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❇✳✶ ❆♥❛❧②s❡ ✿ r❛♣♣❡❧s ✷

❇✳✶✳✶ ❊♥ ✈r❛❝ ✸

❚❤é♦rè♠❡ ❇✳✶✿ ❚❤é♦rè♠❡ ❞❡ ❇♦❧③❛♥♦ ♦✉ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s

❙♦✐t f : ra, bs Ă R ÝÑ R ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥t✐♥✉❡✳ ❙✐ fpaq ❡t fpbq ♥❡ s♦♥t ♣❛s ❞❡ ♠ê♠❡ s✐❣♥❡ ✭✐✳❡✳
fpaqfpbq ă 0✮ ❛❧♦rs ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s c Psa, br t❡❧ q✉❡ fpcq “ 0.

❚❤é♦rè♠❡ ❇✳✷✿ ❚❤é♦rè♠❡ ❞❡s ❛❝❝r♦✐ss❡♠❡♥ts ✜♥✐s

❙♦✐❡♥t a ❡t b ❞❡✉① ré❡❧s✱ a ă b ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❢❡r♠é ra, bs, ❞ér✐✈❛❜❧❡ s✉r
❧✬✐♥t❡r✈❛❧❧❡ ♦✉✈❡rt sa, br. ❆❧♦rs ✐❧ ❡①✐st❡ ξ Psa, br t❡❧ q✉❡

f 1pξq “ fpbq ´ fpaq
b ´ a

.

Pr♦♣♦s✐t✐♦♥ ❇✳✸✿ ❋♦r♠✉❧❡ ❞❡ ❚❛②❧♦r✲▲❛❣r❛♥❣❡

❙♦✐t n P N˚ ❡t f P Cnpra, bsq ❞♦♥t ❧❛ ❞ér✐✈é❡ n✲✐è♠❡ ❡st ❞ér✐✈❛❜❧❡✳ ❆❧♦rs ♣♦✉r t♦✉t x, y ❞❛♥s ra, bs,
x ‰ y, ✐❧ ❡①✐st❡ ξ Psminpx, yq,maxpx, yqr t❡❧ q✉❡

fpxq “ fpyq `
n

ÿ

k“1

px ´ yqk
k!

f pkqpyq ` px ´ yqn`1

pn ` 1q! f pn`1qpξq ✭❇✳✶✮
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❈♦r♦❧❧❛✐r❡ ❇✳✹✿ ❚❤é♦rè♠❡ ❞❡ ❧❛ ❜✐❥❡❝t✐♦♥

❙✐ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡ s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ra, bs ❡t à ✈❛❧❡✉rs ré❡❧❧❡s✱
❛❧♦rs ❡❧❧❡ ❝♦♥st✐t✉❡ ✉♥❡ ❜✐❥❡❝t✐♦♥ ❡♥tr❡ ra, bs ❡t ❧✬✐♥t❡r✈❛❧❧❡ ❢❡r♠é ❞♦♥t ❧❡s ❜♦r♥❡s s♦♥t fpaq ❡t fpbq.

Pr♦♦❢✳ ◆♦t♦♥s J “ f´1pra, bsq ❝❡t ✐♥t❡r✈❛❧❧❡ ❢❡r♠é✱ ❝✬❡st✲à✲❞✐r❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ré❡❧s ❝♦♠♣r✐s ❡♥tr❡ fpaq ❡t✶

fpbq.✷

‚ ▲❛ ♠♦♥♦t♦♥✐❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✐♠♣❧✐q✉❡ q✉❡ ❧✬✐♠❛❣❡ ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ra, bs ❡st ❝♦♥t❡♥✉❡ ❞❛♥s J ✿✸

✕ s✐ f ❡st ❝r♦✐ss❛♥t❡✱ ♣♦✉r t♦✉t x P ra, bs ♦♥ ❛ fpaq ď fpxq ď fpbq✹

✕ s✐ f ❡st ❞é❝r♦✐ss❛♥t❡✱ ♣♦✉r t♦✉t x P ra, bs ♦♥ ❛ fpbq ď fpxq ď fpaq.✺

‚ ▲❡ ❢❛✐t q✉❡ ❝❡tt❡ ♠♦♥♦t♦♥✐❡ s♦✐t str✐❝t❡ ❛ss✉r❡ q✉❡ ❞❡✉① ré❡❧s ❞✐st✐♥❝ts ♥❡ ♣❡✉✈❡♥t ❛✈♦✐r ❧❛ ♠ê♠❡✻

✐♠❛❣❡✱ ❛✉tr❡♠❡♥t ❞✐t ❧❛ ❢♦♥❝t✐♦♥ ❡st ✐♥❥❡❝t✐✈❡ s✉r ra, bs.✼

‚ ❊♥✜♥✱ ❧❡ t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s ✭q✉✐ s✬❛♣♣✉✐❡ s✉r ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♥t✐♥✉✐té✮ ❣❛r❛♥t✐t✽

q✉❡ t♦✉t é❧é♠❡♥t ❞❡ J ❛❞♠❡t ❛✉ ♠♦✐♥s ✉♥ ❛♥té❝é❞❡♥t ♣❛r f ✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❡st s✉r❥❡❝t✐✈❡✾

❞❛♥s J.✶✵

✶✶

Pr♦♣♦s✐t✐♦♥ ❇✳✺

❙♦✐t f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❜✐❥❡❝t✐✈❡ ❝♦♥t✐♥✉❡ ❞✬✉♥ ✐♥t❡r✈❛❧❧❡ ♦✉✈❡rt I Ă R s✉r ✉♥ ✐♥t❡r✈❛❧❧❡ ♦✉✈❡rt
J Ă R. ❙✐ f ❡st ❞ér✐✈❛❜❧❡ ❡♥ α P I ❡t q✉❡ f 1pαq ‰ 0 ❛❧♦rs s❛ ré❝✐♣r♦q✉❡ f´1 ❡st ❞ér✐✈❛❜❧❡ ❡♥
β “ fpαq P J ❡t

pf´1q1pβq “ 1

f 1pαq ♦✉ ❡♥❝♦r❡ pf´1q1pβq “ 1

f 1pf´1pβqq

Pr♦♦❢✳ ❖♥ ♣♦s❡ g “ f´1 ❡t ♦♥ é❝r✐t s♦♥ t❛✉① ❞✬❛❝❝r♦✐ss❡♠❡♥t ✿

gpyq ´ gpβq
y ´ β

“ x ´ α

fpxq ´ fpαq

❛✈❡❝ y “ fpxq. ❈❡tt❡ ❢r❛❝t✐♦♥ ❡st ❧✬✐♥✈❡rs❡ ❞❡ fpxq´fpαq
x´α

q✉✐ t❡♥❞ ✈❡rs f 1pαq ‰ 0 q✉❛♥❞ x t❡♥❞ ✈❡rs α.✶✷

❇✳✶✳✷ ❊s♣❛❝❡ ♠étr✐q✉❡✶✸

❉❡✜♥✐t✐♦♥ ❇✳✻✿ ❉✐st❛♥❝❡ s✉r ✉♥ ❡♥s❡♠❜❧❡

❖♥ ❛♣♣❡❧❧❡ ❞✐st❛♥❝❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ E, ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ d ❞❡ E2 ❞❛♥s R` t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t
pxxx,yyy,zzzq P E3 ♦♥ ❛

