GALOIS IRREDUCIBILITY IMPLIES
COHOMOLOGY FREENESS FOR KHT
SHIMURA VARIETIES
by

Boyer Pascal

Abstract. — Given a KHT Shimura variety with an action of its un-
ramified Hecke algebra T, we proved in [6], see also [9] for other PEL
Shimura varieties, that its localized cohomology groups at a generic max-
imal ideal m of T, appear to be free. In this work, we obtain the same
result for m such that its associated galoisian F;-representation pm is
irreducible, under the hypothesis that [F(exp(2in/l) : F] > d where F
is the reflex field, d the dimension of the KHT Shimura variety and [ the
residual characteristic.
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Introduction

From Matsushima’s formula and computations of (&, K, )-cohomology,
we know that tempered automorphic representations contributions in
the cohomology of Shimura varieties with complex coefficients, is con-
centrated in middle degree. If you consider cohomology with coefficients
in a very regular local system, then only tempered representations can
contribute so that all of the cohomology is concentrated in middle
degree.

For Z;-coefficients and Shimura varieties of Kottwitz-Harris-Taylor
types, we proved in [16], whatever is the weight of the coefficients, when
the level is large enough at [, there are always non trivial torsion coho-
mology classes, so that the F;-cohomology can not be concentrated in
middle degre. Thus if you want a F;-analog of the previous Q,-statement,
you must cut off some part of the cohomology.

In [6] for KHT Shimura varieties, and more generally in [9] for any PEL
proper Shimura variety, we obtain such a result under some genericness
hypothesis which can be stated as follows. Let (Shg)xca@ax) be a tower,
indexed by open compact subgroups K of G(A™), of compact Shimura
varieties of Kottwitz type associated to some similitude group G: we
denote by F' = EF7 its reflex field where F'* is totally real and F/Q
is an imaginary quadratic extension. Let then m be a system of Hecke
eigenvalues appearing in H™ (Shg x »F,F;). By the main result of [18],
one can attach to such m, a mod [ Galois representation

From [9] definition 1.9, we say that m is generic (resp. decomposed
generic) at some split p in E, if for all places v of F' dividing p, the set
{M\1, -, Ay} of eigenvalues of pn(Frob,) satisfies \;/)\; ¢ {¢'} for all
i # j (resp. and are pairwise distincts), where ¢, is the cardinal of the
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residue field at v. Then under the hypothesis() that there exists such
p with m generic at p, the integer ny above is necessary equals to the
relative dimension of Shg. In particular the H'(Shg XpF, Z)m are all
torsion free.

In this work we consider the particular case of Kottwitz-Harris-Taylor
Shimura varieties Shx of [14] associated to inner forms of GL,. Exploit-
ing the fact, which is particular to these Shimura varieties, that the non
supersingular Newton strata are geometrically induced, we are then able
to prove the following result which appears to be useful at least for our
approach of Thara’s lemma, cf. [7].

Theorem — We suppose that [F(exp(2in/l) : F| > d Let m be a
system of Hecke eigenvalues such that py, is irreducible, then the localized
cohomology groups of Shy with coefficients in any Z;-local system Ve, are
all free.

Note that Koshikawa, cf. [15], starting from [6] and using techniques
from group theory, proved a similar result in low dimension.
Remark. Thanks to the hypothesis [F(exp(2im/l) : F'| > d and by Ceb-
otarev theorem, we can pick places v of F' such that the order ¢, of the
residue field of F' at v, is of order strictly greater than d in (Z/IZ)*. This
property is used at three places in the proof.

— For a place v as above, there is no irreducible cuspidal representation
my, of GLy(F,) with g > 1 such that its modulo [ reduction has
a supercuspidal support made of characters, cf. the remark after
1.1.4. This simplification is completely harmless and if one wants
to take care about these cuspidal representations, it suffices to used
the proposition 2.4.2 of [5].

— With this hypothesis we also note that the pro-order of GL4(O,) is
invertible modulo [ so that, concerning torsion cohomology classes,
we can easily pass from infinite to maximal level at v, cf. for example
the lemma 3.1.13.

— Finally in the last section, we are able to construct a sequence of
intervals contained in the set of eigenvalues of p,,(Frob,) so that at
the end we obtain a full set {A¢)) : n € Z} which is of order the

(WIn their new preprint, Caraiani and Scholze explained that, from an observation
of Koshikawa, one can replace decomposed generic by simply generic, in their main
statement.
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order of g, modulo [ which is trivially absurd if this order is strictly
greater than the dimension d of p,,.

The proof takes place in four main steps.

(1) First we analyse the torsion in the cohomology of Harris-Taylor
perverse sheaves at some place v with infinite level at another place w.
The main observation which rests on the symmetric role of both v and w,
cf. corollary 3.3.12, is that, considering [-torsion as a F;-representation of
GL4(F,), then we never encounter any irreducible generic sub-quotient
with cuspidal support made of characters.

(2) As one can compute the cohomology of the Shimura variety through
the spectral sequence associated to the exhaustive filtration of stratifica-
tion Fill*(W,) of the vanishing cycles perverse sheaf, where the E; terms
are given by the cohomology groups of the Harris-Taylor perverse sheaves,
we then observe that the various lattices of H]‘Zr_ele(Sh & XpF, Ve o, ) given
by the integral cohomology, are only slightly modified from the ones given
by the cohomology of the Harris-Taylor perverses sheaves, in the sense
that the [-torsion of the cokernel measuring the difference between two
such lattices, as a representation of GL4(F),), does not have any irre-
ducible generic sub-quotient with cuspidal support made of characters,
cf. proposition 3.3.15.

(3) However if the torsion sub-module of H4~!(Shg x o F, Ve7z, )m Were
not trivial, we prove, using the geometrical induced structure of the New-
ton strata , that it must exists m such that the lattices of the previous
point, are not isomorphic, cf. lemma 3.3.3

(4) Finally in §3.4, for any m < m, then H9!(Shg xpF, Vez,)m in-
duces a quotient stable lattice I'y of (H]}‘S)K ® pw. As p,, is supposed to
be irreducible, then this lattice is isomorphic to a tensorial product of a
stable lattice of (IIX)* by a stable lattice of pz. Then the idea is to start
from the filtration of the free quotient of H4*(Shx xpF, Ve7z )m given
by the filtration of the nearby perverse sheaf, so that, using diagrams as
3.4.1, we arrive at ['z. In the process we are able to construct an increas-
ing sequence of interval contained in the set of eigenvalues of p,, (Frobv)
so that at the end we obtain a full set {\¢) : n € Z} which is of order the
order of ¢, modulo [ which is, by hypothesis, strictly greater than the
dimension of p,,, which is absurd.

We refer the reader to the introduction of §3 for more details.
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1. Recalls from [6]

1.1. Representations of GL4(K). — We fix a finite extension K/Q,
with residue field F,. We denote by | — | its absolute value.
For a representation 7 of GLy(K) and n € 1Z, set

ﬂ_{n} = 7r®q7nvalodet.

1.1.1. Notations. — For m and my representations of respectively

GL,,(K) and GL,,(K), we will denote by

GLn1 +ng (K)

. no ni
T % Ty = indp U “1{3} ®7T2{_7}’

the normalized parabolic induced representation where for any sequence
r=0<r <ry<---<ry=d), we write P, for the standard parabolic
subgroup of G L4 with Levi

GL,, X GLyy_yp, X -+ x GLy, _p, .

Recall that a representation ¢ of GL4(K) is called cuspidal (resp.
supercuspidal) if it is not a subspace (resp. subquotient) of a proper
parabolic induced representation. When the field of coefficients is of
characteristic zero then these two notions coincides, but this is no more
true for ;.

1.1.2. Definition. — (see [22] §9 and [3] §1.4) Let g be a divisor of
d = sg and 7 an irreducible cuspidal Q,-representation of GL,(K). The
induced representation

W{lgs}XW{ggs}x---xw{S_l

}

holds a unique irreducible quotient (resp. subspace) denoted Sts(m) (resp.
Speh () ); it is a generalized Steinberg (resp. Speh) representation.

Moreover the induced representation St,(m{5"}) x Speh,(7{L}) (resp.
of Ste—1(m{=5=}) x Speh, ., (7{51}) ) owns a unique irreducible subspace
(resp. quotient), denoted LT, (t —1,r).

Remark. These representations LT, (t — 1,r) appear in the cohomology
of the Lubin-Tate spaces, cf. [2].
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1.1.3. Proposition. — (cf. [21] II1.5.10) Let w be an irreducible cus-
pidal representation of GL,(K) with a stable Z-lattice® | then its modulo
[ reduction s irreducible and cuspidal but not necessary supercuspidal.

The supercuspidal support of the modulo [ reduction of a cuspidal rep-
resentation, is a segment associated to some irreducible Fj-supercuspidal
representation o of GLy_,(,)(F,) with g = g_1(0)t where ¢ is either equal
to 1 or of the following shape t = m(p)!* with u > 0 and where m(p) is
defined as follows.

1.1.4. Notation. — We denote by m(p) the order of the Zelevinsky
line {0(0) : d € Z} of o if it is not equal to 1, otherwise m(o) = .

Remark. When p is the trivial representation then m(1,) is either the
order of ¢ modulo [ when it is > 1, otherwise m(1,) = [. We say that
such 7, is of p-type u with u > —1.

1.1.5. Notation. — For o an irreducible F,-supercuspidal representa-
tion, we denote by Cusp, (resp. Cusp,(u) for some u = —1) the set of
equivalence classes of irreducible Q,-cuspidal representations whose mod-
ulo | reduction has for supercuspidal support a segment associated to o

(resp. of o-type u).

