is isomorphic to 7;(7,4). The persis-
tence of non-degeneracy property then follows from the exactness of &~
and ¥~ and from proposition 1.3.7.
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Remark: Tt is not so easy than in the previous situation, to identify the
lattice as now we only have the following commutative diagram

Stsi(0) (M) 1 Par)

1—s; 1—s;4
I x (mf 2(9)})\ i(0)(Fv) (F/G X 2(9)})\Pd(Fv)

\

LTT("U (Sl<g) - 27 1)|Pd(Fv)

4.2.5. Corollary. — Any irreducible P,(F,)-equivariant subspace of

ungree ®7z, F,, is non-degenerate and so isomorphic to Tnq.

4.3. Other orders of cohomology groups. — As the situations of
Z/Id 1=% and Vd 149 are dual, consider for example the case of Z/{d 1=9 for
) > 0. Remember the strategy explained in the introduction of §4 which
consists in computing PH %W, through the spectral sequence

B = PH g () = PHITEW,,

associated with some filtration Fil*(V,) of ¥,. For 6 > 0 we now need
to consider all the perverse sheaves and not only those supported on the
supersingular locus. In the previous sections, arguing inductively on the
Lubin-Tate spaces, we essentially understood the lattices but now the
question is about the positions of the Harris-Taylor perverses sheaves
which is solved in [10].

Start again from

0= JretzeVo —> ¥y —> Wy — 0,
and with the filtration of Fil}(V,,.) with graded pieces gr:gi(9)+1(\1197!76)

which can be refined as before, such that to obtain graded pieces
grr* (W, o) verifying

Pjoatt g @ g (W)

4 Qg (Vo) 4

N 1940) =90 gk (),

with grr*(W,1.) ®z Q; ~ P(t,7,)(45%). In [10], we prove
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_ gl‘rk(\I’g,*,c) ~ pj:!tfi(g)jcztgi(g)y*grrk(\1197!76)’

— and the sheaf cohomology group of grr, (¥, . .) are free.
In particular for a supersingular point z, the spectral sequence computing
H0tV, ~ H %W, . through the H*i*grr*(¥,. ), degenerates at E.
Note then that the Py(F),)-lattice is given by the induced representation

I'g x Speh, (m, {22 =0 = 1y

2

where

- FG is a stable P(Si(g)_(;)gi(g)(Fv)—lattice of St(si(g)—5)gi(g)(Fv)(7TU) such
that any irreducible subspace is isomorphic to 7,4;

— Spehg(m,) has, up to isomorphism, only one stable G'Lsg, o (F})-
stable lattice.

Like in the previous sections, we then obtain the following description of
Ug&l_‘s, which is free by the main result of [10].

4.3.1. Proposition. — As a 7,[Py(F,) x D}y X Wg,]-module, u;z&p(s
has a filtration with successive graded pieces grrk(ug&}ﬁ‘ie) where there
are an associated i, m, € Cusp(p,i) and t such that tg;(0) = d and

gr (U2 = Tapw (),

with Tgpw(my) ~ Tg(m,) @ T'p @ Ty (m,) where

— I'p (resp. T'w ) is a stable lattice of m,[si(0)|p (resp. Ly, o) (mv));
— T is isomorphic to a stable Py(F),)-equivariant lattice of LTy, (s;(0)—
0 — 1;,0) such that any irreducible Py(F,)-equivariant subspace of

I'c ®7 ) has order of derivative equal to g;(0).

Remark: consider the case where s = —1, that is go(g) does not divide
d. Then we see that the non-degeneracy property which would advocate
that irreducible subspaces of UZ&P‘; Q7 F; should be the less possible
degenerate among all the others, is no longer true for 6 > 0, even more
this is the exact opposite as g¢;(p) is the smallest derivative order of
all irreducible subquotients of (I'¢ X Spehg(wv{si(g)%})) ®z, Fi. One
way to keep trace of the non-degeneracy property might be the following
statement which follows trivially from the isomorphism (7 x7)®) ~ 7() x
7 for 7 (resp. m) a representation of P;(F,) (resp. GLs(F,)), and the

short exact sequence (1.3.10).
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4.3.2. Proposition. — Let T be an wrreducible subspace of the modulo
[ reduction of I'g x Spehé(m{si(g)%}). Then 79 js non-degenerate.

