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Torsion classes in the cohomology of KHT
Shimura’s varieties

BOYER PAscAL

A particular case of Bergeron-Venkatesh’s conjecture predicts that
torsion classes in the cohomology of Shimura’s varieties are rather
rare. According to this and for Kottwitz-Harris-Taylor type of
Shimura’s varieties, we first associate to each such torsion class an
infinity of irreducible automorphic representations in characteristic
zero, which are pairwise non isomorphic and weakly congruent in
the sense of [I4]. Then, using completed cohomology, we construct
torsion classes in regular weight.
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Introduction

Let F = EF* be a CM field and B/F a central division algebra of dimension
d? equipped with an involution of second kind: we can then define a group of

1
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similitudes G/Q as explained in We denote X7, — Spec F' the Shimura
variety of Kottwitz-Harris-Taylor type associated to some unitary group
G/Q and an open compact subgroup I. For a fixed prime number [, consider
the set Spl(I) of places v of F' over a prime number p # [ such that

e p = uu is split in the quadratic imaginary extension F/Q,

e G(Qp) is split, i.e. of the following shape Q) x [, (Bw)*,

wlu

e the local component at p of I, is maximal,
e vlu and B ~ GL4(F,).

Given an irreducible algebraic representation ¢ of G which gives a Z;-local
system Ve over Xjg, if we believe in the general conjectures of [I], and
as the defect equals 0, asymptotically as the level I increases, the torsion
cohomology classes in H'(Xy 5, Veld — 1]) are rather rare. In this direction,
the main theorem of [7] gives a criterion to cancel this torsion which rests
on the modulo [ Satake parameters at any v € Spl(/): put another way for
a torsion cohomology class to exist, the associated set of modulo [ Satake’s
parameters should, at any place v € Spl(I), contain a subset of the shape
{a, gy} where g, is the cardinal of the residual field at v. In this paper we
first proceed this result, see corollary

Theorem. Let m be a maximal ideal of some unramified Hecke algebra,
associated to some non trivial torsion classes in the cohomology of X1 5 with
coefficients in V¢ld — 1]: we denote by i the greatest integer such that the
torsion of H (X5, Ve[d — 1])m is non trivial. There exists then a set

{H(v) L wve sp1(1)}

of irreducible automorphic &-cohomological representations such that for all
w € Spl(I) distinct from v, the local component at w of I1(v) is unramified,
its modulo 1 Satake parameters being given by m. On the other hand, TI(v)
s ramified at v and more precisely, it’s isomorphic to a representation of
the following shape

Stit2(Xw,0) X Xw,1 X =+ X Xuw,d—i—2
where Xw,0, "+ s Xw,d—i—2 are unramified characters of F,.

So for v # w € Spl(I), the representations II(v) and II(w) are not iso-
morphic but are weakly congruent in the sense of §3 [I4], i.e. they share
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the same modulo [ Satake parameters at each place of Spl(I) — {v,w}. We
can then see this result as some arithmetic application to the existence of
torsion cohomology classes which suggest trying to construct such classes.
In we investigate this question with the help of the notion of completed
cohomology

Hji (Ve o) := limlim H' (X1, Ve oya[d = 1]).

n I

As they are independent of the choice of the weight &,

e by taking ¢ the trivial representation and using the Hochschild-Serre
spectral sequence computing, starting from the completed cohomology,
the cohomology at a finite level, we can show that for each diviseur s
of d, the free quotient of ]TIIlfS is non trivial provided that the level I*
outside [ is small enough: to be precise, here, we just prove an imprecise
version of this fact, see proposition

e Then taking & regular and as the free quotient of the finite cohomology
outside the middle degree are trivial, we observe that, for each divisor
s of d, we can find torsion classes in level I; so that, when I; increase,
they organize themselves in some torsion free class in the completed

cohomology.
1. Notations and backgroung
1.1. Induced representation
Consider a local fiel K with its absolute value | — |: let ¢ denote the cardinal

of its residual field. For a representation 7 of GL4(K) and n € %Z, set
71'{7?,} =T ® q—nvalodet.

