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1 DESCRIPTION OF THE GENERIC PROBLEMS

1 Description of the generic problems

The notations of [5] are employed in this section and extended to the vector
case.

1.1 Scalar boundary value problem

Let Q be a bounded open subset of R?, d > 1. The boundary of  is denoted
by T.

We denote by Lapea, = £ : H*(Q) — L?(2) the second order linear
differential operator acting on scalar fields defined, Yu € H?(Q), by

Lap.eao(t) < _div (AVu) +div (bu) + {(Vu,e) + apu (1.1)

where A e (L®(2))™4 be (L*(Q))4, ce (L*(2))? and ag € L* () are given
functions and (-, -) is the usual scalar product in R%. We use the same notations
as in the chapter 6 of [5] and we note that we can omit either div (bu) or {V u,¢)
if b and c are sufficiently regular functions. We keep both terms with b and ¢ to
deal with more boundary conditions. It should be also noted that it is important
to preserve the two terms b and ¢ in the generic formulation to enable a greater
flexibility in the choice of the boundary conditions.

Let TP, T'® be open subsets of T', possibly empty and f € L2(Q), g° €
HY2(TP), g% € L*(T'F), a® € L®(T'?) be given data.

A scalar boundary value problem is given by

g Scalar BVP
Find u € H3() such that

L(u) =f in €, (1.2)
u =g on I'P, (1.3)
(jn% + afu =g* on I'%. (1.4)

The conormal derivative of u is defined by

O st (p ) — (bu,nY (1.5)
ang

The boundary conditions (1.3) and (1.4) are respectively Dirichlet and
Robin boundary conditions. Neumann boundary conditions are particular
Robin boundary conditions with a’* =

1.2 Vector boundary value problem

Let m > 1 and H be the m-by-m matrix of second order linear differential
operators defined by

{ Moo ()" — (LP@)" (1.6)
u=(u1a"'7um) i fz(flaan)dde(u) .
where
fo =) Haplus), Yoae[l,m], (1.7)
B=1
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2 BOUNDARY VALUE PROBLEMS

with, for all (a, 8) € [1,m]?,
Ha,p = EAu,Bybu,ﬁ,cuﬁ’%a,B (1.8)

and A8 e (L®(Q))™4, b8 e (L*(Q))4, P e (L*(22))? and ag"ﬁ e L*(Q)
are given functions. We can also write in matrix form

£A1,17b1,17cl,1,a(1’v1 .. ‘CAl,nl’bl,m,’cl,m,,aév"L U,
H(u) = : : S (19)

‘CAm~1,bmvl,cmfl,a;"’l P EAM,,M,,bm,,m,,cm,m7a/6n,m ’U,m

We remark that the H operator for m = 1 is equivalent to the £ operator.

For a € [1,m], we define I'2 and I'2 as open subsets of I, possibly empty,
such that TP A TE = 5. Let f e (L*(Q)™, g2 € HY2(I'D), g& e L*(TH),
al e L*(T'E) be given data.

A wvector boundary value problem is given by

:5 Vector BVP
Find u = (u1,...,u,;,) € (H2(Q))™ such that

-

H(u) =f in Q, (1.10)
u, =g7 on T2 Va e [1,m], (1.11)
0
%t afu, =gR on I'E Va e [1,m], (1.12)
onyy,,

where the a-th component of the conormal derivative of u is defined

The boundary conditions are the Robin boundary conditions and
is the Dirichlet boundary condition. The Neumann boundary condi-
tions are particular Robin boundary conditions with aff = 0.

In this problem, we may consider on a given boundary some conditions

which can vary depending on the component. For example we may have a
2

Robin boundary condition satisfying an’; + af'u; = gf and a Dirichlet one
1

with us = gP.In the following of the report we will solve by a P;-Lagrange
finite element method scalar BVP (1.2) to (1.4) and wvector BVP (1.10) to
(1.12) without additional restrictive assumption.

2 Boundary Value Problems

2.1 DMain data structures

We suppose that € is equipped with a mesh 7, (locally conforming) where its
elements are d-simplices . We denote by €2, the union of the elements belonging
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2.1 Main data structures 2 BOUNDARY VALUE PROBLEMS

to the mesh, Q) = UKeTh K, and by I'y, its boundary, I', = 0Q,.

The following data structure is associated to the mesh 7; and employs many
notations already used in FreeFEM++ (see [3] 4]).

ngesh structure associated to 7,
d : integer
space dimension
ng integer
number of vertices
Nime integer
number of elements (d-simplices )
Nhe integer
number of boundary elements ((d—1)-simplices )
q d-by-n, array of reals
array of vertices coordinates
me (d+1)-by-nne array of integers
connectivity array for mesh elements
be d-by-ny,. array of integers
connectivity array for boundary elements
bel 1-by-ny,. array of integers
array of boundary elements labels
vols 1-by-np,e array of reals
array of mesh elements volumes

More precisely

e q(v,j) is the v-th coordinate of the j-th vertex, v € {1,...,d}, j €
{1,...,n4}. The j-th vertex will be also denoted by ¢/ = q(:, 5).

e me(S3, k) is the storage index of the S-th vertex of the k-th element (d-
simplex ), in the array ¢, for 8 € {1,...,d + 1} and k € {1,...,npe}. So
q(:, me(f, k)) represents the coordinates of the S-th vertex of the k-th
mesh element.

e be(S,1) is the storage index of the S-th vertex of the I-th boundary element
((d—1)-simplex ), in the array ¢, for 8 € {1,...,d} and [ € {1,... ,npc}.
So q(:,be(B,1)) represents the coordinates of the S-th vertex of the I-th
boundary element.

e vols(k) is the volume of the k-th d-simplex .