‚ s②♠étr✐❡ ✿ dpxxx,yyyq “ dpyyy,xxxq,

‚ sé♣❛r❛t✐♦♥ ✿ dpxxx,yyyq “ 0 ô xxx “ yyy,

‚ ✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡ ✿ dpxxx,zzzq ď dpxxx,yyyq ` dpyyy,zzzq

❱♦✐❝✐ q✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞❡ ❞✐st❛♥❝❡s✿✶✹

• dpx, yq “ |x ´ y| ❞❛♥s R, C, Z ♦✉ Q✶✺

• dpxxx,yyyq “ }xxx ´ yyy} ❞❛♥s Rn, ♦ù }.} ❡st ❧✬✉♥❡ q✉❡❧❝♦♥q✉❡ ❞❡s ♥♦r♠❡s ❤❛❜✐t✉❡❧❧❡s✳✶✻

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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❉❡✜♥✐t✐♦♥ ❇✳✼✿ ❊s♣❛❝❡ ♠étr✐q✉❡

❖♥ ❛♣♣❡❧❧❡ pE, dq ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ s✐ E ❡st ✉♥ ❡♥s❡♠❜❧❡ ❡t d ✉♥❡ ❞✐st❛♥❝❡ s✉r E.

❉❡✜♥✐t✐♦♥ ❇✳✽✿ ❙✉✐t❡ ❝♦♥✈❡r❣❡♥t❡

❙♦✐❡♥t pE, dq ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ ❡t puuurksqkPN ✉♥❡ s✉✐t❡ ❞✬é❧é♠❡♥ts ❞❡ E. ❖♥ ❞✐t q✉❡ ❧❛ s✉✐t❡
puuurksqkPN ❝♦♥✈❡r❣❡ ✈❡rs ααα P E s✐

@ǫ ą 0, DN P N t❡❧ q✉❡ @n ą N, dpuuurks,αααq ă ǫ. ✭❇✳✷✮

❉❡✜♥✐t✐♦♥ ❇✳✾✿ ❖r❞r❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡

❙♦✐❡♥t pE, dq ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ ❡t puuurksqkPN ✉♥❡ s✉✐t❡ ❞✬é❧é♠❡♥ts ❞❡ E ❝♦♥✈❡r❣❡❛♥t ✈❡rs ααα P E.

❖♥ ❞✐t q✉❡ ❝❡tt❡ s✉✐t❡ ❝♦♥✈❡r❣❡ ✈❡rs ααα ❛✈❡❝ ✉♥ ♦r❞r❡ p ě 1 s✐

Dk0 P N, DC ą 0 t❡❧s q✉❡ dpuuurk`1s,αααq ď C dpuuurks,αααqp, @k ě k0. ✭❇✳✸✮

♦ù C ă 1 s✐ p “ 1.

❉❡✜♥✐t✐♦♥ ❇✳✶✵✿ ❙✉✐t❡ ❞❡ ❈❛✉❝❤②

❙♦✐t pE, dq ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡✳ ❯♥❡ s✉✐t❡ pxxxxxxxxxrksqkPN ❞✬é❧é♠❡♥ts ❞❡ E ❡st ❞✐t❡s ❞❡ ❈❛✉❝❤② s✐

@ǫ ą 0, DM P N, t❡❧ q✉❡ @pp, qq P N2, p, q ě M, dpxxxxxxxxxrps,xxxxxxxxxrqsq ă ǫ.

❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à
lim

mÑ`8
sup

p,qěm
dpxxxxxxxxxrps,xxxxxxxxxrqsq “ 0.

❯♥❡ ❛✉tr❡ ♠❛♥✐èr❡ ❞❡ ❧✬é❝r✐r❡ ❡st

@ǫ ą 0, DM P N, t❡❧ q✉❡ @k P N, k ě M, @l P N, dpxxxxxxxxxrk`ls,xxxxxxxxxrksq ă ǫ.

❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ à
lim

mÑ`8
sup

kěm,lě0

dpxxxxxxxxxrk`ls,xxxxxxxxxrksq “ 0.

❉❡✜♥✐t✐♦♥ ❇✳✶✶✿ ❊s♣❛❝❡ ♠étr✐q✉❡ ❝♦♠♣❧❡t

❯♥ ❡s♣❛❝❡ ♠❡tr✐q✉❡ ❡st ❞✐t ❝♦♠♣❧❡t s✐ t♦✉t❡ s✉✐t❡ ❞❡ ❈❛✉❝❤② ❝♦♥✈❡r❣❡✳

Pr♦♣♦s✐t✐♦♥ ❇✳✶✷

❙✐ E ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♥♦r♠é ❞❡ ♥♦r♠❡ }.} ❛❧♦rs E ❡st ✉♥ ❡s♣❛❝❡ ♠étr✐❝❡ ♣♦✉r ❧❛ ❞✐st❛♥❝❡ d

✐ss✉❡ ❞❡ s❛ ♥♦r♠❡ ❡t ❞é✜♥✐❡ ♣❛r dpxxx,yyyq “ }xxx ´ yyy} , @pxxx,yyyq P E2.

❉❡✜♥✐t✐♦♥ ❇✳✶✸✿ ❊s♣❛❝❡ ❞❡ ❇❛♥❛❝❤

❖♥ ❛♣♣❡❧❧❡ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♥♦r♠é ❝♦♠♣❧❡t ♣♦✉r ❧❛ ❞✐st❛♥❝❡ ✐ss✉❡ ❞❡ s❛
♥♦r♠❡✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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❙♦✐t V ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♠✉♥✐ ❞✬✉♥ ♣r♦❞✉✐t s❝❛❧❛✐r❡✳

˛ ❉❡✉① ✈❡❝t❡✉rs uuu ❡t vvv s♦♥t ♦rt❤♦❣♦♥❛✉① s✐ xuuu,vvvy “ 0.

˛ ❯♥ ✈❡❝t❡✉r vvv ❡st ♦rt❤♦❣♦♥❛❧ à ✉♥❡ ♣❛rt✐❡ U ❞❡ V s✐

@uuu P U, xuuu,vvvy “ 0.

❖♥ ♥♦t❡ vvv K U.

˛ ❯♥ ❡♥s❡♠❜❧❡ ❞❡ ✈❡❝t❡✉rs tvvv1, vvv2, . . . , vvvku ❞❡ ❧✬❡s♣❛❝❡ V ❡st ❞✐t ♦rt❤♦♥♦r♠❛❧ s✐

xvvvi, vvvjy “ δij , @pi, jq P v1, kw2

♦ù δij ❡st ❧❡ s②♠❜♦❧❡ ❞❡ ❑r♦♥❡❝❦❡r ✿ δij “
"

1 s✐ i “ j,

0 s✐ i ‰ j.
✶

❉❡✜♥✐t✐♦♥ ❇✳✶✼

▲❡ ✈❡❝t❡✉r ♥✉❧ ❞❡ Kn ❡st r❡♣rés❡♥té ♣❛r 000n ♦✉ 000 ❧♦rsq✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬❛♠❜✐❣✉✐té✳

❉❡✜♥✐t✐♦♥ ❇✳✶✽

❙♦✐t uuu P Kn ♥♦♥ ♥✉❧✳ ❖♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ❞❡ ♣r♦❥❡❝t✐♦♥ s✉r uuu ♣❛r

projuuu pvvvq “ xuuu,vvvy
xuuu,uuuyuuu “ 1

xuuu,uuuyuuuuuu
˚vvv, @vvv P Kn. ✭❇✳✻✮

▲❛ ♠❛tr✐❝❡ Puuu “ uuuuuu˚ s✬❛♣♣❡❧❧❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ s✉✐✈❛♥t ❧❡ ✈❡❝t❡✉r uuu.

