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Chapter 1
Parabolic equations in biology

As first examples, we present two general classes of equations that arise in biology: Lotak-
Volterra systems and chemical reactions. These are ’reaction-drift-diffusion’ equations, or in
mathematical classification, semilinear equations. We try to explain what mathematical prop-
erties follow from the set up of the model: nonnegativity properties and entropy methods.

For more biologically oriented textbooks, the reader can also consult [43, [41]; for mathematical

tools, many books on PDEs are available as [17, [1§].

1.1 Lotka-Volterra systems

1.1.1 Movement and growth

A first class arises in the area of population biology, and ecological interactions, and is charac-
terized by birth and death. For 1 < i < I, we denote by n;(t,x) the population densities of I
interacting species at the location x € R? (d = 2 for instance). We assume that these species
move randomly according to brownian motions with a bias according to a velocity U;(t,z) € R?
and that they have growth (meaning birth and death rates) R;(¢,z). Then, the system describing

the dynamics of these population densities is

0

—n; — D;An; + le(UlTLZ) = n; R; , t>0, xe Rd, 1=1,...,1. (11)

random motion  oriented drift growth and death
In the simplest cases, the diffusion coefficients D; > 0 are constants depending on the species
(they represent active motion of individuals) and the bulk velocity U; vanishes. Here we wish to

insist on the birth and death rates R;; they depend strongly on the interactions between species

and we express this fact as a nonlinearity

Ri(t,z) = Ri(ni(t,z),na(t, ), ....,nr(t, z)). (1.2)



A standard family of such nonlinearities is given by the quadratic interactions
I
Ri(nl, no, ..., n]) =7T; + Z cijnj,
i=1

with r; the intrinsic growth rate of the species 4 (it can be positive or negative) and ¢;; the
interaction effect of species j on species i. The coefficients ¢;; are usually not symmetric neither
non-negative. One can distinguish

e c;j <0, cj; > 0: species i is a prey for j, species j is a predator for . When several species
eat no other food, these are called trophic chains/interactions,

e ¢;j > 0, ¢j; > 0: mutualistic interaction (both species help the other and benefit from it),
symbiosis (association of two species which survival depends on each other),

e ¢;j <0, ¢j; <0: direct competition (both species compete for instance for the same food),

e ¢; < 0 is usually assumed so as to represent intra-specific competition.

The quadratic aspect relates to the necessity of binary encounters for the interaction to occur.

Better models include saturation effects: for instance the effect of too numerous predators is to

decrease their individual efficiency. This leads ecologists to rather use (with ¢; = —¢;; > 0)
I "
Ri(nl,W,Q,...,n[) =7, — CiiN; + Z Cijﬁjnj.

J=1, j#i

Ecological networks are described by such systems: diversity refers to the number of species [
itself, connectance refers to the proportion of interacting species, i.e. such that ¢;; # 0, it is low

for trophic chain and higher for a food web (species use several foods).

The original prey-predator system of Volterra has two species, I = 2 (i = 1 the prey, i = 2
the predator). The prey (small fishes) can feed on abundant zooplankton and thus 1 > 0, while
predators (sharks) will die out without small fishes to eat (r2 < 0). The sharks eat small fishes
proportionally to the numer of sharks (¢12 < 0), while the shark population grows proportionally

to the small fishes theycan eat co; > 0). Therefore we find the rule

r1 > 0, ro < 0, Cl1 = C9o = 0, cl1o < 0, co1 > 0.

1.1.2 Nonnegativity principle

In all generality, solutions to the Lotka-Volterra system ([L.1]) satisfy very few qualitative prop-
erties; there are no a priori conservation laws (because they contain birth and death), neither

entropy properties (a concept which does not seem to relevant in ecological systems). As we

2



will see the quadratic aspect may lead to blow-up (solutions exists only for a finite time, see
chapter @ Let us only mention that it is consistent with the property that population density

be nonnegative

Lemma 1.1 (Nonnegativity principle) Assume that the initial data n? are nonnegative func-
tions of L?(R?), that U; = 0 and that there is a locally bounded function I'(t) such that |R;(t, z)| <
I'(t). Then, the weak solutions in C(RT;L*(R?)) to the Lotka-Volterra system satisfy
ni(t,z) > 0.

The definition and usual properties of weak solutions are given in Chapter [3] but we do not

need that theoretical background to show the formal manipulations leading to this result.

Proof. (Formal) We follow the method of Stampacchia. Set p; = —n;, we still have

gpi — D;iAp; = pi R;.

ot
Multiply by (p;)+ := max(0, p;) and integrate by parts. We find
1d 9 N )
24t o (pi(t, )", dz + D; /Rd IV(pi)+]” = /Rd (pi(t, ), R (1.3)
and thus

53 [, i) 2ie <76 [ nte))]

Therefore, we have

/ (pi(t,x))idmgezfotr(s)ds/ (p?(a:))idx
Rd

Rd
But, the assumption n? > 0 implies that fRd (p?(w))idm = 0, and thus, for all times we have
Jza (pi(t)){ida? = 0, which means n;(t,z) > 0.

(Rigorous) See section The difficulty stems from the ’linear’ definition of weak solutions to
(1.1) which do not allow for nonlinear manipulations as multiplication by (p;)+. 0O

Exercise. In the formal context of the Lemma show that

d
— | ni(t,x)dx = R;(t,z)n;(t, z)dz,
dt R4 R4

/ ni(t, z)%dx < / (n9(z)?dx o2y T(s)ds
R4 d

R
(Left to the reader; see the proof of the Lemma [1.1)) in section The idendity expresses that
the total number of individuals only changes according to birth and death, motion does not

count.



1.1.3 Monotonicity principle for competitive or cooperative systems

The positivity property is general but a rather weak information. Comparison principle and
monotonicity are much stronger properties but require either competitive or cooperative systems.

For simplicity we consider only two species, I = 2 in equation 7, and we make the
cooperative assumption

0 0 0

7 > 7 > 2 Ri(ny1,ns) < 0. 1.4
8n2R1(n17n2) = 07 aanQ(nan) = 07 anZR (nl ’I’LQ) 0 ( )

Lemma 1.2 (Monotonicity principle) Consider a cooperative system. Assume that two ini-
tial data are ordered: 0 < ng < m?, 1 =1, 2 and assume bounds n; <T', m; <T and R; <T.
Then, the weak solutions in C’(R“‘; L? (]Rd)) to the Lotka-Volterra system f are ordered
for all times

ni(t,x) < m;(t, ), Vt>0, zeRY =1, 2.

Proof. Substracting the two equations on ny and mq, we find successively

0

a(nl —m1) — D1A(ny —my) = (ng — mq)R1(n1,n2) + my (R1(n1,n2) — R1(m1,TR2)),
9 (ny —my)?
(,%(121)+— Dl(nl — m1)+A(n1 — ml) = (n1 — ml)a_Rl(nl,ng)

+m1(n1 — m1)+ (Rl (nl, ng) — Rl (ml, ng))

+m1(n1 — m1)+(R1(m1, ng) — Rl(ml, mg))

The second line is negative from our assumption aile < 0 and thus

d ny —my)?
d [ (mom)i D1/ IV(nl—m1)+!2§/ (n1 —m1)3 Ra(na, n2)
dt R4 2 R4 Re

+ mi(n1 —mq)4 (Ri(ma, n2) — Ri(mi, ms)),
R

e

We now use that m; > 0, RI

Ri(ni,n2) > 0 and a Lipschitz constant L on Ri(ni,n2), to
conclude

d ny —my)?
d [ (m—mi)l < F/ (n1 —m1)3 + FL/ (n1 —ma)4(ng —ma)4.
dt Rd 2 R4 Re

The same argument on ny — my leads to the similar inequality

d Ng — Mo )2
5 (n2 —ma)% < r/ (ng —ma)2 + FL/ (n1 —ma)(ng —ma)y,
t Rd 2 Rd Rd

4



and adding these two inequalities, for u(t) = [pa[(n1 — m1)3 + (n2 — m2)3] and 2ab < a? + b2,

we obtain

dg®§2n1+Lm@)

Since u(0) = 0 from our initial order assumption, we conclude that u(t) = 0 for all ¢ > 0. That

is the conclusion of the lemma.

Exercise. In the competitive case

0 0 0

=R <0 R <0 2 Ri(ny1,ne) < 0.
s 1(n1,n2) <0, o 2(n1,n2) <0, o, (n1,n2)

Show that the order 0 < n; < my, 0 < mo < ng is preserved.

1.1.4 Challenges

Variability There is always a big inhomogeneity in living populations. For that reason, solu-
tions to models with fixed parameters, for movement or growth, can hardly fit with experiments
or observations. They are useful for explaining qualitatively these observations but not for
predicting an individual behaviour, a major problem when dealing with medical applications.
A natural point of view is that these parameters are statistically distributed (see the software
Monolix at http://software.monolix.org/). When modeling darwinian evolutions, the parame-

ters are part of the model solution and mutations are seen as changes in the model coefficients.

Small numbers. In physics and chemistry, 10?3 is the normal order of magnitude for a number
of molecules. Populations that are studied with Lotka-Volterra equations are much smaller and
109 is already a large number. This means that exponentially decaying tails are very quickly
meaningless because below the representation of one individual. The interpretation of such tails

should be questioned carefully.

1.2 Reaction kinetics and entropy

When large numbers of molecules are involved in a chemical reaction, the kinetics is well de-
scribed by the reaction rate equations. These are nonlinear equations describing the number
densities (concentrations) of the reacting molecules and the specific form of these nonlinearities
is usually prescribed by the law of mass action. This section deals with this aspect of reac-
tion kinetics. The derivation of these equations is postponed to chapter 7?7 where we introduce
the chemical master equation which better describes small number of reacting molecules, an

important topic in cell biology.



1.2.1 Reaction rate equations

General form of the equations lead to a particular structure in the right hand sides of

semi-linear parabolic equations. They are written

0

—n; —DiAn; + n; L; = Gy, t>0,zeR? i=12..1 (1.5)

molecular diffusion reaction

The quantities n; > 0 are molecular concentrations, the loss terms L; > 0 depend on all the
molecules n; (with which the molecule i can react) and the gain terms G; > 0, depending on the
n;’s also, denote the rates of production of n; from the other reacting molecules. The molecular
diffusion rate of these molecules is D; and can be computed according to the Einstein rule from
the size of the molecules.

For a single reaction, the nonlinearities L; and G; take the form

I I
Li= > ok [Ief7mits Gi= X ks T (1.6)
j=1 j=1

reactions p reactions p

The powers a,,j, by ; € N represent the number of molecules j necessary for the reaction p; this

is the law of mass action.

Nonnegativity property. We have put in factor a term n; in front of L; to insist that
this term vanishes at n; = 0, the loss term L; is not singular there because the product contains
api # 0 when k,; > 0 as we will see later. For that reason, as for the Lotka-Volterra systems,

the nonnegativity property holds true

Lemma 1.3 A weak solution to with G; > 0 and nonnegative initial data satisfies n;(t, x) >
0,vVi=1,2,..,1.

Proof. Adapt the proof of lemma 1.1

This Lemma is useful because one simple way to argue is as follows: solutions are first built
using the positive part of G;, then the Lemma tells us that the n;’s are positive. From the
formula (1.6]), this implies that G; is positive and thus that we have built the solution to the

correct problem.

Conservation of atoms. The second main property of these models comes from the con-
servation of atoms, which asserts that some quantities should be constant in time. For each

atom k = 1,..., K, one defines the number Ny; of atoms k in the molecule i. Then all reactions

6



should preserv the number of atoms and, for all k € {1,..., K}, the coefficients «, 3, k and &’
should be such that

> Ny [ni Li = Gi] =0, V¥(n;) € R". (1.7)
This implies that
5 Z Ngni = A z; Ny; Din;, (1.8)

I
d
= Nuni(t,z)dz =0, 1<k<K,
i X Nt

and thus, a priori, the weighted L' bound holds

/ZNkmlta:dx—/ ZNM 1<k<K. (1.9)
R4

Except when all the diffusion rates D;’s are equal (then its main part is the heat equation), it is
not easy to draw conclusions out of the equation (1.8)) besides the conservation law (1.9). Very

few general tools, as Michel Pierre’s duality estimate, are available, see the survey [46].

There is a third property, the entropy dissipation, that we will discuss later on.

1.2.2 The law of mass action

Irreversible reaction To begin with, consider molecular species .S; undergoing the only irre-

versible reaction

k
a1S1 + ... +arSy = b1S1+ ... + b5y,

with a; ,b; € N. Then, using the law of mass action, the equation on the number densites n; of

species ¢ writes

1 1
0 . .
ani — D;An; + aiky H n?] = bik+ H n?] R 1=1,2,...,1.

N
loss of molecules by reaction gain of reaction product
From the conservation of atoms, it is impossible that for alll ¢ we have b; > a; (resp. a; < b;).
Therefore, at least one reactant (a; < b;) should disappear and one product (b; > a;) be pro-
duced.



Reversible reaction More interesting is when several reactions occur. Then they are modeled
by a sum of such terms over each chemical reaction. For instance, still with a; # b; € N, the

reversible reaction

k
a1S1+ ...+ arSy % b1S1 + ... +b157,

leads to reaction kinetics equations

loss of forward reacting molecules  loss of backward reacting molecules

I I
atn% D;An; +  aky H n?j + bik_ H n?j
I I
= bk, H n;j + aik_ H n?j
i=1 i=
N———

gainofforwardreactionproduct  gainofbackwardreactionproduct

A more handful form is

0

I I
5 — Dilni = (b; — ax) ke [0 —k-[n7|.  i=12..1 (1.10)

With this form one can check the fundamental entropy property for reversible reactions. Define

S(t,x Zn, ln nl)—l—az—l with ZUZ a; —b;))=Ink, —Ink_. (1.11)
=1

There are different possible choices of the constant o; which can be more handful depending on

the cases. With this definition one can check the

Lemma 1.4 (Entropy property for reversible reactions) The entropy dissipation equal-
ity holds

I
dt/S(t,x)dx - ;Dl/ w dx = —D(t,x),
I I I I
0< D(t,z):= / [n(ks [T n) — (k- T n;’.f)] ke [Tn% —&-T] n;’.f] dx
j=1 j=1 j=1

J=1

The entropy dissipation property is very important because it dictates the long time behavior
of the reaction. Mathematically it is also useful for a priori estimates on the quantity [Vns2 Z‘ but
also for integrability properties of powers of n; which are necessary to define solutlons to the

reaction-diffusion equation. This has been used recently in a series of papers by L. Desvillettes

8



and K. FellneIE| for estimates and relaxation properties, and by T. Goudon and A. Vasseurﬂ for

regularity properties.

1.2.3 First examples

Isomerization. The reversible isomerization reaction is the simplest chemical reaction. The
atoms within the molecule are not changed but only their space arrangement. The reaction

writes

k+
Si T_\ So.

This is written as
o)
£n1 — D1Any + king = k_ng,
o (1.12)
%TLQ — DoAng +k_ng = k‘+n1.

The conserved quantity is simply

G [ma) s natoas =0, [im(t.) + maft,n)lde = [ln(e) + (e
The formula for the entropy (with a; = by =1, by = ag = 0) gives
S(t,x) = n1[In(kyny) — 1] + ng[In(k—ng) — 1], (1.13)

and one can check the entropy dissipation relation

% fRd S(t,fl?)d.’ﬂ = —fRd [l)1|v”1|2 + D2|V:;|2]dm

ni

— Jpa [ln(k+ ng) — In(k_ nl)] [k_ng — k+n1] dx < 0.

Dioxigen dissociation. The standard degradation reaction of dioxigen in monoxigen is usually
associated with hyperbolic models for fluid flows rather than diffusion. This is because it is a
very energetic reaction occuring at very high temperature (for atmosphere re-entry vehicles for
instance) and with reaction rates depending critically on this temperature, see [25]. But for our
purpose here, we forget these limitations and consider the dissociation rate k1 > 0 of n; = [O9]

in ng = [O], and reversely its recombination with rate k— > 0

ky
Oy k# O+ 0.

'L. Desvillettes and K. Fellner, Entropy methods for reaction-diffusion equations: Slowly growing a-priori

bounds. Rev. Mat. Iberoamericana, 24 (2) (2008), 407-431.
2T. Goudon and A. Vasseur, regularity analysis for systems of reaction-diffusion equations, Annales de 1 'ENS,

43 (1) (2010), 117-141.



This lead to
%nl — D1Anq + kyng =k_ (nz)z, (1 14)
%ng — DoAng + 2k_(n2)2 = 2k+n1, .

2

with initial data n? > 0, ng > 0. According to the law of mass action, the term (ng) arises

because the encounter of two atoms of monoxigen are needed for the reaction.

We derive the conservation law (number of atoms is constant) by a combination of the equations

0
a[27@1 + ng] — A[2D1ny + Dang] = 0,

which implies that for all t > 0

/Rd [2n1(t, ) + no(t, )| ds = M = N [Qn(l)(x) + ng(aj)]dm (1.15)

For the simple case of the reaction (1.14)), the formula (1.11]) for the entropy (with a; = 1,
by =2, by = az = 0) gives

S(t,x) = ny [In(kyng) — 1] + ng [In(k?ny) —1]. (1.16)
One can readily check that

Lemma 1.5 (Entropy inequality)

%fRd S(t,x)dx = _fRd [D1|V”1|2 +D2|v:22|2]da:

ni

— Jga [In(k— (n2)?) — In(k+ n1)] [k—(n2)? — kyni] da < 0.

Exercise. Deduce from ([1.15) and ny > 0, ne > 0 the a priori bound

T
2k_/ / (ng)? dedt < M(1 + 2k, T).
0 JRrd
Hint. In (1.14]), integrate the equation for n;.

Hemoglobin oxidation. Hemoglobin Hb can bind to dioxigen Os to form HbO2 according to

the reaction .
Hb+ Oy % HbOs.

This reaction is important in brain imaging because the magnetic properties of Hb and HbO5 are
different; the consumption of oxygen by neurons creates desoxyhemoglobin that can be detected

by MRI and thus, indirectly, indicate the location of neural activity.

10



The resulting system of PDEs, for n; = [Hb], ng = [O2] and ng = [HbO>], is
%nl — D1Any + kyning = k_ng3,
%7’},2 — DoAng + kyinine = k_ngs,
23 — DsAng + k_n3 = kynina,

This comes with two conservations laws for the total number of molecules Hb and O»,

0 0
a[nl + n3] — A[Dyin1 + D3sns3] =0, a[nz + n3] — A[Dang + Dsns] =0,

which imply an L' control

M = /[nl(t) +n2(t) + ns(t) +na(t)] = /[n‘f +ng +ng + ).

As in the case of dioxygene dissociation, integrating the third equation, one concludes the

quadratic estimate
o0
k’+/ / ninodx dt < M(1+ k_T).
0 JRd

From (1.11)) (with a; = 1, bs = 2, by = ay = 0), this also comes with an entropy
1/2 1/2
S(t,z) = ni[ln(k} "ny — 1] + nz[In(k, "ng — 1] + n3[In(k_n3 — 1].

Mathematical references and study on this system can be found in B. Andreianov and H. Labanilﬂ
. . . . . : ket
Exercise. Another simple and generic example is the reversible reaction A + B \kﬁ C+D

%nl — D1Any + k+n1n2 = k_ngny,

20y — DalAny + kyning = k_ngnu, (1.17)
%ng — D3An3 + ]{_713714 = k+n1n2,

%TM — D4ATL4 + k_n3n4 = k+n1ng.

with the n; > 0 and the single atom conservation law

/ [n1(t, ) + na(t, z) + ng(t, ©) + na(t, )| de = M := [n)(z) + ny(z) + n3(x) + nl(z)]dz.
R4 R
4
Choose k; so that S = Z n;In(k;n;) is a convex entropy and write the entropy inequality for
i=1
the chemical reaction (|1.17)).

3B. Andreianov and H. Labani, Preconditioning operators and L* attractor for a class of reaction-diffusion

systems. Comm. Pure Appl. Anal. To appear.
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1.2.4 Enzymatic reactions

More representative of biology are the enzymatic reactions, which are usually associated with
the names of Michaelis and Mentenlﬂ A substrate S can be transformed in a product P, without
molecular change as in the isomerization reaction, but this reaction occurs only if an enzyme
FE is present. The process consists in forming a complex SFE first, that can be itself dissociated
in P+ E. The complex formation reaction is supposed to be reversible but the conversion to

P + F is supposed irreversible, leading to the representation
LEN kp

Still using the law of mass action, this leads to the equations (we do not consider the space

variable and molecular diffusion, this is not the point here)

d d
ans =k_nc—kinsng, ane = (k- +ky)nc — kynsng,
d _ d _

Gnc = kyngng — (k- + kp)ne, anp = kpnc.

This reaction comes with the initial data n% > 0, n% > 0 and n% = n(}g = 0. One can easily

verify that the substrate is entirely converted in the product
lim np(t) = nY, lim ng(t) =0, lim ng(t) =n%, lim nc(t) = 0.
t t—o0 t—o0 t—o0

A conclusion that is wrong if nOE = 0. This is a fundamental observation in enzymatic reactions

that a very small amount of enzymes is enough to convert the substrate into the product.

Two conservation laws hold true in these equations that help understanding the above limit,

np(t) + no(t) = nYy + ng = ng,
(1.18)

ns(t) +ne(t) + np(t) = n% +nd +nl = nl.

Because np does not enter the properties of the dynamics, the system is equivalently reduced

to a 2 X 2 system

dng =k_nc — kins(n — ne),
(1.19)

%nc = kins(n% —nc) — (k= + kp)ne.

Briggs and Haldane(1925) arrived to the conclusion that this system can be further simplified

with the quasi-static approximation on nc. That means that ngo(t) can be computed alge-

4Michaelis, L. and Menten, M. L., Die Kinetic der Invertinwirkung. Biochem. Z., 49, 333-369 (1913)
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braically from ng(t), thus leading to a single ODE for ng(t)

4ns = k_ng — kyns(n% —n0),
(1.20)
0= kynis(ny —7ig) — (k- + ky)7ic,

still with the initial data mg(¢t = 0) = n2 (but no initial condition on n¢). We can of course
k+ﬁn%‘

k_+ki+king?

we find the typical enzymatic reaction kinetics equation

write it in a more condensed way. Since g = and after adding the two equations

— = —ng —
k_ + k‘+ + k‘Jr’I?,S

(1.21)

In other words, the law of mass action does not apply in this limit and one finds the so-called
Michaelis-Menten law for the irreversible reactions, a Hill function rather than a polynomial.

Although not obvious at first glance, this result makes a rigorous sense and we have the

Proposition 1.6 (Validity of Michaelis-Menten law) The solutions to (1.19) and to ((1.21)

satisfy, for nOE small, for some constant C(n%) independant of nOE

sup Ins(t) —ms(t)| < C(ng) n.

Proof. We reduce the system to a slow-fast dynamics. To simplify the notations, we set € := n%

and we define the slow time and new unknowns as

t
e:=nY, s = et, ug(s) =ng(t) >0, ue(s) = ngé ) > 0.
E
Then the two systems are respectively written as
Aug =koug —kyug(l—ud),  edud =kpug(l—ul) — (k- + kp)ud,
(1.22)
dug = k_ug — kyus(1 —ug), 0= kus(l —uc) — (k- + ky)uc.

With these notations the result in Proposition [1.6]is equivalent to
sup |ug(s) —ug(t)| < Ce.
s>0

The details of the proof are left to the reader because it is a general conclusion of slow-fast
dynamics [2I]. We will make use of the two consequences of (|1.22))

d. . e c d__ .
£[US + cug) = —kpug, £u5 = —kyuc.

13



We have from (1.18]) and ug(t = 0) =0,

i) 0<up <1, 0<uc <1,
i)  0<ug <nd, 0 <ug < nl, o
_ M . M '_ +’I’LS .
0<uc <u" <1 with v = [avn Er——— independent of ¢,

(

(

(i) 0<wg <uM <1,
(iv) |Lug(s)| < K for some K (n}),

(v) From step (iv), introduce the bounded quantity 7°(s) := —Lug,(s) + kruf(s)?, and

R (s) = u5(s) + cugs(s) — 5(s).

Compute that
er®(s) — kyupR® + kyug

€ _
uc(s) = kotig + k_ + Ky
€L k(1 — uE)RE — ek ut
u%—%zgr + +(7 uZ) ekiug,
kaus + kot k
Conclude that
oy (1— ekl
A pes) 4 by L ZUG)  pey gy T RsuE

ds P kius + ko + ky Plhiug +k_+ky

(vi) Using steps (iii) and (v), conclude that |R°(s)| < Ce for some constant.

Hints. (ii) ug + ug decreases.

(iti) Write Lug, < kyn(1 —ug) — (k= + ky)ug..

(iv) Write the equation on z(s) = d%uac(s) as 6d%z + A(8)z(s) = p(s) with A > k_ + k, and p
bounded.

(vi) Write 1L R®(s)? + AR®(s)* < eB|R*(s)|, with A >0, B > 0 two constants.

Beyond these principles.
For all complex chemical reactions, the detailed description of all elementary reaction is irre-
alistic. Then, as for the enzymatic reaction, one simplifies the system by assuming that some
reactions are much faster than others, or that some components are in higher concentrations
than others. These manipulations may violate the mass conservation and the entropy inequality
may be lost; this is a condition to get pattern formation as in the example of the CIMA reaction
in section

The famous Belousov-Zhabotinskii reaction is known as the first historical example to pro-
duce periodic patterns (discovered in 1951 by Belousov, it remained unpublished because no
respectable chemist in that time could accept this idea. Belousov received the Lenin Prize in
1980, a decade after his death and discover in the USA of other periodic reactions simpler to

reproduce).

14



1.3 Boundary conditions

When working in a domain (connected open set with smooth enough boudary) €2, we encounter
two natural types of boundary conditions. The reaction-diffusion systems or are
completed either by

e Dirichlet boundary conditions n; = 0 on 9€). This means that individuals or molecules
go across the boundary and do not come again in 2. This interpretation stems from the brow-
nian motion underlying the diffusion equation. But we can see that indeed, if we consider the
conservative chemical reactions with , then

d [ < ! 9
— it x)de = ) Di [ —=-ng,
dt/ﬂgn( x)dz ; - ayn

with v the outward normal to the boundary. But with n;(¢,z) > 0 in ©Q and n,(¢,xz) = 0 in 09,

we have %ni < 0, therefore the total mass diminishes

1 1
/ Zni(t, x)dx < / an(az)d:v, vt > 0.
@ i=1 =1

e Neuman boundary conditions %ni = 0 on 012, still with v the outward normal to the
boundary. This means that individuals or molecules are reflected when they hit the boundary.
In the computation above for (1.5 with (1.7]), the normal derivative vanishes and we find directly

mass conservation
I I
/Zni(t,x)dx = / Zn?(m)d:r
Q=1 Q=

There is a big difference between the case of the full space R and the case of a bounded
domain. This can be seen by the results of spectral analysis in Section which do not hold on
R%.

1.4 Brownian motion and the heat equation

The relation between brownian motion and the heat equation explains, in a simple framework,
why random walk of individuals leads to the terms —DAn on the population density n(t,z). It
is rather difficult to construct rigorously the brownian motion. However it is easy to give an
intuitive approximation which is enough to built the probability law of brownian trajectories.

To do so, we follow the Euler numerical method for an ODE with a time step At, that is using
discrete times tF = kAt.
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Figure 1.1: Two sample paths of the one dimensional brownian motion according to the ap-
proximation (I.23]). Abscissae t*, ordinates X*.

On a probability space with measure denoted dP(w), the initial position X° € R? being given
with a probability law n°(z), we define iteratively a discrete trajectory X*(w) € R as follows.
We set

XM (w) = XF(w) + VAt YE (W) (1.23)

with Y* (w) a d-dimensional random variable independent of X k (one speaks of independent
increments) and with a normal law N(y). We recall that it means
BFXC YY) = [ FX@ YV @)AP@) = [ @) Noddy (120
R4 xRd
with
e N(y) = —L__e=W*/2 the normal law,

(Qﬂ.)d/z
e dn*(z) the law of the process X*, defined as P(X*(w) € A) = [, dn"(z).

Two simulations are presented. Figure depicts, in the one dimensional case (t*, X*), two
iterates X* (for two different w). Figure shows two iterates X* in two dimensions.

Our purpose is to compute the law dnk(x) in the limit At — 0. To do so, we first use a C3

function u, with u, Du, D?*u and D3u bounded. We use the Taylor expansion of u to compute
At
w(X*) = w(X*) + VALDu(X*).YF + = D2u(XF).(YR Y + O(At]Y*))*?,

and then

Eu(X*H) = Bu(X*) + %ED%(X’“).(Y’“, Y5 +0(at)®?
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Figure 1.2: Two sample paths of the two dimensional brownian motion simulated according to
(1.23]).

Indeed, the formula (T.24) used with f(z,y) = Du(X").Y”* yields, because N(-) is radially

symmetric,

EDu(X*).Y* = EDu(Xk)./ yN (y)dy = 0.
Rd

A further use of formula ([1.24)) gives

u\x nk+11‘= u\xr nk$ g
[ ut@yint @) = [ a@ant(o) +

Au(z)dn*(z) + O(At)*?,
R4 2 Rd

because [payiy;N(y)dy = 0;5. After dividing by At and integration by parts of the term Auw,

we may rewrite this as

dnk+t1 — dnk 1 1/2

This holds true for any smooth function v and this means that in the weak sense

dnk-i—l _ dnk

1/2
At ’

— %Adnk = 0(At)

In the distributional limit, , as At — 0, we obtain a probability law with a density n(¢, z) that

satisfies
%n(t,x) — $An(t,z) =0,

n(0,z) = n’(x).

In particular, even though n' is a probability measure, it follows from the regularizing effects of

the heat equation that n(t,z) is a (smooth) function and not only a measure as soon as ¢t > 0.
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The equation on n(t, x) (the heat equation here) is generically called the Kolmogorov equation
for the limiting process (the brownian motion). Notice however that X* does not converge itself,

i.e. pathwise, to the brownian motion but only in law.

Exercise. Prove that the density of the probability law n* satisfies the integral equation
WP () — k() = / [0 (2 + VAt y) —n*(2)] N(y)dy. (1.25)

Derive the heat equation on the limit n(t,z), as At — 0, if it exists. Show that this derivation

uses only two y-moments of NV and not the full normal law.

See also the scattering equation in Chapter [0
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Chapter 2

Relaxation, perturbation and

entropy methods

Solutions to nonlinear parabolic equations and systems can exhibit various and sometimes com-
plex behaviors. This course aims at describing some of them in relation to problems arising from
modeling in biology. In which circumstances can such complex behaviors happen? A first answer
is given in this chapter by indicating some conditions for relaxation to trivial steady states; then
nothing interesting can happen! We present relaxation results by perturbation methods (small
nonlinearity), and entropy methods. Indeed, before we can understand how patterns occur in
parabolic systems, a necessary step is to understand why patterns should not appear in princi-
ple! Solutions to parabolic equations naturally undergo regularization effects that lead them to
constant or simple states. Several asymptotic results go in this direction and we present some
of them in this chapter. The sections and have been very much influenced by the book
[29].

2.1 Asymptotic stability by perturbation methods (Dirichlet)

The simplest possible long time behavior for a semilinear parabolic equation is simply the re-
laxation towards a stable steady state (that we choose to be 0 here). This is possible when the
following two features are combined

e the nonlinear part is a small perturbation of a main (linear differential) operator,

e this main linear operator has a positive dominant eigenvalue.