A PDE structure contains all the data necessary to solve a scalar or vector
BVP is described by
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2.2 First level functions or commonly @sedBHXNIBARY VALUE PROBLEMS

gPDE structure
d : integer
space dimension
m . integer
operator dimension (1 for £ operator)
op :  operator
L operator or H operator
f ¢ 1-by-m array of functions
T, :  mesh structure
B, :  1-by-nlab array of boundary mesh structures
labels : 1-by-nlab array of integers
Boundary mesh labels
nlab  : integer
number of boundary labels
bclR  : m-by-nlab array of BCrobin structures
bclD  : m-by-nlab array of BCdirichlet structures

2.2 First level functions or commonly used functions

We briefly describe the main functions that will be used in the sequel.

T, < cerMesu(FileName) : to define the mesh 7, by reading a 2d or 3d mesh
from the file FileName.

Tr < HyperCuss(d, N, < trans = ® >) : to define the mesh 7 as the unit
hypercube [0,1]?. There are N(i) (or N if N is a scalar) points in each
direction and the mesh of the hypercube contains [, N(i) points.
Optionnal parameter trans set the displacement vector of mesh transfor-
mation ®(q) = [®1(q),...,P4(q)]. The 2¢ faces of the hypercube (before
transformation) have an unique label : Vi € [1,d], the faces z; = 0 and
x; = 1 are respectively of label 2 — 1 and 2i.

Lop < Lorperator(d, A,b,c,ag) : to initialize the operator £ in dimension d
given by (LI) : Lop — Lo pc.a-

Hop < Horperaror(d,m) : to initialize the operator H given by (1.6) veri-
fying Hap = 0, VY(a, ) € [1,m]?>. Each operator H, g corresponds to
Hop.H(«v, 8) and can be initialized by the function LoperaTor

pde < intePDE(0Op, 77) : to initialize a PDE structure from an operator (either
L-operator or H-operator) and a mesh. Default boundary conditions are
homogeneous generalized Neumann.

pde < serTBC_PDE(pde, label, comps, type, g, ar) : to define or modify the
boundary conditions on the boundary I'1,pe1 On the mesh pde.7;, for com-
ponents of index comps (in the scalar case comps = 1). For a scalar PDE,
we have for example
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

e Dirichlet condition : uo = g on I'yy, then
pde « serBC_PDE(pde, 11,2, ’Dirichlet’, g, &)
e generalized Neumann condition : &S“ =g on I'19, then
Ha
pde <« seTBC_PDE(pde, 12,3, *Neumann’, g, )

u
8nH2

e generalized Robin condition : + afuy = g on T'y3, then

pde < serBC_ PDE(pde, 13,2, *Robin?, g, af)

T < SowePDE(pde) : to solve by Py-Lagrange finite elements the partial dif-
ferential equation defined by the structure PDE. This function returns
the solution ()

2.3 Scalar case
2.3.1 Poisson PDE with mixed boundary conditions in 2D

We first consider the classical 2D Poisson problem with various boundary con-
ditions. The problem to solve is the following

-\@’-2D Poisson problem
Find u € H3() such that
—Au = f in QcR? (2.1)
u = 0 only, (2.2)
u = 1 onTy, (2.3)
ou

= +aru = —0.5 onTIj, (2.4)

ou
5, = 0.5 onI'y (2.5)

where Q = [0, 1]? and its boundaries are given in Figure
f and ap satisfy:

fl@) = cos(x1 +x3) YV €
ar(z) = 1+23+25 VY €Q

The operator in (2.1)) is the Stiffness operator : L1.0.0.

The conormal derivative F‘i“c is
ou ou
— ={(A —<b = —.
p— AV u,ny—{bu,n) n

The algorithm using the toolbox for solving (2.1)-(2.5) is given in Algo-
rithm The corresponding Matlab/Octave and Python codes are given in

Listing
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

2D Laplace problem
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(a) Domain and boundaries (b) Result

Figure 1: Laplace2d01 problem

Algorithm 2.1 2D Poisson problem

1: Tp < HyperCuUBE(2, 50) = Build unit square mesh
2: Dop <« Loperartor(2,1,0,0,0) = Stiffness operator
3: PDE « mitPDE(Dop, 7r)

4: PDE « serBC_PDE(PDE, 1,1, ’Dirichlet’, 0., &) >u=0onTy
5: PDE « serBC_PDE(PDE, 2,1, *Dirichlet’, 1., ¢¥) >u=1onT>
6: PDE «— serBC_PDE(PDE, 3,1, *Robin’, 0.5, — 1 + 27 + z3) =