Let u > 0, m,,, € Cusp,(u) and 7 = 7, [s]p. Let then denote by ¢ the
image of Speh,(p) by the modulo [ Jacquet-Langlands correspondence
defined at §1.2.4 de [11]. Then the modulo [ reduction of 7 is isomorphic
to

m(T) 1

L{_%}@L{_W}@...@L{%} (1.1.6)

where ({n} := 1 ® g "valonrd,

We want now to recall the notion of level of non degeneracy from [1] §4.
The mirabolic subgroup M,(K) of GL4(K) is the sub-group of matrices
with last row (0,---,0,1): we denote by

Vd(K) = {(mi,j € Pd(K) : mm = 51'7]' fOI'j < 77,}

its unipotent radical. We fix a non trivial character ¢ of K and let

be the character of V;(K) defined by 6((m;;)) = ¢(mg—14). For G =

()We say that 7 is integral.
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GL,(K) or M,(K), we denote by Alg(G) the abelian category of algebraic
representations of G and, following [1], we introduce

U™ s Alg(My(K)) — Alg(GLa-1(K), ™+ Alg(Ma) — Alg(My-1(K))

defined by ¥~ = ry, 1 (resp. &~ = ry,9) the functor of V;_; coinvari-
ants (resp. (Vy_1,0)-coinvariants), cf. [1] 1.8. We also introduce the
normalized compact induced functor

Ut = iv,1 : Alg(GLd—l(K)) - Alg(Md(K)),
O 1= iyg: Alg(My1(K)) — Alg(My(K)).

1.1.77. Proposition. — ([1] p451)
— The functors W=, U, &~ and ®T are exact.
— P oUt =TV 0dt =0.
— U~ (resp. ®F) is left adjoint to ¥t (resp. ®~) and the following
adjunction maps
Id — & PF, L — S
are 1somorphisms meanwhile

0—®d"d" —Id — VU™ — 0.

1.1.8. Definition. — For 7 € Alg(My(K)), the representation
r®) .= ¢~ o ((IJ_)k_l(T)

is called the k-th derivative of 7. If T®) # 0 and 7™ =0 for all m > k,
then 7%) is called the highest derivative of T.

1.1.9. Notation. — (cf. [22] 4.3) Let m € Alg(GL4(K)) (or m €
Alg(My(K)). The mazimal number k such that (Tar,m)™ # (0) is
called the level of non-degeneracy of m and denoted by \(w). We can also

iterate the construction so that at the end we obtain a partition A\(m) of
d.

1.1.10. Definition. — A representation m of GLq(K), over Q, or I,
is then said generic if its level of non degeneracy \(m) is equal to d.
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Remark. Over Q,, an irreducible generic representation of G'Ly(K) looks
like Sty, (71) %+ - - xSty (7,) where 7y, - - -, m, are irreducible cuspidal repre-
sentations. Note moreover that the modulo [ reduction of any irreducible
generic representation owns a unique generic irreducible sub-quotient.

1.2. Shimura varieties of KHT type. — Let F' = F''E be a CM
field where E/Q is quadratic imaginary and F'*/Q is totally real with a
fixed real embedding 7 : F™ < R. For a place v of F, we will denote by

— F, the completion of F' at v,

— O, the ring of integers of F},,

— w, a uniformizer,

— @, the cardinal of the residual field x(v) = O,/(w,).

Let B be a division algebra with center F, of dimension d? such that
at every place x of F', either B, is split or a local division algebra and
suppose B provided with an involution of second kind = such that «x is
the complex conjugation. For any § € B*=~!, denote by f5 the involution
x — 2% = Br*4! and let G/Q be the group of similitudes, denoted by
G, in [14], defined for every Q-algebra R by

G(R) ~{(A,g) € R* x (B ®q R)" such that gg* = A}
with B = B®p,. F'. If x is a place of Q split x = yy° in E then

G(Q,) = (B xQy ~Q x| [(B7), (1.2.1)

2

where, identifying places of F'* over x with places of F over y, z = [ [, 2
in ',
Convention: for x = yy° a place of QQ split in £ and z a place of F' over
y, we shall make throughout the text, the following abuse of notation by
denoting G(F) in place of the factor (B%)* in the formula (1.2.1).

In [14], the authors justify the existence of some G like before such
that moreover

— if z is a place of Q non split in E then G(Q,) is quasi split;
— the invariants of G(R) are (1,d — 1) for the embedding 7 and (0, d)
for the others.
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As in [14] bottom of page 90, a compact open subgroup U of G(A®) is
said small enough if there exists a place x such that the projection from
U’ to G(Q,) does not contain any element of finite order except identity.

1.2.2. Notation. — Denote by T the set of open compact subgroups
small enough of G(A*). For I € I, write Shy, — SpecF for the
associated Shimura variety of Kottwitz-Harris-Taylor type.

1.2.3. Definition. — Denote by Spl the set of places v of F' such that
Py = v # | is split in E and let B ~ GL4(F,). For each I € I, we
write Spl(I) for the subset of Spl of places which does not divide 1.

In the sequel, v and w will denote places of F' in Spl. For such a place
v, the scheme Sh; , has a projective model Shy ,, over Spec O, with special
fiber Shy,. For I going through Z, the projective system (Shy,)rez is
naturally equipped with an action of G(A*) x Z such that any w, in the
Weil group W, of F, acts by — deg(w,) € Z, where deg = valo Art™! and
Art™! : W ~ FX is the isomorphism of Artin sending the geometric
Frobenius to uniformizers.

1.2.4. Notations. — For I € I, the Newton stratification of the geo-
metric special fiber Shy s, is denoted by

>l >2 >d
Shys, =:Shy;, > Sh7; > --- 2 Shrg

where Sh;’;ﬂ = Shigv — Shi;‘jl 1s an affine scheme, smooth of pure di-
mension d — h built up by the geometric points whose connected part of
its Barsotti-Tate group is of rank h. For each 1 < h < d, write

;. =h =1 >h | =h =h
Zh . Sh[,gv — Sh[7'§1}, j . Sh[,gv — Sh[7§v7

and j=" =iy 0 52",

Let 0y : E < @, be a fixed embedding and write ® for the set of
embeddings ¢ : F < Q; whose restriction to F equals oy. There exists
then, cf. [14] p.97, an explicit bijection between irreducible algebraic
representations & of G over Q; and (d+ 1)-uple (ag, (@5)se0) where ag € Z
and for all o € ®, we have a, = (4,1 < -+ < a,q). We then denote by

‘/gvil
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the associated Z;-local system on Shz. Recall that an irreducible auto-
morphic representation I is said £-cohomological if there exists an integer
¢ such that

H'((Lie G(R)) @& C,U, L, ® ") # (0),

where U is a maximal open compact subgroup modulo the center of G(R).
Let dé(Hoo) be the dimension of this cohomology group.

1.3. Cohomology of the Newton strata. —

1.3.1. Notation. — For1 < h < d, letZ,(h) be the set of open compact
subgroups
o v Iy, 0
Uv(ma h) L Uv(m ) X ( 0 Ky(ml) ) 9
where K,(my) = Ker(GLg—n(0,) —> GLa_p(O,/(w™))). We then de-
note by [H'(h, )] (resp. [H}(h,&)]) the image of

lim HI(SBZ" | Vigld=h])  resp. lim H'(ShZ’ ., jZMV, g [d—h])
1T, (h) 1T, (h)

inside the Grothendieck Groth(v,h) of admissible representations of
G(Aoo) X GLd,h(FQJ X 7.

Remark. An element o € W, acts through — deg o € Z and T1,,, o(Art ™' (o).
We moreover consider the action of GLj(F,) through valodet
GLy(F,) — Z and finally P, 4(F,) through its Levi factor GLj(F,) x
GLgy_1(F,), i.e. its unipotent radical acts trivially.

From [6] proposition 3.6, for any irreducible tempered automorphic
representation IT of G(A) and for every i # 0, the II*"-isotypic compo-
nent of [Hi(h,&)] and [H{(h,&)] are zero. About the case i = 0, for II
an irreducible automorphic tempered representation £-cohomological, its
local component at v is generic and so looks like

I1, ~ Sty (mp1) X - X Sty (Tpu),

where for ¢ = 1,--- ,u, m,; is an irreducible cuspidal representation of
est une GL,, (F)).
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1.8.2. Proposition. — (cf. [6] proposition 3.9) With the previous no-
tations, we order the m,; such that the first r-ones are unramified char-
acters. Then the TI™°-isotypic component of [H°(h,&)] is then equals
to

1
(@Y s ) (Y 10 e xn'?)
T el (1) 1<k<r: ty=h
where
— Ker'(Q, G) is the subset of elements of H'(Q, G) which become triv-
ial in HY(Qy, G) for every prime p';
- Hg;k) = Sttl (Xv,l) X ~><Sttk_1 (Xv,k—l) XSttkH (Xv,k+1) X ’XSttu (qu)

and )
- 2:3Z— Z, is defined by 2(3) = qéd.

— Ug(TT™) is the set of equivalence classes of irreducible automorphic
representations I of G(A) such that (II')*? ~ II*.

Remark. In particular if [H°(h, )] has non trivial invariant vectors under
some open compact subgroup I € Z,(h) which is maximal at v, then the
local component of II at v is of the following shape Sty (xu1) X X2 X
-+ Xv,d—h Where the x,; are unramified characters.