Of course this simple relaxation behavior is somehow boring and appears as the opposite of
pattern formation, as e.g. when Turing instability occurs, that will be described later on, see
Chapter



To illustrate this, we consider, on a bounded domain 2, the semi-linear heat equation with

Dirichlet boundary condition

%ui(tm)—D@-Aui(t,az):E(t,x;ul,...,UI), 1<i<1I, e,
ui(t,z) =0, x € 09, (2.1)
ui(t =0,2) = ud(z) € L2(Q).

We assume that F'(¢, z;0) = 0 so that u = 0 is a steady state solution. Is it stable and attractive?

We will use a technical result. The Laplace operator (with Dirichlet boundary condition)
admits a first eigenvalue A\; > 0, associated with a positive eigenfuntion, wi(x), which is unique

up to multiplication by a constant,
— Aw1 =\ wi, wy € H&(Q) (2.2)

This eigenvalue is characterized as being the best constant in the Poincaré inequality (see Section

or the book [I7])
)\1/ lu(z)|* < / Vo2, Vo € HY (),
Q Q

with equality only for v = pwi, pu € R.

Theorem 2.1 (Asymptotic stability) Assume min; D; = d > 0 and that there is a (small)
constant L > 0 such thatVu e RI, t >0, z € Q,

|F(t,z;u)| < Llu|, or more generally, F(t,z;u)-u < L|ul?, (2.3)

§=d\ — L >0, (2.4)

then, u;(t, ) vanishes with exponential rate as t — oo, namely,

2 —25t 0.2
/Q|u(t,x)| <e /Q]u (x)|*. (2.5)

Proof. We multiply the parabolic equation (2.1)) by u; and integrate by parts

1d

o7 uz( + D; / |Vui(t) 2:/Qul-(t)l*"i(t,:L‘;u(t)),

and using the characterization (2.2) of A\;, we conclude

2dt/2uz —i—dM/ZuZ <L/Zuz
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The result follows by the Gronwall lemma.

Exercise. Consider a smooth bounded domain Q C R% a real number A > 0 and two
smooth and Lipschitz continous functions R(u,v), Q(u,v) such that R(0,0) = Q(0,0) = 0.
Let (u(z,t),v(z,t)) be solutions to the system

%u — Au = R(u(z,t),v(x,t)), t>0, xe,
u(z,t) =0 sur 09,

%v + A = Q(u(x,t),v(z,1)).

1. Recall the Poincaré inequality for u.

2. Assume |R(u,v)| < L(|u| + |v]) and |Q(u,v)| < L(|u| + |v|), give a size condition on L such
that for all initial data, the solution (u,v) converges exponentially to (0,0) for t — co.
Correction. A simple answer is min(A1, ) —2L =: § > 0. A more elaborate condition is based

on the positive real number such that \ —y=a—a ' andis \j —L—a ' =pu—L—a=:§ > 0.

2.2 Asymptotic stability by perturbation methods (Neumann)

The next easiest possible long time behavior for a parabolic equation is relaxation towards an
homogeneous (i.e., independent of z) solution which is not constant in time. This is possible
when two features are combined

e the nonlinear part is a small perturbation of a main (differential) operator,

e this main operator has a non-empty kernel (0 is the first eigenvalue).

Consider again, on a bounded domain €2 with outward unit normal v, the semi-linear parabolic

equation with Neumann boundary condition

%ui(t, x) — D;Aui(t,x) = Fi(t;uq, ..., ug), 1<i<1I, e,

o ui(te) =0, @ e, (2.6)

The Laplace operator (with Neuman boundary condition) admits A; = 0 as a first eigenvalue,
associated with the constants wq (z) = 1/4/|9] as eigenfunction. We will use its second eigenvalue

A2 characterized by the Poincaré-Wirtinger inequality (see [I7] and Section [2.5)

)\g/Qv(a:)—<v)]2§/Q|Vv\2, o € HY(Q), (2.7)
21



with the average of v(x) defined as

<v>:|§12|/ﬂv.

Notice that this is also the L? projection on the eigenspace spaned by w.
Theorem 2.2 (Relazation to homogeneous solution) Assume min; D; =d > 0 and
(F(u) = F(v)) - (u—v) < Llu—o*,  Yu, veR, (2.8)

§=d\y— L >0, (2.9)

then, u;(t,x) tends to become homogeneous with exponential rate, namely,

/ fut, 2) — (u(®)? < e / W) — (u)[2. (2.10)
Q Q

Proof. Integrating in = equation ([2.6)), we find

d
S w) = (Fi(tsw),

therefore J
gt = ()] = DilAlui — ()] = Fi(t;u) — (Fi(t; w)).

Thus, using assumption , we find
s Jolu = (WP +d [o|V(u—()]* = [ (Flt;u) = (F(t;u) - (u—(u)
= Jo F(t;u) - (u—(u))
= Jo (F(t;u) = F(t; () - (u— (u))
< LfQ lu — (u)|?.

Therefore, with notation (2.9)

d

% e <=2 [ = P
The result (2.10) follows directly. 4

Exercise. Explain why we cannot allow a dependency on z in the nonlinearity F;(t;u).

Exercise. Let v € H?(Q)) satisfy % = 0 on 9N (Neuman condition).
1. Prove, using the Poincaré-Wirtinger ineqality (2.7)), that

/\2/ |W\2§/ | Avl?. (2.11)
Q Q
22



I
2. In the context of Theorem [2.2) assume that Z D;Fi(t;u)&& < L|£|?, V€ € R!. Using the
ij=1
above inequality, prove that

S IVuit, z))? < e [ 3 [ Vud (z)]. (2.12)
Q- 0=

3. Deduce a variant of Theorem 2.2

Hints. 1. Integrate by parts the expression fQ |Vol2. 2. Use the equation on 3 o

2.3 Entropy and relaxation

We have seen in Lemma that reaction kinetics equation as (1.14]) are endowed with an en-
tropy ([1.16]). It origins from the microscopic N-particles stochastic systems from which reaction
kinetics are derived (at this level it is a Markov jump process which enjoys entropy dissipation
as all Markov processes).

This entropy inequality is very useful also because it can be used to show relaxation to the
steady state, independently of the size of the constants ki, k2. To do that we consider Neuman
boundary conditions in a bounded domain {2

%nl — Di1Any + king = kz(n2)2, t>, xef)
%ng — DoAng + 2k2(n2)2 = 2kinq, (2.13)
8%"1 = %nz =0 on Of).

Theorem 2.3 The solutions to , with n > 0, nf € LY(Q), n{ In(n?) € LY(Q), satisfy
that

ni(t,z) — Nj, as t — oo

with N; the constants defined uniquely by

INy + Ny = / [2n9(x) + nd(z)]dz, ko(N2)? = k1 Ny.
Q

Proof. Then S(¢,z) = ny[In(kin1) — 1] + ny [ln(k;;/ZnQ) — 1] satisfies, following Lemma
n1|? no 2

+ fQ [hl(kg n%) — In(ky nl)} [k'Q(nQ)z — k‘lnl] dz.

And, because S is bounded from below, it also gives a bound on the entropy dissipation

5 Ja [Py + DS dat
(2.14)
+ fooo Jo [ln(kg n3) — In(ky nl)] [kg(ng)Q — klnl] dzdt < C(n?,nI).
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This is again a better estimate in z than the LllOg estimate (derived from mass conservation)

because of the quadratic term (nsg)?.

From a qualitative point of view, it says that the chemical reaction should lead the system to
an equilibrium state which is space homogeneous. Indeed, formally at least, the integral ([2.14])
can be bounded only if

Vni =Vng =0 as t — oo,
k‘g(ng)Q ~ k‘lnl, an = Vng ~0 as t — oo.

The first conclusion says that the dynamics becomes homogeneous in z (but may depend on
t). The second conclusion, combined with the mass conservation relation (1.15) shows that
there is a unique possible asymptotic homogeneous state because the constant state satisfies

ko(N2)? = k1 Ny = kl(% — N3) which has a unique positive root.
Exercise. Consider (1.14]) with Neumann boundary conditions and set
1

2k1/?

S(ty2) = — 5 (ki (1, 7)) + —— S (K ?na(t, ).

k1

1. We assume that 3, X9 satisfy ¥ (u) = E’Q(ul/Q). Show that ¥y is convex if and only if X9
is convex.

2. Under the conditions in question 1, show that the equation dissipates entropy.

3. Adapt Stampacchia method to prove L* bounds on n, ng (and which is the natural quantity

for the maximum principle). What are the natural LP bounds.

Exercise. Consider (1.14)) with Dirichlet boundary conditions and n > 0.
1. Using that formally % < 0 because n; > 0, show that M (t) decreases where

M(t) = /Q [2n1(t, 2) + na(t, )| da.

2. Consider the entropies of previous exercise with the additional condition 3/(0) = 0. Show
that the equation (1.14]) dissipates entropy.
(iii) Show that solutions to (|1.14) with Dirichlet boundary conditions tend to 0 as ¢t — co.

2.4 Entropy: chemostat and SI system of epidemiology

Examples of entropy also appear in biological models. We treat here of an example that arises

as a first modelling stage in two applications: 1. ecology and the model of the chemostat (the
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u represents a nutrient, v a population that consumes the nutrient), 2. epidemiology with the
celebrated Suceptible-Infected model. In both cases the model is

du—=B— —

U= LU — TUD,

(2.15)

d, _
TV = TUY — [y,

with B >0, r > 0, p,, > 0 and g, > 0 parameters.

In the chemostat B represents the renewal of nutrient u, u the removal or degration of nutrient
and r the consumption rate by the population and u, is the mortality and removal rate of the
population.

In epidemiology, B represents the newborn, u, the mortality rate, r the encounter rate be-
tween susceptibles and infected which creates new infected, p, is the mortality of infected (and

recovery rate in the SIR model).

There is always a trivial steady state
7TLOZ-B/,L"U,? Z_}O:O’

and a positive steady state

B—
U= /1, g =2 Hulle it rB > gyl (2.16)
T Ly

Depending on the signe of v we may have two different Lyapunov functionals (entropies)

Lemma 2.4 Defining

S(u,v) =—uln(u) — vln(v) +u + v,
we have

%S = —1(\/123 — uNOT F f)?. (2.17)
u

Lemma 2.5 We assume rB < uypy and define

S(u,v) = —iig In(u) + u+ v,

we have
(B — pyu)? (2.18)

v
29 —=__ —rB) —
s Mu(uvﬂu rB) o

We leave the proofs of these lemmas to the reader and go directly to the conclusion

25



Proposition 2.6 Solutions to the system (2.15)) behaves as follows
If Br > puyjty, then the entropy S is convex and all solutions with v° > 0 converge as t — oo to

the positive steady state.

If Br < pypy, then the system gets extinct (it converges as t — oo to the trivial steady state).

The proof is standard and left to the reader. The steps are (i) wu(t) is bounded, (ii) S(t)
decreases, in the case v < 0 the limit can be —oo and this means that v(¢f) — 0 and the result

(ii) follows, otherwise S stays bounded and converges to a finite value, (iii) conclude from the

right hand side of ([2.17)).

2.5 The spectral decomposition of Laplace operators

We have used consequences of the spectral decomposition of the Laplace operator with either

Dirichlet boundary condition

—Au=f in Q,
(2.19)
u=20 on 0,
or Neuman boundary condition
—Au=f in €,
(2.20)

%:0 on 0f,

2.5.1 Main results

Theorem 2.7 (Dirichlet) Consider a bounded connected open set 2, then there is a spectral

basis (Mg, wg)k>1 for , that 1s,

(i) Ak is a nondecreasing sequence with 0 < A\; < Adg < A3 < ... < A\ < ... and N\, — o0,
k—oo
(ii) (Mg, wg) are eigenelements, i.e., for all k > 1 we have

—Awg = Apwy mn €,

wg =0 on 052,

(i4i) (wy)k>1 is an orthonormal basis of L*(12),
(1v) we have wi(x) > 0 in Q and the first eigenvalue A1 is simple, and for k > 2, the eigenfunction

wy changes sign and maybe multiple.

Theorem 2.8 (Neuman) Consider a C' bounded connected open set S, then there is a spectral

basis (Mg, wg)k>1 for , i.e.,
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(i) Ak is a nondecreasing sequence with 0 = A1 < Adg < A3 < ... < A\ < ... and N\, — o0,
k—oo

(i) (Mg, wy) are eigenelements, i.e., for all k > 1 we have

—A’U)k = )\kwk m Q,

%:0 on 09,

(i4i) (wy)k>1 is an orthonormal basis of L*(2)
(iv) wi(z) = \52\%/2 > 0, and for k > 2, the eigenfunction wy changes sign.

Remark 1. The hypothesis that €2 is connected is just used to guarantee that the first eigenvalue
is simple and the corresponding eigenfunction is positive in 2. Otherwise we have several non-
negative eigenfunctions with first eigenfunction in one component and 0 in the others.

Remark 2. The sequences wy, are also orthogonal in Hg () (for Dirichlet conditions) and
H'(Q) for Neuman conditions. Indeed, if wy is orthogonal to w; in L?*(Q2), then from the

Laplace equation on wj and Stokes formula

/ Vw; . Vwy = )\k/ wjwg = 0.
Q Q

Therefore orthogonality in L? implies orthogonality in H& or H'.

Notice that for k£ > 2, the eigenfunction wy changes sign because fQ wiwg = 0 and wy has a

sign.

Proof of Theorem We only prove the first Theorem, the second being a variant and we
do not give the details; for additional matter see [49]Ch. 7, [23] Ch. 5, [9] p. 96. The result is
based on two ingredients. (i) The spectral decomposition of self-adjoint compact linear map-
pings on Hilbert spaces is a general theory that extends the case of symmetric matrices. (ii)The
simplicity of the first eigenvalue with a positive eigenfunction is also usual and is a consequence

of the Krein-Rutman theorem (infinite dimension version of the Perron-Froebenius theorem).

First step. 1st eigenelements. On the Hilbert space H = L?(12), we consider the linear subspace
V = H}(Q). Then we define the minimum on V'

A1 = min /\Vu|2dx.
fg‘u|2:1 Q

It is attained because a minimizing sequence (u,) will converge strongly in H and weakly in
V to w; € V with [|wi|> = 1, by the Rellich compactness Theorem (see [I7]). Therefore
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fQ |Vw |?dz < liminf, .. fQ |Vu,|?dr = ;. This implies the equality and that A\; > 0. The

variational principle associated to this minimization problem says that
—Aw1 = /\111]1,

which implies that w; is smooth in  (by elliptic regularity)

Second step. Positivity. Because in V, ‘V|uH2 = |Vul? a.e., the construction above tells us
that |wi]| is also a first eigenfunction and we may assume that w; is nonnegative. By the strong
maximum principle for the Laplace equation, we obtain that w; is positive inside §2 (because
it is connected). This also proves that all the eigenfunctions associated with A; have a sign in
) because, on a connected open set, w; cannot satisfy the three properties (i) be smooth, (ii)

change sign and (iii) |w| be positive also.

Third step. Simplicity. Finally, we can deduce the simplicity of this eigenfunction because if
there were two independent, a linear combination would allow to build one which changes sign

(by orthogonality to w; for instance) and this is impossible by the above positivity argument.

Fourth step. Other eigenelements. We may iterate the construction. Denote Ej the finite
dimensional subspace generated by the k-th first eigenspaces. We work on the closed subspace

E,i- of H, and we may define

At1 = min / |Vu|?dz.
u€ELNV, [ lu2=1 Jo

It is attained by the same reason as before. The variational form gives that the minimizers are
solutions to the k + 1-th eigenproblem. They can form a multidimensional space. But it is finite
dimensional; otherwise we would have an infinite dimensional subspace of L?(£2) which unit ball
is compact by the Rellich compactness Theorem since fQ |Vu|?dz < \g11 in this ball

Also A\ — oo as k — oo because one can easily built (with oscillations or sharp gradients)

functions satisfying [, [un|* =1 and [, |[Vun|?dz >n. o

2.5.2 Rectangles: explicit solutions

In one dimension, one can compute explicitly the spectral basis because the solutions to —u” =
Au are all known. On Q = (0, 1) we have

wy, = agsin(kmrz), A, = (kn)?, (Dirichlet)
2
wy = b cos ((k — )mz), A= ((k—1)m)”, (Neuman)

28



and ay and by are normalization constants that ensure fol lwg|? = 1.
In two dimensions, on a rectangle (0, L;) x (0, L2) we see that the family is better described

by two indices £ > 1 and [ > 1 and we have

k l
wkl:aklsin(kﬂ%)sin(lﬂ%), Ma = ()P + (), (Dirichlet)
k=1, 1-1

Wiy = by cos ((k — 1)771) cos ((I — I)Wi), Akt = ((

2 2\, 2
N

These examples indicate that

e The first positive eigenvalue is of order 1/ max(Lq, L2)? W On a large domain (even

= diam

with a large aspect ratio) we can expect that the first eigenvalues is close to zero and that the
eigenvalues are close to each other.

e Except the firstone, eigenvalues can be multiple (take Li/Lo € N).

e Large eigenvalues are associated with highly oscillating eigenfunctions.

2.5.3 The numerical artefact

+ |0

+

+

+ 0
(e
0

Figure 2.1: A parasite discrete eigenfunction of Laplace equation in 2 dimensions associated

with the eigenvalue % This does not approximate a continuous eigenfunction.
X

The numerical computation of the high eigenvalues is a difficult question. Indeed, the discrete
eigenproblem may exhibit parasite eigenvalues that do not converge to a continuous eigenfunction

in the limit. Figure [2.1] gives an example of this artefact in 2 dimensions.

2.6 The Lotka-Volterra prey-predator system with diffusion (Prob-

lem)

In the case the Lotka-Volterra prey-predator system we can show relaxation towards an homo-

geneous solution. The coefficients of the model need not be small as it is required in Theorem
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This is because the model comes with a natural quantity (as the entropy) which gives a

global control.

Exercise. Consider the prey-predator Lotka-Volterra system without diffusion
%nl =n1| r1 —angl,
%ng = no[—ra + bnq],
where r1, r2, a and b are positive constants and the initial data n? are positive.
1. Show that there are local solutions and that they remain positive.
2. Show that the entropy (lyapunov functional)
E(t) = —r1lnng 4+ ang — rolnng + bny,

is constant. Show that E is bounded from below and that £ — oo as ni + ny — o0o. Conclude

that solutions are global.
3. What is the unique steady state solution?

4. Show, using the question 2., that the solutions are periodic (trajectories are closed).

Exercise. Let {2 a smooth bounded domain. Consider smooth positive solutions to the Lotka-
Volterra equation with diffusion and Neuman boundary condition

o)
501 — diAng = ng[ r — ansl,

%ng — dQAnQ = 712[—’/“2 + bnl],

i =0 on 09, i=1,2,
where dy, ds, 71, 72, @ and b are positive constants and the initial data n? are positive.

1. Consider the quantity m(t) = [ [bni(t, x) 4+ ana(t, z)]dz. Show that m(t) < m(0)e™ and give
the value r.

2. Show that the convex entropy
E(t) = / [—71 Inng + ang — roInng + bng|dx,
Q

a) is bounded from below, b) is decreasing.
Conclude that m(t) is bounded.

3. What finite integral do we obtain from the entropy dissipation?

3. Assume that the quantities V Inn;(t,z) converge, as t — oo,
a. What are their limits?

b. What can you conclude on the behavior of n;(t,z) as t — oo?
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Chapter 3

Weak solutions to parabolic

equations in R4

3.1 Heat equation in the full space

As a simple example of large time behavior, we consider the heat equation in the full space

%u(t, r) — $Au(t,z) = 0, t>0, z€Ry (31)
u(t =0,2) = u’(z).
Many of its properties can be sudied thanks to the representation by the fundamental solution,
also called heat kernel,
1 y|?
K(t,y) = ———=e 2t .
It solves the heat equation (3.1])) with initial data u® = 6. Therefore, as we will justify in Chapter

the solution to (3.1)) is
u(t,z) = K(t) «u’ = / u(z — y) K (t,y)dy. (3.2)
Rd

From usual properties of the convolution (in particular the various forms of the Young in-

equalities) we deduce the

Theorem 3.1 For u° € L'(R%), we have

_ / 1 1
lu(®) Loqey < Cp)E Y| LN (RY), Vp, 1< p< o0, —=1-—.

p p

In particuler for p = 1 there is no decay because p’ = co and C(1) = 1 because

K(t,y)dy = 1.
Rd
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The fastest decay rate is measured in L* and it is ¢t~%?2 as the heat kernel itself.

Proof. We write thanks to the Young inequalities

u() || Lo ray < Il 2 ey 1K ()] Lo way-
It remains to compute

1 plyl? C pd
B p = —_— - < d/2 g 4

O

The phenomena that is behind these estimates is dipsersion. Consider u® > 0 and thus
u(t,z > 0 (because K (t,y > 0). Then we have

/Rdu(t,x) Z/Rd/RduU(x—y)K(t,y)dy dx:/RdUO(x)dx -

/ 2 Put, ) = / / WO — Kt y) (|2 — g2 — 2x — y.y) + yP)dy da
R4 R4 JRA
— / 22 (x)dz + M / 2K (¢, y)dy
Rd R4
:/ |z|2u® (z)dx 4+ dM.
Rd

Having in mind individuals that move randomly, their number is fixed, but they scatter further
and further away from their initial position. The evaluation of the diffusion coefficient is often
based on the measure od the second moment of the distribution: if it grows linearly in time,

this is a sign a normal diffusion and the slope gives the diffusion coefficient.

3.2 Weak solutions in distributions sense

So far, our statements always concern weak solutions v € C (R+; LQ(Rd)) to parabolic equations
of the type
%;‘ —Au=f in R%,
(3.3)
u(t =0,2) = u’(z).
According to the general theory of distributions (due to Laurent Schwartz), these are defined

through a formal integration by parts on a test function
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Definition 3.2 Let f € L (RT xRY), u® € LL (R?). A function u € L (RT x RY) is a weak

loc

solution (or a distributional solution) to if we have

- —67(1)— XL = - X Xz ’U,Ol‘ = xr X
/0 /Rdu(t,:z)[ 5 — ADlde dt /0 T, )+/Rd (2)®(t = 0,2) dz, (3.4)

for all test functions ® € D([O, +00) X Rd). We can also consider locally bounded measures or

derivatives of functions here.

In particular when u(¢,z) is a C? function, this holds true obviously.

Weak solutions to linear equations enjoy many properties that make the interest of this notion.

3.3 Stability of weak solutions
Consider a sequence of weak solutions u,, of (3.3 corresponding to data ul and f,. Assume
convergence in some weak topology (for instance L?, L', M! (measures))

ud — u?, fa— 1 Up, — U.

Then
Lemma 3.3 In this situation u is a weak solution to .

Proof. By definition of weak solution, for a test function ® & D([O, +00) X Rd) we have

/ / unt, 1)~ 22— A®lda dt = / fult,2)B(t, 2) +/ W (2)B(t = 0,7) da,

0 Ra at 0 Rd Rd

but @ being fixed, and by the very definition of weak convergence, we can pass to the limit as
n — oo and recover the relation (3.4). o

3.4 Mass conservation and truncation

Among the desirable properties of solutions is that the mass conservation law holds true. In
other words we can integrate on the whole space and not bother of the ’boundary terms at

infinity’. This is true indeed

Proposition 3.4 Assume f € L'([0,T] x RY), u%(z) € L' (RY). Let u € L*([0,T] x R?) for all
T > 0 be a weak solution to , then [pqu(t,z)dz € C(RT) and

/]Rd u(t,z)dr = /Ot y f(s,z)dz ds + /Rd u®(x)dz.
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Another equivalent statement is that, in the weak sense,

d

% u(tv .%')dZC = o f(tv ZC)d$ (35)

We point out that it is necessary and important that we know a priori that the functions u°,

f, u are integrable. For f =0, u® = 0, there are non-zero solutions to the heat equation with a
super-exponential growth at infinity.

We leave as an exercise the derivation of the differential equality from the integrated relation.
Proof. Preliminary step. In the definition (3.3), we can use a test function xr(x) = x(5)
with

x€DRY),  0<x() <1,
(3.6)
x(x) =1 for |z| <1, x(x) =0 for |z| > 2.

We have for any test function ¢ € D(RT),

/ /R te)xn(z / /R u(t, ) Axr(w) + £t 2)xr()] 6() + / (@) r()$(0)

Because Axg(z) = #Ax(%) and u, u® and f belong to L'([0,7) x R%), we can let R — oo

and obtain, using the Lebesgue Dominated Convergence Theorem, that

/ /Rd (t,2)¢ / Rdftx o(t) + /uo(x)¢(0).

In other words, the functions defined as My (t) = [pq u(t,z)dz and Ms(t) = [pa f(t,z)dx are

related through
| s = [T oo + [ @),

This is the meaning of (3.5]). However, because M,(t), My(t) are simply L (R") functions, we

cannot derive the integral form directly immediately.

Proof of mass balance equation. Let 7' > 0 and consider the function ¢(t) = 1y9<i<ry. It
is not an admissible test function but we can choose a sequence of functions ¢,, € D(R) with ¢y,
decreasing in ¢ and increasing in n, ¢, (t) < ¢(t) and ¢, (t) =1 on [0,7 — 1/n| (n large enough).

Then we have from the above equality

[t [ anato [ e — [ s [ o

still by the Lebesgue Dominated Convergence Theorem applied to M.
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From that, we can deduce that M, is continuous (or more accurately has a continuous repre-
sentant in his Lebesgue class). Indeed, choosing ¢,, nicely, at each Lebesgue point T" of M, one

can also pass to the limit in the left hand side of the above and obtain

T
Mu(T):/O Mf(t)dt+/Rdu0(:c).

This concludes the proof of (3.5) and of Proposition 0

3.5 Regularization of weak solutions (space)

The definition of weak solutions is by duality, a linear statement. However, several general
properties of weak solutions can be derived from a regularization argument that we give now.
It uses the

Definition 3.5 A reqularizing kernel w, this is a function satisfying the properties
weDRY,  w>0, /Rdw =1. (3.7)
We regularize functions by convolution and set
BERTES / w(z — y)u(y)dy.
Rd
For u € L'(R?), we have w * u € C>® N L*(RY).

Proposition 3.6 Let w be a regularizing kernel, f € C(R*; LY(R?)) and u%(z) € L'(R?). For
a weak solution to , u € LY([0,T] x RY) VT > 0, then w xu belongs to C1(RT; C?(R?)) and
1s a classical solution to for a regularized right hand side w(x) * f and initial data w * u®.

Corollary 3.7 Consequently for any C?, sublinear and convex function S : R — R, we have in

the weak sense

;S(u(t,x)) — AS(u(t,z)) < S (ult,z)) f(t, ),

and also

/Rds(u(t’x))dxé/ot/ﬂ{d S/(“(va))f(sylf)dxds—i—/RdS(uO(x))dx, ae.

t
0
y |u(t, z)|dx §/0 /]Rd ]f(s,x)\dxds—i—/Rd |u”(x)|dz, a.e. (3.8)
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Proof. (Classical solution) We use the test function ®(¢,z) = ¢(t)w(y — =) with y € R? a fixed
vector and ¢ € D(R™) a given test function. For this choice, the definition (3.4) gives

|10 )5 — ) s Bw)s0ldt = [ 10 5 wln)oOde+ i w(0)000)
0 0

We set U(t,z) = uxw, F(t,z) = f *w, these are two smooth functions in z and the above

equality can also be written (changing the name of the variable from y to x)

/Oo[—U(t, z)aaf — AU(t,x)p(t)]dt = /Oo F(t,z)o(t)dt + U°(x)p(0).
0 0

We fix z and set G = F + AU € L] _(R™), and we rewrite the above equality as

—/mvwwmﬁz/mcwawﬁ+U%wx
0 0

for all test functions ¢ € D(RT). Then we first conclude that U € C(R*) with the argument at
the end of the proof of Proposition (choosing ¢, — 1yo<4<7}) and

Ul(t,z) :/0 G(s,z)ds + U%(x).

This proves that AU € C(R") (because AU = Aw * u while U = w * u, and the argument also
applies with Aw in place of w). Therefore G € C(R*) and thus U € C}(R™).

(Integral inequality) The proof is more involved because this inequality is a nonlinear statement.
We use the regularization argument of the first part of this proof to obtain, for any regularizing

kernel w, = Eidw(g), that the C}C? function u. = u * w. satisfies

Ou,
ot

We now use a function S(-) : R — R with the properties: it is smooth, it is a sublinear convex

— Au. = f * we.

function, S(0) = 0 (see Figure for an example). Then, we also have using the chain rule
0S5 (ue)
ot

Because S(ug) € C(R+; Ll(Rd)), we can use the truncation argument of Section to integrate
and find

— AS(u:) = =8"(ue)|[Vue|* + 8" (ue) f x we < S (ue)f * we.

/Rd S (ue(t, x))dx < /Ot /Rd S (uc(s, @) f (s, x)dzds + /Rd S(u2(z))da.

As € — 0, u. — u strongly in L' [O,T] X ]Rd), VYT > 0, and we obtain
t
/ S(u(t,z))dz < / S"(u(s, z)) f (s, z)dzds +/ S (u’(x))dz. (3.9)
R4 0 JRrd R4
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Ss(u)

° . u
—26 24

Figure 3.1: TuE FUNCTION Ss(u) THAT REGULARIZES |u].

We may finally choose a sequence Ss(-) of smooth functions as above that regularizes the

absolute value. It can enjoy the properties that (see Figure for an example):

Ss(+) is smooth, even and convex, max(0, [u] —0) < Ss(u) < |ul,
(3.10)
0 < sgn(u)S5(u) <1, 0 < S5(u) < Ss(u).

Then, gives
| sotuttade < | t | s ldnds+ [ u*@)do

and passing to the strong limit we find the inequality B.8] 4

Exercise. Write and prove the same statement as Proposition [3.6/in L?(R?) in place of L'(R%)

and in particular

t
) 2 ey < / £ zaards + 160 2.

3.6 Regularization of weak solutions (time)

We can relax the continuity assumptions in time using an additional regularization in time. To
do so, there is a technical issue because ¢t > 0 and we have to be carefull on convolution. This
is the reason we introduce an asymmetric regularizing kernel @, this is a function satisfying the

properties

weDR), w<0, w(s)=0fors>0 /Rdﬁzl. (3.11)
Then, we can regularize a function u(t) : Rt — R by convolution with the usual formula
w g u(t) = /Rw(t — s)u(s)ds,
because we have t — s < 0 and thus for ¢ > 0 we have s > 0.
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Theorem 3.8 Let f € L'([0,T] x R?) VT > 0, and u’(z) € L'(R?). For a weak solution to
, u € L'([0,T] x RY) VT > 0, then (@(t)w(z)) = u belongs to C*(R*; C*(R?)) and is a
classical solution to for a regularized right hand side (&(t)w(z)) * f and initial data w *u°.

Moreover .
/ lu(t, x)|dx < / / |f(s,x)|dzds +/ |u® () |dx a.e. (3.12)
R4 0 JRd R4

We just write the main idea of the proof.
Proof. We fix the space regularization kernel w and use a regularizing kernel in time w, =

15(2). We define the smooth functions

Ua(t,z) = (@a(t)w(z)) * u, Fo(t,z) = (Wa(t)w(w)) * f.

We use the test function ®(s,y) = wWa(t — s)w(z — y) in the definition of weak solutions to
(3.3]) written with the variables (s,y). Since Wy (t) = 0 for ¢ > 0, we find that the heat equation

holds in the classical sense

oU,

W—AUQ:FQ, t>0, zeRY

But the initial data is not recovered and we have to use again the argument in Section [3.4] that

we may use (formally) the test function in time ¢(s) = 1;o<s<y) to find

t
w*u(t,aj):/[A(w*u)—l—w*f](s,x)ds—l—w*uo, a.e.t >0,
0

and thus integrating w(0 — t) dt, we find

Ua(0,2) = /@a(—t) /:O[A(w*u) +w* f](s,x)ds dt + w * u®.