2% +agpu=—0.50n T3
7: PDE « serBC_PDE(PDE, 4, 1, *’Neumann’, 0.5, ¢J) > ?7 =0.50n Ty

8: PDE.f «— (z1,z2) — cos(z1 + z2)
9: up, < SowePDE(PDE)

A numerical solution for a given mesh is shown on Figure

fprintf(’1. Creating the mesh\n’); 1 print(’1. Creating the mesh’)
d=2;Th-HyperCube(d,50); 2 d=2;Th-HyperCube(d,50)
fprintf(’2. Definition of the BVP\n’); print(’2. Definition of the BVP’)

3
LOp=Loperator (d,{1,0;0 ,1},[],[],[]); 4+ LOp-Loperator(d=d,A=[[1,0],[0,1]])
PDE-initPDE (LOp, Th) ; s pde=initPDE (LOp, Th)

s

PDE-setBC PDE(PDE,1,1,’Dirichlet’ ,0); pde-setBC PDE(pde,1,0,’Dirichlet’ ,0.,None)
PDE-setBC_PDE(PDE,2,1,°Dirichlet’ ,1); + pde=setBC_PDE(pde,2,0, Dirichlet’ ,1.,None)
PDE=setBC PDE(PDE,3,1,’Robin’,—0.5 , ... s pde=setBC_ PDE(pde,3,0, Robin’,—0.5,

- @(x1,x2) 1+x1.724+x2."2 ); s - lambda x,y: l+x#+2+y##2)
PDE-setBC_PDE(PDE, 4,1, > Nleumann’ ,0.5); 10 pde—setBC_PDE(pde, 4,0, Neumann’ 0.5 ,None)
PDE. f=Q(x,y) cos(xty) ; 11 pde.f=lambda x,y: cos(xty)
fprintf(’3. Solving BVP\n’); 12 print(’3. Solving BVP’);
uh=solvePDE (PDE); 13 uh=solvePDE (pde)

(a) Matlab/Octave (b) Python

Listing 1: 2D Poisson codes

2.3.2 Poisson PDE with mixed boundary conditions in a 2D dis-
torted domain

We first consider the classical Poisson problem with various boundary conditions
in a 2D distorted domain. The problem to solve is the following

Page 7 Compiled on 2015/06/10 at 07:28:35



2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

-\@/-2D Poisson problem

Find u € H3() such that
—Au = f in QcR? (2.6)
u = 0 only, (2.7)
u = 1 onDy, (2.8)
g—u +aru = —0.5 onTg, (2.9)
% = 05 onIy (2.10)

where (2 is the unit hypercube transformed by the function

®(z,y) = (20z, 2(2y — 1 + cos(27x)).

The boundaries are given in Figure [2a
f and apr satisty:

fl) = cos(xi+x3) Y €Q
ap(®) = l14+zi+z3 Vr eQ

(a) Domain and boundaries (b) Result

Figure 2: Laplace2d01 problem

The operator in (2.6 is the Stiffness operator : Lig.0.
u

The conormal derivative s is
ou ou
— ={(A —<{b = —.
g AvVu,ny—<{bu,n) n

The algorithm using the toolbox for solving (2.6)-(2.10) is given in Algo-
rithm The corresponding Matlab/Octave and Python codes are given in

Listing
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Algorithm 2.2 2D Poisson problem in a distorted domain

1: Tp < HyperCuBe(2, [100, 20], trans = (z,y) — (20z, 2(2y — 1 + cos(27x)))

2: Dop « Lorerator(2,1,0,0,0) > Stiffness operator
3: PDE «— initPDE(Dop, 71)

4: PDE « serBC_PDE(PDE, 1,1, >Dirichlet’, 0., &) >u=0onT1
5: PDE « setBC_PDE(PDE, 2,1, *Dirichlet’, 1., &¥) >u=1onT5
6: PDE « setTBC_PDE(PDE, 3,1, *Robin’, —0.5, — 1 + z7 + z3) =

% +aru=—050nT43
7: PDE « serBC_PDE(PDE, 4, 1, ’Neumann?, 0.5, ¢J) > 2% —0.50n Iy

8: PDE.f < (z1,z2) — cos(z1 + z2)
9: up < SowePDE(PDE)

