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Abstract

Let F' be a non-archimedean local field with residue field F; and let G = GLy,r. Let q
be an indeterminate and let ’H(l)(q) be the generic pro-p Iwahori-Hecke algebra of the p-adic
group G(F). Let Vg be the Vinberg monoid of the dual group G. We establish a generic
version for "H(l)(q) of the Kazhdan-Lusztig-Ginzburg spherical representation, the Bernstein
map and the Satake isomorphism. We define the flag variety for the monoid Vg and establish
the characteristic map in its equivariant K-theory. These generic constructions recover the
classical ones after the specialization q = ¢ € C. At q = ¢ = 0 € F,, the spherical map
provides a dual parametrization of all the irreducible 7-[%) (0)-modules.
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1 Introduction

Let F' be a non-archimedean local field with ring of integers or and residue field F,. Let G be a
connected split reductive group over F'. Let Hy = (k[I\ G(F')/I], *) be the Iwahori-Hecke algebra,
i.e. the convolution algebra associated to an Iwahori subgroup I C G(F), with coeflicients in an
algebraically closed field k. On the other hand, let G be the Langlands dual group of G over k,
with maximal torus and Borel subgroup T C B respectively. Let W, be the finite Weyl group.

~When k = C, the irreducible Hc-modules appear as subquotients of the Grothendieck group
K G(é / ﬁ)c of G-equivariant coherent sheaves on the dual flag variety CA-}/]§ As such they can
be parametrized by the isomorphism classes of irreducible tame (A}((C)-representations of the Weil
group Wpr of F with unipotent inertial type, thereby realizing a tame part of the local Langlands
correspondence (in this setting also called the Deligne-Lusztig conjecture for Hecke modules):
Kazhdan-Lusztig [KL87], Ginzburg [CG97]. Their approach to the Deligne-Lusztig conjecture can
be divided into two parts: the first part develops the theory of the so-called spherical representation
leading to a certain dual parametrization of Hecke modules. The second part links these dual data
to representations of the group We.

The spherical representation is a distinguished faithful action of the Hecke algebra H¢ on a
maximal commutative subring A¢c C Hc via AEV 9_linear operators: elements of the subring Ac
act by multiplication, whereas the standard Hecke operators Ty € Hc, supported on double cosets
indexed by simple reflections s € Wy, act via the classical Demazure operators [D73),[D74]. The link
with the geometry of the dual group comes then in two steps. First, the classical Bernstein map 7
identifies the rlng of functions C[T] with Ag, such that the invariants C[T ]WO become the center

Z(Hce) = A . Second, the characteristic homomorphism cg of equivariant K-theory identifies

the rings (C['i‘] and Ké(é/ﬁ) as algebras over the representation ring C[T]"° = R(G)c.

When k = F,, any irreducible G(Fq)—representation of W is tame, with semisimple inertial
type. Dually, one replaces the Iwahori-Hecke algebra by the bigger pro-p-Iwahori-Hecke algebra

HY = (F,[IVN GF)/1D), %),

where I < T is the pro-p-radical of I. The algebra 7—[( was introduced by Vignéras and
its structure theory developed in a series of papers [V04] m Vo6l V14, [VT5l V16l V17]. More

generally, Vignéras introduces and studies a generic version 7—[(1)( ) of this algebra which is defined
over a polynomial ring Z[q] in an indeterminate q. The mod p ring 7-[%1) is obtained by specialization
q

q = q followed by extension of scalars from Z to Fq, in short q = ¢ = 0.

The present paper is the first in a series of papers in which we will show that there is a
generic version of Kazhdan-Lusztig theory, which applies to the generic pro-p Iwahori-Hecke algebra
H(l)(q). On the one hand, it gives back (and actually improves) the classical theory after passing
to the direct summand H(q) C H")(q) and then specializing q = ¢ € C. On the other hand, it
gives a genuine mod p theory after specializing q = ¢ = 0 € F,. Our key observation is that, in the
generic setting, the Langlands dual group G needs to be enlarged to its Vinberg monoid Vg [V93)].

We will work in increasing generality, starting in the present paper with the theory of the
spherical representation and the dual parametrization in the simplest case of the group G = GLs.
Later, for a general split reductive G, we expect that essentially the same constructions will hold,
once the appropriate formulation will have been understood (and checked explicitly) here for GLo.
In particular, we expect that the monoid fibration q : Vg — Al geometrizing the indeterminate



q, and the dual parametrization of ’H%l)—modules achieved over the O-fiber Vg , form a general
pattern. !

So let G = GL2 from now on. Let & = F, and q be an indeterminate. Let T C G be
the torus of diagonal matrices. Let AM(q) € H(*(q) be the maximal commutative subrin
and AW (q)"o = Z(H((q)) be its ring of invariants. We let Z := Z[q_%,pq,l] and denote by
e the base change from Z to Z. The algebra ﬁ(l)(q) splits as a direct product of subalgebras
#H7(q) indexed by the orbits v of Wy in the set of characters of the finite torus T := T(F,).
There are regular resp. non-regular components corresponding to |y| = 2 resp. |y| = 1 and the
algebra structure of ﬂ”(q) in these two cases is fundamentally different. We define an analogue of
the Demazure operator for the regular components and call it the Vignéras operator. Passing to
the product over all v, this allows us to single out a distinguished Z (ﬂ(l)(q))—linear operator on
/I(l)(q). Our first main result is the existence of the generic pro-p spherical representation:

Theorem A. (cf. [3.3.1) [4.3.1)) There is a (essentially unique) faithful representation

7 W(q) : H (q) — Endz(mn(q))(«i(”(q»
such that

(i) M(l)(q)u(l)(q) = the natural inclusion AV (q) C Endz(g(l)(q))(fi(l)(q))
(ii) /D (q)(Ts) = the Demazure-Vignéras operator on, AV (q).

Restricting the representation V) (q) to the Iwahori component, its base change Z|q] — Zq*?]
coincides with the classical spherical representation of Kazhdan-Lusztig and Ginzburg.

We call the left £ (q)-module defined by /1) (q) the generic spherical module M.

Let Matsyo be the Z-monoid scheme of 2 x 2-matrices. The Vinberg monoid V&, as introduced
in [V95], in the particular case of GLg is the Z-monoid scheme

Vv(;L2 = Matgxg XGm.

It implies the striking interpretation of the formal indeterminate q as a regular function. Indeed,
denote by zp the canonical coordinate on G,,. Let q be the homomorphism from Vgg, to the
multiplicative monoid (A',-) defined by (f, z9) + det(f)z

Ve,
|
Al

The fibration q is trivial over A1\ {0} with fibre GLy. The special fiber at q = 0 is the Z-semigroup
scheme

VarL,.0 = d *(0) = Singy, 5 XGyp,

where Sing,, , represents the singular 2 x 2-matrices. Let Diag,,5 C Mataxo be the submonoid
scheme of diagonal 2 x 2-matrices, and set

Vg := Diagy o XGp, C VgL, = Mataxa XGyp,.

This is a diagonalizable Z-monoid scheme. Restricting the above A'-fibration to V4 we obtain a
fibration, trivial over A'\ {0} with fibre T. Its special fibre at q = 0 is the Z-semigroup scheme

V’f‘,o = q|‘7; (0) = SingDiags o XGyy,

Lfor the choice of the antidominant spherical orientation



where SingDiag,, o represents the singular diagonal 2 x 2-matrices. To ease notion, we denote the
base change to F, of these Z-schemes by the same symbols. Let TV be the finite abelian dual group
of T. We let R(V%l)) be the representation ring of the extended monoid

VAV =TV x Vg,

Our second main result is the existence of the generic pro-p Bernstein isomorphism.

Theorem B. (cf. [6.1.3)) There exists a ring isomomorphism
20(a) - AV (@) — R(VL")

with the property: Restricting the isomorphism %(1)(q) to the Iwahori component, its base change
Zlq) — Z]q*?] Tecover the classical Bernstein isomorphism 6.

The extended monoid VA has a natural Wo-action and the isomorphism 2! (q) is equivariant.
We call the resulting ring isomorphism

(1) e (D) (W0 . A (o \Wo __ "~ (1w,
S (q) =2V (@)™ AV(Q)" —— R(VZ )™

the generic pro-p-ITwahori Satake isomorphism. Our terminology is justified by the following. Let
K = G(op). Recall that the spherical Hecke algebra of G(F') with coefficients in any commutative
ring R is defined to be the convolution algebra

HE" = (RIK\G(F)/K], )

generated by the K-double cosets in G(F). We define a generic spherical Hecke algebra H*"(q)
over the ring Z[q]. Its base change Z[q] — R, q — ¢ coincides with ’H%’h. Our third main result
is the existence of the generic Satake isomorphism.

Theorem C. (cf. |6.2.4) There exists a ring isomorphism
Z(q) : HP! (q) —— R(Vg)"°

with the propery: Base change Z[q] — Z[qi%] and specialization q — q € C recovers® the classical
Satake isomorphism between H'" and R(T)X°.

We emphasize that the possibility of having a generic Satake isomorphism is conceptually new
and of independent interest. Its definition relies on the deep Kazhdan-Lusztig theory for the
intersection cohomology on the affine flag manifold. Its proof follows from the classical case by
specialization (to an infinite number of points ¢). The special fibre .#(0) recovers Herzig’s mod p
Satake isomorphism [HII], by choosing Steinberg coordinates on Vio

As a corollary we obtain the generic central elements morphism as the unique ring homomor-
phism

Z(q) : HP*(q) — A(q) C H(q)

making the diagram

%(1) a
Alq) — 2@ iy

S

7
HPh(q) — 2 R(VE)W
commutative. The morphism 2(q) is injective and has image Z(#(q)). Base change Z[q] —
Z[qi%] and specialization q — ¢ € C recovers? Bernstein’s classical central elements morphism.
Its specialization q — ¢ = 0 € F,, coincides with Ollivier’s construction from [O14].

2By ’recovers’ we mean ’coincides up to a renormalization’.



Our fourth main result is the characteristic homomorphism in the equivariant K-theory over
the Vinberg monoid V. The monoid Vg carries an action by multiplication on the right from the
Z-submonoid scheme

Vg := UpTriang, 5 xG,, C Mataxa xGy, = Vg
where UpTriang,,, represents the upper triangular 2 x 2-matrices. One can construct (virtual)
quotients in the context of semigroups and categories of equivariant vector bundles and their
K-theory on such quotients, similar to the classical description over a groupoid, and the usual
induction functor for vector bundles gives a characteristic homomorphism, which is an isomorphism
in the case of monoids [PS20]. Applying this general formalism, the flag variety Vg /Vg resp. its

extended version Vél) / V]él) is defined as a Z-monoidoid (instead of a groupoid).

Theorem D. (cf. [5.2.4) Induction of equivariant vector bundles defines a characteristic iso-
morphism

1 ~ vy o 1
cwg);Rug>)———»K'c(vé%m%>y

The ring isomorphism is R( A(l))WO = R( él))—linear and compatible with passage to q-fibres.
Over the open complement q # 0, its Iwahori-component coincides with the classical characteristic
homomorphism cg between R(T) and K¢(G/B).

We define the category of Bernstein resp. Satake parameters BPg resp. SPg to be the cate-

)

gory of quasi-coherent modules on the Z-scheme V'i(‘l resp. V%l) /Wpy. By Theorem B, restriction

of scalars to the subring AV (q) or Z(HM(q)) defines a functor B resp. P from the category
of ’H(l)(q)—modules to the categories BPg resp. SPg. For example, the Bernstein resp. Sa-

take parameter of the spherical module M) equals the structure sheaf O, resp. the quasi-
T
<1>
coherent sheaf corresponding to the R(V%l))WO—module K'e (Vél) / Vél)). We call P the generic
parametrization functor.

_In the other direction, we define the generic spherical functor to be the functor Sph :=
(MWD QZ(HD (q)) ) 0 S~ where S is the Satake equivalence between Z(H()(q))-modules and

SPg. Let 7 : vy V%l)/WO be the projection. The relation between all these functors is
expressed by the commutative diagram:

Mod(H™(q))

E N

BPg SPg .

T

SPg ——

This ends our discussion of the theory in the generic setting.

Then we pass to the special fibre, i.e. we perform the base change Z[q] — k = Fq, q—q=0.
Identifying the k-points of the k-scheme V"T(?l()) /Wy with the skyscraper sheaves on it, the spherical
functor Sph induces a map )

Sph : (V'f(‘%())/WO) (k) —— {left ”H%t)—modules}.

Considering the decomposition of V%l()) /Wy into its connected components V% 0 /Wy indexed by

~v € TV /Wy, the spherical map decomposes as a disjoint union of maps
Sph” : (V% O/WO) (k) — {left H] -modules}.

We come to our last main result, the mod p dual parametrization of all irreducible ’H,%l)—modules
q

via the spherical map.



Theorem E. (cf. 7.4.15)

(i) Let v € TV /Wy regular. The spherical map induces a bijection
Sph” : (V%O/WO)(k) —=— {simple finite dimensional left ’H% -modules}/ ~ .
) q

The singular locus of the parametrizing k-scheme
V%O/Wo ~ Vi , = SingDiagy o XGyp,

is given by (0,0) x G, C Va o in the standard coordinates, and its k-points correspond to the
supersingular Hecke modules through the correspondence Sph”.

(i) Let v € TV /Wy be non-reqular. Consider the decomposition
V’%,O/WO = Vi o/ Wo =~ A' X G,, = D(2), U D(1),

where D(1)., is the closed subscheme defined by the parabola 2o = 2% in the Steinberg coordi-
nates z1, z2 and D(2)., is the open complement. The spherical map induces bijections

Sph™(2) : D(2),(k) —— {simple 2-dimensional left H -modules}/ ~

Sph”(1) : D(1).,(k) —=— {spherical pairs of characters of H% Yo~

The branch locus of the covering
Vi, — V’I",O/WO ~ V%O/Wo

is contained in D(2)., with equation z1 = 0 in Steinberg coordinates, and its k-points corre-
spond to the supersingular Hecke modules through the correspondence Sph”(2).