With R, (t) = ; Wa(s)ds, this can be written as
Ua(0,2) —w s ul(z) = /Ooo Ro(=)[Aw*u) +ws f](t,z)dt — 0, Ve RY,
because 0 < R, (t) < 1, Ry (t) = 0 a.e. And it follows that
[Ua(0,2) ~ w % () | 1 sy — 0.
because for o small enough the support of R, is less than a constant C' and

0o C
\/0 Ra(—t)[A(w*u)+w*f}(t,a;)dt\S/O A u) +w s f(t 2)|dt,
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this is a fixed L' function, and we can apply the Lebesgue Dominated Convergence Theorem.

This allows us to recover the inequality

t
! 0
/RdS(Ua(t,a:))d:U < /5—0 /RdS (Ual(t, ) Fal(t, z)dx der/RdS(Ua(x))d:c.

And in the limit o — 0, we obtain

/Rds(w*u(t,a:))dx < /;0 /Rd S (w*u(t,z)) w= f(t,z)dx ds—i—/RdS(w*uO(x))dg;,

We are back in the situation of Section O

3.7 Uniqueness of weak solutions
A direct consequence of the regularization technique is

Proposition 3.9 Let f € L'([0,7] x R?) VT > 0, u°(x) € L'(R?) then there is at most one
weak solution u € L'([0,T] x RY) VT > 0 to .

Proof. Indeed, substracting two possible solutions u; and ug, we find a solution to (3.3) with
f=0, 4" =0. Applying the inequality (3.12)), we find

/ s (£, ) — ua(t, 2)|d < 0,
Rd

which implies that u; = us.

3.8 Positivity of weak solutions to Lotka-Volterra type equa-

tions

The arguments of regularization and truncation are also useful to prove the positivity of weak
solutions sated in Lemma that is we consider a weak solution u € C (R+; LQ(Rd)) to the

parabolic equations

9 _ An = nR(t, ) in RY,
o (3.13)
n(t =0,2) =n’(x).

Then we have

Lemma 3.10 Assume that the initial data n° is a nonnegative function in L?>(RY) and that
there is a locally bounded function T'(t) such that |R(t,x)| < T'(t). Then, the weak solutions in
C(RT; L2(RY)) to the Lotka-Volterra system satisfy n(t,x) > 0.
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Proof. Again we are going to prove that the negative part vanishes. We set p = —n, py =

max (0, p) and we have to justify the equation holds

s L o)l [ VoL = [ pea)ir<To [ peo)l @)

R4 R4

To do so, we can regularize with a smoothing kernel w,(-) and write first

%ws*p—Awe*p:ws*(pR).

Then we handle a smooth function (C* in z and C! in time if the R are continuous in time) as

shown in Section We can also truncate using a function x,(-). We obtain

0
&Xpws *p— A[Xpwa * p] = XpWe * (p R) - QVvawa *P — Wk pAXp~
Therefore the chain rule indeed gives

%% fRd (Xpws *p(t,:l?))idx +fRd |V(Xp We *p)—f—‘Q = fRd (Xpwa *p(t7x))+Xpw£ * (p R)

~2 [ra (Xpwe * p(t, 7)), [VXpVwe * p — we % pAx,.|da
and thus

%fRd (Xpws *p(t,ZE))id:L‘ < f(f fRd (Xpws *p(S, x))+Xpw5 * (p(s) R(S))d‘s

+ fot Jra (Xpwe (2, a:))i +2 fg Jra VX Vwe #p|? + |we * pAx,|*]d.

We can now precise the choice of the truncation function. We set x,(z) = x(7), with a

function x(-) that satisfies
XEDRY,  0<x() <1,
x(z)=1 for [z <1,  x(z)=0 for |z]>2.

And we let p — o0, and thus x, — 1. In the above expression, the last integral vanishes because
IVx,| < C/pand |Ax,| < C/p? while Vw, * p and w. * p are L? functions because p is.

Therefore, we obtain using the Lebesgue Dominated Convergence Theorem

s [ ennttantar< [ [ oens.n) o o) RODs + [ [ onnptsn)?.

Then, we let ¢ — 0 and obtain

L ea (0t 2)) 0 dz < [ foa (p(5,2)) , (p(5) R(5))ds + [ fa (p(5,2))

< [3I0() + 1] fua (p(s. )7
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Because I'(t) is locally bounded, the Gronwall lemma implies that [, (p(t,x))idm = 0 and

therefore p(t,z) < 0 almost everywhere.
Exercise. Prove the same positivity result in L' in place of L?. Hint. replace (u)i by a convex

function with linear growth at infinity.

3.9 Positivity of weak solutions to reaction kinetics equations
In the same way, we consider a weak solution u € C’(R+; L? (]Rd)) to the parabolic equations

%—’Z — An+nR(t,z) = Q(t, ) in RY,
(3.15)
n(t=0,2) =n"(x).

Lemma 3.11 Assume |R(t,z)| < T'(t) with T € L (RT) and Q € C(RT; LA(RY). IfQ >0
and n® > 0, then n > 0.

We leave the proof as an exercise.

3.10 Heat kernel and explicit solutions

Before solving a problem with variable coefficients as (3.15)), it is usual (see [17, [48]) to look for
the fundamental solution. This is to solve the PDE with the initial data a Dirac mass, for the

heat equation this means
9K _AK =0 inR?
(3.16)
K(t=0,z) =4d(x).

Lemma 3.12 The fundamental solution to the heat equation is given by the explicit form

1 _l=?
K(t,x) = W@ 4t -, (317)

This means that for all test functions ® € D([0,T) x RY) there holds
T 0P
K(t,z)[——= — A®|dx dt = ®(t = 0,2 = 0). (3.18)
0 R4 8t
Notice that
K(t,x)de =1 vt >0,
Rd

K(e,z) — d(z) as e — 0.
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We give two proofs.

Proof. (1) For ¢ > 0 small enough, we have, by integration by parts,

T T
/ K(t,x)[—%‘f — A®|da dt = / B(e, )dz +/ / [8;; _ AK]®
€ R4 R4 € R4

and one readily checks that %( —AK =0 for t > 0 (left as an exercise). Therefore we arrive at

r O ¢ 0P
K(t,z)[——= — A®|dx dt = K(e,z)®(e, x)dx + K(t,z)[——= — A®|dx dt.
0 R4 8t R4 0 Rd 8t
As e — 0, we obtain (3.18)) because
€ P ¢ 0]
/ K(t,a:)]—a—A@]dxdtS/ ]Q|sup|—a——A<I>|§Ce.
0 R4 at 0 t,x 8t

O

Proof. (2) This is a variant of the above proof. For ¢ > 0, K.(t,x) = K(t+¢,x) is a solution to
65% — AK, =0 for t > 0 (left as an exercise) with initial data K(e,x). As ¢ — 0 we may apply

the stability result of section and we recover the result because K (g,z) — d(z) as e — 07.
O

Another variant is to consider more generally K. = K * we(z) with w, a family of smooth
functions that converge to a Dirac mass as € — 0 and apply the following remark.

Once the fundamental solution is known, one can also solve the Cauchy problem

ou _ : d
5 —Au=0 in R%

u(t=0,7) = u’(z).

Its solution is given by the convolution
w(t, z) = 0% K (1) = / WK (tx — y)dy. (3.19)
R4
When u° is smooth with sub-exponential growth (so as to be able to integrate in the convolution
formula), this is the smooth solution to the heat equation.
For u’ € LP(R?), 1 < p < oo, this formula defines a function v € C*°((0,00) x R?) which is

ithe solution to the heat equation and also
Lemma 3.13
()| Lo ray < I1u°ll 1o (ra)- (3.20)

()l Loqrey < O(dsp) V) ) r gy, — =1-

1
7 o (3.21)
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An interesting conclusion is that higher is the norm under consideration, faster is the time
decay.

Proof. Using convolution inequalities, we have

lu)lloay = 6" * K@)l o@ay < 1]l Loy |1 K @) 21 ety = N16°] Loga),

which proves ([3.20). And, we also have

lu)ll o @ay < Iu°l L1y 1K ()] oy,

and

1 e (27rt/p)d/2
P _ plzl?/(2t) g — \2TYE)
O Loy = (2mt)pd/2 /Rd ‘ & (2mt)pd/2

This gives (3.21)) but with a constant TG VA which is not optimal.

1
(2m)(
Consequently, one can also find the solution to the inhomogeneous equation

%7; — Au=Q(t,x) in R?, (3.22)
u(t=0,z) =0.

It is given by the Duhamel formula
t
ut)= [ [ K= s0-9)Qsy)dy ds.
0 JRd

Exercise. Show that

1. for Q € L'([0,T] x RY), we have [p, u(t,z)dz = fg Q(s,y)dy ds,
2. for Q € L'([0, T]; LP(R%)), we have

20 u(®)llre) < o 1Q(S)]] o (ayds, for all p € [1, 00).

2b. w € C([0,T); LP(RY)) for all 1 < p < oc.

3. For Q € L'([0, T]; L(R%)), we have u € L>®([0,T] x R%).

3.11 Nonlinear problems

3.11.1 A general result for Lipschitz nonlinearities

The most standard existence theory consists in Lipschitz continuous nonlinearities in LP(RY),

%~ Au=Qla.[u(t))  inRY
(3.23)
u(t =0,z) = u’(x) € LP(RY).
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We need two assumptions
1Q(z, [ul) | Lrray < MallullLr(way, (3.24)
1Q(z, [u]) — Q, [Vl Lr(re) < Lollu — vl| Lo (ra)- (3.25)

Theorem 3.14 With the assumptions — and u®(z) € LP(RY) with 1 < p < 0o, then
there is a unique solution u € C(R*; LP(R?)) to .

Proof. We consider a small T (to be chosen later on), the Banach space E = C ([0, T]; LP(R%))
into itself and the mapping ® : E — F defined by u = ®(v) is the solution to the equation of
the type (3.22))
9u — Au= Q(z, [v(t)]) inRY 0<t<T, (3.26)
u(t =0,2) = u(x) € LP(R?).
Notice that v € E because of assumption . We claim that for 7" small enough, ® is a
strong contraction because

[®(v1) — @(v2)l|e < LQT||v1 — v2||E-

Indeed from the properties of the solutions to (3.22) we have, using assumption (|3.25),

t t
(|1 (t) —ua(t)[| Lr(ray S/O 1Q(s, [v1(s)]) —Q(s; [v2(8)]) | Lo (rayds < LQ/O [v1(s) —v2(8) || Lo (ra)ds,
and thus
[ur —u2llp < LQT|[v1 — vellE-

Now choose T' such that LgT = 1/2. The Banach-Picard fixed poin theorem asserts there is
a unique fixed point w. This is the unique solution to (3.23)) on [0, 7.
We can iterate the argument to build a solution on [T, 2T, [2T,3T]...etc O

3.11.2 Example 1.
Consider the local nonlinear problem

(3.27)
u(t =0,2) = u(x) € LP(R?).

with
Q(0)=0, 1Q()< L. (3.28)
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Corollary 3.15 With assumption , there is a unique solution to mn C([(), TY; Lp(]Rd)).

Proof. Indeed we can apply the Theorem because bothe assumptions (3.24)) and (3.25) are
satisfied (the details are left to the reader).

Notice that when u® € L' N L®°(R?) we obtain the same solution in all LP. This can be seen
from the construction of the fixed point in Theorem The uniqueness of the weak solution

u for a given Q(v) shows that the Picard iterations are the same for all LP.

3.11.3 Example 2.

Consider now the local nonlinear problem

9u _ Ay = u(l—u),
o (3.29)
u(t =0,z) = u’(x) with 0 < ¥ < 1,

The Theorem cannot be applied directly because u +— u(1 —wu) is not lipschitz continuous

on R. Nevertheless a small variant leads to the

Corollary 3.16 There is a unique solution to u € L*([0,T] x RY) such that
0 <wu(t,x) <1.

Proof. Define Q(u) = u4 (1 — u)4, this a Lipschitz continuous function and there is a solution
to . Because Q() > 0, the non-negativity result of Lemma asserts that v > 0 and the
same result for 1 — u tells us that 1 —u > 0 (in fact we need a variant in L in place of L?).
Therefore, for the solution we also have Q(u) = u(1 — u) and the result follows.
Notice that, still applying the positivity result of Lemma [3.10| set in L°°, any solution should
satisfy 0 < u(t,z) < 1, and thus the bounded solution is unique.

45



46



Chapter 4
Traveling waves

The relaxation results in Chapter [2|show that on bounded domains and with small nonlinearities
we cannot expect spectacular behaviors in reaction-diffusion equations. The situation is different
when working in the full space and, whatever is the size of the nonlinearity, one can observ a

first possible type of interesting behavior: traveling waves.

This chapter gives several examples motivated by models from biology even though combustion
wavesE] or phase transitions (Allen-Cahn equation) are among the most noticeable examples
of traveling waves. Historically, in 1930 Fisher [19] gave a first model of wave propagation
for a genetic advantage. But Kolmorov, Petrovski and Piskunov, [32], in 1937, gave the first

mathematical analysis.

In biology, it can also be an epidemic spread as bubonic plague in Europe in the 14th century
(see Figure . In neuroscience it can be calcium pulses propagating along a nerve, and
their study motivated J. Evans when he introduced the now-called Evans functiorE] for studying
their stability. In ecology it can describe the progress of an invasive species in an uncolonized
environment and experimental measurements also sustain that invasion front move with constant
speed as predicted by reaction-diffusion equations. J. G. SkellamE] reached this conclusion by
fitting to a linear the square root of the area occupied by muskrats, a north america species,
that escaped from a farm near Prague (see Figure .

!Zel’dovich, Y.B. , Frank-Kamenetskii, D.A. (1938). The theory of thermal flame propagation. Zhur. Fiz.

Khim. 12, 100 (In Russian).
2J. Evans, Nerve axon equations 4: the stable and unstable impulse. Indiana Univ. Math. J. 24(12), 1169-1190

(1975)
3J. G. Skellam, Random dispersal in theoretical populations (1951)
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Figure 4.1: Left: propagation of plague through Europe in the middle of 14th century. Source:
hitp : //commons.wikimedia.org/wiki/File : Bubonic_plague map.png. Right: spread of
muskrats in Czech Republic after J. G. Skellam and Ch. Elton.

4.1 Setting the problem

The simplest example is to consider the single equation

0 0?
u

ot —@U:f(u)a t>0, z €R,

where f(u) denotes a reaction term and u(t,z) € R* is the solution. For this type of equation

we define

Definition 4.1 A traveling wave solution is a solution of the form u(t,z) = v(z—ct) with c € R

a constant called the wave speed.

It is usual that f(u) admits two stationary states, say f(0) = f(1) = 0. This is the case
for instance for the so-called monostable (also called the Fisher/KPP equation) where f(u) =
u(1l — u) or the bistable case f(u) = u(l —u)(u — ), 0 < § < 1 (also called the Allen-Cahn
equation). Then, we may complete this definition with the conditions v(—o0) = 1, v(c0) = 0.
When ¢ > 0, this expresses that the state v = 1 invades the state v = 0 and vice-versa. Then

we arrive to a simple equation which determines both the wave speed ¢ and the wave profile v

—v"(z) — ' (z) = f(v(z)), z € R,
(4.1)



Notice that this problem is translational invariant and, for all a € R, v(x+a) is always a solution

too. Therefore we can normalize it with v(0) = % for instance.

There are two useful general observations. The first consists in integrating on the line and,
+

» — Fo00

because we expect that v'(—o0) = v'(00) = 0 (or at least we can find two sequences x

where we can apply the reasoning), we find

c= /00 f(v(z))dz. (4.2)

—00
The second observation consists in computing the energy of the system

1, / , d B
§(U (m)2) + c(v (:U)2) + %F(v(m)) =0.

with

F@O:iAUﬂUMu

Because v'(—o00) = v/(00) = 0, we find

e 1
c/ v (z)%dz = F(1) :/0 f(w)dv. (4.3)

—00

For instance in the monostable case, for solutions such that 0 < v(z) < 1, f(-) > 0 and both
equalities tell us that ¢ > 0. This means that the state v = 1 is indeed invading. For the bistable
case, we conclude from (4.3)) that the sign of ¢ depends on the value 6.

Exercise. Show the additional relation

/Ww@ﬂmzﬁuu@_;ﬂwm.

—00

A natural question is to know what properties of the steady state make that one can connect
them by a traveling wave. Many examples are treated in the litterature and cover the cases
e 0 is dynamically unstable (f/(0) > 0) and 1 is stable (f’(1) < 0); this is the case in the
monostable equation,
e 0 and 1 are dynamically stable ((f'(0) < 0, f'(1) < 0); this is the bistable case,
e the state 0 is dynamically unstable and 1 is Turing unstable (see Chapter [7)) and they can
be connected by an unstable traveling wave. The example of nonlocal Fisher/KPP equation is
treated in section See also [7, 142],
e the state 0 is connected to itself by a special traveling wave called a pulse (homoclinic orbits),

this is possible typical of the FitzHugh-Nagumo and Hodgkin-Huxley systems (electric pulse
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propagation along the axon).

We first give the simplest results when there is a unique pair (¢*,v) that satisfies this equation
(Fisher /KPP equation with ignition temperature, bistable). Then we turn to the 'unusual’ case
of the monostable equation where there is an infinity of traveling speeds, and finally we treat
systems.

We begin with examples where the traveling wave can be computed analytically

4.2 Analytical example: the monostable equation with ignition

temperature

For 6 € (0,1), i > 0, consider the discontinuous function

0 for 0 <wu <4,
Fu) = (4.4)
w(l —u) for 0 <u<1.

We refer to Section for the explanation of the terminology ’ignition temperature’ for this

case.

Lemma 4.2 For f given by (4.4), there is a unique solution (c*,v) to (4.1)) with v decreasing

and normalized with v(0) = 6.

Proof. We know from , that ¢ should be positive. Thanks to the normalization, for
x < 0 we look for a solution with v > 6 and the equation reads cv’ +v” + (1 —v) = 0. The
solutions are all of the form v =1 —w with cw’ +w” — pw = 0 and thus w a linear combination
of two exponential functions. Hence, we just need to consider the characteristic polynomial,
that is A + ¢\ — o = 0. It admits two roots of which only one is positive. Therefore its solution

decaying to zero at —oo is given by

1
v=1-(1-0)e*? <0, Ay =5l-ct 2 4+4p]>0.

For z > 0 we look for v < # and the equation is cv’ + v” = 0 which again admits a single
decaying solution, namely
v="~0e"%, x>0.

It remains to check that v is differentiable at x = 0 (and v” has a jump at 0 because of the
discontinuity of f at 6), that is

(1—0)Ay = fc.
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d . .. . . . .
Because 25:A; (c) = —1 + \/C;JTM < 0, there is indeed a unique solution ¢* to this equation.

The explicit formulas show that v is decreasing.

Exercise. Prove that the solution v € (0,1) is unique (and thus decreasing).

4.3 Analytical example: the bistable equation

We can extend the argument above to the bistable case. For 6 € (0,1), x> 0, v > 0, consider

the discontinuous function

—vu for 0 <wu <9,
flu) = (4.5)
w(l —u) for 0 <u<1.

Lemma 4.3 For f given by (4.5), there is a unique solution (c*,v) to (4.1) with v decreasing

and normalized with v(0) = 6.

Proof. Again we may compute the unique solutions of the linear equations on (—oo,0) and
(0,00). For x > 0, the equation is v” +cv’ —vv = 0; the characteristic polynomial A2 +cA—v = 0

has a unique negative root that gives us

1
v(z) = e M2, Ar = 3 {c%— 2+ 41/} :

The same occurs for z < 0, the equation is v" 4+ cv’ — p(1 — v) = 0, that is v = 1 — w with
w” + cw’ — paw = 0. This is a linear differential equation and the solutions are exponentials e**

with A% + ¢\ — p = 0. Therefore, there is a unique solution decaying to 0 is given by
ANz 1 2
v(z) =1—(1—0)e™, /\1:5[—0—% c—|—4,u,}.
To match the derivatives at x = 0, we have to impose

A (€)8 = (1 — O)\(0).

Observe that 25 \.(c) = 1+ \/ﬁ > 0and 2\ (c) = -1+ \/622-74# < 0 and that the limits
at +o00 of the A,; are opposite infinity. This shows there is a unique c¢ that makes the equality.

O

Exercise. Build a similar example with v = 0, 4 = 1 unstable and conclude there is no traveling

wave connecting these states.
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4.4 Analytical example: the Fisher /KPP equation
For 6 € (0,1), > 0, consider the continuous piecewise linear function

1-0)u for 0 <wu <0,
W) = u(1—0) < (4.6)
uh (1 — ) for 0 <u<1.

Lemma 4.4 For f given by (4.6), there is a minimal speed ¢* = 2+/1 — 0 and for all ¢ > ¢* a
unique solution (c,v) to (4.1) normalized with v(0) = 6 with v decreasing.
The solution v decays exponentially to O with the ’slowest possible’ rate of decay of the corre-

sponding equation (see below, for ¢ = c* it is ze T not e’\*x).

The situation is therefore very different from the case of Lemma where there is a unique
wave speed.

Proof. For x < 0, we want v > 6 and the equation is
—cv' =" = ph(1 —v),

Therefore, we find as in the proof of Lemma that the unique solution that tends to 1 at —oo
is given by

1
v=1-(1-0)e** z<0, )\+:§[—c+ 2 +4ud .

For z > 0, the equation writes cv’ +v” + (1 — 0)v = 0. The new feature is that both roots to
the characteristic polynomial A% +cA+ (1 —#) are negative. Therefore, there is a one parameter

family of solutions which decay to 0 at infinity

[—ct v/ —4p(1-0)] <O0.

1
v=~0el'" +a(el+* —et"), x>0 pe =g

Notice that v is positive if and only if a > 0.

It remains to check that the derivatives match at x = 0, that is
(1 =0)Ay =bap— +alpy — p-).
or, expliciting the various expressions, our result is reduced to checking that
~(1 =) —cH+ VR +4u] = —0c+ /2 —4u(l —0) ] +2a\/c —4u(1 —6) ,
¢ = (L=0)/+4ub + 01/ —4p(1 - 0) =2a\/c2 —4u(1-0).

For any ¢ > c*, the left handside is a positive quantity (this is left as an exercise), therefore
we can compute a unique a > 0 that satisfies this equality. This correspond to a positive and

decreasing function v.
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For ¢ = ¢* see the exercise below.

Exercise. Consider the case ¢ = c¢*.
1. Show that for x > 0, v is given by fe!~* + axe!—* with a > 0.
2. Compute the compatibility relation for the derivatives.

3. Show that there is a unique solution (decaying or with values in (0,1)).

Exercise. For 0 < ¢ < ¢*
1. Prove that there is no positive traveling wave.

2. Prove there may exist traveling waves but they change sign (oscillate) around x = +o00, v = 0.
Exercise. For 6 € (0,1), 4 > 0, v > 0 we define the discontinuous piecewise linear function

vu for 0 <wu <@,
f(u) = (4.7)
p(l—u) for 0 <u<1.

We consider the traveling wave problem that is to find for which ¢ there is a decreasing solution

v to

(4.8)
v(—o0) =1, v(+00) =0, v(0) = 6.

We always assume that ¢ > 2,/v.

1. Give the expression of v for x < 0.

2. Give the the one parameter family of decreasing solutions for > 0 and indicate the condition
on the parameter.

3. Give the matching condition on v’ at z = 0.

4. Characterize the minimal speed ¢* which is defined such that for ¢ > ¢* one can find a

traveling wave, for ¢ < ¢* there is no traveling wave.

Hint. The relation to find the free parameter is

Flc):=c—(1-0)VA+4u +0v/c —4v =2av/ % —4v > 0.

The function F' is increasing in ¢. Therefore, for v large enough, the minimal speed is defined by
c* = 2y/v; this is as long as F(2/v) > 0, that is v > ((9%2__6)92) For v smaller, then F(2\/v) < 0
and ¢* is defined by F(c¢*) = 0.

The interest here is to show that ¢* > 24/v when v is small, and thus there is an interesting

question to understand the general rule for this minimal speed.
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4.5 Analytical solutions: Problem (Non Local Fisher)
We give 6 € (0,1) and define K * u(z) = [; K(z — y)u(y)dy with

K(z) = 105"
We look for a bounded traveling wave solution (c > 0, u(:v)) to

0 for 0 <u<@,
—u"(z) — cu/(x) = , z € R,
1—K=x*xu for 0 < w. (4.9)

u(—o0) =1, u(+o00) =0, u(0) = 6.

For z < 0, we look for a complex solution u(z) = 1 — (1 — )eX ) with A > 0.

1. Show that u(z) is solution if and only if
A+ i) + (A +ip)? = _
a U W
2. Show that the only possibility is @ = 0.
3. For x > 0, give the solution u(z) < 6.
4. Write the matching condition between u(x), z > 0 and u(x) at x = 0.
5. What can we conclude on the problem (4.9)7 Is this result usual?

Solution. 1. Because A > 0, we have |e?#)?*| < 1 and Reu(z) > # so that we can use
the equation

—u"(z) —cu/(z) =1 - K *u, x < 0.

Also the support of K makes that makes that x —y > 0, that is y < x and therefore the above
problem is self-contained (it does not use u(z) forxr > 0). It remains to notice that K «1 =1
(K is a probability kernel) and

1-46

eAFip)z
A+ip

Ksu(z)=1—(1—0)elme / K(x —y)eX =gy — 1 —

and the result follows immediately.

2. We write the relation as

. . A—ip+1
The imaginary part gives
7
Mt P TR T
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Apart from g = 0, the solution is ¢ + 2\ = —m < 0 but both ¢ and A are positive and
this is impossible.

3. u = 0e " < 0§ is the only solution to —u” — cu’ = 0 with «(0) = 6 and u(o0) = 0.

4. With have to write that u/(07) = «/(07). that is ¢ = (1 — ).

5. The problem is reduced to find ¢ > 0 and A > 0 such that the above relations hold:
A+ N = )\%Ll, c=a\ with a = 1%09. That is

2 _ 1
A1

Because the right hand side is increasing from 0 to +oo and the left hand side is decreasing

(a+1)A

there is a single solution A and thus a single c.

Therefore we have built a unique decreasing traveling wave. This is the usual result.

4.6 The monostable equation with ignition temperature

The Fisher /KPP equation with ignition temperature arises from the theory of combustion when

a minimum ’temperature’ 0 < 6 < 1 is needed to burn the gas. It gives the model

g —a—Q = f(u) t>0,zeR (4.10)
(‘%u &Uzuf u), >0, x . .

with a reaction term given by

0 for 0 <u<9,
Jo(u) = f(1)=o. (4.11)

>0 for 0 <u<1,

The traveling wave problem is still to find ¢ and v such that

—"(z) — ' (z) = f(v(z)), wx€ER, (4.12)
v(—o0) =1,  w(+o0)=0.

We are going to prove the

Theorem 4.5 For the Fisher/KPP equation with ignition temperature, i.e., when f(-)
satisfies , there is a unique decreasing traveling wave solution (c*,v) normalized with v(0) =
% and it holds that c* > 0.

More is known about this problem, see [6l, [52]. For instance, we give below explicit bounds

on c*.

Proof. The easiest proof relies on the phase space method for O.D.Es which we follow here. It

is however limited to simple problems and more natural PDE methods can be found in [6], 52].
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Figure 4.2: Traveling wave solution to the Fisher/KPP equation (4.28)).

We decompose the proof in three steps: (i) we reduce the problem to a simpler O.D.E. (ii) we

prove monotonicity in ¢, (ili) we prove existence.

First step. Reduction to an ODE. We reduce the traveling wave problem to an O.D.E. prob-
lem. We fix ¢ and set w = —v’ (so that w > 0 because we look for decreasing v). Then,equation
(4.12]) becomes a system of differential equations

w=—-cw+ f(v), (4.13)
v(—o0) =1, w(—o0) =0, v(400) =0, w(400) = 0.

It can be further simplified because by monotonicity, we can invert v(x) as a function X (v),

0 < v <1 and define a function w(v) = w(X(v)). In place of (4.13), we have to find a solution
N ditfr) _d fv)
w(v w -1 v
= =c—12 o0<wv<l,
dv dx (dx) ¢ w =v=
w(0) =w(1) =0, w > 0.
Therefore, we arrive at the question to know if the solution to the Cauchy problem

dTW) _ S )
w T oy 0svst (4.14)

ﬁjc(o) = Oa

dv

can also achieve, for a special value of ¢, the conditions
We(1) =0, we(v) >0, for 0 <ov <1 (4.15)

Notice that there is a priori a singularity at v = 0 because the numerator and denominator
vanish in the right hand side of (4.14)). But for 0 < v < 6, f(v) = 0 and the solution is simply

{BC(U):CU7 0<ov<4.
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Figure 4.3: TRA{/ELING WAVE SOLUTIONS TO THE FISHER/KPP EQUATION WITH TEMPERATURE IGNITION
WITH THRESHOLD 6 = .25 PLOTED IN THE PHASE SPACE VARIABLES . WE HAVE PLOTED 4 DIFFERENT
VALUES OF c¢. THE 2-AXIS REPRESENTS v AND THE y-AXIS REPRESENTS THE FUNCTION w(v). LEFT: TWO CASES
WHERE THE SOLUTION TO DOES NOT VANISH (LARGE ¢), THESE ARE CALLED TYPE I. RIGHT: THE LIMITING
CASE ¢ = ¢* AND A SMALLER VALUE OF ¢, THESE ARE CALLED TYPE II. NOTICE THAT THE w SCALE IS LARGER

ON THE LEFT THAN ON THE RIGHT.

Then it can be continued smoothly as a simple (nonsingular) O.D.E. untill either we reach v = 1,
either w, vanishes and the problem is not defined any longer. Numerics indicate that, depending
on ¢, either we have

e w.(v) >0 for 0 <wv <1 (call it Type I), then we set v. = 1, or

e w.(ve) = 0 for some 0 < v, < 1 (call it Type II), then the equation tells us that w/,(v.) = —o0.
In both cases these are not solutions because they cannot fulfill . In the limiting case

v+ = 1 there is a solution. These possible behaviors are depicted in Figure 4.3

Second step. Monotonicity in c¢. We now prove that this last case can only occur for

a single v, based on the

Lemma 4.6 The mapping ¢ — w¢(v) is increasing for those v where it is defined, i.e., for

0 < v < v.. Moreover for ¢ > ¢ we have vy > v, (and va = v, if v. = 1) and

Wer (V) > We(v) + (' —¢) v, 0<v<u,. (4.16)

Proof. Set z.(v) = dlzg). It satisfies,

dze(v) f(v)
w T w(v)?

ze(v), 2¢(0) = 0.

From this equation we deduce that z. cannot vansih and thus z.(v) > v as long as it is defined,
i.e., that w.(v) does not vanish for 0 < v < v.. The conclusions follow.

