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Abstract

Let F be a non-archimedean local field with residue field IF, and let G = GLy,r. Let q be
an indeterminate and let H %) (q) be the generic pro-p Iwahori-Hecke algebra of the p-adic group
G(F). Let Vg be the Vinberg monoid of the dual group G. We establish a generic version
for HV(q) of the Kazhdan-Lusztig-Ginzburg antispherical representation, the Bernstein map
and the Satake isomorphism. We define the flag variety for the monoid Vg and establish
the characteristic map in its equivariant K-theory. These generic constructions recover the
classical ones after the specialization q = ¢ € C. At q = ¢ = 0 € F,, the antispherical map
provides a dual parametrization of all the irreducible H%l)(O)—modules. When F = Q, with
p > 5, we relate our space of mod p Satake parameters toquerton—Gee’s space of semisimple
mod p two-dimensional representations of the Galois group Gal(Q,/Qy), thereby arriving at
a version in families of Breuil’s semisimple mod p Langlands correspondence for GL2(Q,).
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1 Introduction

Let F' be a non-archimedean local field with ring of integers or and residue field F,. Let G be a
connected split reductive group over F'. Let H, = (k[I\ G(F')/I], *) be the Iwahori-Hecke algebra,
i.e. the convolution algebra associated to an Iwahori subgroup I C G(F), with coeflicients in an
algebraically closed field k. On the other hand, let G be the Langlands dual group of G over k,
with maximal torus and Borel subgroup T C B respectively. Let W, be the finite Weyl group.

~When k = C, the irreducible H¢-modules appear as subquotients of the Grothendieck group
K G(é / ﬁ)c of G-equivariant coherent sheaves on the dual flag variety (A}/]AB As such they can
be parametrized by the isomorphism classes of irreducible tame (A}((C)—representations of the Weil
group Wp of F, thereby realizing the tame local Langlands correspondence (in this setting also
called the Deligne-Lusztig conjecture for Hecke modules): Kazhdan-Lusztig [KL87], Ginzburg
[CGAT]. Their approach to the Deligne-Lusztig conjecture is based on two steps: the first step de-
velops the theory of the so-called antispherical representation leading to a certain dual parametriza-
tion of Hecke modules. The second step links these dual data to representations of the group We.

The antispherical representation is a dlstmgulshed faithful action of the Hecke algebra H¢ on
its maximal commutative subring A¢c C Hc via A °_linear operators: elements of the subring Ac
act by multiplication, whereas the standard Hecke operators Ts € Hc, supported on double cosets
indexed by simple reflections s € Wy, act via the classical Demazure operators [D73),[D74]. The link
with the geometry of the dual group comes then in two steps. First, the classical Bernstein map 0
identifies the rlng of functions C[T] with Ag, such that the invariants C[T ]WO become the center

Z(He) = A . Second, the characteristic homomorphism cg of equivariant K-theory identifies

the rings (C['i‘] and Ké(é/ﬁ) as algebras over the representation ring C[T]"° = R(G)c.
When k = F, any irreducible G(Fq)—representation of Wp is tame and the Iwahori-Hecke
algebra needs to be replaced by the bigger pro-p-Iwahori-Hecke algebra

HY = (F, 1D\ G(F)/1D), ).

Here, I c I is the unique pro-p Sylow subgroup of I. The algebra ’H( ) was introduced by
Vignéras and its structure theory developed in a series of papers [V04, Im m V14, V15l V16,

[V17]. More generally, Vignéras introduces and studies a generic version HD (q«) of this algebra
which is defined over a polynomial ring Z[q.| in finitely many indeterminates qs. The mod p ring



H%lq) is obtained by specialization qs; = ¢ followed by extension of scalars from Z to Fq, in short
qs =q¢=0.

From now on, let G = GL2 be the general linear group of rank 2 (in particular, then q is
independent of s). Our aim in this article is to show that there is a Kazhdan-Lusztig theory for
the generic pro-p Iwahori-Hecke algebra H(1(q). On the one hand, it gives back (and actually
improves!) the classical theory after passing to the direct summand #(q) € H(q) and then
specializing q = g € C. On the other hand, it gives a genuine mod p theory after specializing to q =
q=0¢ ﬁq. In the generic situation, the role of the Langlands dual group is taken by its Vinberg
monoid Vg and its flag variety. The monoid comes with a fibration q : Vg — A and the dual

parametrization of H%l)—modules is achieved by working over the O-fiber Vg ;. When F' = Q,, (with
p ;
p > 5), we can push further the dual parametrization and arrive at a Langlands parametrization

by semisimple two-dimensional E,—representations of the Weil group Wy, or, equivalently, of the
absolute Galois group Gal(@p /Qp).

Let k = F, and q be an indeterminate. We let T C G be the torus of diagonal matrices.
Although our primary motivation is the extreme case q = ¢ = 0, we will prove all our results
in the far more stronger generic situation. It also allows us to find the correct normalizations in
the extreme case and to recover and improve the classical theory over C (typically, the formulas
become cleaner, e.g. in the Bernstein and in the Satake isomorphism). Let A™M(q) ¢ HM(q)
be the maximal commutative subring and A (q)"o = Z(H(1)(q)) be its ring of invariants. We
let Z := Z[q%l,uq,l] and denote by & the base change from Z to Z. The algebra H(V)(q) splits

as a direct product of subalgebras H” (q) indexed by the orbits v of Wy in the set of characters
of the finite torus T := T(F,). There are regular resp. non-regular components corresponding
to |y] = 2 resp. |y| = 1 and the algebra structure of H7(q) in these two cases is fundamentally
different. We define an analogue of the Demazure operator for the regular components and call it
the Vignéras operator. Passing to the product over all v, this allows us to single out a distinguished
Z(HW (q))-linear operator on /I(l)(q). Our first main result is the existence of the generic pro-p
antispherical representation:

Theorem A. (cf. 4.3.1) There is a (essentially unique) faithful representation
JZ{N(D(Q) : 7'2(1)((1) - Endz(mn(q))(«i(”(q»
such that
(i) ,Qf(l)(q)u(l)(q) = the natural inclusion AV (q) C Endz(ﬁ(l)(q))(j(l)(q))
(ii) /D (q)(Ts) = the Demazure-Vignéras operator on AV (q).

Restricting the representation J(l)(q) to the Twahori component, its base change Z[q] — Z[qi%]
coincides with the classical antispherical representation of Kazhdan-Lusztig and Ginzburg.

We call the left £ (q)-module defined by </ 1) (q) the generic antispherical module M™),

Let Matay 2 be the Z-monoid scheme of 2 x 2-matrices. The Vinberg monoid Vg, as introduced
in [V95], in the particular case of GLg is the Z-monoid scheme

VGL2 = Matgxg XGm.

It implies the striking interpretation of the formal indeterminate q as a regular function. Indeed,
denote by zy the canonical coordinate on G,,. Let q be the homomorphism from Vgy,, to the
multiplicative monoid (A',-) defined by (f, z9) + det(f)z; :

Var,

|

Al



The fibration q is trivial over A\ {0} with fibre GLy. The special fiber at q = 0 is the Z-semigroup
scheme

VeL, 0 i= q_l(O) = Singy o XGpp,

where Sing,, ., represents the singular 2 x 2-matrices. Let Diagy, o C Mataxo be the submonoid
scheme of diagonal 2 x 2-matrices, and set

Vg = Diagy s XGy, C VgL, = Mataxa XGyy.

This is a diagonalizable Z-monoid scheme. Restricting the above A!-fibration to V4 we obtain a
fibration, trivial over A'\ {0} with fibre T. Its special fibre at q = 0 is the Z-semigroup scheme

V’f‘,o = q|‘7; (0) = SingDiags, o XGyp,

where SingDiag,, 5 represents the singular diagonal 2 x 2-matrices. To ease notion, we denote the
base change to Fq of these Z-schemes by the same symbols. Let TV be the finite abelian dual group
of T. We let R(V,I(,l)) be the representation ring of the extended monoid

M) . v o
Vrf =T x V.
Our second main result is the existence of the generic pro-p Bernstein isomorphism.

Theorem B. (cf. [6.1.3)) There exists a ring isomomorphism
#(a) : AV(@) = R(Vy")

with the property: Restricting the isomorphism %(1)(q) to the Iwahori component, its base change
Zlq] — Z]q*?] Tecover the classical Bernstein isomorphism 6.

The extended monoid Vi(“l) has a natural Wy-action and the isomorphism 2" (q) is equivariant.

We call the resulting ring isomorphism

(1) e () (\Wo . A (4 \Wo __~ (1)\w,
S H(q) =2V (q)" : AV(Q)" —— R(VZ )™

the generic pro-p-Twahori Satake isomorphism. Our terminology is justified by the following. Let
K = G(op). Recall that the spherical Hecke algebra of G(F) with coefficients in any commutative
ring R is defined to be the convolution algebra

HE" = (RIK\G(F)/K],%)

generated by the K-double cosets in G(F). We define a generic spherical Hecke algebra H*"(q)
over the ring Z[q]. Its base change Z[q] — R, q — ¢ coincides with ’H;ph. Our third main result

is the existence of the generic Satake isomorphism.

Theorem C. (cf. |6.2.4]) There exists a ring isomorphism
(@) HP (q) —— R(Vg)™

with the propery: Base change Z|q] — Z[qi%] and specialization q — q € C recovers' the classical
Satake isomorphism between HP" and R(T)X°.

We emphasize that the possibility of having a generic Satake isomorphism is conceptually new
and of independent interest. Its definition relies on the deep Kazhdan-Lusztig theory for the
intersection cohomology on the affine flag manifold. Its proof follows from the classical case by
specialization (to an infinite number of points q).

The special fibre .#(0) recovers Herzig’s mod p Satake isomorphism [H11], by choosing certain
‘Steinberg coordinates’ on Vg .

1By ’recovers’ we mean ’coincides up to a renormalization’.



As a corollary we obtain the generic central elements morphism as the unique ring homomor-
phism

Z(q) : H"(q) —— A(q) C H(q)

making the diagram

21 (@) acq)
AlQ) ————— R(V3)
f(q)T JA
< (a)

HPh(q) R(Vg)"e

commutative. The morphism 2(q) is injective and has image Z(?#(q)). Base change Z[q] —
Z[qi%] and specialization q — ¢ € C recovers! Bernstein’s classical central elements morphism.
Its specialization q — ¢ = 0 € F,; coincides with Ollivier’s construction from [014].

Our fourth main result is the characteristic homomorphism in the equivariant K-theory over
the Vinberg monoid Vg. The monoid Vg carries an action by multiplication on the right from the
Z-submonoid scheme

Vg = UpTriangy, o XG;, C Mataxo XGpy, = Vg

where UpTriang, ., represents the upper triangular 2 x 2-matrices. We explain in an appendix
how to construct (virtual) quotients in the context of semigroups and how to construct categories
of equivariant vector bundles and their K-theory on such quotients. Although maybe well-known,
we could not find this material in the literature. The usual induction functor for vector bundles
gives a characteristic homomorphism, which is an isomorphism in the case of monoids. Applying
this general formalism, the flag variety Vg /Vg resp. its extended version Vél)/ Vf(sl) is defined as
a Z-monoidoid (instead of a groupoid).

Theorem D. (cf. [5.2.4) Induction of equivariant vector bundles defines a characteristic iso-
morphism

1 ~ v o a 1
ey RV 5 KYe (v vy,

The ring isomorphism is R(VA(U)W0 = R( él))—linear and compatible with passage to q-fibres.
Qwver the open complement q # 0, its Twahori-component coincides with the classical characteristic
homomorphism cg between R(T) and K¢(G/B).

We define the category of Bernstein resp. Satake parameters BPg resp. SPg to be the category
of quasi-coherent modules on the Z-scheme Vri(,l) resp. V'i(‘l) /Wo. By Theorem B, restriction of

scalars to the subring AN (q) or Z(HM(q)) defines a functor B resp. P from the category of
HM (q)-modules to the categories BPg resp. SPg. For example, the Bernstein resp. Satake

parameter of the antispherical module M) equals the structure sheaf © ) resp. the quasi-
T

0
coherent sheaf corresponding to the R(V%l))wt’—module K's (Vél) / Vél)). We call
Mod(H™ (q))
lp
SPg

the generic parametrization functor.



In the other direction, we define the generic antispherical functor

Mod(H™" (q))

TASph

SPg

to be the functor ASph := (M) ® 2™ (q)) ) 0 S7! where S is the Satake equivalence between

Z(HW (q))-modules and SPg. Let 7 : v V%l)/Wo be the projection. The relation between
all these functors is expressed by the commutative diagram:

Mod(H™ (q))

AR

& ——— BPg SP

T TTa G-

SP

This ends our discussion of the theory in the generic setting.

Then we pass to the special fibre, i.e. we perform the base change Z[q] — k = Fq, q—
q = 0. Identifying the k-points of the k-scheme V%l()) /Wy with the skyscraper sheaves on it, the

antispherical functor ASph induces a map

ASph : (V) /W) (k) —— {left HL -modules}.

Considering the decomposition of Vi('lc))/ Wy into its connected components V% 0 /Wy indexed by

~v € TV /Wy, the antispherical map decomposes as a disjoint union of maps
ASph” : (V%O/Wo)(k) — {left 7 -modules}.

We come to our fifth main result, the mod p dual parametrization of all irreducible ’H%l)—modules
q

via the antispherical map.

Theorem E. (cf. 7.4.15)

(i) Let v € TV /Wy regular. The antispherical map induces a bijection
ASph™ : (V%O/WO) (k) —— {simple finite dimensional left H%q -modules}/ ~ .
The singular locus of the parametrizing k-scheme
V%O/Wo =~ Vg , = SingDiagy, 3 XGm

is given by (0,0) x G, C Vi , in the standard coordinates, and its k-points correspond to the
supersingular Hecke modules through the correspondence ASph”.

i) Let v € TV /Wy be non-reqular. Consider the decomposition
( ) Y q D
V’%,O/WO = Vg o/Wo = A' x Gy, = D(2), UD(1),

where D(1), is the closed subscheme defined by the parabola z2 = 2% in the Steinberg coordi-
nates z1, z2 and D(2)., is the open complement. The antispherical map induces bijections

ASph”(2) : D(2), (k) —— {simple 2-dimensional left ’H% -modules}/ ~



ASph” (1) : D(1),(k) —— {antispherical pairs of characters of H }/ ~ .

The branch locus of the covering
V —)V O/WO V%(]/WO

is contained in D(2)., with equation z1 = 0 in Steinberg coordinates, and its k-points corre-
spond to the supersingular Hecke modules through the correspondence ASph”(2).

Ultimately, for F' = Q,, we can complete the theory by relating the space VA 1 / Wo of mod p
Satake parameters, to the space X of mod p Langlands parameters, defined by Emerton Gee, cf.
[Em19], by means of a Langlands morphism L : Vrfl()) /Wy — X. Then, pushing-forward the Satake

parameter of the antispherical ’Hg)—module M%l) along L, we obtain a quasi-coherent module
q q

L.S (Mg)) on the scheme X, which arranges in a family Breuil’s semisimple mod p Langlands
q

correspondence for GL2(Qy).

To state the result precisely, let ¢ : Z(G) — qu be a central character of G. There is a natural
fibration 6 : V / Wo = Z(G)Y where Z(G)V is the group scheme of characters of Z(G), and we
put

(Vao/Wo)c == 07(0).

For F' = Q) with p > 5, we may then consider the Emerton-Gee moduli curve X, parametrizing
(isomorphism classes of) two-dimensional semisimple continuous Galois representations over I,
with determinant w(:

X¢(Fp) = {semisimple continuous p : Gal(Q,/Q,) — (/:}(Fp) with det p = w(}/ ~ .

Here w is the mod p cyclotomic character. The curve X, is expected to be the underlying scheme

of a ringed moduli space for the stack of étale (¢, I')-modules X5~ appearing in [EGI9] (see

also [CEGS19]). For now it is unclear how to define a replacement for X, when F'/Q, is a non
trivial finite extension, and this is the reason why we restrict to the case F' = Q, (and p > 5).

Theorem F. (cf. l Suppose F = Q, with p > 5. Let ( : Z(G) — ﬁ: be a mod p
central character of G, and denote by Mod?dm(ﬁp[G]) the category of locally admissible smooth

G-representations over F), with central character ¢.
There exists a morphism of IF,-schemes

1
L ( T()(),/Wo)c — X¢
such that the quasi-coherent Ox -module

1
L<*S(M%p))|(vgg/wo)<’

equal to the push-forward along L of the restriction to (Vi(,l())/Wo)c C Vi(.lt))/Wo of the Satake

parameter S(M%l)), interpolates the IV -invariants of the semisimple mod p Langlands correspon-
P

dence B B
Xc([F,) — ModP™(F,[G) — Mod(’H,(l))
x — 7(pa) — (o)™,

in the sense: for all x € X¢(F,), one has an isomorphism of H%D—modules

s

1 S8 1 1)\ — ~ 6]
((EeeS M  may) Box K@) = (M) @500, () O 1) = o)™



Thus, in combination with our computation of the Satake parameter S (./\/l%)) in Theorem D,

we see that the semisimple mod p Langlands correspondence is realized in the equivariant K-theory
of the dual Vinberg monoid at q = 0, as a natural specialization at q = 0 of Kazhdan-Lusztig’s
resolution of the Deligne-Langlands conjecture for C-coeflicients.

For a more detailed description of the methods used in this article, we refer to the main body
of the text. Once the Vinberg monoid is introduced, the generic Satake isomorphism is formu-
lated and the generic antispherical module is constructed, everything else follows from Vignéras’
structure theory of the generic pro-p-Iwahori Hecke algebra and her classification of the irreducible

representations, and from Pasktinas’ parametrization of the blocks of the category Modlcadlm (F,[G)).

Notation: In general, the letter F' denotes a locally compact complete non-archimedean field
with ring of integers op. Let F, be its residue field, of characteristic p and cardinality q. We
denote by G the algebraic group GLg over F' and by G := G(F) its group of F-rational points.
Let T C G be the torus of diagonal matrices. Finally, I C G denotes the upper triangular standard
Iwahori subgroup and I() C T denotes the unique pro-p Sylow subgroup of I.

2 The pro-p-Iwahori-Hecke algebra

2.1 The generic pro-p-Iwahori Hecke algebra

2.1.1. We let Wy = {1,s} and A = Z x Z be the finite Weyl group of G and the lattice of
cocharacters of T respectively. If T = k* x k* denote the finite torus T(F,), then Wy acts
naturally on T x A. The extended Weyl group of G is

WO =T x A x W,.
It contains the affine Weyl group and the Twahori-Weyl group
Wag =Z(1,—-1) x Wy CW = A x Wy.

The affine Weyl group Wog is a Coxeter group with set of simple reflexions Sag = {s¢, s}, where
s0 = (1, —1)s. Moreover, setting u = (1,0)s € W and Q = u?, we have W = W,g x Q. The length
function ¢ on W,g can then be inflated to W and W1,

2.1.2. Definition. Let q be an indeterminate. The generic pro-p Iwahori Hecke algebra is the
Z[q-algebra H(q) defined by generators

1D (@)= P ZldT,

weW (1)
and relations:

e braid relations: Ty Ty = Tuww  for w,w' € WD if f(w) + £(w') = L(ww')

e quadratic relations: T? = q+ csTs if s € Sagr, where cg := Zte(l Z1) (k%) T;.
2.1.3. The identity element is 1 = T7. Moreover we set
S:=T,, U:=T, and Sy:=Ts, =USU".

2.1.4. Definition. Let R be any commutative ring. The pro-p Iwahori Hecke algebra of G with
coefficients in R is defined to be the convolution algebra

HD = (RIION\G/TM)], %)

generated by the IV -double cosets in G.



2.1.5. Theorem. (Vignéras, [V16, Thm. 2.2]) Let Z[q] — R be the ring homomorphism
mapping q to q. Then the R-linear map

HWV(q) ©gq R — HY

sending Ty, w € W) | to the characteristic function of the double coset I(l)\w/l(l), 18 an isomor-
phism of R-algebras.

2.2 Idempotents and component algebras

2.2.1. Recall the finite torus T = T(F,). Let us consider its group algebra Z[T] over the ring

~ 1
Z = L——, tg—1]-
[q_lhuq 1]

As g — 1 is invertible in Z, so is |T| = (¢ — 1)2. We denote by TV the set of characters A : T —
Kg—1 C Z, with its natural Wy-action given by *A(t1,t2) = A(t2,t1) for (¢1,t2) € T. The set of
Wo-orbits in TV /Wy has cardinality QQT_‘I. Also W) acts on TV through the canonical quotient

map WM — W,. Because of the braid relations in H(l)(q), the rule ¢ — T} induces an embedding
of Z-algebras

Z[T) ¢ 1Y (q) = HD(q) ®z Z.
2.2.2. Definition. For all A € TV and for v € TV /Wy, we define

ex = |T|7! Z)\*l(t)Tt and €y := ZE,\.

teT ey

2.2.3. Lemma. The elements €x, A € TV, are idempotent, pairwise orthogonal and their sum
is equal to 1. The elements e, v € TV /Wy, are idempotent, pairwise orthogonal, their sum is

equal to 1 and they are central in H%l)(q). The Z[q]-algebra ’H(Zl)(q) is the direct product of its
sub-Z[q]-algebras Hl(q) = 'H(Zl)(q)ay :

HV@= ] #Hiw.

v€ETV /Wo
In particular, the category of H(il)(q)-modules decomposes into a finite product of the module
categories for the individual component rings H%l)(q)sn,.

Proof. The elements e, are central because of the relations TsTy = Ty Ts, Ts, Ty = T, (1)Ts, and
T Ty = Ty)T, for all t € (1, —1)k>.

2.2.4. Following the terminology of [V04], we call |y| = 2 a regular case and |y| = 1 a non-regular
(or Iwahori) case.

2.3 The Bernstein presentation

The inverse image in W) of any subset of W along the canonical projection W) — W will be
denoted with a superscript (1.