1.1.1. Notations. For m; and my representations of respectively G Ly, (K)
and GLyp,(K), m X ma, we will denote by

. GLyy i, (K n2 n
T X g 1= 1ndPn1m:+nf(Ig) 771{?} ® 7T2{_?1}7

the normalized parabolic induced representation where for any sequence r =
(0<m <ry<--- <1 =d), wewrite P, for the standard parabolic subgroup
of GLg4 with Levi

GLy, X GLpy—p, X -+ X GLp, —y, .
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Remind that an irreducible representation is called supercuspidal if it’s
not a subquotient of some proper parabolic induced representation.

1.1.2. Definition. (see [15] §9 and [{] §1.4) Let g be a divisor of d =
sg and m an irreducible cuspidal representation of GL4(K). The induced
representation

1—s

(s }xw{%}x...m{‘s*l

}

holds an unique irreducible quotient (resp. subspace) denoted Sts(mw) (resp.
Speh,(m)); it’s a generalized Steinberg (resp. Speh) representation.

Remark: from a galoisian point of view through the local Langlands cor-

respondence, the representation matches to the direct sum U(%) DD

U(%) where o matches to w. More generally for m any irreducible represen-
tation of GL,(K') associated to o by the local Langlands correspondence,
we will denote Speh,(7) the representation of GLg4(K) matching, through
the local Langlands correspondence, o(35%) & - -+ @ o(551).

1.1.3. Definition. A smooth Q;-representation of finite length © of GL4(K)
is said entire if there exist a finite extension E/Q, contained in Q;, with ring
of integers O, and a Og-representation L of GLy(K), which is a free Op-
module, such that Q, ®p, L ~ 7 and L is a O GL,(K)-module of finite

type. Let kg the residual field of O, we say that
is the modulo | reduction of L.

Remark: the Brauer-Nesbitt principle asserts that the semi-simplification of
F; ®0, L is a finite length Fj-representation of G Ly(K) which is independent
of the choice of L. Its image in the Grothendieck group will be denoted ()
and called the modulo [ reduction of .

Ezample: from [13] V.9.2 or [§] §2.2.3, we know that the modulo [ reduction
of Speh(m) is irreducible.

1.2. Geometry of KHT Shimura’s varieties
Let F'= FTE be a CM field where E/Q is quadratic imaginary and F*/Q

totally real with a fixed real embedding 7 : F* < R. For a place v of F, we
will denote
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F, the completion of F' at v,

O, the ring of integers of F},,

w, a uniformizer,

¢y the cardinal of the residual field k(v) = O, /(wy).

Let B be a division algebra with center F, of dimension d? such that at
every place x of F, either B, is split or a local division algebra. Further
we assume B provided with an involution of second kind * such that * g
is the complexe conjugation. For any 8 € B*~~!, denote fs the involution
x> 2 = Bz*B~! and G/Q the group of similitudes, denoted G, in [0,
defined for every Q-algebra R by

G(R) ~{(\,g) € R* x (B”® ®Q R)* such that ggﬁﬂ =}

with B®? = B ®p,. F. If x is a place of Q split z = yy© in £ then

(1.2.4) G(Q,) ~ (BP)* x QF ~ Q) x H (BP)*

where, identifying places of F'™ over x with places of F over y, z = [[, z; in
FT.

Convention: for x = yy° a place of Q split in £ and z a place of I over y as
before, we shall make throughout the text, the following abuse of notation
by denoting G(F) in place of the factor (B¥)* in the formula (1.2.4) as
well as

G(A%) = G(A") x (@ x [[ (B&)*
ziF#z

In [10], the author justify the existence of some G like before such that
nmoreover

e if x is a place of Q non split in E then G(Q,) is quasi split;

e the invariants of G(R) are (1,d — 1) for the embedding 7 and (0, d) for
the others.