Pr♦♣♦s✐t✐♦♥ ❇✳✶✾✿ Pr♦❝é❞é ❞❡ ●r❛♠✲❙❝❤♠✐❞t

❙♦✐t tvvviuiPv1,nw ✉♥❡ ❜❛s❡ ❞❡ Kn. ❖♥ ❝♦♥str✉✐t s✉❝❝❡ss✐✈❡♠❡♥t ❧❡s ✈❡❝t❡✉rs uuui

uuui “ vvvi ´
i´1
ÿ

k“1

projuuuk
pvvviq “ vvvi ´

i´1
ÿ

k“1

xuuuk, vvviy
xuuuk,uuukyuuuk, @i P v1, nw.

■❧s ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ ♦rt❤♦❣♦♥❛❧❡ ❞❡ Kn ❡t Vect puuu1, . . . ,uuuiq “ Vect pvvv1, . . . , vvviq , @i P v1, nw ✭✈♦✐r
❊①❡r❝✐❝❡ ❇✳✸✳✺✱ ♣❛❣❡ ✶✾✵✮✳
P♦✉r ❝♦♥str✉✐r❡ ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ tzzziuiPv1,nw, ✐❧ s✉✣t ❞❡ ♥♦r♠❛❧✐s❡r ❧❡s ✈❡❝t❡✉rs ❞❡ ❧❛ ❜❛s❡
♦rt❤♦❣♦♥❛❧❡✿

zzzi “ uuui

xuuui,uuuiy1{2
, @i P v1, nw.

❇✳✷✳✷ ▼❛tr✐❝❡s ✷

●é♥ér❛❧✐tés ✸

❯♥❡ ♠❛tr✐❝❡ à m ❧✐❣♥❡s ❡t n ❝♦❧♦♥♥❡s ❡st ❛♣♣❡❧é❡ ♠❛tr✐❝❡ ❞❡ t②♣❡ pm,nq , ❡t ♦♥ ♥♦t❡ Mm,npKq✱ ♦✉ ✹

s✐♠♣❧❡♠❡♥t Mm,n ✱ ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ s✉r ❧❡ ❝♦r♣s K ❢♦r♠é ♣❛r ❧❡s ♠❛tr✐❝❡s ❞❡ t②♣❡ pm,nq à é❧é♠❡♥ts ✺

❞❛♥s K✳ ✻

❯♥❡ ♠❛tr✐❝❡ A P Mm,npKq ❞✬é❧é♠❡♥ts ❛ij P K ❡st ♥♦té❡

A “ p❛ijq
1ďiďm, 1ďjďn

,

❧❡ ♣r❡♠✐❡r ✐♥❞✐❝❡ i ❝♦rr❡s♣♦♥❞ ❛✉① ❧✐❣♥❡s ❡t ❧❡ s❡❝♦♥❞ j ❛✉① ❝♦❧♦♥♥❡s✳ ❖♥ ❞és✐❣♥❡ ♣❛r pAqij ❧✬é❧é♠❡♥t ❞❡ ✼

❧❛ iè♠❡ ❧✐❣♥❡ ❡t ❞❡ ❧❛ jè♠❡ ❝♦❧♦♥♥❡✳ ❖♥ ♣❡✉t ❛✉ss✐ ❧❡ ♥♦t❡r ❛i,j . ✽

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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✶✼✾

❙♦✐t A “ p❛i,jqni,j“1
P Mn. ❖♥ ♥♦t❡ Ari,js P Mn´1 ❧❛ ♠❛tr✐❝❡ ♦❜t❡♥✉❡ ❡♥ s✉♣♣r✐♠❛♥t ❧❛ ❧✐❣♥❡ i ❡t ❧❛

❝♦❧♦♥♥❡ j ❞❡ A✳ ❖♥ ❛ ❛❧♦rs ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❛r r❛♣♣♦rt à ❧❛ ❧✐❣♥❡ i P v1, nw

det pAq “
n

ÿ

j“1

p´1qi`j
❛i,j det

´

A
ri,js

¯

, ✭❇✳✶✼✮

❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣❛r r❛♣♣♦rt à ❧❛ ❝♦❧♦♥♥❡ j P v1, nw

det pAq “
n

ÿ

i“1

p´1qi`j
❛i,j det

´

A
ri,js

¯

. ✭❇✳✶✽✮

▲❡ t❡r♠❡ p´1qi`j det
`

Ari,js
˘

❡st ❛♣♣❡❧❧é ❧❡ ❝♦❢❛❝t❡✉r ❞✉ t❡r♠❡ ❛i,j .
✶

❉❡✜♥✐t✐♦♥ ❇✳✸✸

❙♦✐t A P MnpKq✳ ❖♥ ❞✐t q✉❡ λ P C ❡st ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ A s✬✐❧ ❡①✐st❡ uuu P Cn ♥♦♥ ♥✉❧ t❡❧ q✉❡

Auuu “ λuuu. ✭❇✳✶✾✮

▲❡ ✈❡❝t❡✉r uuu ❡st ❛♣♣❡❧é ✈❡❝t❡✉r ♣r♦♣r❡ ❛ss♦❝✐é à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ.

▲❡ ❝♦✉♣❧❡ pλ,uuuq ❡st ❛♣♣❡❧é é❧é♠❡♥t ♣r♦♣r❡ ❞❡ A.

❉❡✜♥✐t✐♦♥ ❇✳✸✹

❙♦✐t A P MnpKq✳ ❙♦✐t λ P C ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ A. ▲❡ s♦✉s✲❡s♣❛❝❡

Eλ “ tuuu P Cn : Auuu “ λuuuu “ kerpA ´ λIq ✭❇✳✷✵✮

❡st ❛♣♣❡❧é s♦✉s✲❡s♣❛❝❡ ♣r♦♣r❡ ❛ss♦❝✐é à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ.

❉❡✜♥✐t✐♦♥ ❇✳✸✺

❙♦✐t A P MnpKq✳ ▲❡ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré n ❞é✜♥✐ ♣❛r

PApλq “ detpA ´ λIq ✭❇✳✷✶✮

❡st ❛♣♣❡❧❧é ♣♦❧②♥ô♠❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ ♠❛tr✐❝❡ A.

Pr♦♣♦s✐t✐♦♥ ❇✳✸✻

❙♦✐t A P MnpKq.