2.3.1. Theorem. (Vignéras [V16, Th. 2.10, Cor 5.47]) The Z[q]-algebra HP) (q) admits the
following Bernstein presentation:

1 (q)= P ZlaE(w)

weWw (1)

satisfying



e braid relations: E(w)E(w') = E(ww')  for w,w' € Wo(l) if l(w) +L(w'") = L(ww")

e quadratic relations: E(s)? = qFE(s?)+csE(s) if s € Sél), where cys := Tyycs fort € T,s € Sp

L) Fe(w) —LQAw)
2

e product formula: E(AN)E(w) = q EQw) forxe AY and we WO

o Bernstein relations for s € sg) C S(()l) and X € A : set V := ROV and let
v: AW SV

be the homomorphism such that A € AV acts on 'V by translation by v(\) ; then the Bernstein
element
B()\,s) := E(sAs V) E(s) — E(s)E(\)

= 0 if A e (A%)W
= sign(8ov(N) %NV ak, Nelk, N E(u(k, ) if X € AW\ (A%)D

where q(k,\)c(k,\) € Z[q][T] and u(k,\) € AV are explicit, cf. [VI6, Th. 5.46] and
references therein.

2.3.2. Let
Alq) == Pzl EN) c AV(q) = P zZlgEN) c HV(q).

AEA AeAD)

Tt follows from the product formula that these are commutative sub-Z[q|-algebras of HD (q). More-
over, by definition [V16, 5.22-5.25], we have E(t) = T} for all t € T, so that Z[T] ¢ A1) (q). Then,
again by the product formula, the commutative algebra A(l)(q) decomposes as the tensor product
of the subalgebras

AN (q) = Z[T] @z Alq).

Also, after base extension Z — Z, we can set .A%(q) = A(Zl)(q)sy, and obtain the decomposition

A= T Awc [ Hi=#(@

~YETV /Wy ~YETY /Wy
2.3.3. Lemma. Let X,Y, 2o be indeterminates. There exists a unique ring homomorphism
Zla][5 X, Y]/(XY — qz2) — A(a)

such that
X +— E(1,0), Y+— E(0,1) and 22— E(1,1).

It is an isomorphism. Moreover, for all v € TV /Wy,

Zey ®@7 A(Qq) if v = {\} is non-regular.

Al(a) = { (Zex x Zey) @A) if v = {\, pu} is regular

Proof. For any (ny,m2) € Z2 = A, we have £(ni,ns) = |n1 — na|. Hence it follows from product
formula that 2o is invertible and XY = qza, so that we get a Z[q]-algebra homomorphism

Zld)lz '][X, Y]/ (XY —qz) — A().
Moreover it maps the Z[q][z5']-basis {X"},s1 [[{1} [T{Y " }n>1 to the Z[q][z5!]-basis
{E(TL, 0)}n>1 H{l} H{E(Ov n)}n>17

and hence is an isomorphism. The rest of the lemma is clear since A(Zl)(q) = Z[T] ®z A(q) and
ZIT) = [Ther Ze. O

10



In the following, we will sometimes view the isomorphism of the lemma as an identification and
write X = E(1,0),Y = F(0,1) and z, = E(1,1).

2.3.4. The rule E()\) — E(w())) defines an action of the finite Weyl group Wy = {1, s} on A1) (q)
by Z|q]-algebra homomorphisms. By [V05, Th. 4] (see also [V14, Th. 1.3]), the subring of Wy-
invariants is equal to the center of H(l)(q), and the same is true after the scalar extension Z — Z.

Now the action on A(zl)(q) stabilizes each component A%(q) and then the resulting subring of

Wy-invariants is the center of ’H%(q). In terms of the description of A%(q) given in Lemma [2.3.3
this translates into :

2.3.5. Lemma. Let v € TV /W,.
o Ifv={\ u} is reqular, then the map
Az(@) — Al(@" = Z(H](a))
a — aex+s(a)e,

is an isomorphism of 2[q]—algebms. It depends on the choice of order (X, p) on the set 7.

o If v ={\} is non-regular, then
Z(H}(q)) = AL (@)™ = Zd][z ", z1]e
with z1 . = X +Y.

2.3.6. One can express X, Y,z € AN (q) € HV(q) in terms of the distinguished elements [2.1.3
This is an application of [V16, Ex. 5.30]. We find:

(1,0) =spu=us € A = X := E(1,0) = (Sp — ¢5, )U = U(S — ¢s),
(0,1)=sue A=Y :=E(0,1) = SU,
(L) =u* € A= 2z :=E(1,1) = U~

Also
z21:=X4+Y =U(S—c¢;) + SU.

3 The generic regular antispherical representation

3.1 The generic regular Iwahori-Hecke algebras
Let v = {\, u} € TV/Wy be a regular orbit. We define a model Hz(q) over Z for the component
algebra, ’H%(q) C H(zl)(q). The algebra Ha(q) itself will not depend on ~.

3.1.1. By construction, the Z[q]-algebra H%(q) admits the following presentation:

HI(q) = (Zex x Ze,) @ €D Zld)Tw,
weWw

where ®/, is the tensor product twisted by the W-action on {\,u} through the quotient map
W — Wy, together with the

e braid relations: Ty, Ty = Ty for w,w’ € Wit £(w) + £(w') = (ww)
e quadratic relations: T2 = q if s € Sag.

3.1.2. Definition. Let q be an indeterminate. The generic second Iwahori-Hecke algebra is the
Z[q]-algebra Ha(q) defined by generators

Ma(q) = (Zer x Zea) @ P Z[a] T,
weW

where ® is the tensor product twisted by the W-action on {1,2} through the quotient map W —
Wy = G4, and relations:

11



o braid relations: TyTy = Ty for w,w’ € Woif £(w) + L(w') = L(ww’)

e quadratic relations: T?> =q if s € Sag-
3.1.3. The identity element of Hs(q) is 1 = T;. Moreover we set in Ha(q)

S: =T, U:=T, and Sy:=T, =USU "
Then one checks that
Ha(q) = (Zey x Zes) @5, Z[q)[S, UF'], S*=q, US=SU?

is a presentation of Ha(q). Note that the element U? is invertible in Ha(q).
3.1.4. Choosing thfz ordering (A, p) on the set v = {\, u} and mapping €1 — €y, €2 — €, defines
an isomorphism of Z[q]-algebras

Ha(q) ®2 Z —— H](a),

such that S® 1 — Se,, U ® 1+~ Uey and Sy ® 1 — Spe,.

3.1.5. We identify two important commutative subrings of Ha(q). We define A2(q) C Ha(q) to
be the Z[q]-subalgebra generated by the elements 1, €5, US, SU and U*2. Let X,Y and z, be
indeterminates. Then there is a unique (Zey X Zea) ®yz Z[q]-algebra homomorphism

(Zer x Zez) @z Zld)[257][X, Y]/ (XY — qzz) — Az(q)

such that X +— US,Y ~ SU,z ~ U?, and it is an isomorphism. In particular, Az(q) is a
commutative subalgebra of Hz(q). The isomorphism identifies As>(q) ®z Z with Al(q).

Moreover, permuting &; and g2, and X and Y, extends to an action of Wy = &5 on Ax(q) by
homomorphisms of Z[q]-algebras, whose invariants is the center Z(H2(q)) of Ha(q), and the map

Zlq[z X, Y/ (XY —qz) —  Ax(q)" = Z(Ha(q))
a +— aep + s(a)ey

is an isomorphism of Z[ql-algebras. This is a consequence of 3.1.4] [2.3.6] [2.3.3] and [2.3.5] In the
following, we will sometimes view the above isomorphisms as identifications. In particular, we will
write X = US,Y = SU and 2 = U2

3.2 The Vignéras operator

In this subsection and the following, we will investigate the structure of the Z(Hsz(q))-algebra
Endy (3, (q))(A2(a)) of Z(H2(q))-linear endomorphisms of As(q). Recall from the preceding sub-
section that Z(Ha(q)) = A2(q)® is the subring of invariants of the commutative ring As(q).

3.2.1. Lemma. We have
Az(q) = A2(q)’e1 ® A2(q)’e2

as Az(q)®-modules.
Proof. This is immediate from the two isomorphisms in [3.1.5] O

According to the lemma, we may use the As(q)®-basis 1,¢2 to identify Endy(z,(q))(Az2(q))
with the algebra of 2 x 2-matrices over Ay(q)® = Z[q][z3'][X,Y]/(XY — qz).

3.2.2. Definition. The endomorphism of As(q) corresponding to the matriz

Vi(q) = 0 Ye, + Xeg
V= 1 (Xey + V) 0

will be called the Vignéras operator on As(q).
3.2.3. Lemma. We have Vi(q)? = q.

Proof. This is a short calculation. O
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3.3 The generic regular antispherical representation

In the following theorem we define the generic regular antispherical representation of the algebra
Ha(q) on the Z(Ha(q))-module A3(q). Note that the commutative ring As(q) is naturally a
subring

Az2(a) C Endz(3,(q)) (A2(a)),

an element a € As(q) acting by multiplication b — ab on Ax(q).

3.3.1. Theorem. There exists a unique Z[q]-algebra homomorphism
2(q) : Ha(q) —— Endz (3, (q)) (A2(a))

such that
(i) (q)|ay(q) = the natural inclusion Az(q) C Endz iy, (q)) (A2(a))
(i) <(q)(S) = Vi(q)-

Proof. Recall that Ha(q) = (Ze1 x Zea) ®Y, Z[q)[S, U] with the relations S? = q and U%S =
SU2. In particular @%(q)(S) := Vi(q) is well-defined thanks to Now let us consider the
question of finding the restriction of <% (q) to the subalgebra Z[q][S,U*!]. As the Z|q]-algebra
Aa(q) NZ[q)[S,U*!] is generated by

20=U% X=US and Y =S8U,
such a Z[q]-algebra homomorphism exists if and only if there exists

“(q)(U) € Endz (3, (q))(A2(a))
satisfying
1. o (q)(U) is invertible ;
2. 2(q)(U)? = o(q)(U?) = (q)(22) = 22 1d ;
3. a(q)(U)Vs(q) = multiplication by X
Vi(Q)#(q)(U) = multiplication by Y.

As before we use the Z(H2(q))-basis €1, €2 of Az(q) to identify Endz (3, (q))(A2(q)) with the algebra
of 2 x 2-matrices over the ring Z(#H2(q)) = A2(q)®. Then, by definition,

Vi(q) = 0 Yei + Xeo
s\ = 2y N (Xey + Yeo) 0 '

Moreover, the multiplications by X and by Y on As(q) correspond then to the matrices

Xe1+Yeo 0 and Yei + Xeo 0
0 Yei + Xeo 0 Xe1+ Yeq ’

i)

@ =t (e et DY (2 0

22

Now, writing

snla(©) =

S Q

we have:

5(q)(U)Vs(q) = multiplication by X

ey (Xey+Yey) a(Yer+Xey) \ [ Xey+ Yey 0
dzy ' (Xey +Yer) b(Yey + Xeo) ) 0 Yei, + Xeo
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and
Vs(q)#4(q)(U) = multiplication by Y

b(Yer + Xea) d(Ye, + Xea) [ Yer + Xeo 0
az;l(Xel —|—Y€2) CZ;l(X€1 —|—Y62) o 0 Xer+Yes ’

Each of the two last systems admits a unique solution, namely

_fa c\ (0 2
which is also a solution of the first one. Moreover, the determinant

ad — bc = —2z9

is invertible.
Finally, A>(q) is generated by Ax(q) N Z[q][S, U*!] together with €; and 5. The latter are
assigned to map to the projectors

multiplication by e, = ( (1) 8 ) and multiplication by €5 = ( 8 (1) ) .

Thus it only remains to check that

(5 0 )@= () )
and
(0 1)@ =) (o g )
0 1 0 0 )’
and similarly with <% (q)(U) in place of @ (q)(U), which is straightforward. O

3.3.2. Remark. The map @4(q), together with the fact that it is an isomorphism (see below),
is a rewriting of a theorem of Vignéras, namely [V04, Cor. 2.3]. In loc. cit., the algebra Hs(q)
is identified with the algebra of 2 x 2-matrices over the ring Z[q][z5!][X,Y]/(XY — qz2). In our
approach, we have replaced the abstract rank 2 module underlying the standard representation of
this matrix algebra, by the subring As(q) of Ha(q) with {e1,e2} for the canonical basis. In this
way, we are able to formulate the property that the restriction of @%(q) to the subring As(q) C
H2(q) is the action by multiplication. This observation will be crucial to find the analogue of the
representation 275 (q) in the non-regular case.

3.3.3. Proposition. The homomorphism /5(q) is an isomorphism.
Proof. Tt follows from and that the Z[q]-algebra Ha(q) is generated by the elements
€1, €2, S, U, SU
as a module over its center Z(Hz(q)). Moreover, as SU? = U2S =: 25 and SU =: Y, we have
S = z;lYU = 251Y(61U +eU) = z;l(Ysl + Xeg)e U + z;l(Xsl +Yes)eaU,

U=eU+eU and SU= (Ye, + Xea)e1 + (Xe1 + Yeg)ea.

Consequently Ha(q) is generated as a Z(H2(q))-module by the elements
€1, €2, Z{lelU7 esU.

Since

a@w)=( ] 7).
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these four elements are mapped by 2%4(q) to

1 0 0 0 0 1 0 0
0 0 )’ 0o 1/)”\0 0)’ 1 0/
As o/(q) indentifies Z(H2(q)) C Ha(q) with the center of the matrix algebra
Endy 3, (q)) (A2(q)) = Endz gy, q)) (Z(Ha(a))e1r © Z(Ha(a))e2),

it follows that the elements €1, €2, 25 e U , €2U are linearly independent over Z(H2(q)) and that
2(q) is an isomorphism. O

We record the following corollary of the proof.
3.3.4. Corollary. The ring Ha(q) is a free Z(Ha(q))-module on the basis 1,2, 25 'e1U, eaU.

3.3.5. We end this section by noting an equivariance property of o%(q). As already noticed, the fi-
nite Weyl group Wy acts on As(q) by Z[q]-algebra automorphisms, and the action is clearly faithful.
Moreover Az (q)"* = Z(Ha(q)). Hence Wy can be viewed as a subgroup of Endy s, (q)) (A2(q)),
and we can let it act on Endz(z,(q))(A2(q)) by conjugation.

3.3.6. Lemma. The embedding o/(q)| 4,(q) 15 Wo-equivariant.

Proof. Indeed, for all a,b € As(q) and w € Wy, we have

o (q) (w(a))(b) = w(a)b = wlaw™ (b)) = (waw™")(b) = (wa(q)(a)w™")(b).

4 The generic non-regular antispherical representation

4.1 The generic non-regular Iwahori-Hecke algebras

Let v = {A\} € TY/Wj be a non-regular orbit. As in the regular case, we define a model H;(q)
over Z for the component algebra H%(q) - H(Zl)(q). The algebra #H;(q) will not depend on ~.

4.1.1. By construction, the Z[q]—algebra ”H%(q) admits the following presentation:

Hi(a) = D ZldlTwen,

weW
with
e braid relations: T, Ty = Ty for w,w’ € W if £(w) + L(w') = L(ww")
e quadratic relations: T2 = q+ (¢ — 1)Ts if s € Sag-

4.1.2. Definition. Let q be an indeterminate. The generic Iwahori-Hecke algebra is the Z[q]-
algebra H1(q) defined by generators

and relations:
o braid relations: TyTy = Tyy  for w,w’ € W if {(w) + £(w') = L(ww’)

e quadratic relations: TS2 =q+(q—1)Ts if s € Sag-
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4.1.3. The identity element of Hi(q) is 1 = T1. Moreover we set in H;(q)
S:=T,, U:=T, and Sy:=Ts, =USU .
Then one checks that
Hi(a) = Z[q[S,U*Y], S$*=a+(a—1)S, US=5SU"
is a presentation of H1(q). Note that the element U? is invertible in H1(q).

4.1.4. Sending 1 to e, defines an isomorphism of Z[q]-algebras
Hi(a) @2 Z ——H](a),

such that S® 1+ Se,, U ® 1+ Uey and Sy ® 1 = Spe.

4.1.5. We define A;(q) C H1(q) to be the Z[q]-subalgebra generated by the elements (Sy — (q —
1)U, SU and U*2. Let X,Y and 23 be indeterminates. Then there is a unique Z[q]-algebra
homomorphism

Zld][z'[X, Y]/(XY —qz) — Ai(q)
such that X + (Sop—(q—1))U, Y + SU, 2o + U2, and it is an isomorphism. In particular, A;(q)
is a commutative subalgebra of H1(q). The isomorphism identifies A; (q) ®z Z with Al (a).
Moreover, permuting X and Y extends to an action of Wy = G2 on 4;(q) by homomorphisms of
Z|q]-algebras, whose invariants is the center Z(H1(q)) of H1(q) and

Z[q)[z3"][21] = Av(@)"° = Z(Hi(q))

with z; := X + Y. This is a consequence of {f.1.4] 2.3.6] 2.3.3 and 2.3.5] In the following, we will
sometimes view the above isomorphisms as identifications. In particular, we will write

X=(So—(q—1)U=U(S—(q—1)), Y=8SU and 2z =U? in Hi(q).

4.1.6. It is well-known that the generic Iwahori-Hecke algebra H;(q) is a g-deformation of the
group ring Z[W] of the Iwahori-Weyl group W = A x Wy. More precisely, specializing the chain
of inclusions A; (q)"° C Ai(q) C Hi(q) at g = 1, yields the chain of inclusions Z[A]"° C Z[A] C
ZW].

4.2 The Kazhdan-Lusztig-Ginzburg operator

As in the regular case, we will study the Z(#H1(q))-algebra Endz 4, (q))(A1(a)) of Z(H1(q))-linear
endomorphisms of 4;(q). Recall that Z(Hi(q)) = Ai1(q)® is the subring of invariants of the
commutative ring A;(q).

4.2.1. Lemma. We have
Ai(q) = A1(@)°’ X © A1(q)® = Ai(q)® ® Ai1(q)’Y
as A1 (q)®-modules.

Proof. Applying s, the two decompositions are equivalent; so it suffices to check that Z[zfl] [X,Y]
is free of rank 2 with basis 1, Y over the subring of symmetric polynomials Z[z5'][X +Y, XY]. First
if P = QY with P and @ symmetric, then applying s we get P = QX and hence Q(X —Y) =0
which implies P = Q = 0. It remains to check that any monomial X?Y7, i, € N, belongs to

ZEY[X + Y, XY] + Z[EY[X + Y, XY]Y.

As X =(X+Y)-Y and Y2 = —XY + (X + Y)Y, the later is stable under multiplication by X
and Y; as it contains 1, the result follows. O

4.2.2. Remark. The basis {1, Y} specializes at q = 1 to the so-called Pittie-Steinberg basis [St75]
of Z[A] over Z[A]Wo.
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4.2.3. Definition. We let
Dy := projector on A1(q)*Y along A1(q)®
D! := projector on A1(q)° along A;(q)°X
Dy(a) := Ds —aDy.

4.2.4. Remark. The operators Ds; and D’ specialize at q = 1 to the Demazure operators on
Z[A], as introduced in [D73| [D74].

4.2.5. Lemma. We have
DS(Q)2 =(1-q)Ds(q) +q.

Proof. Noting that Y = 21 — X, we have
Dy(q)*(1) = Dy(q)(—a) =q* = (1 —q)(—q) + a = (1 — @) Ds(a) + q)(1)
and
Dy(@)*(Y) = Di(q)(Y —qz)
= Y —qz1 —qz(—q)
(1-aq)(Y —qz1) +qY
(1 =a)Ds(a) +a)(Y).

4.3 The generic non-regular antispherical representation

We define the generic non-regular antispherical representation of the algebra H;(q) on the Z(H;(q))-
module A;(q). The commutative ring A;(q) is naturally a subring

Ai(q) C Endz e, (q)) (A1(a)),

an element a € A;(q) acting by multiplication b — ab on A;(q).

4.3.1. Theorem. There exists a unique Z[q]-algebra homomorphism
() : Ha(a) — Endz(y, () (A1(q))

such that
(i) 4 (q)|a,(q) = the natural inclusion Ai(q) C Endy i, (q))(A1(a))

(i) < (q)(S) = —Ds(q)-

Proof. Recall that H,(q) = Z[q][S, UT!] with the relations S? = (q—1)S +q and U2S = SU2. In
particular 7 (q)(S) := —Ds(q) is well-defined thanks to On the other hand, the Z[q]-algebra
Ai1(q) is generated by

2 =U% X=US+(1-qU and Y =SU.

Consequently, there exists a Z[g]-algebra homomorphism & (q) as in the statement of the theorem
if and only if there exists

1 (q)(U) € Endz 3y, (q))(A1(a))
satisfying
1. 4 (q)(U) is invertible ;
2. A(q)(U)? = 2 (q)(U?) = 2 (q)(22) = 221d ;
3. #(q)(U)(=Ds(a)) + (1 — a)#(q)(U) = multiplication by X
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4. —D4(q)«(q)(U) = multiplication by Y.

Let us use the Z(#H1(q))-basis 1,Y of A;(q) to identify Endz(y, (q))(A1(q)) with the algebra of
2 x 2-matrices over the ring Z(H1(q)) = .Ai1(q)®. Then, by definition,

—DS(Q)Z(S 01>+q<(1) %)Z(g qu).

Moreover, as X = 2;—Y, XY =qzand Y? = —~ XY +(X+Y)Y = —qza+2Y, the multiplications
by X and by Y on A;(q) get identified with the matrices

Z1 qz2 0 —qz2
(—1 0) and (1 2 )
C
d

Now, writing

A =

we have:
_ a’*+bc cla+d)\ _ [z 0
(@) (U)? = 2 1d ( bla+d) d®+be ) - ( 0z )
2 (qQ)(U)(—Ds(q)) + (1 — q)«1(q)(U) = multiplication by X
a q(azy —c) \ [ z1 gz
(:><b Q(bz1—d))_<_1 0 >
and

—Ds(q)%(q)(U) = multiplication by ¥

PN ( q(airbzlb) q(c—_&-dzld) > _ ( (1) —ZzQ )

Each of the two last systems admits a unique solution, namely

aawm=(5 )= 7).

which is also a solution of the first one. Moreover, the determinant

ad —be = —22 + (22 — 23) = —2o

is invertible. O

4.3.2. The relation between our generic non-regular representation <7 (q) and the theory of
Kazhdan-Lusztig [KL87], and Ginzburg [CGI7], is the following. Introducing a square root q?
of q and extending scalars along Z[q] C Z[qi%], we obtain the Hecke algebra 'Hl(qi%) together
with its commutative subalgebra Al(qi%). The latter contains the elements 9~,\, A € A, intro-
duced by Bernstein and Lusztig, which are defined as follows: writing A = A1 — Ay with Ay, Ao
antidominant, one has

~ - s L) £0w) _1

9)\ = TeA1 Tg>\2 =q 2. q 2 Te’\lTekz'
They are related to the Bernstein basis {E(w), w € W} of H1(q) introduced by Vignéras (which
is analogous to the Bernstein basis of (1) (q) which we have recalled in by the formula:

e w)—b(w) ~
2

YAEA, Ywe Wy, E(tw)=q 0\T., € Hi(q) C HilgE?).