To sum up, we have seen that an irreducible subspace of (FG X

Spehé(wv{si(g)%})) ®7, Fi is necessarily with derivative order g;(o),
but among all of them it is the less degenerated one.

5. Automorphic congruences

The class number formula for number fields (resp. the Birch-
Swinnerton-Dyer conjecture) asserts that the order of vanishing of the
Dedekind zeta function at s = 0 of a number field K (resp. the order
of vanishing at s = 1 of the L-function of some elliptic curve E over a
number field K) is given by the rank of its group of units (resp. by the
rank of the Mordell-Weil group F(K)). Both of these statements can
be restated in terms of the rank of Selmer groups and is generalized for
p-adic motivic Galois representations in the Bloch-Kato conjecture.

Since the work of Ribet, one strategy to realize a part of this con-
jecture is to consider some automorphic tempered representation II of a
reductive group G/Q and take a prime divisor [ of some special values of
its L-function. We try then to construct an automorphic non tempered
representation Il of G congruent to II modulo [ in some sense so that
such an automorphic congruence produces a non trivial element in some
Selmer group.

For G a similitude group as in §2.2, in [13] we show how to produce
automorphic congruences from torsion classes in the cohomology of Shy
with coefficients in the local system V.. For example,

— see corollary 2.9 of [13], to each non trivial torsion cohomology
class of level I, we can associate an infinite collection of non iso-
morphic weakly congruent irreducible automorphic representations
of the same weight and level but each of them being tempered.

— In section 3 of [13], we obtained automorphic congruences between
tempered and non tempered automorphic representations but with
distinct weights.

— In [15], using completed cohomology, we construct automorphic
congruences between tempered and non tempered automorphic rep-
resentations of the same weight but without any control of their
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respective level at [ which might be an issue to construct then non
trivial elements in some Selmer groups, cf. loc. cit.

Another way to interpret the computations of [15], is to say that,
whatever is the weight &, if you take the level at [ large enough, then the
cohomology groups of your KHT Shimura variety with coefficients in V¢
can not be all free, there must exist some non trivial cohomology classes.
The main aim of this section is then to find explicit conditions for the
existence of non trivial cohomology classes with coefficients in V¢, with
the control of the level at [.

5.1. Cohomology groups over Q;. —

5.1.1. Definition. — (cf. [24]) For Il an automorphic irreducible rep-
resentation &-cohomological of G(A), then, see for example lemma 3.2
of [12], there exists an integer s called the degeneracy depth of 11, such
that through the Jacquet-Langlands correspondence and base change, its
associated representation of GLq(Ag) is isobaric of the following form

,u|det|% Hﬂ,u|det|% Hﬂ---HﬂMdeﬂ%l

where i is an irreducible cuspidal representation of G Lq/s(Ag).

Remark: For a place v such that G(F,) ~ GL4(F,) in the sense of our
previous convention, the local component II, of II at v is isomorphic
to some Speh,(m,) where m, is an irreducible non degenerate represen-
tation, s > 1 is an integer and Speh (m,) is the Langlands quotient of
the parabolic induced representation m,{5*} x m, {352} x - - - x m, {51 }.
In terms of the Langlands correspondence, Speh,(m,) corresponds to

oc®o(l)®--- D o(s— 1) where o is the representation of Gal(F/F)
associated with 7, by the local Langlands correspondence.