A numerical solution for a given mesh is shown on Figure

fprintf(’1. Creating the mesh\n’); 1 print(’1. Creating the mesh’)
trans=Q(q) [20%q(1,:); ... 2 trans=lambda q: np.c_[20%q[:,0],
2x(2%q(2,:) —1+cos(2xpixq(1,:)))]; 3 2x(2%q[:,1] —14+np.cos (2« pixq[: ,0]))]
Th=HyperCube(2,[100,20], trans); 4+ Th=HyperCube(2,[100,20],trans=trans)
fpl‘intf(’QA Definition of the BVP\n’); 5 print(’2. Definition of the BVP’)
Lop=Loperator (2 ,{1,0;0,1},[],[],[]); s LOp=Loperator(d=2,A=[[1,0],[0,1]])
7 pde=initPDE(Lop,Th); 7 pde=initPDE (LOp,Th)
pde—setBC_PDE(pde, 1,1, Dirichlet’, 0 ); s pde—setBC_PDE(pde,1,0, Dirichlet’ 0., None)
pde=setBC_PDE(pde,2,1,’Dirichlet’, 1 ); o pde=setBC_PDE(pde,2,0,’Dirichlet’,1.,None)
pde-setBC_PDE(pde 3,1, Robin’,—0.5 , ... 1 pde-setBC_PDE(pde,3,0, Robin’,—0.5,
@(x1,x2) 14+x1.72+4x2.72 ); 1 lambda x,y: l+xxk24y*x2)
pde=setBC_PDE(pde,4,1,’Neumann’, 0.5 ); 12 pde=setBC_PDE(pde 4,0, Neumann’ ,0.5,None)
pde. f=Q(x,y) cos(x+y) ; 13 pde.f-lambda x,y: cos(xty)
fprintf(’3. Solving BVP\n’); 14 print(’3. Solving BVP’);
uh=solvePDE (pde ); 15 uh=solvePDE (pde)
(a) Matlab/Octave (b) Python

Listing 2: 2D Poisson codes with distorted mesh

2.3.3 2D condenser problem

The problem to solve is the Laplace problem for a condenser.

-\@’-2D condenser problem
Find u € H%() such that

—~Au = 0 in Q cR? (2.11)
= 0 onTy, (2.12)

= —1 on Igg, (2.13)

1 on Tyg, (2.14)

where {2 and its boundaries are given in Figure
The problem ([2.11)-(2.14) can be equivalently expressed as the scalar BVP

§2D condenser problem as a scalar BVP
Find u € H%(Q) such that

L(u) =f in Q,
g

D on T'P.

where I'® = ¥ (no Robin boundary condition) and
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Q It
(=1;3) (2;3)
2D condenser problem
98 99 ©
=0
(—2:—3) (1; =3) s

(a) Domain for the condenser problem (b) Result for the 2D condenser problem

Figure 3: Condenser problem

o L:=L10,0,0, and then the conormal derivative of u is given by

ou ou
A - s
g AvVu,ny—<{bu,n) o

o f(x):=0
L] FD=F1UF98UF99

e gP:=0onTy, and gP := —1 on I'gg and g” := +1 on Tgg

The algorithm using the toolbox for solving (2.11)-(2.14) is the following;:

Algorithm 2.3 2D condenser

1: T «— GETMESH(...) > Load FreeFEM-+ mesh
2: Dop « Loperaror(I, 0,0, 0) > Stiffness operator
3: PDE «— initPDE(Dop, T1)

4: PDE « serBCLaBeL(PDE, *Dirichlet’,1,1,0.) >u=0o0nTI"
5: PDE « serBCLaBeL(PDE, *Dirichlet?,99,1,1.) >u =1 on Igg
6: PDE « serBCLaBEL(PDE, *Dirichlet?, 98,1, —1.) >u = —1 on I'og
7: < SowePDE(PDE)

We give respectively in Listing [1| and [2] the corresponding Matlab/Octave and
Python codes.

Listing 1: 2D condenser, Mat- Listing 2: 2D condenser, Python

lab/Octave code code

fprintf(’1. Reading of the condenser mesh\n’) 1 print("1. Reading of the condenser mesh")
Th=GetMesh2DOpt (’ condenser2D -10.msh’ ); 2 Th=readFreeFEM (’condenser2D -10.msh’)

fprintf(’2. Definition of the BVP : 2D condenser‘sn’print("2. Definition of the BVP : 2D condenser")
Lop=Loperator (Th.d,{1,0;0,1},[],[],[]); 1 Lop=Loperator (d=Th.d,A=[[1,None]| ,[None,1]]|)

pde=initPDE (Lop,Th); 5 pde=initPDE (Lop,Th)

pde=setBC_PDE(pde, 1 ,1,’Dirichlet’,0); s pde=setBC_ PDE(pde,1,0,’Dirichlet’ ,0.,None)
pde=setBC_PDE(pde,99 ,1,’Dirichlet’,1); 7 pde=setBC_PDE(pde,99,0,’Dirichlet’ ,1.,None)
pde=setBC_PDE(pde,98 ,1,’Dirichlet’,—1); s pde=setBC_PDE(pde,98,0,’Dirichlet’,—1. ,None)
fprintf(°3. Solving BVP\n’) o print("3. Solving BVP")

10 x=solvePDE (pde); 10 x=solvePDE (pde)

The solution for a given mesh is shown on Figure

© @ oo om oA oW e e
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

2.3.4 Stationary convection-diffusion problem in 2D

The 2D problem to solve is the following

-\@’-2D stationary convection-diffusion problem

Find u € H%() such that
—div(avVu) +<{V,Vu)+Bu = f in QcR? (2.15)
u = 4 onTy, (2.16)
u = —4 onTy, (2.17)
u = 0 on FQO U Fgl, (218)
0
L~ 0onT;uT3uTy (2.19)
on

where  and its boundaries are given in Figure [fa] This problem is well
posed if a(z) > 0 and B(z) > 0.
We choose «, V, fand fin Q as :

() = 0.1+ (z;—0.5)2
V(z) = (—10x9,10x;)",
B(z) = 0.01,
/(=)

= —200exp(—10((z1 — 0.75)% + x3)).