M) ~
In particular E(e}) = q¥ 0, and by the product formula (analogous to the product formula for
HD(q), cf. [2.3.1), the Z[qi%]—linear isomorphism

™
N
o]
I
=
=
=)
s



is in fact multiplicative, i.e. it is an isomorphism of Z[qi%]—algebras.

Consequently, if we base change our action map 7 (q) to Z[qi%], we get a representation

SIS

(D) (@) —— B, (Arla®h) ~ Budy g (Z[a*EA)),

Z(Ha(qF2

which coincides with the natural inclusion Z[q*2][A] C EndZ[oli 3y1a]%o (Z[q*2][A]) when restricted
1

to A1 (q¥2) ~ Z[qF2][A], and which sends S to the opposite —D,(q) of the g-deformed Demazure
operator. Hence, this is the antispherical representation defined by Kazhdan-Lusztig and Ginzburg.

In particular, <7 (1) is the usual action of the Iwahori-Weyl group W = A x Wy on A, and
27 (0) can be thought of as a degeneration of the latter.

4.3.3. Proposition. The homomorphism <#1(q) is injective.
Proof. Tt follows from and that the ring H;(q) is generated by the elements
1, S, U, SU
as a module over its center Z(H1(q)) = Z[q][z1,25"]. As the latter is mapped isomorphically to
the center of the matrix algebra Endz(y, (¢))(A1(q)) by #%(q), it suffices to check that the images

1, A (q)(S), #(q)(U), “(q)(SU)

of 1,5,U,SU by #1(q) are free over Z(H1(q)). So let a, 8,7,0 € Z(H1(q)) (which is an integral
domain) be such that

10 q 9z 21 22—z 0 —qz2 \ _
O‘(o 1>+5(0 —1>+7(—1 )T )T

Then
a+ Bg -+ =0
—y+4 =0
Bqz +7(2f —22) —0qz, = 0
a—pF+(0—7)x = 0.
We obtain § = v, a = § and
a(l+q) +v21 = 0
aqz; +y(22 — 20 —qz) = 0.

The latter system has determinant
(1+q)(2f — 22 —qz) —qzf = 27 — 2 — 2922 — ¢°2
which is nonzero (its specialisation at q = 0 is equal to 27 —z3 # 0), whencea =y =0==46. O
We record the following two corollaries of the proof.
4.3.4. Corollary. The ring H1(q) is a free Z(H1(q))-module on the basis 1,5,U, SU.
4.3.5. Corollary. The homomorphism <71 (0) is injective.

4.3.6. We end this section by noting an equivariance property of &7 (q). As already noticed, the fi-
nite Weyl group Wy acts on A; (q) by Z[q]-algebra automorphisms, and the action is clearly faithful.
Moreover A;1(q)"° = Z(H1(q)). Hence Wy can be viewed as a subgroup of End (3, (q))(A1(q)),
and we can let it act on Endz(y, (q))(A1(q)) by conjugation.

4.3.7. Lemma. The embedding </1(q)|4,(q) s Wo-equivariant.
Proof. Indeed, for all a,b € A;(q) and w € Wy, we have

1 (q)(w(a))(b) = w(a)b = wlaw™ (b)) = (waw™")(b) = (w(q)(a)w™")(b).
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5 Geometric representation theory

5.1 The Vinberg monoid of the dual group G = GL,

5.1.1. The Langlands dual group over k := F, of the connected reductive algebraic group G L over

FisG = GL2. We recall the k-monoid scheme introduced by Vinberg in [V95], in the particular
case of GL3. It is in fact defined over Z, as the group GL2. In the following, all the fiber products
are taken over the base ring Z.

5.1.2. Definition. Let Matoyo be the Z-monoid scheme of 2 x 2-matrices (with usual matriz
multiplication as operation). The Vinberg monoid for GLg is the Z-monoid scheme

Vr(;L2 = Matgxg XGm.

5.1.3. The group GL2 x G,, is recovered from the monoid Var,, as its group of units. The group
GL itself is recovered as follows. Denote by z, the canonical coordinate on G,,. Then let q be
the homomorphism from Vgy, to the multiplicative monoid (A',-) defined by (f, zo) +— det(f)zy '

Var,
|
AL,
Then GLg is recovered as the fiber at q = 1, canonically:
a (1) = {(f,22) 1 det(f) = z2} = GL2, (f.z2) > f.
The fiber at q = 0 is the Z-semigroup scheme
VaL,.0 :=q *(0) = Singyy s XGyp,

where Sing, ., represents the singular 2 x 2-matrices. Note that it has no identity element, i.e. it
is a semigroup which is not a monoid.

5.1.4. Let Diag,, 5, C Matayo be the submonoid scheme of diagonal 2 x 2-matrices, and set
Vg := Diagy o XGp, C VgL, = Mataxa XGyp,.
This is a diagonalizable Z-monoid scheme with character monoid
X*(Vg) =N(1,0) ® N(0,1) @ Z(1,1) C Z(1,0) ® Z(0,1) = A = X'(’i‘).
In particular, setting X := e(1:%) and Y := e(%1) in the group ring Z[A], we have
T = Spec(Z[X ™, Y*1]) € Spec(Z[z5][X, Y]) = V;.

Again, this closed subgroup is recovered as the fiber at q = 1 of the fibration q|V% Vg — Al, and
the fiber at q = 0 is the Z-semigroup scheme SingDiag,, 5 XG,, where SingDiag,, , represents the
singular diagonal 2 x 2-matrices:

T¢ Va ’SingDiagy o XGyy,

| 4,

Spec(Z)© LAl 0 °Spec(Z).

In terms of equations, the Al-family
q: Vg = Diagy 5 XG,y, = Spec(Z[257'][X,Y]) —— Al
is given by the formula q(diag(z,y), z2) = det(diag(z,y))z; ' = xyzy *. Hence, after fixing 2, €

G, the fiber over a point q € Al is the hyperbola xy = qzo, which is non-degenerate if q # 0,
and is the union of the two coordinate axis if q = 0.
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5.2 The associated flag variety and its equivariant K-theory

5.2.1. Let B C GL> be the Borel subgroup of upper triangular matrices, let UpTriang,, 5 be the
Z-monoid scheme representing the upper triangular 2 x 2-matrices, and set

Vg = UpTriang,,, XGpm C Mataxs XGy, =: Var,.

Then we can apply to this inclusion of Z-monoid schemes the general formalism developed in the
Appendix @ In particular, the flag variety Vgur,/Vg is defined as a Z-monoidoid. Moreover,
after base changing along Z — k, we have defined a ring KVe%2 (Vgr,/Vg) of Var,-equivariant
K-theory on the flag variety, together with an induction isomorphism

Vi ~
InalVgL2 : R(Vg) —— KVer2 (Vay, /Vg)
from the ring R(Vg) of right representations of the A-monoid scheme Vg on finite dimensional

k-vector spaces.

5.2.2. Now, we have the inclusion of monoids Vg = Diagy, o xGy, C Vg = UpTriang,, o XGypy,
which admits the retraction

Vﬁ — Vrf

(5 0)=) = (5 0)=)

Let Rep(V4) be the category of representations of the commutative k-monoid scheme V4 on finite
dimensional k-vector spaces. The above preceding inclusion and retraction define a restriction
functor and an inflation functor

Resy? : Rep(Vg) " Rep(Vz) : Infl .

These functors are exact and compatible with the tensors products and units.

5.2.3. Lemma. The ring homomorphisms

Va - Va
Resy2 : R(Vg) R(Vz) : InﬂV?_

are isomorphisms, which are inverse one to the other.

Proof. We have Resy., oInﬂE = Id by construction. Conversely, let M be an object of Rep(Vg).
The solvable subgroup B x Gy, C Vg stabilizes a line L € M. As B x G, is dense in Vg, the
line L is automatically Vg-stable. Moreover the unipotent radical U C B acts trivially on L, so

that B x Gy, acts on L through the quotient T x Gy,. Hence, by density again, Vg acts on L
through the retraction Vg — Vg. This shows that any irreducible M is a character inflated from
a character of V4. In particular, the map R(Vz) — R(Vg) is surjective and hence bijective. O

5.2.4. Corollary. We have a ring isomorphism
CVar, = Tndyo™? o Infly? : Z[X, Y, 23] = R(Vg) — K"e12 (Var, /Vg),

that we call the characteristic isomorphism in the equivariant K-theory of the flag variety Var,/Vg-
5.2.5. We have a commutative diagram specialization at q = 1

Vo

ZIX,Y, 25— K"e12 (Var, /Vg)

| i

ZIX* v+ 2, gGla(GL,/B).

~
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The vertical map on the left-hand side is given by specialization q = 1, i.e. by the surjection
ZIX,Y, 2 = 2[q)[X, Y, 25 /(XY — qzo) — Z[X,Y, 25 /(XY — 20) = Z[XFL, Y H.

The vertical map on the right-hand side is given by restricting equivariant vector bundles to the
1-fiber of q : Vgr, — A, thereby recovering the classical theory.

5.2.6. Let Rep(VgL,) be the category of right representations of the k-monoid scheme Vgr, on
finite dimensional k-vector spaces. The inclusion Vg C Vi, defines a restriction functor
Vi
RengL2 :Rep(Var,) — Rep(Vg),

- . Vg . .
whose composition with Resvg is the restriction from VgL, to Va:

Res&iL2 = Res“;? OResgng : Rep(Var,) — Rep(V3).

These restriction functors are exact and compatible with the tensors products and units.

5.2.7. The action of the Weyl group Wy on A = X* ('f) stabilizes X*(V4) C X‘(’i‘), consequently

Wy acts on V4 and the inclusion TC Vg is Wo-equivariant. Explicitly, Wy = {1, s} and s acts on
V4 = Diagy,, XGy, by permuting the two diagonal entries and trivially on the G,,-factor.

5.2.8. Lemma. The ring homomorphism
Resy o™ 1 R(Var,) — R(Vz)

is injective, with image the subring R(V@)W0 C R(Vz) of Wy-invariants. The resulting ring iso-
morphism
XVar, : R(Var,) —— R(Vg)"

is the character isomorphism of Vgr, -

Proof. This is a general result on the representation theory of Vg. Note that in the case of
G = GL3, we have

RVz)" =ZIX +Y, XYz, ' = q,25] C Z[X,Y, 25| = R(Vg).

6 Dual parametrization of generic Hecke modules

We keep all the notations introduced in the preceding section. In particular, &k = F,.

6.1 The generic Bernstein isomorphism

Recall from the subring A(q) € #(V(q) and the remarkable Bernstein basis elements E(1,0),
E(0,1) and E(1,1). Also recall from |5.1.4] the representation ring R(V3) = Z[X,Y, 2] of the
diagonalizable k-submonoid scheme V4 C Vg of the Vinberg k-monoid scheme of the Langlands

dual k-group G = GL3 of GLs F.

6.1.1. Theorem. There exists a unique ring homomorphism
#(q) : Alq) — R(Vz)
such that
B(a)(B(L,0) =X, B(@)(B(0,1)) =Y, ZB(q)(E(L1) =2 ad Bla)(q)=XYz".

It is an isomorphism.
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Proof. This is a reformulation of the first part of O

6.1.2. Then recall from the subring AM(q) = Z[T] @z A(q) € H(V)(q) where T is the finite
abelian group T(F,). Let TV be the finite abelian dual group of T. As T" has order prime to p, it
defines a constant finite diagonalizable k-group scheme, whose group of characters is T, and hence
whose representation ring R(TV) identifies with Z[T]: ¢t € T C Z[T] corresponds to the character
ev; of TV given by evaluation at t. Set

VAV =T x V.
6.1.3. Corollary. There ezists a unique Ting homomorphism
2D (q) : AV (q) — R(V;")
such that
2 (@)(E(1,0)) =X, 2D(q)(E©0,1) =Y, 2V(QE11)=2, 2V(@)(q@=XYz"

and VteT, BV (Q)(T)) =ev,.

It is an isomorphism, that we call the generic (pro-p) Bernstein isomorphism.

6.1.4. Also, setting Vél) :=TY x Vg, we have from the ring isomorphism
Vs Vs (1) ~ (1)
Inﬂvi(}) = ldzm ®z ResvT : R(Vf ) = Z[T]| ®z R(Vz) —— R(Vﬁ ) = Z[T] ®z R(Vg),
and setting Vél) =TV x V&, we have from the ring isomorphism
Ve 1 ~ vy o 1
Indvzl) R(VAD) — K (VD VD),

hence by composition we get the characteristic isomorphism

N W
ey R( %1)) —~ K% (Vél)/Vél)).

Whence a ring isomorphism

~ (1)
ey 0 BD(a) : AV (@) = K (VL VD).

6.1.5. The representation ring R(V4) is canonically isomorphic to the ring Z[Vz] of regular func-
tions of Vi considered now as a diagonalizable monoid scheme over Z. Also recall from [2.2.1] the

ring extension Z C Z, and denote by e the base change functor from Z to Z. For example, we will
from now on write A (q) instead of .A(Zl)(q). We have the constant finite diagonalizable Z-group
scheme TV, whose group of characters is T, and whose ring of regular functions is

ZFE]ZZ II ZEA.

AETY
Hence applying the functor Spec to 21 (q), we obtain the commutative diagram of Z-schemes

Spec(#") (a))

Spec(AM(q)) — V,I(,l) =TV x Vz

M%

(AHD =TV x Al
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where 7q : Spec(A)(q)) — TV is the decomposition of Speg(fl(l)(q)) into its connected compo-
nents. In particular, for each A € TV, we have the subring A*(q) = A" (q)ey of AN (q) and the
isomorphism

Spec(AN(q)) A Z D) 3y v

of Z-schemes over {\} x A'. In turn, each of these isomorphisms admits a model over Z, obtained
by applying Spec to the ring isomorphism in [I.1.5]

#1(q) : Ai1(q) —— R(Vz).

6.2 The generic Satake isomorphism

Recall part of our notation: G is the algebraic group GLg (which is defined over Z), F is a local
field and G := G(F'). We have denoted by op the ring of integers of F. Now we set K := G(op).

6.2.1. Definition. Let R be any commutative ring. The spherical Hecke algebra of G with
coefficients in R is defined to be the convolution algebra

HE" = (RIK\G/K], )
generated by the K-double cosets in G.

6.2.2. By the work of Kazhdan and Lusztig, the R-algebra ’H;})h depends on F' only through the
cardinality ¢ of its residue field. Indeed, choose a uniformizer @ € op. For a dominant cocharacter
A€ AT of T, let 1, be the characteristic function of the double coset K\(ww)K. Then (1))xen+
is an R-basis of ’High. Moreover, for all \, u,v € AT, there exist polynomials

Ny, () € Z[q]
depending only on the triple (A, p, V), such that
Ixx1, = Z N>\7M§V(Q>]1V
vEAT

where Ny .., (¢) € Z C R is the value of Ny .., (q) at q = ¢. These polynomials are uniquely
determined by this property since when F' vary, the corresponding integers ¢ form an infinite set.
Their existence can be deduced from the theory of the spherical algebra with coefficients in C, as
H?h = R®z H%ph and H%ph C ”H%ph (e.g. using arguments similar to those in the proof of
below).

6.2.3. Definition. Let q be an indeterminate. The generic spherical Hecke algebra is the Z[q]-
algebra HP(q) defined by generators

HPM (q) == Drea+ Z[q]Th

and relations:
TzT, = Y Nauw(@)T, forall \,pe AT

veEAT

6.2.4. Theorem. There exists a unique ring homomorphism
7 (q) : HPq) —— R(V3)
such that
(@ (Tao) =X +Y, L(@Tny) =2 ad S(q)@)=XYz".
It is an isomorphism onto the subring R(V@)W0 of Wy-invariants
Z(q) : HP(q) —— R(Vz)"" € R(Vz).

In particular, the algebra HP(q) is commutative.
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Proof. Let
Sy HEPP s C[X(T)]Wo
be the ‘classical’ isomorphism constructed by Satake [Sat63]. We use [Gr98] as a reference.
For A € A*, let x\ € Z[X*(T)]"° be the character of the irreducible representation of G of

highest weight A. Then (xx)xea+ is a Z-basis of Z[X*(T)|Wo. Set fy := Mg PN xy), where
2p = a:=(1,—1). Then for each A\, u € AT, there exist polynomials dy ,(q) € Z[q] such that

=10+ > daulg)l, € HE,

<A

where d ,(q) € Z is the value of dy ,(q) at q = ¢; the polynomial dj ,(q) depends only on the

couple (A, 1), in particular it is uniquely determined by this property. As (1))xca+ is a Z-basis of

bp , 50 18 (fa)aea+- Then let us set

Q) :=Tx+ Y _ dru(@)T, € H(q).
<A

As (T\)xea+ is a Z[q-basis of H*PP(q), so is (fr(q))ren+-
Next consider the following Z[q? |-linear map:

Fa(a) : Z[a?] @zq H (@) — Zg %1 ZIX*(T)] = Z[q?][X*(T)]
1® fala) — q*My

We claim that it is a ring homomorphism. Indeed, for hi(q), h2(q) € Z[q%] ®z[q] HPP(q), we need
to check the identity

Fa(@)(h(@ha(q) = Fa (@) (hn (@)L (a) (ha(a)) € Z[a?][X*(T)].

Projecting in the Z[qz]-basis X* (’f‘), the latter corresponds to (a finite number of) identities in
the ring Z[q%] of polynomials in the variable q%. Now, by construction and because .7 is a ring
homomorphism, the desired identities hold after specialyzing q to any power of a prime number;
hence they hold in Z[qz]. Also note that .%.(q) maps 1 = T(0,0y to 1 = X(0,0) by definition.

It can also be seen that .%,1(q) is injective using a specialization argument: if h(q) € Z[q?] ®z[q]
H PP (q) satisfies .71(q)(h(q)) = 0, then the coordinates of h(q) (in the bablb (1® fa(q))rea+ say,
one can also use the basis (1 ® T ) ca+) are polynomials in the variable q2 which must vanish for
an infinite number of values of q, and hence they are identically zero.

Let us describe the image of H*P*(q) C Z[q2] ®z(q) H*P"(q) under the ring embedding .71(q).
By construction, we have

Fal@)(HP" (@) = P Zlala" x»

AeA+t
Explicitly,
AT =N(1,0) ® Z(1,1) C Z(1,0) ® Z(0,1) = A,
so that

Fa(@)(HP(q)) = (@ Z[(ﬂqu(n,o)) Qz Z[Xﬁ%l)]-

neN
On the other hand, recall that the ring of symmetric polynomials in the two variables e("9) and
e®V) is a graded ring generated the two characters x(1,0) = "% 4 e(®)) and (1) = eV
2[00V = P Z[e™D, eOD] = Zlx 1.0y, x(1.1)-
neN
As X(1,0) is homogeneous of degree 1 and x(1,1) is homogeneous of degree 2, this implies that

Z[e(l’o) (o, 1) @ ZX L)X

(a,b)EN?
a+2b=n
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Now if a+2b = n, then q%X((ll,O)Xl()Ll) = (q%X(l,o))a(QX(m))b. As the symmetric polynomial X, o)
is homogeneous of degree n, we get the inclusion

Fa(@)(HP™(a)) € Zldlla®> X(1.0), ax(1.1)] @z ZIxih)) = Zld] [Q%X(Lo)%an]-

Since by definition of .7¢i(q) we have ycl(Q)(f(l,o)(Q)) = q2X(1 0)> Zala )(f(l 1)( ) = X(1,1) and
Fal@)(fi-1,-n(@) = X(=1,-1) = Xall)’ this inclusion is an equality. We have thus obtained the
Z]q]-algebra isomorphism:

Za(q)

o (q) © HPP (@) — Zd][aZ x(1,0), Xa}l)}

Also note that T(; o) — q2 X(1,0) and T(q 1y = Xx(1,1) since T(1,0y = f(1,0)(q) and T(1,1) = f1,1)(q).
Finally, recall that V4 being the diagonalizable k- mon01d scheme Spec(k[X,Y, z5]), we have

R(Va)"o = Z[X,Y, 25" = ZIX + Y, XY, 25" | = Z[X + Y, XYV 23 1, 257").

Hence we can define a ring isomorphism
v Z[q] [q%X(l,O)a Xﬁ}l)] —— R(Vz)"o

by i(q) == XYz, L(q%X(l,O)) = X +Y and «(x(1,1)) = 22. Composing, we get the desired
isomorphism
Z(q) =10 Fa(q)|peen(q) : HP(q) —— R(Vg)"o

Note that .7 (q)(T(1,0) = X +Y, L(a)(T,1)) = 22, Z(a)(q) = XYz;l, and that #(q) is
uniquely determined by these assignments since the ring H*P"(q) is the polynomial ring in the

variables q, T{1,0) and T(1 1) thanks to the isomorphism .1 (q)|yen (q)- O

6.2.5. Remark. The choice of the isomorphism ¢ in the preceding proof may seem ad hoc.
However, it is natural from the point of view of the Vinberg fibration q : Vg — Al

First, as pointed out by Herzig in [H11, §1.2], one can make the classical complex Satake
transform .7 integral, by removing the factor 82 from its definition, where § is the modulus
character of the Borel subgroup. Doing so produces a ring embedding

S ’H;‘ph(—> Z[Xo(r/f\)}
The image of & is not contained in the subring Z[X*® (T)}WO of Woy-invariants. In fact,
5/(T(1,0)) = qe(l’o) +e@Y  and S/(T(l,l)) _ 6(1,1)’
so that
S ’Hsph _~ Z[(qe(l 0) 4 (0 1)) i(l,l)] C ZIX(T).
Now, R )
2% (D)) = Z[F) = 2Va.,),

where T = Vg, is the fiber at 1 of the fibration q : V4 — A considered over Z. But the algebra

HSph is the specialisation at q of the generic algebra H*P"(q). From this perspective, the morphism
S’ is unnatural, since it mixes a 1-fiber with a g-fiber. To restore the g-compatibility, one must
consider the composition of Q ®7 S’ with the isomorphism

QVz, ) = QX Y, 5 /(XY —2) = QVg ] =Q[X,Y,257']/(XY — gz0)
X - q¢'X
Y —» Y
—

zZ9 zZ9.
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But then one obtains the formulas

HP" S Qg = QIX, Y, 257/(XY — gz)
Tho = X+Y
'_>

T 22

¢ — XYzl

This composed map is defined over Z, its image is the subring Z[V4 W0 of Wy-invariants, and it
is precisely the specialisation q = ¢ of the isomorphism .#(q) from

6.2.6. Definition. We call
S (q) : HPP(q) —— R(Vz)"°
the generic Satake isomorphism.

6.2.7. Composing with the inverse of the character isomorphism x;é : R(Vg)"o = R(Vg) from
we arrive at an isomorphism

Xvg © () : HPM (@) —— R(Vg).