In combination with the computation of the Satake parameter S (M%l)) in Theorem D, we get

that this dual parametrization of mod p Hecke modules is realized in the equivariant K-theory
of the dual Vinberg monoid at q = 0, whose Iwahori block is a natural specialization at q = 0
of Kazhdan-Lusztig’s parametrization for C-coefficients. This realizes the first part of a mod p
semisimple Langlands correspondence. We refer to [PS] for the detailed relation between mod p
Satake parameters and mod p semisimple Galois representations.

Regarding the strategy of proofs, once the Vinberg monoid is introduced, the generic Satake
isomorphism is formulated and the generic spherical module is constructed, everything else follows
from Vignéras’ structure theory of the generic pro-p-Iwahori Hecke algebra and her classification
of the irreducible representations.

Acknowledgement. We thank the referee for his very accurate reading, especially for pointing
out the correct formulation of 2.1.5l

Notation: In general, the letter F' denotes a locally compact complete non-archimedean field
with ring of integers op. Let IFy be its residue field, of characteristic p and cardinality q. We
denote by G the algebraic group GLg2 over F' and by G := G(F') its group of F-rational points.
Let T C G be the torus of diagonal matrices. Finally, I C G denotes the upper triangular standard
Iwahori subgroup and I(*) C I denotes the unique pro-p Sylow subgroup of I.

2 The pro-p-Iwahori-Hecke algebra

2.1 The generic pro-p-Iwahori Hecke algebra

2.1.1. We denote by ® = {+a} the root system of (G, T). Welet Wy = {1,s = s, and A =ZXZ
be the finite Weyl group of G and the lattice of cocharacters of T respectively. If T = k> x k*



denote the finite torus T(F,), then Wy acts naturally on T x A. We choose the element ( (1) (1) )
as a lift of s in G; then the extended Weyl group, split by this choiceﬂ is
WM = (T x A) x Wy.
It contains the affine Weyl group and the Twahori-Weyl group
Wag =Z(1,—=1) x Wy CW = A x Wy.
The affine Weyl group W,g is a Coxeter group with set of simple reflexions S.g = {so, s}, where
sp = (1,—1)s. Moreover, setting u = (1,0)s € W and Q = u%, we have W = W,g x Q. The length

function £ on W, can then be inflated to W and W),

2.1.2. Definition. Let q be an indeterminate. The generic pro-p Iwahori Hecke algebra is the
Z[q]-algebra H™M(q) defined by generators

HY(a):= P ZldT,

weW (1)
and relations:

e braid relations: TyTy = Ty for w,w' € WO if £(w) + £(w') = £(ww)

e quadratic relations: T? = q + c¢Ts if 5 € Sag, where

coi= ., T/
(0 1)

te(l,—1)(kx) t 0 1

2.1.3. The identity element is 1 = T7. Moreover we set
S:=T,, U:=T, and Sy:=Ts, =USU .

2.1.4. Definition. Let R be any commutative ring. The pro-p Iwahori Hecke algebra of G with
coeflicients in R is defined to be the convolution algebra

HY = (RIN\G/TM)], %)
generated by the IV -double cosets in G.
2.1.5. Theorem. (Vignéras) Let Z[q] — R be the ring homomorphism mapping q to q. Then
the R-linear map

HO(q) ©zjq R — Hyy

sending Ty, w € W) to the characteristic function of the double coset I(l)\w/I(l), S an isomor-
phism of R-algebras.

Proof. This is [V16, Thm. 2.2, Prop. 4.4], up to the fact that here our choice of splitting s is
different from there. For this reason, in the generic quadratic relations, we need to take the element
cs as defined above instead of the element } ¢y _1)(,x) Tt used in loc. cit.; then the relations do

specialise to the quadratic relations in ’Hg), as can be checked by the direct computation of the
corresponding convolution products. O

3Note that a splitting always exists for GLy, but not for a general split reductive G, cf. [V05, Erratum 1)].



2.2 Idempotents and component algebras

2.2.1. Recall the finite torus T = T(F,). Let us consider its group algebra Z[T] over the ring

~ 1
L = 7T|——, phg—1]-
[qil’/‘q 1]

As g — 1 is invertible in Z, so is |T| = (¢ — 1)2. We denote by TV the set of characters A : T —
Hg—1 C Z, with its natural Wy-action given by *A(t1,t2) = A(t2,t1) for (¢1,t2) € T. The set of

Wo-orbits TV /Wy has cardinality LQ_‘]. Also W) acts on TV through the canonical quotient map

W(l) — Wy. Because of the braid relations in ’H(l)(q), the rule ¢t — T} induces an embedding of
Z-algebras

2m) < H (@) == HV (@) @2 2.
2.2.2. Definition. For all A € TV and for v € TV /Wy, we define

ey = |T|™* Zz\*l(t)Tt and ey = ZEA.

teT A€y

2.2.3. Lemma. The elements ex, A € TV, are idempotent, pairwise orthogonal and their sum
is equal to 1. The elements e, v € TV /Wy, are idempotent, pairwise orthogonal, their sum is

equal to 1 and they are central in ’H(%l)(q). The z[q}—algebm "H(zl)(q) is the direct product of the

Z[q]-algebras Hl(q) = ”H(zl)(q)&, :

H = [[ #iw.

~YETY /Wy
In particular, the category of H(il)(q)—modules decomposes into a finite product of the module
categories for the individual component rings ’H(zl)(q)sw.

Proof. The elements €, are central because of the relations TsTy = Ty T, Ts, Ty = Tsy(1)Ts, and
T Ty = Ty)T, for all t € (1, —1)k>. O

2.2.4. Following the terminology of [V04], we call |y| = 2 a regular case and |y| = 1 a non-regular
(or Twahori) case.

2.3 The Bernstein presentation

The inverse image in W) of any subset of W along the canonical projection W) — W will be
denoted with a superscript (V).

2.3.1. Theorem. (Vignéras [V16, Th. 2.10, Cor 5.47]) The Z[q]-algebra HD (q) admits the
following Bernstein presentation:

H(q) = P ZlaE(w)

wew M
satisfying

e braid relations: E(w)E(w') = E(ww')  for w,w’ € Wél) if (w) +L(w') = L(ww)

e quadratic relations: E(3)? = qE(3%) + c;E(8) if § =ts € s, where c5 := Tyyycs witht € T

L) FL(w) —E(Aw)
2

e product formula: E(A)E(w) =q EQw) for e AY and w e W
e Bernstein relations for § € s and A € A : set V := ROV and let

v:AD v



be the homomorphism such that A € AV acts on 'V by translation by v(\) ; then the Bernstein
element
B(\,3) := E(3)\6 V) E(3) — E(3)E(\)

= 0 if e (A%)W
= sign(aov(N) X1V qlk, Nelk, VE(u(k, A) - if A€ A0\ (A%)D

where q(k, N)c(k,\) € Z[q][T] and u(k,\) € AV are explicit, c¢f. [VI6, Th. 5.46] and

references therein.

2.3.2. Let
Alq) = PzZIdEN) c AV (q) = P zZlgEN) c HV ().

AEA AEAD)

Tt follows from the product formula that these are commutative sub-Z[q|-algebras of HD (q). More-
over, by definition [V16, 5.22-5.25], we have E(t) = T} for all t € T, so that Z[T] ¢ .AM")(q). Then,
again by the product formula, the commutative algebra A(l)(q) decomposes as the tensor product
of the subalgebras

AW (q) = Z[T] @7 Alq).

Also, after base extension Z — Z, we can set .A%(q) = A(Zl) (q)e, and obtain the decomposition

AV@= [ Aw@c [ #@=H"(@.

YETY /Wo y€ETY /Wo

2.3.3. Lemma. Let X,Y, 2o be indeterminates. There exists a unique ring homomorphism
Zlal[z '][X, Y]/(XY - qz) — A(q)

such that
X — E(1,0), Y +— E(0,1) and 2z — E(1,1).
It is an isomorphism. Moreover, for all v € TV /Wy,

Al(q) = (ZE/\ x Ze,) @z A(q)  if v = {\, u} is reqular
7\d Zey @z Alq) if v = {\} is non-regular.

Proof. For any (ny,n) € Z?> = A, we have £(ny,n2) = |n; — na|. Hence it follows from product
formula that zy is invertible and XY = qzs, so that we get a Z[q]-algebra homomorphism

Zld)lz '][X, Y]/ (XY —qz) —— A(q).
Moreover it maps the Z[q][z5"]-basis {X"},>1 [[{1} [I{Y " }n>1 to the Z[q][E(1,1)*!]-basis
{E(m,0)} o1 [T TT{EO, n)} s,

and hence is an isomorphism. The rest of the lemma is clear since A(Zl)(q) = Z[T] ®z A(q) and
ZIT) = [Txerv Ze. O

In the following, we will sometimes view the isomorphism of the lemma as an identification and
write X = E(1,0),Y = E(0,1) and 20 = E(1,1).

2.3.4. The rule E()\) — E(w())) defines an action of the finite Weyl group Wy = {1, s} on A1) (q)
by Z|q]-algebra homomorphisms. By [V05, Th. 4] (see also [V14, Th. 1.3]), the subring of Wy-
invariants is equal to the center of H(l)(q), and the same is true after the scalar extension Z — Z.

Now the action on A(zl)(q) stabilizes each component A%(q) and then the resulting subring of

Wo-invariants is the center of ’H%(q). In terms of the description of A%(q) given in Lemma [2.3.3
this translates into :



2.3.5. Lemma. Let v € TV /W.
o If~v={\ u} is reqular, then the map
Azla) — AL(@"° = Z(H](a))
a — aex+s(a)ey

is an isomorphism of 2[q]-algebms. It depends on the choice of order (X, p) on the set 7.

o If~v={\} is non-regular, then
Z(H}(aq)) = AL(@)" = Zld][z ", 21]ex
with z1 : =X +Y.

2.3.6. One can express X,Y, zo € A (q) ¢ H(V(q) in terms of the distinguished elements m
This is an application of [V16, Ex. 5.30]. We find:

(1,0) =spu=us € A = X := E(1,0) = (Sp — ¢, )U = U(S — ¢),
(0,1)=sue A=Y :=FE(0,1) =SU,

(1,1)=u? € A= 2z := E(1,1) = U~

Also
21:=X4Y =U(S —¢s) + SU.

3 The generic regular spherical representation

3.1 The generic regular Iwahori-Hecke algebras

Let v = {\, u} € TV/Wy be a regular orbit. We define a model Ha(q) over Z for the component
algebra H%(q) C ’H(zl)(q). The algebra Ha(q) itself will not depend on ~.

3.1.1. By construction, the Z[q]-algebra H%(q) admits the following presentation:

H(q) = (Zex x Ze,) @4 €D ZldTw,
weWw

where ®7, is the tensor product ®z of Z-modules, whose algebra structure is twisted by the W-
action on {A, u} through the quotient map W — Wy, together with the orthogonality relation
exey = 0 and the

e braid relations: Ty Ty = Ty for w,w’ € W if (w) + £(w') = L(ww”)
e quadratic relations: T2 = q if § € Sag.

3.1.2. Definition. Let q be an indeterminate. The generic second Iwahori-Hecke algebra is the
Z]q]-algebra Ha(q) defined by generators

Ha(q) = (Zey x Zes) @y ED Z1d) Ty,
weW

where ®7, is the tensor product ®z of Z-modules, whose algebra structure is twisted by the W -action
on {1,2} through the quotient map W — Wy = G, together with €165 = 0, and the relations:

o braid relations: Ty Ty = Ty for w,w’ € Woif £(w) + £(w') = L(ww’)

e quadratic relations: T§2 =q if§€ San.
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3.1.3. The identity element of Ha(q) is 1 = T1. Moreover we set in Ha(q)
S:=T,, U:=T, and Sy:=T,, =USU".
Then one checks that
Ho(q) = (Zey x Zeo) @4, Z[q)[S, UE], S*=q, U?S=SU>

is a presentation of H2(q) (where S and U do not commute). Note that the element U? is invertible

in Hg(q).

3.1.4. Choosing the ordering (), 1) on the set v = {A, u} and mapping &1 — €y, €2 — ¢, defines
an isomorphism of Z[q]-algebras

Ha(q) ®z Z —— H](a),

such that S® 1+ Se,, U® 1+ Uey and Sy ® 1 — Spe.

3.1.5. We identify two important commutative subrings of Ha(q). We define Az(q) C Ha(q) to
be the Z[q]-subalgebra generated by the elements ¢, £9, US, SU and U*2. Let X,Y and 2y be
indeterminates. Then there is a unique (Ze; X Zez) ®yz Z[q]-algebra homomorphism

(Zey x Zez) @z Zld)[25][X, Y]/ (XY — qzz) — Az(q)

such that X — US,Y — SU,z — U?, and it is an isomorphism. In particular, Ax(q) is a
commutative subalgebra of Ha(q). The isomorphism identifies As(q) ®z Z with A%(q).
Moreover, permuting &7 and €2, and X and Y, extends to an action of Wy = &2 on As(q) by
homomorphisms of Z[q]-algebras, whose invariants is the center Z(H2(q)) of H2(q), and the map

Zld)[z ' [X, Y]/ (XY —qz) —  Ax(q)" = Z(Hs(q))
a +— aep+ s(a)es

is an isomorphism of Z[ql-algebras. This is a consequence of [3.1.4] [2.3.6} [2.3.3| and [2.3.5] In the
following, we will sometimes view the above isomorphisms as identifications. In particular, we will
write X = US,Y = SU and z, = U2.

3.2 The Vignéras operator

In this subsection and the following, we will investigate the structure of the Z(H2(q))-algebra
Endz (3, (q))(A2(q)) of Z(Hz(q))-linear endomorphisms of A3(q). Recall from the preceding sub-
section that Z(Hz(q)) = A2(q)® is the subring of invariants of the commutative ring As(q).