1.3.3. Definition. — For a finite set S of places of Q containing the
places where G is ramified, denote by TS, := [ Logs Twavs the abstract
unramified Hecke algebra where Ty qps ~ Ty X"™(T) "= for T, a split
torus, W, the spherical Weyl group and X*(T,) the set of Z-unramified

characters of T,.

Example. For w € Spl, we have
']Tw,abs = Zl[,-z—‘w,i D= ]-7' o ad]a

where T, ; is the characteristic function of
i d—i

—_——
GL4(Oy) diag(wy, -+, @w, L, -+, 1)GLg(Oy) € GL4(Fy).
1.3.4. Notation. — Let T? be the image of TS, inside

abs
2d—2 ]
@ lim H'(Shy 5, Veg,)

=0
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where the limit is taken over the ideals I which are maximal at each
places outside S. For I an open compact subgroup maximal at each
places outside S, we will also denote by T}q’g the image of T%,. inside
Hd_l(ShL,—,,Vg@l).

Let state some remarks about these Hecke algebras.

— In [6], we proved that if m is a maximal ideal of T¢ such that there
exists ¢ with H*(Shyz,V; 7 )m # (0) for I maximal at each places
outside S, then (']I'g9 Jm # (0), i.e. torsion cohomology classes raise in
characteristic zero. In particular to define ']I‘i5 there is no difference
taking cohomology with Z; or Q, coefficients, and consider torsion
classes or only the free quotients.

— As explained in the introduction, we will consider maximal ideals m
such that p,, is irreducible so that the Qm;-cohomology groups are
all concentrated in middle degree, i.e. in degree 0 if we deal with
perverse sheaves.

— With the notations of §2.2 about the Harris-Taylor local systems, in
[3], we proved that, except for the G Ly(F,)-action, the irreducible
sub-quotients of the Q,-cohomology groups of jZ“HT(r,,11;) or
PicHT (7, 11;) are also sub-quotients of the cohomology of Shy ;.
Moreover their torsion classes also raises in characteristic zero. In
particular if m is such that p,, is irreducible, then the image of ']I‘?
inside H°(Sh; s,, i HT (m,, I1;) ) factors through ']I'?X for I’ such
that (I')Y = I. The same is also true for 57 HT(m,,II;). In the
case where 7, is a unramified character, then you can take I for
the Iwahori subgroup of GL4(O,).

The minimal prime ideals of ']I‘? are the prime ideals above the zero
ideal of Z; and are then in bijection with the prime ideals of ']T? ®z
Q. To such an ideal, which corresponds to give a collection of Satake
parameters, is then associated a unique near equivalence class in the sense
of [20], denoted by 1, which is the finite set of irreducible automorphic
cohomological representations whose multi-set of Satake parameters at
each place x € Unr(7), is given by Si(z) the multi-set of roots of the
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Hecke polynomial

iGi=1)

d
Pﬁl,w(X) = 2(_1)1quTw,i,r71Xd_i € @l[X]
i=0
le.
Sa(w) :=={Xe ']T? ®z, Q;/m ~ Q; such that Py, (\) = 0}.
Thanks to [14] and [20], we denote by
pa : Gal(F/F) — GLy(Q)

the Galois representation associated to any II € Il;. Recall that the
modulo [ reduction of pz depends only of m, and was denoted above py,.
For every w € Spl(I), we also denote by Sy (w) the multi-set of modulo [
Satake parameters at w given as the multi-set of roots of
d ii=1) _
Pow(X) =D (=1)'qu ® T, X" e FY[X]

1=0

le.
Sm(w) :=={X € T?/m ~ I, such that Py, ()\) = 0}.
Using the arguments of [10] and following [18] V.4.4, we then deduce

the existence, for Galg g the Galois group of the maximal extension of F’
unramified outside S, of

peam  Galps —> GLg((T)m) (1.3.5)

interpolating the ps, so that in particular for all w ¢ S, det(1 —
X Froby, |pm) is equal to the Hecke polynomial.

Remark. In [18], the author constructs py : Galgs — GLa((T§)w/J)
where J is a nilpotent ideal but it seems from incoming work that on can
arrange J to be zero.

2. About the nearby cycle perverse sheaf

Our strategy to compute the cohomology of the KHT-Shimura variety
Shy ; with coefficients in V; 7 , is to realize it as the outcome of the nearby
cycles spectral sequence at some place v € Spl.
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Note that the role of the local system V; 7 associated to ¢ is completely
harmless when dealing with sheaves: one just have to add a tensor prod-
uct with it to all the statements without the index £. In the following we
will sometimes not mention the index £ in the statements to make for-
mulas more readable. Of course when looking at the cohomology groups,
the role of V; 7 is crucial as it selects the automorphic representations
which contribute to the cohomology.

2.1. The case where the level at v is maximal. — By the smooth
base change theorem, we have H'(Shyz,,Ve) ~ H'(Shrs,, Ve). As for
each 1 < h < d — 1, the open Newton stratum Sh;gv is affine then
HZ(Sh;’;ﬂ, Vez,[d — h]) is zero for i < 0 and free for i = 0. Using this
property and the following short exact sequence of free perverse sheaves

. >h -=h,

E— valJSh?gv [d - h] — O,
we then obtain for every ¢ > 0

0 — H7(Sh7y,, Vez [d = h]) — H7'(Sh7e ", Veg [d = h —1]) — 0,
(2.1.1)
and for ¢ = 0,

0 — H'(Sh7" Vezld—h]) — HO(Shz"*+! Vezld—h—1]) —

1,5, 1,5, >
HOSIE 757V, [0 h) — OGS Vi d = A) = -
(2.1.2)

1,5, 1,50

In [6], arguing by induction from h = d to h = 1, we prove that for a
maximal ideal m of ']I‘? such that Sy, (v) does not contain any subset of the
form {«, g,a}, all the cohomology groups Hi(Shigv, Ve 7, )m are free: note
that in order to deal with ¢ > 0, one has to use the Grothendieck-Verdier
duality.

Without this hypothesis, arguing similarly, we conclude that any tor-

sion cohomology class comes from a non strict map

ngree<ShI>,]§1:r17 ‘/g,zl [d —h— 1])"1 - HO(ShI),gLN.j!ZhjZM*‘/f,Z [d - h’])m
(2.1.3)
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In particular it raises in characteristic zero to some free subquotient of
HO(Sh" 57777V, 5, [d — W),

We argue by absurdity and we suppose there exists I € Z such that
there exists non trivial torsion cohomology classes in the m-localized
cohomology of Shy z, with coefficients in V; 7 . Fix such finite level I.

2.1.4. Proposition. — (cf. [6] lemme 4.13) Consider ho(I) mazimal
such that there exists i € 7 with H ) “(Sh/ho(l) Vez )mior # (0).

1,5,
Then we have the following properties:

—i=0,1;
— forall1 < h < ho(I) and i < h —ho(1),

Hd h+Z<ShI>];U 5Zl)m tor — (0)
while for i = h — ho(I) it is non trivial.

Remark. Note that any system of Hecke eigenvalues m of T? inside the

torsion of some H'(Sh;z,, Ve 7,) raises in characteristic zero, i.e. is asso-

Sufv}

ciated to a minimal prime ideal m of T, ~"". More precisely, using the

remark following the proposition 1.3.2, there exists m < m such that the

local component at v of 7y is isomorphic to Stu.(r+1(Xv) X Xva X -+ X
Xov,d—ho(I)—1 Where Xu, Xu,1, ", Xv,d—ho(1)—1 are characters of F*.

2.2. Harris-Taylor perverse sheaves over Z;. — Consider now
the ideals [’(n) := I"K,(n) where K,(n) := Ker(GL4s(O,) —

GLy(O,/M?2)). Recall then that ShI:Uh(n),gv is geometrically induced
under the action of the parabolic subgroup P 4(O,/M?2), defined as the
stabilizer of the first h vectors of the canonical basis of F?. Concretely
this means there exists a closed subscheme ShI:vh(n%gmﬁ stabilized by the

Hecke action of P, 4(F),) and such that
ShI:”fzn),s - Shl_”(n ),5v,11 X Ppa(Ou/M3) GLd( U/MZ)’

meaning that ShI:U( )5, 1s the disjoint union of copies of Sh[v(n ) 5o Th in-

dexed by GL4(O,/M?P)/Pa(O,/ M%) and exchanged by the action of
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2.2.1. Notation. — For any g € GL4(O,/ M)/ Py a(O,/M?), we de-
note by Shlzvh(n%gmg the pure Newton stratum defined as the image of

Sh;h(n)ﬁvﬂ by g. Its closure in Shro(y s, s then denoted by Shih(n)jv,g.

Let then denote by m” the multiset of Hecke eigenvalues given by m
but outside v and introduce for II;, any representation of G L (F})

H'(Shr) o Vezme @I = i HY(ShE ) o Vg o ® I,
as a representation of GLy(F,) x GLg_p(F,), where g € GLy(F,) acts on
II;, as well as on H i(ShI)vll(n) 5,7 Ve7,)me through the determinant map
det : GLn(F,) — F). Note moreover that the unipotent radical of
Py 4(F,) acts trivially on these cohomology groups. We then introduce

their induced version

i > - 1GLg(Fy i =
H (S 0 T ® Vg, e = indRl 0 HSHZ! -V, 7 e @ T

hod (Fo)
More generally, with the notations of [2], replace now the trivial rep-
resentation by an irreducible cuspidal representation m, of GL,(F),) for
some 1 < g <d.