6.2.8. Next, recall the generic Iwahori-Hecke algebra H1(q) and the commutative subring
Ai(q) C Hi(q) together with the isomorphism %;(q) in

6.2.9. Definition. The generic central elements morphism s the unique ring homomrphism
Zi(q) : HP*(q) —— Ai(aq) C Hi(q)

making the diagram

#1(a)
Ai(q) ———=—— R(Vz)
51(01)1\
Z(q)

HP! (q) —————— R(Vg)"

~

commutative.

6.2.10. By construction, the morphism 24(q) is injective, and is uniquely determined by the
following equalities in A;(q):

21(a@)(Ta0) = 21, 21(@)(T1,1)) =22 and  Zi(q)(q) = q.

Moreover the group Wy acts on the ring A;(q) and the invariant subring A;(q)"° is equal to
the center Z(Hi(q)) C H1(q). As the isomorphism % (q) is Wy-equivariant by construction, we
obtain that the image of Z(q) indeed is equal to the center of the generic Iwahori-Hecke algebra

Hi(q):
21(q) : HPMq) —— Z(Hi(q)) C Ai(q) C Hi(q).

6.2.11. Under the identification R(Vq) = Z[V4] of the elements . (q)(T(1,0)) = X +7Y,

Z(a)(q) = q, L(q)(T(1,1)) = 22, correspond to the Steinberg choice of coordinates z1, q, z2 on
the affine Z-scheme Vi /Wy = Spec(Z[Vz]"°). On the other hand, the Trace of representations

morphism Tr : R(Vg) — Z[Vg]€ fits into the commutative diagram

X Ve
R(Vg)"o s R(Vg)

[

ZVgWo + 2 Z[Vg)C
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where xv is the character isomorphism of 5.2.8|, and Ch is the Chevalley isomorphism which is
constructed for the Vinberg monoid Vg by Bouthier in [BoI5), Prop. 1.7]. So we have the following
commutative diagram of Z-schemes

Spec(B,
Spec(A;1(q)) peC(N (@) V€ Va
Spec(ffl(Q))l l i
Spec(.¥ Spec(Ch ~
Spec(H(q) P v W Ly )G
(mm %)
A% x G,,.

Note that for G = GLg2, the composed Chevalley-Steinberg map Vg — A? x G,, is given explicitly
by attaching to a 2 x 2 matrix its characteristic polynomial (when zo = 1).

6.2.12. We have recalled that for the generic pro-p-Iwahori-Hecke algebra () (q) too, the center
can be described in terms of Wy-invariants, namely Z(H"(q)) = AM (q)"°, cf. As the
generic Bernstein isomorphism 2™ (q) is Wy-equivariant by construction, cf. we can make
the following definition.

6.2.13. Definition. We call
(1) e (D) (W0 . A (o \Wo __~ ()W,
S Hq) =2 (q)" : AV (q)"0 —— R(VL )™

the generic pro-p-Iwahori Satake isomorphism.

. 1

6.2.14. Note that with VZ = [[,., Vg we have VA" = TV x Vg = [T cpv/w, V2 and the Wo-
action on this scheme respects these v-components. We obtain the decomposition into connected
components

Owe= 1 (Ivaywe= 11 Vva/We
YETY /Wy AEY ~YETY /Wy

If ~ is regular, then V% /Wo ~ V4, the isomorphism depending on a choice of order on the set

v, cf. Hence, passing to Z as in with 7-l(1)(q) = ’H(zl)(q), we obtain the following

commutative diagram of Z-schemes.

~ S 2
Spec(A) (q)) T s
~ Spec(.#M
Spec(Z(H)(q))) —etZ_D) v 1w,
2 4
(A2 X Gon) "M b TL i ) Vo L2 0o Vio/ Wo

where the bottom isomorphism of the diagram is given by the standard coordinates (z,y, 22) on the
regular components and by the Steinberg coordinates (z1,q, z2) on the non-regular components.

6.3 The generic parametrization

We keep the notation Z C Z for the ring extension of Then we have defined the Z-scheme
%1) in and we have considered in |6.2.14] its quotient by the natural Wy-action. Also recall

that G = GL; is the Langlands dual k-group of GLg .
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6.3.1. Definition. The category of quasi-coherent modules on the Z-scheme V%l)/WO will be called
the category of Satake parameters, and denoted by SPg :

SPg = QCoh (V1" /Wp).
For v € TV /Wy, we also define SP'é := QCoh (V%/WO), where as above V% = H)\E’Y Va.

6.3.2. Now, over Z, we have the isomorphism
i g (q) = Spec(:Z WV (q)) : VI /Wy — Spec(Z(H M (q)))

from the scheme V%l)/ Wy to the spectrum of the center Z(H()(q)) of the generic pro-p-Iwahori
Hecke algebra H(V(q), cf. [6.2.14

6.3.3. Corollary. The category of modules over Z(’;’:L(l)(q)) is equivalent to the category of Satake
parameters:

S = (iﬁm(q))* : MOd(Z(ﬁ(l)(q))) <Z> SPg : (7;52(1)((1))*'

The equivalence S will be referred to as the functor of Satake parameters. The quasi-inverse
(i) ()« will be denoted by S'.

6.3.4. Still from[6.2.14] these categories decompose as products over TV /W (considered as a finite
set), compatibly with the equivalences: for all v € TV /W,

57 1= (i ()" - Mod(Z(H (@) T2 5P (i)
where
SPY ~ QCoh(V3) if v is regular
G~ | QCoh(Vgz/Wp) if « is non-regular.

In the regular case, the latter isomorphism depends on a choice of order on the set ~.
6.3.5. In particular, we have the trivial orbit v := {1}. The corresponding component H{}(q) of
HM(q) is canonically isomorphic to the Z-base change of the generic non-regular Iwahori-Hecke
algebra H;(q). Hence from [6.2.10| we have an isomorphism

Zi(q) : HPM(q) —— Z(HM (q)) € A (q) € 7N (q) ¢ HV(q).
Using these identifications, the equivalence S7 for v := {1} can be rewritten as

ST Mod(H" (q)) —— SPL)

6.3.6. Definition. The category of quasi-coherent modules on the 7Z-scheme V%l) will be called
the category of Bernstein parameters, and denoted by BPg:

1
BPg = QCoh (VA").
6.3.7. Over Z, we have the isomorphism

i (q = Spec(BM(q)) : VL) — Spec(AV(q)))

from the scheme V,I(,l) to the spectrum of the commutative subring fl(l)(q) of the generic pro-p-
Iwahori Hecke algebra H((q), cf. Also we have the restriction functor

Res'8( s Mod(F) (a)) — Mod(A1) (q)) = QCoh(Spec(AM(q)))

from the category of left ﬁfl)(q)—modules to the one of ~/Zl(l)(q)—modules, equivalently of quasi-
coherent modules on Spec(A™M)(q)).
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6.3.8. Definition. The functor of Bernstein parameters is the composed functor

. . AW -
B = (g q) © Resjméz)) : Mod(#(q)) — BPg .

6.3.9. Still from the category BPg decomposes as a product over the finite group TV:
BPg = H BPY, where VA €TV, BP} ~ QCoh(Vz).
AETV

6.3.10. Denoting by 7 : V%l) — V%l)/Wo the canonical projection, the compatibilty between the

functors S and B of Satake and Bernstein parameters is expressed by the commutativity of the
diagram

Mod(HM (q)) —2— BPg
(1) (q) -
Res’;m(f;@i l )
Mod(Z(H™M(q))) —— SPg .
6.3.11. Definition. The generic parametrization functor is the functor

o HD(@) )
P = SoResZ(ﬁ(l)(q)) =m,0B:

Mod(H™ (q))

|

SPg .

6.3.12. Tt follows from the definitions that for all v € TV /Wy, the fiber of P over the direct factor
SPé C SPg is the direct factor Mod(H?(q)) C Mod(H™ (q)):

P~1(SPY) = Mod(#H(q)) C Mod(H"(q)).

Accordingly the parametrization functor P decomposes as the product over the finite set TV /W)
of functors
PY: Mod(H"(q)) —— SPé .

6.3.13. In the case of the trivial orbit v := {1}, it follows from that P} factors as

Mod(H{} (q))

Resﬂ{l}(q) pit
#5Ph (q)

~ {1
Mod(H="" (q)) —>— SPL? .

6.4 The generic antispherical module

Recall the generic regular and non-regular antispherical representations o%(q) and 7 (q)

of Ha(q) and H1(q). Thanks to and [4.1.4] they are models over Z of representations
7(q) of the regular and non-regular components &7(q), v € TV/Wy, of the generic pro-p-
i

Twahori Hecke algebra #(1)(q) over Z, cf. [2.2.3/and Taking the product over TV /W, of these
representations, we obtain a representation

d(l)(‘]) : ﬂ(l)(Q) E— Endz(g(n(q))(A(l)(Q))'

By construction, the representation oD (q) depends on a choice of order on each regular orbit ~.
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6.4.1. Definition. We call o (1)(q) the generic antispherical representation, and the correspond-
ing left ’H(l)(q) -module M) the generic antispherical module.

6.4.2. Proposition.
1. The generic antispherical representation is faithful.
2. The Bernstein parameter of the antispherical module is the structural sheaf:

BMW)=0,q.

8. The Satake parameter of the antispherical module is the R(Vél))—module of Vél)-equivariant
K -theory of the flag variety of Vél):

~ VD
SMW) = KV (v vy,

EV/(\I)
G
Proof. Part 1. follows from and part 2. from the property (i) in and and
part 3. from the characteristic isomorphism in O

6.4.3. Now, being a left H")(q)-module, the antispherical module M) defines a functor

MO Q@D (q) ® " Mod(Z(HM(q))) — Mod(HV(q)).

On the other hand, recall the canonical projection 7 : v -, VA(l)/WO from 6.3.10} Then point 2.
. T T
of has the following consequence.

6.4.4. Corollary. The diagram

Mod(H™")(q)) —— BP
/&1(1>®Z<ﬂ(1)(q)).] }r*
Mod(Z(H " (q))) —=— SP
s commutative.
6.4.5. Definition. The generic antispherical functor is the functor
ASph := (MW ® (710 (q)) ®) © St
SPg —— Mod(H(V(q)).

6.4.6. Corollary. The diagram

Mod(H™ (q))
/ |
P
18 commutative.
Proof. One has P o ASph = 7, o (B o ASph) = 7, o 7* by the preceding corollary. O

6.4.7. By construction, the antispherical functor ASph decomposes as a product of functors ASph”
for v € TV /Wy, and accordingly the previous diagram decomposes over TV /Wj.

6.4.8. In particular for v = {1} we have the commutative diagram

Mod(#H1 (q))
71} ()
ASph{1} J Res,,qsph(q)
pii}
{1} {1} {1} ~ 1 /sph
SPe) ¥ BPG —— o SPE T Mod(H" (q)).
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7 The theory at q=¢=0

We keep all the notations introduced in the preceding section. In particular, k = IF,.

7.1 Geometric representation theory at q =0

7.1.1. Recall from the k-semigroup scheme
VGLz,O = Sing2x2 XGm,
which can even be defined over Z, and which is obtained as the 0-fiber of

Var,
l“

Al

7.1.2. It admits
Vz o = SingDiagy 5 XGpp,
as a commutative subsemigroup scheme. The latter has the following structure: it is the pinching
of the monoids
Ak x G, := Spec(k[X,25']) and A} x G,, := Spec(k[Y, z£1))

along the sections X = 0 and Y = 0. These monoids are semisimple, with representation rings

R(AY xG,,) =Z[X,2F'] and R(AY x G,,) = Z[Y, 25"

There are three remarkable elements in Va4

T o» namely

ex := (diag(1,0),1), ey := (diag(0,1),1) and e := (diag(0,0),1).

They are idempotents. Now let M be a finite dimensional k-representation of V4 ;. The idempo-
tents act on M as projectors, and as the semigroup Vg , is commutative, the k-vector space M
decomposes as a direct sum

M= @ M()‘Xa)‘Ya/\O)
(Ax Ay, 20)€{0,1}3

where
M(Ax, Ay, o) ={m € M | mex = Axm, mey = Aym, meg = A\gm}.
Moreover, since V3 , is commutative, each of these subspaces is in fact a subrepresentation of M.

As exey = g9 € Va,, we have M(1,1,0) = 0. Next, as ex is the unit of the monoid AL, if

T,00
V,\
Ax = 0 then Res A;O M(Ax, Ay, Ag) must be the null representation, in particular we must have

Ao = 0; hence M(0,0,1) = M(0,1,1) = 0. Considering ey instead of ex, we get similarly that
M(0,0,1) = M(1,0,1) = 0. Consequently

M = M(1,0,0) EDM(O, 1,0) @M(L 1,1) @M(O,O,O).

Ve
The restriction Res AlT‘” M(1,0,0) is a representation of the monoid A% where 0 acts by 0, and
X

Va
Res AIT’O M(1,0,0) is the null representation. Hence, if for n > 0 we still denote by X™ the character
Y

of V3 , which restricts to the character X™ of A% xG,, and the null map of AL, xG,,, then M(1,0,0)
decomposes as a sum of weight spaces

M(1,0,0) = ©p>oM(X") := @nsomezM (X" 23").
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Similarly
M(0,1,0) = SnsoM(Y") := Sn>omezM (Y"23").

Finally, V4 , acts through the projection Vz ; — G;,, on
M(1,1,1) = M(1) = @mezM (23"),

and by 0 on
M(0,0,0) =: M(0).

Thus we have obtained the following

7.1.3. Lemma. The category Rep(V4 ) is semisimple, and there is a ring isomorphism
R(Vg o) = (Z[X,Y, 2] /(XY)) x Z.

7.1.4. Next let
Vo= SingUpTriang,, s XGy, C Var,,0 = Singsys G,

be the subsemigroup scheme of singular upper triangular 2 x 2-matrices. It contains Vz

T.0> and the
inclusion Vz , C Vﬁ,o admits a retraction Vﬁ,o — V*I“,o’ namely the specialisation at q = 0 of the
retraction

Let M be an object of Rep(Vg ). Write

Resy®° M = M(1,0,0) @ M(0,1,0) & M(1) ® M(0).

,0
For a subspace N C M, consider the following property:

(Pn) the subspace N C M is a subrepresentation, and Vg , acts on N through the retraction
of k-semigroup schemes Vg  — Vg .

Let us show that (Pa(0,1,0)) is true. Indeed for m € M(0,1,0) = ©psoM(Y™), we have

(5 o) = (6 )=ma=0=m(§ ¢)
n(53) = (6 5)=m (5 ),

Next assume M (0,1,0) = 0, and let us show that in this case (Py/(q)) is true. Indeed for m € M(0),

we have
(i 8)-nle( 8)) - )0

and if we decompose

and

m’ ::m( 8 ; > =My 9y +my +mg € M(1,0,0) & M (1) & M(0),

then by applying x on the right we see that 0 = mzl 0,0) T m} so that m’ € M(0) and hence

n(55) = (5 5)er) oo

Next assume M (0, 1,0) = M(0) = 0, and let us show that in this case (P(1,0,0)) is true. Indeed,
let m € M(1,0,0) = @,>0M(X™). Then for any ¢ € k,

= m 0 ¢
T 0 0
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satisfies m'ex = 0, m'ey = m/, m’ey = 0, i.e. m’ € M(0,1,0), and hence is equal to 0 by our
assumption. It follows that

m 0 ¢ — (mex) 0 ¢ — e 0 ¢ —m 0 ¢ —0=m 0 0
0y ) VN0 y )™ Lo vy - 00/ "~ 0y /-
On the other hand, if we decompose

m/ :zm( :5 8 ) =My g0y +my € M(1,0,0) @ M(1),

then by applying g on the right we find 0 = m/, i.e. m’ € M(1,0,0) and hence

(3 §)weran( (3 §)) (3 )

Finally assume M(0,1,0) = M(0) = M(1,0,0) = 0, and let us show that in this case (Pps(1)) is
true, i.e. that Vg, acts through the projection Vg ; = G, on M = M (1). Indeed for any m we

T ()5 )an(( 5)e) e
(8 5)=(r(3 5 )Jm((3 5 )e)mam

It follows from the preceding discussion that the irreducible representations of Vg , are the
characters, which are inflated from those of V4 , through the retraction Vg, — Vgz, As a
consequence, considering the restriction and inflation functors

and

Ve o Va o
Resé:o :Rep(Vg ) " Rep(Vg ) : Inﬂvi:o,

which are exact and compatible with tensor products and units, we get:

7.1.5. Lemma. The ring homomorphisms

VB0 VB0
Res, 2" : R(Vg o) . R(Vgo) : Infly 2,

are isomorphisms, which are inverse one to the other.

7.1.6. Finally, note that g € Var, (k) belongs to all the left Vg, (k)-cosets in Ver, (k). Hence, by
the catgory Rep(Vg ) is equivalent to the one of induced vector bundles on the semigroupoid

flag variety Var,,0/Vg o
Vi ~ Vi
IndeLOZ’O :Rep(Vg o) — Crpa®’ (Varz 0/ Va o) € CVe%20(Vars 0/ Va o)
7.1.7. Corollary. We have a ring isomorphism

\% Va ~ \%
Indvgff’o e} Inﬂvzzz : R(V'T,O) e Kzs;z’o (VGL270/V]§70).

7.1.8. Definition. We call relevant the full subcategory
Rep(‘/ﬁo)re1 C Rep(Vz )
whose objects M satisfy M(0) = 0. Correspondingly, we have relevant full subcategories

I V B I V B
Rep(V3 o) ol ¢ Rep(Vg,) and Cp? 0(VGLZ’O/V@’O) oo O(VGLz,O/VE,O).

34



7.1.9. Corollary. We have a ring isomorphism

~ Vi
ZIX,Y, 5 "/ (XY) = R(Vg o) — = Kz (Vara.0/Va o)

CVar,,0 =

that we call the characteristic isomorphism in the equivariant K-theory of the flag variety Var,,0/Vg
7.1.10. We have a commutative diagram specialization at q =0

CVGL,

Z[X,Y, 25 = KVYerz (Vgr, /Vg)

| l

€VaL,,0

ZIX,Y, 7/ (XY) ——2 Ky (Vara.o/ Ve o)™

where the vertical right-hand side map is given by restricting equivariant vector bundles to the
O-fiber of q : Vg, — AL
7.2 The mod p Satake and Bernstein isomorphisms

7.2.1. Notation. In the sequel, we will denote by (O)E the specialization at @ = q¢ = 0, i.e. the
base change functor along the ring morphism

Zlq) — F,=1k
q — 0.

Also we fix an embedding jq—1 C qu , so that the above morphism factors through the inclusion
Z|q] C Z[q], where Z C Z is the ring extension considered in m

7.2.2. The mod p Satake and pro-p-Iwahori Satake isomorphisms. Specializing [6.2.6] we
get an isomorphism of Fg-algebras

T, H;Zh — By Vg "0 = (FlX, Y, 571/(X 7)™
In [HI1], Herzig constructed an isomorphism

Fhter + P o Fy[X*(T)-] = F, e, 1]

(this is F, ®z S', with the notation S’ from |6.2.5). They are related by the Steinberg choice
of coordinates z; := X +Y and 22 on the quotient Vg ,/Wo, cf. [6.2.11} i.e. by the following
commutative diagram

F

" = (Fo X, ¥, 557/ (xy) ™

k A(l’l)r—»zz

F, [0, e=0D)].

Specializing [6.2.13, we get an isomorphism of Fq—algebras

S (AW S F VW = (F,[T)IX, Y, 257)/(XY)) ™",

q

7.2.3. The mod p Bernstein isomorphism. Specializing we get an isomorphism of

F,-algebras
1 ~ = 1 il
B A RV =R TXY, 7/ (X).
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Moreover, similarly as in but here using and|[9.5.1] we get the characteristic isomorphism

v
1 ~ 1 1
L R(V3)) == Ko (VL) V).

CVLl)
G,0

Whence by (and recalling [7.1.8) an isomorphism

(1)
rel W, 40~ Vao 1) A Drel
o 5, ° %5, A, T Krir, (Ve Ve ™

Also, specializing[6.1.5 %’%1) splits as a product over TV of Fq—algebras isomorphisms @% , each
q q

of them being of the form
‘@1,@1 : Al,ﬁq L>Fq[vri*,o] =F,[X,Y, Z;d]/(XY)-

7.2.4. The mod p central elements embedding. Specializing we get an embedding of
F,-algebras

sph ~
L5, MY ——Z(H,5,) C A, CHiF,

F,
making the diagram
P15 = = +1
A, ——= FoVg o] = Fy[X, Y, 257]/(XY)
-dfl,ﬂrqj J\
b T v Y = (F(X. Y, 22 (xY )™
M Vg )70 = (Fy[X,Y, 251/ (XY))

commutative. Then 2 gz coincides with the central elements construction of Ollivier [O14] Th.
4.3] for the case of GLg. This follows from the explicit formulas for the values of 27 (q) on {1 ¢

and T(Ll)? cf.
7.3 The mod p parametrization

7.3.1. Definition. The category of quasi-coherent modules on the k-scheme Vri(,l())/Wo will be called
the category of mod p Satake parameters, and denoted by SPg - 7

- a
SPg,q 1= QCoh (V) /).

For v € TV /Wy, we also define SP}}’O := QCoh (V%O/Wg), where V%’O =[1e, Vao-

7.3.2. Similarly to the generic case [6.3] the mod p pro-p-Iwahori Satake isomorphism induces an
equivalence of categories

S : Mod(Z(H\))) —— SPg ,,

q

that will be referred to as the functor of mod p Satake parameters, and which decomposes as a
product over the finite set TV /W:

S=1L,5 11, Mod(Z(”H%q)) — 11, SPé,0 =1, reg QCoh(Vi o) T, non-reg QCOL(Va o/ Wo).
For v = {1} and using we get an equivalence

S Mod(HZP") — SPL) = QCoh (Vg o/ Wh).
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Note that under this equivalence, the characters H%ph — ﬁq correspond to the skyscraper sheaves
q

on Vg ,/Wo, and hence to its k-points. Choosing the Steinberg coordinates (21, z2) on the k-scheme

Vg o/Wo, they may also be regarded as the k-points of Spec(k[X®(T)_]), which are precisely the
mod p Satake parameters defined by Herzig in [HI1I].