Numerical solution ( n, = 1117, . = 2074 )

(a) Domain and boundaries (b) Result

Figure 4: 2D stationary convection-diffusion problem

The problem (2.15)-(2.19) can be equivalently expressed as the scalar BVP
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

$2D stationary convection-diffusion problem as a scalar
BVP
Find u € H3(2) such that

L(u) =f in Q,

u=gP on I'P,

where
o L:=L,10v,3, and then the conormal derivative of u is given by

ou ou

o FD:FQUF4UF20UF21 andFR:Fluf‘guFlo
e gP:=40onTy and g := —40on Ty and g” := 0 on I'yg Uy
e af* = g :=0onI'F.

The algorithm using the toolbox for solving (2.15)-(2.19) is the following:

Algorithm 2.4 Stationary convection-diffusion problem in 2D

1: Tn < GETMESH(...) > Load FreeFEM++ mesh
2: o« (z,y) — 0.1+ (y — 0.5)(y — 0.5)

3: B« 0.01

4: L < LoPERATOR(2, (g g) ,0, (1%)2}/) ,B)

5: pde « miTPDE(L, Tp) = Set homogeneous ’Neumann’ condition on all boundaries
6: pde «— serBC_ PDE(pde, 2,1, ’Dirichlet’, 4., &¥) >u=4onTl}y
7: pde « serBC_PDE(pde, 4,1, ’Dirichlet’, —4, ¥) >u=—4o0nTly
8: pde « seTBC_PDE(pde, 20,1, ’Dirichlet’, 0, J >u =0 on 'y
9: pde < serBC_ PDE(pde, 21,1, ’Dirichlet’, 0, &) >u =0 on [y

10: pde.f « (z,y) — —200exp(—10(x — 0.75)% + ¢?)
11: & « SowePDE(pde)

We give respectively in Listing [3] and [ the corresponding Matlab/Octave and
Python codes.
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2.3 Scalar case

2 BOUNDARY VALUE PROBLEMS

Listing  3:

2D stationary

convection-diffusion, Mat-
lab/Octave code

fprintf(°1.

Reading of the mesh\n’);

Th=GetMesh2DOpt ( > sampleD2d01 -20.msh’ );

fprintf(’2.

Definition of the BVP\n’)

af=Q@(x,y) 0.1+ (y—0.5).%(y—0.5);

Vx=@(x,y) —10xy

=Q(x,y) 10%x;

b—0.01;g2—4;g4——4;

f=Q(x,y) —200.0xexp(—

pde=initPDE (L, Th);
pde=setBC_PDE(pde,2,1,’Dirichlet’,g2);

pde=setBC_PDE

pde,4,1,’Dirichlet’,g4);

(

(
pde=setBC_PDE(pde,20,1,’Dirichlet’ ,0);
pde=setBC_PDE(pde,21,1,’Dirichlet’ ,0);

pde. f=f;

fprintf(°3.

Solving BVP\n’)

x=solvePDE (pde);

((x—=0.75)."2+4+y.~2)/(0.1));
L—Loperator (Th.d, {af , []:]] , af} [, {Vx,Vy},b):

Listing  4: 2D  stationary
convection-diffusion, Python
code

print ("1. Reading of the mesh")

Th=readFreeFEM ("sampleD2d01-20.msh")

print ("2. Definition of the BVP")

af-lambda x,y: 0.1+ (y—0.5)*(y—0.5)

Vx=lambda x,y: —10%y;Vy=lambda x,y: 10%x

b=0.01;g2=4;g4=—4;

f-lambda x,y: —200xexp(—((x—0.75)*%2-Fy*%2)\
/(0.1));

Lop=Loperator (d=Th.d,A=[[af ,None| ,[None, af]],

10 c=[Vx,Vy|,a0=b)

11 pde=initPDE (Lop,Th)

12 pde=setBC_PDE(pde,2,0, ’Dirichlet’,g2)

13 pde=setBC_PDE(pde,4,0, ’Dirichlet’, g4)

1+ pde=setBC_PDE(pde,20,0,’Dirichlet’ ,0)

15 pde=setBC_PDE(pde,21,0,’Dirichlet’,0)

16 pde. f=f

17 print("3. Solving BVP")

15 x=solvePDE (pde)

© @ ou @ o e @ B e

The numerical solution for a given mesh is shown on Figure [Eb|

2.3.5 Stationary convection-diffusion problem in 3D

Let A

Q=

(ra,y4) € R? and C%([Zmin, 2max]) be the right circular cylinder
along z—axis (2 € [Zmin, Zmaz]) With bases the circles of radius r and center

(an Yya, Zm'in) and (an Yya, Zmax)-
Let 2 be the cylinder defined by

Co.0) ([0, 3D\{C{570) ([0, 3])

v Cs 0 _o.7([0,3]) v 6?0,10.7)([07 3D}

We respectively denote by I'1ggg and I'1gg1 the z = 0 and z = 3 bases of (2.
Fl, Flo, F20 and I'91 are respectively the curved surfaces of cylinders C(l0 0) ([0, 3]),