7§’U71h’

2.2.2. Notations. — Let1 <t < s:=|d/g| and I1; any representation
of GL4_14(Fy). We then denote by

tg—d
2

HT\(m,, 11,) = L(m[t]p)r @ TL @ =

I:t,g — where
ySv,ltg
— L(my[t]p)s; is defined thanks to Igusa varieties attached to the rep-

resentation m,[t|p of the division algebra of dimension (tg)? over F,

the Harris-Taylor local system on the Newton stratum Sh

associated to Sty(m,) by the Jacquet-Langlands correspondence,
—-=:i7z ZX defined by Z(3) = q'?.

— o 5
We also introduce the induced version

HT(m,,11,) := (c(m[t]D)E@ant@E%) X by o) GLa(F),

where the unipotent radical of Py 4(F,) acts trivially and the action of

= (% )0 € G x Pyu(R) < W,

1S given
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d

—tg—d

— by the action of g5 on 11, and deg(o,) € Z on 277 , and
— the action of (g™, g, val(det g¢)—deg 0,,) € G(A™")x G L4—1y(F,) x

tg—d

Z on Lg, (m[t]lp)5; ®E"7 .

We also introduce
HT (my, )y, o= HT (o, ) [d — tg],
and the perverse sheaf
P(t,m,)5,; = jr  HT (m,, Sty(m,) )1, @ L),
and their induced version, HT (m,,I1;) and P(t,,), where
j=" =" 07" : Shit < Sh7% — Shyj,

and 1LY, the dual of L, is the local Langlands correspondence. Finally we
will also use the indice & in the notations, for example HT¢(m,,11;), when
we twist the sheaf with V7 .

With the previous notations, from (1.1.6), we deduce the following
equality in the Grothendieck group of Hecke-equivariant local systems

m(o)l" [M@ (m,u[t]D)] - [M&Z (m,,l[tm(g)z"]D)]. (2.2.3)

We want now to focus on the perverse Harris-Taylor sheaves. Note first
that over Z;, there are two notions of intermediate extension associated
to the two classical {-structures p and p+. So for every m, € Cusp, of

GLy(F,) and 1 <t < d/g, we can define:
Pi Y HT (m,, 1) <» . PYi- Y HT (7, 1), (2.2.4)

the symbol <, meaning bimorphism, i.e. both a monomorphism and
epimorphism, so that the cokernel for the ¢-structure p (resp. the kernel
for p+) has support in SthQH. When 7, is a character, i.e. when
g = 1, the associated blmorphlms are isomorphisms, as explained in the
following lemma, but in general there are not.

2.2.5. Lemma. — With the previous notations, we have an isomor-
phism
‘71 I*HT(Xval_‘[h) p+j1>hl*HT(Xv7Hh)-
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Proof. — Recall that Sh>h I is smooth over SpeCIF As, up to a modi-
fication of the action of the fondamental group through the character y,,
we have

HT (xo, 1)y, [h — d] = (Z)wm _®IL.

1
Then HT(xy, 1)1, is perverse for the two t-structures with

ST HT (X, ) € PD0 and i’f_f“"HT(XU, )€ ""D>".
0

Remark. One of the main result of [5], is the fact that the previous lemma
holds for any 7, € Cusp,(—1).

As explained in the introduction, with the hypothesis on the order
of g, modulo [ which is supposed to be strictly greater than d, for p the
trivial representation, we do not need to bother about the representations
m, € Cusp,(u) for u = 0, cf. the remark after 1.1.4.

2.3. Filtrations of the nearby cycles perverse sheaf. — Let de-

note by®
— d—1
¥, = RY, @l - 1))

the nearby cycles autodual free perverse sheaf on the geometric special
fiber Sh; s, of Sh;. We also denote by W, := ¥, ® V&Z'

Using the Newton stratification and following the constructions of [8],
we can define a Z;-filtration Fill*(¥,) whose graded parts are free, iso-
morphic to some free perverse Harris-Taylor sheaf. Moreover, by de-
noting Scuspg, (g) for the set of inertial equivalence classes of irreducible
[F;-supercuspidal representations of GL,(F,), in [5] proposition 3.1.3, we
proved the following splitting

(—Cé (—B v, (2.3.1)

=1 QEScusp[F (9)

with the property that the irreducible sub-quotients of
\IIQ ®Zl @l = @ \:[17“’

ﬂveCuspg

(3)We decide not to add T in the list of indexes.



GALOIS IRREDUCIBILITY IMPLIES COHOMOLOGY FREENESS 19

are exactly the perverse Harris-Taylor sheaves, of level I, associated to
an irreducible cuspidal Q,-representation of some GL,(F,) such that the
supercuspidal support of the modulo [ reduction of 7, is a segment asso-
ciated to the inertial class p.

Remark. In [5], we proved that if you always use the adjunction maps
4"j="* — Id then all the previous graded parts of ¥, are isomorphic
to p-intermediate extensions. In the following we will only consider the
case where p is a character in which case, cf. lemma 2.2.5, the p and
p+ intermediate extensions associated to character x, _; € Cusp,(—1),
coincide. Note that in the following we will not use the results of [5].

Denoting by grr*(U,,) := Fill*(¥,,)/Fill* ! (¥,,), we then have a
spectral sequence
EP" = HP9(Shy g, grr (V) = H**9(Shy ;.. Vez,), (2.3.2)
where we recall that
1—t+2
2

P i HT (0, Ste(m))(

P HT (o, Ste(m))( ) = gt (Uey) >y
1—t+2:
2
for some irreducible cuspidal representation m, of GL,(F,) with 1 <t <

d/g and 0 <i < |d/g| — 1.
Let consider now the filtration of stratification of W, , constructed

using the adjunction morphisms j5=*5=%* as in [4]

Fill (We,p) - Filj (Ug,p) - Filf (Ue,) > - > Fil] (Ug,,)

where the symbol <} means a monomorphism such that the cokernel

), (2.3.3)

is torsion free which here means that Filj(W, ,) is the saturated image of
Jrtj=h e , —> We ,. We then denote by grf (U ,) the graded parts and

EP = Herq(ShI,gmgr;p(q%@» = Herq(ShLﬁm q’&@)- (2.3.4)

Lo,
Remark. Over Q,, in [4] we prove that Filf (¥, ,) ®z, Q; is Ker N* where
N is the monodromy operator at v. Moreover there is only one filtration
of stratification of grf(¥¢,) which we denote simply by Fil*(grf (¥ ,))
in the following. Over Q;, Fil*(grf(W¢ ,,)) coincides with the filtration
through the iterated image of N, i.e. gr"(grf(¥e,,)) = Im N” n Ker N*
so that we recover the usual bi-filtration of monodromy of [2].
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3. Irreducibility implies freeness

Recall that we argue by absurdity assuming there exists non trivial
cohomology classes in some of the Hi(sh]ﬂ?,‘/%’zl)m. The strategy is
then to choose a place v € Spl; such that the order of ¢, modulo [ is
strictly greater than d, and to compute the middle cohomology group
Hd_l(ShLﬁ,V&Z)m through the spectral sequence of vanishing cycles.
This spectral sequence gives us in particular a filtration of the free quo-
tient of H4~!(Shy 5, Ve 7, )m We will in fact consider different sorts of level
I relatively to the place v and another one denoted w verifying the same
hypothesis as v:

— either with infinite level at v or with I, some particular Iwahori
subgroup;
— either maximal or infinite at w.

Remark. From now on, the localization at m, means that we prescribe
the modulo [ Satake’s parameters as usual, but outside {v, w}.

By hypothesis, there exists non trivial torsion cohomology classes in
level I with I, and I, maximal. As moreover we supposed the order of
both ¢, and g, is strictly greater than d, then the functors of invariants by
any open compact subgroups either at v or w, is exact. Thus this allows
us to argue similarly with all the mentioned level, cf. lemma 3.1.13. Let
now explain the main steps of the following sections.

(a) Following the arguments of the previous section, we first analyse the
torsion cohomology classes of Harris-Taylor perverse sheaves with infinite
level at v, and we deduce, cf. lemma 3.1.15, that, as F;-representations of
GL4(F,), irreducible sub-quotients of the [-torsion of their cohomology
in infinite level at v, with highest non degeneracy level, appears in degree
0,1.

(b) In §3.2, considering always infinite level at v, we analyse the torsion
cohomology classes of the graded parts gr{(¥,) of the filtration of strat-
ification constructed using the adjunction property j='j="* — Id. We
then deduce, cf. lemma 3.2.5, that the [-torsion of H'(Shyv(x) s, Vez)m
does not have, as a Fj-representation of G Ly(F,), any irreducible generic
subquotient whose supercuspidal support is made of characters.

(c) In section 3.3, we obtain two fondamental results.
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— First, cf. lemma 3.3.3, under the hypothesis that there exists non
trivial torsion cohomology classes, we show that the graded pieces I';,
of the filtration of the free quotient of H°(Shyv(s) s, , Ve 7,)m are not
always given by the lattice of H%(Shr,, Pe(t, xo)(252))m ®z, Q
given by the integral cohomology of P(t, x,). Roughly there exists
some k and a short exact sequence I'y <— I'y, — T where I'y is the
lattice given by the integral cohomology of the associated Harris-
Taylor perverse sheaf, and T is non trivial and torsion.

— We then play with the action of GL4(F,,) by allowing infinite level at
w. The main observation at the end of the section, cf. proposition
3.3.11, is that as a Fj-representation of G'Ly(F,), all the irreducible
sub-quotients of the [-torsion of T, up to multiplicities, are also sub-

quotients of the [-torsion of the global cohomology. In particular,
as v and w are playing symmetric roles, these sub-quotients are not
generic, cf. corollary 3.3.12.