7.3.3. Definition. The category of quasi-coherent modules on the k-scheme V,i(,lg will be called
the category of mod p Bernstein parameters, and denoted by BPg - 7

BPg, := QCoh (V).

7.3.4. Similarly to the generic case the inclusion 7—[%) > AW together with the mod p

q
Bernstein isomorphism define a functor of mod p Bernstein parameters

1
B: Mod(H)) — BPg,,.
Moreover the category BPg , decomposes as a product over the finite group TV:

BPg, = HBP%VO = H QCoh (Vg o)-
A A

7.3.5. Notation. Let 7 : Vi(,l()) — V%l())/Wo be the canonical projection.

7.3.6. Definition. The mod p parametrization functor is the functor

#HD

P :=SoRes Fq(l) =m,0B:
Z(HY)

Mod(H%l))
SP&o-

7.3.7. The functor P decomposes as a product over the finite set TV /Wj:
pP=]I[, P71, Mod(?—[%q) — IT, SPéy0 .

In the case of the trivial orbit v := {1}, P11} factors as

Mod (')
RCSH;;}J pi

sphy S} {1}

Mod(?—lﬁq ) —— SP@,O .
7.4 The mod p antispherical module
7.4.1. Definition. We call

(1) | 4,(1)
JZ%Q 'HFQ *)Endz(ﬂg))( F,

the mod p antispherical representation, and the corresponding left H%l)—module ./\/l%) the mod p
q q
antispherical module.
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7.4.2. Proposition.
1. The mod p antispherical representation is faithful.

2. The mod p Bernstein parameter of the antispherical module is the structural sheaf:

B(Mg) =0,0.

T,0

8. The mod p Satake parameter of the antispherical module is the Rﬁq (X/ZI(}()))WLVV0 -module of the
relevant induced Vélz)-equivariant KFQ -theory of the flag variety of Vélz):

G g, L SMP) S K (VD VR

Proof. Part 1. follows from and part 2. from the property (i) in and and
O

part 3. from the characteristic isomorphism in

7.4.3. Corollary. The diagram

Mod(H{") —— BPg

(1)
Mﬁq ®Z(H(1)) T *

Mod(Z(H)) —=— SPg

1s commutative.

7.4.4. Definition. The mod p antispherical functor is the functor

ASph := (M%l) ® 087!

21 °)
1
SPg, o — Mod(H{).
7.4.5. Corollary. The diagram

Mod(#H")

% 5

SPG,O ,,T*>BP§,O T >SP€;,0

18 commutative.

7.4.6. The antispherical functor ASph decomposes as a product of functors ASph” for v € TV /W,
and accordingly the previous diagram decomposes over TV /W. In particular for v = {1} we have
the commutative diagram

Mod(Hi) wi

Asph{l} RebH;ph

lp{l} ¢
{1} {1} {1} ~ sph
SP )~ BPG )~ SPg | ¢ Mod(H™).
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7.4.7. Now, identifying the k-points of the k-scheme V%l()) /Wy with the skyscraper sheaves on it,
the antispherical functor ASph induces a map 7

ASph : (V) /Wo) (k) —— {left HL -modules}.

Considering the decomposition of V,i(,l()) /Wy into its connected components, cf. [6.2.14

(1) _ ~ o .
VT,O/WO - V’%,O/WO = H Vi H Vi o/ Wo.
YE(TY /Wo) YE(TY /Wo)reg YE(TY /Wo)non-reg

the antispherical map decomposes as a disjoint union of maps

ASph” : (V%O/WO)(k:) ~ Vi o (k) —— {left ”H,%q—modules} for v regular,

ASph” : (V% O/WO) (k) = (Vg o/Wo) (k) — {left H -modules} for v non-regular.

7.4.8. In the regular case, we make the standard choice of coordinates
Vi o(k) = ({(CB,O) | z € k} H {(0,y) |y € k}) x {zg € K™}
(0,0)

and we identify ’H% with H, 7 using A point v € V4 (k) corresponds to a character
q g )
0, : Z(Hyp,) = Fo[X,Y, FN/(XY) — Ty,

and then ASph”(v) identifies with the central reduction

Az, = AyF, @2,z )0, Fa

of the mod p regular antispherical representation .7, F, specializing [3.3.1] The latter being an
isomorphism by [3:3:3] so is

%79“ : HQ’QU SRS Enqu (AQ,QH).

Consequently Hs g, is a matrix algebra and Ay g, is the unique simple finite dimensional left H, = Fo
module with central character 6, up to 1somorphlsm It is the standard module with character
0,, with standard basis {e1,e2} (in particular its F,-dimension is 2). Conversely, any simple finite
dimensional HQ,?q—module has a central character, by Schur’s lemma.

Following [V04], a central character 6 is called supersingular if (X +Y) = 0, and the standard

module with character 6 is called supersingular if 0 is. Since XY = 0, one has (X +Y) = 0 if and
only if (X) =6(Y) =

7.4.9. Theorem. Let v € TV /Wy regular. Then the antispherical map induces a bijection

ASph” : (V%O/Wo) (k) —=— {simple finite dimensional left H -modules}/ ~ .

The singular locus of the parametrizing k-scheme V%O/Wo is given by (0,0) x G, C Vg, in
the standard coordinates, and its k-points correspond to the supersingular Hecke modules through
the correspondence ASph”.

7.4.10. In the non-regular case, we make the Steinberg choice of coordinates
(Vg o/Wo)(k) = {z1 € k} x {z2 € K}
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and we identify H. with H, 5, using A point v € (Vg ,/Wo)(k) corresponds to a character
0y : Z(Hl,?q) = Fq[zl,zgﬂ] — Fy,

and then ASph”(v) identifies with the central reduction

Avp, = ALE ®Z(H1,Fq),9v Fy

of the mod p non-regular antispherical representation .;zfqu specializing
Now recall from [V04, 1.4] the classification of the simple finite dimensional H, 7,-modules:
they are the characters and the simple standard modules. The characters

Hy 5, = B[S, U] — F,

are parametrized by the set {0, —1} x qu via evaluation on the elements S and U. On the other
hand, given v = (21,292) € k x k* = Fq X qu) a standard module with character 6, over Hl,?q is
defined to be a module of type

My(z1,22) := qu @Fqu, Sm = —m, SUm = zym, U?m = zom

(in particular its Fy-dimension is 2). The center Z(H, E) acts on Ma(z1, 22) by the character 0,.
In particular such a module is uniquely determined by its central character. It is simple if and
only if zo # 27. It is called supersingular if z; = 0.

7.4.11. Lemma. Set

A g, = mfﬁq ®Z(Hqu)79u Fq tHie, — Endﬁq (AI,OU)~

)

o Assume zo # 22. Then o, is an isomorphism, and the Hqu -module Aj g, is isomorphic
to the simple standard module My (z1, z2).

o Assume 2o = z}. Then g, has a 1-dimensional kernel, and the H, 7, ~module A, isa
non-split extension of the character (0,z1) by the character (—1,—z1).

Proof. The proof of Proposition m shows that H; g, has an Fq—basis given by the elements
1,5,U,SU, and that their images

1, h,(5), e, (U), e, (5),U)

by ¢, are linearly independent over F, if and only if 27 — 25 # 0.
If 2o # 27, then 2 p, is injective, and hence bijective since dimﬁq A, =2 from@ Moreover
S Y=-YandU- Y = (22 —2) — 1Y and so SUY = S((2} — 22) — 1Y) = S(—21Y) = 1Y, s0
that
Al,gv = FQY D FqU Y = Mg(zl, 2’2).

If zy = 27, then the proof of Proposition shows that @ », has a 1-dimensional kernel which
is the Fy-line generated by —z1(1 + S) +U + SU. Moreover F;Y C Ay, realizes the character
(=1,—21) of Hiyp,» and Ay, JFgY ~ F 1 realizes the character (0,z1). Finally the 0-eigenspace

of S'in A, is ?ql, which is not U-stable, so that the character (0, z1) does not lift in A; o,. O

7.4.12. Geometrically, the function z; — 27 on Vi /Wy defines a family of parabolas

VT7O/WO7

Jzzfzf

Al

whose parameter is 4A, where A is the discriminant of the parabola. Then the locus of Vg ,/Wo
where 2o = 27 corresponds to the parabola at 0, having vanishing discriminant (at least if p # 2).
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7.4.13. Definition. We will say that a pair of characters of H, F, = F,[S, U] — F: is
antispherical if there exists z; € qu such that, after evaluating on (S,U), it is equal to

{(07 Zl)a (717 *Zl)}'

7.4.14. Note that the set of characters H, F, F: is the disjoint union of the antispherical pairs,
by the very definition.

7.4.15. Theorem. Let v € TV /Wy non-regular. Consider the decomposition
V2 /Wo = D(2),UD(1),

where D(1), is the closed subscheme defined by the parabola zo = 23 in the Steinberg coordinates
21,22 and D(2), is the open complement. Then the antispherical map induces bijections

ASph”(2) : D(2), (k) —— {simple 2-dimensional left ’H% -modules}/ ~
q

ASph”(1) : D(1), (k) —— {antispherical pairs of characters of HL Y~
q
The branch locus of the covering
V’T‘,O — V’T‘,O/WO ~ V%O/Wo

is contained in D(2)., with equation z, = 0 in Steinberg coordinates, and its k-points correspond
to the supersingular Hecke modules through the correspondence ASph”(2).

7.4.16. Remark. The matrices of S, U and Sy = USU ! in the Fy-basis {1,Y} of the supersin-
gular module A; g, = M5(0, 22) are

(0 0 (0 —z (-1 0
=0 ) o= ) s (00)

The two characters of the finite subalgebra F,[S] corresponding to S + 0 and S +— —1 are realized
by 1 and Y. From the matrix of Sy, we see in fact that the whole affine subalgebra F,[Sp, S] acts on
1 and Y via the two supersingular affine characters, which by definition are the characters different
from the trivial character (Sp,S) — (0,0) and the sign character (Sp, S) — (=1, —1).

7.4.17. Finally, let v be any k-point of the parametrizing space Vri(,l()) /Woy. As a particular case of

the Bernstein parameter of the antispherical module ASph(v) is the structure sheaf of the
fiber of the quotient map 7 at v, and its Satake parameter is the underlying k-vector space:

B(ASph(’U)) = Oﬂ.—l(v) and S(ASph(U)) = W*Oﬂ.—l(v).

8 The theory at q = ¢ = 0: Semisimple Langlands corres-
pondence

We keep the notation introduced in the preceding section. In particular, £ = F,.

8.1 Mod p Satake parameters with fixed central character

8.1.1. Let w: Fy — k* be induced by the inclusion F, C k. Then (F))¥ = (w) is a cyclic group
of order ¢ — 1. An element w” defines a non-regular character of T:

of(tl, tg) = wr(t1>wr(t2)

for all (t1,t2) € T =FX x FX. Composing with multiplication in TV, we get an action of (FX)" on
TV, which factors on the quotient set TV /Wy:

TV /Wy x (JF;)V — TV /W, (y,w") = .

If v € TV/W, is regular (non-regular), then yw” is regular (non-regular).

41



8.1.2. Restricting characters of T to the subgroup Fy ~ {diag(a,a) : a € Fy} induces a homo-
morphism TV — (F,)¥ which factors into a restriction map

T /Wo = (F5), 7 2l
The relation to the (F)¥-action on the source TV /Wj is given by the formula
('Vwr)|n?qx = 'Y|1qu W™

We describe the fibers of the restriction map v — 'y|]qu .
Let ()|];X1 (w?") be the fibre at a square element w?". By the above formula, the action of w™"
on TV /Wy induces a bijection with the fibre ()|I;X1(1) The fibre

q

OO =} ]Jlvewv®ew? 0T gw T} [[lw™ 9w T}

has cardinality % and, in the above list, we have chosen a representative in TV for each element
in the fibre. The % elements in the middle of this list, i.e. the Wy-orbits represented by the
characters w" ® w™" for r = 1, ..., ‘%3, are all regular Wy-orbits. The two orbits at the two ends
of the list are non-regular orbits (note that 51 = —q;—l mod (¢ — 1)). Since the action of w™"

preserves regular (non-regular) orbits, any fibre at a square element (there are %1 such fibres) has
the same structure.
On the other hand, let ()|];X1 (w? 1) be the fibre at a non-square element w?"~!. The action of
q

w™" induces a bijection with the fibre ()|]I;X1 (w™1). The fibre

Ol @ ={lewwew?, T g )

has cardinality (I;Ql and we have chosen a representative in TV for each element in the fibre. All

elements of the fibre are regular Wy-orbits. Since the action of w™" preserves regular (non-regular)

orbits, any fibre at a non-square element (there are ‘12;1 such fibres) has the same structure.

Note that q;;(%l + %) = q2;q is the cardinality of the set TV /W.

8.1.3. Recall the commutative k-semigroup scheme

)

T = TV x Vg o = T" x SingDiagy 5 XGu,

together with its Wy-action, cf. [6.2.14} the natural action of Wy on the factors TV and SingDiags -
and the trivial one on G,,. There is a commuting action of the k-group scheme

2V = (F;)" xGp,

on V%lt)): the (constant finite diagonalizable) group (F )V acts only on the factor TV and in the way

described in [B.1.1} an element 20 € G,,, acts trivially on TV, by multiplication with the diagonal
matrix diag(zo,20) on SingDiag,y,, and by multiplication with the square 22 on G,,. Therefore

the quotient V%lé /Wy inherits a ZV-action. Now, according to [7.4.7} one has the decomposition

1
V’%‘,S/WO = H V’f,O H V’f@/WO-
’YE(TV/WO)reg ’Ye(Tv/WO)non-reg

Then the (IFqX)V—action is by permutations on the index set TV /Wy, i.e. on the set of connected

components of V%lg /Wo; as observed above, it preserves the subsets of regular and non-regular

components. The G,,-action on V’i(“lt)) /Wy preserves each connected component.
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8.1.4. Recall from the antispherical map

ASph : (VA /W) (k) —— {left H{Y-modules}/ ~ .

The H%l)—modules in the image of this map are of length 1 or 2, cf. |7.4.9and |7.4.15] We write
q
ASph(v)®® for the semisimplification of the module ASph(v), for v € (V%l())/WO)(k).

Let (w",z0) € ZY(k). Recall that the standard or irreducible ’H%l)—modules may be ‘twisted

by the character (w",2)’ : in the regular case, the actions of X,Y,U? get multiplied by 2o, 20, 23
respectively and the component v gets multiplied by w”, cf. [V04, 2.4]; in the non-regular case,
the action of U gets multiplied by zg, the action of S remains unchanged and the component ~
gets multiplied by w”, cf. [V04, 1.6]. This gives an action of the group of k-points of ZV on the

standard or irreducible 'H%l)—modules. It extends to an action on semisimple 'H]%l)—modules.
8.1.5. Lemma. The map ASph(—)* is ZV(k)-equivariant.

Proof. Let (w",z0) € ZV(k). Let v € (V"I(“lc)) /Wo) (k) and let its connected component be indexed by

v € TV /Wy. Suppose that v is regular, choose an ordering v = (, x*) on the set v and standard
coordinates. Then ASph(v) = ASph”(v) is a simple two-dimensional standard 7—[% -module, cf.

i.e. of the form M(xz,y, z2, x) [VO4, 3.2]. Then
ASph(v.(w", 20)) =~ M (20, 20y, 2 22, x-w") =~ ASph(v).(w", 29).

Suppose that v = {x} is non-regular and choose Steinberg coordinates. (a) If v € D(2).(k), then
ASph(v) = ASph”(2)(v) is a simple two-dimensional ”H%p—module, cf. |7.4.15] i.e. of the form

M (z1,22,x) [VO4, 3.2]. Then
ASph(v.(w", 20)) =~ M (2021, 2322, x-w") =~ ASph(v).(w", 20).

(b) If v € D(1),(k), then the semisimplified module ASph(v)* is the direct sum of the two
characters in the antispherical pair ASph”(1)(v) = {(0,21),(—1,—21)} where 2o = 2. Similarly

ASph(v.(w", 20))® is the direct sum of the characters {(0, z0z1), (=1, —2021)} in the component

~v.w", and hence is isomorphic to ASph(v)®.(w", 20). O
8.1.6. The two canonical projections from V,I(,l()) to TV and G,, respectively induce two projection
morphisms 7
(1)
V'I“,o/ Wo
pr‘T\/// %
™V /W Gm.

Then we may compose the map prpv yy, with the restriction map (~)|qu (T /Wo — (F)Y, set
0= (()|]F§ o Pryv /wy, ) X prg,

and view V,I(,l()) /Wy as fibered over the space ZV:

)
5.0/ Wo

le

ZV.
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The relation to the ZV-action on the source V%l()) /W is given by the formula

O(x.(w", 20)) = 0(x) (W™, 25) = 0(z)(w", 20)°

for x € V%%/Wo and (w",z9) € ZY. This formula follows from the formula in [8.1.2] and the
definition of the G,-action in [B.1.3|

8.1.7. Definition. Let ( € ZV. The space of mod p Satake parameters with central character ¢
is the k-scheme

(Vaa/Wo)c == 07"(C).

8.1.8. Let ¢ = (Clux,22) € 2¥(k) = (F)¥ x k*. Denote by (VA /Wp)., the fibre of prg, at
29 € k*. Then by we have

(1) _ - o
(VT,O/WO)C - H V30,2 H VT707Z2/W0.
’YG(TV/WU)rcg”Y\F; :C|[F;< ’YG(TV/WO)nonfrcng‘F; :C|[F;<

Recall that the choice of standard coordinates x,y identifies

Ve

o Al 1
T,0,20 — AU A

with two affine lines over k, intersecting at the origin, cf. [7.4.8] On the other hand, the choice of
the Steinberg coordinate z; identifies

V”I\‘,O,zz /WO ~ Al
with a single affine line over k, cf. [7.4.10]

8.1.9. Lemma. Let(,n € ZV. The action of n on V%l()]/Wo induces an isomorphism of k-schemes
1 1 7
(Vaia/Wa) = (Va'o/Wo)cys-

Proof. Follows from the last formula in [8.1.6] O

8.2 Mod p Langlands parameters with fixed determinant for F' = Q,

8.2.1. Notation. In this section, we let F' = Q, with p > 5. We fix an algebraic closure @p
and let Gal(Q,/Q,) be the absolute Galois group. We normalize local class field theory QX —
Gal(Q,/Q,)*" by sending p to a geometric Frobenius. In this way, we identify the k-valued smooth
characters of Gal(Q,/Q,) and of Q. Finally, w : Q; — k* denotes the extension of the character
w:Fy — kX to Q satisfying w(p) = 1, and unr(z) : Q; — k™ denotes the character trivial on
F)* and sending p to .

8.2.2. Let ¢ : Q) — kK be a character. Recall from [Em19] that the Emerton-Gee moduli curve
with character ¢ is a certain projective curve X¢ over k whose points parametrize (isomorphism
classes of) two-dimensional semisimple continuous Galois representations over k with determinant
w(:

X¢ (k) = {semisimple continuous p : Gal(Q,/Q,) — G(k) with detp=w(}/ ~.

It is expected to serve as a moduli space for the stack of étale (, I')-modules (X:,d et:“’c)rcd appearing
in [EGI9] (see also [CEGS19]) for K = Q, (in their notation).

The curve X¢ is a chain of projective lines over k of length %, whose irreducible components
intersect at ordinary double points. The sign +1 is equal to —((—1). We refer to ¢ in the case
—((—1) = —1 resp. —((—1) = +1 as an even character resp. odd character. There is a finite set
of closed points X érmd C X¢ which correspond to the classes of irreducible representations. Its

open complement X Eed =X\ X, é”ed parametrizes the reducible representations (i.e. direct sums
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of characters). Let 1 : Gal(Q,/Q,) — k* be a character. Since det(p ® n) = (det p)n?, twisting
representations with 7 induces an isomorphism

()@n: X¢ — Xepe.
Hence one is reduced to consider only two ‘basic’ cases: the even case where ((p) =1 and ¢ |F; =1
and the odd case where ((p) = 1 and (|F§ = w ! Indeed, if (\F; = w" for some even r, then
choosing n with n(p)? = ((p)~! and Npx = w™ %, one finds that (¢n?)(p) = 1 and ((772)|F; =1;if

Clgx = w" for some odd 7, then choosing n with n(p)? = ((p) ™! and plgx = w™ %", one finds that
(€n*)(p) = Land ((*)|gx =w™ "

8.2.3. We make explicit some structure elements of X in the even case {(p) = 1 and C|F; = 1.

Every irreducible component of X is isomorphic to P! and there are 251 components. They are

2
labelled by pairs of Serre weights of the following form:

Sym” | Sym? @ det
Sym? @ det ! | SymP ® @ det?

Sym? @ det ™2 | Sym? 7 ®det?

Sym?? @ det"™> | Sym’® det™ .

The component with label ” Sym”| Sym? ™ ®det” intersects the next component at the point

of X é”e‘i parametrizing the irreducible Galois representation whose associated Serre weights are

{Sym? @ det ™", Sym? 3 @ det}. The component with label ” Sym? @ det ™ | Sym?™° @ det®” in-

tersects the next component at the point of X gmd parametrizing the irreducible Galois represen-
tation whose associated Serre weights are {Sym4 ®det™2, Sym?° ® detz}. Continuing in this way,

one finds 1’2;3 points of X é”ed, which correspond to the 2 5‘3 double points of the chain X.. There

are two more points in X é-”"d: they are smooth points, each one lies on one of the two ‘exterior’
components and corresponds there to the irreducible Galois representation whose associated Serre
weights are {Sym?, Sym?~'} and {Sym" (X)detp%l,Sym”*1 ®detp771} respectively. So Xé”e‘i has
cardinality %. Suppose we are on one of the two exterior components P'. There is a canonical
affine coordinate z; on the open complement of the double point, identifying this open complement

with A'. We call the four points where z; = £1 the four exceptional points of X.