After integration in ¢ we find the inequality on w which holds up to v = v, by continuity.
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Consequently, w.(1) is an increasing function of ¢. Therefore there can indeed be at most one

value of ¢ satisfying the condition w.(1) = 0.
Third step. Bounds on c¢. We introduce the two positive real numbers defined (uniquely) by
1
& :/ @ dv, @ =4 max f(v)
0 v

Notice that ¢ < ¢. In fact we are going to prove that

Lemma 4.7 For c > ¢, the solution is of Type I. For c < ¢, the solution is of Type II and

c<cF<e (4.17)

Proof. Estimate from above. We first show that for ¢ > ¢, the solution is of Type I. We
consider the largest interval [0,vo] C [0,1] on which w.(v) > §v. Because w.(v) = ¢ v on [0, 0]
clearly vg > 0. If vg < 1 (otherwise we are done), then w;(vg) < §. Then, for § < v < vy, we
have

¢ d0c(v) o o f(v) >c—5—2,

2= dv cvyg 2c

which is a contradiction. This means that vy = 1 and the situation is of Type I.

Estimate from below. We show that for ¢ < ¢ the solution is of Type II. We notice that

we(v) < cv as long as it is defined (because % > 0) and thus

dnw) S0 )

dv We(v) ~ cv

and thus (because the inequality is strict for v > )
v
We(v) < cv— / wds.
0 CS

This implies that, if the solution did not vanish before v = 1, we would have 0 < w.(1) <

1 f(s)
0 cs

c— ds. This implies that ¢ < ¢. This proves that the solution is of Type Il for c <c¢.

Fourth step. Conclusion. We can conclude by a continuity argument on v, in the region of
Type II. By the monotonicity argument of step (ii) and because of as long as v, < 1, the
point v, increases continously with controled uniform growth (see exercise below). Therefore,
max. v, = 1, where the maz is taken on the ¢ of Type II, and it is achieved for ¢ = ¢*, in other
words v+ (1) = 0. When ¢ > ¢*, the solution is of Type I again by the monotonicity argument
(we know from lemma [4.6| that w.(1) decreases uniformy with ¢).
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Exercise Find a lower bound on %vc. Prove it is positive as long as v. < 1 and that it is
uniformly positive for v, ~ 1.

Hint. ¢ [} @e(v)dv = [;° f(v)dv. Also use the informations in the proof to conclude that

f(vc)‘ﬁ’cc = [V we(v)dv + cf;c ze(v)dv > %02 + %(UC)Q.

Exercise For € > 0, study the (regularized) Cauchy problem

dw_oo T o<
dv e2 +w(v)?’ - (4.18)
w(0) = 0.

(i) Show that one cannot achieve w(1) = 0 with w(v) > 0 for 0 < v < 1 whatever are ¢ or e.
(ii) Show that, are for all v, the mapping ¢ — w,(v) is increasing and the mapping ¢ — we(v)
is non decreasing.

(iii) For e fixed, show that one can find a unique ¢® that achieves w(ve) = 0, w(v) > 0 on a
maximal interval 0 < v < v.. What is the value wggﬁ(vs)?

(iv) Draw the solutions for several values of c.

(v) Prove that v. — 1, ¢ — ¢* as ¢ — 0.

Correction (i) Indeed, this implies w’(1) > 1 but the equation implies that w'(1) = ¢ > 0.

(ii) Same proof as above.

(iii) As in the above proof, for ¢ > || f|ls/0, we have w’.(v) > 0 and for ¢ < ¢, we have w.(1) < 0
with ¢, the unique fixed point of ¢, = fol f(v)/\/€2 + c2v2dv. So, by monotinicity, there is a
larger ¢ = ¢ such that w vanishes at some point, w(v:) = 0 and w(v) > 0. There fore we have
w'(ve) = 0, which implies ec® = f(ve).

(iv) As € decreases to 0, one can check (still by monotonicity) that ¢ increases to a limit ¢y > c,.
On the otherhand, by the previous question, f(v:) — 0. One checks that v, remains far from
[0, 0] and thus, by the assumption on f, we have v. — 1. In the limit we obtain a solution to

(4.14) which vanishes at v = 1.

4.7 Allen-Cahn (bistable) equation

Uniquely defined traveling waves solutions may exist for other nonlinearities. In this section we
study the bistable nonlinearity related to the O.D.E.

d
Srult) = u(t) (1= u(®) (u(t) - ),

for some parameter

0<6<1. (4.19)
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It has three steady states, © = 0 and v = 1 are stable, © = 6 is unstable. Any solution will con-

verge either to 0, for u® < 6 or to 1 for u® > 6. Also the region 0 < u° < 1 is invariant with time.

Flgure 4.4: THE FUNCTION W (u) = [i" v( 1 —v)(v— G)dv FOR DIFFERENT VALUES OF 0 LerT: 0 = 25 AND
W 1S NEGATIVE ON (0, 3) FRO SOME ﬂ > 6 AND POSITIVE ON |3, 1]. CENTER: 6 = .5 AND W (u) IS NONPOSITIVE

AND VANISHES AT u =0 AND u = 1. RIGHT: § = .75 AND W IS NEGATIVE ON ((3,1) FOR SOME (3 < 6.

Compared to the Fisher/KPP equation, the bistable equation uses an improvement of the
logistic growth term u(1 — u); it supposes that too low population densities u(t), less than 6,
lead to extinction by lack of encounters between individuals. This is called Allee effect, [1]. It

however takes his name from the theory of phase transitionsﬂ

Next, we include motion of individuals and we obtain the Allen-Cahn equation
0
au(t, z) — Au(t,z) = u(t,z) (1 — u(t,z)) (u(t,z) — 6). (4.20)
We look for traveling wave solutions u(z,t) = v(z — ct), with v(-) solution to

—cv' () — v (x) = ”(x)(l - v(x)) (v(:p) N 0)' (4.21)

We have again imposed the condition v(0) = % to avoid the translational invariance.

The following result is similar to the case of Fisher/KPP with ignition temperature

Theorem 4.8 There exists a unique decreasing solution (c*,v) to and
. 1 . 1 . 1
c >0 f0r0<9<§, =0 f0r9:§, <0 for §<9<1.

The sign follows from the general principle in Section

4Allen, S. M. and Cahn, J. W. A macroscopic theory for antiphase boundary motion and its application to
antiphase domain coarsening. Acta Metal. 270 (1979) 1085-1095
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Theorem is a consequence of the explicit solution that we leave as an exercise:

e—o/V2
14e—z/V2'
1. Check that it connects the state u(—o0) =1 to u(oo) = 0.

2. Check it statisfies the equation (4.21]) and write the relation between 6 and c*.
Solution: c¢* = /2(5 —0).

Exercise. Set u(x) =

However a general proof is available which does not use the specific form of the bistable

nonlinearity but only the properties that there is a unique root 6, 0 < # < 1 such that

f(0)=0, f(0) <0,  f(6)=0,  f(1)=0, f(1) <0,
(4.22)
f(u) <0 for0<u<, f(u) >0 forf <u<l.

Following again the general principle in Section the speed of the wave then depends upon
the sign of W (1) with

W (u) = /Ou f(v)dv.

Theorem 4.9 With the assumption (4.22)), there exists a unique traveling wave (c*,v) to

with v decreasing and
>0 for W(1) <0, =0 for W(1) =0, =0 for W(1)>0.

Proof. As in Section we consider (4.21)) as an O.D.E. that we solve as a system of first

order equations
v'(2) = —w(z),
w'(z) = —cw(z) + f(v(z)),
v(—o0) =1, w(—o00) =0, v(400) =0, w(+o00) = 0.

And because we look for v decreasing, we can invert v(z) as a function X (v), 0 < v < 1 and
define a function w(v) = w(X (v)). Following the derivation of (4.14)) in the case of Fisher /KPP

equation with ignition temperature, we arrive here to

diw) __ fw) )
w T aey  osvsh (4.23)
@(0) = @(1) = 0, @>0.

Then, we consider the case W (1) > 0 only (otherwise the argument is the same except we have

to argue departing from v = 1). We argue in several steps.
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(i) Firstly the singularity of the right hand side at v = 0 can be handled with L’hospital rule
and computing from (|4.23))

oy SO
vO"F0 -

and the function ¢ — S(c) = 1 (c + /% + 4|f’(0)|) is increasing.
This allows (using a version of Cauchy-Lipschitz theorem with singularities at the origin) to

define a unique solution to N
aBe(e) _ )

dv We(v)’ (4.24)
w(0) =0, w!.(0) = S(c).

Because f(v) <0 on [0, 6], we have %51’) > ¢ and thus

we(v) > cv on [0,0].

Therefore, it is either defined and positive for all 0 < v < 1, then we set v, = 1 and call it
Type L. Either it is defined on an interval [0, v.] with w.(v.) = 0 and

Ve > 0, (4.25)

when the system reaches another singularity where w.(v.) = —oo, and call it Type II.

(ii) The property holds
¢ — We(v) is C' and increasing for 0 < v < v,.

Indeed, following the Fisher /KPP case, we set z.(v) = w.(v)" and we have

dze(v) f)

dv We(v)?’

2:(0) =0, 2,(0) = S'(c) > L.

=1+ 2z.(v)

And the solution to this equation is positive close to v = 0, it remains positive for all v = 0

because if z.(v) becomes too small the equation tells us that its derivative is positive.

(iii) It is easy to conclude that for ¢ large enough w,.(v) remains increasing on [0, 1]. In other
words for ¢ large enough the solution is of type I.
We claim that the solution for ¢ =~ 0 is of type II. Indeed, we can compute another relation
because the equation reads
1dw.(v)?

N P ce — f(v) = cwe — W (v),
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with W (v) = [y f(2)dz depicted in Figure We arrive at

1. v
iwc(v)2 = C/o We(2)dz — W (v). (4.26)

For ¢ = 0 this gives
wo(v)? = —2W (v).

Because W(v) < 0 on [0, 1] only when 6 = 1/2, this shows that ¢ = 0 gives the ’standing wave’
(traveling wave with speed 0). For § < 1/2, W vanishes at a point that we denote by

W(B) =0, 1/2<p <1

In other words ¢ = 0, and by continuity ¢ = 0, give a solution of Type II.

(iv) As c increases from ¢ = 0, v, also increases by point (ii) and we can write from (4.26))
Ve
0= c/ We(z)dz — W (ve), wWe(ve) = 0.
0

Differentiating in ¢, we obtain

ve B d .
0= / Bol(2)dz + cio(ve) 20 — W (0e)
0 dC

or also, recalling (4.25]),

dv,

dv Ve
= Nc dz — W/ c
i /0 Do)z — W' (00) 2,

dve Jo We(z)dz
de fve)

So that we can define again ¢* as the maximum of the ¢ corresponding to type II. It has to

> 0.

satisfy we (vex) = 0. By strong monotonicity, or by (4.26)), it is also the minimum of the ¢ giving
solutions of type I.

4.8 The Fisher/KPP equation

We can now come to the more basic equation proposed by Fisher [19] for the propagation of a

favorable gene in a population. It is to find a solution u(t,x) to

0 0?

gu—ywu:ru(l—u), t>0, zeR, (4.27)
with v > 0, r > 0 given parameters. They describe respectively the diffusion ability (due
to active motion for instance as in zooplancton) and the growth rate of the population. The
same equation is also called the KPP [32] equation and describes a combustion wave in a chem-

ical reaction. It makes sense in any dimension but traveling waves are naturally one dimensional.
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A simple observation is as follows: the steady state u = 0 is unconditionally unstable. This
means that any homogeneous small initial perturbation du® will give an exponential growth
u ~ e"'6u’. But the steady state u = 1 is unconditionally stable; any homogeneous (at least)
small initial perturbation u’ = 1 — 6u® will relax exponentially to 1. These are the reasons why
we expect that the ’colonized’ state u = 1 invades the 'uncolonized’ sate u = 0. To describe this
invasion process, we again look for solution u(t,x) = v(x — ct). Inserting this definition in the

Fisher/KPP equation (4.27)), we obtain
' (z) + e’ (z) + ro(z) (1 — v(z)) =0, z € R, (4.28)

and because we want it to describe the progression of an invasion front corresponding to u = 1

into an uncolonized region u = 0, we complete the definition with the conditions at infinity
v(—o0) =1, v(400) =0, v(0) =1/2, (4.29)

and, again, the last condition is to fix the translational invariance.
The situation here very different from the case with ignition temperature and from the Allen-

Cahn equation. A famous resuhﬂ is the

Theorem 4.10 For any ¢ > c¢* := 2\/ur, there is a unique (traveling wave) solution v, 0 <

v(z) <1, to f. It is monotonically decreasing.

The quantity c¢* is called the minimal propagation speed. There are several ways to motivate
that this speed ¢* corresponds to the most stable traveling wave; we mention one later based on
perturbation of the nonlinear term by including an ignition temperature ¢ and letting 6 vanish.
It is also the type of wave that appears as the long time limit of the evolution equation with an
initial data with compact support. See [6, 52].

The condition ¢ > ¢* can be derived in studying the ’tail’ of v(x) for = close to +o00. Because

v = 0 is unstable, we can look for exponential decay as x ~ co, namely

v(z)~ e M x>, A>0.

Inserting this in (4.28)), we find

ct+c?—4dur

V)\2—C)\+T':0, =
2v

(4.30)

Because no oscillation can occur around v = 0 (due to the condition v > 0) we should have
2 > c*2 = 4ur. And ¢ > 0 is needed to have \ > 0, hence we should have ¢ > c*.

5Aranson D. G. and Weingerger H. F. Nonlinear diffusion in population genetics, combustion, and nerve pulse
propagation. In Lecture Notes in mathematics Vol. 446 (1975), 5-49. Springer BErlin/Heidelberg
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The Fisher/KPP equation can be extended to a more general right hand side

0,7 =f(u), t>0,z€R (4.31)
6tu Vax2“_ u), >0, x . .

with f: R — R a smooth mapping satisfying
f(0)=f(1) =0, f(u) >0for 0 <u<l.

When f is concave on [0, 1] (this is the case of the Fisher/KPP term u(1 —u)), the linearization
method explained above and Theorem [4.10] remain true with the slight modification that the
minimal propagation speed is now

=2/ f'(0)v.

We do not give a complete proof and refer the interested reader to [I8], 6, 52]. We just indicate
the difficulties and two ways to solve them.
Proof of Theorem (Phase space). If we try the phase space method as before, we set
w = —v'. Then, the system becomes

w=—-Sw+ 7ol —w), (4.32)
v(—o0) =1, w(—o00) =0, v(400) =0, w(+o00) = 0.

It still can be further simplified because by monotonicity, we can still invert v(x) as a function
X (v) and define a function w(v) = w(X (v)). In place of (4.32)), we have to find a solution to

dw d _
w(v):7w(7)1:£_ T~ OSUS].,
dv dx “dx v v w (4.33)

@0)=a(1) =0, @>0.

dv ru(l—v)

This differential equation still has singularitie at v = 0 and v = 1 but it is worse than what we

have encountered yet. If we try to guess what is the slope w’(0), we find

c r 1 —~ 1
S 0) = —[c+ /2 — 4vr].
v v w(0) @ (0) 21/[0 ¢ vr]

@'(0) =

This only confirms that we can only begin the trajectory when ¢ > ¢*, but does not tell us which

branch to use.

Instead, we can argue by perturbation and consider a family § — 0 in the model with ignition
temperature (4.11)). We denote the corresponding solution by (c*(6),w’(v)). For a well-tuned
fo in (4.11) we have

fo(u) = ru(l —u) as 6 — 0, in C(]0,1]),
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and the lower and upper bounds (¢(f), ¢(9)) in Lemma[4.7]are uniformly bounded in 6. Therefore

we can extract a sequence
0, — 0, c*(0n) — 0<c™ < o0.
On the other hand from (4.14)), we know know that w? (v) < ¢*(6) and thus

0 < a’(v) < c*(O)v.

Writing
d @ (v)?

T o ') < v 2 cH(O)@’ (v) — fO(v) < c*(0)%v,

we conclude by the Ascoli Theorem that, still after extraction, w’(v)? converges uniformly.
Therefore, still for the uniform convergence we have

' (v) — @ (v), 0 <w™(v) <™.
n—oo

It is easy to prove that @’ (v) remains uniformly positive in (0, 1) and, from lb that %@9" (v)
also converges locally uniformly to a solution to (4.33)).

It is possible to prove that this solution is the traveling wave with minimal speed but we will

not do it here.

Proof of Theorem (Physical space). We consider again the solution (c*(6),v%(z)) to
the model with ignition temperature and prove uniform estimates in # showing that we
can extract subsequences which converge. We do that in several steps and drop the dependency
upon 6 in the course of calculations.

1st step. Uniform upper bound on ¢*(f) < ¢* = 2. This also uses the additional assumption
f?(v) < f(v) =v(1 —v) on (0,1). We argue thy contradiction and assume ¢ := c*(6) > c*. We
consider

0<A =Y ¢ AX_eA+1=0.

For A large enough we have Ae™** > ¢%(x), because of the compared behavior at infinity,

v(—o0) =1 and v(z) ~ e~ at +o00. Take the largest A where the two functions touch, that is
Age 0 = ¥ (x0) Ae 2 > o9 (x), Y # x0.
Then v'(zg) = Age %0, v (z0) < A2Age~**°, and thus, from equation (4.11))

a(mo) (1 — ve(xo))
v? (o)

0 = v"(20) + ' (x0) + fO(v(w0)) < A% — e + 7 <N —eA+1=0,
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a contradiction. This proves the inequality.

2nd step. Lower bound on c¢*(f). We derive it from two equalities. The first is obtained by
integrating (4.12)) from z_ to x

c(v(zy) —v(z)) + (V(zy) =0 (z2)) + /r f(v(x))dz = 0,

T —

and thus, passing to the limits x_ — —o0, x4+ — o0, we find thanks to the conditions at infinity
c(0) = / f? (ve(ac))dx. (4.34)

We can also multiply by v equation (4.12)and integrate. We find

c xt xt

5(02(x+) — v} (z)) + (v’ (24) —vv' () — / (U/(l'))Qd.%' +/ v(z)fo (v(z))dz =0,

T—

and in the limit

c(6) = /OO v?(z) O (ve(:v))dx — /00 (vel(x))2dx. (4.35)

—00 —00

Substracting to , we obtain
c’(6) = / (1- ve(x))fe (ve(x))d:zr —i—/ (UG/(x))2daz >0 (uniformly in 0).  (4.36)

2 —o0 —00

3rd step. Uniform bound on v'. We multiply (4.12) by v" and obtain

L) + FPu@) =0,

c () + 5

with, for 0 <wv <1,
F(v) = / O (uw)du (a bounded increasing function).
0

Integrating again this equation as before and passing to the limits, we find

c*(0) / h (v ()’ de = — / T (v (x)) de = FO(1). (4.37)
And integrating between y and oo, we find
S (0 w)” = (6) / T (@) e~ F(y) < F1) — FO(y). (4.38)
Y

4th step. Limit as § — 0. These bounds combined to the equation (4.12) prove that v” is
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uniformly bounde. Then we can pass to the uniform limits in (4.12]) and find a solution to the
Fisher/KPP traveling wave problem.

Exercise. Compute the linearized equation of (4.28)) around u = 1 and its exponential solutions.
Show that the relations for exponential decay does not bring new conditions on ¢ compared to

(.30).

Exercise. In , choose fp increasing in 6. Set ((v) = d%@e(v)
1. Write a differential equation on (.
2. Since ((v) = 0 on [0, 0], show that ((v) is negative.
Therefore solutions of type II will never converge to solutions of Fisher/KPP equations. In
practice solutions of type I do not either.

; _ dfg(v folv
Correction. {45C(v) = —%5™ iy + <) 55

4.9 The Diffusive Fisher /KPP system

0.0

T T
1.0 1.5 2.0 25

Figure 4.5: The traveling wave profile for the Diffusive Fisher equation with d, = 1, d, = 10

and g(u) = u. The first unknown u has a decreasing sharp front and v a wide increasing shape.

Another system related to the Fisher /KPP equation arises in modeling both combustiorﬁ and

bacterial coloniesﬂ (models for bacterial colonies growth are treated in details in [26]).

57J. Billingham and N. L. Needham. The development of travelling waves in quadratic and cubic autocatalysis
with unequal diffusion rates. I. Permanent form travelling waves. Phil. Trans. R. Soc. Lond. A (1991) 334, 1-24
"D. A. Kessler and H. Levine. Fluctuation induced diffusive instabilities, Nature, 394 (1998), 556-558.
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The so-called Diffusive Fisher system is

%u — dyAu = g(u)v,
(4.39)
%v — dyAv = —g(u)v,

here we have considered again a truncation function g(-) € C?([0,00)), and because there is a

priori no maximum principle for this system, we have to define it on the positive half-line
g(0) =0, g (0)=0, g (u) >0 for u>0, (4.40)

and typically one takes g(u) = u™ for some n > 1. See also Section for related systems.

For combustion v represents the concentration of one reactant and u the temperature. The
ratio Le := d,/d, is called the Lewis number.
For bacterial colonies, u reprents the density of cells (and the colony is growing) and v the

nutrient consummed by the cells. See [26].

When d, = d,, a particular solution of system consists in choosing v =a —u (a > 0 a
given positive number). Then it reduces to the Fisher /KPP equation (with temperature ignition
in the case at hand) and thus it admits traveling waves. To avoid the parameter a, one can fix
it equal to 1 and the traveling problem now reads

—cu' — dyu” = g(u)v, u(—o0) =1, wu(+o0) =0,
(4.41)
—cv — dyv" = —g(u)v, v(—00) =0, wu(+o0)=1.

Translational invariance can be normalized by, say u(0) = 1/2.

The general study of the solutions, for Lewis numbers Le # 1, is much harder than for the
Fisher /KPP equation.
e Existence of a traveling wave (¢, u,v) with v/ < 0, v' > 0, can be found in [§] in the case of
ignition temperature,
e Existence with ¢ large enough, and uniqueness, can be found in [36] in the case without
ingnition temperature and Le < 1. A counterexample to uniquenes for Le > 1 is given in [I1].
e The case Le = 0 is also useful for many applications and is treated in [35] and more recent

analysis can be found in [2].

4.10 Two competing species

An example arising in ecology comes from two species in competition for the resources. The

model considers two population densities u; and ug and reads (after normalization)
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%ul —d1Auy = riug (1 — up — agug),
(4.42)
%ug — daAug = roug(l — ajuy — ug).
Notice that, according to Lemma [1.1] we have u; (¢, z) > 0 and ua(t,z) > 0 when the initial data
satisfy u? > 0 and ug > 0. Also the maximum principle holds: if u(l) < 1 then wu;(¢t,z) < 1, and
if u <1 then ua(t,x) < 1.

We may assume for instance that the species 1 is more motile than the species 2 that is
di > ds. Depending on the predation coefficients a1, ao, and the specific growth rates ri, rs, is
this an advantage? Does species 1 invade species 2 or the other way?

It can be noticed that there are several steady states
e the unpopulated steady state (0,0) is always unstable,

e the one-species (monoculture) steady states are (0,1) (esp. (1,0)). They are stable if ag > 1
(resp. a1 > 1) or unstable (in fact a saddle point) if @y < 1 (resp. a1 < 1).

e there is another homogeneous steady state defined by

1 o) Uy 1

o1 1 Us 1

We assume that either ap < 1 and a3 < 1 or g > 1 and a3 > 1, so that there is a unique

positive solution, the coexistence state,

(U1’U2)2< l—a; 1-a >

1— 0120517 1-— a0

The above question is now to know which states can be connected by a traveling wave, what
is the sign of the speed ¢ of the traveling waves for v;(x — ct) = u;(t, x). This question is relevant

for instance, when a; > 0 and ap > 0 and one wants to connect the two stable states (1,0) and

(0,1)
—cv] — divf = v (1 — vy — agua),

—cvlh — davl = v9(1 — vy — v9).
vi(—o0) =1, wy(—00) =0, vi(400) =0, wva(+00) = 1.
See [34], [4]. See also Section for Turing instability.

Exercise. Consider the associated O.D.E system. Prove that
1. when a7 < 1 and as < 1, the coexistence steady states U; and Us are less than 1 and are
stable,
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2. when a1 > 1 and ag > 1, the steady states U; and Us are less than 1 and are unstable.
3. Find a, b, ¢ such that the quantity £ = auj + bua — c¢ln(uy) — In(usg) satisfies, for some real

numbers A, u, v

CB(t) =~ (\+ pn(t) + )

4. Derive from this equality the long time behaviour of the system.
Solution. We only solve the stability questions. The linearized matrix around (Uy, Us) is given
by

—rU; —agriUy

—aqr2Us —roUs

and tr(L) = —(r1Uy 4+ roUs) < 0, det(L) = riroU1U2(1 — ajag). Therefore

1. For ayag < 1, det(L) > 0 and the two eigenvalues have negative real part. The system is
stable

2. For aqag > 1, det(L) < 0 and one of the two eigenvalues are real and one is positive (thus

unstable) and the other is negative.

Exercise. (Potential case) Consider the system of two competing species (all the coefficients
are positive)

%u—duAu = riu(l — 2av? — u), t>0, zeR,

%v —dyAv = rou(1 — 2bu? — ).
This system admits (among others) two steady states (1,0) and (0, 1).

1. Write the equation for a traveling wave with velocity ¢ that connects these two states.

2. Compute the value of 7 > 0 such that there is a function P(u,v) such that

ydv _ d
de de(u,v)

d
ru(l — 2av? — u)d—u + rou(1 — 2bu? — v)
x

for all regular functions u(x) et v(x), z € R.

3. Compute the sign of the speed ¢ as a function of a and b.
4. What is the ecological interpretation.

Solution 1. For z € R,

—cu/ — dyu” = riu(l — 2av? — u), u(—o0) =1, wv(—o00) =0,
—cv' — dyv" = rov(l — 2bu? — v), u(o00) =0, v(—o0)=1.

2 T2, 2

_ _ 2 2
2. y=1%. P(u,v) = riu — riau“v® — ri's + yrav — ygv°,
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3. We compute following section
—c [[(W)*+ ()] +0 = [u[riu(l —2av? — u)] + V'[rav(1 — 2bu® —v)] =
= [4C 4+ P(0,1) — P(1,0) = (% — 1).

So that ¢ has the sign of b — a.
4. This systems represents two species competing for space with carrying capacity normalized
to 1. Independently of the reproduction rate, the species that uses more the other niche will

invade space.

4.11 Reid’s paradox

It is not always easy to apply the theory of traveling waves to real problems arising in ecology.

A famous example is Reid’s paradox (1899).

At the end of the last glacial age, 10 to 15.000 years ago, recolonization of continents by trees
and plants occured. Record show that the front followed closely the withdrawal of glaciers.
This corresponds to a migration speed far too high for the dispersal capabilities of seeds. The

explanation of this observation is still an open problem in ecology.

A possible explanation (Skellam, 1951) is the long distance dispersal effect by other species
(birds, humans could bring seeds far away from the trees). A mathematical framework to quan-
tify these effects can be found in Kot et aﬁ and uses the formalism of section

Another explanation are diffusion and growth from cryptic populations. Fossils records indeed

indicate that small refugia existed’] Mathematical analysis can be found in Roqued™|

8Kot, M., Lewis, M. A. and Van der Driessche, Dispersal data and the spread of invading organisms. Ecology

77(7), 20272041 (1996).
9Benett K. D. and Provan J. What do we mean by refugia? Quaternary Science Reviews 27 (2008) 2449-2455.
Roques L., Hamel F., Fayard J., Fady B. and Klein E. K. Recolonisation by diffusion can generate increasing

rates of spread. Theoretical Population Biology, Vol 77 (2010) 205-212.
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Chapter 5

Spikes and Pulses

5.1 Spike solutions

One of the typical behaviour of solutions to elliptic equations or systems are spikes. These are
solutions that vanish at plus and minus infinity while traveling waves take different values at

each end. We give several examples from different areas of biology.

5.1.1 A model for chemotaxis

We refer to [44] for more explanations on the subject of chemotaxis. Here we consider a density
u(x) of bacteria attracted by a chemoattractant which concentration is denoted by v(z). The
variant of the Keller-Segel model we use here takes into account the nonlinear diffusion of cells
introducing an exponent p. In the modeling literature it is aimed at representing saturation
effects in high density regions (volume filling, quorum sensing, signal limiting). It can also be
derived from refined models at the mesoscopic (kinetic) or even microscopic (individual centered)

scales. And we also consider one dimension in order to carry out explicit calculations,
—(uP)py + (xuvz)e =0, T ER,
—Vzz + OV = 1, (5.1)
u(—00) = v(—00) = u(o0) = v(o0) = 0.
We are going to prove the following result

Proposition 5.1 Assume that 0 < p < 1, then the system has a unique spike solution

which attains its mazimum at x = 0 and satisfies u > 0, v > 0.

Proof. 1st step (Reduction to a single equation) Solution u can be obtained explicitely interms

of v, writing (u!'*P), = xuv, (the constant vanishes because we expect that u, v and their
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derivatives vanish at +o00). This is also, and for the same reason

PX px \'*
p —_— — p— — .
(@)a 1+p o (1+pv>

We may insert this expression in the equation on v which gives

1/p
_Um+ow:<px v) . (5.2)

1+p

One can solve explicitly this type of equation. We multiply by v, and find

(), (™), = o), w0 =v(e) =0,

2 2 2
1/
with g(v) = ffp <1 +p) " v1+1/p Therefore we have (the integration constant still vanishes
because of the behaviour at infinity)
(v:)? = av? — g(v). (5.3)

2nd step (Resolution of the reduced equation) We now choose to normalize the translation in-
variance so that v attains its maximum at x = 0 and define v(0) = v9 > 0. Then we should
have g(vp) = av? because at a maximum point v,(0) = 0, and this defines the unique value vg
because of the assumption on p. For v < vg, we have av? — g(v) > 0 and for v > vy, we have
av? — g(v) < 0. Thus we can decide of the square root in equation and we find

—\/ow(x)Q —g(v(z)), v(0) =vp, x>0,
vep(z) = \/ow(x)2 —g(v(z)), v(0) =wvg, z<O.

This defines a unique function v(x) which decreases to 0 as |z| — co. O

One can prove that the evolution equation asociated with (| has the following behaviour.
If its initial data satisfies [p u’(z)dz < [ u(z)dz then uf(t, :c) — 0 as t — oo. If its initial
data satisfies [ u’(z)dz > fR x)dx then u(t,z) blows up (see Chapter @ in finite time and

concentrates as a Dlrac mass. See [13].

Exercise. What does it happen for p = 1 in the above calculation? Are there still spike

solutions?

Exercise. Compute how the solution v to (5.1) decays to 0 at infinity. Prove that w satis-
fies [ u(z)dr < oo,
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Exercise. Consider the general chemotaxis model

—(uP) e + (uqvx)x =0, r € R,

—Uge + U =u".

For which range of positive parameters p, ¢, r are there spike solutions.

5.1.2 A non-local model from adaptive evolution

In order to motivate spikes, we may also take an example from the theory of adaptive evolution.
A population is structured by a physiological parameter: it could be the size of an organ of
the individuals, proportion of resource used for division, or any relevant parameter useful to
describe the adaptation of the individuals i.e. their ability to use the nutrient for reproduction.
We denote by u(t, z) the density of individuals with trait € R (to make it as simple as possible),

and we write the dynamics of the population density as, for instance to take the easiest model,

ot ) — Av=v(b(x) — o(t)), t>0, z€R,

o(t) = [pu(t, x)dz, (5.4)

The term Aw takes into account mutations (it should be included in the birth term, but we
choose here to simplify the equation as much as possible), b(x) is the birth rate depending of
the trait z. Finally, —p models the death term, as in the Fisher/KPP equation, with the main
difference that he total population is used for this quadratic death term.

We now look for a steady state solution of this model that vanishes at oo so as to find a
spike solution

—u"(z) = u(z) (b(z) —2), z €R,
0= Jpu(z)de, u(z) >0, (5.5)
u(£o0) = 0.