(d) In §3.4, the last step is to prove, under the absurd hypothesis
that there exists non trivial torsion cohomology classes while p,, being
irreducible, then Sy (v) contains a full set {Ag) : n € Z} which is of order
the order of g, modulo [. As this order is supposed to be strictly greater
than d, this is absurd. For more insight on the strategy to prove this fact
using the previous properties about lattices, we refer to the introduction
of §3.4.

3.1. Torsion classes for Harris-Taylor perverse sheaves.— We
focus on the torsion in the cohomology groups of the Harris-Taylor per-
verse sheaves P¢(x,,t) when the level at v is infinite.

3.1.1. Notation. — We will denote by I°(x0) € T a finite® level out-

side v, and we also denote by m the maximal ideal of ']I‘?U{v} associated

tom, i.e. we do not prescribe the modulo | Satake’s at v. Let also denote

Hi(ShI“(OO),Evazl)m = hlp Hi(Sthv,Zl)m,
I

which can be viewed as a Zy[GLy(F,)]-module.

(Y and morally infinite at v
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3.1.2. Proposition. — We have the following resolution Ofpj!thT(Xm 1,)
t — S ,_‘sft
}> X Spehd_t(){v{t/Q})) R=E2 —s -

— T HT (xo, T {—1/2} x xo{t/2}) @ 2
jzthT(XvaHt) — pj;tHT(XmHt) — 0. (3.1.3)

0— j!:dHT(Xv7 Ht{

NI

—

Note that

— as this resolution is equivalent to the computation of the sheaves
cohomology groups of Pj;;" HT ()., Sta(X.)) as explained for example
in [5] proposition B.1.5 of appendice B, then, over Q,, it follows from
the main results of [2].

— Over Z;, as every terms are free perverse sheaves, then all the maps
are necessary strict.

— This resolution, for a a general supercuspidal representation with
supercuspidal modulo [ reduction, is one of the main result of [5]
§2.3.

Proof. — For the case of a character y, as above, the argument is almost
obvious. Indeed as the strata Sh?v]fgml are smooth, then, cf. the proof of
the lemma 2.2.5, the constant sheaf, up to shift, is perverse and so equals
to the intermediate extension of the constant sheaf, shifted by d — h, on
Shﬁ%ml. In particular its sheaves cohomology groups are well known so
that the resolution is completely obvious for pjlih’?!*HTg(Xu, Str(xy)) if
one remember that Speh,(x,) is just the character x, o det of GL;(F}).
The stated resolution is then simply the induced version of the resolu-
tion of ¥ jlih}j!*H T, (Xv, Str(Xo)): recall that a direct sum of intermediate
extensions is still an intermediate extension. O

By the adjunction property, the map

o _5 =
]!_H‘SHT(XM Ht{7}) x Spehs(x{t/2})) ® =9/2

_5 s

}) x Spehy_; (xo{t/2})) ® =2

— Jr T HT (X, T (3.1.4)
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is given by

5 _
HT (xo, {—-} x Speh; (x0{t/2})) ®E"? —

1-9 -1

PiCHSL T (T 0) x Spebyy (oft/2) ®2'% (3.15)
We have then

1) x Spehs_, (o {t/2}) @22

1 (Spehs_ (xo{—1/20) el ) (1/2) )@=,
(3.1.6)

Pt T T (e, T
1-9

~ HT(XU,IL{

Indeed one can compute Pi"*1'i="HT(y,,I1,) through the spectral
sequence associated to the exhaustive filtration of stratification of
G HT (X, TTy)
(0) = Fil’(x, h) = Fil *(x, h) = ---
— Fil™"(x, h) = 7" HT (x0, 1) (3.1.7)
with graded parts, using 2.2.5 and [4],

(e, ) = T HT (o T @ St O/ 20)) (50,

2
As remarked before the sheaf cohomology groups of
PR (0, T {—k/2} < Sty,(x0) (7/2))

are torsion free, so, by the Grothendieck-Verdier duality, the same is true
for

PP GER T (3, T {—k/2} X Str(x0)(R/2)).

The statement follows then from the fact that, over Q;, the previous
spectral sequence degenerates at .
Remark. This property is also true when we replace the character y, by
any irreducible cuspidal representation m,, cf. [5].
Fact. In particular, up to homothety, the map (3.1.6), and so those
of (3.1.5), is unique. Finally as the map of (3.1.3) are strict, the given
maps (3.1.4) are uniquely determined, that is if we forget the infinitesimal
parts, these maps are independent of the chosen ¢ in (3.1.3).

We want now to copy the arguments of §2.1.



24 BOYER PASCAL

3.1.8. Notation. — For every 1 < h < d, let denote by i;.(h) the
smaller index i such that H (Shyo(o0) 5., Pdis" H Tt (X, 111) )m has non trivial
torsion: if it doesn’t exists then set ijo(h) = 400.

Remark. By duality, as Pj;* = P*j=" for Harris-Taylor local systems
associated to a character, note that when i;(h) is finite then i (h) <
0. Note also that, using the classical determinant map, it is in fact
independent of the character x,. However we do not need this fact in
the following.

3.1.9. Notation. — Suppose there exists I € T such that there exists
1 < h <d with ijo(h) finite and denote by ho(I1V) the bigger such h.

hog(I¥)+1—h
2

3.1.10. Lemma. — For 1 < h < ho(IV) then ifo(h) = h — ho(I").
Moreover Frob, acts by x,(Frob,)q,

Proof. — Note first that for every ho(I¥) < h < s, then the cohomol-
ogy groups of ji"HT¢(x., 1)) are torsion free. The ¢-associated spectral
sequence associated to the filtration (3.1.7), localized at m, is then con-
centrated in middle degree and torsion free.

Consider then the spectral sequence associated to the resolution
(3.1.3): its Ey terms are torsion free and it degenerates at Es. As by
hypothesis the aims of this spectral sequence is free and equals to only
one F5 terms, we deduce that all the maps

_ — -
H® (Shye o) 5,037 HTe (o, Thi{—-}) x Spebs (xu{t/2}) ®2"%), —

s 1—-96
HO(Shlv(oo),gvathﬂS IHTﬁ(XvaHh{ 5 1)

x Spehs_; (. {t/2})) ® =T )  (3.1.11)

are strict. Then from the previous fact stressed after (3.1.6), this property
remains true when we consider the associated spectral sequence for 1 <
h < hy.
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Consider now h = ho(I") where we know the torsion to be non trivial.
From what was observed above we then deduce that the map

—ho(I? ~1 . _
HO (Shreo 031" HTe (o, Thatre {5 1) < ol ho(17)/2)) ©V2),

— HO(Shpvpey s, HTe (x0, Mho(r)),,  (3.1.12)

has a non trivial torsion cokernel so that i;(ho(IV)) = 0.

Finally for any 1 < h < hg, the map like (3.1.12) for h+0 —1 < hq are
strict so that the H (Shyv(u) 5, Piis HTe (Xo, IIn) )m are zero for i < h— hg
while when h + 9 — 1 = hy its cokernel has non trivial torsion which gives
then a non trivial torsion class in H" ™" (Shyv(e) 5, Zire HTe (Xo, 1) -

U

3.1.13. Lemma. — With the notation of 2.1.4, we have ho(I') >
ho(I).

Proof. — Consider the previous map (3.1.12) by replacing ho(I") by
ho(I). As by hypothesis the order of ¢, modulo [ is strictly greater than
d, then the pro-order of the local component I, of I at v, is invertible
modulo [, so that the functor of invariants under I, is exact. Note then
that, as the [,-invariants of the map (3.1.12) when replacing ho(I") by
ho(I), has a cokernel which is not free, then the cokernel of (3.1.12), for
ho(I), is also not free. O

Remark. The main reason to go to infinite level at v is to be able to use
the notion of level of non degeneracy which will be convenient but we
will have to deal with the possibility that ho(/¥) might be strictly greater
than ho(I) so that appear extra torsion classes with no interest for us.

From the previous proof, we also deduce that all cohomology classes
of any of the H'(Shyv(e0)5,, Pe(t, Xv))m comes from the non strictness of
some of the map (3.1.12) where II, := St;(x,). In the following we will
focus on H*(Shrv(e) 5., Pe(t, Xo))m[l] as a Fj-representation of GLg(F,).
More precisely we are interested in irreducible such sub-quotients which
have maximal non-degeneracy level at v.
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3.1.14. Notation. — Let first fix such non degeneracy level A\ for
GL4(F,) in the sense of notation 1.1.9, which is mazximal for tor-
sion classes in H°(Shro(w) 5,5 Pe(t, Xo))mll] for various 1 <t < d and
Xv € Cusp,(—1).

Remark. As mentioned after 3.1.8, for the definition of A, you could also
consider any fixed y, € Cusp,(—1).

3.1.15. Lemma. — Let o be a F;-character of F and x, € Cusp_, (0.
Then all F;|GLy(F,)]-irreducible sub-quotients of H' (Shre (o) 5, Pe(t, m0) )m[ L],

for1v # 0,1, have a level of non degeneracy strictly less than .

Remark. Recall that we only know, a priori, that the P(¢,m,) only verify
Pi Y HT (1, Ste(my)) <> 4 P(t,my) <>, PY 5 HT (1, Sty(m,)).

Proof. — It easily follows from the observation that the level of non
degeneracy of the modulo [ reduction of Speh;(x,) >~ X, is strictly less
than those of the modulo ! reduction of St,(x,) which is irreducible as
the order of ¢, modulo [ is strictly greater than d > h. O

Remark. The general case where m, € Cusp,(¢) for u > 0 is also
true. One first have to deal with Pji ' HT, 5 (0, 11;)[d — t], ie. if
H'(Shyo() s, Pie HT 5,(0, 11)[d — t])m and then use the equality of
proposition 2.4.2 of [5].