8.2.4. We make explicit some structure elements of X, in the odd case {(p) = 1 and §|F; =w L

Every irreducible component of X, is isomorphic to P! and there are p—;l components. They are
labelled by pairs of Serre weights of the following form:

Symp—2 | » Sym—l 2
Sym?P~* @ det | Sym' @ det ™!
Sym? % @ det? | Sym?® ® det 2
Sym' ® det "= | Sym’™*® det ">
? Sym ™ ® det"= 7 | Sym’?® det"= .

The component with label ” Sym? ™2 | 7 Sym™'”” intersects the next component at the point

of X érmd parametrizing the irreducible Galois representation whose associated Serre weights are
{Sym' @ det™*, SymP~2}. The component with label ” Sym? % @ det | Sym' ® det™'” intersects
the next component at the point of X é”ed parametrizing the irreducible Galois representation
whose associated Serre weights are {Sym3 ®det ™2, Sym? ™4 ®det}. Continuing in this way, one
finds %71 points of X é-”ed, which correspond to the prl double points of the chain X¢. There are
no more points in X é”ed and X é”ed has cardinality L;l. Suppose we are on one of the two exterior
components P'. There is a canonical affine coordinate ¢ on the open complement of the double
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point, identifying this open complement with A!. We call the four points where t = £2 the four
exceptional points of X¢.

8.2.5. Definition. The category of quasi-coherent modules on the Emerton-Gee moduli curve X¢
will be called the category of mod p Langlands parameters with determinant w(, and denoted by

LPé,O,wcj"

LPg ¢.c = QCoh(X¢).

8.3 A semisimple mod p Langlands correspondence in families for /' = Q,

8.3.1. Let us consider W to be a subgroup of G, by sending s to the matrix ( (1) (1) ) and by

identifying the group A with a subgroup of T' via (1,0) — diag(cw ™!, 1) and (0,1) — diag(1,w™1).
We obtain for example (recall that v = (1,0)s € W)

u (0 = (01 e (@0 (1 0
“\1 o ) “\wo) 7L o 1) 70 = )

Moreover, u? = diag(w?, w‘l)ﬂ Since

0 w! a b 0 11\ d wlc
1 0 c d w 0 ) \ @b a
the element u € G normalizes the group I,
8.3.2. Let Mod™ (k[G]) be the category of smooth G-representations over k. Taking I))-invariants
yields a functor 7w — 7" from Mod®™ (k[G]) to the category Mod(?—[%l)). If FF = Q,, it induces a
q
bijection between the irreducible G-representations and the irreducible H%?)—modules, under which

P
supersingular representations correspond to supersingular Hecke modules [V04].

For future reference, let us recall the IV-invariants for some classes of representations. If
= Indg(x) is a principal series representation with y = x1 ® x2, then 7! i a standard module
in the component v := {x|r, X*|r}-

In the regular case, one chooses the ordering (x|r, x*|r) on the set v and standard coordinates
x,y. Then

md$ ()" = M(0, x(su), x(u?), x|) = M(0, x2(w 1), x1 (@ Hxz(w 1), xlr)

In the non-regular case, one has

md$ ()" = M(x(su), x(u?), xIr) = M (xa(@ ), x1 (@ )xa(@ ), xlr)-

These standard modules are irreducible if and only if x # x* [V04] 4.2/ 4.3]E|

Let F = Q,. If 7 = 7(r,0,n) is a standard supersingular representation with parameter
r=0,..,p— 1 and central character n : Q) — k*, then " s a supersingular module in the
component v = {x, x*} represented by the character x := (w" ® 1) - (77|]F; ), cf. [BrQ7, 5.1/5.3]. If

7 is the trivial representation 1 or the Steinberg representation St, then v = 1 and =/ “ is the
character (0,1) or (—1,—1) respectively.

2The Galois representations living on the two exterior components in the odd case are unramified (up to twist),
i.e. of type p = ( um(r)(z) unr((:]r:*l) ) ® 1 and t equals the ‘trace of Frobenius’  + z~!. Hence t = 42 if and
only if x = +£1.

3Note that our element u equals the element u~! in [Bell],[Br07] and [V04].

40ur formulas differ from [V04] 4.2/4.3] by x(-) <+ x(-) ™}, since we are working with left modules; also compare
with the explicit calculation with right convolution given in [V04] Appendix A.5].
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8.3.3. Let 7 € Mod®™ (k[G]). Since u € G normalizes the group IV one has Iyl = 1M, Tt
follows that the convolution action of the Hecke operator U (resp. U?) on 7! ) is therefore induced
by the action of u (resp. u? on 7). Similarly, the group I (1) is normalized by the Iwahori subgroup

Iand I/1 (1) ~ T. It follows that the convolution action of the operators T},t € T on 7! is the
factorization of the T(op)-action on 7.

8.3.4. We identify F'* with the center Z(G) via a — diag(a,a). A (smooth) character
C:Z(G) = F* — k>

is determined by its value ((@w™!) € k* and its restriction ¢ |0;. Since the latter is trivial on the
subgroup 1+ wop, we may view it as a character of Fy; we will write ¢ |qu for this restriction in

the following. Thus the group of characters of Z(G) gets identified with the group of k-points of
the group scheme Z¥ = (FxX)" x Gy,

2(G)Y > 2Y(k), ¢+ (Clex, C(@™)).

8.3.5. Lemma. Suppose that m € Mod™™ (k[G]) has a central character ¢ : Z(G) — k*. Then the
Satake parameter S(ﬂl(l)) of e Mod(?—[%l)) has central character (, i.e. it is supported on the
q

closed subscheme
(1) (1)
(VT,O/WO)(C‘F; C(w=1)) C V”I\UO/WO'

Proof. If M is any H%l)—module, then
q

M = @ ey M = @ BreyerM,

YETY /W, YETY /Wy

and T C F,[T] C 7—{,( ) acts on ex M through the character A : T — F. Now if M = " , then the
T-action on M is the factorization of the T'(op)-action on , cf. [8 - In particular, the restriction

of the T-action along the diagonal inclusion F; C T is the factorlzatlon of the action of the central
subgroup o C Z(G) on w, which is given by ( |O; by assumption. Hence
6"/M 7é 0 — VA € Y, >\|]F;< = C'F; i.e. ’}/|]F;< = <|IF;< .

Moreover, the element u? = diag(w !, !) € Z(GQ) acts on m by multiplication by ((~!) by

assumption. Therefore, by[8.3.3] the Hecke operator zp := U? € ’H%l) acts on /" by multiplication
q

by ((ew™!). Thus we have obtained that S(Wl(l)) is supported on

(1)
V"I",o,c(Wfl) H VTOC -1 /WO (VﬁO/WO)(CIF;,C(w—l))'
’YE(TV/WO)regv’Y|F(>I< :Q]F; ’YE(TV/WO)non—regv'yl]F; :C‘F;

O

Next, recall the twisting action of the group ZV (k) on the standard ’H%)—modules and their simple
q
constituents B.1.41

8.3.6. Proposition. Let 7 € Modladm(k:[G]) be irreducible or a reducible principal series repre-
sentation. Let n: F* — k> be a character. Then

(1) (1) _
(ren)’ =" (g, n(w™))

as 7—[%1) -modules.
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Proof. An irreducible locally admissible representation, being a finitely generated k[G]-module, is
admissible [Em10} 2.2.19]. A principal series representation (irreducible or not) is always admissible
[EmI0, 4.1.7]. The list of irreducible admissible smooth G-representations is given in [HI1I1bl
Thm. 1.1]. There are four families: principal series representations, supersingular representations,
characters and twists of the Steinberg representation.

We first suppose that 7 is a principal series representation (irreducible or not), i.e. of the form
Ind% () with a character y = x1®x2. Then 7®@n ~ Ind$(x17®x271). We use the results from
The modules 7! and (r® 77)](1) are standard modules in the components v := {x|r, x®|r} and
7(7]|]qu) respectively. Suppose that v is regular. We choose the ordering (x|r, x*|t) and standard
coordinates x,y. Then

md§ ()" = M(0, xa(@ 1), x1 (@ xa(@ ), xln)
and

d§ (x1n @ xan)! = M0, x2(w (@), x1 (@ xa(@ n(w2), (xln)-(1lsx)-

This shows (7 ® 77)10) = 7r1(1>.(77|]qu7n(w_1)) in the regular case. Suppose that 7 is non-regular.
Then

md§ 00" = Mlx(@ ™), (@ xa(@ ), xr)
and

nd§ (x1m ® xan)’ = M(xa(@ (@), x1 (@ xa(@ ™ (@ 2), (xl)-(lgx)-

This shows (7 ® n)ﬂl) =7l .(77|qu ,n(ww™1)) in the non-regular case.
We now treat the case where 7 is a character or a twist of the Steinberg representation. Consider

the exact sequence
1—1—Ind§(1) — St — 1.

According to [V04] 4.4] the sequence of invariants
(8):1— 17" 5 mdg@)™ > s’ 51

N o, . . .
is still exact and 17" resp. St’ " is the trivial character (0,1) resp. sign character (—1,—1) in the
Iwahori component v = 1. Tensoring the first exact sequence with n produces the exact sequence

1-n—-mdf(1)®n—Ston— 1.

Since the restriction n\oé is trivial on 1 + wop, one has (n o det)|;1y = 1 and so, as a sequence of
k-vector spaces with k-linear maps, the sequence of invariants

1— nl(l) — (Ind%(1) ® n)I(1> = (St® 77)[(1) —1

coincides with the sequence (S). It is therefore an exact sequence of ’H%l)—modules, with outer
q

terms being characters of ’H%l). From the discussion above, we deduce
q

(d§(1) @ n)"" =IdG (1) (g, n(@) ") = M(n(w ™), n(w2), L(]gx)).

It follows then from [V04, 1.1] that n’ “ must be the trivial character (0,7(w™1)) in the component
1.(77|Iqu) and (St@)n)l(1> must be the sign character (=1, —n(w™1)) in the component 1.(77|qu ). This

implies

JiS) M

_ 1 (1) _
= 1" (nlgx.n(@)™Y) and (St ) =St" (nlp,n(@) ).

This proves the claim in the cases 7 = 1 or m = St. If, more generally, 7 = 1’ is a general character
of G, then

(wom™ =@mn" =17 (lgs M@ =7 (g n(=) 7.
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On the other hand, if 7 = St ® i’ is a twist of Steinberg, then

(o)™ = ste m)™ = st (nlgs. ') (@)Y =7 (g n(@) 7).

It remains to treat the case where 7 is a supersingular representation. In this case m ® n
) ' are supersingular ’H%l)-modules
q

[V04l, 4.9]. Let v be the component of the module " By m the component of (7 ® 7)
I )Im

is also supersingular and the two modules 7! “ and (m®n
7

equals (7|zx ). Moreover, if U? acts on 71" via the scalar zo € kX, then U? acts on (m®n via

za(nodet)(u?) = zan(w) =2, cf. Since the supersingular modules are uniquely characterized by

7

their component and their U2-action, we obtain (7 ®@n)! " = v -(77‘1&; ,n(w)™1), as claimed. O

8.3.7. Let FF = Q, with p > 5. We let Modlcadm(k[G]) be the full subcategory of Mod®" (k[G])
consisting of locally admissible representations having central character (. By work of Paskiinas
[Pas13], the blocks b of the category Modlcadm(k‘[G]), defined as certain equivalence classes of simple
objects, can be parametrized by the set of isomorphism classes [p] of semisimple continuous Galois
representations p : Gal(Q,/Q,) — (A}(k) having determinant det p = w(, i.e. by the k-points of
X¢. There are three types of blocks. Blocks of type 1 are supersingular blocks. Each such block
contains only one irreducible G-representation, which is supersingular. Blocks of type 2 contain
only two irreducible representations. These two representations are two generic principal series
representations of the form Ind%(y; ® yaw™!) and Ind%(y2 ® yiw™t) (where x1x2 # 1,wh).
There are four blocks of type 3 which correspond to the four exceptional points. In the even case,
each such block contains only three irreducible representations. These representations are of the
form 7, St ® n and Indg (w®w ™) ®@n. In the odd case, each block of type 3 contains only one
irreducible representation. It is of the form Ind%(y ® yw™1).

8.3.8. Let F' = Q, with p > 5. Paskunas’ parametrization [p] — by, is compatible with Breuil’s
semisimple mod p local Langlands correspondence

p = m(p)

for the group G [Br(7, [Bell], in the sense that if p has determinant w(, then the simple constituents
of the G-representation (p) lie in the block by, of Modlcadm(k[G]).

The correspondence and the parametrizations (for varying ¢) commute with twists: for a char-
acter : Q) — k™, m(p®@mn) =7m(p) @n and by, @ N = bjpgy)-
8.3.9. Theorem. Suppose F' = Q, with p > 5. Fiz a character { : Z(G) Q, — kX,
corresponding to a point ((|F;,C(p’1)) € ZV(k) under the identification Z(G)Y = ZV(k) from

8.3.4) Let (V,i(.lé/WO)C be the space of mod p Satake parameters with central character ¢ and X¢ be

the moduli spa}:e of mod p Langlands parameters with determinant w(.
There exists a morphism of k-schemes

Iraul

1
LC : (Vrf(\,())/WO)C — XC
such that the quasi-coherent Ox -module

1
LC*S(M%p))|<V;13/Wo)<

equal to the push-forward along L¢ of the restriction to (V%l())/W())C C V,I(,l())/Wo of the Satake

parameter of the mod p antispherical module M%l), cf. |7.4.9 3., interpolates the IV -invariants of

the semisimple mod p Langlands correspondence

Xc(k) — Modf™(k[G])) — Mod(H\)

w’
T — ﬂ(pw) — 77(/)91)1 ' )
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in the sense that for all x € X (k),
(1) ¥ _ (1) (1)y- o
((LC*S(MFP )|(v_1(_f())/wo)€) ®Ox4 k(x)) = (-MFp ®Z(H%;)) (pr ) 1(OL<—1(w)>) > 7(pz)
in Mod(H%)).

8.3.10. The connected components of (V%IS/WO)C are either regular and then of type A! Uy A,
or non-regular and then of type A'. The morphism L¢ appearing in the theorem depends on the
choice of an order of the two affine lines in each regular component. It is surjective and quasi-finite.
Moreover, writing L/ for its restriction to the connected component (V% o/ Wol¢ C (V%l()) /Wo)es
one has:

(e) Even case. All connected components are of type Al Uy Al, except for the two ‘exterior’
components which are of type Al. LZ is an open immersion for any ~.

(o) Odd case. All connected components are of type Al Uy Al L¢ is an open immersion on all
connected components, except for the two ‘exterior’ ones. On an ‘exterior’ component -, the
restriction of L’Y to one irreducible component A! is an open immersion, and its restriction to
the open complement Gy, is a degree 2 finite flat covering of its image, with branched locus
equal to the intersection of this image with the exceptional locus of X.

8.3.11. Note that the semisimple mod p Langlands correspondence associates with any semisimple
p: Gal(Q,/ Qp) — G(k) a semisimple smooth G-representation 7(p) of length 1,2 or 3, hence whose
semisimple H Y _module of IM-invariants 7r(p)1(1> has length 1,2 or 3. On the other hand, the
antispherical map

ASph : ( %%/WO)(k) — {left H%i)—modules}

has an image consisting of 7—[( -modules are of length 1 or 2, cf. [7.4.9 and [7.4.15] Theorem
combined with the propertles 8.3.10] of the morphism L provide the following case-by-case
elumdatlon of the ’H%)—moduleb m(p)™"

8.3.12. Corollary. Let x € X¢(k), corresponding to p, : Gal(Q,/Q,) — G (k). Then the 7—[%1)_

7

module m(p) admits the following explicit description.

(i) If x € Xé”e‘i(k), then the fibre Lgl(x) = {v} has cardinality 1 and

JiS)

m(pz)" =~ ASph(v).

It is irreducible and supersingular.

(i) If v € X”d( )\ {the four exceptional points}, then Lgl(x) = {vy,v2} has cardinality 2 and

7(pe)!" ~ ASph(v1) ® ASph(vy).
It has length 2.

1iie S 18 exceptional in the even case, then L, (x) = {v1,va} has cardinality 2 an
If v e X[(k) i jonal in th hen L¢! h dinality 2 and

(1)

m(pz)" =~ ASph(v;)* ® ASph(vs).

It has length 3.
1410 NS 18 exceptional in the odd case, then L.~ (x) = {v} has cardinality 1 an
If X”dk l he odd h LC1 h dinality 1 and
W(px)l(l) ~ ASph(v) ® ASph(v).
It has length 2.
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8.3.13. Now we proceed to the proof of [8.3.9, |8.3.10| and [8.3.12]
We start by defining the morphism L. at the level of k-points. Let v € (V'i(“lt)) /Wo)c(k) and let
its connected component be indexed by v € TV /W.

1. Suppose that « is regular. Then ASph(v) = ASph”(v) is a simple two-dimensional ’H% -

module, cf. Let 7 € Mod*" (k[G]) be the simple module, unique up to isomorphism, such
that 7" =~ ASph”(v), cf. [8.3.2) Then m € Mod2®" (k[G]) with

¢ = Clasr €07 = (g s 22)

by Let b be the block of Modlgadm(k:[G]) which contains 7. We define L¢(v) to be the point
of X¢(k) which corresponds to b.

2. Suppose that ~ is non-regular.

(a) If v € D(2)(k), then ASph(v) = ASph”(2)(v) is a simple two-dimensional ’H% -module, cf.
As in the regular case, there is a simple module 7, unique up to isomorphis?n, such that
7" ~ ASph”(2)(v). It has central character ¢ = (7|F; ,2z2) and there is a block b of Modlcadm(k[G])
which contains 7. We define L¢(v) to be the point of X, (k) which corresponds to b.

(b) If v € D(1)4(k), then ASph(v)* is the direct sum of the two characters forming the
antispherical pair ASph”(1)(v) = {(0,21), (=1, —z1)} where 2o = 2%, cf. As in the regular
case, there are two simple modules m; and 75, unique up to isomorphism, such that W{(l) ~ (0,21)
and wé(l) ~ (—1,—z1) and m, e have central character ¢ = ('7|F;7z2). Moreover, we claim that
there is a unique block b of Mod?dm(k[G]) which contains both 71 and ms. Indeed, if v = {1 ® 1}
and z; = 1, then m; = 1 and my = St, cf. Then by it follows more generally that if
v ={w" @w"}, then m = n and m = St @ n with = (77|]F;777(p71)) == (w", z1). Consequently
m, e are contained in a unique block b of type 3, cf. We define L¢(v) to be the point of
X¢ (k) which corresponds to b.

Thus we have a well-defined map of sets L : (V%lg/Wo)g(k) — X (k).

We show property (i) of [8.3.12L Let x € X!(k) and suppose L¢(v) = 2. Then b, is a
supersingular block, contains a unique irreducible representation 7, which is supersingular, and

7 = 7(py), cf. By definition of L, one has ASph(v) ~ 1. Since the antispherical
map ASph is 1 : 1 over supersingular modules, cf. [7.4.9] and such a preimage v of z exists

and is uniquely determined by z. Summarizing, we have Lgl(x) = {v} and ASph(v) ~ ﬂ(px)l(l).
This is property (i).

As a next step, we take a second character 1 : Q; — k* and show that the diagram

(VA Wo)e (k) — Xc (k)

‘WJ/N Nl(-)@m

(1) Lin2
( T,O/VVO)Q?2 (k) —— XCnQ (k)

commutes. Here, the vertical arrows are the bijections coming from and To verify the
commutativity, let v € (V%l()) /Wo)¢(k) and let its connected component be indexed by v € TV /W.
Suppose that « is regular or that v is non-regular with v € D(2)(k). Let m be the simple G-
module with /' ~ ASph(v) and let by, be the block corresponding to the point L¢(v). By the
equivariance property one has ASph(v.n) ~ ASph(v).n. Taking IV)-invariants is compatible
with twist, cf. and so L¢y2(v.n) corresponds to the block which contains the representation

T ®n, i.e. to by @ N = bppgy, cf. and so L¢,2(v.n) = [p @ n] = L¢(v).
If v € D(1)4(k), let m and 7 be the simple modules such that (m & 7r2)1(1) ~ ASph”(v)®.
As before, we conclude from ASph(v.n)*® ~ ASph(v)*™ ®n that L¢,2(v.n) corresponds to the block
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which contains m; ®7 and 7, ® n and that L¢,2(v.n) = L¢(v).n. The commutativity of the diagram
is proved.

Thus, we are reduced to prove that the map L; comes from a morphism of k-schemes satisfying

and the remaining parts of [8.3.12|in the two basic cases of a character ¢ such that ((p~1) = 1
and ¢ |F; € {1,w™1}. This is established in the next two subsections.

8.4 The morphism L, in the basic even case

Let ¢ : Q5 — k> be the trivial character. Here we show that the map of sets L : (V%l())/WO)C(k) —
X¢(k) that we have defined in [8.3.13| satisfies properties (ii) and (iile) of [8.3.12] and we define a
morphism of k-schemes L : (V,i‘l0 /Wo)c — X which coincides with the previous map of sets at

the level of k-points. By construction, it will have the properties [8.3.10} This will complete the
proof of 8.3.12] [8:3.10] and [8.3.9] in the case of an even character.

8.4.1. We verify the properties (ii) and (iiie). We work over an irreducible component P! with
label ” Sym” ® det® | Sym? 3" @det" ™" where 0 <r <p—-3and 0 < a < p— 2, cf.
On this component, we choose an affine coordinate z around the double point having Sym” ® det®
as one of its Serre weights. Away from this point, we have x # 0 and the corresponding Galois

representation has the form
[ unr(z)w" ! 0
P = ( 0 unr(z~1) @

with 7 = w®. By [Belll, 1.3] or [Br(7, 4.11], we have
m(pz) = w(r,z,n)* ©m(p—3—r], W n)* = m & m

where [p — 3 — r| denotes the unique integer in {0, ...,p — 2} which is congruent to p — 3 — r modulo
p — 1. Now suppose that L¢(v) = . We distinguish two cases.