3.2.1. Lemma. We have
Az(q) = A2(q)’e1 @ Azx(q)’e2

as As(q)®-modules.
Proof. This is immediate from the two isomorphisms in [3.1.5] O

According to the lemma, we may use the As(q)®-basis 1,e2 to identify Endy(z,(q))(Az2(q))
with the algebra of 2 x 2-matrices over Ay(q)® = Z[q][z5][X, Y]/(XY — qza).

3.2.2. Definition. The endomorphism of As(q) corresponding to the matriz

Vi(q) = 0 Yei + Xeo
S\ = 2y N (Xey + Yeo) 0

will be called the Vignéras operator on As(q).
3.2.3. Lemma. We have Vi(q)? = q.

Proof. This is a short calculation. O
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3.3 The generic regular spherical representation

In the following theorem we define the generic regular spherical representation of the algebra Hs(q)
on the Z(H2(q))-module As(q). Note that the commutative ring A2(q) is naturally a subring

Az(q) C Endz(3,(q)) (A2(q)),

an element a € Ay(q) acting by multiplication b — ab on Az(q).

3.3.1. Theorem. There exists a unique Z[q]-algebra homomorphism

5(q) : Ha(q) —— Endz (3, (q)) (A2(q))

such that
(i) ()| ay(q) = the natural inclusion Az(q) C Endyz s, (q))(Az2(a))
(i) (q)(S) = Vs(a)-

Proof. Recall that Ha(q) = (Ze1 x Zez) ®Y Z[q][S,UT!] with the relations S? = q and U2S =
SU2. In particular % (q)(S) := Vi(q) is well-defined thanks to Now let us consider the
question of finding the restriction of % (q) to the subalgebra Z[q][S,U*!]. As the Z[q]-algebra
As(q) N Z[q][S,UT] is generated by

2o=U% X=US and Y =9U,
such a Z[q]-algebra homomorphism exists if and only if there exists

(q)(U) € Endz(34,(q)) (A2(a))
satisfying
1. d(q)(U)? = o (q)(U?) = a4(q)(z2) = 22 1d  (in particular «%(q)(U) is invertible)
2. Ay (q)(U)Vs(q) = multiplication by X
3. Vs(q)#(q)(U) = multiplication by Y.

As before we use the Z(H2(q))-basis €1, €2 of Az(q) to identify Endz (3, (q)) (A2(q)) with the algebra
of 2 x 2-matrices over the ring Z(H2(q)) = A2(q)®. Then, by definition,

Vi(q) = 0 Yei + Xeo
s\ 4= 2y ' (Xey + Yeo) 0 '

Moreover, the multiplications by X and by Y on As(q) correspond then to the matrices

Xer+Yeo 0 and Yei + Xeo 0
0 Yei + Xeo 0 Xe1 +Yes ’
Now, writing
a ¢
@) =( 5 5
we have:
a’?+bc cla+d zo 0
(@) (U)? = 2 1d = ( sord #ase )=(0 5)
2(q)(U)Vs(q) = multiplication by X
— czgl(Xel +Yes) a(Yer+Xea) \ [ Xe1+Yeq 0
dzy ' (Xey +Yey) b(Yer + Xeo) ) 0 Ye, + Xep
and

Vs(q)#4(q)(U) = multiplication by ¥

12



b(Y€1 +X€2) d(Y€1 +X€2) _ Yei + Xeo 0
az;l(Xel +Yeo) czgl(Xal +Yes) ) 0 Xei+Yey )

Each of the two last systems admits a unique solution, namely
ap@wy=( 4 )=(9 %
AVE=e a )71 0 )
which is also a solution of the first one. Moreover, the determinant

ad — bc = —2z9

is invertible.
Finally, A>(q) is generated by Ax(q) N Z[q][S, U*!] together with e; and 5. The latter are
assigned to map to the projectors

multiplication by e = ( (1) 8 ) and multiplication by g5 = ( 8 (1) ) .

Thus it only remains to check that

(5 0 )@= () )
and
(0 1) s =@ (4 g ).
and similarly with 2% (q)(U) in place of 2% (q)(S), which is straightforward. O

3.3.2. Remark. The map 4(q), together with the fact that it is an isomorphism (see below),
is a rewriting of a theorem of Vignéras, namely [V04, Cor. 2.3]. In loc. cit., the algebra Hs(q)
is identified with the algebra of 2 x 2-matrices over the ring Z[q][25!][X,Y]/(XY — qz2). In our
approach, we have replaced the abstract rank 2 module underlying the standard representation of
this matrix algebra, by the subring As(q) of Ha(q) with {e1,e2} for the canonical basis.

3.3.3. Proposition. The homomorphism <5(q) is an isomorphism.

Proof. It follows from and that the Z[ql-algebra Ha(q) is generated by the elements
€1, €2, S, U, SU
as a module over its center Z(Ha(q)). Moreover, as SU? = U?S =: 2,8 and SU =: Y, we have
S = z;1YU = 251Y(61U +eU) = z;l(Ysl + Xeg)e U + z;l(Xel + Yeg)eaU,

U=eU+eU and SU = (Ye;+ Xeg)e1 + (Xe1 + Yeg)eo.
Consequently Ho(q) is generated as a Z(Hz(q))-module by the elements

€1, €9, z;lalU, eoU.
Since
a@w)=( ] 7).
these four elements are mapped by <4(q) to
(1 0) (o 0) <0 1) (0 o)
0o 0o/)\0o 1)\ 0 0)”\'1 0)"
As o/ (q) indentifies Z(Hz2(q)) C Ha(q) with the center of the matrix algebra
Endz (3, (q)) (A2(q)) = Endz 3, (q)) (Z(Ha(q))e1 © Z(Ha(q))e2),
it follows that the elements €1, €2, 25 e .U , €2U are linearly independent over Z(H2(q)) and that

2(q) is an isomorphism. O
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We record the following corollary of the proof.
3.3.4. Corollary. The ring Ha(q) is a free Z(Ha(q))-module on the basis 1,2, 25 'e1U, eaU.

3.3.5. We end this section by noting an equivariance property of @%(q). As already noticed, the fi-
nite Weyl group Wy acts on As(q) by Z[q]-algebra automorphisms, and the action is clearly faithful.
Moreover Az (q)"* = Z(Ha(q)). Hence Wy can be viewed as a subgroup of Endy s, (q)) (A2(q)),
and we can let it act on Endz(z,(q))(A2(q)) by conjugation.

3.3.6. Lemma. The embedding o%(q)|a,(q) is Wo-equivariant.

Proof. Indeed, for all a,b € A3(q) and w € Wy, we have

(q)(w(a))(b) = w(a)b = w(aw™ () = (waw™")(b) = (wea(q)(a)w™")(b).

4 The generic non-regular spherical representation

4.1 The generic non-regular Iwahori-Hecke algebras

Let v = {A\} € TY/Wj be a non-regular orbit. As in the regular case, we define a model H;(q)
over Z for the component algebra /H%(q) - H(Zl)(q). The algebra #;(q) will not depend on +.

4.1.1. By construction, the Z[q]-algebra H%(q) admits the following presentation:

H1(a) = €D ZldTuen,

weW
with
e braid relations: Ty, Ty = T for w,w’ € W if L(w) + £(w') = (ww)
e quadratic relations: T2 = q + (¢ — 1)Ts if § € Sag-.

4.1.2. Definition. Let q be an indeterminate. The generic Iwahori-Hecke algebra is the Z|[q]-
algebra H1(q) defined by generators

and relations:

o braid relations: TyTy = Tyw  for w,w’ € W if L(w) + L(w') = £(ww)

e quadratic relations: T? = q+ (q—1)Ts  if § € Sag.
4.1.3. The identity element of H;(q) is 1 = T1. Moreover we set in H;(q)

S:=T,, U:=T, and Sy:=Ts, =USU .
Then one checks that
Hi(a) =Z[d)[S, U], $°=q+(a-1)s, U>S=sU?

is a presentation of H;(q). Note that the element U? is invertible in H;(q).

4.1.4. Sending 1 to €, defines an isomorphism of Z[q]—algebras
Hi(a) @2 Z ——H](a),

such that S® 1+ Se,, U® 1+ Uey and Sy ® 1 — Spe.
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4.1.5. We define A;(q) C H1(q) to be the Z[q]-subalgebra generated by the elements (S — (q —
1)U, SU and U*2. Let X,Y and 2z be indeterminates. Then there is a unique Z[q]-algebra
homomorphism

Zla)[z2"][X, Y]/ (XY — qzz) — Ai(q)

such that X — (So—(q—1))U, Y — SU, z, = U?, and it is an isomorphism. In particular, A;(q)
is a commutative subalgebra of H1(q). The isomorphism identifies A1 (q) ®z Z with AJ(q).

Moreover, permuting X and Y extends to an action of Wy = &5 on A;(q) by homomorphisms of
Z|q]-algebras, whose invariants is the center Z(H1(q)) of H1(q) and

Zld)[z '][z1] =A@ = Z(Ha(q))

with z; := X +Y. This is a consequence of [f.1.4] 2.3.6] 2.3.3] and 2.3.5] In the following, we will
sometimes view the above isomorphisms as identifications. In particular, we will write

X=(S—(q-1))U=U(S—(q—1)), Y=SU and 2z =U? in Hi(q).

4.1.6. It is well-known that the generic Iwahori-Hecke algebra H;(q) is a g-deformation of the
group ring Z[W] of the Iwahori-Weyl group W = A x Wy. More precisely, specializing the chain
of inclusions A; (q)"° C Ai(q) C Hi(q) at g = 1, yields the chain of inclusions Z[A]"° C Z[A] C
ZW].

4.2 The Kazhdan-Lusztig-Ginzburg operator

As in the regular case, we will study the Z(H1(q))-algebra End 4, (q))(A1(a)) of Z(H1(q))-linear
endomorphisms of A;(q). Recall that Z(H1(q)) = A1(q)® is the subring of invariants of the
commutative ring A;(q).

4.2.1. Lemma. We have
Ai(q) = Ai(@)°X ® Ai(q)” = Ai(q)® & Ai1(q)°Y
as A1 (q)®-modules.

Proof. Applying s, the two decompositions are equivalent; so it suffices to check that Z[z1][X, Y]
is free of rank 2 with basis 1, Y over the subring of symmetric polynomials Z[23"!][X +Y, X Y]. First
if P = QY with P and @ symmetric, then applying s we get P = QX and hence Q(X —Y) =0
which implies P = Q = 0. It remains to check that any monomial X*Y7, i, j € N, belongs to

Zlz"|[X + Y, XY + Z[][X + Y, XY]Y.

As X =(X+Y)-Y and Y? = —XY + (X + Y)Y, the latter is stable under multiplication by X
and Y'; as it contains 1, the result follows. O]

4.2.2. Remark. The basis {1, Y} specializes at q = 1 to the so-called Pittie-Steinberg basis [St75]
of Z[A] over Z[A]Wo.

4.2.3. Definition. We let
D, := projector on A1(q)°Y along A1(q)®
D’ := projector on A1(q)® along A1(q)*X
Dy(q) = Ds — aD_.

4.2.4. Remark. The operators Ds; and D’ specialize at q = 1 to the Demazure operators on
Z[A], as introduced in [D73| [D74].

4.2.5. Lemma. We have
Dy(q)* = (1—q)Ds(q) +q.
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Proof. Noting that Y = 21 — X, we have

Dy(q)*(1) = Dy(q)(-a) =q° = (1 — q)(—q) + a = (1 — @) Ds(q) + q)(1)

and

Dy(q)*(Y) = Dy(q)(Y —qz)

Y —qz —qzi(—q)
(1-q)(Y —qz1) +qY
(1 —a)Ds(a) +a)(Y).

4.3 The generic non-regular spherical representation

We define the generic non-regular spherical representation of the algebra H1(q) on the Z(H1(q))-
module A;(q). The commutative ring A;(q) is naturally a subring

Ai(a) C Endz e, (q))(Ai(a)),

an element a € A;(q) acting by multiplication b — ab on A;(q).

4.3.1. Theorem. There exists a unique Z[q]-algebra homomorphism

A (a) : Hi(a) — Endzy, (q)) (A1(a))
such that
(i) 1 (q)|a,(q) = the natural inclusion A;(q) C Endz ey, (q))(A1i(a))
(i) % (q)(S) = —Ds(q).

Proof. Recall that H1(q) = Z[q][S, U*!] with the relations S = (q—1)S +q and U%S = SU2. In
particular @ (q)(S) := —D,(q) is well-defined thanks to On the other hand, the Z[q]-algebra
Ai(q) is generated by

2=U% X=US+(1-qU and Y =SU.

Consequently, there exists a Z[q]-algebra homomorphism & (q) as in the statement of the theorem
if and only if there exists

2 (q)(U) € Endz 3, (q))(A1(q))
satisfying

1. @ (q)(U)? = #(q)(U?) = #(q)(22) = 221d (in particular @ (q)(U) is invertible)
2. 1 (q)(U)(—Ds(q)) + (1 — q)(q)(U) = multiplication by X
3. —D(q)#(q)(U) = multiplication by Y.