˛ ▲❡s r❛❝✐♥❡s ❝♦♠♣❧❡①❡s ❞✉ ♣♦❧②♥ô♠❡ ❝❛r❛❝tér✐st✐q✉❡ PA s♦♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡
A.

˛ ❙✐ ❧❛ r❛❝✐♥❡ λ ❞❡ PA ❡st ❞❡ ♠✉❧t✐♣❧✐❝✐té k, ♦♥ ❞✐t q✉❡ ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ ❡st ❞❡ ♠✉❧t✐♣❧✐❝✐té
❛❧❣é❜r✐q✉❡ k.

˛ ▲❛ ♠❛tr✐❝❡ A ♣♦ssè❞❡ n ✈❛❧❡✉rs ♣r♦♣r❡s ❞✐st✐♥❝t❡s ♦✉ ♥♦♥✳

❉❡✜♥✐t✐♦♥ ❇✳✸✼

✷

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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✳✷
✳
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s

❙♦✐t A P MnpKq. ❖♥ ♥♦t❡ λi pAq , i P v1, nw, ❧❡s n ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A✳ ▲❡ s♣❡❝tr❡ ❞❡ ❧❛ ♠❛tr✐❝❡ A

❡st ❧❡ s♦✉s✲❡♥s❡♠❜❧❡

Sp pAq “
n

ď

i“1

tλi pAqu ✭❇✳✷✷✮

❞✉ ♣❧❛♥ ❝♦♠♣❧❡①❡✳
✶

Pr♦♣♦s✐t✐♦♥ ❇✳✸✽

❙♦✐❡♥t A P Mn ❡t B P Mn✳ ❖♥ ❛ ❧❡s r❡❧❛t✐♦♥s s✉✐✈❛♥t❡s

tr pAq “
n

ÿ

i“1

λi pAq , ✭❇✳✷✸✮

detpAq “
n

ź

i“1

λipAq, ✭❇✳✷✹✮

tr pABq “ tr pBAq , ✭❇✳✷✺✮

tr pA ` Bq “ trA ` trB, ✭❇✳✷✻✮

det pABq “ det pAqdet pBq “ det pBAq , ✭❇✳✷✼✮

detpA˚q “ detpAq. ✭❇✳✷✽✮

❉❡✜♥✐t✐♦♥ ❇✳✸✾

▲❡ r❛②♦♥ s♣❡❝tr❛❧ ❞✬✉♥❡ ♠❛tr✐❝❡ A P Mn ❡st ❧❡ ♥♦♠❜r❡ ě 0 ❞é✜♥✐ ♣❛r

ρpAq “ max t|λi pAq| ; i P v1, nwu

❉❡✜♥✐t✐♦♥ ❇✳✹✵

❙♦✐t X ❡t Y ❞❡✉① ❡s♣❛❝❡s ✈❡❝t♦r✐❡❧s

˛ ❖♥ ♥♦t❡ kerpAq “ tvvv P X ; Avvv “ 0u ❧❡ ♥♦②❛✉ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ A : X Ñ Y.

˛ ❖♥ ♥♦t❡ impAq “ tAvvv P Y ; vvv P Xu ❧✬✐♠❛❣❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ A : X Ñ Y.

❉❡✜♥✐t✐♦♥ ❇✳✹✶

▲❡ r❛♥❣ ❞✬✉♥❡ ♠❛tr✐❝❡ A✱ ♥♦té rangpAq✱ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❡ r❛♥❣ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ A q✉✐ ❧✉✐
❡t ❛ss♦❝✐é

rangpAq “ dimpimpAqq.

▼❛tr✐❝❡s ♣❛rt✐❝✉❧✐èr❡s✷

❉❡✜♥✐t✐♦♥ ❇✳✹✷

✸

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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✶✽✶

❯♥❡ ♠❛tr✐❝❡ ❝❛rré❡ A P Mn ❡st ✿

˛ ❞✐❛❣♦♥❛❧❡ s✐ aij “ 0 ♣♦✉r i ‰ j,

˛ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡ s✐ aij “ 0 ♣♦✉r i ą j,

˛ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ s✐ aij “ 0 ♣♦✉r i ă j,

˛ tr✐❛♥❣✉❧❛✐r❡ s✐ ❡❧❧❡ ❡st tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡ ♦✉ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡

˛ à ❞✐❛❣♦♥❛❧❡ ❞♦♠✐♥❛♥t❡ s✐

|aii| ě
ÿ

j‰i

|aij | , @i P v1, nw, ✭❇✳✷✾✮

˛ à ❞✐❛❣♦♥❛❧❡ str✐❝t❡♠❡♥t ❞♦♠✐♥❛♥t❡ s✐

|aii| ą
ÿ

j‰i

|aij | , @i P v1, nw. ✭❇✳✸✵✮

✶

Pr♦♣♦s✐t✐♦♥ ❇✳✹✸

❙♦✐❡♥t A ❡t B ❞❡✉① ♠❛tr✐❝❡s ❞❡ MnpKq tr✐❛♥❣✉❧❛✐r❡s ✐♥❢ér✐❡✉r❡s ✭r❡s♣✳ tr✐❛♥❣✉❧❛✐r❡s s✉♣ér✐❡✉r❡s✮✳
❆❧♦rs ❧❛ ♠❛tr✐❝❡ AB ❡st ❛✉ss✐ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ✭r❡s♣✳ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✮✳
❉❡ ♣❧✉s ♦♥ ❛

pABqi,i “ Ai,iBi,i, @i P v1, nw.

Pr♦♦❢✳ ✭✈♦✐r ❊①❡r❝✐❝❡ ❇✳✸✳✷✱ ♣❛❣❡ ✶✽✾✮ ✷

Pr♦♣♦s✐t✐♦♥ ❇✳✹✹

❙♦✐t A P MnpKq ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ✭r❡s♣✳ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✮✳

✶✳ A ❡st ✐♥✈❡rs✐❜❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ s❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① s♦♥t t♦✉s ♥♦♥ ♥✉❧s ✭✐✳❡✳ Ai,i ‰ 0,

@i P v1, nw✮✳

✷✳ ❙✐ A ❡st ✐♥✈❡rs✐❜❧❡ ❛❧♦rs s♦♥ ✐♥✈❡rs❡ ❡st tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ✭r❡s♣✳ tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✮
❡t

pA✲✶qi,i “ 1

pAqi,i

Pr♦♦❢✳ ✭✈♦✐r ❊①❡r❝✐❝❡ ❇✳✸✳✶✵✱ ♣❛❣❡ ✶✾✺✮ ✸

❉❡✜♥✐t✐♦♥ ❇✳✹✺

❖♥ ❛♣♣❡❧❧❡ ♠❛tr✐❝❡ ❜❛♥❞❡ ✉♥❡ ♠❛tr✐❝❡ A t❡❧❧❡ q✉❡ aij ‰ 0 ♣♦✉r |j ´ i| ď c. c ❡st ❧❛ ❞❡♠✐ ❧❛r❣❡✉r
❞❡ ❜❛♥❞❡✳

▲♦rsq✉❡ c “ 1, ❧❛ ♠❛tr✐❝❡ ❡st ❞✐t❡ tr✐❞✐❛❣♦♥❛❧❡ ✳ ▲♦rsq✉❡ c “ 2, ❧❛ ♠❛tr✐❝❡ ❡st ❞✐t❡ ♣❡♥t❛❞✐✲
❛❣♦♥❛❧❡ ✳