Notice that the problem is simply an eigenvalue problem and is relevant from the Krein-
Rutman theory (Perron-Froebenius theory in infinite dimension). The solution exists under
quite general assumptions on b. We give in Figure two examples of solutions for b(z) =
20. x e~ (@=29)/01 and b(x) = 24 % e~ (@=25)/0L 90 5 = (z=7)/.03,

We give a simple example with an explicit solution that explains the existence of a pulse

solution
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Figure 5.1: ONE AND TWO SPIKES SOLUTIONS OF EQUATION (5.5) FOR TWO DIFFERENT DATA b(x).

Theorem 5.2 Assume b(x) has the form
b_ >0 for |z| > a,
b(x) =
by > b_ for |z| < a,

then there is a unique spike solution to , and it is single spiked.

Theorem 5.3 Assume that there is a constant Cy such that 0 < v° < Cou, then the solution to
converges as t — oo to the steady state solution to .

Proof of Theorem We first consider a solution, forgetting the condition g = f u and
find an intrinsic condition on g. For x < —a the equation is —u"(z) = u(z)(b— — 9) and the

conditions u > 0 and u(—o0) = 0 impose ¢ > b_ and gives the explicit solution

Similarly, we have

u(z) = ppe 7, x> a.

In order to connect these two branches, we need that o < by and

u(x) = prcos(Aox) + posin(Aox), —a<z<a, Xo = Vbt — 0.
Also the sign condition u(xz) > 0 imposes 1 > 0 (at « = 0) and \,a < 7/2 (otherwise take
AoTo = £1/2).

Now, we have to check the continuity of v and v’ at the points da. This gives the conditions

Iu_ef)‘—a = U1 COS()\OG) — K2 Sin()\oa‘)’

pre” =% = p1 cos(Noa) + pa sin(Aoa),
poA_e =% = py Ay sin(Aoa) + pad, cos(Aoa),
pad_e =% = pydgsin(Aoa) — pad, cos(Aoa).
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From these equalities we deduce first that the quantity pu = %(u, + p4) satisfies
pe =% = py cos(Aoa),

-

pA_e™ =% = g Apsin(Na),

therefore A\_ = )\, tan(A\,a), in other words the parameter g should satisfy

bo<o<by, ayby—o<7w/2, o—-b_=/by—0 tan(ay/by — D).

By monotonicity we obtain that there is a unique g satisfying these conditions, and that being

given u, py is proportional to pu.

Next, we go back to the four conditions and now find

BEgH=e™ % = g sin(Ma),

u-‘-;u_ )\_e_A*a“ = _MQ)\O COS()\Oa)J

and straightforward sign considerations show that pus =0 and p_ = p.
Therefore we have the only free parameter u left. It is needed to realize the mass condition

0= g u(x)dz and thus we have indeed a unique solution.

Proof of Theorem Consider the solution v(t,z) > 0 to the heat equation

95(t,x) — AT =70 (b(z) — D), t>0, z€R,
4 () ) 5

This is a heat equation with 0 the first eigenvalue of the steady equation. We know from the
maximum principle that 0 < (¢, x) < Cyu(z) (see the proof of Lemma). And from the general

theory of dominant eigenvectors of positive operators (Perron-Froebenius),

v(t, ) Au(x),

—_
t—o0

for some X\ € R.
On the other hand we can look for the solution to (5.4) under the form v(¢,x) = u(t)v(t, x)
with p(t) > 0. We have

gtv(t, ) — Av —v(b(z) — o(t)) = (t)o(t, z) + p(t)V(t, ) (e(t) — 2),
which allows us to find p(t) by the equation
fu(t) + u(t)(olt) —2) =0.
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But we have o(t) = [ v(t,x)dx = pu(t) [ 0(t, z)dx = p(t)A(t), with

Finally, we obtain

The solution satisfies
This is exactly the announced result.

Exercise. Consider the model

Du(t,x) — Au = u(lf;(ggt) —d(z)o(t)), >0, xR,
o(t) = [pu(t,z)dx.

Assume that b, d still take two different values (with same discontinuity points) and give a

(5.7)

condition for existence of a spike solution.

5.2 Traveling pulses

We describe the mathematical mechanism for creating pulses which means spikes that are moving
as a traveling wave. The upmost famous example, namely Hodgkin-Huxley system, describes
acurately propagation of ionic signal along nerves. It is rather complex and we prefere here to

retain only simplified models, which we hope, explains better the mechanism.

5.2.1 Fisher/KPP pulses

A method to create a pulse from the Fisher/KPP equation is to include a component v(¢,x)

which allows to drive back the state u = 1 to zero. This arises with a certain delay because this

component v has to increase from zero (a state we impose initially) to a quantity larger than

1 so as to impose that u itself decreases to zero. With these considerations, we arrive to the
system

%u(t,m) —Au =ul[l —u—1]
(5.8)
%v(t, x) =u,
The solutions at a given time are depicted in Figure One can observe that u is indeed a

pulse but v does not vanish at x = —oo by opposition with FitzHugh-Nagumo system.
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Figure 5.2:  FisHer/KPP PULSES, THESE ARE TRAVELING WAVE SOLUTIONS TO THE SYSTEM (5.8). THE
SOLUTION IS PRESENTED AS A FUNCTION OF &, AT A GIVEN TIME. THE PULSE PROPAGATES FROM LEFT TO
RIGHT. LEFT: u(t,x) EXHIBITS A PULSE SHAPE, LE., IT VANISHES AT BOTH ENDPOINTS. RIGHT: v(¢, x) EXHIBITS
A TRAVELING WAVE AS IN FISHER/KPP EQUATION BUT NOT A PULSE SHAPE (BY OPPOSITION WITH FITZHUGH-

NAGUMO SYSTEM).

5.2.2 FitzHugh-Nagumo system

Several parabolic models have been used in neurosciences with a huge impact for the propagation
of nerve impulses. Hodgkin-Huxley system, the first model, gave amazing results with compar-
isons to experiments along the giant squid axon during the 1950’s (see [41]). This model has
initiated the theories of electrophysiology, cardiac, neural communication by electrical signaling
or neural rhythms.

The FitzHugh-Nagumo system is nowadays the simpler model used to describe pulses propa-

gations in a spatial region. We give two versions, one for electric potential, one for calcium waves.

The simpler and original system is
%u(t, z) —eAu = Lu(l —u)(u—a)—1]
(5.9)
%U(t,(ﬂ) :’Yu—ﬂ”l),
In Figure (Left) we depict a pulse traveling with parameters indicated in the figure caption.
We choose here oo < .5 in order to propagate a traveling wave in the Allen-Cahn equation on u

(initially v = 0). This switches on the equation on v, and with a certain delay it inhibits the

pulse and u goes back to the other stable value v = 0. For that we need the condition

u(l—u)(u—a)<%u for 0 <u<1
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Figure 5.3: SoruTtions or THE FITzZHUGH-NAGUMO EQUATION ((5.9) WiTH WITH € = 0.02, @ = 0.1 AND 3 = .2

AND (LEFT) v = .25 % 8, (RIGHT) v = .15 % 3. ACCORDING TO THE EXPLANATION IN THE TEXT, FOR Y LARGE
WE OBTAIN A TRAVELING PULSE, FOR 7 SMALL WE OBTAIN A TRAVELING WAVE. DASHED LINE IS 4, CONTINUOUS
LINE IS v (AMPLIFIED BY A FACTOR 4). SEE ALSO FIGURE THE ORIGINAL F1TZ-HUGH NAGUMO SYSTEM

EXHIBITS AN UNDERSHOOT OF uw WHICH IS OBSERVED IN NEURONS AND IS CALLED HYPERPOLARIZATION.

In the other case we can reach and equibrium Sv = yu which transforms the bistable nonlinearity
in a monostable.

The parameter ¢ controls the stifness of the fronts, 8 the width of the pulse and % the type
of wave.

As one can see on Figure the solution w is negative. this is in accordance with electric
potential waves. This can be seen as a modeling error for concentration waves. Also the shape
of the ’'polarization wave’ does not always fit with experimental observations (for instance for

cardiac electric waves) This is the reason why several variants exist.

L \~ L
0 0.1 0.2 0.3 04 05 0.6 0.7 08 0.9 1 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Figure 5.4: SoLUTIONS OF THE SPACE STRUCTURED FITZHUGH-NAGUMO sysTEM ([5.10)) WITH a = .2 AND
€ =0.01 (LEFT), € = 0.001 (RIGHT); WE REPRESENT BOTH u(t,2) (DASHED LINE) AND v(¢,2) (CONTINUOUS LINE)

AS A FUNCTION OF x, AT A GIVEN TIME. THE PULSE PROPAGATES FROM LEFT TO RIGHT.

A possible way to garantee that u remains nonnegative is to modify the FitzHugh-Nagumo
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system into
%u(t, z) —eAu = u[(1 —u)(u—a) -]
(5.10)
%v(t,x) = Voo (u) — v,

where v (+) represents the equilibrium on v in the potential (concentration) u. The choice of
this nonlinear function allows for more generality.
o For voo(u) = ku, the system is due to McCulloch[T}
e For voo(u) = ku(u — 1 — a), the system is called Aliev—Panﬁlovﬂ

Figure shows a pulse for equation with a = .2, voo(u) = 3. % (u — .4)4 (here the
numbers are adapted to o = .2) which propagates from left to right. Two values of ¢ are

represented.

1J. M. Roger and A. D. McCulloch. A collocation-Galerkin finite element model of cardiac action potential
propagation. IEEE Trans. biomed. Engr 41 (19914) 743-757.
2R. Aliev and A. Panfilov. A simple two-variable model of cardiac excitation. Chaos, solitons and fractals,

3(7) (1996) 293-301.

81



82



Chapter 6

Blow-up and extinction of solutions

We know from Chapter [2| that for ’small’ nonlinearities, the solutions to parabolic systems relax
to an elementary state. When the nonlinearity is too large, it is possible that solutions to
nonlinear parabolic equations do not exist for all times or simply vanish, two scenarios that are
the first signs of visible nonlinear effects.

The mechanisms can be seen on simple ordinary differential equations. Blow-up means that
the solution becomes larger and larger pointwise and eventually becomes infinite in finite time.

To see this, consider the equation

Its solution z(t) > 0) is given by
277 =200/ (1~ (g - 1)t2(0)"7)

and thus it blows-up in finite time, i.e., solutions tend to infinity at t = 7™ := W. For
q = 2, it is a typical illustration of the alternative arising in the Cauchy-Lipschitz Theorem,
solutions can only tend to infinity in finite time (case z(0) > 0), or they are globally defined
(case z(0) < 0).

The mechanism of extinction is illustrated by the equation with opposite sign
2(t) = —=2(t)9, z(0) > 0, qg>1

Its solution
2077 = 200/ (1 + (g - Diz(0)7) (6.1)

vanishes as t — 0.
The purpose of this Chapter is to study in which respect these phenomena can occur for not

or parabolic equations.
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We begin with the semilinear parabolic equation with Dirichlet boundary condition

—u— Au = u?.

ot
We present several methods for proving blow-up in finite time. The first two methods are on
semi-linear parabolic equations, the third method is illustrated on the Keller-Segel system for
chemotaxis; this is more interesting because it blows-up in all LP norms, for all p > 1, but the L'
norm is conserved (it represents the total number of cells in a system where division is ignored).

The last section is devoted to a counter-intuitive result with respect to extinction.

6.1 Semilinear equations; the method of the eigenfunction

To study the case of nonlinear parabolic equations, we consider the model
%U*AUZUQ, t>0, ze€Q,
u(z) =0, x € 09, (6.2)
u(t =0,2) = u’(x) > 0.

Here we treat the case when ) is a bounded domain. To define a distributional solution is not
completely obvious because the right hand side u? should be well defined, that is why we need
that u belongs to L?; then it remains to solve the heat equation with a right hand side in L'.
That is why we call solution to , a function satisfying for some T > 0,

u e L*([0,T) x Q), ue C([0,T]; L'()). (6.3)

The question is then to know if diffusion is able to win against the quadratic nonlinearity and
(6.2) could have global solutions. The answer is given by the next theorems

Theorem 6.1 Assume that §) is a bounded domain, u® > 0, u° is large enough (in a weighted
L' space introduced below), then there is a time T* for which the solution to satisfies

lull 22 0,7y xra) 7. ©0-

Of course, this result means that u(t) also blows up in all LP noms, 2 < p < oo because we are
in a bounded domain. It is also possible to prove that the blow-up time is the same for all these

norms [47].

Proof of Theorem We are going to obtain a contradiction on the hypothesis that a

function u € L2([0,T) x Q) can be a solution to (6.2) when T overpasses an explicit value we
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compute below.

Because we are working in a bounded domain, the operator —A has a smallest eigenvalue

associated with a positive eigenfunction (see Section
—Awi = \jwi, wyp >0 in €9
(6.4)
wi(z) =0, z € 09, Jo(w1)? = 1.

For a solution, we can multiply equation by w; and integrate by parts. We arrive at
4 u( (x) dov = [ Au(t,z) wi(z) do + [qu(t,z)? wi(z) do

= Jqu(t,z) Aw;(z) dz + [u(t,z)? wi(z) do

= -\ Jqu(t,z) wi(z) do + [, u(t,z)? wi(z) do

> A fyult,z) wi(z) do + ([ u(t,2) wi(z) dz)? (frywi(z) do) "

(after using the Cauchy-Schwarz inequality). We set z(t) = e/\lth u(t,x) wi(x) and, with
a=([ouwi(z) dx)_l, the above inequality reads

%z(t) > ae Mt 2(t)?,
and we obtain:
ii —A1t
dt z(t) — ’
1 e
2(t) = 2 A
Assume now the size condition \
0 1
> (6.5)
The above inequality contradicts that z() > 0 for e ** < 1 — 24 Therefore the computation,

and thus the assumption that v € L%([0,7) x R?), fails before that finite time.

The size condition is necessary. There are various ways to see it. For d < 5 it follows from a

general elliptic equation

Theorem 6.2 There is a steady state solution @ > 0 in 2 to

—Au =P, x €9,
u(z) =0, x € 09,
when p satisfies
1< < w
P=a—y
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We refer to [17] for a proof of this theorem and related results (as non-existence for p > %).

One can see more directly that the size condition is needed. We choose 1 = ming wi\(lx) and

set w = pawi.This is a supersolution to (6.2) because
0

—W — AT =\ > 0.

ot
One concludes that any solution to (6.2)) with u® < w satisfies u(t) < @ for all times ¢ where the

solution exists (and this is enough to prove that the solution is global). Therefore we have the

Lemma 6.3 Under the smallness condition u° < ming ﬁ(lx)wl, there is a global solution to
and u(t) < w, Vt > 0.

Proof. We substract a solution u to w and find

g[u—zﬂ]—A[u—z’D}qu—{E

ot

with u — w(t = 0) < 0. From the comparison principle, we conclude that v — w(¢) < 0 for all

2 = [u— @][u+ ),

times where the solution exists. Therefore, by continuation methods, there is a global solution.

O

Exercise. Prove blow-up in finite time for the case of a general nonlinearity
%U—Au:f(u), t>0, e,

u(z) =0, x € 09, (6.6)

u(t =0,2) = u’(x) >0 large enough,

and f(u) > cu® with a > 1.

Exercise. (Neumann boundary condition) A solution on [0,7") to the equation
%u—Auqu, t>0, ze€Q,
a%u(ac) =0, z €09, (6.7)
u(t =0,2) = u’(x) > 0.

is a distributional solution such that u € L2([0,T) x ).
1. Prove that there is no such solution after some time 7™ and no size condition is needed here.

2. Prove also that |[u(T)|| 11 (rey 77+ o0

Exercise. For d =1 and Q =| — 1, 1], construct a unique even non-zero solution to
—Av =2, v(£1) = 0.
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Hint. Reduce it to —%(v’)2 = %v?’ + ¢o and find a positive real number ¢; such that

2
"~ e — 2B,
v C1 3U

6.2 Semilinear equations; the energy method

Still for semilinear parabolic equations, we consider another method leading to a different size
condition. It uses better the intrinsic properties of the equation and does not use the sign
condition.

We consider a more general case with p > 1

%u — Au = |uP~lu, t>0, x €,
u(z) =0, x € 09, (6.8)

u(t =0,2) = u’(z) #0.

Before we state our result, it is useful to recall the energy principle underlying this equation.

1 1
E(u) = 2/Q\VU|2 - W/Q’U’pﬂ-

Notice that it has a mecanical interpretation: the term % fQ |Vu|? is the kinetic energy and the

We define the energy

term —ﬁ Jo lu[Pt is the potential energy.

One can easily see that this energy decreases with time (in fact this comes from the structure

of a gradient flow for ) Indeed, using the chain rule and integration by parts, we have

GEw®) = Jo [Vu.VG = lulug]
=— o % [Au+ [uP~tu]

=—Jo [Au+ |u|1”_1u]2 <0.

Consequently, we have
E(t) < EY:= BE(uY). (6.9)

This explains the central role of the energy in the

Theorem 6.4 For v’ € H}(Q) satisfying E(u®) < 0, there are no global solution to with,

bounded energy.
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Proof. We define a = % — ﬁ > 0. The energy decay shows that
i% Jou? == Jo|Vul? = [uPt!
=—FE(u)+a [, [P+
_ +1)/2
> —E(u) + a‘Q’(l p)/2 (fQ u2)(p )2

The last inequality uses Jensen’s inequality for the probability measure dz /||

</ u2dlﬂ>(p+1)/2</up+ldx.
LY ~Ja 12|

This proves blow-up for E(u’) < 0 because the positive function z(t) := [, u? satisfies

dz(t _
d(t L2 B()"?, fi= 0072 >0

and thus it blows-up in finite time, as shown in the introduction. 5

Exercise. Find functions u® € H}(2) that satisfy the condition E(u°) < 0.

Hint. Use that the two terms in the energy have different scales in w.
Exercise. Prove blow-up for (fQ(uo)z)(p+1)/2 > %E(uo).

The topic of blow-up is very rich and many modalities of blow-up, different blow-up rates,
blow-up for different norms and regularizing effects that prevent blow-up are also possible. See
[47].

6.3 Keller-Segel system; the moment method

We come back to the Keller-Segel model used to describe chemotaxis as mentioned in Section
We recall that it consists in a system which describes the evolution of the density of cells
(bacteria, amoebia,...) n(t,x), t > 0, z € R% and the concentration c(t,z) of the chemical

attracting substance emited by the cells themselves,
%n — An + div(nxVe) =0, t>0, z € RY,
—Ac+T1c=n, (6.10)
n(t =0)=n" € LN LL(RY).

The first equation just expresses the random (brownian) diffusion of the cells with a bias directed

by the chemoattractant concentration with a sensitivity X (the case x = 0 means the cells do
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not react). The chemoattractant ¢ is directly emitted by the cell, diffused on the substrat and

—1/2

degraded with a corefficient 7 scales in a such a way that 7 represents its activation length.

The notation L}r means nonnegative integrable functions, and the parabolic equation on n

gives nonnegative solutions (as expected for the cell density, see Chapter
n(t,x) > 0, c(t,z) > 0. (6.11)
Another property we will use is the conservation of the total number of cells
m° ::/ n%(z) dz :/ n(t,x) dz. (6.12)
Rd Rd
In particular solutions cannot blow-up in L'. But we have the

Theorem 6.5 In R?, take 7 =0 and assume [, |z|*n°(z)dz < co.
(i) (Blow-up) When the initial mass satisfies

m = / n®(x)dz > mei = 87/X, (6.13)
R2

then any solution to becomes a singular measure in finite time.
(ii) When the initial data satisfies [po n°(z)|log(n®(z))|dz < oo and

m0 = / no(:u)da: < Meyit 1= 87/ X, (6.14)
R2
there are weak solutions to satisfying the a priori estimates
[l + jaP) dz < C@),
R2

()l emey < Cp,t,n°)  for ||| rsame) < oo, 1<p< oo

Here we only explain the argument for blow-up and refer to [45] 10] for the other results. In fact

the subject is very rich and many other mathematical questions have been treated.

Proof. Formally the blow-up proof is very simple, and the difficulty here is to prove that the
solution becomes a singular measure. We follow Nagai’s argument, first assuming enough decay

in x at infinity, afterward we state a more precise result. It is based on the formula

_ Ty _ L
Velt.o) == [ lanttdy, d =5
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Then, we consider the second x moment

We have, from (6.10)),

%mz(t) = Jpe @[An — div(nXVe)|dz
= [g2[2n + Xnx - Vdz

= 2m° = XA [z e nlt, 2)n(t,y)

X
lz—y

=2m" — % fR2 xR? n(ta x)n(t, y) iyl

|z —y|?

(this last equality just follows by a symmetry argument, interchanging x and y in the integral).
This yields finally,

d X

—ma(t) = 2m° (1 — ——m").
dtm2( ) =2m( st )
Therefore if we have m® > 87 /X, we arrive at the conclusion that mso(t) should become negative
in finite time which is impossible since n is nonnegative. Therefore the solution cannot be

smooth until that time.

6.4 Non-extinction

We consider now a nonlinearity with the other sign, still with p > 1,
(6.15)

We recall that the solution remains positive u(t,z) > 0.
As pointed out in the introduction, in the absence of diffusion, the solution (6.1]) vanishes in
infinite time. Does diffusion change this effect?

To analyze this issue, we define the total mass

M(t) = /]Rd u(t, x)dz

which clearly decreases
d

%M(t) =— /Rd uP(t,z)dr <0 (6.16)

Following [31], we are going to prove non-extinction when diffusion is present
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Theorem 6.6 Assume p > 1+ 2 and u® € L' N L>®(RY), then the solution to (6.15)) satisfies

lim M(t) > 0.

t—o0

There is a nice biological interpretation in [31] related to so-called broadcast-spawning. This is
an external fertilization strategy used by various benthic invertebrates (sea urchins, anemones,
corals, jellyfish) whereby males and females release at the same time short lifespan sperm and
egg gametes into the surrounding flow. The gametes are positively buoyant, and rise to the
surface of the ocean. The fertilized gametes form larva are negatively buoyant and fall to the
bottom of the ocean floor to start a new colony. For the coral spawning problem, field mea-
surements of the fertilization rates are often as high as 90%. To arrive such high rates, rapid
dispersion at the ocean surface is needed for encounter and certainly chemotactic attraction too.
The model supposes that sperm and eggs have the same density (but this assumption can be
release in a system of two parabolic equations, arriving at the same conclusion). The parame-
ter p = 2 represents binary interactions leading to fertilized eggs that are withdrawn from the
balance equation. The theorem shows that, in the absence of chemotactism, not all the eggs
are fertilized. In [31] it is proved that chemoattraction increases this rate but additional flow

mixing does not.

Proof. First of all, we can estimate for all £ > 7 > 0 thanks to (3.21f with initial time 7,
/ uP(t, x)dx < C(d,p) M ()P t~P=Dd/2,
Rd
Therefore
T T
M(T) = M(r) — / / uP(t, z)dzdt > M(T) — C(d,p)M(T)p/ o~ (-1)d/2 3
T R4

T

Because our assumption on p is equivalent to 6 = (p — 1)d/2 — 1 > 0, we can also write this
inequality as
1
M(T) > M(r) - Cr(d, )M (T ;.

Next, notice that the system cannot get extinct in finite time because 0 < u(t,z) < [|u°||c0

and thus
d

L ariey = - / WPt x)dz > |2 M (1),
dt Rd

which implies that M (t) > M(O)e_t”“OHZO)O_I,
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Hence, we can consider the first time 7 > 2 such that M (7)P~! < 1/Cy(d,p) (if such a time

does not exist, the result is proved). We have for all T' > 7

M(T) > M(r)(1 - %) > M(r)(1 - %).

This proves the result.

Exercise. From the above argument derive an explicit bound on the minimum mass (depending
on M(0), p, d.

Exercise. Assume v’ € L' N L>®°(RY) and consider the equation without diffusion

0
—u = —uP, t>0, zeR%
ot

Show that [pq u(t,z)dx — 0 as t — oo.

Exercise. Consider the system for eggs and gametes
%e —d.Ae = —(eg)P/?, t>0, r € RY
519 — dgAg = —(eg)?’?,
e(t=0,2) =e’(x) > 0. gt =0,z) = ¢°=x) >0

Show that both limy_.o [pa e(t, z)dz and limy_—o [pa g(t, x)dx are positive.
See [31] again.

92



Chapter 7

Linear instability, Turing instability

and pattern formation

In his seminal papeIE] A. Turing ‘suggests that a system of chemical substances reacting together
and diffusing through a tissue, is adequate to account for the main phenomena of morphegne-
sis’.  He introduces several concepts as the chemical basis of morphogenesis (and the name
'morphogen’ itself), spatial chemical patterns and what is now called 'Diffusion Driven Instabil-
ity’. The concept of Turing instability has become standard and the aim of this Chapter is to
describe what it is (and what it is not!).

The first numerical simulations of a system exhibiting Turing patterns is published in 1972
with the celebrated system of Gierer and Meinhardt [24] (see also section [7.6.8).

It is only 20 years later that the first experimental evidence of a chemical reaction exhibiting
spatial patterns explained by these principles was obtained. It is named the CIMA reaction
after the name of the reactants used by P. De Kepper et al} See also section

In 1995, S. Kondo and R. Asaﬁ proposed to explain the patterns arising during the develop-
ment of animals using a growing domain, thus opening a larger class of possible patterns. Spots
which are usual steady states for Turing systems on a fixed domain, can more easily leave place
to bands on a growing domain.

Meanwhile, several nonlinear parabolic systems exhibiting Turing Patterns have been stud-

ied. Some have been aimed at modelling particular examples of morphogenesis as the models

!Turing A. M. The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. London, B237, 37-7 (1952).
2P. De Kepper, V. Castets, E. Dulos and J. Boissonade. Turing-type chemical patterns in the chlorite-iodide-

malonic acid reaction, Physica D 49 (1991), 161-169.
V. Castets, E. Dulos, J. Boissonade and P. De Kepper. Experimental evidence of a sustained standing Turing-type

nonequilibrium chemical pattern. Phys. Rev. Letters 64(24) 2953-2956 (1990).
3Kondo, S and Asai R. A reaction-diffusion wave on the skin of the marine anglefish Pomocanthus, Nature

(1995)
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developed in [37, 38]. Some have been derived as the simplest possible models exhibiting Turing
instability conditions.Nowadays, the biological interest for morphognesis have evolved towards
molecular cascades, pathways and networks. Biologists doubt that, within cells or tissues, diffu-
sion is adequate to describe molecular spreading. It remains that Turing’s mechanism stays both
the simplest explanation for pattern formation, and one of the most counter-intuitive results in
PDEs.

This chapter presents this theory and several examples of diffusion driven instabilities. We
begin with the historical example of reaction-diffusion systems where the linear theory shows
its exceptional originality. Then we present nonlinear examples. The simplest is the nonlocal

Fisher /KPP equation, some more standard parabolic systems are also presented.

Figure 7.1: EXAMPLES OF PATTERNS IN NATURE THAT HAVE MOTIVATED THE STUDY OF SYSTEMS EXHIBITING

TURING PATTERNS.

7.1 Turing instability in linear reaction-diffusion systems

An amagzingly counter-intuitive observation is the instability mechanism proposed by A. Turing
[51]. Consider a linear 2 x 2 O.D.E. systems

Ccll—? = au + by, 1)
2—1; = cu + dv,
with real constant coefficients a, b, ¢ and d. We assume that
T :=a+d<0, D:=ad—bc>0. (7.2)
Consequently, we have
(u,v) = (0,0) is a stable attractive point for the system (7.1). (7.3)
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In other words, the matrix

a b
A=
c d
has two eigenvalues with negative real parts (or a single negative eigenvalue and a Jordan form).

Indeed its characteristic polynomial is
(a—X)(d—X)—bc=X*—-XT +D,

and the two complex roots are X1 = [T + /T2 — 4D].

Now consider a bounded domain Q of R? and add diffusion to the system (7.1,

%—auAu:au—&-bv, x €, (7.4
7.4
% — 0u,Av = cu + dv,

with either Neuman or Dirichlet boundary conditions. In both cases the state (u,v) = (0,0) is
still a steady solution, to (7.4]) now.

In principle adding diffusion in the differential system ([7.1)) should help for stability. But

surprisingly we have the

Theorem 7.1 Consider the system where we fix the domain 2, the matriz A and o, > 0.
We assume with a > 0, d < 0. Then, for o, small enough, the steady state (u,v) = (0,0)

1s linearly unstable. Moreover, only a finite number of eigenmodes are unstable.

The usual interpretation of this result is as follows. Because a > 0 and d < 0, the quantity u
is called an activator and v an inhibitor. On the other hand fixing a unit of time, the o’s scale

as square of length. The result can be extended as the

Turing instability alternative.
. Turing instability <= short range activator, long range inhibitor.

° Traveling waves <= long range activator, short range inhibitor.

There is no general proof of such a result which can only be applied to nonlinear systems.
But it is a general observation that can be verified case by case. Also, we mean ’stable traveling
waves’, because traveling waves can also exist in the former case but they are unstable in the

sense that the dynamics creates Turing patterns.
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Proof of theorem We consider the Laplace operator, with Dirichlet or Neuman conditions
according to those considered for the system ([7.4]). It has an orthonormal basis of eigenfunctions

(wk)k>1 associated with positive eigenvalues A,
—Awk = )\kwk.

We recall that we know that A, -—— oo. We use this basis to decompose u(t) and v(?), i.e.,

[e.9]

u(t) =Y ar() wp, o) = Bi(t) w
g

k=1

We can project the system ([7.4)) on these eigenfunctions and arrive to

0L 4 5 \par(t) = ac(t) + bBe(t),

B 1 5\ B (t) = cag(t) + dBi(t).

(7.5)

Now, we look for solutions with exponential growth in time, i.e., ag(t) = eMay, Br(t) = e B,
with A > 0 (in fact a complex number with Re(\) > 0 is enough, but this does not change the

conditions we find below). The system is again reduced to

A Qg + 0y AL O = ad + bﬁk,
- - o (7.6)
A ﬁk + Uv)\kﬂk = cay, + diy.

This is a 2*2 linear system for @y, 35 and it has a nonzero solution if and only if its determinant

vansihes
A oud —a —-b
0 = det
—c Ao, —d

Hence, there is a solution with exponential growth for those eigenvalues A for which
there is a root A > 0 to (A + oy A — a) (A + oA — d) — be = 0. (7.7)
This condition can be further reduced to the dispersion relation
N+ M(ow + 00) M — T + 0y 00(\)? = Me(d 0 +a 0,) +D = 0.

Because the first order coefficient of this polynomial is positive, it can have a positive root if

and only if the zeroth order term is negative
0w oo M) = M(d oy +a a,) +D <0,
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and we arrive to the final condition

d a D
)2 = Me(— 4+ —) + < 0. (7.8)
v Oy Ou0vy
Because A\ > 0 and UuDUU > 0, this polynomial can take negative values only for % + % >0

and large enough with % small enough. It is hardly possible to give an accurate general
characterization in terms o, and o, for (a,b,c,d) fixed because we do not know the repartition
of the eigenvalues a priori.
To go further, we set
g—=u

Oy

and we write explicitely the roots of the above polynomial and we need that

1
20,0

e € A AL], A [d& tat \/(de +a)? — 4Dy } . (7.9)

We can restrict ourselves to the regime 6 small, then the Taylor expansion gives,

df+a 4D0O
Af = 1+£4/1— ———=
=7 20,0 (d6 +a)? |’
a | 2Do
AL~ 1+l — ———
=7 20,0 | [ (d6 + a)Q]] ’
and thus -
a
A~ =0(1 A~ 1.
a o, (1), T o0 >

In the regime o, small, o, of order 1, the interval [A_, A;] becomes very large, hence we know
that some eigenvalues A; will belong to this interval.
Notice however that, because limg_,oo A\ = 400, there are only a finite number of unstable

modes A\x. O

In principle one will observe the mode wgo corresponding to the largest possible A\ in ((7.7))
among the A\ satisfying the condition ([7.9). This does not correspond necessarily to the largest
value of \j satisfying the inequality (|7.8)).