(0 —0.7) ([0,3]) and C(oo

(0 O,f
he domaln Q and its boundaries

(a) Bottom view

([0,3)).

are represented in Figure [5

(b) Top view

Figure 5: Mesh for the stationary convection-diffusion problem in 3D

The 3D problem to solve is the following
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

-\@'-3D problem : Stationary convection-diffusion
Find u € H%() such that
—div(aVu) +<{V,Vuy+pBu = f inQcR3 (2.20)
Oéa—u + asou = gog on I'gq, (2.21)
on
oz% +agiu = go1 on Iy, (2.22)
on
Z—Z = 0 onIV (2.23)

where v = I'yuTlio U000 U I001- This problem is well pOSGd if a(m) >0
and S(z) = 0.
We choose a0 = Q21 = 1, go1 = —g20 = 0.05 ﬁ = 0.01 and :

alz) = 0.7+x3/10,
V(ﬂ?) = (—103)2, 10.731, 101‘3)t7
f(x) = —800exp(—10((z1 —0.65)% + 23 + (3 — 0.5)?))

+800 exp(—10((x; + 0.65)2 + 23 + (23 — 0.5)?)).

u
EQ 147e+01

=0

u
EZ 147e+01
| E

Er? 143e+01

(a) first view (b) second view

Figure 6: Stationary convection-diffusion problem in 3D : numerical solution

The problem (2.20)-(2.23) can be equivalently expressed as the scalar BVP
(1.2)-(L.4) :

553D stationary convection-diffusion problem as a scalar
BVP
Find u € H3() such that

L(u) =f in Q,

0
L + aPu =g* on T'E.
6n5

where
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

o L:=La10,v,3, and then the conormal derivative of u is given by

ou ou
Frol AVvu,ny—<{bu,ny = as-.

e I =T UTpuUTy Ul UTg00 U Tipo (and TP = &)
[ ]

R { 0 ,onTyuTieuTligee U0

“ = 1 , on F2O U Fgl

0 , on Iy UT'yg U I'goo U oot
g% =< 005 , onTy,

—0.05 , on FQO

The algorithm using the toolbox for solving (2.20)-(2.23) is the following;:

Algorithm 2.5 sampleD3d01 problem

1:
2:

Tr < ceTMESH(...) > Load FreeFEM++ 3D-mesh
o «— (z,y,2) — 0.7+ 2/10
a 0 0 —10y
: Dop < LoperaTOR(3, [0 o 0,0, 10z |,5)

0 0 « 10z

: PDE «— mnitPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries
. PDE < serBC_PDE(PDE, 20, 1, *Robin?, —0.05, 1)

: PDE « seTrBC_PDE(PDE, 21,1, ’Robin’,0.05, 1.)

: PDE.f « (z,y, 2z) — —800 exp(—10(z — 0.65)2 + y* + (z — 0.5)?)

+800 exp(—10(z + 0.65) + 4% + (z — 0.5)?)

: £ < SowePDE(PDE)

We give respectively in Listing || and |§| the corresponding Matlab/Octave

and Python codes.

Listing 5: 3D stationary convection-diffusion, Matlab/Octave code

fprintf(’1. Reading of the mesh\n’);

3 Th=GetMesh3DOpt (’sampleD3d01 -6.mesh’,’format?’, ’medit’);

4+ fprintf(’2. Definition of the BVP\n’)

5 af-Q(x,y,z) 0.7+2/10;%0.1+(y—0.5).%(y—0.5);

s Vx=Q(x,y,z) —10xy;Vy=Q(x,y,z) 10xx;Vz=Q(x,y,z) 10xz;

7 b=0.01;%0.01;92=4;94=—4;

s f=Q(x,y,z) —800.0xexp(—10%((x—0.65).%(x—0.65)+y.xy+(z—0.5).72)) ...
o +800.0xexp(—10%((x+0.65).%(x+0.65)+y.*xy+(z—0.5).72));

10 Lop=Loperator (Th.d,{af  [],[];[],af,[]:[],[],af} [],{Vx,Vy,Vz},b);
11 pde=initPDE(Lop,Th);

12 pde=setBC_PDE(pde,20,1,’Robin’, —0.05 , 1 );

12 pde=setBC_PDE(pde,21,1,’Robin’, 0.05 , 1 );

112 pde. f=f;

15 fprintf(’3. Solving BVP\n’)
16 x=solvePDE (pde);
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Listing 6: 3D stationary convection-diffusion, Python code

1 print("1. Reading of the mesh")

2 Th=readFreeFEM3D ("sampleD3d01-6.mesh")

s print("2. Definition of the BVP")

+ af=lambda x,y,z: 0.7+2z/10

5 Vx-lambda x,y,z: —10xy;Vy-lambda x,y,z: 10%x;Vz-lambda x,y,z: 10xz

¢ f=lambda x,y,z: —800.0xexp(—10%((x—0.65)*x2+yxy+(z—0.5)%%2))+\
800.0%exp(—10%((x+0.65)*x2+yxy+(z—0.5)%%2))

s Lop-Loperator(d—=3,A—[[af ,None,None] ,[None, af ,None| , [ None,None, af]],\

o c=|Vx,Vy,Vz], a0=0.01)