❉❡✜♥✐t✐♦♥ ❇✳✹✻

✹

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻



✶✽✷ ❆♥♥❡①❡s

❇
✳
❆
♥
♥
❡
①❡
s

❇
✳✷
✳
❆
❧❣
è
❜
r❡

❧✐
♥
é
❛
✐r
❡

❇
✳✷
✳✷

▼
❛
tr
✐❝
❡
s

❖♥ ❛♣♣❡❧❧❡ s♦✉s✲♠❛tr✐❝❡ ❞✬✉♥❡ ♠❛tr✐❝❡ ❞♦♥♥é❡✱ ❧❛ ♠❛tr✐❝❡ ♦❜t❡♥✉❡ ❡♥ s✉♣♣r✐♠❛♥t ❝❡rt❛✐♥❡s ❧✐❣♥❡s
❡t ❝❡rt❛✐♥❡s ❝♦❧♦♥♥❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ ♦♥ s✉♣♣r✐♠❡ ❧❡s pn ´ kq ❞❡r♥✐èr❡s ❧✐❣♥❡s ❡t ❝♦❧♦♥♥❡s ❞✬✉♥❡
♠❛tr✐❝❡ ❝❛rré❡ A ❞✬♦r❞r❡ n✱ ♦♥ ♦❜t✐❡♥t ❧❛ s♦✉s ♠❛tr✐❝❡ ♣r✐♥❝✐♣❛❧❡ ❞✬♦r❞r❡ k.

✶

❉❡✜♥✐t✐♦♥ ❇✳✹✼

❖♥ ❛♣♣❡❧❧❡ ♠❛tr✐❝❡ ❜❧♦❝ ✉♥❡ ♠❛tr✐❝❡ A P MN,M é❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡

A “

¨

˚

˝

A1,1 ¨ ¨ ¨ A1,q

✳✳✳
✳✳✳

Ap,1 ¨ ¨ ¨ Ap,q

˛

‹

‚

♦ù @i P v1, pw, @j P v1, qw, Ai,j ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ Mni,mj
. ❖♥ ❛ N “

p
ÿ

i“1

ni ❡t M “
q

ÿ

j“1

mj .

❖♥ ❞✐t q✉❡ A ❡t ✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝✲❝❛rré❡ s✐ p “ q ❡t s✐ t♦✉s ❧❡s ❜❧♦❝s ❞✐❛❣♦♥❛✉① s♦♥t ❞❡s ♠❛tr✐❝❡s
❝❛rré❡s✳

Pr♦♣r✐été ❇✳✹✽✿ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ♠❛tr✐❝❡s ❜❧♦❝s

❙♦✐❡♥t A P MN,M ❡t B P MM,S . ▲❡ ♣r♦❞✉✐t P “ AB P MN,S ♣❡✉t s✬é❝r✐r❡ s♦✉s ❢♦r♠❡ ❜❧♦❝ s✐ ❧❡s
♠❛tr✐❝❡s A ❡t B s♦♥t ❝♦♠♣❛t✐❜❧❡s ♣❛r ❜❧♦❝s ✿ ✐❧ ❢❛✉t q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❜❧♦❝s ❝♦❧♦♥♥❡ ❞❡ A s♦✐t é❣❛❧❡
❛✉ ♥♦♠❜r❡ ❞❡ ❜❧♦❝s ❧✐❣♥❡ ❞❡ B ❛✈❡❝ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡s ❞✐♠❡♥s✐♦♥s✳

A “

¨

˚

˝

A1,1 ¨ ¨ ¨ A1,q

✳✳✳
✳✳✳

Ap,1 ¨ ¨ ¨ Ap,q

˛

‹

‚
❡t B “

¨

˚

˝

B1,1 ¨ ¨ ¨ A1,r

✳✳✳
✳✳✳

Bq,1 ¨ ¨ ¨ Aq,r

˛

‹

‚

❛✈❡❝ Ai,k P Mni,mk
❡t Bk,j P Mmk,sj ♣♦✉r t♦✉t i P v1, pw, k P v1, qw ❡t j P v1, rw. ▲❛ ♠❛tr✐❝❡ ♣r♦❞✉✐t

P s✬é❝r✐t ❛❧♦rs s♦✉s ❧❛ ❢♦r♠❡ ❜❧♦❝

P “

¨

˚

˝

P1,1 ¨ ¨ ¨ P1,r

✳✳✳
✳✳✳

Pp,1 ¨ ¨ ¨ Pp,r

˛

‹

‚

❛✈❡❝ @i P v1, pw, @j P v1, rw Pi,j P Mni,sj ❡t

Pi,j “
q

ÿ

k“1

Ai,kBk,j .

❉❡✜♥✐t✐♦♥ ❇✳✹✾

❖♥ ❞✐t q✉✬✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝✲❝❛rré❡ A ❡st tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ✭r❡s♣✳ s✉♣ér✐❡✉r❡✮ ♣❛r ❜❧♦❝s s✐
❡❧❧❡ ♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝ ❛✈❡❝ ❧❡s s♦✉s ♠❛tr✐❝❡s Ai,j “ 0 ♣♦✉r i ă j ✭r❡s♣✳
i ą j✮✳ ✳ ❊❧❧❡ s✬é❝r✐t ❞♦♥❝ s♦✉s ❧❛ ❢♦r♠❡

A “

¨

˚

˚

˚

˚

˚

˝

A1,1 O ¨ ¨ ¨ O

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ O

An,1 ¨ ¨ ¨ ¨ ¨ ¨ An,n

˛

‹

‹

‹

‹

‹

‚

✭r❡s♣✳ A “

¨

˚

˚

˚

˚

˚

˝

A1,1 ¨ ¨ ¨ ¨ ¨ ¨ An,1

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

O ¨ ¨ ¨ O An,n

˛

‹

‹

‹

‹

‹

‚

✮✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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❇
✳
❆
♥
♥
❡
①❡
s

❇
✳✷
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❧❣
è
❜
r❡

❧✐
♥
é
❛
✐r
❡

❇
✳✷
✳✸

◆
♦
r♠

❡
s
✈❡
❝t
♦
r✐
❡
❧❧
❡
s
❡
t
♥
♦
r♠

❡
s
♠
❛
tr
✐❝
✐❡
❧❧
❡
s

✶✽✸

❉❡✜♥✐t✐♦♥ ❇✳✺✵

❖♥ ❞✐t q✉✬✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝✲❝❛rré❡ A ❡st ❞✐❛❣♦♥❛❧❡ ♣❛r ❜❧♦❝s ♦✉ ❜❧♦❝✲❞✐❛❣♦♥❛❧❡ s✐ ❡❧❧❡ ♣❡✉t
s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝ ❛✈❡❝ ❧❡s s♦✉s ♠❛tr✐❝❡s Ai,j “ 0 ♣♦✉r i ‰ j ✳ ❊❧❧❡ s✬é❝r✐t
❞♦♥❝ s♦✉s ❧❛ ❢♦r♠❡