5.1.2. Notation. — For w, an irreducible cuspidal Q,-representation
of GLy,(F,) and t > 1 such that tg < d, write

i . irqn=t —tg %
Hlv(oo),!J(ﬂ-vv t7 é) = IEI} Hc<Sh]v(gn)7§U7E7 ‘/ﬁ ® jmg P<7Tv7 t)H)
and its induced version

Hio ooy (o5 1,€) 1= lim HY(ShE ) o Ve @ j=9* P(m,, 1))

~ Hiviooy 1 (T t) X by, 4(5,) GLa(Fy).
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We also consider

Hjo (o) 1 (0, ,€) 1= lim HZ(Sh>tg Ve @ P(my, 1))

I?(n),50,1¢g°
and

Hi<ﬂ-v7 t7 é)IU(OO)y - hm HZ<Sh>tg ‘/f ® P(’TFU, ))

Iv(n),5y?
~ Hiv ooy 1a1 (T 1) X by, a(ry) GLa(Fy).

In this section we only consider the Q;-cohomology groups and we
recall the computations of [8].

5.1.3. Notation. — Let ']TS be the image of T%,. inside

2d—2

D tim H'(Sh1s. Vi)

=0 T
where the limit concerned the ideals I which are mazximal at each places
outside S.

For TI°**" an irreducible representation of G(A*"), consider the
set S of finite places w of Q such that G, I and II°**" are unrami-

fied at w, We then consider II**" as a bes module and we denote

by [H} U(m).(wv,t,g)]{nw v} the associated T2, -isotypic component of
H}v(w),(ﬂv,t,g). We will use similar notations with the cohomology

groups introduced above. Consider now a fixed irreducible cuspidal
representation m, of GL4(F,).

5.1.4. Proposition. — (cf. [12] §3.2 and 3.3) Let 11 be an irreducible
automorphic representation of G(A) which is &-cohomological and with
degeneracy depth s > 1.

— Ifs =1 then [Hlv(oo) (7, 8, §){IT"} and[ ( ) (T, 1, {0}
are all zero for i # 0. Fori =0, if [Hj, ., (m, t, {11} # (0)
(resp. [Hp oo 1 (7o, £, E{TI} £ (0)) then

HU ~ Stk(ﬂ'v) X H;,

where I/ is any irreducible representation, 7, is inertially equivalent
tom, and k <t (resp. k=1).
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— For s > 1, and 11, ~ Speh,(m, x 7)) for @l any irreducible rep-
resentation of GLa- sg(F), then [H}'v( X (ﬂy,t E){IIv}  (resp.
[H}v(oo) (T, B, f)]{HOO v}) is mon zero if and only if i = s — 1 and
t>s (resp. t=sandi=s—1 mod 2 with |i| <s—1).

Remark: In [12], we give the complete description of these cohomology
groups.

5.2. Torsion for Harris-Taylor perverse sheaves. — From now
on, we fix an irreducible supercuspidal F;-representation ¢ and all the
irreducible cuspidal QQ;-representation 7, considered will be of type ¢. In

[11], using the adjunction maps Id — j="j="* we construct a filtration

of stratification
0 = Fil,%(m,, IT,) C Fill *(m,,IL,) C - -- C Fil%(m,, I1,) = j; Y HT (,, IT,),

with free gradutates gr"(m,, II;) := Fil,"(m,, II,)/ Fil,"~!(x,, II;) which
are trival except for r = kg — 1 with ¢t < k < s and then verifying

P gHT(wv,Hthtk () ® 2R/
— grifkg@%’ Ht) -
PR T (0, T X Sty () @ EER/2

where we recall that <, means a bimorphism, i.e. both a mono and a
epi-morphism, whose cokernel has support in Sh>kg+1.

Remark: In [10], we in fact proved that each of these graded parts are
isomorphic to the p-intermediate extensions.

5.2.1. Lemma. — When g =1, i.e. m, = X, 1S a character, then for
all 1 <t < d, whatever is the representation 11y of GLi(F,), we have

tHT(X’U?Ht) = p+ tHT(XmHt)

Proof. — For m, a character, the associated Harris-Taylor local system
on Sh;f; is just the trivial one Z; where the fundamental group Hl(Sh;’;)

acts by its quotient Hl(Sh;s) — Dy, with D, acting by the character

. Then as Sh— T is smooth over Spec F,,, then this Harris-Taylor local

system shifted by the dimension d — h, is perverse for both t-structures
p and p+, in particular the two 1ntermed1ate extensions are equal. O
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Remark: One of the main result of [10] is that this equality of perverse
extensions remains true for every Harris-Taylor local systems associated
with any irreducible cuspidal representation m, such that its modulo [
reduction is still supercuspidal, i.e. is of p-type —1.