Let us use the Z(H1(q))-basis 1,Y of A;i(q) to identify Endzy, (q))(Ai(q)) with the algebra of
2 x 2-matrices over the ring Z(H1(q)) = A1(q)®. Then, by definition,

—DS(Q)=(8 _01>+q<(1) '3):(8 (1211)

Moreover, as X = 21—Y, XY =qz and Y? = — XY +(X+Y)Y = —qza+2Y, the multiplications
by X and by Y on A;(q) get identified with the matrices

21 Qqz 0 —qz
(—1 0) and (1 7 )
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Now, writing

@)= (5 §)

we have:
2 a?+bc cla+d) 2z 0
AP =zt () (20,
2 (qQ)(U)(—Ds(q)) + (1 — )« (q)(U) = multiplication by X
a q(azi—c) \ _ [ 21 az
(:)<b q(bzld))_(l 0 >
and

—D;s(q)«%(q)(U) = multiplication by ¥
PN a(a+zb) qlc+zd) \ _ (0 —qgz .
-b —d 1 Z1

Each of the two last systems admits a unique solution, namely

H(Q(U) = ( o ) _ ( B zfi—zfg )

which is also a solution of the first one. Moreover, the determinant
ad —bec= —23 + (22 — 29) = —29
is invertible. O

4.3.2. The relation between our generic non-regular representation 7 (q) and the theory of
Kazhdan-Lusztig [KL87], and Ginzburg [CG97], is the following. Introducing a square root q2
of q and extending scalars along Z[q] C Z[q*?], we obtain the Hecke algebra #;(q*?) together
with its commutative subalgebra .Al(qi%). The latter contains the elements 65, A € A, intro-
duced by Bernstein and Lusztig, which are defined as follows: writing A = A — A2 with Ay, Ag
antidominant, one has

7] 51 S ) —1

0, = TexlTekz =q 2. q 2 Te*lTeM'
They are related to the Bernstein basis {E(w), w € W} of Hi(q) introduced by Vignéras (which
is analogous to the Bernstein basis of H1)(q) which we have recalled in by the formula:

e w)—e(w) ~
2

YAE A, Ywe Wy, E(rw)=q 0:\T, € Hi(q) C Hi(q®?).

eN) ~
In particular E(e}) = qw 0, and by the product formula (analogous to the product formula for
HW(q), cf. [2.3.1), the Z]q*z]-linear isomorphism

0:Zla*3][A] > Auq™h)
et — 0,
is in fact multiplicative, i.e. it is an isomorphism of Z[qi%]—algebras.

Consequently, if we base change our action map 7 (q) to Z[qi%], we get a representation

+1y . +1 . +1\) ~ , +1

which coincides with the natural inclusion Z[q*z][A] C Endz[qi 1A% (Z[q*2][A]) when restricted

to A; (q*¥2) ~ Z[q*2][A], and which sends S to the opposite —D,(q) of the g-deformed Demazure
operator. Hence, modulo our choice of antidominant orientation, this is the spherical representation
defined by Kazhdan-Lusztig [KL87, Lem. 3.9] and Ginzburg [CGI7, 7.6}E|

In particular, <7 (1) is the usual action of the Iwahori-Weyl group W = A x Wy on A, and
<7 (0) can be thought of as a degeneration of the latter.

4Moreover, it can be checked, in analogy to loc.cit., that the H1(q)-module .71 (q) is isomorphic to the induction
of the trivial character of the finite Hecke (sub)algebra Z[q][S]. But we will not make use of this in the following.
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4.3.3. Proposition. The homomorphism <#1(q) is injective.
Proof. Tt follows from and that the ring H;(q) is generated by the elements
1, S, U, SU

as a module over its center Z(H1(q)) = Z[q][z1, 25 ']. As the latter is mapped isomorphically to
the center of the matrix algebra Endz 4, (q))(A1(a)) by #%(q), it suffices to check that the images

1, 1 (q)(S), @ (q)(U), #(q)(SU)

of 1,5,U, SU by «/(q) are free over Z(H1(q)). So let a, 8,7,0 € Z(H1(q)) (which is an integral
domain) be such that

10 q qz 21 22— 0 —qz2 ) _
O‘(o 1)*3(0 1)+7(1 e )T )T

Then
a+Bq+yz =0
—v+6 =0
Bazi +7(2f —22) —dqz = 0
a—B+ (60—~ = 0.
We obtain § = v, a =  and
{ al(l+q)+v2 =0
aqzy + 'Y(Z% —R2 = qz2) = 0.

The latter system has determinant
(L+a)(ef — 22 —aze) —azf = 2f — 2 — 242 — ¢°2
which is nonzero (its specialisation at q = 0 is equal to 27 —z3 # 0), whencea =y =0==46. O
We record the following two corollaries of the proof.
4.3.4. Corollary. The ring H1(q) is a free Z(H1(q))-module on the basis 1,S,U, SU.
4.3.5. Corollary. The homomorphism <#1(0) is injective.

4.3.6. We end this section by noting an equivariance property of <7 (q). As already noticed, the fi-
nite Weyl group Wy acts on A;(q) by Z[q]-algebra automorphisms, and the action is clearly faithful.
Moreover A;(q)"* = Z(H;1(g)). Hence Wy can be viewed as a subgroup of Endz s, (q)) (A1(q)),
and we can let it act on Endy (s, (q))(A1(q)) by conjugation.

4.3.7. Lemma. The embedding </1(q)|4,(q) s Wo-equivariant.

Proof. Indeed, for all a,b € A;1(q) and w € Wy, we have

A (a)(w(a))(0) = w(a)b = wlaw™ (b)) = (waw™)(b) = (we(q)(a)w™")(b).

5 K-theory of the dual flag variety

5.1 The Vinberg monoid of the dual group G= GL-

5.1.1. The Langlands dual group over k := F, of the connected reductive algebraic group G L over

F is G = GLy. We recall the k-monoid scheme introduced by Vinberg in [V95], in the particular
case of GL3. It is in fact defined over Z, as the group GL2. In the following, all the fiber products
are taken over the base ring Z.
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5.1.2. Definition. Let Matayo be the Z-monoid scheme of 2 x 2-matrices (with usual matriz
multiplication as operation). The Vinberg monoid for GLg is the Z-monoid scheme

VGL2 = Matgxg XGm.
5.1.3. The group GL2 x G,, is recovered from the monoid Vgr,, as its group of units. The group

GL itself is recovered as follows. Denote by z, the canonical coordinate on G,,. Then let q be
the homomorphism from Vgy, to the multiplicative monoid (A',-) defined by (f, zo) +— det(f)zy

Ve,

y

AL,
Then GLs is recovered as the fiber at q = 1, canonically:
q (1) = {(f, 22) 1 det(f) = 22} = GL2, (f,22) = f.
The fiber at q = 0 is the Z-semigroup scheme
Var, 0 = 4~ (0) = Singyy XGp,

where Sing,, , represents the singular 2 x 2-matrices. Note that it has no identity element, i.e. it
is a semigroup which is not a monoid.

5.1.4. Let Diagy, 5 C Matayo be the submonoid scheme of diagonal 2 x 2-matrices, and set
Vg := Diagy o XGp, C VgL, = Mataxo XGyp,.
This is a diagonalizable Z-monoid scheme with character monoid
X*(Va) = N(1,0) ©N(0,1) ® Z € Z(1,0) ® Z(0,1) ®Z = A ® Z = X*(T) ® X*(Gn).
In particular, setting X := e(1:%) and Y := (%) in the group ring Z[A], we have
T = Spec(Z[X*!, Y*1]) € Spec(Z[z51][X, Y]) = V;.
Again, this closed subgroup is recovered as the fiber at q = 1 of the fibration qv,. : Vg — Al and

the fiber at g = 0 is the Z-semigroup scheme SingDiag,, 5 XG,,, where SingDiag,, , represents the
singular diagonal 2 x 2-matrices:

1< Va ’SingDiagsy o XGyy,

| 4,

Spec(Z)© LAl 0 °Spec(Z).

In terms of equations, the Al-family
q: Vg = Diagy 5 XG,y, = Spec(Z[257'][X,Y]) —— Al

is given by the formula q(diag(z,v), z2) = det(diag(z,y))z; ' = xyzy *. Hence, after fixing 2, €
G, the fiber over a point q € Al is the hyperbola xy = qzo, which is non-degenerate if q # 0,
and is the union of the two coordinate axes if q = 0.
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5.2 The associated flag variety and its equivariant K-theory

5.2.1. Let B C GL> be the Borel subgroup of upper triangular matrices, let UpTriang,, 5 be the
Z-monoid scheme representing the upper triangular 2 x 2-matrices, and set

Vg = UpTriang,,, XGpm C Mataxs XGy, =: Var,.

Then we can apply to this inclusion of Z-monoid schemes the general formalism developed in
[PS20]. In particular, the flag variety VgL, /Vg is defined as a Z-monoidoid. Moreover, after base
changing along Z — k, we have defined a ring KVe%2 (Vgy,/Vg) of Var,-equivariant K-theory on
the flag variety, together with an induction isomorphism

Vi ~
InalVgL2 : R(Vg) —— KVer2 (Va, /Vg)
from the ring R(Vg) of right representations of the A-monoid scheme Vg on finite dimensional

k-vector spaces.

5.2.2. Now, we have the inclusion of monoids Vg = Diagy, o xGy, C Vg = UpTriang,, o XGypy,
which admits the retraction

Vﬁ — Vrf

(5 0)=) = (5 0)=)

Let Rep(V4) be the category of representations of the commutative k-monoid scheme V4 on finite
dimensional k-vector spaces. The above preceding inclusion and retraction define a restriction
functor and an inflation functor

Resy? : Rep(Vg) " Rep(Vz) : Infl .

These functors are exact and compatible with the tensors products and units.

5.2.3. Lemma. The ring homomorphisms

Va - Va
Resy2 : R(Vg) R(Vz) : InﬂV?_

are isomorphisms, which are inverse one to the other.

Proof. We have Resy., oInﬂE = Id by construction. Conversely, let M be an object of Rep(Vg).
The solvable subgroup B x Gy, C Vg stabilizes a line L € M. As B x G, is dense in Vg, the
line L is automatically Vg-stable. Moreover the unipotent radical U C B acts trivially on L, so

that B x Gy, acts on L through the quotient T x Gy,. Hence, by density again, Vg acts on L
through the retraction Vg — Vg. This shows that any irreducible M is a character inflated from
a character of V4. In particular, the map R(Vz) — R(Vg) is surjective and hence bijective. O

5.2.4. Corollary. We have a ring isomorphism
CVar, = Tndyo™? o Infly? : Z[X, Y, 23] = R(Vg) — K"e12 (Var, /Vg),

that we call the characteristic isomorphism in the equivariant K-theory of the flag variety Var,/Vg-
5.2.5. We have a commutative diagram specialization at q = 1

Vo

ZIX,Y, 25— K"e12 (Var, /Vg)

| i

ZIX* v+ 2, gGla(GL,/B).

~
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The vertical map on the left-hand side is given by specialization q = 1, i.e. by the surjection
ZIX,Y, 2 = Z]q)[X, Y, 25 /(XY — qz) — Z[X,Y, 25 /(XY — 25) = Z[XF Y+,

The vertical map on the right-hand side is given by restricting equivariant vector bundles to the
1-fiber of q : Vgr, — Al thereby recovering the classical theory.

5.2.6. Let Rep(Vgr,) be the category of right representations of the k-monoid scheme Vg, on
finite dimensional k-vector spaces. The inclusion Vs C VgL, defines a restriction functor

Ve
RengL2 :Rep(Vgr,) — Rep(Vg),
whose composition with Res% is the restriction from Vgr, to Va:

Res&iL2 = Res&? OResggL2 :Rep(Vgr,) — Rep(V3).

These restriction functors are exact and compatible with the tensors products and units.

~

5.2.7. The action of the Weyl group Wy on X*(T)©X*(G,,) (trivial on X*(G,,,)) stabilizes X*(V3).

~

Consequently Wy acts on V4 and the inclusion T C Vg is Wo-equivariant. Explicitly, Wy = {1, s}
and s acts on Vg = Diag,,, xG,, by permuting the two diagonal entries and trivially on the
G,,-factor.

5.2.8. Lemma. The ring homomorphism
Ver, | o
Reerf : R(VGL2) —_— R(VT)

is injective, with image the subring R(V4z)"o C R(Vg) of Wo-invariants. The resulting ring iso-
morphism
XVar, : R(Var,) —— R(Vg)"™°

is the character isomorphism of Vgi,,.

Proof. This is a general result on the representation theory of V. Note that in the case of
G = GL3, we have

RVa)"V° =Z[X + Y, XYz ' = q,25"] C Z[X,Y, 25" = R(V3).

6 Dual parametrization of generic Hecke modules

We keep all the notations introduced in the preceding section. In particular, k = F,.

6.1 The generic Bernstein isomorphism

Recall from the subring A(q) € H(Y(q) and the remarkable Bernstein basis elements E(1,0),
E(0,1) and E(1,1). Also recall from |5.1.4 the representation ring R(Vz) = Z[X,Y, 2 of the
diagonalizable k-submonoid scheme Vi C Vg of the Vinberg k-monoid scheme of the Langlands

dual k-group G = GL2 of GLy F.

6.1.1. Theorem. There exists a unique ring homomorphism
#(q) : Alq) — R(V3)
such that
#()(E(1,0) =X, Z@(E0,1)=Y, Z@E11)=2 ad %Q)(a=XYz"

It is an isomorphism.
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Proof. This is a reformulation of the first part of O

6.1.2. Then recall from the subring AM(q) = Z[T] @z A(q) € H(V)(q) where T is the finite
abelian group T(F,). Let TV be the finite abelian dual group of T. As T" has order prime to p, it
defines a constant finite diagonalizable k-group scheme, whose group of characters is T, and hence
whose representation ring R(TV) identifies with Z[T]: ¢t € T C Z[T] corresponds to the character
ev; of TV given by evaluation at t. Set

VAV =T x V.
6.1.3. Corollary. There ezists a unique Ting homomorphism
2D (q) : AV (q) — R(V;")
such that
2V(@)(EL,0) =X, 2V(@EO0,1)=Y, BV (Q)(ELL) =2 2V(a(a=XYz"

and VteT, BV (Q)(T)) =ev,.

It is an isomorphism, that we call the generic (pro-p) Bernstein isomorphism.