A “

¨

˚

˚

˚

˚

˚

˝

A1,1 O ¨ ¨ ¨ O

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ O

O ¨ ¨ ¨ O An,n

˛

‹

‹

‹

‹

‹

‚

Pr♦♣♦s✐t✐♦♥ ❇✳✺✶

❙♦✐t A ✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝✲❝❛rré ❞é❝♦♠♣♦sé❡ ❡♥ nˆn ❜❧♦❝s✳ ❙✐ A ❡st ❜❧♦❝✲❞✐❛❣♦♥❛❧❡ ♦✉ tr✐❛♥❣✉❧❛✐r❡
♣❛r ❜❧♦❝s ❛❧♦rs s♦♥ ❞ét❡r♠✐♥❛♥t ❡st ❧❡ ♣r♦❞✉✐t ❞❡s ❞ét❡r♠✐♥❛♥t ❞❡s ❜❧♦❝s ❞✐❛❣♦♥❛✉① ✿

detA “
n

ź

i“1

detAi,i ✭❇✳✸✶✮

Pr♦♣♦s✐t✐♦♥ ❇✳✺✷

❙♦✐t A ✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝✲❝❛rré ✐♥✈❡rs✐❜❧❡ ❞é❝♦♠♣♦sé❡ ❡♥ n ˆ n ❜❧♦❝s✳

• ❙✐ A ❡st ❜❧♦❝✲❞✐❛❣♦♥❛❧❡ ❛❧♦rs s♦♥ ✐♥✈❡rs❡ ✭❞é❝♦♠♣♦sé❡ ❡♥ n ˆ n ❜❧♦❝s✮ ❡st ❛✉ss✐ ❜❧♦❝✲
❞✐❛❣♦♥❛❧❡✳

• ❙✐ A ❡st tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ♣❛r ❜❧♦❝s ✭r❡s♣✳ s✉♣ér✐❡✉r❡✮ ❛❧♦rs s♦♥ ✐♥✈❡rs❡ ✭❞é❝♦♠♣♦sé❡
❡♥ n ˆ n ❜❧♦❝s✮ ❡st ❛✉ss✐ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ♣❛r ❜❧♦❝s ✭r❡s♣✳ s✉♣ér✐❡✉r❡✮✳

❉❛♥s ❝❡s ❞❡✉① ❝❛s ❧❡s ❜❧♦❝s ❞✐❛❣♦♥❛✉① ❞❡ ❧❛ ♠❛tr✐❝❡ ✐♥✈❡rs❡ s♦♥t ❧❡s ✐♥✈❡rs❡s ❞❡s ❜❧♦❝s ❞✐❛❣♦♥❛✉①
❞❡ A. ❖♥ ❛ ❞♦♥❝

A “

¨

˚

˚

˚

˚

˚

˝

A1,1 O ¨ ¨ ¨ O

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ O

O ¨ ¨ ¨ ˝ An,n

˛

‹

‹

‹

‹

‹

‚

❡t A
✲✶ “

¨

˚

˚

˚

˚

˚

˝

A✲✶

1,1 O ¨ ¨ ¨ O

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ O

O ¨ ¨ ¨ O A✲✶

n,n

˛

‹

‹

‹

‹

‹

‚

A “

¨

˚

˚

˚

˚

˚

˝

A1,1 O ¨ ¨ ¨ O

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ O

An,1 ¨ ¨ ¨ ¨ ¨ ¨ An,n

˛

‹

‹

‹

‹

‹

‚

❡t A
✲✶ “

¨

˚

˚

˚

˚

˚

˝

A✲✶

1,1 O ¨ ¨ ¨ O

‚ ✳ ✳ ✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳ ✳ ✳ O

‚ ¨ ¨ ¨ ‚ A✲✶

n,n

˛

‹

‹

‹

‹

‹

‚

A “

¨

˚

˚

˚

˚

˚

˝

A1,1 ¨ ¨ ¨ ¨ ¨ ¨ An,1

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

O ¨ ¨ ¨ O An,n

˛

‹

‹

‹

‹

‹

‚

❡t A
✲✶ “

¨

˚

˚

˚

˚

˚

˝

A✲✶

1,1 ‚ ¨ ¨ ¨ ‚

O
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ ‚
O ¨ ¨ ¨ O A✲✶

n,n

˛

‹

‹

‹

‹

‹

‚

❇✳✷✳✸ ◆♦r♠❡s ✈❡❝t♦r✐❡❧❧❡s ❡t ♥♦r♠❡s ♠❛tr✐❝✐❡❧❧❡s ✶

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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❡
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❡
s
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❛
tr
✐❝
✐❡
❧❧
❡
s

❉❡✜♥✐t✐♦♥ ❇✳✺✸

❯♥❡ ♥♦r♠❡ s✉r ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ V ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ }‚} : V Ñ R` q✉✐ ✈ér✐✜❡ ❧❡s ♣r♦♣r✐étés
s✉✐✈❛♥t❡s

˛ }vvv} “ 0 ðñ vvv “ 0,

˛ }αvvv} “ |α| }vvv} , @α P K, @vvv P V,

˛ }u ` vu ` vu ` v} ď }uuu} ` }vvv} , @ pu, vu, vu, vq P V 2 ✭✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡✮✳

❯♥❡ ♥♦r♠❡ s✉r V ❡st é❣❛❧❡♠❡♥t ❛♣♣❡❧é❡ ♥♦r♠❡ ✈❡❝t♦r✐❡❧❧❡ ✳ ❖♥ ❛♣♣❡❧❧❡ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧
♥♦r♠é ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♠✉♥✐ ❞✬✉♥❡ ♥♦r♠❡✳

▲❡s tr♦✐s ♥♦r♠❡s s✉✐✈❛♥t❡s s♦♥t ❧❡s ♣❧✉s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé❡s ✿

}vvv}
1

“
n

ÿ

i“1

|vi|

}vvv}
2

“
˜

n
ÿ

i“1

|vi|2
¸1{2

}vvv}8 “ max
i

|vi| .

❚❤é♦rè♠❡ ❇✳✺✹

❙♦✐t V ✉♥ ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✳ P♦✉r t♦✉t ♥♦♠❜r❡ ré❡❧ p ě 1✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ }‚}p ❞é✜♥✐❡ ♣❛r

}vvv}p “
˜

n
ÿ

i“1

|vi|p
¸1{p

❡st ✉♥❡ ♥♦r♠❡✳

❈❧❛✐♠ ❇✳✺✺ P♦✉r p ą 1 ❡t 1

p
` 1

q
“ 1, ♦♥ ❛ @uuu,vvv P Kn

✶

n
ÿ

i“1

|uivi| ď
˜

n
ÿ

i“1

|ui|p
¸1{p ˜

n
ÿ

i“1

|vi|q
¸1{q

“ }uuu}p }vvv}q . ✭❇✳✸✷✮

❈❡tt❡ ✐♥é❣❛❧✐té s✬❛♣♣❡❧❧❡ ❧✬✐♥é❣❛❧✐té ❞❡ ❍ö❧❞❡r✳✷

❉❡✜♥✐t✐♦♥ ❇✳✺✻

❉❡✉① ♥♦r♠❡s }‚} ❡t }‚}1
, ❞é✜♥✐❡s s✉r ✉♥ ♠ê♠❡ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ V, s♦♥t éq✉✐✈❛❧❡♥t❡s s✬✐❧ ❡①✐t❡