5.2.2. Proposition. — For any representation I1; of GLi(F),), we have
the following resolution of Pji." HT (X, I1;)

t—s

}) x Speh,_,(x.{t/2})) ® EST_t ...
— GEVHT (Yo, I {—1/2} x yo{t/2}) ® 22 —
G HT (X, 1) — PitHT (X0, 1) — 0. (5.2.3)

0 — jr HT (x, II{

Proof. — As explained in [10], the statement is equivalent to the free-
ness of the sheaf cohomology groups of ?ji-' HT (., I1;) which is trivial
when Y, is a character. Indeed, as the strata Shlszgm1 are smooth, then
the constant sheaf, up to shift, is perverse and so equals to the interme-
diate extension of the constant sheaf, shifted by d — h, on Sh;’fgvﬂ. In
particular we have trivially the following resolution

L= %1) & Spehy ,(1,{t/2}) @ T — -

— GTYHT (1, T, {-1/2} @ 1,{t/2}) @ 22 —
j,:tHT(lv, Ht) — pj!thT(lv, Ht) — 0,

0 — jrHT(1,,I,{

where we recall that Spehg(1,) is the trivial representation of G'Ls(F,).
The resolution (5.2.3) is then just the induced version of the previous
one twisted by x,, as HT(xy, [1;) is the HT(1,,I1;) where the action of
the fundamental group factors through

m1(Sh7s,) — D;tﬂFUX.
O

Remark: In [10], we prove the previous resolution more generally for
every irreducible cuspidal representation m, of GL4(F,),

s—=t

0 — j=9HT(r,, T, X Speh, ,(m,)) ® =T — -+ —»
P HT (Y Spehy(r,)) © 2! — - T, 11 m) @ 2
s JTYHT (7, 1) — " HT (7, TL,) — 0, (5.2.4)

N
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which is again equivalent to the property that the sheaf cohomology
groups of 7§ HT (r,, ;) are torsion free.

In [13] we prove that torsion classes arising in some cohomology group
of the whole Shimura variety, can be raised in characteristic zero to some
automorphic tempered representation of G(A) in the following sense.

5.2.5. Definition. — A torsion class either in Hiv(oo) (T, 6, E)m
or in Hliv(oo)!(ﬂy,t,f)m; is said tempered &-cohomological if there
exists an irreducible automorphic and &-cohomological tempered rep-

resentation 11 unramified outside I and p with 11> a sub-quotient of
lim_,,, Hdil(Sh]v(n)ﬁ, ‘/57@1)"1'

From now on we denote by o a IF;-character of F.* which could be, if we
admit the results of [10], any irreducible IF;-supercuspidal representation
of GLy ,(p)(F,). We will write the statements and the proofs in the
general case. We moreover suppose that

d = g_1(0)m(o)l"

and we will pay attention to irreducible G L,(F},)-sub-quotients of either
Hio ooy 1 (Tos &, Omll] o8 Hio (o) 1(T0, T, §)mll], isomorphic to py,.

5.2.6. Lemma. — Consider m,; € Cusp;(0) fori > —1. Suppose there
ezists a GLq(F,)-irreducible sub-quotient of Hy, ). (v, t,E)ull] (resp.

H}v(oo)7!(7rv7i,t,§)m[l]), isomorphic to p,, then j € {0,1} (resp. j =1).

Proof. — (a) Consider first the case of i = —1. We argue by induc-
tion frqm t =s=mo)l" tot =1 With both Hy, )11 (To-1,8,
and H}U(M)J*(m,,l,t,g)m. Concerning va(oo),!*(wv,,l,t,g)m, recall that,

as m,—1 € Cusp_;(0) so that(” whatever is the representation II, of
GLtgfl(g)<Fv)a

PisYHT (1 1, T1) =~ PT5 9 HT (1, 1, T1),

then we only have to consider the case j < 0. By Artin’s theorem, see for
example theorem 4.1.1 of [6], using the affiness of Shigv, we know that
H’

T (00) (7,1, t,&)m is zero for every j < 0 and is torsion free for j = 0.