1. The generic case 0 < r < p — 3. In this case, the point x lies on one of the ‘interior’
components of the chain X, which has no exceptional points. The length of 7(p,) is 2. Indeed,
w1 = 7w(r,z,n) and T = m(p—3—r, 27, w"1n) are two irreducible principal series representations
[Br07, Thm. 4.4]. The block b, is of type 2 and contains only these two irreducible representations,
cf. We may write

m = Ind3(x) @
with ¥ = unr(z) ® w” unr(z~1), according to [Br07, Rem. 4.4(ii)]. By our assumptions on r, the
character x|r = 1 ® w" is regular (i.e. different from its s-conjugate). We conclude from and

that mf “is a simple 2-dimensional standard module in the regular component represented
by the character (1 ® WT)-(UhF;) = (n‘sz) ® (U‘F; Jw"™ € TV. Similarly, we may write

my = Indf(x) ® w1y

where now y = unr(z7!) ® w?P 3 "unr(z). By our assumptions on r, the character x|r =
1 ® wP~3~" is regular and we conclude, as above, that the I(V)-invariants 775(1) form a simple 2-
dimensional standard module in the regular component represented by the character (77‘1?; Jwrtl ®

(0l ) TLlwP=3=" € TV. Note that the component of 71" is different from the component of

7 .
w5 , by our assumptions on r.

We conclude from L¢(v) = « that either ASph(v) = w{(l) or ASph(v) = 71'5(1). Since for
~ regular, the map ASph” is a bijection onto all simple ’H% -modules, cf. one finds that

Lgl(x) = {v1,v9} has cardinality 2 and

ASph(v1) © ASph(un) = m(p,)"" .

This settles property (ii) of [8.3.12]in the generic case.
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2. The boundary cases r € {0,p — 3}. In this case, the point x lies on one of the two ‘exterior’
components of X¢. On such a component, we will denote the variable = rather by z;, which is the
notation’| which we used already in [8.2.3]

(a) Suppose that z; # +1. The length of m(p,,) is 2. Indeed, as in the generic case, m =
7(r, z1,m) and 1y = w(p—3—7, z; 1, w"t1n) are two irreducible principal series representations. The
block b,, is of type 2 and contains only these two irreducible representations. It follows, as above,
that their invariants 7/ “ and 775(1) are simple 2-dimensional standard modules, in the components
represented by (1]px) ® (nlpx)w" € TV and (0l Jw'tt @ (77|]F]§)w’“+1w”_3_7' € TV respectively.
Since r € {0,p — 3}, one of these components is regular, the other non-regular. In particular,

the two components are different. We conclude from L¢(v) = z; that either ASph(v) = 7! “ or

ASph(v) = 7'('5(1). Since for non-regular -, the map ASph”(2) is a bijection from D(2),(k) onto
all simple standard ’H,% -modules, cf. [7.4.15, we may conclude as in the generic case: Lgl(zl) =

{v1,v2} has cardinalityPQ and
ASph(v;) ® ASph(vs) = (ps,)T".

This settles property (ii) in the remaining case z; # +1.

(b) Suppose now that z; = £1, i.e. we are at one of the four exceptional points. We will
verify property (iiie). The length of 7(p., ) is 3. Indeed, the representation (0, +1,7) is a twist of
the representation 7(0,1,1) (note that w(r, z1,7n) =~ m(r, —z1, unr(—1)n) according to [Br07, Rem.
4.4(v)]), which itself is an extension of 1 by St, cf. [BrO7, Thm. 4.4(iii)]. As in the case (a), the
representation o = m(p — 3, +1,wn) is an irreducible principal series representation. The block b,,
is of type 3 and contains only these three irreducible representations. The invariants 7/ “ form a
direct sum of two antispherical characters in a non-regular component ~, whereas the invariants
775(1) form a simple standard module in a regular component, as before. Since for non-regular ~,
the map ASph”(1) is a bijection from D(1),(k) onto all antispherical pairs of characters of H%p,

cf. [7.4.15] we may conclude that Lgl(zl) = {v1,v2} has cardinality 2 with v; € D(1),(k) and
ASph7(1)(v1)* = wf(l). In particular,

ASph(v1)** @ ASph(vs) ~ 7 (p,)"".

This settles property (iiie).
8.4.2. We define a morphism of k-schemes L : (V%lg /Wo)¢ — X¢ which coincides on k-points
with the map of sets L¢ : (V,isl())/WO)C(k) — Xg(k)7. We work over a connected component of
(V%%())/WO)C, indexed by some 7 € TV /Wjy. Let v be a k-point of this component.

Since C|F; = 1, the connected components of (Vi(i())/WO)C are indexed by the fibre (-) ];;1(1)
This fibre consists of the ? regular components, represented by the characters of T

b= wF @wk

for k=1,..., %, and of the two non-regular components, given by xo and Xeo1, cf. We
distinguish two cases. Note that zo = ((p~!) = 1.

1. The regular case 0 < k < %. We fix the order v = (x&, x}) on the set v and choose the
standard coordinates z,y. According to [7.4.7] our regular connected component identifies with
two affine lines intersecting at the origin:

Va

o Al 1
o1 = AlUp AL

Suppose that v = (0, 0) is the origin, so that ASph(v) is a supersingular module. Let 7 (r,0,7) be the
corresponding supersingular representation. It corresponds to the irreducible Galois representation
p(r,n) = ind(wyt)@n, in the notation of [Belll 1.3], whence L¢(v) = [p(r,1)]. According tom7

5The reason for this notation will become clear in the discussion of the non-regular case in
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the component of the Hecke module 7'('(7‘,077])[(1) is given by (w" @ 1) - (nlgx). Setting npx = w*,
this implies (w" ® 1) - (n\F;) = W' ® w* = x; and hence a = —k and r = 2k. Therefore the
Serre weights of the irreducible representation p(r,n) are {Sym?* ® det™ SymP~17%k @ detk}, cf.
[Br0O7, 1.9].

Comparing these pairs of Serre weights with the list shows that the ’”2;3 points

{origin (0,0) on the component (xx, x%)}

for 0 < k < % are mapped successively to the % double points of the chain X,.

Fix0< k< p—;l and consider the double point
@ = L¢(origin (0,0) on the component v = (x&, X%))-

As we have just seen, @ lies on the irreducible component P! whose label includes the weight
Sym?* @ det ™" (i.e. on the component ” Sym®* @ det ™% | Sym?~*~2* @ det"™! »). We fix an affine
coordinate on this P! around @, which we will also call  (there will be no risk of confusion with
the standard coordinate above!). Away from @, the affine coordinate x # 0 parametrizes Galois

representations of the form
_( unr(z)wkHt 0
Pz = ( 0 unr(z~1) ©

with 7 := w™". As we have seen above, 7(p,) = 7(2k,z,7) @ 7(p — 3 — 2k, 271, w"n) = ™ & ™.
Moreover, 7, = Ind$(x) ® n with x = unr(z) ® w?* unr(z~"). Since

1®w™).(nlpx) =w ™ @w' =x3 €T,

we deduce from the regular case of that

" = M(0,2,1,x})
is a simple 2-dimensional standard module. Note that M (0,z,1, x;) = M(«,0,1, x%) according to
[V04l, Prop. 3.2].
Now suppose that v = (x,0),z # 0, denotes a point on the z-line of A} Uy AL. In particular,
ASph”(v) = M(z,0,1, xx). By our discussion, the point L¢((z,0)) corresponds to the block which
contains 7r1. Since 7 lies in the block parametrized by [p.], cf. it follows that

Le((2,0) = [pz] =2 € G,,, C P C X

Since (0,0) maps to @, i.e. to the point at = 0, the map L¢ identifies the whole affine z-line
Al ={(z,0) : x € k} C Vg ,, with the affine 2-line A* C P* C X,.

On the other hand, the double point @ lies also on the irreducible component P! whose labelling
includes the other weight of @, i.e. the weight Sym?~172* @ det”. We fix an affine coordinate y on
this P! around Q. Away from @, the coordinate i # 0 parametrizes Galois representations of the

form ) ok
[ unr(y)wP™ 0
Pz = ( 0 unr(y~1) ) ©n

with n := w®. As in the first case, (p,) contains 7 = w(p — 1 — 2k,y,7n) = nd%(y) ® 7 as a

direct summand, where now y = unr(y) ® w?~*~2* unr(y—!). Since

1@ ).(nlg) =w* @w™ = x, € T,

we deduce, as above, that W{(l) = M(0,y,1, xx) is a simple 2-dimensional standard module.

Now suppose that v = (0,y),y # 0, denotes a point on the y-line of A} Ug A}. In particular,
ASph”(v) = M(0,y, 1, xx). By our discussion, the point L¢((0,y)) corresponds to the block which
contains 7. Since 7y lies in the block parametrized by [p,], cf. it follows that

Le((0,9) =[] =y € Gy C P C X
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Since (0,0) maps to @, i.e. to the point at y = 0, the map L. identifies the whole affine y-line
Al ={(0,y) : y € k} C Vz,, with the affine y-line A* C P* C X¢.

In this way, we get an open immersion of each regular connected component of (V,I(,l()) /Wo)¢ in
the scheme X, which coincides on k-points with the restriction of the map of sets L.

2. The non-regular case k € {0, %} We choose the Steinberg coordinate z;. According to

[7-47 our non-regular connected component identifies with an affine line :
~ Al
VT,O,zg/WO ~ A%

Suppose that v = (0) is the origin, so that ASph(v) is a supersingular module. Let 7 (r,0,7)
be the corresponding supersingular representation so that L¢(v) = [p(r,n)]. Exactly as in the
regular case, we may conclude that the Serre weights of the irreducible representation p(r,n)
are {Sym?* @ det™* Sym?~1"** @ det*}. For the two values of k = 0 and k = 1’2;1 we find
{Sym°, Sym? '} and {Sym0®det%,8ymp -1 ®detp771} respectively. Comparing with the list
shows that the 2 points

{origin (0) on the component (xx = x%)}

for k € {0, ]”2;1} are mapped to the 2 smooth points in Xé”ed, which lie on the two ‘exterior’

components of X¢, cf.

Fix k € {0,251} and consider the point
@ = L¢(origin (0) on the component v = (xx = X3))-

As we have just seen, Q lies on an ‘exterior’ irreducible component P! whose label includes the
weight Sym® @ det”. We fix an affine coordinate on this P! around @, which we call z (there will
be no risk of confusion with the Steinberg coordinate above!). Away from @, the affine coordinate
z1 # 0 parametrizes Galois representations of the form

[ unr(z)w 0 2
Pz = 0 unr(zfl) n

with 7 := w*. As in the regular case, m(p,,) = 7(0,21,1)% @ 7(p — 3,27 ', wn)*™. Moreover,
7(0, z1,7) = Ind§(x) ® 1 with x = unr(z;) ® unr(z; ) (6] Since

1®1).(lpx) =" ®u* =xp =xi € TV,

we deduce from the non-regular case of that (0, 21, 77)1(1) = M(z1,1, xx) is a 2-dimensional
standard module. Moreover, the standard module is simple if and only if x # x*, i.e. if and only
if 2, # +1.

Now let v = z; # 0 denote a nonzero point on our connected component Al = V’I‘,O,l /Wo.
Suppose that z; # £1, i.e. v € D(2),. In particular, ASph(v) = M (21, 1,7) is irreducible. By our
discussion, the point L¢(z1) corresponds to the block (a block of type 2) which contains 7(0, z1,7).
Suppose that z; = +1, i.e. v € D(1),. In particular, ASph™(v) = M (21,1, xx)* and again,
L¢(z1) corresponds to the block (now a block of type 3) which contains the simple constituents of
7(0, z1,1)%. In both cases, we conclude

L<(21) = [pzl} =2 €G,, C ]Pl C Xc.

Since (0) maps to @, i.e. to the point at 2; = 0, the map L. identifies the whole z;-line A! =
Va 0.1/Wo with the z;-line Al Cc Pl C Xc.

In this way, we get an open immersion of each non-regular connected component of (Vél()) /Wo)c¢
in the scheme X¢, which coincides on k-points with the restriction of the map of sets L.

6The representations (0, z1,7n) constitute the unramified principal series of G.
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8.5 The morphism L. in the basic odd case

Let ¢ :=w™!: QF — k*. Here we show that the map of sets L¢ : (Vi(,l())/Wo)C(k) — X¢(k) that
we have defined in [8.3.13| satisfies properties (ii) and (iiio) of [8.3.12] and we define a morphism
of k-schemes L¢ : (V,i‘l0 /Wo)¢ — X¢ which coincides with the previous map of sets at the level

of k-points. By construction, it will have the properties [8:3.10] This will complete the proof of
[8.3.12] [8.3.10] and [8.3.9] in the case of an odd character.

8.5.1. We verify properties (ii) and (iiio). We work over an irreducible component P! with label
7 Sym” @ det® | Sympf‘n’*’”@detﬁlﬁ ” where 1 <r<p—-2and 0<a<p-2,cf We
distinguish two cases.

1. The generic case r # p — 2. In this case, the irreducible component of X we consider is
an ‘interior’ component and has no exceptional points. On this component, we choose an affine
coordinate x around the double point having Sym” ® det® as one of its Serre weights. Away from
this point, we have x £ 0 and the corresponding Galois representation has the form

_( unr(z)w™t 0
Pz = ( 0 unr(z~1) ) ©n

with n = w®. As before, we have
7(pg) = w(r,z,n)* ©m(p—3 -7,z w )™,

The length of 7(p;) is 2. Indeed, by our assumptions on r, the principal series representations
7(r,x,n) and 7(p — 3 — r,x~ 1, w"Tly) are irreducible and the block b, contains only these two
irreducible representations. We may follow the argument of the generic case of word for word

and deduce property [8.3.12] (ii).
2. The two boundary cases r = p — 2. In this case, the irreducible component is one of the two
1 -1
‘exterior’ components with labels ” Sym?~2 | ” Sym ™~ ”” or ”” Sym ™! det”z 7 | Sym?~? det”z 7.
Points of the open locus X, éed lying on such a component correspond to twists of unramified Galois
representations of the form

~{ unr(z) 0
Prtz—1 = < 0 unr(z 1) > ®n

withn=1orn= w®2" . Let us concentrate on one of the two components, i.e. let us fix 7.
Mapping an unramified Galois representation p,,-1 to t := x + 2~ € k identifies this open
locus with the t-line Al C P'. We have

ﬂ-(pt) = 7T(p - 27%77)38 S ,/T(p - 2,1'71; TI)SS =:m D M2

since [p—3—(p—2)] =p—2 (indeed, p—3—(p—2) = -1 =p—2 mod (p—1)). The length
of m(py) is 2. Indeed, m = 7(p — 2,2,m) and m = 7(p — 2,271, 7n) are two irreducible principal
series representations and the block b; contains only these two irreducible representations. They
are isomorphic if and only if z = 41, i.e. if and only if ¢ = £2 is an exceptional point. In this
case, by contains only one irreducible representation and is of type 3, otherwise it is of type 2.
We may write
m = IndF(x) ©1

with x = unr(z) ® wP~?unr(z~'). Similarly for m. The character x|px = 1 ® wP™? is regular
(i.e. different from its s-conjugate) and we are in the regular case of We conclude that
77{(1) = M(0,z,1, (1®wP~2).n) and 7r§(1> = M (0,271, 1, (1®wP~2).n) are both simple 2-dimensional
standard modules in the regular component 7 represented by the character (1 ® wp_2).(17|F;) =
(lgx) ® (77|F§)wp’2 € TV. They are isomorphic if and only if ¢ = +2. We choose an order
7 = ((nlpx) ® (77|]F;)o.)p*27 (e JwP™? @ (nlgx)) on the set 7. Then from L¢(v) =t we get that
either ASph”(v) = 7r{<1) or ASph™(v) = 775(1). Since for regular 7, the map ASph” is a bijection
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onto all simple 7—[% -modules, cf. one finds that Lc_l(t) = {v1,v2} has cardinality 2 if ¢ # £2
and then o
ASph(v;) @ ASph(vs) =~ m(p;)" .

This settles property |8.3.12| (ii). In turn, if ¢ = £2 is an exceptional point, then Lc_l(t) = {v} has

cardinality 1 and

ASph(v) & ASph(v) ~ m(pe)"".

This settles property [3.3.12] (iiio).

8.5.2. We define a morphism of k-schemes L : (Vi(,l()) /Wo)¢ — X¢ which coincides on k-points
with the map of sets L¢ : ( %%/Wo)g(k) — X¢(k). We work over a connected component of
( %%/WO)C, indexed by some v € TV /W,. Let v be a k-point of this component.

Since (|px = w™ !, the connected components of (V%l())/WO)C are indexed by the fibre () |];X1 (w™h).
P ) P

This fibre consists of the % regular components, represented by the characters

Y = Wl @k

for k=1,..., P—;l, cf. Recall that zo = ((p) = 1.

Fix an order v = (x&, xj) on the set v and choose standard coordinates z,y. According to
our regular connected component identifies with two affine lines intersecting at the origin:

o Al 1
Vo1~ Al Up AL,

Suppose that v = (0, 0) is the origin, so that ASph(v) is a supersingular module. Let 7 (r, 0, ) be the
corresponding supersingular representation. It corresponds to the irreducible Galois representation
p(r,n), in the notation of [Belll 1.3], whence L¢(v) = [p(r,7n)]. According to the component
of 77(7",0,77)](1) is given by (w" ® 1) - (n\F;). Setting n|F; = w?, this implies (w" ® 1) - (77|F;) =
W @ w* = xx and hence a = —k and r = 2k — 1. The Serre weights of the irreducible
representation p(r,7) are therefore {Sym?* ™! @ det ™%, Sym?~2* @ det* 1}, cf. [Br07, 1.9].

Comparing these pairs of Serre weights with the list shows that the ]”2;1 points

{origin (0,0) on the component (xx, x3%)}
fork=1,..., p—;l are mapped successively to the ”2;1 double points of the chain X,. We distinguish
two cases.
1. The generic case 1 < k < %. In this case, the argument proceeds as in the regular case of
Consider the double point
@ = L¢(origin (0,0) on the component v = (xk, X%))-

As we have just seen, @ lies on an ‘interior’ irreducible component P! whose label includes the
weight Sym?* ™! @ det™*. We fix an affine coordinate on this P! around @, which we will also call
z. Away from @, the affine coordinate x # 0 parametrizes Galois representations of the form

Pa = ( unr(?w% y -1 ) ®@n

unr(z

with 77 := w™*. As we have seen above, 7(p,) = 7(2k—1,z,7)®m(p—3—2k+1, 271, w?*

n) =: 1 Pma.
Moreover, 71 = Ind$(x) ® 7 with x = unr(z) ® w?* ' unr(z~1). Since

1@ ).(e) =0 @ =x; €T,

we deduce from the regular case of that ﬂ{(l) = M(0,z,1,x3) is a simple 2-dimensional
standard module. Note that M(0,z,1,x;) = M(z,0,1, x&) according to [V04, Prop. 3.2].
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Now suppose that v = (z,0), x # 0, denotes a nonzero point on the z-line of A' Uy Al. In
particular, ASph”(v) = M (x,0,1, xx). Our discussion shows that the point L¢((z,0)) corresponds
to the block which contains 7. Since 7 lies in the block parametrized by [p.], cf. it follows
that

L¢((2,0)) = [pe] = v € G, C P
Since (0,0) maps to @, i.e. to the point at = 0, the map L. identifies the whole affine z-line
Al ={(z,0) : x € k} C V5 ,, with the affine 2-line A* C P* C X,.

On the other hand, the double point @) also lies on the irreducible component whose labelling
includes the other weight of Q, i.e. the weight Sym?~2* ® det*~!. We fix an affine coordinate y on
this P! around Q. Away from @, the coordinate y # 0 parametrizes Galois representations of the

form ) -
o unr(y)wP~ 0
Py = ( 0 unr(y~1) ) ®n

with 7 := w*~1. As in the first case, 7(p,) contains 7, := 7(p — 2k, y,7) = Ind%(x) @7 as a direct
summand, where now x = unr(y) ® w?~?* unr(y~1). Since

1@’ ).(nlpx) = T @w ™ = x, €TV,

we deduce from the regular case of that w{(l) = M(0,y,1,xx) is a simple 2-dimensional
standard module.

Now suppose that v = (0,y), y # 0, denotes a nonzero point on the y-line of A! Uy Al. In
particular, ASph”(v) = M (0, y, 1, xx). Our discussion shows that the point L¢((0,y)) corresponds
to the block which contains 7, parametrized by [p,]. Hence

Lc((0,9) = [py) =y € Gy C P

Since (0,0) maps to Q, i.e. to the point at y = 0, the map L. identifies the whole y-line A' =
{(0,y) : y € k} C V4, with the affine y-line A' C P! C X.

In this way, we get an open immersion of each connected component (V% 0 /Wo)¢ of (V%lg /Wo)c

such that v = (xx, x3) with 1 <k < 7”2;1, in the scheme X, which coincides on k-points with the
restriction of the map of sets L.

2. The two boundary cases k € {1, p—;l} Consider the double point
@ = L¢(origin (0,0) on the component v = (x&, X%))-

As we have just seen, @ lies on an ‘interior’ irreducible component P! whose label includes the
=3

weight Sym' @det™" (for k = 1) or the weight Sym' @ det“z (for k = %) We fix an affine

coordinate on this P! around @, which we will call z. Away from @, the coordinate z # 0

parametrizes Galois representations of the form

p. = ( unr((,)z)w2 um(oz,l) )@n

withn =w™ orn = w'z.
Let k =1, i.e. n = w™!. Following the argument in the generic case word for word, we may

conclude that L¢ identifies the z-line A' = {(2,0) : 2 € k} C V4, with the z-line A' C P! C X.
Let k = ’72;1, ie. n= w2z, As in the generic case, we may conclude that L. identifies the

y-line A' = {(0,y) : y € k} C Vg, , with the z-line A’ C P' C X.
On the other hand, the double point @ lies also on the irreducible component P' whose labelling
includes the other weight of @, i.e. the weight Sym?~? (for k = 1) or the weight Sym?™? ® det" =

(for k = %71) These are the two ‘exterior’ components. Points of the open locus X éed lying on

such a component correspond to unramified (up to twist) Galois representations of the form

. ( um(")(z) 0 >®n

unr(z71)
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where n = 1 (for k = 1) 01"17:o.)pT_1 (fork:pT_l) and with t = 24+ 271 € Al C PL. As

in the boundary case of we have 7(p;) = 7(p — 2,2,m) ®w(p — 2,27 1,n) = m & m and
these are irreducible principal series representations. We may write m; = Indg (x) ® n with x =
unr(z)®@wP~2unr(z~1). The character Xlgx = 1®wP~? is regular (i.e. different from its s-conjugate)
and we are in the regular case of We conclude that

Y = M(0,2,1,(1® wP2).n)
is a simple 2-dimensional standard module in the regular component represented by the character
(1©w"2).nley) = (lley) ® il Jo" =2 = (i) © (il Jw™" € TV,

This latter character equals x; for n = 1 and (XpT—l)S forn = whr (indeed, note that % = —%
mod p — 1).