❞❡✉① ❝♦♥st❛♥t❡s C ❡t C 1 t❡❧❧❡s q✉❡

}vvv}1 ď C }vvv} ❡t }vvv} ď C 1 }vvv}1 ♣♦✉r t♦✉t vvv P V. ✭❇✳✸✸✮

❈❧❛✐♠ ❇✳✺✼ ❙✉r ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ t♦✉t❡s ❧❡s ♥♦r♠❡s s♦♥t éq✉✐✈❛❧❡♥t❡s✳✸

❉❡✜♥✐t✐♦♥ ❇✳✺✽

✹

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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♦
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❡
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❧❧
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s

✶✽✺

❯♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ s✉r MnpKq ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ }‚} : MnpKq Ñ R` ✈ér✐✜❛♥t

✶✳ }A} “ 0 ðñ A “ 0,

✷✳ }αA} “ |α| }A}✱ @α P K✱ @A P MnpKq,

✸✳ }A ` B} ď }A} ` }B} , @ pA,Bq P MnpKq2 ✭✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡✮

✹✳ }AB} ď }A} }B} , @ pA,Bq P MnpKq2
✶

❈❧❛✐♠ ❇✳✺✾ ❊t❛♥t ❞♦♥♥é ✉♥❡ ♥♦r♠❡ ✈❡❝t♦r✐❡❧❧❡ }‚} s✉r Kn, ❧✬❛♣♣❧✐❝❛t✐♦♥ }‚}s : MnpKq Ñ R` ❞é✜♥✐❡ ♣❛r ✷

✸

}A}s “ sup
vvvPKn

vvv‰0

}Avvv}
}vvv} “ sup

vvvPKn

}vvv}ď1

}Avvv} “ sup
vvvPKn

}vvv}“1

}Avvv} , ✭❇✳✸✹✮

❡st ✉♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡✱ ❛♣♣❡❧é❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ s✉❜♦r❞♦♥♥é❡ ✭à ❧❛ ♥♦r♠❡ ✈❡❝t♦r✐❡❧❧❡ ❞♦♥♥é❡✮✳ ✹

❉❡ ♣❧✉s ✺

}Avvv} ď }A}s }vvv} @vvv P Kn ✭❇✳✸✺✮

❡t ❧❛ ♥♦r♠❡ }A} ♣❡✉t s❡ ❞é✜♥✐r ❛✉ss✐ ♣❛r ✻

}A}s “ inf tα P R : }Avvv} ď α }vvv} , @vvv P Knu . ✭❇✳✸✻✮

■❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ ✈❡❝t❡✉r uuu P Kn t❡❧ q✉❡ ✼

uuu ‰ 0 ❡t }Auuu} “ }A}s }uuu} . ✭❇✳✸✼✮

❊♥✜♥ ✉♥❡ ♥♦r♠❡ s✉❜♦r❞♦♥♥é❡ ✈ér✐✜❡ t♦✉❥♦✉rs ✽

}I}s “ 1 ✭❇✳✸✽✮

❚❤é♦rè♠❡ ❇✳✻✵

❙♦✐t A P MnpCq✳ ❖♥ ❛

}A}
1

❞é❢✳“ sup
vvvPCn

vvv‰0

}Avvv}
1

}vvv}
1

“ max
jPv1,nw

n
ÿ

i“1

|aij | ✭❇✳✸✾✮

}A}
2

❞é❢✳“ sup
vvvPCn

vvv‰0

}Avvv}
2

}vvv}
2

“
a

ρ pA˚Aq “
a

ρ pAA˚q “ }A˚}
2

✭❇✳✹✵✮

}A}8
❞é❢✳“ sup

vvvPCn

vvv‰0

}Avvv}8

}vvv}8

“ max
iPv1,nw

n
ÿ

j“1

|aij | ✭❇✳✹✶✮

▲❛ ♥♦r♠❡ }‚}
2
❡st ✐♥✈❛r✐❛♥t❡ ♣❛r tr❛♥s❢♦r♠❛t✐♦♥ ✉♥✐t❛✐r❡ ✿

UU
˚ “ I ùñ }A}

2
“ }AU}

2
“ }UA}

2
“ }U˚

AU}
2
. ✭❇✳✹✷✮

P❛r ❛✐❧❧❡✉rs✱ s✐ ❧❛ ♠❛tr✐❝❡ A ❡st ♥♦r♠❛❧❡ ✿

AA
˚ “ A

˚
A ùñ }A}

2
“ ρpAq. ✭❇✳✹✸✮

❘❡♠❛rq✉❡ ❇✳✻✶ ✶✳ ❙✐ ✉♥❡ ♠❛tr✐❝❡ A ❡st ❤❡r♠✐t✐❡♥♥❡✱ ♦✉ s②♠étr✐q✉❡ ✭❞♦♥❝ ♥♦r♠❛❧❡✮✱ ♦♥ ❛ }A}
2

“ ρpAq. ✾

✷✳ ❙✐ ✉♥❡ ♠❛tr✐❝❡ A ❡st ✉♥✐t❛✐r❡✱ ♦✉ ♦rt❤♦❣♦♥❛❧❡ ✭❞♦♥❝ ♥♦r♠❛❧❡✮✱ ♦♥ ❛ }A}
2

“ 1. ✶✵

❚❤é♦rè♠❡ ❇✳✻✷

✶✶

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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✳
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✶✳ ❙♦✐t A ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ q✉❡❧❝♦♥q✉❡ ❡t }‚} ✉♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ s✉❜♦r❞♦♥♥é❡ ♦✉ ♥♦♥✱ q✉❡❧✲
❝♦♥q✉❡✳ ❆❧♦rs

ρpAq ď }A} . ✭❇✳✹✹✮

✷✳ ❊t❛♥t ❞♦♥♥é ✉♥❡ ♠❛tr✐❝❡ A ❡t ✉♥ ♥♦♠❜r❡ ε ą 0, ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡
s✉❜♦r❞♦♥♥é❡ t❡❧❧❡ q✉❡

}A} ď ρpAq ` ε. ✭❇✳✹✺✮
✶

❚❤é♦rè♠❡ ❇✳✻✸

▲✬❛♣♣❧✐❝❛t✐♦♥ }‚}E : Mn Ñ R` ❞é✜♥✐❡ ♣❛r

}A}E “

¨

˝

ÿ

pi,jq“Pv1,nw2

|aij |2
˛

‚

1{2

“
a

tr pA˚Aq, ✭❇✳✹✻✮

♣♦✉r t♦✉t❡ ♠❛tr✐❝❡ A “ paijq ❞✬♦r❞r❡ n, ❡st ✉♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ ♥♦♥ s✉❜♦r❞♦♥♥é❡ ✭♣♦✉r n ě 2✮✱
✐♥✈❛r✐❛♥t❡ ♣❛r tr❛♥s❢♦r♠❛t✐♦♥ ✉♥✐t❛✐r❡ ❡t q✉✐ ✈ér✐✜❡

}A}
2

ď }A}E ď
?
n }A}

2
, @A P Mn. ✭❇✳✹✼✮

❉❡ ♣❧✉s }I}E “ ?
n.