6.1.4. Also, setting Vél) :=TY x Vg, we have from the ring isomorphism
Vs Vs (1) ~ (1)
Inﬂv%“ = Idzm ®z ResvT : R(V’f ) = Z[T]| ®z R(Vz) —— R(Vﬁ ) = Z[T] ®z R(Vg),
and setting Vél) =TV x Vg, we have from [PS20, 2.5.2], the ring isomorphism
Ve 1 ~ vy o 1
Indvzl) R(VAD) — K (VD VD),

hence by composition we get the characteristic isomorphism

~ (1)
Cvg) . R( %1)) —_— KVG (Vél)/Vél))

Whence a ring isomorphism

~ (1)
ey 0 BD(a) : AV (@) = K (VL VD).

6.1.5. The representation ring R(V4) is canonically isomorphic to the ring Z[Vz] of regular func-
tions of Vi considered now as a diagonalizable monoid scheme over Z. Also recall from [2.2.1] the

ring extension Z C Z, and denote by e the base change functor from Z to Z. For example, we will
from now on write A (q) instead of .A(Zl)(q). We have the constant finite diagonalizable Z-group
scheme TV, whose group of characters is T, and whose ring of regular functions is

Z[T] = H ZE)\.

AETY
Hence applying the functor Spec to 21 (q), we obtain the commutative diagram of Z-schemes

Spec(#") (a))

Spec(AM(q)) — V,I(,l) =TV x Vz

M%

(AHD =TV x Al
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where 7q : Spec(A)(q)) — TV is the decomposition of Speg(fl(l)(q)) into its connected compo-
nents. In particular, for each A € TV, we have the subring A*(q) = A" (q)ey of AN (q) and the
isomorphism

Spec(AN(q)) A Z D) 3y v

of Z-schemes over {A\} x Al. In turn, each of these isomorphisms admits a model over Z, obtained
by applying Spec to the ring isomorphism in [4.1.5

#1(q) : Ai1(q) —— R(Vz).

6.2 The generic Satake isomorphism

Recall part of our notation: G is the algebraic group GLg (which is defined over Z), F is a local
field and G := G(F'). We have denoted by op the ring of integers of F. Now we set K := G(op).

6.2.1. Definition. Let R be any commutative ring. The spherical Hecke algebra of G with
coefficients in R is defined to be the convolution algebra

HE" = (R[K\G/K], %)
generated by the K-double cosets in G.

6.2.2. By the work of Kazhdan and Lusztig, the R-algebra H%’h depends on F' only through the
cardinality ¢ of its residue field. Indeed, choose a uniformizer w € op. For a dominant cocharacter
A € AT of T, let 1) be the characteristic function of the double coset KA(w)K. Then (1)xea+
is an R-basis of ’Hi;?h. Moreover, for all A, u,v € AT, there exist polynomials

Ny, () € Z[q]
depending only on the triple (A, p, V), such that
Lixl,= Y Nauw(@l,
veAt

where Ny ., (¢) is the image under Z — R of the value of Ny ., (q) at q = ¢g. These polynomials
are uniquely determined by this property since when the nonarchimedean local field F vary (already
over its unramified extensions), the corresponding integers ¢ form an infinite set. Their existence
can be deduced from the theory of the spherical algebra with coefficients in C, as H?h = R®y ’HSth

and HP" € HP" (e.g. using arguments similar to those in the proof of below).

6.2.3. Definition. Let q be an indeterminate. The generic spherical Hecke algebra is the Z|[q]-
algebra HP"(q) defined by generators

HPR(q) = @rea+Z]a) Ty

and relations:

T, = Z Ny ()T, forall A\ ue AT,

veAt

6.2.4. Theorem. There exists a unique ring homomorphism
S (q) : HPq) —— R(V3)
such that
y(Q)(T(Lo)) =X +Y, y(q)(T(l,l)) =2z and S(q)(q) = XYZz_l-
It is an isomorphism onto the subring R(V@)WO of Wy-invariants
S (a) : HPM(q) —— R(Vz)"" € R(Vz).

In particular, the algebra HP(q) is commutative.
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Proof. Let
Sy HEPP s C[X(T)]Wo
be the ‘classical’ isomorphism constructed by Satake [Sat63]. We use [Gr98] as a reference.
For A € A*, let x\ € Z[X*(T)]"° be the character of the irreducible representation of G of

highest weight A. Then (xx)xea+ is a Z-basis of Z[X*(T)|Wo. Set fy := Mg PN xy), where
2p = a:=(1,—1). Then for each A\, u € AT, there exist polynomials dy ,(q) € Z[q] such that

=10+ > daulg)l, € HE,

<A

where d ,(q) € Z is the value of dy ,(q) at q = ¢; the polynomial dj ,(q) depends only on the

couple (A, 1), in particular it is uniquely determined by this property. As (1))xca+ is a Z-basis of

bp , 50 18 (fa)aea+- Then let us set

Q) :=Tx+ Y _ dru(@)T, € H(q).
<A

As (T\)xea+ is a Z[q-basis of H*PP(q), so is (fr(q))ren+-
Next consider the following Z[q? |-linear map:

Fa(a) : Z[a?] @zq H (@) — Zg %1 ZIX*(T)] = Z[q?][X*(T)]
1® fala) — q*My

We claim that it is a ring homomorphism. Indeed, for hi(q), h2(q) € Z[q%] ®z[q] HPP(q), we need
to check the identity

Fa(@)(h(@ha(q) = Fa (@) (hn (@)L (a) (ha(a)) € Z[a?][X*(T)].

Projecting in the Z[qz]-basis X* (’f‘), the latter corresponds to (a finite number of) identities in
the ring Z[q%] of polynomials in the variable q%. Now, by construction and because .7 is a ring
homomorphism, the desired identities hold after specialyzing q to any power of a prime number;
hence they hold in Z[qz]. Also note that .%.(q) maps 1 = T(0,0y to 1 = X(0,0) by definition.

It can also be seen that .%,1(q) is injective using a specialization argument: if h(q) € Z[q?] ®z[q]
H PP (q) satisfies .71(q)(h(q)) = 0, then the coordinates of h(q) (in the bablb (1® fa(q))rea+ say,
one can also use the basis (1 ® T ) ca+) are polynomials in the variable q2 which must vanish for
an infinite number of values of q, and hence they are identically zero.

Let us describe the image of H*P*(q) C Z[q2] ®z(q) H*P"(q) under the ring embedding .71(q).
By construction, we have

Fal@)(HP" (@) = P Zlala" x»

AeA+t
Explicitly,
AT =N(1,0) ® Z(1,1) C Z(1,0) ® Z(0,1) = A,
so that

Fa(@)(HP(q)) = (@ Z[(ﬂqu(n,o)) Qz Z[Xﬁ%l)]-

neN
On the other hand, recall that the ring of symmetric polynomials in the two variables e("9) and
e®V) is a graded ring generated the two characters x(1,0) = "% 4 e(®)) and (1) = eV
2[00V = P Z[e™D, eOD] = Zlx 1.0y, x(1.1)-
neN
As X(1,0) is homogeneous of degree 1 and x(1,1) is homogeneous of degree 2, this implies that

Z[e(l’o) (o, 1) @ ZX L)X

(a,b)EN?
a+2b=n
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Now if a+2b = n, then q%X((ll,O)Xl()Ll) = (q%X(l,o))a(QX(m))b. As the symmetric polynomial X, o)
is homogeneous of degree n, we get the inclusion

Fa(@)(HP™(a)) € Zldlla®> X(1.0), ax(1.1)] @z ZIxih)) = Zld] [Q%X(Lo)%an]-

Since by definition of .7¢i(q) we have ycl(Q)(f(l,o)(Q)) = q2X(1 0)> Zala )(f(l 1)( ) = X(1,1) and
Fal@)(fi-1,-n(@) = X(=1,-1) = Xall)’ this inclusion is an equality. We have thus obtained the
Z]q]-algebra isomorphism:

Za(q)

o (q) © HPP (@) — Zd][aZ x(1,0), Xa}l)}

Also note that T(; o) — q2 X(1,0) and T(q 1y = Xx(1,1) since T(1,0y = f(1,0)(q) and T(1,1) = f1,1)(q).
Finally, recall that V4 being the diagonalizable k- mon01d scheme Spec(k[X,Y, z5]), we have

R(Va)"o = Z[X,Y, 25" = ZIX + Y, XY, 25" | = Z[X + Y, XYV 23 1, 257").

Hence we can define a ring isomorphism
v Z[q] [q%X(l,O)a Xﬁ}l)] —— R(Vz)"o

by i(q) == XYz, L(q%X(l,O)) = X +Y and «(x(1,1)) = 22. Composing, we get the desired
isomorphism
Z(q) =10 Fa(q)|peen(q) : HP(q) —— R(Vg)"o

Note that .7 (q)(T(1,0) = X +Y, L(a)(T,1)) = 22, Z(a)(q) = XYz;l, and that #(q) is
uniquely determined by these assignments since the ring H*P"(q) is the polynomial ring in the

variables q, T{1,0) and T(1 1) thanks to the isomorphism .1 (q)|yen (q)- O

6.2.5. Remark. The choice of the isomorphism ¢ in the preceding proof may seem ad hoc.
However, it is natural from the point of view of the Vinberg fibration q : Vg — Al

First, as pointed out by Herzig in [H11, §1.2], one can make the classical complex Satake
transform .7 integral, by removing the factor 82 from its definition, where § is the modulus
character of the Borel subgroup. Doing so produces a ring embedding

S ’H;‘ph(—> Z[Xo(r/f\)}
The image of & is not contained in the subring Z[X*® (T)}WO of Woy-invariants. In fact,
5/(T(1,0)) = qe(l’o) +e@Y  and S/(T(l,l)) _ 6(1,1)’
so that
S ’Hsph _~ Z[(qe(l 0) 4 (0 1)) i(l,l)] C ZIX(T).
Now, R )
2% (D)) = Z[F) = 2Va.,),

where T = Vg, is the fiber at 1 of the fibration q : V4 — A considered over Z. But the algebra

HSph is the specialisation at q of the generic algebra H*P"(q). From this perspective, the morphism
S’ is unnatural, since it mixes a 1-fiber with a g-fiber. To restore the g-compatibility, one must
consider the composition of Q ®7 S’ with the isomorphism

QVz, ) = QX Y, 5 /(XY —2) = QVg ] =Q[X,Y,257']/(XY — gz0)
X - q¢'X
Y —» Y
—

zZ9 zZ9.
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But then one obtains the formulas
HP S QVg,) = QIX, Y, 27/(XY — g2)
T(l,O) — X+Y
T(l,l) = Z9.
This composed map is defined over Z, it sends ’Hsth onto the subring Z[VTAq}WO of Wy-invariants,
and its integral model is precisely the specialisation q = ¢ of the isomorphism .#(q) from

6.2.6. Definition. We call
Z(q) : HP"(q) —— R(Vg)"

the generic Satake isomorphism.
6.2.7. Composing with the inverse of the character isomorphism X;é : R(Vg)Wo = R(Vg) from
we arrive at an isomorphism

‘it o #(a) s HP ) — R(Vg).

6.2.8. Next, recall the generic Iwahori-Hecke algebra H1(q) and the commutative subring
Ai(q) C Hi(a) together with the isomorphism %;(q) in

6.2.9. Definition. The generic central elements morphism is the unique ring homomrphism
Zi(q) : HP' (@) —— Ai(a) € Hi(q)

making the diagram

Lz
Ay(q) — 21 RV

ffl(Q)T
sph Z(a) W,
HPq) ————— R(V3)"™°

commutative.

6.2.10. By construction, the morphism Z(q) is injective, and is uniquely determined by the
following equalities in A;(q):

2Z1(@)(T1,0) =21, 248(@)(T,1)) =22 and  Zi(q)(q) =q.

Moreover the group Wy acts on the ring A;(q) and the invariant subring A;(q)"™° is equal to
the center Z(Hi(q)) C H1(q). As the isomorphism % (q) is Wy-equivariant by construction, we
obtain that the image of £ (q) indeed is equal to the center of the generic Iwahori-Hecke algebra

Hi(q):
21(q) : HPM(q) —— Z(Ha(q)) C Ai(q) C Hi(q).

6.2.11. Under the identification R(V3) = Z[Vg] of the elements .(q)(T(1,0)) = X + 7Y,
Z(a)(a) = qa, -L(q)(T(1,1)) = 22, correspond to the Steinberg choice of coordinates z1, q, z2 on
the affine Z-scheme Vi /Wy = Spec(Z[Vz]"°). On the other hand, the Trace of representations

morphism Tr : R(Vg) — Z[Vg]€ fits into the commutative diagram

X Ve
R(Vg)"o s R(Vg)

[

ZVgWo + 2 Z[Vg)C
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where xv is the character isomorphism of 5.2.8|, and Ch is the Chevalley isomorphism which is
constructed for the Vinberg monoid Vg by Bouthier in [BoI5), Prop. 1.7]. So we have the following
commutative diagram of Z-schemes

Spec(B,
Spec(A;1(q)) peC(N (@) V€ Va
Spec(ffl(Q))l l i
Spec(.¥ Spec(Ch ~
Spec(H(q) P v W Ly )G
(mm %)
A% x G,,.

Note that for G = GLg2, the composed Chevalley-Steinberg map Vg — A? x G,, is given explicitly
by attaching to a 2 x 2 matrix its characteristic polynomial (when zo = 1).

6.2.12. We have recalled that for the generic pro-p-Iwahori-Hecke algebra () (q) too, the center
can be described in terms of Wy-invariants, namely Z(H"(q)) = AM (q)"°, cf. As the
generic Bernstein isomorphism 2™ (q) is Wy-equivariant by construction, cf. we can make
the following definition.

6.2.13. Definition. We call
(1) e (D) (W0 . A (o \Wo __~ ()W,
S Hq) =2 (q)" : AV (q)"0 —— R(VL )™

the generic pro-p-Iwahori Satake isomorphism.

. 1

6.2.14. Note that with VZ = [[,., Vg we have VA" = TV x Vg = [T cpv/w, V2 and the Wo-
action on this scheme respects these v-components. We obtain the decomposition into connected
components

Owe= 1 (Ivaywe= 11 Vva/We
YETY /Wy AEY ~YETY /Wy

If ~ is regular, then V% /Wo ~ V4, the isomorphism depending on a choice of order on the set

v, cf. Hence, passing to Z as in with 7-l(1)(q) = ’H(zl)(q), we obtain the following

commutative diagram of Z-schemes.