As in [I0] bottom of page 90, a compact open subgroup U of G(A*) is
said small enough if there exists a place x such that the projection from U”
to G(Q,) does not contain any element of finite order except identity.
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1.2.5. Notation. Denote T the set of open compact subgroup small enough
of G(A™). For I € I, write X1, — Spec F' the associated Shimura variety
of Kottwitz-Harris-Taylor type.

From now on, we fix a prime number [ unramified in FE.

1.2.6. Definition. Define Spl the set of places v of F' such that p, := vig #
is split in E and B} ~ GL4(F,). For each I € T, write Spl(I) the subset of
Spl of places which doesn’t divide the level I.

Remark: for every v € Spl, the variety X7 , have a projective model X7, over
Spec O, with special fiber X s, . For I going through Z, the projective system
(X1,)1e7 is naturally equipped with an action of G(A*°) x Z such that w, in
the Weil group W, of F,, acts by — deg(w,) € Z, where deg = valo Art~! and
Art™!: W2 ~ FX is Artin’s isomorphism which sends geometric Frobenius
to uniformizers.

1.2.7. Notations. (see [3] §1.3) For I € I, the Newton stratification of the
geometric special fiber Xp 5 is denoted

>1 >2 >d
Xrs, = ngv ) XI_,§U DD X[jgv

1,5,
sion d — h built up by the geometric points whose connected part of its
Barsotti-Tate group is of rank h. For each 1 < h < d, write

- > > , .
where XI—SEU = ng — Xz s an affine schem smooth of pure dimen-

; . y2h+1 >h >h . y=h >h
Thtl : XI,§1, — XI,EU’ J i X = XI,§1,'
1.3. Cohomology groups over Q

Let us begin with some known facts about irreducible algebraic representa-
tions of G, see for example [10] p.97. Let og : E < Q; be a fixed embedding
and et write ® the set of embeddings o : F < Q; whose restriction to E
equals og. There exists then an explicit bijection between irreducible alge-
braic representations ¢ of G over Q; and (d + 1)-uple (ao, (a_g)o@) where
ap € Z and for all o € ®, we have ag = (a1 <+ < g q).

For K C Q a finite extension of Q; such that the representation ¢ =1 o &
of highest weight (ao, (a_g))geq)), is defined over K, write W¢ g the space of
this representation and W¢ ¢ a stable lattice under the action of the maximal

!see for example [11]
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open compact subgroup G(Z;), where O is the ring of integers of K with
uniformizer .

Remark: if € is supposed to be [-small, in the sense that for all ¢ € ® and all
1<i<j<nwehave0 < a;;— ar; <, then such a stable lattice is unique
up to a homothety.

1.3.8. Notation. We will denote V¢ o/xn the local system on X7 as well as

‘/5’(9 = l(l_I_n ‘/57(9//\n and V%’K = ‘/5,(9 ®O K.

n

For Z; and Q, wversion, we will write respectively VE,Z and Vg@’. We’ll
add the symbol & on a sheaf to indicate its torsion by V&Z : for example
HTg(ﬂ'v,Ht) = HT(ﬂ'U, Ht> & ‘/f,Zl'

Remark: the representation ¢ is said regular if its parameter (ao, (a_;)aeq))
verify for all o € ® that as1 < -+ < g 4.

1.3.9. Definition. An irreducible automorphic representation Il is said &-
cohomological if there exists an integer © such that

H'((Lie G(R)) ®r C,U, Tl ® £¥) # (0),
where U is a mazimal open compact subgroup modulo the center of G(R).

For IT an automorphic irreducible representation &-cohomological of G(A),
then, see for example lemma 3.2 of [6], for each v € Spl, the local component
I1, is isomorphic to some Speh(m,) where 7, is an irreducible non degen-
erate representation and s > 1 an integer which is independent of the place
v € Spl.

1.3.10. Definition. The integer s mentioned above is called the degeneracy
depth of 11.

From now on, we fix v € Spl.