❚❤é♦rè♠❡ ❇✳✻✹

✶✳ ❙♦✐t }‚} ✉♥❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡ s✉❜♦r❞♦♥♥é❡✱ ❡t B ✉♥❡ ♠❛tr✐❝❡ ✈ér✐✜❛♥t

}B} ă 1.

❆❧♦rs ❧❛ ♠❛tr✐❝❡ pI ` Bq ❡st ✐♥✈❡rs✐❜❧❡✱ ❡t

›

›

›
pI ` Bq´1

›

›

›
ď 1

1 ´ }B} .

✷✳ ❙✐ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❧❛ ❢♦r♠❡ pI ` Bq ❡st s✐♥❣✉❧✐èr❡✱ ❛❧♦rs ♥é❝❡ss❛✐r❡♠❡♥t

}B} ě 1

♣♦✉r t♦✉t❡ ♥♦r♠❡ ♠❛tr✐❝✐❡❧❧❡✱ s✉❜♦r❞♦♥♥é❡ ♦✉ ♥♦♥✳

❇✳✷✳✹ ❘é❞✉❝t✐♦♥ ❞❡s ♠❛tr✐❝❡s✷

❉❡✜♥✐t✐♦♥ ❇✳✻✺

✸

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻
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✶✽✼

❙♦✐t A : V Ñ V ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡✱ r❡♣rés❡♥té ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ A P Mn r❡❧❛t✐✈❡♠❡♥t à
✉♥❡ ❜❛s❡ teeeiuiPv1,nw . ❘❡❧❛t✐✈❡♠❡♥t à ✉♥❡ ❛✉tr❡ ❜❛s❡ tfff iuiPv1,nw , ❧❛ ♠ê♠❡ ❛♣♣❧✐❝❛t✐♦♥ ❡st r❡♣rés❡♥té❡
♣❛r ❧❛ ♠❛tr✐❝❡

B “ P
✲✶

AP ✭❇✳✹✽✮

♦ù P ❡st ❧❛ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ ❞♦♥t ❧❡ j✲è♠❡ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ ❡st ❢♦r♠é ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ✈❡❝t❡✉r
fff j ❞❛♥s ❧❛ ❜❛s❡ teeeiuiPv1,nw ✿

P “

¨

˚

˚

˚

˚

˝

xeee1, fff1y xeee1, fff2y ¨ ¨ ¨ xeee1, fffny
xeee2, fff1y xeee1, fff2y ✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳ ✳ ✳ xeeen´1, fffny

xeeen, fff1y ¨ ¨ ¨ xeeen, fffn´1y xeeen, fffny

˛

‹

‹

‹

‹

‚

✭❇✳✹✾✮

▲❛ ♠❛tr✐❝❡ P ❡st ❛♣♣❡❧é❡ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❞❡ ❧❛ ❜❛s❡ teeeiuiPv1,nw ❞❛♥s ❧❡ ❜❛s❡ tfff iuiPv1,nw .
✶

❉❡✜♥✐t✐♦♥ ❇✳✻✻

❖♥ ❞✐t q✉❡ ❧❛ ♠❛tr✐❝❡ ❝❛rré❡ A ❡st ❞✐❛❣♦♥❛❧✐s❛❜❧❡ s✬✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡ P t❡❧❧❡ q✉❡ ❧❛
♠❛tr✐❝❡ P´1AP s♦✐t ❞✐❛❣♦♥❛❧❡✳

❈❧❛✐♠ ❇✳✻✼ ❖♥ ♥♦t❡r❛ q✉❡✱ ❞❛♥s ❧❡ ❝❛s ♦ù A P Mn ❡st ❞✐❛❣♦♥❛❧✐s❛❜❧❡✱ ❧❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① ❞❡ ❧❛ ✷

♠❛tr✐❝❡ P✲✶AP s♦♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λ1, λ2, . . . , λn ❞❡ ❧❛ ♠❛tr✐❝❡ A✱ ❡t q✉❡ ❧❡ j✲è♠❡ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ pppj ✸

❞❡ ❧❛ ♠❛tr✐❝❡ P ❡st ❢♦r♠é ❞❡s ❝♦♠♣♦s❛♥t❡s✱ ❞❛♥s ❧❛ ♠ê♠❡ ❜❛s❡ q✉❡ A✱ ❞✬✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❛ss♦❝✐é à ❧❛ ✹

✈❛❧❡✉r ♣r♦♣r❡ λj . ❖♥ ❛ ✺

P
✲✶

AP “ diag pλ1, . . . , λnq ðñ Apppj “ λjpppj , @j P v1, nw. ✭❇✳✺✵✮

❈✬❡st à ❞✐r❡ q✉✬✉♥❡ ♠❛tr✐❝❡ ❡st ❞✐❛❣♦♥❛❧✐s❛❜❧❡ s✐✱ ❡t s❡✉❧❡♠❡♥t s✐✱ ✐❧ ❡①✐st❡ ✉♥❡ ❜❛s❡ ❞❡ ✈❡❝t❡✉rs ♣r♦♣r❡s✳ ✻

❚❤é♦rè♠❡ ❇✳✻✽

✶✳ ❊t❛♥t ❞♦♥♥é❡ ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ A✱ ✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ ✉♥✐t❛✐r❡ U t❡❧❧❡ q✉❡ ❧❛ ♠❛tr✐❝❡
U✲✶AU s♦✐t tr✐❛♥❣✉❧❛✐r❡✳

✷✳ ❊t❛♥t ❞♦♥♥é❡ ✉♥❡ ♠❛tr✐❝❡ ♥♦r♠❛❧❡ A✱ ✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ ✉♥✐t❛✐r❡ U t❡❧❧❡ q✉❡ ❧❛ ♠❛tr✐❝❡
U✲✶AU s♦✐t ❞✐❛❣♦♥❛❧❡✳

✸✳ ❊t❛♥t ❞♦♥♥é❡ ✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ A✱ ✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡ O t❡❧❧❡ q✉❡ ❧❛
♠❛tr✐❝❡ O✲✶AO s♦✐t ❞✐❛❣♦♥❛❧❡✳

❇✳✷✳✺ ❙✉✐t❡s ❞❡ ✈❡❝t❡✉rs ❡t ❞❡ ♠❛tr✐❝❡s ✼

❉❡✜♥✐t✐♦♥ ❇✳✻✾

❙♦✐t V ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ♠✉♥✐ ❞✬✉♥❡ ♥♦r♠❡ }‚}✱ ♦♥ ❞✐t q✉✬✉♥❡ s✉✐t❡ pvvvkq ❞✬é❧é♠❡♥ts ❞❡ V ❝♦♥✈❡r❣❡
✈❡rs ✉♥ é❧é♠❡♥t vvv P V ✱ s✐

lim
kÑ8

}vvvk ´ vvv} “ 0

❡t ♦♥ é❝r✐t
vvv “ lim

kÑ8
vvvk.

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✽✴✵✾✴✶✾ ❛t ✶✹✿✶✸✿✸✻