10 pde=PDE(Lop,Th)

11 pde-setBC_PDE(pde,20,0, ’Robin’,—0.05,1)

12 pde=setBC_PDE(pde,21,0, ’Robin’ ,0.05,1)

13 pde. f=f -

14 print("3. Solving BVP")

15 x=solvePDE(pde)

The numerical solution for a more refined mesh is shown on Figure [6]

2.3.6 Laplace problem in [0, 1]¢

The Laplace problem in any d-dimensional domain is considered here, with
various boundary conditions.

Let Q = [0,1]? be the hypercube in RY. The 2¢ faces of this hypercube have
a unique label : Vi € [1,d], faces z; = 0 and x; = 1 are respectively of label
(26 — 1) and 2i.

p

-@’-Laplace problem in [0, 1]¢
Find u € H%() such that

—Au = 0 in QcR% (2.24)
u = 1 onlyuly, (2.25)

— +5u = 1 on F3 U F4, (226)

d
on U a1 Ty,
=3

The problem (2.24)-(2.27) can be equivalently expressed as the scalar BVP
(1.2)-(1.4) :
ﬁLaplace problem in [0,1]? as a scalar BVP

Find u € H%() such that
L(u) =f in Q,
u =g on I'P,
a—u + aPu =g* on I'E,
6n,;

where

o L:=L10,0,0 and then the conormal derivative of u is given by

ou <AVu,n>—<bu,n>=2—Z.

ang '
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2.3 Scalar case

2 BOUNDARY VALUE PROBLEMS

o P =T, UTyand TR = [/, Ty; 1 U Ty

.gD

o gR :=1on F3 U F4 and gR :=0on U(ii=3 ngfl ) ng

:=1onlyuly

e afi(x):=1onT3uUTy and a? := 0 on Ug=3 Iyiq uly,

The algorithm using the toolbox for solving (2.24))-(2.27) is the following:

Algorithm 2.6 Laplace equation in [0, 1]¢

: Tn < HyperCusg(d, N)

: L < Loperator(d,14,04,04,0)
: pde — murPDE(L, Tp)

pde < seTBC_PDE(pde, 1,1,
pde < seTBC_PDE(pde, 2,1,
pde « seTBC_PDE(pde, 3,1,
: pde « seTBC_PDE(pde, 4,1,
: € < SowvePDE(pde)

’Dirichlet?’,
’Dirichlet?’,
’Robin’, 1,1)
’Robin’,1,1)

1, &)
1, &)

> Stiffness operator

The corresponding Matlab/Octave and Python codes are given in Listing

print("1. Creating the mesh
of the hypercube [0,1]~d")

d=int (input ("d="))

N=int (input ("N="))

fprintf(’1. Set hypercube
mesh\n’);

d=input(’d=");

N=input (’N=");

Th-HyperCube(d,N) ; 1+ Th-HyperCube(d,N)
fprintf(’2. Definition of 5 print("2. Definition of the
the BVP : %dD BVP : %dD Laplace"%d)
Laplace\n’ ,d) s A=NoneMatrix(d,d)
A=cell(d,d); 7 for i in range(d):
+ for i=1:d, A{i,i}=1;end 5 Ali][i]=1
Lop—Loperator (d,A, ][] .1]) ; s Lop=Loperator (d=d,A-A)

s

0
10
1
12
13
14

15

pde=initPDE (Lop,Th) ; 10 pde=initPDE (Lop,Th)

pde-setBC_PDE(pde, 1,1, Dirichlet’,1);
pde=setBC_PDE(pde,2,1,’Dirichlet’,—1);
pde=setBC_PDE(pde,3,1,’Robin’ ;5 ,1);
pde=setBC_PDE(pde , 4,1, Robin’ ,5,1);
fprintf(’3. Solving BVP\n’)
x=solvePDE(pde) ;

(a) Matlab/Octave

pde=setBC_PDE(pde,
pde=setBC_PDE(pde,
pde=setBC_PDE(pde,
pde-setBC_PDE( pde ,

print("3. Solving
x=solvePDE (pde)

1,0,
2,0,
3,0,
4,0,
BVP"

’Dirichlet’ ,0)
’Dirichlet’,1)
’Robin’ ,5,1)
*Robin’ ,5,1)

(b) Python

Listing 3: Codes for Laplace problem in dimension d

It should be noted that in dimension d, the mesh of the hypercube [0,1]?
obtained by the call to the function 7, <« HyrerCusr(d, N) contains n. =
d!(N — 1) d-simplices , N being the number of points in each direction. This
number can be very huge (see Table. So one does not need to be too ambitious
in dimension d > 3 and choose a reasonable N.