Exercise. Compute the first two terms in the expansion of A in A\ — oo.
Solution. A\ = —oy X\, + 7.

Exercise. Check how the condition ([7.8) is generalized if we only impose the more general
instability criteria that (7.7]) holds with A € C and Re(\) > 0.
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Figure 7.2: EXAMPLES OF ANIMALS WITH SPOTS AND  STRIPES. LEFT: Dis-
CUS  (HTTP://ANIMAL-WORLD.COM/ENCYCLO/FRESH/CICHLID /DISCUS.PHP). RIGHT: OCELOT
(HTTP:/ /NOTRENATURE.COWBLOG.FR/426-0CELOT-3055620.HTML).

Figure 7.3: ANOTHER ANIMAL WITH SPOTS AND STRIPES.

7.2 Spots on the body and stripes on the tail

Turing instability provides us with a possible explanation of why so many animals (especially
fishes) have spots on the body and stripes on the tail, see Figures In short words, in
a long and narrow domain (a tail) typical eigenfunctions are ’bands’ and with a better shaped
domain (a mathematical square body), the eigenfunctions are ’spots’ or 'chessboards’. A much
better and more detailed discussion with precise biological cases demonstrated, and also the

original papers where this idea stems from, can be found in [4I] Vol. II Chapter 3.

To explain this, we consider Neuman boundary condition and use our computations of eigen-

values in Section In one dimension, on a domain [0, L], the eigenvalues and eigenfunctions

A wkx
A = (f) ) wi(z) = cos (T) , ke N.
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Figure 7.4: MANY SPECIES OF SNAKES HAVE STRIPES.

In a rectangle [0, L1] x [0, La], we obtain the eigenelements, for k,1 € N

A—Lk2+ll2 w(w)—cos@cosﬂ—ly
w=\T, L)’ k(x,y) = I Iy )

Consider a narrow stripe, say Lo ~ 0 and L; > 1. The condition ([7.9), namely A\ € [A_, A4],
will impose [ = 0 otherwise A\g; will be very large and cannot fit the interval [A_, A;]. The cor-
responding eigenfunctions are bands parallel to the y axis.

When Lo ~ Li, the repartition of sums of squared integers generically imposes that the
Al € [A,, A+] will be for [ =~ k .

To conclude this section, we point out that growing domains during the development also
influences very strongly the pattern formation. Again, we refer to [41] for a detailed analysis of

the Turing patterns, and their interpretation in development biology.

7.3 The simplest nonlinear example: the nonlocal Fisher /KPP

equation

Figure 7.5: AN EXAMPLE OF LABYRINTHIC PATTERNS IN TIGER BUSH IN NIGER, SEE [33].

As a simple nonlinear example to explain what is Turing instability, we consider the non-local
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Fisher /KPP equation

0 0?
au—uwu:ru(l—[(*u), t>0, zeR, (7.10)

still with v > 0, » > 0 given parameters and the convolution kernel K is a smooth probability

density function
K() >0, / K(x)dx =1, K e L*(R) (at least).
R

Compared to the Fisher/KPP equation it takes into account that competition for resources can
be of long range (the size of the support of K) and not just local.

It has been proposed in ecology as an improvment of the Fisher equation that takes into
account long range competition for resources [12, 27]. In semi-arid regions the roots of the
trees, in competition for water, can cover up ten times the external size of the tree itself (while
in temperate regions the ratio is roughly one to one). This leads to the so-called ’tiger bush’
lanscape [33], see Figure

It has also been proposed as a simple model of adaptive evolution to take account for higher
competition between closer trait [22]; = represents a physiological trait, the Laplace term repre-
sents mutations and the right hand side growth and competition. The convolution kernel means

that competition between individuals of closer phenotypical traits is higher than between more
different traits (see also Section |5.1.2]).

The convolution term has a drastic effect on solutions; it can induce that solutions exhibit a
behavior quite different from those to the Fisher/KPP equation. The reason is mainly that the
maximum principle is lost with the non-local term. Again we notice that the steady state u =0
is unstable, that u > 1 is also unstable because it induces a strong decay. In one dimension,
for a general reaction function f(u) the conditions reads f(0) = 0, f/(0) > 0 and f(u) < 0 for
u large; consequently there is a point ug satisfying (generically) f(ug) = 0, f'(ug) < 0, i.e. a
stable steady state should be in between the unstable ones. This is the case of the nonlinearities

arising in Fisher/KPP equation that we have encountered.

In the infinite dimensional framework at hand, we will see that under certain circumstances,

the steady state u = 1 can be unstable in the sense of the

Definition 7.2 The steady state u = 1 is called linearly unstable if there are perturbations such

that the linearized system has exponential growth in time.
Then, the following conditions are satisfied
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Definition 7.3 A steady state ug is said to form Turing patterns if
(i) threre is no blow-up, no extinction (it is between two unstable states as above),
(ii) it is linearly unstable,

(iii) the corresponding growth modes are bounded (no high frequency oscillations).

Obviously when Turing instability occurs, solutions should exhibit strange behaviors because
they remain bounded away from the two extreme steady states, cannot converge to the steady

state u" and cannot oscillate rapidly. In other words, they should exhibit Turing patterns. See

Figure for a numerical solution to ([7.10)).

In practice, to check linear instability we use a spectral basis. In compact domains the concept
can be handled using eigenfunctions of the Laplace operator as we did it in section On the
full line, we may use the generalized eigenfunctions which are the Fourier modes. We define the

Fourier transform as

u(g) = / u(z)e ™ Sdz.
R
Theorem 7.4 Assume the condition
3¢ such that K(&) < 0, (7.11)

and v/r small enough (depending on & and K(&y)), then the non-local Fisher/KPP equation
7.10) is nonlinearly Turing unstable.

A practical consequence of this Theorem is that solutions should create Turing patterns as

mentioned earlier. This can easily be observed on numerical simulations, see Figure

wioue i us us ub o v vy |

Figure 7.6: STEADY STATE SOLUTIONS OF THE NONLOCAL FISHER/KPP EQUATION ((7.10) IN 2 DIMENSIONS

WITH DIFFERENT DIFFUSION COEFFICIENTS.

The nonlocal Fisher equation gives also an example of the already mentioned alternative
Turing instability alternative.
° Turing instability <= K(-) is long range.

o Traveling waves <= K(-) is short range.
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Inded the nonlocal term K # u is the inhibitor (negative) term. The diffusion represents the
activator (with a coefficient normalized to 1). The limit of very short range is the case of K =9,

a Dirac mass, and we recover the Fisher/KPP equation. More on this is proved in [7].

Proof. (i) The state u = 0 and u = oo are indeed formally both unstable (to prove this

rigorously is not so easy for u = 00.)

(ii) The linearized equation around uw = 1 is obtained setting v = 1 4+ w and keeping the first

order temrs, we obtain
0 0% _ ~
au—uwu:—r[(*u.
And we look for solutions of the form (¢, z) = e*v(x) with A > 0. This means that we should

find eigenfunctions associated with the positive eigenvalue \ to

2

)\v—yﬁv:—rK*v.

We look for a possible Fourier mode v(z) = e &1 that we insert in the previous equation. Then

we obtain the condition
A vEd = —r K(&), for some A > 0. (7.12)

And it is indeed possible to such a A and a & = & under the conditions of the Theorem.
(iii) The possible unstable modes &y are obviously bounded because K is bounded as the Fourier
transform of a probability density (|K| <1). 0o

Notice however that the mode £ we will observe in pratice is that with the highest growth

rate \.

7.4 Connecting a Turing unstable state to a dynamically unsta-
ble state

We continue our analysis of traveling wave based on analytical solutions as we did it at the
begining of Chapter ?? Here we consider the problem of connecting a Turing unstable state to

a dynamically unstable state. The problem we solve is

0 for 0 <u<0,
—u"(z) = d(z) = - , z €R,

(1 - K xu) for 0 <. (7.13)

u(—o0) =1, u(+o0) =0, u(0) = 6.



7.5 Phase transition: what is NOT Turing instability

What happens if the third condition in Definition does not hold? The system remains
bounded away from zero and infinity by condition (i) and it is unstable by condition (ii). But
it my ’blow-up’ by high frequency oscillations?

As an example of such an instable system, which is not Turing instable, we consider the phase
transition model also used in Section

9u _ AA(u) =0, r €,
(7.14)

%u =0 on 0,

with
Au) =u (3 —u)?. (7.15)

Because A'(u) = 3(3 — u)(1 — u), the equation is backward-parabolic in the interval
u € (1,3) because A'(u) < 0 there. We expect that linear instability occurs on this interval. We
take 4 = 2 and set

u=2+4u,

Inserting this in the above equation we find the linearized equation for (¢, x)
P _A2)AT=0, €
Zu=0  on0Q,

We set v = —A’(2) > 0 and we look for solutions u(t,r) = eMw(x) which are unstable, i.e.,
A > 0. These are given by
Aw + yAw = 0,

and thus they stem from the Neuman eigenvalue problem in Theorem We have
A=A\, w = Ww;.

We can see that all the eigenvalues of the Laplace operator generate a possible unstable modes
and thus they can be of very high frequencies. And we expect to see the mode corresponding
to the largest A, i.e., to the largest A; which of course does not exist because \; — oo0. In
the space variable these correspond to highly oscillatory eigenfunctions w; that Wezzz:; observ
numerically.

Figure gives numerical solutions to f corresponding to two different grids; high
frequency solutions are obtained that depend on the grid. This defect explains why we require
bounded unstable modes in the definition of Turing instability. It also explains why in Section

[8.9] we have introduced a relaxation system.
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Figure 7.7: Two numerical solutions to the phase transition system ((7.14))—(7.15]) for (Right) 80
grid points and (Left) 150 grid points. The oscillation frequencies depend on the grid and these

are not Turing patterns.

7.6 Gallery of parabolic systems giving Turing patterns

Many examples of nonlinear parabolic systems exhibiting Turing instabilities (and patterns)
have been widely studied. This Section gives several examples but it is in no way complete;
the theories are by far too complicated to be presented here and their use in biology and other

applications are by far too numerous.

7.6.1 A cell polarity system

We take the following system from Morita and Ogawaﬁ
%u—alAu:—f(u)—kv, t>0, ze€9,
go—o2bu= f(u)—v, (7.16)
u(z,t) =v(x,t) =0 sur 9.

We take a function f € C2(R*;R™) that satisfies for a given value u. > 0

f(0)=0, f'(u)>0foruel0ul, —1<f(u)<O0foru>u., f(+o0)=0.

This system is mass conservative since one can prove that

d

u(t,z) >0, ov(t,x) >0, i /.

[u(t,z) +v(t,x)]dz = 0.

“Morita Y. and Ogawa T. Stability and bifurcation of nonconstant solutions to a reaction-diffusion system
with conservation of mass, Nonlinearity 23 (2010) 1387-1411.
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These properties give us the non-extinction/non-blow-up conditions.

We analyze the Turing instability.

The differential system is stable. The corresponding differential system is
LU=-fU)+V, t>0,
V= fu)-v,
U) >0, V(0)>0.

It satisfies U(t) + V() = U(0) + V(0) =: MY > 0 and thus can be also written as

%U = —f(U) + M" — U(t) == G(U(t)).

Therefore it preservs the positive cone

indeed at the first point ¢y where u(tg) = 0 we have %U (to) = M° > 0 which cannot be (same
argument fo V).
Since G'(u) = —f'(u) — 1 < 0, G(0) > 0 and G(+00) = —o0, there is a single steady state

(u,v) characterized by G(u) = 0 that is equivalent to write
u+v=M" o= f(a). (7.17)
Because G(U) > 0 for U < u, G(U) < 0 for U > a, it is very clear that (monotonically)

Ut) — a V(t) — v.

t—oo t—o00

Turing instability. Consider a steady state (7.17). We compute the differential matrix for the

right hand side
—[f'(u) 1
(o )
To fit the assumptions of Theorem we have to check 7 := —f'(a) —1 < 0, D := 0 (a
degenerate case which corresponds to the mass conservation). The only possibility is that u is
the activator, which imposes
fl(u) <0 <= u > u.
Then, we find that unstable modes e)‘t(awk, Pwy) exist if there is a positive root to the polyno-
mial
A+ Aw(o1 + 02) + f/(@) + 1] + (o1 )\, + f/(@)) (02X, + 1) — f/(@) = 0.
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As in section this is equivalent to

(01 + F(@) (o2 + 1) — f/(@) = 0109M; + o1\ + oo f (@) A < O,

1 (%

N0
09 o1

This is clearly satisfied for some eigenvalues A\ when o is small enough; this is the same result

as in Theorem [7.1]

Figure 7.8: LABYRINTHIC AND SPOT PATTERNS IN THE CIMA REACTION (7.18). THE SOLUTIONS HAVE BEEN

COMPUTED WITH THE SOFTWARE FREEFEM++ BY S. KABER.

7.6.2 The CIMA reaction

As mentioned earlier, the first experimental evidence of Turing instability was given with the
CIMA (chlorite-iodide-malonic acid) chemical reaction. It was modeled by I. Lengyel and I. R.
Epsteirﬂ who proposed the system (with ¢ = 1)

0 4
—u—auAu:a—u i

T
gz cuj)_u (7.18)
E_U”UA,U:bCU_ Tl

Here u (the activator) denotes the iodide (I7) concentration and v (the inhibitor) the chlorite
(ClO; ) concentration. Existence of steady states was analyzed Elﬂ
Here we consider this system with a > 0, b > 0, ¢ > 0. There is a single homogeneous steady

state
a

5Modeling of Turing structure in the chlorite-iodide-malonic acid-starch reaction system, Science 251 (1991)
650—652.

SW. Ni and M. Tang. Turing patterns in the Lengyel-Epstein system for the CIMA reaction. Trans. Amer.
Math. Soc 357 (2005) 3953-3969

"F. Yi, J. Wei and J. Shi. Diifusion-driven instability and bifurcation in the Lengyel-Epstein system reaction-

diffusion system. Nonl. Anal. Real World Appl. 9 (2008) 1038-1051
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The natural invariant region for solutions (that means the bounds are satisfied for all times if

initially true) are given by the maximum principle
0<u<a, bgvgb(l—i—aQ)::vM.

Also solutions cannot get extinct because we can use the upper bound on v to go further and
find
4’UM
_|_ -
1+ u?

min

)=ua

U 2 Umin, umin(

(in fact we can go further and find a more restrictive invariant region, iterating the argument).
These a priori bounds are just consequences of the maximum principle and we skip the derivation.
Therefore, according to our theory of Turing patterns, solution cannot get extinct or blow-up

and it remains to be study the linearized operator around the steady state (u,v).

Lemma 7.5 The CIMA reaction system is Turing unstable if

4b+1 e+ /2 —4(16b% — 1)
4b > 1 > 24/16b% — 1 ——<u<
o ’ 1" 204b— 1) ’
and u is the activator, v the inhibitor.
Consequently, for this range of parameters, o, of order one and o, small enough, there will

be Turing patterns.

. o« . 27 27 .
With the first two conditions on b and ¢, because ety 02( 4:916)() D > igﬂ the third set of

inequalities is just a condition that a is not too small neither too large.

Proof. We compute the differential matrix for the right hand side

] —4pl=wt _ _da_ 4b? _2 4ba
1 4“(1+a2)2 T+a? 1--(1—u%) v
= 1-a? cu cb? —2 cbu

be CUliraz)? 1+u? be — G- (1 — @) v

Using Theorem [7.1], and because the bottom right coefficient is negative, we have to check the

conditions ) )
4 4 u
—1—g(1—a2)>0, Tr:—l—i(l—fﬁ)—d)fu<0a
v v v
4b? bu  4bu b2 bu  4cbu
Det = (14 —(1—a2) " + e~ T —a?) = T4 20 50,
v v v v [ v

The condition on the determinant is always satisfied. The only constraints on a, b, ¢ come

from the first line. Replacing v by its value, we firstly need

4b +1
4b—1

40%u* — 4b* — b(1 + %) > 0 <= u* >
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Secondly, the trace condition gives

c—\/c2 —4(16b% — 1) caCt Ve —4(16b2 — 1)
u

4b—1)a® — e — (4b+ 1
(4b—1)a" —cu— (4b+1) < 0= -1 < -1 ,

which is the announced condition.

. . —J2— 7_
A subtle calculation that is left to the reader shows that jlgﬂ > < 62( 4;{13&) Y and thus

the statement is proved.

Then one can assert that for o, < o,, Turing patterns will be produced (in accordance with

Theorem O

7.6.3 The diffusive Fisher /KPP system

We can depart the quest of systems exhibiting Turing patterns with the Fisher/KPP equation
(see sections and
0
au dyAu = g(u)(1 —u). (7.19)
ot
We recall that its main remarkable property is to exhibit traveling waves.

The natural extension to a system leads to the diffusive Fisher /KPP system already mentioned
in section [£.9 It reads

u _ dyAu = g(u)v,
gf} (7.20)
5 dyAv = —g(u)v.

For d,, = d,, the solution v = 1 — u reduces to . Therefore this system still exhibits
traveling waves. It has been proved that even for d,, # d,,, the system admits monotonic traveling
waves [8, 35, 36] for a power law nonlinearity g(u) = u™.

Form the Turing instability alternative in section we do not expect Turing patterns at this

stage. This is why interesting examples are always a little more elaborated.

Exercise. Consider the steady states (U =,V =0), v > 0 of (7.20) with g(u) = u™.
1. Compute the linearized equation around this steady state.
2. In the whole space or a bounded domain with Neuman boundary condition, show that this

steady state is always stable.
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7.6.4 The Brusselator

Prigogine and Lefevem proposed an example now called the Brusselator. This is certainly the

simplest system exhibiting Turing patterns; see also section [7.6.2]

Let A > 0, B > 0 be given positive numbers. In a finite domain ) we consider the following

2 x 2 system with Neuman boundary condition

681: —dyAu= A — (B + 1)u + v?v,
@ — dyAv = Bu — uv.
ot

(7.21)

We check below that there is a single positive steady state that exhibits the linear conditions
for Turing instability. Also the solution cannot vanish thanks to the term A > 0. But we are

not aware of a proof that the solutions remain bounded for t large.

B N \\\\\\\\¥i\\\\,
 DiFE sydTem . /

N_UNSTABLE \\

PB=4+ Az

TURINE

B= 4128 A+E°A"

STABLE

A

o >
A
Figure 7.9: The Turing instability region in the (A, B) plane.

Exercise. 1. Check that the only homogeneous steady state is (U = A,V =

)

BS s

).

2. Write the linearized system around this steady state.

3. Check that for B < 1+ A?, this steady state is attractive for the associated differential
equation (d,, = d, = 0).

4. Let dy > 0, d, > 0 and consider an eigenpair of Laplace equation with Neuman boundary
condition (\;,w;). Write the condition on A, B, d,, d,, A; which degerates an unstable mode
A>0.

5. Show that for 8 := g—: < 1 the interval [A_, A;] for \; is not empty.

8Prigogine, I. and Lefever, R. Symmetry breaking instabilities in dissipative systems. II. J. Chem. Phys. 48,
1695-1700 (1968).

9Nicolis G. and Prigogine, I. Self-organization in non-equilibrium systems. Wiley Interscience, New-York
(1077).
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Figure 7.10: Two numerical solutions to the brusselator system (7.21) with A = B = 2 and
200 grid points. The choice of diffusion coefficients are (Left) d, = 1. and d,, = 0.005 (Right)
dy, = 0.1 and d,, = 0.001. The first component u exhibits one or two strong pick(s) upwards

while v exhibits one or two minimum(s) and has been magnified by a factor 5.

6. Show that for # small we have A_ ~ 3—5, Ay = fd—:é. Conclude that for d, fixed and d,, small,

the steady state becomes unstable.

Solution. 2. ~
% _ d,Atu=(B—1)u+ A%,

9 — d,Av = —Bu — A%.

3. det = A%, tr = B — 1 — A% and see Section for the condition tr < 0 which leads to
B <1+ A%

4. As in the general theory we arrive to a second order polynomial for A which implies that the

constant term should be negative leading to the condition
dydy)? + \i(A%d, — (B — 1)d,) + A% < 0.
5. To have two positive roots we need a negative slope at origin, i.e., B > 1 + Z%U‘A2 and also
(B —1)d, — A%dy > 2A\/d, dy <= B > 1+ 2V0A + A%

This is compatible with the condition of question 3. if and only if 6 < 1.

6. We have .

2d,0
The Taylor expansion for € small reads

Ay = [B—1—A%0+/(B—1— A20)2 — 4420 ].

1420
1i\/1_(B—1—A20)2
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1 2426
Al ~ B—1—A%) |1+ (1-
£~ 5000 o)1= ( (B—1-— A20)2)
and thus )
A B-1
A_ ~~ di,l), A.+ ~~ dve .

For d, fixed and 6 small this interval will contain eigenvalues A;.
The two parabolic regions in (A, B) are drawn in Figure .

7.6.5 Gray-Scott system (1)

Gray and Scotﬂ introduced this system as a model of chemical reaction between two constitu-
ants. It differs from the Brusselator ([7.21]) only from the reaction terms

ou _ dyAu = u™v — Au,

ot
4 (7.22)

5 dyAv = —u"v + B(1 —v).

Again A > 0, B > 0 are constants (input, degradation of consituants) and n is an integer, the
number of molecules u react with a single v.
The system (|7.22)) has he advantage over the Brusselator (7.21)) that it satisfies the Turing

Instability Principle in section [7.1] To explain this, we only consider the case
n=2 B>4A% (7.23)

We first notice that there are three steady states; the trivial one (Uy = 0,Vp = 1) and non-
vanishing ones (Uy, V) to the Gray-Scott system, given by

UV = A, AU =B(1-V).
We can eliminate V or U and find AU? — BU + AB =0 and BV? — BV + A? = 0, this means

that
_ B++VB?-4A%B BFVB?—-4A%B
B 24 ’ 2B '
It is easy (but tedious) to see that the following results hold:

Uyt Vi = (7.24)

Lemma 7.6 With the assumption , the steady state (U—,V_) is linearly unstable, the state
(Up = 0,Vy = 1) is linearly stable and (Uy,Vy) is linearly stable under the additional condition

below.

0Gray, P. and Scott S. K. Autocatalytic reactions in the isothermal continuous stirred tank reactor: isolas and
other forms of multistability. Chem. Eng. Sci. 38(1) 29-43 (1983)
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Proof. The linearized systems read
9 _ d,At = (2UV — A)u + U?3,
& — d,Av = —-2UVu — (U? + B)v.
We begin with the trivial steady state (Up, Vp). Along with the general analysis of section

we compute, for the trivial steady state, the quantities
Dy =AB >0, T=-A-B<0.

This means that for the steady state (Up, Vj), the corresponding O.D.E. system is linearly at-

tractive.

For the non-vanishing ones, using the above rule UV = A, we also compute
9 _ d,Au= Au+U%%
9 _ d,Av = —2A41u — (U? + B)Y,
D=AU?*-B)>0, T=A-B-U%
We deduce from
U2 -B =2, 2B+, B2 4428
= 5 [B— 442 £ VBT~ 447,

Therefore obviously D4 > 0 and

=0 B /B iaB [\/B —4A% — \/E} <.

Therefore, for the steady state (U_, V_), the corresponding O.D.E. system is unstable.

It remains to check the trace condition for (U4, V). We have

-5 2A2\/BQ 4A2B <0, (7.25)

which is an additional condition to be checked. Notice that for the limiting value B = 442 it
means that A > 1/8. Therefore it is clearly compatible with . O

We can now come back to the traveling wave solutions. We consider the particular case
d, = dy, A = B and choosing v(t,x) = 1 — u(t,x). Then the two equations of reduce to

the single equation

T=A

gt duAu = u?(1 —u) — Au = u(u — u® — A).

This is the situation of the Allen-Cahn (bistable) equation where, for A small enough, we have
three steady states Uy = 0 is stable, U_ is unstable and U, > U_ > 0 is stable. Therefore
we have indeed a unique traveling wave solution (see section . For an extended study of

traveling waves in Gray-Scott system, we refer to [40]

112



7.6.6 Schnakenberg system

The Schnakenberg systenﬂ is still another variant written as

g—z—duAu:C—i—u%—Au,
@ — dyAv = B — u?w.
ot

(7.26)

With C = 0, it has been advocated by M. Ward as a simple model for spot-patterns formation

and spot-splitting in the following asymptotic regime

% — eAu = v?v — Au,

9 2o (7.27)
e— —dyAv=B — —.

ot €

7.6.7 The diffusive FitzHugh-Nagumo system

Consider again the FitzHugh-Nagumo system as already studied in Section but with

diffusion on both components,

Ou —dyAu = u(l —u)(u— 1) — v,

ot 2 (7.28)
@—d Av = pu —v

ot v K )

with Neuman boundary conditions.
Assume that
1
,u>(1—u)(u—§) Vu € R.

Then the only homogeneous steady state is (0,0) and it is stable for the associated differential
equation.

Exercise. We fix d,, > 0. Show that for d, small enough the steady state becomes unstable.

As already mentioned, there are many variants, one of them is

u _ dyAu = u(l —u)(u — a) — Buv,
gf} (7.29)
5 dyAv = yuv — dv(1 — v).

This makes the relation between prey-predator models and FitzHugh-Nagumo types of systems.

See Section [T.7.3l

1 Schnakenberg J., Simple chemical reactions with limit cycle behaviour. J. Theor. Biol. 81, 389-400 (1979)
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7.6.8 Gierer-Meinhardt system

Gierer-Meinhardt [24) [37), 38| system is one of the most famous exhibiting Turing instability and
Turing patterns. It can be considered as model for chemical reactions with only two reactants
denoted by u(t,z) and v(t,x).

%u(t,a:) —diAu(t,z) + Au=uP /v, t>0, x€Q, (730)
7.30
%v(t, x) — daAv(t,x) + Bv = u" [v®,
with Neuman boundary conditions.

Among this class, several authors have used the particular case with a single parameter

%u(t,x) — diAu(t,x) + Au=u?/v, t>0, z€Q, (731)
7.31
Zu(t,x) — daAv(t, ) + v = u?,

The diffusion coefficients satisfy

d € 1< ds.

A possible limit is do — o0, v — constant and thus we arrive to the reduced system for steady
state
—&2Au+u = uP, x € €,
(7.32)
% =0 on 0€.

Following Berestycki and Lions, there is a unique radial spike like solution u = ug(%) with

— Aug + up = uf, e RY, ug > 0, (7.33)

when p < %.

But (see Andrea Malchiodi and Montenegro) there are solutions concentrating on the boundary
0f) without limitation on p.
Also for systems there is a large litterature{ﬂ on the numerous types of solutions, and their

concentration properties in the case

2

—sQAu—Fu:“T, z €eR,
(7.34)
—Av 4 v = u’.

12J. Wei, M. Winter. Symmetric and asymmetric mutiple clusters in a reaction-diffusion system. NoDEA 14
(2007) No 5-6, 787-823. And the references therein.
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7.7 Models from ecology

There are many standard models from ecology. The simplest versions never satisfy the conditions
for Turing instability and we review some such examples first. Then we conclude with a more

elaborate model which satisfies the Turing conditions for instability.

7.7.1 Competing species and Turing instability

Met us come back to models of competing species as already mentioned in section Let the

coefficients r1, 72, a1 and ag be positive in the system

%ul — d1A’U,1 = T1U1(1 — Uy — OéQZLQ),
(7.35)
%UQ — dgA’u,z = TQUQ(l —1up — ZLQ).

We have seen in section that the positive steady state (Uy, Us) is stable iff a1 < 1, ag < 1.
As stated in Theorem to be Turing unstable, we need that one of the diagonal coefficients

is positive in the linearized matrix

—rUp —aor Uy

—OélT‘QUQ —TQUQ

We see it is not the case. There is no activator in such systems.

7.7.2 Prey-predator system

In system ([7.35]), we can also consider a prey-predator situation where a; < 0 (up is the prey)
and 0 < ag < 1 (ug is the predator). With these conditions, the positive steady state is given
by

1-— 042041’ 1-— 0]

(Ul,U2)=<1_a2 1—041).

Because
tT‘(L) = —(7“1U1 + T’QUQ) <0, det(L) = 7“17'2U1U2<1 — 041042) > 0,

this steady state is stable.
Again, according to Theorem it cannot be Turing unstable because both diagonal coeffi-

cients are negative.
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Figure 7.11: The Turing patterns created by the prey-predator system (|7.36) with o = 1.8,
6 =.5~v=.08, du=.001 and d,, = .6. Left: component u, Right: component v. We have used
300 grid pointsfor the computational domain 0 < z < 1.

7.7.3 Prey-predator system with Turing instability (problem)

Consider the prey-predator system (and see Section for variants)

%u— dyAu = u(l +u —’y“; — pv),
(7.36)
%U —dyAv =v(1 — v+ au),
The purpose of the problem is to show there are parameters « > 0, § > 0, v > 0 for which
Turing instability occurs. We assume
8<1, af < 1.
1. Show there is a unique homogeneous stationary state (@ > 0,0 > 0). Show that

yu > 2(1 — af).

2. Compute the linearized matrix A of the differential system around this stationary state.

3. Compute the trace of A and show that Tr(A) < 0 if and only if the following condition is
satisfied : u[l —a —vyu] < 1.

4. Compute the determinant of A and show that Det(A) > 0.

5. Which sign condition is also needed on one of the coefficients of this matrix? How is it written

in terms of yu?

6. Suppose also that af > %, « > 1. Show that the above conditions are satisfied for v small
enough.
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Figure 7.12: Various Turing patterns created by the prey-predator system ([7.36)) with o = 1.8,
B =.5,~v=.08, du=.001 and d, = .6 in two space dimensions. We only display the component
u. Left and Center: on a square. Right: in a rectangle [0, 1] x [0,.2].

7. State a Turing instability result on d,, d, for coefficients as in 6.

Figure shows a one dimensional numerical simulation of system in the Turing
instability regime. Figure displays various Turing patterns in two space dimensions.

Notice also that the system has a priori bounds that follow from the maximum principle. If
initially true, we have

u? 1+T- 2

Y—<14+u = uluy:=——"—,
2 g

v <wvy =14 uy.
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Solution

1. The non-zero homogeneous steady state is given by v = au + 1 and

u? u?
O:'y?—fL—Fﬂ@—l:v?—Fﬂ(aﬁ—l)—kﬂ—l.

Since [ < 1, its solution positive is given by

yi=1-af++/(1—ab)?+2vy(1 - ) > 2(1 — afb).

2. The linearized matrix about this steady state is

u(1 — yu) —pu
A=

3. We have Tr(A) = u(1 —yu — o) — 1 and Tr(A) < 0 if and only if a[l — a —ya] < 1.
4. We have
Det(A) = —u(l —yu)v + afuv = uv (af +~vyu — 1)
and using 1.
Det(A) > uv (1 —af) > 0.
5. The last condition to have Turing instability is that one of the diagonal coefficients of A is

positive. It can only be the upper left coefficient and this is satisfied if yu < 1.

6. As v — 0, we have yu — 2(1 — af3) and the condition a3 < 1/2 is enough to ensure yu < 1
for v small enough. We also have to ensure [l — a — vyu] < 1 (from .3) and this converges to
u[—1—a+2af] and with @ > 1 we have in fact [-1 —a+2a/] < 0 which guarantees the desired

condition.