~ S 2
Spec(A) (q)) T s
~ Spec(.#M
Spec(Z(H)(q))) —etZ_D) v 1w,
2 4
(A2 X Gon) "M b TL i ) Vo L2 0o Vio/ Wo

where the bottom isomorphism of the diagram is given by the standard coordinates (z,y, 22) on the
regular components and by the Steinberg coordinates (z1,q, z2) on the non-regular components.

6.3 The generic parametrization

We keep the notation Z C Z for the ring extension of Then we have defined the Z-scheme
%1) in and we have considered in |6.2.14] its quotient by the natural Wy-action. Also recall

that G = GL; is the Langlands dual k-group of GLg .
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6.3.1. Definition. The category of quasi-coherent modules on the Z-scheme V%l)/WO will be called
the category of Satake parameters, and denoted by SPg :

SPg 1= QCoh (V1" /Wp).
For v € TV /Wy, we also define SPé := QCoh (V%/WO), where as above VI =[], V5.

6.3.2. Now, over Z, we have the isomorphism
i = Spec(FM (@) : VA /Wy — Spec(Z(HD ()

from the scheme V%l)/ Wo to the spectrum of the center Z(#(V)(q)) of the generic pro-p-Iwahori

Hecke algebra H(V)(q), cf. [6.2.14

6.3.3. Corollary. The category of modules over Z(H(V)(q)) is equivalent to the category of Satake
parameters:

S = (ij(l)(Q))* : Mod(Z(HM (q))) i SPg (ij“)(q))*'

The equivalence S will be referred to as the functor of Satake parametersﬂ The quasi-inverse
(ij(l)(q))* will be denoted by S™1.

6.3.4. Still from[6.2.14] these categories decompose as products over TV /W, (considered as a finite
set), compatibly with the equivalences: for all v € TV /W,

57 = (i ()" - Mod(Z(H (@) Z=2 SPY ¢ (i g )

where
SP7 ~ QCoh(V3) if v is regular
G~ | QCoh(V4/Wp) if v is non-regular.

In the regular case, the latter isomorphism depends on a choice of order on the set .

6.3.5. In particular, we have the trivial orbit v := {1}. The corresponding component ﬂ{l}(q) of
HM(q) is canonically isomorphic to the Z-base change of the generic non-regular Iwahori-Hecke
algebra H;(q). Hence from [6.2.10| we have an isomorphism

Zi(q) : HP (@) —— Z(HH (q)) € A (q) € HM (@) € HID (q).
Using these identifications, the equivalence S7 for v := {1} can be rewritten as

ST Mod(HP" (q)) —— SPL)

6.3.6. Definition. The category of quasi-coherent modules on the Z-scheme Vrf(,l) will be called
the category of Bernstein parameters, and denoted by BPg:

1
BPg = QCoh (VA").
6.3.7. Over Z, we have the isomorphism

i (q) = Spec(BD(q)) : V) — Spec(AM(q))

from the scheme V"I("l) to the spectrum of the commutative subring fl(l)(q) of the generic pro-p-
TIwahori Hecke algebra H")(q), cf. Also we have the restriction functor

/(1) ~ - -
Res™s) (@ : Mod(H(") () —— Mod (A1) (@) 2 QCoh(Spec( A (@)

from the category of left ﬁfl)(q)—modules to the one of fl(l)(q)—modules, equivalently of quasi-
coherent modules on Spec(A™M)(q)).

5We hope that there is only little risk of confusing the notation S with the Hecke operator introduced in
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6.3.8. Definition. The functor of Bernstein parameters is the composed functor

. . AW -
B = (g q) © Resjméz)) : Mod(#(q)) — BPg .

6.3.9. Still from the category BPg decomposes as a product over the finite group TV:

BPg = [] BPY. where VA€TY, BP} ~ QCoh(Vz).
AETV

6.3.10. Denoting by 7 : V%l) — V%l)/Wo the canonical projection, the compatibilty between the

functors S and B of Satake and Bernstein parameters is expressed by the commutativity of the
diagram

Mod(HM (q)) —2— BPg
(1) (q) -
Res’;m(f;@i l )
Mod(Z(H™M(q))) —— SPg .
6.3.11. Definition. The generic parametrization functor is the functor

o HD(@) )
P = SoResZ(ﬁ(l)(q)) =m,0B:

Mod(H™(q))
SPg .

6.3.12. Tt follows from the definitions that for all v € TV /Wy, the fiber of P over the direct factor
SPé C SPg is the direct factor Mod(H?(q)) C Mod(H™ (q)):

P~1(SPY) = Mod(#H(q)) C Mod(H"(q)).

Accordingly the parametrization functor P decomposes as the product over the finite set TV /W)
of functors
PY: Mod(H"(q)) —— SPé .

6.3.13. In the case of the trivial orbit v := {1}, it follows from that P} factors as

Mod(#!"} (q))
Resg:::;:;{ <

~ {1
Mod(H="" (q)) —>— SPL? .

6.4 The generic spherical module

Recall the generic regular and non-regular spherical representations <%(q) and 27 (q)
of Ha(q) and H1(q). Thanks to and they are models over Z of representations <77 (q)

of the regular and non-regular components </7(q), v € TV /Wy, of the generic pro-p-Iwahori Hecke
algebra H)(q) over Z, cf. and Taking the product over TV /W, of these representations,
we obtain a representation

d(l)(‘]) : ﬂ(l)(Q) E— Endz(g(n(q))(A(l)(Q))'

By construction, the representation oD (q) depends on a choice of order on each regular orbit ~.
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6.4.1. Definition. We call @/N(l)(q) the generic spherical representation, and the corresponding
left HV)(q)-module M) the generic spherical module.

6.4.2. Proposition.
1. The generic spherical representation is faithful.
2. The Bernstein parameter of the spherical module is the structural sheaf:

BMW)=0,q.

8. The Satake parameter of the spherical module is the R(Vél))-module of Vél)-equivariant K-
theory of the flag variety of Vél):

~ VD
SMW) = KV (v vy,

EV/(\I)
G
Proof. Part 1. follows from and part 2. from the property (i) in and and
part 3. from the characteristic isomorphism in O

6.4.3. Now, being a left H")(q)-module, the spherical module M) defines a functor

MO Q@D (q) ® " Mod(Z(HM(q))) — Mod(HV(q)).

On the other hand, recall the canonical projection 7 : v -, VA(l)/WO from 6.3.10} Then point 2.
. T T
of has the following consequence.

6.4.4. Corollary. The diagram
Mod(H™")(q)) —— BP
Mm@zm(l)(qnﬂ T”*
Mod(Z(H " (q))) —=— SP
s commutative.

6.4.5. Definition. The generic spherical functor is the functor

Sph := (M®) ® 77 (q) ®) © S

SPg —— Mod(H(V(q)).
6.4.6. Corollary. The diagram

Mod(H™")(a))
Sph l
P
18 commutative.
Proof. One has P o Sph = 7, o (B o Sph) = 7, o 7* by the preceding corollary. O

6.4.7. By construction, the spherical functor Sph decomposes as a product of functors Sph” for
~v € TV /Wy, and accordingly the previous diagram decomposes over TV /Wj.

6.4.8. In particular for v = {1} we have the commutative diagram

Mod(H1!}(q))
Res{t{l}(q)
Spht!} J AsPh(q)
pii}
spL) ——BPL ———— spl) 7 Mod(H""(q)).
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7 The theory at q=¢=0

We keep all the notations introduced in the preceding section. In particular, k = F,.

7.1 K-theory of the dual flag variety at q =0
7.1.1. Recall from the k-semigroup scheme

VGLz,O = Sing2x2 XGm,
which can even be defined over Z, and which is obtained as the 0-fiber of

Var,
l“
Al
7.1.2. It admits
Va 0= SingDiagy, o XGp,

as a commutative subsemigroup scheme. The latter has the following structure: it is the pinching
of the monoids

A x G, := Spec(k[X,25']) and A} x G,, := Spec(k[Y, z'))

along the sections X = 0 and Y = 0. The categories of representations of these monoids on finite
dimensional k-vector spaces are semisimple, with corresponding representation rings

R(AY x G,,) =Z[X,2F'] and R(AY x G,,) = Z[Y, 251

There are three remarkable elements in Vi , namely

,0?
ex = (diag(1,0),1), ey := (diag(0,1),1) and &o:= (diag(0,0),1).
They are idempotents. Now let M be a finite dimensional k-representation of V4 . The idempo-

tents act on M as projectors, and as the semigroup Vz , is commutative, the k-vector space M
decomposes as a direct sum

M = @ M(Ax, Ay, Ao)
(Ax Ay, A0)€{0,1}3

where
M(Ax, Ay, o) ={m € M | mex = Axm, mey = Aym, meg = A\gm}.

Moreover, since V4 , is commutative, each of these subspaces is in fact a subrepresentation of M.
;

As exey =g € V5, we have M(Ax, Ay, Ag) #0 = AxAy = Ag. Consequently

M = M(1,0,0) @M(o, 1,0) @M(l, 1,1) @M(0,0,0).

V-
The restriction Res A'f’o M(1,0,0) is a representation of the monoid Ak where 0 acts by 0, and
X

Va
Res AT‘O M (1,0,0) is the null representation. Hence, if for n > 0 we still denote by X™ the character
Y

of V4 , which restricts to the character X™ of A% G, and the null map of A}, XG,,, then M (1,0,0)
decomposes as a sum of weight spaces

M(1,0,0) = ©p>oM(X") := @n>omezM (X" 23").

Similarly
M(0,1,0) = ®n>oM(Y") := SnsomezM (V" 25").
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Finally, V4  acts through the projection Vg ; — Gy, on
M(]-v ]-7 ]-) = M(l) = eamGZM(Z;n)v

and by 0 on
M(0,0,0) =: M(0).

Thus we have obtained the following

7.1.3. Lemma. The category Rep(Vrf 0) is semusimple, and there is a ring isomorphism

R(Va

20) = (ZIX.Y.2)/(XY) x 2.

7.1.4. Next let
Vi, = SingUpTriang,, o XGrm C Var,,0 = Singyyp XGm

be the subsemigroup scheme of singular upper triangular 2 x 2-matrices. It contains Vz

T 0> and the
inclusion Vg , C Vfa,o admits a retraction Vﬁ,o — V*I“,o’ namely the specialisation at q = 0 of the
retraction

Let M be an object of Rep(Vg ). Write
Resy 20 M = M(1,0,0) ® M(0,1,0) & M(1) & M(0).

For a subspace N C M, consider the following property:

(Pn) the subspace N C M is a subrepresentation, and Vg , acts on N through the retraction
of k-semigroup schemes Vg , — Vg -

Let us show that (P(0,1,0)) is true. Indeed for m € M(0,1,0) = @psoM(Y™), we have

m(é 8>:(m€Y)(g (C))zmeo:O:m(g 8)
m(oy) = (0 )= (5 )

Next assume M (0,1,0) = 0, and let us show that in this case (Py;(q)) is true. Indeed for m € M(0),

we have
m(%C 8>:m(ex<g 8))2(7”8)()(8 8)207

and if we decompose

and

m/ ::m( 8 ; ) =m0 +my +mgy € M(1,0,0) ® M (1) & M(0),

then by applying x on the right we see that 0 = mELO oy +mi so that m’ € M(0) and hence

n(55) = (5 5)er) oo

Next assume M (0,1,0) = M(0) = 0, and let us show that in this case (P(1,0,0)) is true. Indeed,
let m € M(1,0,0) = ®,>oM(X™). Then for any ¢ € k,

m = m 0 c
T 0 0

satisfles m'ex = 0, m'ey = m/, m’ep = 0, i.e. m' € M(0,1,0), and hence is equal to 0 by our
assumption. It follows that

(0 y ) =m0 (o g )=m(ex (6 5))=m(5 6 )=0=m(s 3):
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On the other hand, if we decompose

m' = m ( g 8 > =y 0,0y +m} € M(1,0,0) ® M(1),

then by applying €o on the right we find 0 = m/, i.e. m’ € M(1,0,0) and hence

(3 §)weran( (3 §)) (3 )

Finally assume M (0,1,0) = M(0) = M(1,0,0) = 0, and let us show that in this case (Pyz(1)) is
true, i.e. that Vg, acts through the projection Vg ; — Gy, on M = M(1). Indeed for any m we

T )0 ) (5 5)) e
25 3)= (a3 5 )Jamn( (3 5))

It follows from the preceding discussion that the irreducible representations of Vg , are the
characters, which are inflated from those of Vg , through the retraction Vg, — Vg, As a
consequence, considering the restriction and inflation functors

VA’ : — . VA,
Resvgz : Rep(VEO) - Rep(Vio) : Inﬂvgg,

which are exact and compatible with tensor products and units, we get:

7.1.5. Lemma. The ring homomorphisms

Vg s Vg
RGSV_?E : R(Vﬁ,O) R(VT,O) : InﬂV;’Z’

are isomorphisms, which are inverse one to the other.