1.3.11. Notation. Form, an irreducible cuspidal representation of GL4(F),
write

S¢ (m0)

for the biggest integer s such that there exists an automorphic &-cohomological
representation 11 such that its local component at v is isomorphic to some
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Speh,(7})x? where wl, is inertially equivalent to m, and ? is an unknown

representation of GLq_sq ,(Fy) we don’t try to precise.

1.3.12. Notation. For 1 < h < d, let us denote I, the set of open compact
subgroups of the following shape

Uy(m) := Uy(m”) x Ky(mq),

where K,(m1) = ker(GLq(Oy) — GL4(Oy/(wi™))). The notation [H'(h,§)]
(resp. [H{(h,£)]) means the image of

lim H'(X72 Vg ld—h])  resp. lim HYXTE Vg d— h))

I€T, IET,

in the Grothendieck group Groth(v) of admissible representation of G(A%") x
GL4(Fy) X Z.

Remark: recall that the action of o € W, on these GL4(F),) x Z-modules is
given by those of —dego € Z.

1.3.13. Notation. For II°" an irreducible representation of G(A>"), let
Groth(h){II>*"} denote the subgroup of Groth(v) generated by irreducible of

the shape 11V @ W, ® ¢ where Wy, (resp. ) is any irreducible representation
of GL4q(Fy) (resp. of Z). We will denote then

[H (b, §){I1>>"}
the projection of [H(h,€)] on this direct factor.

We write

[ (b, I} =100 © (3 muy, (1), @),
V.8

where ¥, (resp. §) goes through irreducible admissible representations of
GL4(Fy), (resp. of Z which can be considered as an unramified representa-
tion of W,).

1.3.14. Proposition. Let Il be an automorphic irreducible tempered repre-
sentation &-cohomological.
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(i) For allh=1,---,d and all 1 # 0,
[H'(h, I} and  [H{(h,{II"}

are trivial.

(i) If [HO(h, £)){11°>°} (resp. [HY(h, &)[{II°"}) has non trivial invariants
under the action of GL4(O,) then the local component IL, of II at v is
isomorphic to a representation of the following shape

Str(Xv,O) X Xv,1 X =+ X Xo,r

where Xv0,° - , Xo,t are unramified characters and r = h (resp. r > h).

Proof. (i) This is exactly proposition 1.3.9 of [7].

(ii) The result for H(h,&) is a particular case of proposition 3.6 of [6]
(which proposition follows directly from proposition 3.6.1 of [4]) for the
constant local system, i.e. when m, is the trivial representation and s = 1.

Concerning the cohomology with compact supports, we can use either
proposition 3.12 of [6] or the description, given by corollary 5.4.1 of [3],
of this extension by zero in terms of local systems on Newton strata with
indices A’ > h. O

1.3.15. Proposition. (see [{] theorem 4.3.1) Let I be an automorphic
irreducible representation &-cohomological with depth of degeneracy s > 1.
Then for & the trivial character, [H,*(h, &)|{II®"} is non trivial.

Remark: if € is a regular parameter then the depth of degeneracy of any
irreducible automorphic representation &-cohomological is necessary equal
to 1. In particular theorem 4.3.1 of [4] is compatible with the classical result
saying that for a regular £, the cohomology of the Shimura variety X; with
coefficients in VE,@N is concentrated in middle degree.

1.4. Hecke’s algebras

1.4.16. Notation. For I € T a finite level, write

Ty :=Zy[Twi: weSpl(I) andi=1,--- ,d],
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the Hecke algebra associated to Spl(I) where T, ; is the characteristic func-
tion of

i d—i
~ —_——
GL4(Oy) diag(@uy, -+, @, 1, -+, 1)GL4(Oy) C GLy(Fy).

Consider a fixed maximal ideal m of T;. For every w € Spl(I), we denote

d y
.=l . _
Pow(X) = (—1)'qw* Tp X" € F[X]
i=0

the Hecke polynomial and
Sm(w) = {\ € Tr/m ~ F; such that Pp,(\) =0},

the multi-set of modulo | Satake’s parameters at w associated to m. With
the previous notations, the image Ty, ; of T\, ; inside T7/m can be written

Twi=quw® oi(M, )

where we write Sy (w) = {A1,---, A¢} and where the o; are the elementary
symmetric functions.