(Mef. the lemma 5.2.1 for a character and [10] for the general case.
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- Note first that for t = s, then HT'(m, _1, II;) has support in dimension
zero, so that H}‘U(OO)J*(?TM,l, $,8)m = }‘U(Oo),!(mﬁl, S, &)m is zero for j # 0
and free for j = 0, so the result is trivially true.

- Suppose by induction, the result is true for all ¥ > ¢ and consider
the case of H;v(oo)7!*(7rv7_1, t,&)m through the spectral sequence associated
with the resolution (5.2.3). Note first that concerning irreducible sub-
quotients of the [-torsion of the cohomology groups which are G'Ly(F,)-
isomorphic to p,,, then we can truncate (5.2.3) to the short exact sequence
of its last three terms.

0 - 5 VI T (ry T K 1) @ 52—
G HT (1, 1y) — P39 HT (7,1, 11;) — 0. (5.2.7)

Then considering our problem for va(oo) (o 1,8, Em, for j < —1,
there is no torsion with an irreducible sub-quotient isomorphic to
pu. We are then done with H}v(oo) (Mo —1,1,&)m.  The result about
Hﬁv(oo),!@vﬁlvtv &)m, then follows from the long exact sequence associ-

ated with (5.2.7) using the fact that for j = 0, it is torsion free.

(b) Consider now the case i > 0. Recall, c¢f. [20] proposition 2.3.3,
that the semi-simplification of the modulo [ reduction of ,;[t|p, does
not depend of the choice of a stable lattice, and is equal to

m(Q)l'~1 ;

-1
Y oMl g
k=0

where 7 is the modulo [ reduction of m, 1 [tm(e)l']p which is irreducible,
and 7{n} := 7 ® ¢ "4 where nrd is the reduced norm. In particular
for any representation II; of G Ly, ,(,)(F,), we have

m(@)U'F 7™ O O BT (x, ,10)| = (o)t ™ O [FHT (-, TT)|
— jrtei@ [IE‘HT(WM,H)] _ F[jftgi(g)HT(m,i,H)}, (5.2.8)

where F(e) = o @% F;. By the computation of [8] §5, we note that

for j > 0, the irreducible sub-quotients of H7(Shys,,j; CHT (m, 1, 11,) ®
V§)®Zl@l are not tempered except if t = s—1 and j = 1. Then concerning
sub-quotients isomorphic to p,, the only case where it can appeared in the
modulo [ reduction of some irreducible sub-quotient of the free quotient
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of H/(Shrs,,ji “HT (7,1, 11;) ® V) is when either (Z,5) = (s — 1,1)
or j = 0. The result about Hy, (vt §)m(l] then follows from the

previous case where i = —1 using (5.2.8) and the following wellknown
short exact sequence

0 — H"(X,P) ®z, F, — H"(X,FP) — H""1(X,P)[l] — 0,

for any [F;-scheme X and any Z;-perverse free sheaf P.

Then the result about the cohomology of ? j;tg HT(m,;,11;) follows from
the resolution analog of (5.2.7), and the case of P*j " HT(r,;,11;) is
obtained by Grothendieck-Verdier duality. O

5.3. Tempered and non tempered congruences. —

5.3.1. Proposition. — Let Il be an irreducible automorphic cuspidal
representation of G(A) verifying the following properties:

— it is £-cohomological with non trivial invariant under some fized
lel;

— its degeneracy depth is equal to s > 1;

— its local component at v is isomorphic to Spehy(m,) with m, €
Cusp(o, —1) and where® d = g,(0) for some u > 0.