3.2. Global torsion and genericity. — Recall that v € Spl is such
that the order of ¢, modulo [ is strictly greater than d. Let denote by
IV the component of I outside v. We then simply denote by ¥, and
U, ¢, the inductive system of perverse sheaves indexed by the finite level
1V1, € T for varying I,,.

For 7, € Cusp,, let denote by

Filf (¥,) — Fill . (T,)

such that Fili (V,) ®7 @l Fil} (U,.) where ¥, is the direct factor of
U, ®7, Q associated to T, cf. [4].

Remark. In the following, we will mainly be concerned with the case
where 7, is a character y,. We will then write the main statement in
this case.
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Recall the following resolution of Filin(ﬁ/ o)

_ d—1
0 — jr*HT (0, Spehy(x,)) @ L(xo(——)) —

2
4 d—2
G HHT (X, Spehy— (%)) ® Lxo(—5=)) —

- J HHT (X, X0) ® L(xo) — Filj, (¥,) — 0 (3.2.1)

which is proved in [4] over Q;. I claim it is also true over Z;. Indeed,
using 2.2.5, it is equivalent to the fact the sheaf cohomology of Fil,l,Xv (V,)
are torsion free which follows then from [17], the comparison theorem of
Faltings-Fargues cf. [13] and the main theorem of [12].

Remark. In [5], we prove the same resolution for any irreducible cuspidal
representation m, in place of y,,.

As in notation 3.1.1, let m be the maximal ideal of T?U{v} associated
to m. We can then apply the arguments of the previous section so that
Hi(ShIU(OO),gv,Fil,lvxqj(\llg,g))m has non trivial torsion for i = 1 — ¢, and
with free quotient zero for ¢ # 0. Clearly we can also repeat the same
arguments for the other gri(V,) — gr{ (V¥,) with

‘_ d—2t+1
0= G HT (x0, LTy, (t = 1,d = 1) ® Lxo(—5—)) —
G HT (o LT (1= Ld = t = 1) ® L(xu(=—5 ) —

- —> T HT (X0, Ste(x0)) @ L(xw) — g, (¥,) — 0. (3.2.2)

Finally all the torsion cohomology classes of the H'(Shyv(e0) 5, 811 ., (W) )m
come from the non strictness of the maps

H(Shyo(ee),s,, g0 T HT (Yo, it )m — H(Shro(eoy s, 57 HT (X, i)

(3.2.3)

where (ITy, [Tp,1) is of the shape <LTXU (t—1,h—t), LTy, (t—1, h+1—t)).

We can then copy the proof of lemma 3.1.10 which gives us the follow-
ing statement.

3.2.4. Lemma. — For every 1 < h < hy, the number i;(h) = h —
ho of notation 3.1.8, is also the lowest integer © so that the torsion of
H(Shyo(e) 5,811, (Poe) Jm is non zero.
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3.2.5. Lemma. — As a Fi[GLy(F,)]-module, for every i, the I-torsion
of H'(Shyv (0.5, Ve 7,)m, does not have an irreducible generic sub-quotient
whose cuspidal support is made of characters.

Remark. Note that when the order of g, modulo [ is strictly greater than
d, then there is no difference between cuspidal or supercuspidal support
made of characters.

Proof. — Recall first that, as by hypothesis py is irreducible, the Q-
version of the spectral sequence (2.3.4) degenerates at F; so that in
particular all the torsion cohomology classes appear in the E; terms.
As we are only interested in representations with cuspidal support made
of characters, we only have to deal with the perverse sheaves P(t, x,) so
that the result follows from the previous maps (3.2.3) and the fact that
for any r > 0, the modulo [ reduction of LT, (t — 1,r) does not admit
any irreducible generic sub-quotient. O

Remark. We could also prove the same result without restriction on the
cuspidal support but then we would have to deal with the problem men-
tioned in the remark after lemma 3.1.15 which is the main subject of

[5].

3.3. Torsion and modified lattices. — Recall that we argue by ab-
surdity, assuming there exists Iy € Z unramified at the place v, such that
the torsion of some of the H'(Shy, s,, Ve 7 )m is non zero. We then denote
ho := ho(Iy), cf. proposition 2.1.4.

We want to study the free quotient of H%(Shy s,, Ve 7, )m, for some par-
ticular level I, through the spectral sequence of vanishing cycles. We first
focus on the cohomology of gr@v (V,e) for a character x, € Cusp_,(p)
which is by definition a quotient of gr®(¥,.). To do so, consider first
the filtration constructed in [4]

Fil'™"0 (g1 (U,¢)) < - < Fil'(gr (),

with successive free graded parts gri(gr!}f;U (¥,)) which, for i > 0, is a
7Zy-structure of the Q;-perverse sheaf P(hg + 1, xu)(lf—@“")-

For any finite level I € Z, we then now introduce two Z;-lattices of

HO(ShI,EwP&(hO +Z.7Xv))m ®Zl @l- (3'3'1)
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— The first one denoted by I'¢ ,, m(I, ho+17) is given by the free integral
cohomology: recall that as the order of ¢, modulo [ is supposed to
be strictly greater than d then the modulo [ reduction of Sty 1;(x»)
and that of x,[t]p, remains irreducible so that, up to homothety,
there is an unique stable lattice of Pe(ho + 17, Xy)-

— The spectral sequence associated to the previous filtration of
gr® (We,), provides a filtration of HY,  (Shys,. g1 (Ve ,))m and
Lenorm(L, ho + 4, ho) is then the lattice of the sub-quotient in this
filtration corresponding to (3.3.1).

By construction we have ¢\, w(L,ho + 1) — DTeyim(L, ho + 1, ko)

but the cokernel of torsion might be non trivial due to torsion in the
remaining of the F, terms.

3.3.2. Notation. — Let denote by

Iw,(ho) := {g € GL4(O,) such that
(9 mod w,) € Pro... pya(k(v)); }

Remark. For h = hg+1, then LT, (h,d—h—1) does not have non trivial
vector invariant by Iw, (hg). Moreover for m, an irreducible representation
of GLq_p(F,) with h = hg + 1, then LT, (ho— 1, h— hg) x m, admits non
trivial invariants vectors by Iw,(ho) if and only if 7, is unramified.

3.3.3. Lemma. — With the previous notations, there exists a finite
level I € T with I, ~ Iw,(ho), and a short exact sequence

0 — F&Xmm([? h,(] + 1) b Fﬁ,Xv,!,m([7 h,(] + 17 ho) — T — 0

where T # (0) and every irreducible sub-quotient of its l-torsion as a
T?,m ®z F;-module, can be obtained as a sub-quotient of the torsion sub-
module of the cokernel of

HO(ShI,gvaj!:hOHHTS(XvaSthoH(Xv)))m
s H(Shs 57 HTe(xy Staa () (3:3.4)

Proof. — The idea is to compute the cohomology of gr,ho(\I'&Xv) in two
different ways, first through the spectral sequence associated to (3.2.2)
and secondly through its filtration of stratification with graded parts the
Harris-Taylor perverse sheaves.
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To argue we will rest on the level of non degeneracy at v so that we
pass to I”(o0)-level: as g, modulo [ is of order > d taking invariant under
GL4(O,) is then an exact functor. First note that the I¥(co)-version of
(3.3.4) is non strict if and only if the same is true for its non induced
version in the next formula, whatever is I1,, a representation of G Ly, (F,)

HO<Sh1v(oo),§v,m7 jlz—ho!-i_lHTm,g(Xv, Hho & Xv))m

hg>
— H"(Shyu(eo)s, 1 j%f!Hng(XU,HhO))m, (3.3.5)

where we denote by ShIZhOH, — the disjoint union of the pure strata, cf.
U((X)),Sv,lho

notation 2.2.1, Shlzvh(gr),lgv, g contained in Shih((;o),gv,m' As usual the nota-

tion j%“l designates the closed embedding of Sh;h(g;r)lg —in Sh?vl(oo) .
0 »SvyLlhg sSv

Recall that hg in §2.1, is chosen so that, as a Z;[Py,.(F,)]-module, for
I}, unramified, using also the fact that g, modulo [ is of order > d so that
the functor of Py, 4(O,)-invariants is exact, then the cokernel of (3.3.5)
has non trivial vectors invariant under Py, 4(O,). We then deduce the
following facts, cf. also the remark after 3.3.2.

3.3.6. Lemma. — — With II,, = Stp,(xw), the cokernel of the in-
duced wversion of (3.3.5) has non trivial vectors invariant under
IWU(hQ).

— For h > hy, whatever are the representations I, and 11,1 of re-
spectively GL(F,) and GLp1(F,), the cokernel of

H(Shyo(eo),s,, 57" HTe(Xos Mr) I
— H(Shyo(o0) 50, 55 HTe (X0, 1) ), (3.3.7)

does not have non zero invariant vector under GL4(O,).

— For 1l = LT\, (ho—1,h—ho) and I} = LT, (ho—1,h—ho+1),
as in (3.2.3), the cokernel of the previous point does not have non
zero invariant vector under Iw,(ho).

We then compute the m-localized cohomology of gr{f;v(\ll&g) in level
I”(o0) having non trivial invariant under / with I, ~ Iw,(hg). By maxi-
mality of hg, note that for hy < t < d, the cohomology groups of (¢, x,)
and j~'HT¢(m,, LTy, (ho — 1,1 — hg)), after localization by m, do no have
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non trivial torsion vector invariant under Iw,(hg) as explained in the
previous lemma.