1.4.17. Notation. We will denote m" the mazimal ideal of T; defined by

i(1—1)
Tw,i eTr— Qu * Ui()\l_l, s ,)\51) S Fl.

2. Automorphic congruences

Consider from now on a fixed place v € Spl(J).

2.1. Definition. A T;-module M is said to verify property (P), if it has a
finite filtration

(0) = Fil°(M) c FilY (M) --- Cc Fil" (M) = M

such that for every k =1,--- ,r, there exists

e an automorphic irreducible entire representation Iy of G(A), which
appears in the cohomology of (X15 )iez with coefficients in V&@z and
such that its local component Ty, is ramified, i.e. (T ,)F*4(O») = (0);
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e an unramified entire irreducible representation ﬁk,v of GL4(F,) with
the same cuspidal support than Il , and

e a stable T;-lattice T of IL;")" ® HGLd( ") such that

— either gr®(M) is free, zsomorphzc to r,
— either gr®(M) is torsion and equals to some subquotient of T /T’
where IV C T' is another stable T-lattice.

We will say that gr®(M) is of type i if moreover Iy, looks like

Sti(x) X X1 X+ X Xd—i
where X, X1, , Xd—i ore unramified characters.

Remark: property (P) is by definition stable through extensions and sub-
quotients: replacing condition &-cohomological by £Y-cohomological, it is also
stable by duality.

2.2. Lemma. Consider h > 1 and M an irreducible subquotient of
HY(X72, Veg,ld—h])  resp. of H'(X7 e ,VSQ [d— h]),

then
e cither M werify property (P) and then is of type h or h+ 1 (resp. of
type h),
e cither M is not a subquotient of HO(X7 >h+1 Veg ld—h—1]).

Proof. The result follows from explicit computations of these Q;- cohomol-
ogy groups with infinite level given in [4]: the reader can see a presentation
of them at §3.3 (resp. §3.2) of [6]. Precisely for II*® an irreducible represen-
tation of G(A®°), the isotypic component

lim HIM(XZE Ve @5 Q){II"},  resp. lim HIM(XTE | Ve @5 Q){II°}

is zero if II*° is not the component outside co of an automorphic £€-cohomological
representation II. Otherwise, we distinguish three cases according to the lo-
cal component II, of IT at v:

(i) I0, ~ St (xv) X m, with h <r <d,
(ii) II, ~ Speh, (xy) x 7, with h < r < d,
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(iii) II, is not of the two previous shape,

where Y, is an unramified character of F,)* and 7} is an irreducible admissible
unramified representation of GL4_p(F,). Then this isotypic component, as
a GLy(F,) x Z-representation is of the following shape:

e in case (i) we obtain (Spehy, (x{25%}) x St,—n(x{2})) x 7, ® = (resp.
zero if r # h and otherwise Sty (xy));

e zero in the case (ii) if » # h and otherwise Spehy,(x,) X 7.

e Finally in case (iii), the obtained GL4(F,)-representation won’t have
non trivial invariants under GL4(O,).

Thus taking invariants under I and because v doesn’t divide I,

e case (i): we obtain a T7-module verifying property (P) which is of type
h ou h + 1 according 7 = h or h + 1.

e case (ii): the obtained T;-module is not a subquotient of H*~~1 (X>thl Ve

e and case (iii): as it doesn’t have non trivial invariants under GL4(O,),
we obtain nothing else than zero.

g

From now on we assume that there exists ¢ such that the torsion of
HY(X[7,,Ve) is non trivial and we fix a maximal ideal m of T; such that the
torsion of H(Xy7,, Ve)m is non trivial. Let 1 < h < d be maximal such that
there exists i for which the torsion subspace H*(X I 50 Vg)m tor Of H" (XI—KL Ve)m
is non reduced to zero. Notice that

e since the dimension of Xlzg equals zero then we have h < d;

e by the smooth base change theorem H'(Xp;,, Ve) ~ HZ(XIZ;, Ve) so
that h > 1.