Now suppose that £ =1, i.e. n = 1. Let v = (0,y), y # 0, be a nonzero point on the y-line of
AlUg Al. In particular, ASph” (v) = M(0,y, 1, x1). Our discussion shows that the point L¢((0,v))

corresponds to the block which contains 7, i.e. which is parametrized by [p:]. It follows that
Le((0,) =[p] =t=y+y ' € Al CP..
Since (0,0) maps to Q, i.e. to the point at t = oo, the map of sets L¢ maps the k-points of

the whole affine y-line A' = {(0,y) : y € k} C V4 0.1 to the k-points of the whole ‘left exterior’
component P! C X¢ via the formula

Al — P!

y+y b ify#0
y {ooQ if y=0.

This formula is algebraic: indeed, for y € A\ {4i} (where +i are the roots of the polynomial
fly) =y?>+1), wehave y +y~t #0 and (y +y~ 1)~ = y/(y* + 1), which is equal to 0 at y = 0.
Moreover, it glues at the origin (0,0) with the open immersion of the z-line of V4 ;| = Al Ug A!
in X¢ defined above, since both map (0,0) to Q. We take the resulting morphism of k-schemes
A'UpA! — X, as the definition of L¢ on the connected component (V%XS’Xi)/WO)C of (V%%/Wo)g.
Note that its restriction to the open subset {y # 0} in the y-line Al is the morphism G,, — A!
corresponding to the ring extension

klt] — kly,y~'] = k[t)ly]/ (v* — ty + 1),
and that the discriminant t? — 4 of y? — ty + 1 € k[t][y] vanishes precisely at the two exceptional
points t = £2.

Suppose k = p—;l, ie. n= w’ . Let v = (2,0), x # 0, denote a nonzero point on the z-line of
A' Ug A'. In particular,

ASph”(v) = M(0,x,1, (sz;l)s) = M(z,0, 1’XPT’1)'

Our discussion shows that the point L¢((x,0)) corresponds to the block which contains 7y, i.e.
which is parametrized by [p;]. It follows that L¢((z,0)) = [pr] =t =z + 27! € Al C P! Since
(0,0) maps to the point @ at ¢ = 0o, the map of sets L maps the k-points of the whole affine z-line
Al = {(2,0):y €k} C V’f‘,o,l to the k-points of the whole ‘right exterior’ component P! C X, via
the formula

Al — P!
x4zl ifx#£0
v {OO—Q if x =0.

This formula is algebraic. Moreover, it glues at the origin (0,0) with the open immersion of the
y-line of Vg | = A'Up A! in X, defined above, since both map (0,0) to Q. We take the resulting

morphism of k-schemes A' Ug A — X, as the definition of L on the connected component
(Xp=1,(xp=1)°) 1
(Vao® = /W) of (Vy/Wo)c.
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8.6 A mod p Langlands parametrization in families for ' = Q,

In this subsection we continue to assume that F' = Q, with p > 5.

8.6.1. Recall the mod p parametrization functor P : Mod(’}-l%l)) — SPg from |7.3.6 For
Y ;
¢ e 2V(k), let Modc(’)’—[%l)) be the full subcategory of Mod(?—l%l)) whose objets are the H%l)—
P P

P
modules whose Satake parameter is supported on the closed subscheme (V"I(“lc)) /Wo)e C V’I(“lg /Wo.
A H%l)—module M lies in the category Modc(”;‘—%l)) if and only if: M is only supported in ~-

p P
components where 7|F; = C|1F; and the operator U? acts on M via the G,,-part of (. Set SPa, =

QCoh(( %T()J/WO)C), the category of quasi-coherent modules on the k-scheme ( %())/Wo)g- Then P

induces a mod p -parametrization functor

1
PC : MOdC(’H%p)) E— SP@,O,C .
For ¢ € ZV(k), also recall the category LPg ¢ = QCoh(X¢) of mod p Langlands parameters
with determinant w¢ from B:2.5} it induces the functor
Lew:SPg o — LPg .

G,0,¢ 9

push-forward along the k-morphism L¢ : (V,f(.lé/Wo)c — X¢ from8.3.9

Finally recall that for ¢ € ZVY(k), the functor of IV-invariants (-)I(1> : Mod™ (k[G]) —
Mod(?—%l)) induces a functor

1) sm
(O ModZ™ (k[G]) — Mod¢ (HL),

by
8.6.2. Definition. Let ¢ € ZV(k). The mod p (-Langlands parametrization functor is the functor

LCPC = LC* o PC :

Mod(H)

|

G,0.¢"
Identifying ¢ with a central character of G, the functor L¢P¢ extends to the category ModZ™ (k[G])
by precomposing with the functor (-)é(l) : Modg™ (k[G]) — Modc(’H%l)):

LP

(1)

Mod3™ (k[G))

|

LP@,O,C .
8.6.3. Theorem. Suppose F' = Q, with p > 5. Fiz a character ¢ : Z(G) = Qy — k*,
corresponding to a point ((|]F;,C(p_1)) € ZV(k) under the identification Z(G)Y = ZV(k) from

5.5 4
The mod p (-Langlands parametrization functor L¢:P. interpolates the Langlands parametriza-
tion of the blocks of the category Mod?dm(k[G]), cf. : forallz € X¢(k) and for all T € by,

JLed) g (T if x is not an exceptional point in the odd case
LePe(n' ) = . M ma .
igx (T )®2 otherwise

(1)
™)

S LP@,O,C

where iy : Spec(k) — X is the k-point x.
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Proof. By definition of a block of a category as a certain equivalence class of simple objects [Pas13],
if m € bj,,) then in particular 7 is simple. Then o s simple too, and hence has a central
character. Therefore PC(’/TI (1)) is the underlying k-vector space of 7! @ supported at the k-point
v E (V%l()) /Wo)¢ corresponding to its central character under the isomorphism yﬁ(:), which lies

on some connected component . Suppose dimy (7! (1)) = 2. Then 7! is isomorphic to the
simple standard module of ’H% with central character v, i.e. to ASph”(v), and hence L¢(v) = x
P

by definition of the map of sets L¢(k). Suppose dimk(wl(l)) = 1. Then 7! is one of the two
antispherical characters of H% whose restriction to the center Z (’H% ) is equal to v, i.e. it is one

p
of the simple constituents of (ASph”(v))*, and hence again L¢(v) = x by definition of the map of
sets L¢ (k). Now if x is not an exceptional point in an odd case, then L. is an open immersion at
v, and otherwise it has ramification index 2 at v. The theorem follows. O

9 Appendix: Virtual quotients for actions of semigroups

A semigroup is a set equipped with an internal law which is associative. If the law admits a
(necessary unique) identity element then the semigroup is a monoid, and if furthermore every
element is invertible then it is a group. These set theoretic notions induce corresponding notions
for set-valued functors on a given category, in particular on the category of schemes. Using the
Yoneda embedding, we get the notions of a semigroup scheme, monoid scheme and group scheme
(over a fixed base scheme).

In this appendix, we consider the following setup. We fix a base scheme S and let (Sch/S)
be the category of schemes over S. We fix a semigroup scheme G over S and a subsemigroup
scheme B C G (i.e. a subsemigroup functor which is representable by a scheme). We denote by
ag,c : G x G — G the law of G (resp. app: B x B — B the law of B). If G is a monoid we
denote by eq its identity section and then we suppose that B C G is a submonoid: ep :=eg € B.
If G is a group then we suppose that B C G is a subgroup, and denote by i : G — G the inverse
map of G (resp. ip : B — B the inverse map of B).

9.1 Virtual quotients

Recall that an S-space in groupoids is a pair of sheaves of sets (R,U) on (Sch/S) with five mor-
phisms s, t, e, ¢, (source, target, identity, composition, inversion)

R U—%R Rx,utR—=R R— R
t

satifying certain natural compatibilities. Given a groupoid space, one defines the fibered groupoid
over (Sch/S) to be the category [R, U]" over (Sch/S) whose objects resp. morphisms over a scheme
T are the elements of the set U(T) resp. R(T). Given a morphisms f : 77 — T in (Sch/S) one
defines the pull-back functor f* : [R,U)(T) — [R,U])(T") using the maps U(T) — U(T') and
R(T) — R(T’). An equivalent terminology for ‘fibered groupoid over (Sch/S)’ is ‘prestack over
S, and given a Grothendieck topology on (Sch/S), one can associate a stack to a prestack; in the
case of the prestack [R, U], the associated stack is denoted by [R, U].

If X is a scheme equipped with a (right) action of a group scheme B, one takes U = X,
R = X x B, and let s be the action of the group and ¢t = p; be the first projection. Then c is
the product in the group and e, i are defined by means of the identity and the inverse of B. By
definition, the quotient stack [X/B] is the stack [X x B, X]. For all of this, we refer to [LMOQ,
(2.4.3)].

In the context of semigroups, we adopt the same point of view, however, the maps e and i are
missing. This leads to the following definition.

9.1.1. Definition. The virtual quotient associated to the inclusion of semigroups B C G is the
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semigroupoid consisting of the source and target maps ag B = ag,claxp and first projection py

G x Baci) G

TR
together with the composition
c:(GXBlags Xap(GXxB) — GxB

((9,0),(gb, b)) = (g,0V).
We denote it by G/B.
9.1.2. Saying that these data define a semigroupoid means that they satisfy the following axioms:

(0) ag,poc = ag,pop2 and p; o ¢ = p; o p; where we have denoted the two projections
(G X B)ag,s X6 p(Gx B) = G x B by p1,ps2 ;

(i) (associativity) the two composed maps

cxXidgx B

GXBaw . XG0, (G X B)aw » Xt (G X B " (G X Baw » Xa . (G X B) —— (G x B
G,B p1 G,B D1 - G,B p1

idcxg Xc

are equal.

9.1.3. If B C G is an inclusion of monoids, then G/B becomes a monoidoid thanks to the
additional datum of the identity map

idg Xep

e:G G x B.
This means that the following additional axioms are satisfied:
(0) ag,po (idg xep) = p1 o (idg xep) = idg ;
(ii) (identity element) the two composed maps
exidax

GXxB=(GxB)agp xaG@=Gxgp, (GxB) ’(

idgx B X€

G X B)ag.s %G p (G x B)—— (G x B)

are equal.

9.1.4. If B C G is an inclusion of groups, then G/B becomes a groupoid thanks to the additional
datum of the inverse map

ag,BX1iB

i1:GXxB———GxB.

This means that the following additional axioms are satisfied:
(0)” ag,Bo(agp xip) =p1 and p1o(ag,B X i) = ag,B ;
(ili) (inverse) the two diagrams

(ag,Bxip)xidax B

Gx B (G x Bag 5 % p (G x B)
o] |
5 idg xep Gx B
G x p ltenlecnxin o Bag,s %G p (G X B)
.| JC
5 idg xep G x B

are commutative.
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9.2 Categories on the virtual quotient
Let C be a category fibered over (Sch/S).
9.2.1. Definition. The (fiber of the) category C over G/B is the category C(G/B) defined by:
(Obj) an object of C(G/B) is a couple (F,¢p) where F is an object of C(G) and
¢p : piF — ag pF
is a morphism in C(G x B) satisfying the following cocycle condition: considering the maps

GxBxB—G

p1 = p1 o (idg xap,B) = p1 o P12
q:=oagB©° (idG XO(B’B) = Qaag,B© (aG,B X idB)
r:=p1 o (ag,p xidp) = ag,B ° p12,

the diagram in C(G X B X B)

(idg xaB,B)" ¢>B

“(F,¢B)
Plﬁx‘ /40@3) “¢B

18 commutative ;

(Hom) a morphism (F*,¢L) — (F2,¢%) in C(G/B) is a morphism ¢ : F* — F? in C(G) such that
the diagram in C(G x B)

P T P

¢>}{ PZB

1 GB‘P 2
ag gt —r ag pF

1s commutative.

9.2.2. If B C G is an inclusion of monoids, then an object of C(G/B) is a couple (F, ¢p) as in
which is required to satisfy the additional condition that the morphism in C(G)

E*(¢B) = (ldG xeB)*qSB F—F

is equal to the identity. Homomorphisms in C(G/B) remain the same as in the case of semigroups.

9.2.3. If B C G is an inclusion of groups, then given an object (F,¢p) of C(G/B) as in[0.2.2] the
morphism ¢p in C(G x B) is automatically an isomorphism, whose inverse is equal to i*(¢p) :=
(ag,p X ip)*(¢pp). The category C(G/B) coincides therefore with the category attached to the
underlying inclusion of monoids.

9.3 Equivariant categories on the virtual quotient

9.3.1. By taking the direct product idg x e of all the maps appearing in the definition [0.1.1] of the
semigroupoid G/B, we get a semigroupoid G x G/B, whose source and target maps are

&G xG,B
(GxG)xB TG xG.

—_—
p1
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Then given C we define the category C(G x G/B) exactly as we defined the category C(G/B), but
now using the semigroupoid G x G/B instead of G/B. Applying once more idg X e, we also get
the semigroupoid G x G x G/B with source and target maps

aAGxGxG,B

(GxGxG)xB "G xGxG,
P1

and then the category C(G x G x G/B).
9.3.2. A morphism f: G x G — G is B-equivariant if the diagram

(GxG)xB&GxB

OZGXG,BJ J/QG,B
f

GxG——(G

commutes. Then there is a well-defined pull-back functor
f*:C(G/B)——C(G x G/B),

given by the rules (F,¢5) — (f*F,(f x idg)*¢p) and ¢ — f*¢. One defines similarly the
B-equivariant morphisms f : G x G x G — G x G and the associated pull-back functors f* :
C(GxG/B) = C(G x G x G/B).

9.3.3. With this preparation, we will now be able to define the G-equivariant version of the
category C(G/B). It relies on the semigroupoid G\G consisting of the source and target maps

aGg,G
GxG — G

together with the composition
(G X Glag.e Xap.(GXxG) — GxG
((91,90), (92, 9190)) — (9291, 90)-
Note that the source and target maps ag,¢ and py are B-equivariant.

9.3.4. Definition. The (G-)equivariant (fiber of the) category C over G/B is the category
CY(G/B) defined by:
(Obj) an object of C%(G/B) is a triple (F, ¢p, gp) where (F,¢p) is an object of C(G/B) and

G¢ :p;(fa¢B) HQE,G(FWﬁB)

is an isomorphism in C(G x G/B) satisfying the following cocycle condition: considering the
B-equivariant maps
GxGxG—G

Ps3
q:=0g,Go° (OZG7G X ldg) = oag,G o (ldG XO&G,G)
r:=ps o (idg Xag,¢) = ag,c © p23,
and the B-equivariant maps ag,q X idg, p2s3, idg xag,¢ from G x G x G to G x G, the
diagram in C(G x G x G/B)

(ag,exida) c¢

p3(F, ¢B) q(F,éB)
m /(A,G)*Gd)

T*(]:v ¢B)

18 commutative ;
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(Hom) a morphism (F', ¢k, q¢') — (F2,¢0%,60°) in CE(G/B) is a morphism ¢ : (F', ¢%) —
(F2,¢%) in C(G/B) such that the diagram in C(G x G/B)

p3(FL, dk) —22— p5(F2, %)

G¢1l lccﬁz
aE,G‘P

aga(Fh op) — ag o(F?, ¢%)
is commutative (which by definition means that the diagram in C(G x G)

P3P
psFt ———— p3F?

G(bll lcdf"
O‘ZJ,G‘P

agelt —— a5 oF’
is commutative).

9.3.5. If B C G is an inclusion of monoids, then an object of C%(G/B) is a triple (F, ¢p, ¢¢) as
in where now the object (F,¢p) of C(G/B) is as in [9.2.2] which is required to satisfy the
additional condition that the morphism in C(G)

((—;’G X idc)*c¢ F—— F

is equal to the identity. Homomorphisms in C%(G/B) remain the same as in the case of semigroups.
9.3.6. As in the non-equivariant setting, cf. [9.2.3] if B C G is an inclusion of groups, then the
category C%(G/B) coincides with the category attached to the underlying inclusion of monoids.

9.4 Induction of representations

From now on, the fixed base scheme is a field k and C is the fibered category of vector bundles.

9.4.1. Definition. The category Rep(B) of right representations of the k-semigroup scheme B
on finite dimensional k-vector spaces is defined as follows:

(Obj) an object of Rep(B) is a couple (M, o, p) where M is a finite dimensional k-vector space
and

OzM7BiM><B—)M

is a morphism of k-schemes such that
V(m,b17b2) e M x B x B, aMyg(aM’B(m,bl),bg) = aMyB(m,aB,B(bl,bg)).

(Hom) a morphism (M*,apn g) — (M?, ape p) in Rep(B) is a k-linear map f: M' — M? such
that
V(m,b) € Ml X B7 f(aMhB(mab)) :aMmB(f(m)?b)'
9.4.2. We define an induction functor

Ind$ : Rep(B) —— C%(G/B)

as follows. Let (M, o, p) be an object of Rep(B). Set F := G x M € C(G). There are canonical
identifications pjF = G'x M x B and ag pF = G x B x M in C(G x B). Set

¢pp:GXxMxB — GxBxM
(g7m7b) = (g7b7 aM,B(m7b))'

65



Then (F, ¢p) is an object of C(G/B). Next, there are canonical identifications p3F = G x G x M
and af; oF =G x G x M in C(G x G). Set

q¢ :=idgxaxm -

Then ¢ is an isomorphism p3(F,¢p) — o o(F,¢p) in C(G x G/B), and ((F,¢p),cd) is an
object of C%(G/B).
Let f: (M, ann g) = (M? ape ) be a morphism in Rep(B). Then

idgxf:Fl=Gx M — F? =G x M?

defines a morphism ¢ : ((F', ¢k%), ad') — ((F2,9%), c¢?) in C%(G/B).
These assignments are functorial.

9.4.3. Lemma. The functor Ind% is faithful. Suppose moreover that the k-semigroup scheme G
has the following property:

There exists a k-point of G which belongs to all the G (k)-left cosets in G(k), and the underlying
k-scheme of G is locally of finite type.

Then the functor Ind$, is fully faithful.

Proof. Faithfulness is obvious. Now let ¢ : Znd% (M) = G x M' — Ind%(M?) = G x M?. The
compatibilty of ¢ with g¢?, i = 1,2, reads as

idexp=agap:GxGx M — GxGx M.

For g € G(k), denote by ¢, : ML — M2 the fiber of ¢ over g. Taking the fiber at (¢', g) in the

above equality implies that ¢, = ¢4 for all g,¢" € G(k), i.e. 4 depends only on the left coset
G(k)g, hence is independent of g if all the left cosets share a common point. Assuming that such a
point exists and is defined over k, let f : M' — M? be the corresponding k-linear endomorphism.
Then ¢ —idg X f is a linear morphism between two vector bundles on G, which vanishes on each
geometric fiber. Then it follows from Nakayama’s Lemma that ¢ —idg xf = 0 on G, at least if

the latter is locally of finite type over k. O

9.4.4. Definition. When the functor Indg 18 fully faithful, we call its essential image the category
of induced vector bundles on G/B, and denote it by C$, ,(G/B):

Ind$ : Rep(B) —— C¢ ,(G/B) Cc C%(G/B).

9.4.5. If B C G is an inclusion of monoids, then an object of Rep(B) is a couple (M, ap,p) as in
which is required to satisfy the additional condition that the k-morphism

QM B © (ldM XGB) M —M

is equal to the identity. Homomorphisms in Rep(B) remain the same as in the case of semigroups.
In particular, comparing with the same assignments as in the case of semigroups define
an induction functor

Ind$ : Rep(B) —— C%(G/B).
Now set e := ep = e¢ € B(k) C G(k), the identity element. We define a functor fiber at e
Fib, : C%(G/B) — Rep(B)
as follows. Let (F, ¢, g$) be an object of CY(G/B). Set M := F|., a finite dimensional k-vector
space. There are canonical identifications (piF)lexp = M X B, (ag; pF)lexs = (@& 6 F)|Bxe =

Fl|p and (p5F)|pxe = B x M. Set

$BlexB GPlBxe

anp: M x BZ25F | E825B x M —25 ML
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Then (M, anm,p) is an object of Rep(B).
Let ¢ : (F', 0%, ¢0') — (F2,¢%, g¢*) be a morphism in C%(G/B). Then

f:@e:]:lle:Ml—>]:2|e:M2

defines a morphism (M*', apn g) — (M?, ape 5) in Rep(B).
These assignments are functorial.

9.4.6. Proposition. For an inclusion of k-monoid schemes B C G with unit e, the functors
ang and Fib, are equivalences of categories, which are quasi-inverse one to the other.

Proof. Left to the reader. O

9.4.7. Analogous to the property [9.3.6] for equivariant vector bundles, we have that if B C G
is an inclusion of groups, then given an object (M, anr,g) of Rep(B), the right B-action on M
defined by as,p factors automatically through the k-group scheme opposite to the one of k-linear
automorphisms of M, the inverse of aps p(e,b) being equal to ap p(e,ip(b)) for all b € B. The
category Rep(B) coincides therefore with the category attached to the underlying monoid of B.

In particular, we have the functors Znd% and Fib, attached to the underlying inclusion of
monoids B C G, for which Proposition [0.4.6] holds.

9.5 Grothendieck rings of equivariant vector bundles

9.5.1. For a k-semigroup scheme B, the category Rep(B) is abelian k-linear symmetric monoidal
with unit. Hence, for an inclusion of k-semigroup schemes B C G such that the functor Indg is
fully faithful, the essential image and(G /B) has the same structure. In particular, it is an abelian
category whose Grothendieck group KIGnd(G/B) is a commutative ring, which is isomorphic to
the ring R(B) of right representations of the k-semigroup scheme B on finite dimensional k-vector
spaces:

Ind$, : R(B) —— K¢ ,(G/B).

9.5.2. If B C G is an inclusion of monoids, then it follows from that the category C%(G/B)
is abelian k-linear symmetric monoidal with unit. In particular, it is an abelian category whose
Grothendieck group K% (G/B) is a commutative ring, which is isomorphic to the ring R(B) of
right representations of the k-monoid scheme B on finite dimensional k-vector spaces:

Ind$§ : R(B) —— K%(G/B).

9.5.3. If B C G is an inclusion of groups, then applies to the underlying inclusion of monoids.
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