(1) Following the proof of 3.1.10 with the spectral sequence as-
sociated to (3.2.2) and neglecting torsion classes which do not have
non trivial vectors invariants by Iw,(hg), we then deduce that the
Hi (Shrv(e) s, €11° (Ve o ))m do not have non trivial vector invariant
under Iw, (ho) if i # 0,1 while for i = 0 the torsion is non trivial and the
vectors invariant by Iw, (hg) are given by the non strictness of

HO(ShIU(OO),Ewj!:h0+1HT5(va LTXv (hO - 17 1)))“‘1
— HO(Shyo)5, 57" HTe(Xos Sth (X)) Jm- (3.3.8)

(2) Concerning H°(Shyv(eo) 5, Pe(Xvs ho))m, its torsion submodule is
parabolicaly induced, so that beside those coming from the non strict-
ness of (3.3.8), there is also the contribution given by the non strictness of
(3.3.4), which contains in particular a subquotient, denoted T , such that
f[l] is of level of non degeneracy strictly greater than those appearing in
(3.3.8). Note moreover that T[] has non trivial vectors under Iw, (k).

(3) Consider then the cohomology of gr{f;v(\lf&g) computed through
its filtration of stratification with graded parts, up to Galois shifts, the
H(Shyv(o0 5., Pe(ho + K, Xu))m, for 0 < k < d— hg, and more particularly
the induced filtration of the free quotient of H°(Shyv(w) s, , grﬁiv(\lf&g))m
as before. As the level of non degeneracy of f[l] is higher than those
of the [-torsion of HO(Shp}(OO),gv,Filﬁ;v(\llg,g))m, computed through the
spectral sequence associated to (3.2.2), we then have a filtration of this
free quotient where both appears

— torsion modules such as T ,

— and the free sub-quotients are given by the lattices I'¢ y, m(I", ho+1)
of the free quotient of the localized cohomology of Pe(xy, ho + ) for
0<i<d-— h.

We know go back to the level I = IVIw,(hg): as ¢, modulo [ is of order
strictly greater than d, the functor of Iw, (hg)-invariants is exact. As only
contributes the cohomology of P (xw, ho+1) for i = 0, 1 the result follows
from the fact that 7" has non trivial invariant under Iw,(ho). O
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Recall that
gr{m(‘l’g) ®zl @l =~ (‘B grlho(\l’xv)

XvECusp,
so that we can find a filtration of gr{”’(\llg) whose graded parts are free
and isomorphic, after tensoring with @;, to gr°(¥,,). Arguing as in the
proof of lemma 3.1.10, using (3.2.3), we have the following result.

3.3.9. Lemma. — For every 1 < t, let j(t) be the minimal integer j
such that the torsion of H?(Shyv(w) s, 81 (Ve,0))m has non trivial invari-
ant vectors under Iw,(hg). Then

N ift = ho+ 1,
A t—ho forl<t< hg.

Moreover as a T¢m ®g, F,-module, up to multiplicities, the irreducible

sub-quotients of Hg}ﬁ)(Shp Two (ho),500 811 (We o) )m are independent of t.

3.3.10 — Important fact: Note that, up to multiplicities, the irre-
ducible T¢ n ®z, F;-sub-quotients® of the I-torsion of the cohomology of
grﬁ;v(\lf&g) and P (ho, xv) in level IV Iw,(ho) are the same, given by the
non strictness of the maps (3.2.3).

The idea is now to increase the level at another place w € Spl(1) ver-
ifying the same hypothesis than v, i.e. ¢, modulo [ is of order strictly
greater than d. When the level at w is infinite, i.e. for /"(o0) with
I, ~ Iw,(hy), using again the exactness of invariant with GL4(O,),
from the previous observation we deduce that considering irreducible
F;-representations of G Lg(F,,), the sets, i.e. without multiplicities, of ir-
reducible sub-quotients of the [-torsion of the cohomology of respectively
Pe(ho, xv) and gr{fiv(\llgvg), are the same.

3.3.11. Proposition. — Up to multiplicities, the set of wrreducible
F)[GLa(F,,)]-sub-quotients of the l-torsion of® HO(Shru (e s,, 811 (Ve 5) ),
are the same as those of H"0(Shyw (e 5, , Ve7z )m-

®)i.e. if one forget the action of GLg(F,)
©or those of H(Shyu(a),s,: Pe(ho, Xv))m as explained above
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Proof. — We compute Hd*ho(lv)(Sh[w(oo)vgv,V&Z)m using the filtration
Fil} (W ,) through the spectral sequence (2.3.4). Recall that for every
p+q # 0, the free quotient of £}/, are zero. By definition of the filtra-
tion these Ei’ ;{1 are trivial for p > 0 while, thanks to the previous lemma,
for any p < —1 there are zero for p + ¢ < j(p) := p — ho. Note then that

E, gl’lj(l)ﬂ which is torsion and non zero, according to the previous lemma,
is equal to E{SQO ~ [N (Shlw(oo),gvv Vg,Z)m- .

Consider as before (o) such that its local component at v is Iw,(ho).
Then combining the result of lemma 3.3.3 in level I*(c0), with the previ-
ous proposition, we then deduce that the cokernel T of 3.3.3 verifies the
following property. As a Fj-representation of G Ly(F,,), every irreducible
sub-quotient of T'[I] is also a sub-quotient of H* " (Shju(w)s,, Ve 7 -
Then applying lemma 3.2.5 at the place w playing a symmetric role as
v, we then deduce the following result.

3.3.12. Corollary. — As a TF-representation of GL4(F,), the I-
torsion of the cokernel T of lemma 3.3.3 in level 1" (c0) as above, does
not contain any irreducible generic sub-quotient with cuspidal support
made of characters.

- We can now repeat the arguments with gr, (¥,¢) for any 1 <k <
ho. More precisely, cf. the last remark of §2.3, consider Fili(grﬁxc(\llg,g))
fori = hg — k and © = hg — k + 2. Take a level

I = [v’w[w(OO) IWv(ho),

infinite at w and Iwahori at v, such that, arguing by absurdity, the torsion
of H'(Shyv.wary (0,00, Vez,)m is nON trivial?.
There exists m < m such that
Hﬁl = Stho-i-l(Xv) X Xv,1 X - X Xv,d—ho—1)
with x, = ¢ mod I.
Moreover as before

- Fi1h°+2_k(grﬁxv(\1197§)) has trivial cohomology groups in level
I because I, = Iw,(hg) and the irreducible constituents of

(MFor the definition of hg := ho(I"), cf. notation 3.1.9.
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Fi1h°+2_k(grﬁxv(\1197§)) ®z, Q, are, up to Galois shift, Harris-Taylor
perverse sheaves P(t,x,) with t = hg + 2;

— we can apply the previous argument relatively to grﬁ;v (Ve o) to the
quotient Q) := Filho_k(grﬁxv(llfg,g))/Filh°+2_k(gr!}f§@(\lfg,§)), so that,
denoting by I't | (I, ho + 1, k) the lattice of (3.3.1) given by the
free quotient of H%(Shyuw(x)s,, @)m, the cokernel T} of

0—-T¢eyym(,ho+1) — F'&XW,’m(I, ho+ 1,k) — T, — 0

is such that T}[] # (0) and, as a Fj-representation of GL4(F,),
it does not contain any irreducible generic sub-quotient made of
characters.

— In addition of the previous arguments, we also have to deal with the
torsion in the cohomology groups of

gty (Woe)/ FI" " (grl,, (P0e)),
which could modify the lattice I | | (1, ho + 1, k) to give the good
one denoted above by I¢ ., 1m(Z, ho + 1, k) . Note again that, as a
IF;-representation of G Lg(F,,), this I-torsion does not contain any
irreducible generic sub-quotient made of characters, so the cokernel
of
. (I,ho+1,k) = Tepprm(d, ho + 1, K),

& Xw,lm
is again such that, as a F,-representation of GL4(Fy), its [-torsion
does not contain any irreducible generic sub-quotient made of char-
acters.
Forgetting again Galois shifts, we then conclude that the [-torsion of the
cokernel T}, of

0—Teyom(lho+1) — Teyprm(l,ho+1,k) — T, — 0, (3.3.13)

is non zero and, as a IF;-representation of G Lg(F,,), it does not contain
any irreducible generic sub-quotient made of characters.

- We now compute H4*(Sh; z, V&Zz)m through the spectral sequence
of vanishing cycles using the filtration

Fﬂll(lllg) o Fil?_l(mg) —+ Fﬂ?(\PQ) —+ U,
and with level I = [""[,(o0)Iw,(ho) infinite at w and Iwahori at v.
Recall that we can filtrate each of the grf(¥,) as follows:
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— Define first Fil*(grf(¥,)) such that
g (g (V) ®, Q= D Plm,1),

m,eCusp,(e)
where ¢ is such that k = tg,(o).
— Then each of the previous gr"(grf(¥,)) has a filtration with graded
parts such that over Q; we recover, up to Galois shift, P(m,,t).

Remark. As we choose the level Iwahori at v, when computing the coho-
mology we are only concerned with characters x, € Cusp_;(0).

As before, arguing by absurdity, we suppose that the torsion of
H (Shyower, (0u00.).0: Ve7z,)m is non trivial®, and we pay special
attention to the lattices of

Ve xwm(L ho + 1)(8) := H'(Shy s, Pe(ho + 1, %)) (0)m ®z, Q,, (3.3.14)

for y, € Cusp_,(p) and various §.