2.3. Lemma. With the previous notations, d — h is the smallest indice @
such that H’(XIZS ,Vg)mtor # (0). Then every irreducible non trivial sub-

module of H& (X2 s, ,Vg)m tor verifies property (P) being of type h + 1.
Proof. Consider the following short exact sequence of perverse sheaves

(24) 0— Z‘thL*‘/é,Z"XMLH [d —h— 1] —
Gen h*vw X [d—h] — V7, Xz [d—h] —0
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Indeed as the strata X= I ? are smooth and j=" is affine, the three terms of
this exact sequence are perverse and even free in the sense of the natural
torsion theory from the linear Z;-linear structure, see [5] §1.1-1.3.

Moreover from Artin’s theorem, see for example theorem 4.1.1 of [2],
using the affiness of Xlz’gv, we deduce that

HY(X7L §7" 7V, 2, Jxze [d—h))

is zero for every i < 0 and without torsion for ¢ = 0, so that for ¢ > 0, we
have
(2.5)

0= H "N XFE Vegld—h) — H (X720 Vg [d—h—1]) =0,

and for i = 0,

(26) 0~ HNXFL Vegld = h)) — HOXTM Vg ld—h—1]) —
HYXT 37" 32" Vg, ld = hl) — HO(XFS  Veg,ld — h)) =

Thus if the torsion of Hi(XIZQU,Vg[d— h]) is non trivial then i >0 and
thanks to Grothendieck-Verdier duality, the smallest such indice is neces-
sary i = 0. Furthermore the torsion of H O(XIZZ , Veld — h]) raises both into
HY(X7h Veld—h)) and HO(X72™" Ved — h]), which are both free. Thus

by the previous lemma, the torsmn of H? (XIZQ , Veld — h])wm verifies property
(P) being of type h + 1. O

2.7. Lemma. With previous notations, for all1 < h/ < h, the greatest i such
that the torsion of H™ (XIZ;Z . Ve)mtor s non zero, equals h — h'. Moreover
this torsion verifies property (P) being of type h + 1.

Proof. We argue by induction on A’ from h to 1. The case h' = h follows
directly from the previous lemma so that we suppose the result true up to
I + 1 and consider the cas of h’/. Resume the spectral sequences with
B'. Then the result follows from and the induction hypothesis. ]

Using the smooth base change theorem, the case h’ = 1 of the previous
lemma, then gives the following proposition.

2.8. Proposition. Let ¢ be maximal, if it exists, such that the torsion of
Hd_l_’(X[,,—]U, Ve)m is non zero. Then it verifies property (P) being of type
1+ 2.
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2.9. Corollary. Consider a maximal ideal m of T; and i maximal, if it
exists, such that the torsion of H*i(XL,—], Ve)m is non zero. Then there ex-
ists a set {II(v) : v € Spl(I)} of irreducible automorphic &-cohomological
representations such that

e for any w € Spl(I) different of v, the local component at w of 11(v) is
unramified with modulo | Satake’s parameters given by Sp;

e the local component I1(v), of Il at v is isomorphic to a representation
of the following shape

Stit2(Xv,0) X X1 X * X Xo,d—i—2,
where Xv,0,° -+ s Xv,d—i—2 are unramified characters of F,.

Proof. Consider an irreducible T;-submodule M of H%(X 1,75 Ve )m,tor- For
any place v € Spl(I), thanks to the smooth base change theorem, we have

H™' (X1, Veld = m = H (XT3, Veld = 1])im.