7.1.6. Finally, note that 9 € Vr, (k) belongs to all the left Vi, (k)-cosets in Var, (k). Hence,
by [PS20, 2.4.3], the catgory Rep(Vg ) is equivalent to the one of induced vector bundles on the

semigroupoid flag variety Var,,0/Vg ¢

Vi ~ Vi
IndyS"*" : Rep(Vi o) — Cpny™” (VaLao/ Vi o) € C'e420 (Vara 0/ Va o)-

7.1.7. Corollary. We have a ring isomorphism
Tndy &2 o Tnfly 2 : R(Vg o) — K705 (Vara,o/Va,o)
7.1.8. Definition. We call relevant the full subcategory
P{e>p(V,f’())’rel C Rep(ViO)
whose objects M satisfy M(0) = 0. Correspondingly, we have relevant full subcategories
Rep(Vg )™ C Rep(Vg o) and Croq’ (Varao/Va.o)™ € Cren® (Vara.o/Va o)-

7.1.9. Corollary. We have a ring isomorphism

~

Vi
=Z[X,Y, 2 ' |/(XY) 2 R(Vz )" == Kz (Vara,0/ Vg )"

CVerg,0 *

that we call the characteristic isomorphism in the equivariant K-theory of the flag variety Var,,0/Vg
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7.1.10. We have a commutative diagram specialization at q =0

CVaL,

ZIX,Y, 2] < KVer2(Var, /Vg)

| |

¢VaL,,0

: Ve
ZIX,Y, 25 ) (XY) ———= K1, (Vara o/ Va o)™

where the vertical right-hand side map is given by restricting equivariant vector bundles to the
O-fiber of q : Vg, — AL
7.2 The mod p Satake and Bernstein isomorphisms

7.2.1. Notation. In the sequel, we will denote by (')Fq the specialization at @ = q¢ = 0, i.e. the
base change functor along the ring morphism

Zlqg — F,=1k
q — 0

Also we fix an embedding pq—1 C qu , so that the above morphism factors through the inclusion
Z]q) C Z[q], where Z C Z is the ring extension considered in m

7.2.2. The mod p Satake and pro-p-Iwahori Satake isomorphisms. Specializing we
get an isomorphism of F -algebras

sph ~ = el Wi
g, M o By [Vg o]0 = (Bl XY, 571)/(XY))
In [H11], Herzig constructed an isomorphism
Fher + HP" — Fy[X*(T)_] = Fy[e®D, e+ 1]

(this is F, ®z S’, with the notation &’ from . They are related by the Steinberg choice
of coordinates z; := X +Y and 2z, on the quotient Vg ,/Wo, cf. [6.2.11} i.e. by the following
commutative diagram

h W
HP JX Y, 25 /(X))
k/‘ %zle'(l D2y

e(01) = (L)),

Specializing [6.2.13| and using R(TY) = Z[T], cf. we get an isomorphism of F-algebras

S (AW =S F VL = (F[TIX. Y, 57)/(XY)) ™

q

7.2.3. The mod p Bernstein isomorphism. Specializing we get an isomorphism of
F,-algebras

) AL o BV = F[TX Y, 57]/(XY).

)

Moreover, similarly as in but here using and [PS20l 2.5.1], we get the characteristic
isomorphism

1 1 1
CV’G(}Z) : R( ’f(‘())) — KISdO (V( )/V( ))
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Whence by [7.1.3 - and recalling |7 an isomorphism

~ v
crvegl) g 0B A S kS (V) Vel

Also, specializing|6.1.5 L%’%) splits as a product over TV of F,-algebras isomorphisms %’%q, each

of them being of the form

%LF(I : .Aqu %E[Vio

] =Fy[X,Y, 5 ']/(XY).
7.2.4. The mod p central elements embedding. Specializing we get an embedding of
F,-algebras

%5 Hsph — = Z(M,5,) C Ayp, CHy 5,

= aq

making the diagram

gglﬁq — —
A g, —————Fy[Va | = F[X, Y, 57 1]/(XY)
fgldqu\ J\
wh 7 B (Ve [Wo — (F,[X,Y, 221/ (xy)"°
P o [V o]0 = (F[X, Y, 257']/(XY))

Fq

commutative. Then Q‘oqu coincides with the central elements construction of Ollivier [O14, Th.
4.3] for the case of GLg. This follows from the explicit formulas for the values of 27 (q) on {1 ¢

and T{y 1), cf. [6.2.10
7.3 The mod p parametrization

7.3.1. Definition. The category of quasi-coherent modules on the k-scheme V%%/VVO will be called
the category of mod p Satake parameters, and denoted by SP@H0 7
1
SPg,q = QCoh (V) /).
For v € TV /Wy, we also define SPZ}O := QCoh (V%O/WQ), where V%O =1y Va0-

7.3.2. Similarly to the generic case the mod p pro-p-Iwahori Satake isomorphism induces an
equivalence of categories

S Mod(Z(H\)) —— SPg ,,

q

that will be referred to as the functor of mod p Satake parameters, and which decomposes as a
product over the finite set TV /Wj:

S = H’y ST H’y MOd(Z(H%q)) L> Hy SP’é,O = Hy reg QCOh(VT‘O) H’y non-reg QCOh(VT,O/Wo)
For v = {1} and using[7.2.4] we get an equivalence

ST Mod(H2P") — SPL? = QCoh (Vg o/ Wh).

Note that under this equivalence, the characters ’Hf — F, correspond to the skyscraper sheaves
on Vg ,/Wo, and hence to its k-points. Choosing the Stemberg coordinates (z1, z2) on the k-scheme

Vaol Wo, they may also be regarded as the k-points of Spec(k[X®(T)_]), which are precisely the
mod p Satake parameters defined by Herzig in [HIT].
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7.3.3. Definition. The category of quasi-coherent modules on the k-scheme V%l()) will be called

the category of mod p Bernstein parameters, and denoted by BPg -

BPgq = QCoh (V).

7.3.4. Similarly to the generic case the inclusion 7—[%1) D .A%) together with the mod p
q q
Bernstein isomorphism define a functor of mod p Bernstein parameters
. 1) .
B: Mod(HFq ) —— BPg ;-
Moreover the category BPg , decomposes as a product over the finite group T":

BPg, = HBP%VO = H QCoh (Vg o)-
A A

7.3.5. Notation. Let 7 : V%l()) — V%%/Wo be the canonical projection.

7.3.6. Definition. The mod p parametrization functor is the functor

HY

P:=SoRes

N =m.,0B:
Z(H%) *

Mod(H)
SPg. -

7.3.7. The functor P decomposes as a product over the finite set TV /Wj:
_ ) ¥ ~ v
P= ]_[7 P Hv Mod(’HFq) — Hv SP@,O .
In the case of the trivial orbit v := {1}, P{"} factors as

Mod(?—[%l})

ud pin
RESHEP h

§ {1}
Mod(#2™) =0 spi!

7.4 The mod p spherical module
7.4.1. Definition. We call

(AY)

(1) . 4,(1)
/A .’HF(I %Endz( 3

)
F, Mg, )

the mod p spherical representation, and the corresponding left H%l)-module M%l) the mod p spher-
q q
ical module.
7.4.2. Proposition.
1. The mod p spherical representation is faithful.

2. The mod p Bernstein parameter of the spherical module is the structural sheaf:

BMY)=0

(1)«
a V"I“,o
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3. The mod p Satake parameter of the spherical module is the Rﬁq(Vislé)rel’Wo—module of the

relevant induced Vélz)-equivariant Kﬁq -theory of the flag variety of Vélz):

(1)
rel . My ~ 7-7G0 (1) 1 (1) \rel
cvélz)jq : S(MFq ) — KInd,Fq (Vé70/vﬁ70) .

Proof. Part 1. follows from and part 2. from the property (i) in and and
O

part 3. from the characteristic isomorphism in [7.2.3]

7.4.3. Corollary. The diagram

Mod(H{) —F— BPg
M%2)®z(yil>). *
Fq
(yy S

18 commutative.

7.4.4. Definition. The mod p spherical functor is the functor

Sph = (M

5, Sz )05
SPg , — Mod(HL)).
7.4.5. Corollary. The diagram

Mod(#H")

15 commutative.

7.4.6. The spherical functor Sph decomposes as a product of functors Sph” for v € TV /W, and
accordingly the previous diagram decomposes over TV /Wy. In particular for v = {1} we have the
commutative diagram

Mod (') L

q es Sgh

Sph{l} JP{I} M,
{1} {1} {1} ~ sph
SP@0 - BP@0 — SP@,O ey Mod(HFq ).

7.4.7. Now, identifying the k-points of the k-scheme V%lé /Wy with the skyscraper sheaves on it,
the spherical functor Sph induces a map 7

Sph : (V%l())/WO) (k) —— {left 'H%l)—modules}.

Considering the decomposition of V,I(}é /Wy into its connected components, cf. [6.2.14

(1) _ ~ o .
V’i‘,O/WO - V’%,O/WO = H Vi H Vi o/ Wo.
YE(TY /Wo) YE(TY /Wo)reg YE(TY /Wo)non-reg
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the spherical map decomposes as a disjoint union of maps

Sph™ : (V%,O/Wo) (k) = Vg o (k) —— {left 'H%q—modules} for ~ regular,

Sph” : (V% O/WO) (k) = (Vg o/Wo) (k) — {left HI -modules} for « non-regular.

7.4.8. In the regular case, we make the standard choice of coordinates

Va o(k) = ({(x,m lre k) JT10.0) | ve k}) < {22 € k¥

(0,0)

and we identify ’H%q with H, 7 using A point v € Vg (k) corresponds by to a character

6, Z(Hy5 ) ~ F (X, Y, 28] /(XY) — F,

and then Sph”(v) identifies with the central reduction

Az, = Ay, @21,z ).0. Fa

of the mod p regular spherical representation <7, F, specializing [3.3.1] The latter being an isomor-

phism by S0 is
o, Hap, — Endg (Az,).

Consequently Hs ¢, is a matrix algebra and A g, is the unique simple finite dimensional left /HZE'
module with central character 6,, up to isomorphism. It is the standard module with character
0,, with standard basis {e1,e2} (in particular its F,-dimension is 2). Conversely, any simple finite
dimensional Hzﬁq—module has a central character, by Schur’s lemma.

Following [V04], a central character 6 is called supersingular if (X +Y) = 0, and the standard
module with character 0 is called supersingular if  is. Since XY = 0, one has (X +Y) =0 if and
only if 0(X) =0(Y) = 0.

7.4.9. Theorem. Let v € TV /Wy regular. Then the spherical map induces a bijection
Sph” : (V%O/WO)(k) —— {simple finite dimensional left H -modules}/ ~ .

The singular locus of the parametrizing k-scheme V%O/Wo is given by (0,0) x G, C Vg, in
the standard coordinates, and its k-points correspond to the supersingular Hecke modules through
the correspondence Sph”.

7.4.10. In the non-regular case, we make the Steinberg choice of coordinates
(Vg.o/Wo)(k) = {z1 € k} x {2 € k*}
and we identify ’H%q with H, 5 using A point v € (Vg ,/Wo)(k) corresponds to a character
0, : Z(Hl,?q) = ?q[zlvzgﬂ] — Fy,

and then Sph”(v) identifies with the central reduction

Ave, = AF, @21, 5.0, Fa

of the mod p non-regular spherical representation 27 F, specializing

Now recall from [V04, 1.4] the classification of the simple finite dimensional #H, 7,-modules:
they are the characters and the simple standard modules. The characters

X
q

Hy 5, =Fy[S,U*] —F
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are parametrized by the set {0, —1} x F; via evaluation on the elements S and U. On the other
X

hand, given v = (21,22) € k x k* = F, x ?q ,

a standard module with character 0, over H, F, is
defined to be a module of type

Ms(z1, 29) :=F,m & F,Um, Sm = —m, SUm = zym, U?m = zom

(in particular its F,-dimension is 2). The center Z(H, Fq) acts on Ma(z1, 22) by the character 0,.
In particular such a module is uniquely determined by its central character. It is simple if and
only if zo # 2%. It is called supersingular if z; = 0.

7.4.11. Lemma. Set

dl’gv = ,Q{qu ®Z(H1jq)79v Fq : Hlﬁgv E— Endﬁq (.Al’ev).

o Assume zo # 23. Then a1, is an isomorphism, and the H, 7, -module Aj g, is isomorphic
to the simple standard module My (21, z2).

o Assume zy = 22. Then 2 9, has a 1-dimensional kernel, and the Hlfq -module Ay, s a
non-split extension of the character (0,z1) by the character (—1,—z1).

Proof. The proof of Proposition m shows that H; g, has an F,-basis given by the elements
1,5,U,SU, and that their images

1, o19,(5), he,(U), 0,(S),U)

by g, are linearly independent over F, if and only if 27 — 25 # 0.
If 25 # 22, then 47 4, is injective, and hence bijective since dimg, Aip, =2 from@ Moreover
S Y=-Yand U Y = (22 — z3) — 21Y and so SUY = S((2? — 22) — 21Y) = S(—21Y) = z1Y, s0
that
Arg, =F,Y ®F,U Y = Ma(21, 29).

If 29 ziz%, then the proof of Proposition m shows that @ g, has a 1-dimensional kernel which
is the Fy-line generated by —z1(1 + S) + U + SU. Moreover F;Y C Ay g, realizes the character
(=1,—21) of HLan and A g, /F,Y ~ F 1 realizes the character (0,z1). Finally the 0-eigenspace

of S'in Ay, is Fql, which is not U-stable, so that the character (0,z1) does not lift in Ay o,. O

7.4.12. Remark. Geometrically, the function z; — 27 on Vi /W, defines a family of parabolas

V’T‘7O/W07
lzzfzf
Al

whose parameter is 4A, where A is the discriminant of the parabola. Then the locus of Vg /W

where 2o = 27 corresponds to the parabola at 0, having vanishing discriminant (at least if p # 2).

7.4.13. Definition. We will say that a pair of characters of H,5 = F,[S,U*!] — qu is

antispherical if there exists zq € qu such that, after evaluating on (S,U), it is equal to
{(07 Zl)? (717 721)}

7.4.14. Note that the set of characters H, F, qu is the disjoint union of the spherical pairs, by
the very definition.

7.4.15. Theorem. Let v € TV /Wy non-regular. Consider the decomposition

V2 /Wy = D(2),UD(1),
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where D(1)~ is the closed subscheme defined by the parabola zo = 22 in the Steinberg coordinates
z1, 22 and D(2), is the open complement. Then the spherical map induces bijections

Sph”(2) : D(2).,(k) —=— {simple 2-dimensional left HL -modules}/ ~

Sph”(1) : D(1).,(k) — {spherical pairs of characters of H%q}/ ~.
The branch locus of the covering
V’T‘,O — V’iO/WO ~ V’%,O/WO
is contained in D(2)A,, with equation z1 = 0 in Steinberg coordinates, and its k-points correspond

to the supersingular Hecke modules through the correspondence Sph”(2).