7. With these conditions we know from Theorem that in a bounded domain, for d, small

enough and d, of order one, the steady state is linearly unstable.

7.8 Keller-Segel with growth

Exercise. Consider the one dimensional Keller-Segel system with growth

Ut — Uz + X(UVg)r = u(l — u), r €R,
(7.37)
—dvgy + v = u.
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1. Show that u =1, v = 1 is a steady state.
2. Linearize the system around this steady state (1,1).

3. In the Fourier variable, reduce the system to a single equation on U (t, k),
Ui+ U A(k) =0,

and compute A(k).
4. Show that it is linearly stable under the condition x < (1 + v/d)?2.

Solution 1. is easy.

2. Ut = Upz + XVaz =-U, —dVye +V =U.
3. Uy + k2U + k2\V = —U, —dk2V +V =T.

We can eliminate V and find A(k) = [k +1 — le%].
4. The linear stability condition is tha all solution have the time decay e~ with A\ > 0, in other
words A(k) > 0. Using the shorter notation X = k? > 0, it reads 1 + X(d +1 — x) +dX? > 0.
The analysis of the roots of this polynomial leads to 4.
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Chapter 8

The Fokker-Planck equation

Not only diffusion but drift terms (first order derivatives) are also used in order to describe
motion when a velocity field is used. The model equation is the (particular) Fokker-Planck
equation for a given (smooth) potential V : R — R
an(t,z) — An(t,z) — div(n(t,z)VV (z)) =0, t>0, z€RY,
(8.1)
n(t=0,z) =n"(z).
There are many interpretations, applications and derivations from biology that motivate this
equation
e Active motion with the velocity u = VV (z) additionally to the brownian motion. For this
reason, equation is also called the drift-diffusion equation.
e Probability density of stochastic differential equations. For this reason, equation is also
called the Kolmogorov equation.
e Noise in particular for neurosciences.
e Chemistry as a basic model at the molecular level.

e Asymptotic limits in various formulations. An example is scattering of waves.

The main properties (formal at this stage for first two) of solutions to (8.1) are the nonnega-

tivity principle, the 'mass’ conservation and the existence of non-zero steady state,
n’>0 = n>0, (8.2)
/ n(t,x)dr = / n®(z)dz, Vt>0, (8.3)
R? Rd

pe V@) are steady states for all p € R, (8.4)

this last statement is because Ae™" = div(Ve™") = —div(e V' VV).
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It is intuitive that the decay properties of this steady states should play a role, for instance
because its integrability is a desirable property. This relies on growth assumptions of V(x) at

infinity. A potential V' is called confining if V(x) — 400 as |z| — oo.

8.1 The relative entropy

Additionally to (8.2) and (8.3), there is another family of noticeable a priori estimates for
solutions to (8.1)), the so-called relative entropy inequalities

Proposition 8.1 For any convex function H : R — R, we have

d e V@ | <n(t,x)> dz = —Dpg(nle”") <0,

@ R4 G_V(J:)
vy [ v (™ ‘ Lf
Dy (nle™") = /Rde H (e—V) Ve_v dx.

A special case is V' = 0, then we just find the usual heat equation and the usual LP estimates

for H(u) = wP. In general the LP estimates are true but they come with weights, we obtain

4 eP=OV@ P (¢ 2)da < 0.
dt R4
With H(u) = uln(u), one finds the inequality
d
— [ [n(t,z)Inn(t,z) + n(t,z)V(x)]dx < 0.
dt R4

From the proof, we also derive, in the same way, the comparison principle

Corollary 8.2 For a subsolution n, that is

2n—An—div(nVV) <0, t>0, z €R%
(8.5)
n(t = 0,z) <n’(z),

we have n < n.

Proof of Corollary Re-do the proof of the relative entropy inequality in Proposition [8.1
for subsolutions, with the properties H convex and non-decreasing and prove that the entropy
relation holds as an inequality

d —V(z) Q<t7x) -V
— YH <-D <0.
dt Jra ¢ (€V(m) dz < u(ole™) <0

Apply it to n —n with H(u) = (u)4+ which initially will vanish and thus vanishes for all times.
O

Another consequence of the relative entropy inequality is the maximum principle
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Corollary 8.3 If, for some constant C{, we have —C%e™" < n® < C’QFe*V then

—C%V <n(t,) < CS)Fe_V, Yt > 0.

The case C° = 0 gives the positivity principle mentioned in the introduction.

Proof of Corollary The proof is a variant of the method of Stampacchia. We choose the

convex function H(u) = (u — C’S)r)i so that, at initial time

V)T ( () ) o,

e_V(af)

Consequently, the relative entropy inequality in Proposition [8.1] shows that for all ¢ > 0,

Vi) 4y (1 2)
/Rde H <€_V(I) dxr <0,

n(t,r)

and because H(-) > 0, this means that _f,(x) < C’S)r and the upper bound is proved. The lower

bound is proved in a similar way. O

Proof of Proposition One can write the Fokker-Planck equation (8.1)) as

an(t, x) —div [e_v(x)V(n ev(x))] =0,

and u = n ¥ (@) satisfies 5
a[ue_v] — div [e_V(I)Vu] =0,

or the ’strong form’

gu— Au+VV.Vu=0.

ot
From this, we conclude that for any (smooth enough) convex function H : R — R, we have
0
aH(u) — AH(u) + VV.VH(u) = —H" (u)|Vu|?
Or going back to a conservative form
0

a[H(u)e_V} —div[e VVH(u)] = —H"(u)e”V|Vul?.
The result follows integrating in x.

Exercise. 1. Prove that for two solutions n, ng > 0 (with different initial data), one also has

4
dt Rd

ny(t, x)

na(t, x)

no(t, z) H ( ) dx < 0.
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2. Use this to prove that for n(t,z) > 0 and H(-) convex, we have

a2

ot (n(t,
3. Conclude that max,cga n(git(x)) decreases.

8.2 Weak solutions

As we did it in Chapter [3] we define weak solution to (8.1) by testing against functions ® €
DR x RY)

/Ooo /Rd n(t, z) [—%(f —AD + vv.vﬂ dr dt = /Rd n®(z)®(0, z)dx. (8.6)

We see that this makes sense under different assumptions on V. Examples are

e assume VV € L7 (R?) and n € L>=((0,T); L*(RY)) for all T > 0,

loc

e assume VV € C(R?) and n € L°(R*; M'(R?)) (bounded measure), which is natural in view

of mass conservation.

Another option is to use, as we did it for the relative entropy structure, the alternative

formulation

%n(t,x) — div(e‘v(‘”)V(n(t, x)ev(m))) =0, t>0, z € RY, ®7)
n(t =0,z) = n%(z).

This leads to another possible weak formulation

/ / n(t, x) [—8@ - ev(x)div(e_v(x)V@)} dr dt = / n°(2)®(0, z)dx.
0 R4 (9t R4

which is not very different from (8.6)).
When applying the Lax-Milgram theory for steady states, the two formulations are however
very different. The direct formulation leads to use the scalar product (definiteness should comme

from zeroth order term for instance)

((n,®)); = Vn(z).Vo(z)dr + / n(x)Ve(x).VVidx
R R4
The modified formulation leads to the scalar product (we use the test function ®(z) = ¢(x)e" (@)
((n,¢))2 = V(n(z)e" @)V (p(x)eV ®)e V@ dy = Vi(z).Vo(x)e ™V @ da.
R4 R4
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This a self-adjoint scalar product on the Hilbert space H'(e~V®)dzx) with definiteness directly

related to the Poincaré inequality, see section??77.

8.3 The deterministic case

The case without diffusion makes sense and is called the transport equation. It enters in the
class of hyperbolic equations and it is useful to first consider a variant.
The strong (conservative form). This refers to the equation
—Du(t,x) —U(t,z).Vu=0, t>0, z€R
(8.8)
u(t =0,2) = u’(z) € CHRY),

When U is a Lipschitz continuous vector field R x R? — R?, it can be solved using the method

of characteristics.

Definition 8.4 The characteristics are the solutions to the Ordinary Differential System

-0
P = (1, X (1:2”),

X(0) = 2" € RY. (&)

are constant along the characteristics, which are defined as the solutions to .
Lemma 8.5 The solution to are given through the formula

u(t, X (t; 2°)) = u(z?) Yt >0, Vo € R%
In other words, solutions are constant along the characteristics.

Proof. For a C! function one can write
Lu(t, X(52°) = Gu(t, X(2°) + X (t;2°).Vu(t, X (t;2°))
= %u(t, X(t;2%) + U(X(t;2%)).Vu(t, X (t;2°)).

This derivative vanishes if and only if the transport equation (8.8) is satisfied (and the Cauchy-
Lipschitz theorem tells us that, when z° cover R?, then X (t; 20) alsocovers R?. o

The divergence (conservative) form. This is the equation

%n(t, z) + div(n(t,z)U(t,z)) =0, t>0, 2 €RY,
(8.10)
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K
Lemma 8.6 For n°(z) := Zpgé(x — V), the solution to (8.10) is given by the formula
k=1

K
n(t,x) = Zp%&(m — X (t; x%))
k=1

For this reason we see that the population density is transported by the flow field U. We also
see that L! is a natural space for n® € L' by mass conservation. The general formula for the

solution not as simple for Dirac mass and can be derived from the expression
0
an(t, x) +U(t,x).Vn(t,z) + n(t,z)divU = 0.

Using the proof of Lemma [8.5] one finds

t
n(t, X (t,y)) exp/ divU (s, X (s;y)ds = n°(y) vt >0, Vy € R%
0

8.4 The complete Fokker-Planck equation

The complete Fokker-Planck equation (also called Kolmogorov equation in the theory of Markov
processes) is given by

d
1 0?
o)
RO t, — -
atn( .1‘) 2 = 8901 a:ﬂj
i,j=1

n(t=0,z) =n’(x).

(Bij(t,z)n(t,z)) + div(n(t, z)U(t,z)) =0, t>0, zeRY,

(8.11)
Here U : RT x R? — R? is the velocity field and B : R x R? — M%*? is the non-negative

symmetric diffusion matrix. In other words, it is always assumed to satisfy, for some v > 0,

d

Z Bij(t,x)éiéj > V|£|2 Vf S Rd.

ij=1

The main properties are still the sign property
no Z O —— N Z 07

and 'mass’ conservation

n(t,x)dx :/ n°(z)dx, Vt>0.
Rd Rd

We assume that there is a steady state N to (8.1) that is

1< 52

2 i1 8952 8$j

(Bij(z)N(z)) + div(N(z)U(z)) =0, 0, z€R?  N(z)>0. (8.12)
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The existence of solutions depends heavily on the coefficients (B, U) but a typical example is as
before

%B =1 (Idendity matrix), U(z) = -VV(x), N(z)=e V@,

Then, we have the relative entropy relation

Proposition 8.7 For any convex function H : R — R, we have

d n(t,x)

4 [y () o= —putalv) <o,

Dy (n|N) :% Ed: [ N@)By @)V, (%) Ve (5) e

1,j=1

To prove it, just calculate successively the equation on u(t,z) = T]L\(,t(f)), then on H (u(t, 1:)), and
then on NH (u(t,z)). It is tedious but it works.

There are many examples of nonlinear Fokker-Planck equations arising in biology and we
give examples later on. They describe the density of a population moving with a deterministic
velocity U added to a 'random noise of intensity’ a;;. More generally, the reason why they play
a central role is the connection with brownian motion and Stochastic Differential Equations.

This material is introduced later on.

8.5 Stochastic Differential Equations

For a given smooth enough vector field U € R? and a matrix o(t,x) € My,, one can build the
solution to the It6 Stochastic Differential Equation
dX(t) =U(t, X(t))dt + o (t, X(t))dW (1),
(8.13)
X(0)=X°cR? (arandom vector),

with W (t) = (W(t),...W?(t)), p independent brownian motions.
The numerical construction mimicks the one of the brownian motion in section [1.4l and we use
the same notations. It is to define the Euler scheme (here we calculate with d = p = 1 but the

reader can extend it easily)
XF = XP+ At U(tF, X*) + VAL o (87, XF)YE (8.14)
Because the random variable Y* is independent of X* and E[Y*] = 0, we have
E [ XM - X = AE[U(th, X)), (8.15)
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E[(XF = X9 =B [ARU2 (5, X*) + 2V/ARU (85, XF)or (¢, XF)VE + At|o(th, XF)YF)]
= ALE[o(t5, X*)]E | (v%)] + 0(a)

= ALE[0 (1%, X*)] + O(AR2)

Except when o = 0, this scales like the brownian motion.

The type of aproximation scheme used here is very important and, in opposition to the de-
terministic case, changing it also changes the limit. The Stratonovich convention is an example
and the notion is denoted as

dX(t) =U(t,X(t))dt + o (t, X (t)) o dW(2),

(8.16)
X(0)=X%cR? (arandom vector).
The Stratonovich SDE corresponds to the semi-implicit approximation
Xk Xk+1
XF = XF 4+ At U(HF, XF) + VA a(tk,%)Y’“, (8.17)

which we may approximate as
XM xR ALU (8, XF) + VAL [o(t%, X¥) + L Do (5, X¥) (X4 - X¥)| v
~ XF 4+ ALU(tF, X5) 4+ AL Do (%, X¥) o (t, X*) (YF)? + VAL o (15, X*)YF + O(AL3/2).
This means that
At
B[ x5 — x*| = A [U(t, X%)] + SE[Do (t, xF)o (1, X)), (8.18)
in other words, one cannot take the expectation as simply as for Ito6-Doeblin SDE.
Because E [(Y*)3] = 0, we also find that
E (x5 - X*)°] = ALE[0? (1, X*)] + O(A82).

It is remarkable that the Stratonovich semi-implicit scheme leads to the same two leading ex-
pectations as the Ito6-Deeblin method with the drift U changed in U — %U’ o; in fact in the limit
At — 0 the two constructions are equivalent with this modification on the drift. This is to say
that the term (Y*)® is worth 1 in the limit.

8.6 The Ito-Dceblin formula
An important tool in the theory of SDEs is the It6-Daeblin formula that gives the equation
satisfied by the random variable u(t, X (t)), when u € C?(R4*1; R),

du(t, X(t)) = [W Ut X (). Du(t, X(8)) + 3B(t, X(£)).Dul(t, X(t))} dt

(8.19)
+o(t, X(t)).Du(t, X (t)).dW(t)
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Figure 8.1: Deterministic solution (¢ = 0) and a path solution (¢ = 3) to the Ito-Doeblin SDE

(8.14) for the drift U(z) =1 — x.
with )
B(t,z) = §U(t, x).o(t, ) (o' denotes the transposed matrix). (8.20)

In other words, the chain rule does not apply to SDEs as it applies to ODEs (o(t,z) = 0) and
it gives an extra drift, namely the term B(t, X (¢)).D?u(t, X (¢)).

This formula can be derived from the approxumation (8.14)). Using Taylor expansion, we find
Au(tk X k+1
w(th XA = gtk xR 4 AT | O (AR2)
= u(th, XE1) 4 A2EXD) L o(A/2),
Therefore
(L XEL) = (e, XR) o AU | (A2
+[AtU (%, X*) + VAt o (t%, XF)Y*] . Du(t*, X*)

3 Ato (%, XF)? (YF)? D2u(th, XF).

As we already saw it for the Stratonovich model, the term (Yk)2 is worth 1 in the limit At — 0
and we see that this is the discrete version of (8.19)).

In the case of Stratonovich convention, one can use the chain rule as in the deterministic case

_ [ult, X (1))

du(t, X (t)) =

+U(t, X(t)).Du(t, X(t))| At +o(t, X (t)).Du(t, X (t)) o dW(t).
(8.21)

To see this, we can redo the discrete version, and to simplify, use a function of X only,
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w(XFH) = u(XP)  +Du(XF)[AL U (%, X*) + VAL o (X v
k k+1\2
+5E D2 u(XF)o (X255 )T (YH)? + O(Ar?)
which we may ’center’ to follow the semi-implicit rule
w(XFH) = u(X*)  +AE Du(XF)U (%, X*) + VAL Du(XE) VA o (XX vk
—YAL D2y (k) (XRHL - xR (XX 2y
+4ID2u(X Mo (XA (YR 4 O(Ar?)

and because the dominant term in X**t1 — X* is /At a(%)lﬂ‘f , we finally end up with

Xk Xk+1 Xk Xk+1
w(XFHY = (X)L AL Du(XF)U (1%, X*)+ VAL Du( *2 o ( *2 )Y*LO(AE2),

which is the discrete version of (8.21)).

8.7 The Kolmogorov equation
To go further we recall that

Definition 8.8 The probability density n(x) of a random variable X is defined as

We give the probability density n®(z) of X° and we denote by n(t, z) the probability density of
the process X (¢,w). Then we can deduce from the It6-Daeblin formula that n satisfies the Fokker-
Planck equation Which comes naturally with the 'mass conservation’ property because, for
a probability density, we have [p4n(t,x)dz = 1. To see this we write, taking the expectation in
(8-19), that for any smooth function u(,z) it holds

d

—E[u(t, X(1)] = E [awxof))

5 +U(t,X(t)).Du(t,X(t))+%B(t,X(t)).D2u(t,X(t)) .

dt

Using the definition of the probability density n(t,z) of the process X (t), we find

% u(t,x)n(t,x)dx:/au(atéx)n(t,x)dﬂs—l—/ [U(t,x).Du(t,33)—{—%3(15,x).Dzu(t,az)]n(t,a:)dx.

Because p Sult, o) -
u(t, n(t, z
& Jutonttaae = [ 5 ade + [t ™5 s
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we find

0= —/u(t, ac)a ét )d —i—/[U(t, x).Du(t,x)+%B(t,m).Dzu(t,x)]n(t,x)dm,

and after integration by parts

0= /u(t, ) [— 3ng§t, 2 _ div[U(t, x).n(t, x)] +D2[%B(t, z)n(t,x)]| de.

Because this holds true for any function u(t, z), we conclude that

_On(t,z)

. 1
T div[U(t,z).n(t,z)] + D2[§B(t, x).n(t,z)] =0,

that is the general Fokker-Planck equation.

We can use the same derivation for the Euler discrete scheme (8.14) and write for all smooth

functions u(x) that, still with N the normal law,

u(XH) = u(XE 4+ AL U, XF) + VAL (5, XF)YF),

/u(az)nkﬂ(az)daz = //u(m + AtU(tF, x) + VAt U(tk,:c)y> n*(z) N (y)dzdy.

We can hardly get an equation on n* from this formula but we canuse again Taylor formula to

get the approximation

Ju(z)n* T (x)dz = [ [ [u(x) + AtU (8, ). Du(z) + VAt o (t*, 2)y. Du(z)+
Sto(th, z)%y?| n*(2)N(y)dzdy + O(AE3/?),

[u(@)nf i (2)de = [ [u(z) + AtU(t*, z).Du(z) + §EB(t*, 2)] nF(z)dz + O(AL3/?)
= [u(x)[n*(z) — At div[U(t*, 2)nk (2)] + §ED2[B(t*, 2)n(2)]] dx + O(AE/?).
Because this holds true for all smooth function u, it means that

gD?[B(t’f, z)nf (z)] + O(AL?).

nf () = n*(2) — At div[U(t*, )n"(x)] + 5

As At vanishes, we recover the general Fokker-Planck equation

_On(t,z)
ot

_ div[U(t, )t 2)] + DQ[%B(t, 2)n(t,)] = 0.
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Figure 8.2: A numerical solution to (8.22)) at three different times for an atractive interaction

kernel K. Such models have the property to create high concentrations (aggregations).

8.8 Oriented collective motion

As we have seen, the Fokker-Planck Equation is well adapted to describe the motion of a large
number of cells (or more generally individuals) that move with randomly with an oriented drift.
The drift can arise from the collective behaviour of the individuals that creates a signal S(¢,x).

Then one arrives to a nonlinear version of the Fokker-Planck equation
Zn(t,x) — An(t,z) + div(n(t,2)VS(t,z)) =0, t>0, r€RY
Si(t,z) = [pa K(x —y)n(t,y)dy, (8.22)
n(t=0,z) =n’(z).

The convolution kernel K(-) describes the long range effect of an individual located at y on
another individual located at x, creating the interaction potential (signal) S(x). The gradient
VS (x) of this potential defines the preferred direction (and intensity) of the active motion of an
individual located at z.

Usually, in an homogeneous and isotropic medium, the kernel satifies K () = K(|z|). One
distinguishes the attractive movement K(-) > 0, K’(-) < 0 and the case K(-) <0, K'(-) > 0 for
repulsive movement (in physics the former corresponds to newtonian gravitational forces, the
later to coulombic electric forces). This can be seen from the exercise below. Figure depicts
the numerical solution to in the attractive case. When the total density is high enough
the population has tendency to aggregate and form a spike solution (see Section .

The Keller-Segel system [30] for chemotaxis is the most famous model in this area and as-

sumes that cells move with a combination of a random (brownian) motion and an oriented
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drift which is the gradient of a quantity depending on the other individuals. For certain cells,
this is a well documented behavior called chemotazis; each cell emits a chemoattractant, i.e.,
molecule which diffuses in the medium and attract the other cells. They react by a biased ran-
dom motion in the direction of higher concentrations of this chemoattractant. The Keller-Segel
system corresponds to a singular kernel K (-) (the fundamental solution to the Laplace equa-
tion). Then, the solution to can concentrate in finite time as a Dirac mass, see section

Exercise. Assume that K (z) = K(|z|).
1. Derive formally the free energy for the solutions to (8.22)

d

1
T " [n(t,x) Inn(t,x) — in(t, ac)S(t,:n)]dx = —D(t) <

and compute D(t).
2. Compute E(t) for the dynamics of second moment
d [ |a]?

— — = FE(t).
d Jou 2 n(t,z)dx (t)

3. Interpret these relations in terms of attractive or repulsive kernels.
Solution: D(t) = [pan|V(S + Inn)|*dz.
E(t) = d Jgan® + 5 Jpayga |z — ylK'(Jo — y)n(t, 2)n(t, y)dz dy

8.9 Unoriented collective motion

Movement can also be completely passive, by this we mean just a brownian motion with variable
intensity (and thus of zero mean), and nevertheless it can give interesting patterns. This is the
case when U = 0 in but the intensity of the brownian motion depends on the local
population density through a smooth function ¥ : Rt — R,

o(t,z) = B(n(t, ).

When the individuals like (or need) the rest of the population, then >'(-) < 0 which means that
the higher is the population, the lower is the movement. When the individuals do not like high
concentrations we take ¥/(-) > 0. The Fokker-Planck equation reduces to the parabolic equation

for the density
%n(t,a:) — AA(n(t,z)) =0, t>0, z€RY

A(n) = nX(n)?, (8.23)
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Figure 8.3: A numerical solution n(t,z) to (8.23) at four different times when A(n) has a
decreasing region for 1 < n < 2. Top left, the initial data. Bottom right, the last time (the

steady state is composed of two constant states separated by two discontinuities).

In Figure we present the numerical solutions to a relaxation system close to (8.23)):

%ng(t,:c) — A[Z2(me(t,z))ne(t,z)] = 0, t>0, ze(0,1),
(8.24)
—eAm(t,z) + me(t,z) = ne(t, x),

together with Neumann boundary conditions on both equations (the total number of individuals
remains constant in time). We have computed the case when 3(-) is decreasing near n = 0,

which means that individuals tend to avoid low densities by moving fast (still with average 0).

In our test case

n®  n?

An) = — — — +2
(n) 5~ T

and A’(n) < for 1 <n < 2. This is an unstable region and that creates discontinuities. The to-

tal number constraint makes that a part of the population has to remain at a low level of density.
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Exercise. Define ®(n) by ® = A. Show that [, ®(n(t,z))dz is decreasing. When can it be

convex”’

Exercise. Perform a numerical simulation of the system ({8.24) and use a decreasing function

Y.. Compare with the results in Figure [8.3

The case of two species leads to a similar derivation. Each brownian motion has an intensity
which depends on the densities nq and no of the two species and leads to a Fokker-Planck

equation. We arrive to a coupled system

%nl(t,x) — Alny a; (nl(t,x),ng(t,x))] =0, t>0, z € R,
(8.25)
%ng(t,m) — Alng az(ni(t, ), na(t, z))] = 0.

In such models where the a; depend on n;, second order derivatives of n; arise in the equation

for n; and, thus, are called cross- diffusions.
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Chapter 9

From scattering to the

Fokker-Planck equation

The scattering models are integral equations closely related to the Fokker-Planck equations but
simpler to analyze. They come from physics (neutrons transport, wave scattering) but also from

adaptive evolution to represent mutations of organisms during reproduction.

9.1 The scattering equation

The integral model

We depart from the simple ordinary differential equation (in infinite dimension)

gtn(t, x) + k(x)n(t,z) = /]Rd K(y,z — y)n(t,y)dy, (9.1

together with an initial data n® € L'(RY). We will use the assumption,

K(y,z) >0, k(y) = o K(y,z)dz € L(RY). (9.2)

This integral model shares properties with the Fokker-Planck equation

n’ >0 = n>0, (9.3)

/ n(t,x)dx :/ n®(z)dz, VYt >0, (9.4)
R4 R4

In(t, )|dz </ n0(2)|dz, Wt > 0. (9.5)
R4 R4

However there are not always simple formulas for the steady state.
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Existence of solutions to the scattering equation

The existence and uniqueness of solutions to (9.1 is a simple consequence of the Cauchy-

Lipschitz Theorem.

Lemma 9.1 Assume (9.2), then for n® € L'(RY) there s a unique solution n € C(R*; L'(R?))
to (9.1) and the properties (9.3)), (9.4) and (9.5)) hold true.

Proof. We first prove that the linear operator n — k(z)n(z) — [pa K(y,z — y)n(t,y)dy is

Lipschitz continous from L' into L'. That is because

[E(@)n(@)[| 1 ray < 1Kl Lo ray 10(2) || 1 (),

[ /Rd K(y,x —y)n(t, y)dy| 1 gay < /Rd /RdK(y,w —y)n(t, y)|dy dz < ||k poo ey In(2) | L1 (Ra)-

Then, we may apply the Cauchy-Lipschitz Theorem; in the Banach space L'(R%) a Lipschitz
continuous differential equation admits a unique global classical solution n € C* (R“‘; Ll(Rd)).

The Lebesgue Theorem for derivatives also shows that

d

&t e n(t,z)dr = /]Rd [ y K(y,xz —y)n(t,y)dy — k(x)n(t,z)| de =0,

which gives mass conservation (9.4]).
To include the sign, we introduce a family Hs(-) of smooth, non-decreasing and convex func-
tions such that Hg(-) <1 and Hs(-) /" H(-) = sign4(-). We have

%H(s(n(t, x)) + k(z)Hg(n(t, z))n(t,z) = Hg(n(t,z)) fRd K(y,x —y)n(t,y)dy
< Jpa K(y, 2 = y)ni(t, y)dy.

Therefore, in the limit 6 — 0,

0
i+ (b @)dr + k(@) (t7) < /d K(y,z — y)ni(t, y)dy,
R

and
d

7 /Rd n4(t, z)dr < 0.

Therefore if n® is nonpositive, it remains nonpositive and, applying to —n° we find ({9.3)).
The L! contraction (9.5 follows with the combination —n + 2n, = |n|. o
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9.2 The relative entropy

As all linear problems that satisfy a positivity principle, the scattering equation admits a family

of relative entropy. We assume that the equation admits a positive steady state
dN(z) > 0, such that k(x / K(y,z —y)N(y)dy. (9.6)

Semi-explicit examples where one can prove the existence of such steady states are given as
an exercise at the end of this paragraph. An explicit example is the projection operator; being
given N(x) > 0 with [p4 N = 1, we choose k and K as

k(z) =1, K(y,x —y) = N(x).

Another larger class of examples is to choose, still being given N(z) > 0 with fRd N =1anda
symmetric kernel K (z,y) = K(y,z) > 0,

K K
K(y,z—y) = (z,y) Y g s k(z /Ky dy—/ny

Theorem 9.2 (Relative entropy for the scattering equation) For all convez function H(-),

% [ N (%ﬁg) — _D¥(n|N) <0

one has

Proof. Left to the reader (see [45]).

Corollary 9.3 Assume that n® < CON, then for allt >0,

n(t,z) < C°N.

Exercise. The aim of this exercise is to give a class of kernels for which a positive steady state
N(z) exists in (9.6). We give, for i =1, 2, ..., I functions

P, >0, Q; >0, / Pi(z)dz =1, Qi € L(RY).
]Rd
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We set
I

1
k(z) =Y Qi(x), Kyz—y) =Y P@)Qiy)
=1

=1

We aim to find a; > 0 such that N(x) = Zi[:l o %(%) is the steady state.
1. Show that N(x) is a steady state iff 231:1 Ajjo; = o, Vi = 1,..,1 with the matrix with

positive coefficients
Pi(y)
Ai':/ J Qi(y)dy > 0.
1 e ki) W

2. Using Perron-Froebenius theorem show there is a unique A > 0 and «; > 0, ¢ = 1,.., I such
that

I
Z Aij()éj = )\Oél'.
j=1
3. Prove that A = 1 and conclude.
Hint. Zz’lzl Aij = 1.
9.3 The hyperbolic limit of scattering

We can derive the transport equation (8.10|) from the scattering equation and we begin with

this because it is simpler than the derivation of the full Fokker-Planck equation.

The rescaling. To achieve this goal, we assume that scattering occurs with small changes and

a fast rate
gine(t,) + ¢ [kt 2) = fou 22K (y, “Z)ne(t,y)dy] =0,
(9.7)
ne(t =0,2) = n’(z) >0, Jgan°(z)dx == MO.
Additionally to (9.2), we define and assume
U(z) = / 2K (z,2)dz € L®(R?), sup / 12| K (x, 2)dz < oo, (9.8)
Rd rcRd JRA
/ (K(y+ 22, 2) — K(y, 2)]dz < eK1. (9.9)
R4

Based only on the bound fRd ne(t,z)dz = MO for all t > 0, we can extract from n. a subse-

quence such that for all 7" > 0,

Ne —n weakly in measures on [0, 7] x R%.

140



it means that for ® € Co((0,T) x R?),

//ngtx txd:cdt—>// (t,z)®(t,z)dx dt.
Rd e—0 R4

This handles a very weak type of solutions.

We can prefer another route based on Relative Entropy, section and assume that for a
function N € L' N L>®(RY), the steady states N in undergo the uniform control

0<n? <CyN. <N.
Then we may extract a subsequence such that
ne —n<N in L®(R" x RY)—ws . (9.10)

it means that for ® € L' (RT x R?),

//natx txda:dt—>// (t,z)®(t,z)dx dt.
R4 e—0 Rd

This is rather restricitve although an example is built in section That is the reason we

derive a more general L? bound

Uniform a priori estimate.

Lemma 9.4 Assume (9.2)), and that for some constant Cy
72|l 2 (ray < Co.
Then for all times t > 0 we have

Ine ()] L2 ey < Coe"1*72.

Proof. We compute

4 fane(t,z)?de + 1 Lo k(z)n.(t,2)%de = ﬁfRd (y, “ZH)ne(t, y)ne(t, v)dydx
< oo Jpa Ky, 58 Ine (t,y)? + ne(t, ) dydz.
Using (9.2)) and the change of variable x — z = %, this reduces to
& fRd ne(t l‘)2d1‘+ fRd o)n(t,z)?dr <1 fRd 2)ne(t,y — ez)?dydz
<< fRd K(y’ + ez, 2)ne(t,y)2dy dz.
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Using (9.2)) again, this is also written

% f]Rd Tla(t, x)2dx < % f]Rd [K(y + ez, Z) - K(ya Z)]”E(ta y)zdydz
= Kl fRd na(tv y)2dy

The Gronwall lemma gives the conclusion. 4
The hyperbolic limit. With this Lemma we can extract from n. a subsequence that converges
weakly in L?((0,7) x R?) for all T > 0, to n

n e L™ (R*; L' 0 LA(RY)).