From the previous proposition, this module M verifies property (P) being
of type 7 + 2 so that it exists an automorphic irreducible &-cohomological
representation II(v) verifying the required properties. O

3. Completed cohomology and torsion classes

Given a level I' € T maximal at [, recall that the completed cohomology
groups are
H}z (‘/5’(9/)\71) = llIll Hl(X[l[“ Vv&o/)\n [d — 1])
and
Hu(Veo) =lmH (Ve o/an)s
where O is the ring of integers of a finite extension of (Q; on which the
representation & is defined.

3.1. Notation. When £ =1 is the trivial representation, we will denote
Hi = Hou(Vi o) ®0 7.

Remark: for n fixed, there exists an open compact subgroup I;(n) such that,
using the notations below every I; C Ij(n) acts trivialy on We o ®o
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O/\". We then deduce that the completed cohomology groups don’t depend
of the choice of ¢ in the sense where, see theorem 2.2.17 of [9]:

ﬁ}'z(‘/g(’)) Ko Z[ ~ ﬁ}z & Wg

where G(Q;) acts diagonally on the right side. N

Scholze, see [12] proposition IV.2.2, has showed that the H, (Vg o) are
trivial for all ¢ > 0. In our situation we can prove that for all divisor s of
d, there are non zero for ¢ = 1 — s: the argument is quite simple but it uses
some particular results about entire notions of intermediate extension of
Harris-Taylor’s local systems. As we don’t really need such precision, we
only prove the following property.

3.2. Proposition. For each divisor s of d = sg and for a level I' outside
small enough, there exists i <1 — s such that H, @z Q; has, as a GLg(F))-
representation, an irreducible quotient with degeneracy depth equals to s.

Proof. Recall the Hochschild-Serre spectral sequence allowing to compute
the cohomology at finite levvel from completed one

(3.3) By = H'(I), H} ® Ve) = H™(Xpy,, Veld — 1]).

Let v € Spl(I') be a fixed place over some prime number p # I. Consider
then a divisor s of d = sg and an automorphic representation Il which is
cohomological relatively to a algebraic representation £ of G and such that
its local component at the place v is isomorphic to Spehg(m,) where 7, is
an irreducible cuspidal representation of GL4(F,). As before we choose a
finite level I' outside ! so that IT has non trivial invariants vectors under
I'. According to [4], the IT®-isotypic factor of the Q;-cohomology group of
indice 1 — s is non trivial for I = I'I; with I; small enough. The result then
follows from the spectral sequence . O

a) Consider now a regular algebraic representation ¢ so that the Q-
cohomology of X with coefficients in V¢, is concentrated in middle degree.
With the notations of the previous proposition, we deduce that for all divisor
s of d, there exist

o 1 <1—s,
e a finite level I' outside [ such that

e for all n > 1, there exists m > n an on open compact subgroup I; small
enough,
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for which H*(X iy, Ve 0/xn[d — 1]) has a class of exactly A"-torsion so that

these classes give, when m increases, a torsion free class generating an au-

tomorphic representation II with depth of degeneracy equals to s. Moreover

from proposition for m a maximal ideal of T associated to II, there ex-

ists a set {II(v); v € Spl(I)} such that the properties of corollary hold,

in particular these II(v) are non isomorphic and weakly congruent in twos.
b) We can also exploit the isomorphism of theorem 2.2.17 of [9]

(3.4) H}i(Veo) @0 T = Hjy @ Vg,

where G(Q;) acts diagonally on the right member. We already saw that for
each divisor s of d = sg, there exists i <1 — s such that the free quotient
of H}Z_S has an irreducible quotient II with depth of degeneracy s. Con-
sider then a maximal ideal m of Ty associated to such a II. Thus for any
irreducible algebraic representation § non necessarily trivial, from , we
have H%%p)m # (0) so that for every I; small enough and for all n, we
have H'( Xy, Ve,o/A"[d — 1])m # (0). In particular

(i) either these cohomology classes organize themselves when n increases,
to generate a free quotient of H (X iy, Ve.old — 1])m,

(ii) or the torsion of H (X1, Ve old — 1])m is non zero.