7.4.16. Remark. The matrices of S, U and Sy = USU ! in the F,-basis {1, Y} of the supersin-
gular module A; g, = M5(0, z2) are

(0 0 _ 0 —2 (-1 0
s=(08) o=(h ) s (00
The two characters of the finite subalgebra F,[S] corresponding to S + 0 and S + —1 are realized
by 1 and Y. From the matrix of Sy, we see in fact that the whole affine subalgebra F,[Sy, S] acts on

1 and Y via the two supersingular affine characters, which by definition are the characters different
from the trivial character (Sp,S) — (0,0) and the sign character (Sp, S) — (-1, —1).

7.4.17. Finally, let v be any k-point of the parametrizing space Vrf(,l()) /Woy. As a particular case of

the Bernstein parameter of the spherical module Sph(v) is the structure sheaf of the fiber of
the quotient map 7 at v, and its Satake parameter is the underlying k-vector space:

B(Sph(v)) = Or-1(,y and S(Sph(v)) = 1.O0r-1(y).

7.5 Central characters

In this final subsection, we show that the dual parametrization [7.4.15] behaves naturally with
respect to central characters.

7.5.1. Let w: F — k* be induced by the inclusion F, C k. Then (F;)¥ = (w) is a cyclic group
of order ¢ — 1. An element w” defines a non-regular character of T:

of(tl, tQ) = wr(tl)wr(tg)

for all (t1,t2) € T =Fy x Fy. Composing with multiplication in TV, we get an action of (IFqX)V on
TV, which factors on the quotient set TV /W:

TV /Wy x (IE‘;)v — TV /W, (7,w") = Y.
If v € TV /W, is regular (non-regular), then yw" is regular (non-regular).

7.5.2. Restricting characters of T to the subgroup Fy ~ {diag(a,a) : a € Fy} induces a homo-
morphism TV — (F)¥ which factors into a restriction map

TV /Wy — (F;)Vy Y= ’Y|F;-
The relation to the (F;*)"-action on the source TV /Wj is given by the formula
('YWT,)|FQX = 'Yl]FqX W™

We describe the fibers of the restriction map ~ — 'y|]qu .
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Let ()|];X1 (w?") be the fibre at a square element w?”. By the above formula, the action of w™"
q

on TV /Wy induces a bijection with the fibre ()|];X1(1) The fibre

g=3 g—1

O ={1e}[[{vew 8w .7 8w T} [{«T 0w T}

has cardinality % and, in the above list, we have chosen a representative in TV for each element
3

in the fibre. The %= elements in the middle of this list, i.e. the Wp-orbits represented by the
characters w” @ w™" for r = 1, ..., q;23, are all regular Wy-orbits. The two orbits at the two ends
of the list are non-regular orbits (note that <1 = —q;—l mod (g — 1)). Since the action of w™

preserves regular (non-regular) orbits, any fibre at a square element (there are % such fibres) has
the same structure.
On the other hand, let ()|];X1 (w? 1) be the fibre at a non-square element w?" 1. The action of
q

w™" induces a bijection with the fibre ()|]I;X1 (w™1). The fibre
q

T

q—1

O™ ={1owwew? . w7 ' ew

qg—1

=}

has cardinality q;21 and we have chosen a representative in TV for each element in the fibre. All
elements of the fibre are regular Wy-orbits. Since the action of w™" preserves regular (non-regular)
orbits, any fibre at a non-square element (there are ‘72;1 such fibres) has the same structure.

Note that 4+ (4 + 1) = ngq is the cardinality of the set TV /Wj.

7.5.3. Recall the commutative k-semigroup scheme

VA =TV x Vg ) = TV x SingDiagy, 5 X G,

)

together with its Wy-action, cf. [6.2.14} the natural action of Wy on the factors TV and SingDiags o
and the trivial one on G,,. There is a commuting action of the k-group scheme

2Y = (F))" x Gy

on V%l()): the (constant finite diagonalizable) group (F )V acts only on the factor TV and in the way

described in an element zg € G, acts trivially on TV, by multiplication with the diagonal
matrix diag(zo,20) on SingDiag,,, and by multiplication with the square 22 on G,,. Therefore

the quotient V%l()) /Wy inherits a ZV-action. Now, according to [7.4.7} one has the decomposition

1
V’f(‘,())/WO - H Vo H Vig/WO-
'YE(TV/WO)X'eg ’YE(TV/WD)non-reg

Then the (F))Y-action is by permutations on the index set TV /W, i.e. on the set of connected

components of Vi(,lg) /Wo; as observed above, it preserves the subsets of regular and non-regular

components. The G,,-action on V'I(“lt)) /Wy preserves each connected component.

7.5.4. The two canonical projections from V%l()) to TV and G,,, respectively induce two projection

)

morphisms

(1)
V’I‘,O/WO

p ry &

TV /W, G-

Then we may compose the map pryv yy, Wwith the restriction map (-)|qu (T /Wo — (F)Y, set
0= (e o Prrv s ) X PG,
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and view V%l()) /Wy as fibered over the space ZV:

(1)
V"I",O/WO
Ja
AN

The relation to the ZV-action on the source Vf(}()) /Wy is given by the formula

O(z.(w", 20)) = 0(x)(W?", 22) = 0(z)(wW", 20)*

for x € VA )/Wo and (w",z9) € ZY. This formula follows from the formula in [7.5.2] and the
definition of the G,,-action in

7.5.5. Definition. Let ¢ € ZV. The space of mod p Satake parameters with central character ¢
is the k-scheme W

(VD Wo) 2= 071(0).
7.5.6. Let ¢ = (Clox,22) € Z¥(k) = (F)¥ x k*. Denote by (VA /Wp)., the fibre of prg, at
29 € k*. Then by we have

1
(Vaig/Wo)e = I Vo, I1 Vi o,/ Wo.

’YE(TV/Wo)x-egW\F; :C|E;< ’YE(TV/Wo)uou-regﬂ\F; :C|[Fq

Recall that the choice of standard coordinates z,y identifies

Ve

T,0,z20 —

~ Al Ug Al

with two affine lines over k, intersecting at the origin, cf. On the other hand, the choice of
the Steinberg coordinate z; identifies

Vi 0,2/ Wo = Al

with a single affine line over k, cf.

7.5.7. Lemma. Let (,n € ZV. The action of n on V%%())/Wo induces an isomorphism of k-schemes
(Vao/Wo)e = (V1) /Wo)cye

Proof. Follows from the last formula in O
7.5.8. Recall from [7.4.7] the spherical map

Sph : (VA /W) (k) —— {left HL"-modules}/ ~ .

The H%l)—modules in the image of this map are of length 1 or 2, cf. |7.4.9and |7.4.15] We write
q
Sph(v)®* for the semisimplification of the module Sph(v), for v € (V(l)/W (k).
Let (w",20) € ZY(k). Recall that the standard or irreducible 7{( ) modules may be ‘twisted

by the character (w”,zp)’ : in the regular case, the actions of X,Y,U 2 get multiplied by 2o, 2o, 23
respectively and the component v gets multiplied by w”, cf. [V04, 2.4]; in the non-regular case,
the action of U gets multiplied by zg, the action of S remains unchanged and the component ~y
gets multiplied by w”, cf. [V04, 1.6]. This gives an action of the group of k-points of ZV on the

standard or irreducible H%l)—modules. It extends to an action on semisimple H%l)—modules.
q q

7.5.9. Proposition. The map Sph(—)* is ZV(k)-equivariant.
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Proof. Let (w",29) € ZV(k). Let v € (V%lé/WO)(k) and let its connected component be indexed by

~v € TV /Wy. Suppose that « is regular, choose an ordering v = (¥, x*) on the set v and standard
coordinates. Then Sph(v) = Sph”(v) is a simple two-dimensional standard H% -module, cf.

i.e. of the form M(z,y, z2,x) [V04, 3.2]. Then
Sph(v.(w", 20)) ~ M (20, 20y, 2222, X-w") =~ Sph(v).(w", 20).

Suppose that v = {x} is non-regular and choose Steinberg coordinates. (a) If v € D(2),(k),
then Sph(v) = Sph”(2)(v) is a simple two-dimensional H%p—module, cf. [7.4.15] i.e. of the form

M (z1, 22, x) [V04, 3.2]. Then
Sph(v.(w", 20)) = M (2921, zgzg, x-w") =~ Sph(v).(w", 20).

(b) If v € D(1).,(k), then the semisimplified module Sph(v)® is the direct sum of the two characters
in the spherical pair Sph”(1)(v) = {(0,21), (=1, —21)} where 2o = 2?. Similarly Sph(v.(w", 29))*
is the direct sum of the characters {(0, z021),(—1, —2021)} in the component v.w", and hence is
isomorphic to Sph(v)%.(w", z0). O

7.5.10. We now explain the compatibility with central characters for G-representations. In order
1 0

identifying the group A with a subgroup of T via (1,0) + diag(cw™!,1) and (0,1) + diag(1,w™1).
We obtain for example (recall that v = (1,0)s € W)

(0 =t (01 (@l oo (1 0
“={1 o )0 " “\wo) =L o 1) *“=\o0 =o' )"

Moreover, u? = diag(w?, w‘l)ﬂ Since

(Fo )t (e0)-(a %)

the element v € G normalizes the group I,

to do this, let us consider W to be a subgroup of G, by sending s to the matrix < 0 1 ) and by

7.5.11. Let Mod™ (k[G]) be the category of smooth G-representations over k Taking I(V-
invariants yields a functor © — 7/ from Mod™™ (k[G]) to the category Mod(H ) If F=Q,,

it induces a bijection between the irreducible G-representations and the irreducible ’H( -modules,
under which supersingular representations correspond to supersingular Hecke modules [V04}

For future reference, let us recall the I(M-invariants for some classes of representations. If
™= Indg(x) is a principal series representation with y = x1 ® x2, then 71" is a standard module
in the component v := {x|r, X*|1}-

In the regular case, one chooses the ordering (x|, x*|t) on the set v and standard coordinates
x,y. Then

md§ ()™ = M (0, x(su), x(u?), x|r) = M(0, xa(@ ™), x1 (= xa(w ™), x|r)

In the non-regular case, one has

€) _ _ _
IndZ ()" = M(x(su), x(u®), x|z) = M(xz(@ ), xa (@ xa(@ ), xlr).-
These standard modules are irreducible if and only if x # x* [V04] 4.2/ 4.3]E|

Let F = Q,. If 7 = 7(r,0,n) is a standard supersingular representation with parameter
r=0,...,p—1 and a character n : Q; — k>, then s a supersingular module in the component

6Note that our element u equals the element u~! in [Bell],[Br07] and [V04].
7Our formulas differ from [V04} 4.2/4.3] by x(-) +> x(-) ™!, since we are working with left modules; also compare
with the explicit calculation with right convolution given in [V04] Appendix A.5].
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v = {x, x*} represented by the character x := (Ww" ® 1) - (77|]F§), cf. [Bx07, 5.1/5.3]. If 7 is the
trivial representation 1 or the Steinberg representation St, then v = 1 and 7’ " is the character
(0,1) or (—1,—1) respectively.

7.5.12. Let 7 € Mod®™ (k[G]). Since u € G normalizes the group I"), one has Tyl = 4T,

It follows that the convolution action of the Hecke operator U (resp. U?) on 7! “ is therefore

induced by the action of u (resp. u? on 7). Similarly, the group I (1) is normalized by the Iwahori

subgroup I and I/I(l) ~ T. It follows that the convolution action of the operators T;,t € T on

71" is the factorization of the T (oF)-action on .

7.5.13. We identify F* with the center Z(G) via a — diag(a,a). A (smooth) character
¢:Z(G)=F* — k~*

is determined by its value ((w™!) € k* and its restriction C|O;. Since the latter is trivial on the
subgroup 1 + wor, we may view it as a character of F; we will write ¢ |]qu for this restriction in

the following. Thus the group of characters of Z(G) gets identified with the group of k-points of
the group scheme ZV = (]qu)v X Gy

Z(G)\/ ; Zv(k)7 C — (C\ngC(w_l))~

7.5.14. Proposition. Suppose that 7 € Mod®" (k[G]) has a central character ¢ : Z(G) — k*.
Then the Satake parameter S(wl(l)) of e MOd(’H%l)) has central character C, i.e. it is sup-

ported on the closed subscheme
(1) (1)
(Vz o/ o)l cw1)) € Vg o/ Wo.

Proof. If M is any H%l)—module, then
M = @ e, M = @ DrererM,
YETY /Wo YETY /Wy

and T C F,[T] C 7—[%1) acts on exM through the character A : T — Fy. Now if M = 71" then

the T-action on M is the factorization of the T(op)-action on m, cf. [7.5.12] In particular, the
restriction of the T-action along the diagonal inclusion F;* C T is the factorization of the action of

the central subgroup oy C Z(G) on 7, which is given by ¢ |O; by assumption. Hence
E'YM 7é 0 - VA e Y, )\l]F;( = C'F; i.e. ’Y|F;< = C|F;< .

Moreover, the element u? = diag(w™!,w™!) € Z(G) acts on 7 by multiplication by ((ww™1!)

by assumption. Therefore, by [7.5.12) the Hecke operator zy := U? € ’H%) acts on 7! by

multiplication by ((zw™!). Thus we have obtained that S(ﬂ'l(l)) is supported on

(v
V’I*,o,g(wfl) H V’I*,o,g(wﬂ)/WO - (Vio/WO)(CIF; K(w1))-
'YE(TV/WO)reg7'Y|JF;< :C‘LF; 'YE(TV/WO)not)-reg7'Y|]F;< :C‘E;

O
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