We first start with § = —hg/2. Note that the H?(Shys,, We o/ Fill* ™ (V¢ ))m
are all zero. Indeed the torsion free graded parts grr®(¥,) of any ex-
haustive filtration of W,/Fil"*!(¥,), up to Galois torsion, are such
that gr*(¥,) ®z Q =~ P(t,m,) whith 7, € Cusp, an irreducible
cuspidal representation of some GL4(F,) with tg > ho + 1. Then
every irreducible constituant of H'(Shre(x)s,, g (Ve ,))m Q7 Fi, as a
F;-representation of GL4(F,) is a sub-quotient of an induced represen-
tation r;(St,(m,)){6/2} x 7 for some irreducible F;-representation 7 of
GLg—ty(Fy). In particular such a representation does not have non trivial
invariants under Iw,(ho), so that, as the functor of Iw, (hg)-invariants is
exact, there is no cohomology in level I as stated.

We then deduce that H°(Shys, P g, (ho + 1, Xv))()m- is a quotient of
H(Shys,, ¥e o)m ®7, Q and we denote by Le \, wm(l, ho+ 1, +) its stable
lattice induced by HY,.,(Shrs,, ¥e o)m-

3.3.15. Proposition. — With the previous notations, we have
0— Fi,Xv,\Ihm([? ho + 1, +) — Fé,Xv,m([7 ho + 1) — T — O,

where T[l], as a Fj-representation of GLy(F,), does not have any irre-
ducible generic sub-quotient with cuspidal support made of characters.

(®)For the definition of hg := ho(I"), cf. notation 3.1.9.
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Proof. — We compute H°(Sh;z,, U¢,)m through the spectral sequence
associated to the filtration

Fﬂ!l(\llé,9> e Fﬂldil(\l'&@ —+ Fﬂ!d(\l'&g> > Ve,
Recall that HO(Shys,, ¥e \)m = H(Shy s, Fill** (T ). Let denote

. h
Ko = Ker(FIl™* (W) = Pelho + 1, 30) (= 2))

Recall that over @, all the cohomology groups are concentrated in degree
zero. We then have

0— Ff,xv,m(ja ho + 1, +) - Fﬁ,xv,‘lhm(lv ho + 1) — T —0,
where T — H}

tor

(Shys,, Ko)m- The statement about T7l] then follows
from the previous section.
U

Consider now the case § = ho/2 and denote as before by I'¢ ., w.m (L, ho+
1, —) the lattice of Ve, m(Z, ho + 1)(ho/2) induced by the free quotient
of HO(Shys,, ¥pe)m. Consider Fil}, (¥,¢) - Fil} (U,¢) —f> U, .
Remark. Before Fil!lm (U,¢) was defined as a quotient of Fil} (¥,¢). To
separate the y, € Cusp_; (o) in Fil(¥,¢) we start with a filtration of
= Filf (U,¢) with

j:L* Fﬂ'l(\pg,ﬁ) @ HT&(XU; Xv)7

Xv€Cusp_ (o)

by considering an numbering of Cusp_; (o). In particular for a fixed s,
when it appears in first or last position, we may to modify the lattice of
HT(xv, Xv)- But as, up to homothety, HT (x,, X») has an unique stable
lattice, we then obtain the same Fﬂ!lev(\I/Qvg).

We then has seen that the lattice ¢, 1m(Z, ho + 1,1) is such that

0—Teyom L ho+1) —Teypiml,ho+1,1) — T —0, (3.3.16)

where T' # (0) is such that T[l], as a F;-representation of GL4(F,,), does
not contain any irreducible generic sub-quotient made of characters. We
then conclude by observing that

Fé,xv,‘lhm(lv hO + 1, _) = F&,xv,!,m(la hO + 1, 1)-
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Remark. From proposition 3.3.15 and (3.3.16), as the modulo [ reduction
of I'e v, wm(L, ho + 1, —) has a generic sub-quotient, it is not isomorphic
to Fi,Xv,\Ihm([? ho + 1, +)

3.4. Global lattices and generic representations. — We argue on
the set Su(v) of modulo [ eigenvalues of 5,,(Frob,). By hypothesis there
exists A := x,(w,) such that

{)\qQ})LO/Qv )\q:)lo/Q—l’ Ty )‘qy_hO/Q} - Sm(v)a

where hg > 1 is defined before under the hypothesis there exists non
trivial torsion. More precisely AqL’“/ ? is the modulo [ reduction of the
eigenvalue of Frob, acting on Pe(Xu, ho + 1)(%) such that the torsion of
H°(Shzs,, Pe(Xo, ho)(22))w is non zero.

We then start with any )\qu}foﬂ € Sn(v) and we want to prove that
Sw(v) contains a subset {\qr”? Aogh®* ™"+ A1go "/*} such that

— there exists 0 < r < ho + 1 with A;gh?% = Aggh®*""

— and Aqul,m/ > is the modulo [ reduction of the eigenvalue of
Frob, acting on Pe(x),ho + 1)(%2) such that the torsion of
H°(Shys,, Pe(X), ho)(%2))w is non zero.

We then obtain another interval inside Sy, (v) containing strictly the pre-

Y

vious one and we can then play again with A\;¢" and repeat the above
property. At the end we then obtain the full set {\og} : n € Z} which is
of order the order of ¢, modulo [. But this order is by hypothesis strictly
greater than d although trivially the set Sy (v) of eigenvalues of p(Frob,)
is of order < d.

We now explain how to increase the interval as stated above. To do
so start first with a classical fact concerning Z;[G]-modules where G is a
group. Let then I', I'; and I's three Z;-free modules with an action of a
group G such that

which is G equivariant. We then suppose that this extension is split over
Qy, ie.
I' ®z, Q =~ (I ®7z, Q) @ (T ®7z, Q).
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Let then denote by I'y :=T'n (I'y ®g, Q,) and I'} := T'/T, so that
0->Ty,—T—T7—-0.
We then have the following commutative diagram

S (3.4.2)

|

Ne——TI—1I

|

[Ty —=T,

where T is of torsion and zero if and only if (3.4.1) is split, i.e. I} =Ty
and I, = I's.

Important remark: in the following we will consider T; ¢ [Galpg]-free
modules when I'; ®z, [, for i = 1,2 are isotypic for the Galois action rel-
atively to a character ; such that X; # X,. From the previous diagram,
then T =0and ' ~T'; ® 1.

The idea is to consider two distincts filtrations T' := HY, . (Shzs,, Ve o)m,
and use the previous diagram to explain that, upon the hypothesis that
the torsion is non zero, we could not go through one to the other. Recall
first that

F®Zl @l = @H{%@pﬁa
m
so that, by fixing any numbering
{(Mcmst IL # (0)} = {my, -, m,},

we define a filtration Fil*(I") with graded parts gr®(T") which is a stable
lattice of Hék ® pa,,- With previous notation, we suppose that Il , ~
Stho+1(Xv) X Xo1 X -+ X Xpd—ho—1 With x, € Cusp_;(g). As the modulo
[ reduction of pg, is irreducible, then gr"(I") is typic, in the sense of [19]
§5, i.e.
gr'() ~ T, @A,

where I', is a stable lattice of Il on which the Galois action is trivial
and A, is a stable lattice of pg,.

We now start from the filtration of I' induced by the filtration Fil} ()
and we try, using diagrams like above, to end up to the previous lattice
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gr"(I') ~ ', ® A,. As explained in the previous section, I'¢,, w.m(L, ho +
1, +) is a quotient of I and so a quotient of gr'(I") so that

FT ~ F&Xm‘l/,m(j’ ho + 1, +).

At the opposite, we see I'¢,, wm({,ho + 1,—) as a quotient of
H})Tee(Sh[,gv,Fil,l(llfg,g))m. As noticed in the last remark of the pre-
vious section, T¢y,wm(l,ho +1,—) and T'¢, wm(l, ho + 1,+) are not
isomorphic. We then deduced that there should exists x, € Cusp_;(0)
and a diagram 3.4.2 with I'y = I'¢ \, w.m({, ho + 1, —) and I'} associated
to a sub-quotient of H°(Shys,, Pe(x,,t)(55* — 6))m. Note that as this
Pe(x,,t) (52 — 6) is a sub-quotient of some grf(¥¢,) with k& > 2, then
we must have 2 <t < hg+ 1 and 6 > 0.

In particular, from the previous important remark, we also deduce that
X, (52 = 8) = xo(%2) mod [ so that, by denoting A\; = X/ (cw,), we can
write A1gh®? = Agh®*™" with 0 < r < hg + 1.

To be able to play again with x/ in place of x,, we just need to prove
that the m-localized cohomology groups of F¢(x., ho) with level I, have
torsion in degree 0 and 1. It is equivalent to look at the cohomology of

Pe(Xy, ho) (552 = Py(Xo, ho) with xo, = x) (2HF7220) verifying

Xv,1 = X» mod . Recall the well-known short exact sequence
0 - H'(X,P)®z F, — H'(X,P®z F) — H*"' (X, P)[l] - 0.

We apply it to X = Sh; s, and P = P¢(Xu1, ho), and we recall that its
Qj-cohomology localized at m, is concentrated in degree 0. The same is
true for P¢(x., ho) while it has torsion in degree 0 and 1 such that its
F;-cohomology localized at m, is concentrated in degree —1,0,1. The
same is then true for the F;-cohomology, localized at m, of Pe(xv1,ho)
so that its Z;-cohomology localized at m, must have torsion in degree 0
and 1.
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