- In case (i), we obtain a £-cohomological automorphic representation I’
which is weakly congruent to I, which means its modulo [ Satake’s param-
eters at every place v € Spl(I) not over [, are given by m and coincide so to
these of 1I.

- In case (ii) and, see as the torsion cohomology classes raise in char-
acteristic zero, we obtain in the same way an £-cohomological automorphic
representation II' whose modulo | Satake’s parameters outside I U {v} are
given by m.

So in all cases we succeed to construct weakly automorphic congruences
between representations of different weight.

Remark: note that II' obtained in case (ii) is tempered but is not in case (i).

References

[1] N. Bergeron and Venkatesh A. The asymptotic growth of torsion ho-
mology for arithmetic groups. Journal of the Institute of Mathematics
of Jussieu, 12, Issue 02:391-447, 2013.



“torsion-classes” — 2017/3/20 — 15:32 — page 17 — #17

Torsion classes in the cohomology of KHT Shimura’s varieties 17

[2] J. Bernstein, A.A. Beilinson, and P. Deligne. Faisceaux pervers. In
Analyse et topologie sur les espaces singuliers, Asterisque 100, 1982.

. Boyer. Monodromie du faisceau pervers des cycles évanescents de

3| P. B Monod ie du fai d les é d
quelques variétés de Shimura simples. Invent. Math., 177(2):239-280,
2009.

[4] P. Boyer. Cohomologie des systémes locaux de Harris-Taylor et appli-
cations. Compositio, 146(2):367-403, 2010.

[5] P. Boyer. Filtrations de stratification de quelques variétés de shimura
simples. Bulletin de la SMF, 142, fascicule 4:777-814, 2014.

[6] P. Boyer. Congruences automorphes et torsion dans la cohomologie
d’un systeme local d’Harris-Taylor. Annales de I’Institut Fourier, 65
n4:1669-1710, 2015.

[7] P. Boyer. Sur la torsion dans la cohomologie des variétés de Shimura
de Kottwitz-Harris-Taylor. Journal de ’IMJ, 2017.

[8] J.-F. Dat. Un cas simple de correspondance de Jacquet-Langlands mod-
ulo [. Proc. London Math. Soc. 104, pages 690-727, 2012.

[9] Matthew Emerton. On the interpolation of systems of eigenvalues at-
tached to automorphic Hecke eigenforms. Invent. Math., 164(1):1-84,
2006.

[10] M. Harris, R. Taylor. The geometry and cohomology of some sim-
ple Shimura varieties, volume 151 of Annals of Mathematics Studies.
Princeton University Press, Princeton, NJ, 2001.

[11] T. Ito. Hasse invariants for somme unitary Shimura varieties. Math.
Forsch. Oberwolfach report 28/2005, pages 1565-1568, 2005.

[12] P. Scholze. On torsion in the cohomology of locally symmetric varieties.
Preprint Bonn, 2013.

[13] M.-F. Vignéras. Induced R-representations of p-adic reductive groups.
Selecta Math. (N.S.), 4(4):549-623, 1998.

[14] M.-F. Vignéras. Correspondance de Langlands semi-simple pour
GL(n, F) modulo | # p. Invent. Math., 144(1):177-223, 2001.

[15] A. V. Zelevinsky. Induced representations of reductive p-adic groups. II.
On irreducible representations of GL(n). Ann. Sci. Ecole Norm. Sup.
(4), 13(2):165-210, 1980.



“torsion-classes” — 2017/3/20 — 15:32 — page 18 — #18

18 Boyer Pascal

UNIVERSITE PARIS 13, SORBONNE PARIS CITE
LAGA, CNRS, UMR 7539
F-93430, VILLETANEUSE (FRANCE)
PERCOLATOR: ANR-14-CE25

E-mail address: boyer@math.univ-parisi3.fr



	Introduction
	Notations and backgroung
	Induced representation
	Geometry of KHT Shimura's varieties
	Cohomology groups over Ql
	Hecke's algebras

	Automorphic congruences
	Completed cohomology and torsion classes
	References