Theorem 9.5 (Hyperbolic limit for the scattering equation) Assume (9.2)), ,
and ||n2|]L2(Rd) < Cy. After extraction, the weak limit n of the solution to (9.7)) satisfies, in the

distributional sense, the transport equation

Zn(t, x) + div(n(t, z)U(t,z)) =0, t>0, r€RY
(9.11)
n(t =0,2) = n’(x).

Proof. We change variables from y to z = *=¥ and arrive to the formulation

(ing(t,a:) + %k( Yne(t, x) /K x — ez, z)ne(t,x —ez)dz.

Using the property (9.2), this is also written

gtng(t, x)=— / é (K (z,2)n(t,z) — K(z — ez, 2)n(t, x — £2)]d=.

We introduce a test function ®(¢,7) € C*(R* x R?) with compact support that is ®(¢,2) = 0
for t > T or |z| > R for some T, R > 0. We multiply this equation by ®(¢,x) and integrate in
t, x. We find, after using the Fubini theorem,

//Rdatq’“” ne(t, ) = /<I>(0:c) O(z)dx
//Rdngtz/sz b - q)(tx+€z)dzdx

(t d(t
/ / tx/K:rz @) = (’$+€Z)dzd:r+ff.
|z|<R

It remains to handle these two terms. From the one hand

P(t — ®(t
I&E: K(l‘,Z) ( 71.) (,.’E+62)
l2I<R €

dz,
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and we can bound it using the second moment in

IIE| < fOT [fRd ne(t, x)dz supxeRdf' |>RK(33,z)'q)(t’w)_q)(t’m%z)‘dz dt

€

<T MV®P| s SUP,cRrd fZ|>R x, z)|z|dz

IA

0
TRM V|00 f\»ZIZR K(x,2)|z|%dz

IN

¢
R

for a constant C' independent of e.
On the other hand, strongly in Lz(((), T) x ]Rd)),

K(a:,z)q)(t’x) — e te) dz — / K(z,2)2V®(t,z)dz — U(x).VO(t,z).
|z|<R € =0 Jiz1<Rr R—o00

(9.12)

Then by weak-strong convergence we find

/ /]R —O(t,z)n(t,z) — /qu)((),:z:)no(x)d:n: —/OT/Rdn(t,x)U(x).Vq)(t,x)dx_

This is the weak formulation of equation (9.11).

9.4 The diffusive limit of scattering

The same ideas are involved to derive the Fokker-Planck equation from the scattering equations

with a two scale limit this time.

The rescaling

The Fokker-Planck equation can be derived from the scattering equation with a strong and

balanced scale.

aatng(t,x) + 5% [k(x)ng(t,x) _ /Rd Eing(y, et y)dy| =0, (9.13)

still with an initial data n® € L'(RY). The kernel K. depends only slightly on ¢; we have in

mind here a small asymmetry. Precisely, we make the assumptions,

K.(y,z) >0, k(y) :== y K.(y,2)dz € L™(R?), (9.14)
/ (1+ |2 Ko(y, 2)dz € L¥(RY), (9.15)
R4
/ 2K (y, z)dz = eU(y), / 2izi K (y, 2)dz = Ai;(y), (9.16)
Rd Rd
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U;, Aij € 0N L2 (RY), (A;j) is a definite positive matrix, (9.17)
(here ¢, j =1,...,I). Notice that A;;(x) is a symmetric matrix by its construction.
Theorem 9.6 After extraction, in the sense of (9.10), the weak limit n of the solution n. to

(19.13)) satisfies in the distributional sense

I
z)n(t,z)] + div[U(z)n(t,z)] =0,

—ntw
ot

MM—A

with the initial data n°.

Proof. We change variables from y to z = *Z¥ and arrive to the formulation

3} 1

ane(t,x) + / 2 (K. (z,2)n:(t,x) — Ke(z — €2, 2)n:(t,z — £2)]dz = 0.

We introduce a test function ®(¢,7) € C3(R* x R?) with compact support that is ®(¢,z) = 0
for t > T or |z| > R for some T, R > 0. We find

—/gtq)(t, x)ng(t,x)+/n€(t, :c)/Ke(x,z)(I)(t’x) _(I)(t’x+5z)dz d:x:/@(o,:c)no(x)dx_

2

By a third order Taylor expansion we can write

f f’ns(t7l‘)Ke(x’ Z) Mdz dw

2

£

= [ [n:(t,z)K.(z,2) [_M ~ 2ED20(t, :c)} dz dz + O(e).
And thus, we arrive at
— [ 20t a)n(t,x) + [ ne(t,x) [—U(x).ch(t,x)((o,T) x RY)) — L 4;;(x) D2 (1, )| da
= [ ®(0,z)n°(x)dx + O(e).

We may pass to the limit and obtain the result.

9.5 Construction of the integral kernel

One can also address the reverse question: being given the coefficients U(-) € L>®(R%)? and
A(-) € L®(R%)4%4 5 definite positive symmetric matrix, can one build an appropriate kernel
K. that gives the moments in (9.15)), (9.16)). To do so, it is enough to choose k(y) = 1 and to

use the formula

Koly,2) = det A" K (1A<y>1/2.<z - sU(y))(Q) ,
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with A(y)~'/? the unique definite positive symmetric matrix such that A(y)~ /2. A(y)~1/? =
A(y)~' and £ : RT — RT a smooth function such that

K(|22)dx = 1, / K(|2[2)dz = 0, / 22K (|22)dz = 61y,
R R R4
for instance a normalized gaussian will do it.
Indeed, after the change of variable z — 1 = A(y)~'/2.(z — eU(y)), dn = detA='/2(y) dz, one

can compute successively

K.(y,2)dz = / K(Inf2)dy = 1,
Rd Rd

/ Koy, 2)dz=<U) [ Ke(y2)de + / (2 — U)K (y, 2)dz = U (y),
R4 R4 R4
because,

[ = U)Ky 21z = [ A () dn o
Finally, we also compute using the previous relations
Jpa 2021 Ke (g 2)dz = foalzi — €Ui(y)) (2 — <Uj () Koy, 2)dz — £2Us(y)Uj (y)
= Jra(AW)20)i-(A(y)/2.0); K (In|?) dn — £2Ui(y)U; (y)
= Aij(y) — e2Ui(y)U;(y)
because
St (AW 2. (Aw)2); K (1) dip = Y41 S (@) e Al)y > K (1nl?) dn
= Y4 (Aly >”2 A(y)? = Aij(y).

This is not exactly the second relation (9.16]) because of the term —&2U;(y)U;(y). This is not a
real difficulty, we can either change A;; in our construction and replace it by A;; +&2U;(y)U;(y),

either notice that a correction in €2 does not change the limit in Theorem

Further a priori estimates on n.

With little more assumptions, the weak limit in (??) can be made stronger. To do so we assume

a second order expansion of K. along with (9.16]),

( K. (x —ez,2)dz — k(m)) < Loe?, (9.18)
Rd +

which implies that

. 1 2 00 d
—divU + Z D} A | € L=(RY).

4,J +
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Proposition 9.7 With the assumption (9.18)), we have

e (t, ) p2ray < |’ ()HL?(Rd)euﬁ.

Proof. We compute

1d 1
—— na(t r)2dr = = / K(x —ez, z2)ne(t,x — e2)n:(t, x)dz dx —/ k(x)ne(t, z)*dx| .
2dt g2 R2d R4
Since ne(t,z — ez)ne(t, ) < 3[n.(t,x — e2)® 4+ n.(t, z)?], we have, using (9.14)),
d 1
— [ n.(t,z)’dx = = [ K(z — ez, 2)n.(t,z)?dz dx — / k(m)ne(t,x)de} .
dt Jgd € R2d Rd
Now, using (9.18)), we obtain
4 ne(t, z)%dz = Lg/ ne(t, z)dz,
dt Rd Rd

and the result follows.
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Chapter 10
Dynamical patterns

So far we have shown, using the concept of Turing Instability, that patterns can occur as steady
states and many examples. Other patterns can grow with time, thus generating dynamical

patterns. We give several examples now.

10.1 Unstable traveling waves: the diffusive Fisher equation

10.2 Gray-Scott system (2)

We consider the particular case n = 2, B = 0 in the Gray-Scott system ([7.22), which is then

written as

Eg; — dyAu = u?v — Au,

o (10.1)
— — d,Av = .

ot

It is already very rich and exhibits beautiful dynamical patterns shown in Figures and
These are not Turing patterns because there is no unstable steady state in this particular case.

In fact the only steady state is obviously (0,0) which is stable.

10.3 Mimura system for dentritic bacterial colonies

Bacterial colonies often exhibit remarkable patterns, see Figure for instance. They follow
from complex collective interactions between cells due to several effects: random motion of the
individual cells, cell division and colony growth, release of various molecules in their environment
resulting e.g. in chemoattraction or surface tension (see [26]). The patterns depend heavily on

the type of bacteria and on the support used for the experiment (solid, semi-solid, liquid). A



Figure 10.1: Two dimensional simulations of the Gray-Scott system (10.1]) on a square grid (the

quantities u, v and fg u(x, s)ds are depicted).
good account on this issue can be found in Murray’s book [41].

A simple model for dentritic colonies growth is due to Mimura [39]. It takes into account only
three simple effects: (i) a brownian motion of actives cells which density is denoted by n(t,x)
below, (ii) a nutrient of concentration c(¢,x) which is diffused in the medium an consumed by
the active cells for growth, (iii) the active cells become frozen proportionally to n and then they
do not move. The specific form of the equations proposed by Mimura are given in system
and numerical results are presented in Figures and It is well established that the
biophysical ingredients of this model are not those in the real experiments leading to Figure

10.4} nevertheless they share several common patterns.

%n(t,x) —diAn(t,z) =n (c - Wl(uc)) , t>0, r€R?
%c(t,x) — daAc(t,x) = —nec, (10.2)

sftz)=n (1+n)1(1+c)'
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Figure 10.2: Simulations of the Gray-Scott system ({10.1]) on an unstructured grid: the quantities
fg u(z, s)ds (large quadrant) and u(x,t) (small quadrant). The solutions at three different times
are shown. Computations by A. Marrocco.

The initial data represents an inoculum, i.e., a large amount of bacteria located at the center of
the ball (the computational domain). The reason why the dentritic pattern occurs in this model
is that the solution n(t,x) to the first equation has a tendency to create Dirac concentrations.
These concentrations move towards the larger values of the nutrient ¢, and this is the boundary
of the computational domain. Indeed, the nutrient is consumed progressively inside the domain

and this creates a nutrient gradient towards the exterior.

10.4 Spiral waves

Spiral waves are observed in various fields of sciences. Two typical examples are the Belousov-
Zabotinsky chemical reaction and electrophysiology where they are responsible of fibrillation.

Parabolic systems such as the FitzHugh-Nagumo in two dimensions are able to produce this
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Figure 10.3: Another simulations of the Gray-Scott system (({10.1]) on an unstructured grid: the
quantities f(;’ u(z, s)ds. Computations by S. M. Kaber based on FreeFem+-+.

s

Figure 10.4: BACTERIAL COLONIES OF SALMONELLA Bacillus Subtilis. EXPERIMENTS BY S. SEROR et al,

INSTITUT DE GENETIQUE ET MICROBIOLOGIE, UNIVERSITE PARIS-SUD.

type of solutions in a range of parameters where the constant steady state is Turing unstable
(see section [7.6.7]). We use the system is written

T%U(t,ﬂ?) —dAu(t,x) =u-— “?3 —wv, t>0, z€0,1)%

, B (10.3)
sict, ) =—u—c—v.

Numerical solutions are obtained with an initial data displayed in Figure [10.

10.5 Liesegang rings
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3

Figure 10.5: Sorutions oF MIMURA’S SYSTEM ([10.2) AT A FIXED TIME.LEFT: FROZEN BACTERIA f(t,x).

RIGHT: ACTIVE BACTERIA n(t,z). COMPUTATIONS BY A. MARROCCO.

Mer, 26558

\

Figure 10.6: Sovrutions oF MIMURA’S SYSTEM ((10.2)) WITH A HIGHER NUTRIENT LEVEL S THAN IN FIGURE

[10.5l CoMPUTATIONS BY A. MARROCCO.

RED=1, BLUE=0, YELLOW=-1 AND REPRESENT THE THREE

Figure 10.7: INITIAL DATA IN SYSTEM (

STEADY STATES OF THE SYSTEM.

PRE

Figure 10.8: SNAPSHOT OF THE SOLUTION TO SYSTEM (|10.3

7=001,¢=02,d=10"% v =0.5.
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Chapter 11

Strong reactions and the Stefan free

boundary problem

Departing from reaction-diffusion systems one can rescale the problem and consider the global
length of the (experimental, computational, observation) domain rather the natural scale which,
e.g. in population biology, is the individual size scale. Doing so we rescale the space variable
and this leads to also rescale time so as to use the propagation time scale rather the generation
scale.

There are many different ways to change scale and we will discuss several of them in the next
chapters.

t

Here we give the example of the hyperbolic scale where the old time is defined as ¢ = 2, with

t the new time. Then we also replace the old space variable by x with the relation z = % SO

as to keep the velocity ratio x/t unchanged..

11.1 Derivation of the Stefan problem (no latent heat)
As a first and simple example, consider the reaction-diffusion equation

%ue —di1Au, = —%ugvg, t>0, z R

o) _ 1
9t Ve — deAv, = — 2 Uele,

u:(t = 0,7) = u(x) >0, ve(t = 0,2) = v%(x) >0, u?, 0 € L N LY(RY) (uniformly in €).

(11.1)
Because the right hand sides are nonpositive, it is easy to see that there is a unique solution
and that for all ¢t > 0

0<ue(t,z) < J[ullls, 0 < welt,z) < [0, (11.2)



/ ue(t, mdw+/ / ue(s )d ds</ ud(x)dz,
R4 R4 R4

/ve(t,x)dm—&—// ugs,a:)va(s,x)ddeS/ 00(z)d.
Rd 0 JRd € R

This is already a significant piece of information because it tells us that u.v. should vanish as ¢
tends to 0.

(11.3)

We can also obtain stronger a priori estimates under the TV assumption
IVl + [Vodlh < C°, (11.4)

and for well prepared initial data

0,,0
0 U Vg
+ dQA'UE — 76

0,0
eve ’
1

d Al — 2l <ct. (11.5)

Then, we obtain the

Theorem 11.1 Consider equation with assumptions (11.4)—(11.5). Then, additionally
to the a priori bounds (11.2)) and (11.3)), we have for all t > 0,

V()1 + Ve (@)l < [Vadls + [|Vo2]1 := C°,

e+ | 2, <
ot
Us — U, Ve — v strongly in LL . (RT x RY),

u, v € L®(RT; L' N LOO(Rd)), u(t,z) v(t,z) =0 a.e.
and w = u — v satisfies the Stefan problem (u - ) below.

Remark 11.2 One can avoid the assumption taht the initial data is well-prepared (11.5)). Then
time compactness comes from Lions-Aubin lemma, see Appendiz One just uses from the
proof below that
0 0
Bl = A(dyue) + re(t, x), 5

with (dyuc) and (dave) compact in space and re bounded in Ly .. In these conditions compactness

ve = A(dave) + 1e(t, x),

in time follows.

Proof.
First step. Derivation of the Stefan problem. We fist show why the singular limit of (11.1]) is
described by the Stefan problem without latent heat

;w AA(w) =0, t>0, zeRY, (11.6)
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with

() dow for w <0, ( )
Alw) = 11.7
diw for w > 0.

Figure shows this finction A(-) together with the case with latent heat for comparison.

The derivation is as follows. With the TV estimates stated in Theorem the families wu,
and v, are locally compact in L%}x and we may extract subsequences, that we still denote u. and

Ve, that converge almost everywhere. From the estimate on u.v. stated in (11.3]), we deduce
uv = lin% usve = 0. (11.8)
E—>

Next, we define

We = Us — Ve —> W =U — V.
e—0

We write, substracting the equations on u. and vy,

0

gws — Aldyue — dave] = 0.

Passing to the limit in the distribution sense, we find, with A = lin% (diue — dave),
E—>

0
—w—AA=0.
3tw 0
It remains to identify A(t,z). For that we argue as follows
e For w(t,z) > 0, then u(t,x) > 0, therefore v.(¢t,z) — v(t,z) = 0 and u.(t,x) — u > 0, and
thus

A(t,x) = dyu(t,z) = dyw(t, ).

e For w(t,z) < 0, then v(t,x) < 0, therefore u.(¢t,z) — u(t,x) = 0 and v.(t,z) — v < 0, and
thus
A(t,x) = dov(t,x) = dow(t, ).

Second step. Derivation of the TV estimate in x.

It remains to show the strong convergence of u. and v.. This follows from the a priori estimates
which imply local compactness. The fact that the full sequence (and not only a subsequence)
converges, follows from the uniqueness of the solution to , and thus of the limit (a fact

that we do not prove here, see [15]).
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We now prove the TV estmates in z. We work on the equations of (11.1)) and differentiate
them with respect to x;. We multiply by the sign and obtain

4 Ja [Juet o)l + o (t,2)]] do

< — fRd B Ue Vs + Us 82 Ve [sgn( 0 ~ue(t, z)) —l—sgn(a‘z v

= &ﬂw%@M%HM%GM%+M%(ﬁ@(
<0.

this is exactly the first estimate stated in Theorem [11.1

Third step. Derivation of the TV estimate in t.

the same calculation as before gives us
d 0
% L el + gt o <o
Therefore, we have, using the equation at time ¢ = 0,

I 8rue@)lh + I Gl < 1 5pulll + 11 522h

UO'UO UV,
_ HdlAug -] [[dpael - v

[=}

‘1'

This proves the second estimate stated in Theorem [T1.1] and concludes its proof.

11.2 Stefan problem with reaction terms

An extension of the Stefan problem without latent heat can be obtained included reaction termg]]

and the simplest example is
atue diAue = f(ue) — %usvs, t>0, xR
dtvg daAv, = g(us) — %uavg, (11.9)
ue(t = 0,7) = u(x) >0, ve(t = 0,2) = v(x) >0, u®, v € L™ N LY (RY).

In ecology this represents two species that follow, in the absence of the other species, two

independent Fisher equations and then we obtain the reaction terms

f(u) = ru(c; — u), g(u) = rou(cy — u).

!The stationary problem in a bounded domain was studied by E. N. Dancer and Y. Du, Competing species
equations with diffusion, large interactions and jumping singularities, Journal of Differential Equations, 114 (1994),
434-475.
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Additionally these species undergo a very strong competition.
The singular limit of (11.1]) is described by the Stefan problem without latent heat
0
50~ AAw) = flwy) —glw-), 20, z€ RY, (11.10)
still with the definitions w = lim._¢(us — v.) and A(")
dow for w <0,
A(w) =
diw for w > 0.

The derivation of this system follows exactly the same steps as the simpler case treated in
Section [11.2

11.3 Derivation of the Stefan problem with latent heat

B e L B B B e e e N L AN B S e B e T B e e S B L e B TS A e e e
-1.0 -0.8 -0.6 0.4 -0.2 00 02 04 06 08 1.0 -1.0 -0.5 0.0 05 1.0 15 20

Figure 11.1: The nonlinear diffusions in Stefan problems. Left: no latent heat, the function
A(-) according to ([11.6)),(11.7]). Left: with latent heat A = 1 here, the function B(-) according
to (T1.12),(TT.13).

In order to include latent heat in the Stefan problem, the reaction-diffusion system (11.1]) can

be extended with a third equation. Following [28], we consider the semilinear system
%ug —di1Au, = —éua [va + A1 - pe)}, t>0, xR
%vs — dyAv, = —%vg(u6 + Ape), (11.11)
Zpe = L[(1 = po)ue — vepe],
and we give initital data satisfying (with uniform upper bounds in )
0<ud <flulfloey,  0<wd <[ollos,  O<PI<L
The quantity A > 0 is called the latent heat.

The invariant region for this system follows from the maximum principle
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Lemma 11.3 There is a weak solution to (11.11)) satisfying for all times

ue(t) >0, ve(t) >0, 0<p(t) <1.

Proof. The equations on u. and v, are Lotka-Volterra equations and the first two inequalities
are just consequences of the general positivity principle in Lemma [1.1] and the construction
method in Section B.111
With these positivity results, it follows that
0 1
ape > _gps(ue + Ua)
and consequently p. > 0. Similarly,

%(pe -1)< _é(pe — 1) (ue + ve)

and thus p. —1<0. g

We insist on the difference of scaling between the system at hand and that, formally close, in
Section This changes completely the asymptotic limit € — 0 that we study now.

We are going to derive the general Stefan problem with latent heat

0

U ABw) =0, t>0,z€ RY, (11.12)
with the definition of the diffusion nonlinearity B(-)
dow for w <0,
Bw)=1 0 for 0 < w < A, (11.13)
dy(w—1) for w > A.

See Figure [T1.1]

The quantity w is more complicated than in section and We define
We = Us — Vg + ADe. (11.14)

In the strong limits of u., ve and p., we expect to find u > 0, v > 0 and 0 < p < 1 which cancel
the right hand sides in the system (11.11]), that is

u(t,z) >0 = v+ A1l—-p) =0 = v=0,p=1,
v(t,z) >0 = u+Ap=0 = u=0,p=0,
u(l —p) —ovp=0.
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The last line is a consequence of the first two limits. These two are enough to characterize our

function w defined above as
—v for v>0,u=0,p=0 < w<O,
w=u—v+Ap=< €[0,A\] for v=0,u=0,p>0 < we]l0,\,
Ad+u for u>0,v=0,p=1 <= w>A\,

To conclude, we add up the equations of the system (11.11]) (after pultiplying the second one
by —1 and last one by \), we find

0
a[uE — Ve + Ape] — Aldyue — dav:] = 0.

That is also written

9
ot

The above relations between w and u, v, p allow us to write in the limit,

we — Aldyue — dave] = 0.

diue — dove > diu — dov = B(w),

which gives the Stefan free boundary equation (11.13)).

As in the derivation of the case without latent heat, the proof of the derivation will be com-
pleted if one proves strong compactness of the families u., v. and p.. This comes under the

additional T'V assumptions on the initial data
IVl + [Vo2]l + [IVel]lh < C°, (11.15)
and, for T'V estimates in time
ldi A2 = 2ul[o? + A1 - p2f| < €,
|d2Av? — Lo2(ul + Apd)|| < C*, (11.16)
12[(0 = p)ul — v2pl]| < C.
We summarize our conclusions in the following statement

Theorem 11.4 Consider equation (11.11|) with assumptions (11.16))—(11.16|). Then, addition-

ally to the a priori bounds in Lemma we have for all t > 0,

IVue (@)l + [ Voe (@)l + A Ve ()l < (Va2 + Vo]l + A2 = C°,

Ope (t)
ot

2y Qe
ot M ot

[+ All Il <3/;C"
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Ue — U, Ve — U, Pe — P strongly in L%OC(R‘*' X Rd),
u, v, p € L®°(RT; L' N L®(RY)),
u(v+A(1-p) =0, v (u+ Ap) =0, u(l —p) —vp =0,
and w = u — v + \p satisfies the Stefan problem with latent heat X , .

Proof. We only prove the T'V estimate in space; the other statements follow the same lines as
in sectlon To simplify motations, we set u; = guf Once differentitated in x;, the equations

in (TL11) give

pi— diAu; = =% (v A(1—p)) = % (v = Apy),
%?—mm 2 (ut W) = 2w+ ),
38:? — ;(u—{—v)—i— (uz(l— )—Uip)'

After multiplying each equation by the sign of the corresponding quantity according to Chapter
we find

Ol _ gy Alug| < =L (04 A(1 = p)) + 2(Joi] + Alpi]),

€
W“ — doAlv;] < = (w4 Ap) + 2 (jui] + Alpi]),
Arid < 12l (4 0) + L(|ug|(1 = p) + [vilp).

Then, the combination |u;|+|v;| + A|p;| makes that the terms of the right hand sides compensate

and we find 3
&Uuz\ + "UZ‘ + /\|p1” — A[dllui\ + d2"l)i” <0

We conclude that

& S [wl + |vi] + Alps| ] dz < 0

and the T'V estimate of Theorem follows. [

11.4 The geometric interpretation

The Stefan problem with latent heat admits a geometric interpretation; that means that one

can also describe it by the velocity of the interface between the two phases.

The mushy region refers to the points where 0 < w(z,t) < A in the Stefan problem ,.
In phase transitions, the set Q4(t) = {x s.th. w(x,t) < 0} represents the solid state of the melting
material. The set €;(t) = {x s.th. w(x,t) > 0} represents the liquid phase. The mushy region is
a phase where, in an intimate mixture (grains, dentrites), the two phases can co-exist. Specific

microscopic models are used to describe this region in details and this is out of the scope of this
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presentation. Several authors have studied cicumstances of appearance and disappearance of

this mushy region, and after some time if typically disappears.

The geometric interpretation of the Stefan problem arises for the phase transition between
liquid ans solid, away from a mushy region. That means at the points of interface I'(t) between
the two sets Q4 (t) and ;(¢). These are discontinuity points where w jumps form 0 to A. Denoting
the normal at a point x of the interface I'(¢) by v(¢, z), it moves with a velocity proportional to

the jump of normal derivatives according to the law

ow ow ow
Ao(t,z) =] do ] == dlg\xeﬂl - dz@\xeﬂs- (11.17)

11.5 Fisher/KPP system with strong competition

%u(t,x) —di1Au(t,z) = au(l —u) — kuv, t>0, z€QCR?

(11.18)
%v(t, x) — doAv(t,z) = bv(1 — v) — akuv,
The first interesting question is k& — oo and certainly the second is di = do = ¢ and
a=b=1/e, k=1/e.
As k — oo we obtain the Stefan problem with zero latent heat, with w = au — v
uwv =0,
%u(t,x) — d1Au(t,z) < au(l —u),
(11.19)

%U(t,l’) — doAv(t, ) < bv(l —v),

%w(t,x) — Aldywy + dow_] = G(w),

with G(w) = a==(1 — =5) + bw_(1 — w_).

161



162



Chapter 12

Vanishing diffusion and the

Hamilton-Jacobi equation

12.1 A linear example; the Hopf-Cole transform

The simplest example of small diffusion limit is when ¢ vanishes in the parabolic Lotka-Volterra
equation
%u —&2Au = uR(x), t>0, zeR,
u(t=0,2) =u’(z) >0,
where the growth rate R(x) accounts for birth and death and has apriori no definite sign.
The limit € — 0 is borrying because we can expect that the solution converges to that of the
ordinary differential system obtained with € = 0. Therefore, one also re-scale time according to

the diffusion scale (X = +/T) to obtain

5%% —&2Au. = u.R(z), t>0, x €R,

ue(t =0,2) = ul(x) > 0,

(12.1)

In the zones where R is positive we expect exponential growth, in the zones where R is negative
we expect exponential decay. Therefore the limit u,. is not well defined. But the formal expansion

u:(t,z) = ugeR(‘”)/E suggests to change variable and set
ug(t, ) = ep=(b2)/e, ¢=(t, ) = eln (ue(t, z)). (12.2)

The chain rule gives
9 o = Leeettarse @

ot € ot
Buz = Lo 002N (t,2) + P Vg1, )

ve(t, z),



Inserting these in the parabolic equation (12.1]) gives
%‘P&(tax) - EAQOE(tax) - |V(10€(t7$)|2 = R(:E)a t> 07 VIS R,

(12.3)
pe(t =0,2) = @2(90)

The theory of viscosity solutions has been developed to handle this limit. We can pass to the
limit as a regular perturbation and under suitable assumptions, it can be proved that . R
E—

locally uniformly and this limit satisfies the Hamilton-Jacobi equation
Goelt,z) = |Ve(t,2)? + R(z), t20, z€R,

(12.4)
p(t=0,2) = (2).

This dynamics defines the function (¢, ) which tells us the important, but rough, information
on the behavior of u.(t,z). When (¢, x) > 0 then u.(¢,x) grows exponentially, when ¢(t,z) < 0
then wu.(t,x) decays exponentially.

The weakness of this approach is that when ¢(¢,2) = 0, we have no information on wu. (¢, x).
More generally when u.(t,z) = O(1) then ¢.(t,2) = O(e) and we do not obtain any relevant

information.

12.2 A priori Lipschitz bounds

12.3 Dirac concentrations

T T T T T T —— T T T T T — T T
00 o1 02 03 04 05 06§ 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10

Figure 12.1: NUMERICAL STEADY STATE SOLUTION OF THE BRUSSELATOR SYSTEM (7.21)) WiTH A = B = 2,
dy = 1. AND, FROM LEFT TO RIGHT d,, = 0.005, d,, = 0.0005 AND d,, = 0.0001. THE FIRST COMPONENT u(x)

CONCENTRATES MORE AND MORE WHILE v (MAGNIFIED FOR PLOTTING) REMAINS FLAT.

164



Chapter 13

Mathematical tools

13.1 Lions-Aubin lemma for time compactness

13.2 Michel Pierre’s duality estimate

Consider the problem

9w — Ala(t, z)u] = 0, reQ, t>0,

together with Neumann boundary condition in a bounded domain 2. We denote Q7 = (0,7T) x
2). We assume that a(¢,z) > 0 is smooth and u is a weak solution. We can also assume without

lack of generality that (u") > 0. Then we have the a priori estimate
Lemma 13.1 For any T > 0, we have
IVa ullr2iqr) < CEO)[ulL20) + 2w IVall 2(gr), (13.1)
where C () is the constant of Poincaré Wirtinger’s inequality.
Proof. Consider smooth functions F'(t,z) and the solutions to the adjoint problem

O + a(t,z)Av = F(t, z), e t<T,
(13.2)

still with Neumann conditions. We have

d
— uv:/Fu,



and thanks to the final condition for the adjoint problem,

/uv —/ /Fu (13.3)
Multiplying (13.2) by Av, we get

/8thv+/a|Av|2:/FAv.
Q Q Q

Integrating by parts on €2, we obtain,

2 F2
d [V +/a|Av\2§/ T olaop),
o 2 Q o\ 2a

which gives after integration in time, using again v(7) = 0,

T T 2

F
ot fo=[ [

Q 0 Ja 0o Ja @
F

0
VX[ p2(q) < ||%||L2(QT),
F

IVaAv| 12y < I—=llz2@r)- (13.5)

Va
We need additionally a bound on [ v that we derive as follows. We use again ([13.2) to find

|/Qv°|=\/OT/QaAv—F|s/f/ﬂﬁ(mmw\z),

which gives, thanks to the Cauchy-Schwarz inequality and ((13.5)),

L

Finally, we get using Poincaré-Wirtinger inequality, (13.6)) and then ((13.4]),

Jaw] < | [ = o) 41 [

CN w0l L2Vl 22 () + 2(®) [Vall 12 (gp)

and by consequence,
(13.4)

F
< 2”\/5HL2(QT)H%HL2(QT)' (13.6)

IN

F
H%HL‘Z(QT)
0 F 0 F
C(Q)lu ||L2(Q)||EHL2(QT) + 2(u >H\/aHL2(QT)”ﬁHL2(QT)-

Back to ([13.3]), we conclude that

L= L

which is equivalent to (13.1). O

IN

F
\/a”LQ (Qr)>

< (O N + 20 Wil )|
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