Denote by m the mazimal ideal of T; associated with II. Then for any
w € Spl such that I, is maximal, and distinct from [, there exists an
irreducible tempered representation II(w) of G(A) such that:

— 1t 158 £-cohomological,

— of level I(w) = I"I, where I, is the subgroup of elements of
GL4(Oy) which, modulo the mazimal ideal of O, belong to the
parabolic subgroup Py 4(k(w));

— II(w) is weakly m-congruent to I in the sense it shares the same
multiset of Satake’s parameters than 11 outside I(w).

Remark: In particular for s = 2, as in Ribet’s proof of Herbrand theorem,
we should obtain a non trivial element in the Selmer group of the adjoint
representation of the Galois F;-representation associated with m.

Thanks to the main result of [13], it suffices to prove that under the
previous hypothesis, the torsion of H'(Sh;z,, Ve[d — 1])w is non trivial.
Note moreover that II(w), looks like Sta(Xw) X Xw1 X -+ X Xuwa—2 for
unramified characters X, Xw,1," " s Xw,d—2-

(®)For , the trivial character, the hypothesis d = gu(0) for u = 0 is equivalent to ask
that the order of ¢ € [F;, which is the cardinal of the residue field of F),, is equal to d.
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Proof. — Thanks to the main result of [13], it suffices to prove that
under the previous hypothesis, the torsion of H'(Shyz,, Ve[d — 1)) is
non trivial. To do so, consider the spectral sequence

EP? = H?*(Shys,, grry D) = HP*9(Shy g, Veld — 1))

associated with the filtration Fill}, of W,. Up to translation we may
suppose that E7"? = 0 for all p < 0.

— The first idea to construct torsion classes, could be to find some
non trivial torsion classes in the Ej-page, i.e. in the cohomology of
the Harris-Taylor perverse sheaves. For example in [12] proposition
4.5.1, we prove that if the modulo [ reduction of such r, is cuspidal
but not supercuspidal, then, for a well chosen level, the cohomology
groups of the associated Harris-Taylor perverse sheaves, can not be
all free, so there is torsion on the F; page. Unfortunately it seems
not so clear that such torsion cohomology class remains in the F.-
page.

— The idea is then to produce torsion in the F5 page by finding a map
d}? with

— dy ez Q —

B @7, @ ——— Bl 07 Q

Q@ = Q'
such that the Z;-lattices of  and Q' respectively induced by £
and EP"™? are not isomorphic.

First note that over Q:

— By ®z, Q has a direct factor isomorphic to (II***)" @ Sty(m,) ®

L(m,)(452) where we recall that the contragredient of L(r,) is the

Galois representation attached to m, by the local Langlands corre-
spondance;

—d;"" Q7 @Q, induces a injection from the previous direct factor into

a direct factor of By """ which, as a representation of GL4(F,), is
parabolically induced from Ps_1)y_,(0),a(£y) to GLg(F,).

. . . DX e Ta—
From the last remark of the previous section, ind ( o o PHOE]™" as
v,d v

a GLg4(F,)-representation, has a sub-space isomorphic to I'¢(m,) where
[g(m,) is a stable lattice of Sty(m,) such that p, is the only irreducible
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sub-representation of I'g(m,) Rz, Q;. Moreover we know that Py, Can not
be a sub-space of a parabolically induced representation. From these
facts we conclude that the torsion of E; """ is non trivial and more
precisely that p, is a sub-quotient of E;""[l].

If p, as a sub-quotient of E;""""[I] remains a subquotient of EL [I]
then we are done. Suppose by absurdity it is not the case. First about
the free quotient E}'%, . of the £, we know from® [8] that:

— if p, is a sub-quotient of {7, . ®7 F, with p+ ¢ # 0, then grr, ) is
isomorphic to some P(m,, s;(0) — 1) with 7, € Cusp(p,i) and then
p+q==l o

— for k > 2 and p + q # 0, as the QQ;-spectral sequence degenerates
in Ep and that for n # 0, ET, ® @Q,; does not have a tempered
sub-quotient, then p, is never a sub-quotient of E’¢, . ®7, F,.

Then there must exist (p, ¢) and a torsion class in (EVf,, )m with p+q = 2
such that p, is a sub-quotient of its [-torsion which contradicts lemma
5.2.6. O
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