N .d 2 3 4 3 6
) 32 384 6144 122880 2949120
10 162 | 4374 | 157464 | 7085880 | 382637520
15 392 | 16464 | 921984 | 64538880 | 2147483647

Table 1: Number of d-simplices in hypercube [0, 1]¢ meshes
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2.3.7 Grad-Shafranov problem

We consider here the 2D Grad-Shafranov problem already tested in [4] defined

by

-\@’-Grad-ShafranOV problem
Find + € H?(£2) such that

—AY+agyy = f inQcR? (2.28)
v = 0 onl

(1;0.5)

(0;0)

|
(1; =0.5) 0 0,125

(a) Domain (b) Result

Figure 7: Grad-Shafranov problem

The functions ag and f satisfy for all z = (z1,22) € i

aol) = mi
flx) = z2¥+1

The geometry can be described by a parametric function as
z1(t) = +/1+cos(t) Vte]l0,2n],
zo(t) = 0.5 sin(t)
The operator in (2.28) is the following one : Ly .0,q,-

The conormal derivative ;Tw is

L
oY 0
— :=<(A —<b =—.
g~ AV =G = =
The algorithm using the toolbox for solving (2.28)-(2.29) is the following;:

Algorithm 2.7 Grad-Shafranov problem

: Tn < GETMESH(...) > Load FreeFEM-++ mesh
: Dop < Loperator(2,1,0,0,z — 1/z1)

PDE <« mirPDE(Dop, 71)

PDE « serBC_PDE(PDE, 1,1, ’Dirichlet’, 0., &) >u=0o0nTy
PDE.f «—z—x+1

: £ < SowePDE(PDE)
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The solution for a given mesh is shown on Figure

2.4 Vector case
2.4.1 Elasticity problem

General case (d = 2,3)
We consider here Hooke’s law in linear elasticity, under small strain hypothesis
(see for example [1]).
For a sufficiently regular vector field u = (u1,...,uq) : 2 — R% we define
the linearized strain tensor € by

(V(u) + V().

I3
—
S
=

I
N =

We set, € = (611,62272612)t in 2d and € = (611,622763372612,2623,2613)t in 3d,
with €;;(u) = 3 (9“? + auj). Then the Hooke’s law writes

5 =
2 \ Oz ox;

g:(Ce,

where ¢ is the elastic stress tensor and C the elasticity tensor.

The material is supposed to be isotropic. Thus the elasticity tensor C is only
defined by the Lamé parameters A and p, which satisfy A + p > 0. We also set
y=2pu+ A Ford=2ord=3, Cis given by

C= </\112 + 2ully 0) or C— </\]13 +2ul; 0 ) ’
0 ) 3x3 0 IEY P

respectively, where 14 is a d-by-d matrix of ones, and I; the d-by-d identity
matrix.
For dimension d = 2 or d = 3, we have:

oap(u) = 2penpu) + Atr(e(u))das Vo, e [1,d]

The problem to solve is the following

-\@/-Elasticity problem
Find u = H2(Q)" such that

Now, with the following lemma, we obtain that this problem can be rewritten

as the vector BVP defined by (1.10) to (1.12).

Lemma 1. Let H be the d-by-d matriz of the second order linear differential
operators defined in (L6) where Hop = Lyas 000, V(a, B) € [1,d]?, with

(Aa’ﬁ)k)l = ,LL(SQB(SM + M(Sk,@(sla + Aékaélﬁa V(k‘, l) € [[L dHQ (233)
then
H(u) = —dive(u) (2.34)
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2.4 Vector case 2 BOUNDARY VALUE PROBLEMS

and, Yo € [1,d],
ou

anﬂa

= (o(u)m),. (2.35)

The proof is given in appendix ?7. So we obtain

-\@/-Elasticity problem with H operator in dimension d = 2
ord=3

Let H be the d-by-d matrix of the second order linear differential opera-
tors defined in (L.6) where Y(a, 8) € [1,d]?, Ha,p = Lpa.p0,0,0, With

e for d =2,
11_ (7 O 12_ (0 A 21 _ 0 wu 22 _ (M 0
S O R v R R I
e for d = 3,
v 0 0 0 X 0 0 0 X
AMt=10 p 0], AM2=1|p 0 0, A¥ =10 0 0
0 0 p 0 0 0 w0 0
0 pu O pn 0 0 0 0 O
A2l =X 0 0], A22=(0 ~ 0, A23=[0 0 X[,
0 0 0 0 0 p 0 n O
0 0 p 0 0 0 p© 0 0
Al =10 0 0, A>2={0 0 wu|, A®3=(0 u 0].
A0 O 0 X 0 0 0 «v

The elasticity problem (2.30) to (2.32) can be rewritten as :
Find u = (u1,...,u4) € (H2(Q))4 such that

H(u) =f, in Q, (2.36)
=0, on TE =T® vae[l,d] (2.37)

on T2 =TP Vae[1,d]. (2.38)

2D example
For example, in 2d, we want to solve the elasticity problem to
where ) and its boundaries are given in Figure|8| We have ' =T uT? U T3,
b =14
The material’s properties are given by Young’s modulus £ and Poisson’s
coefficient v. As we use plane strain hypothesis, Lame’s coefficients verify

E Ev
S S W PV
=S M T Orma—zyy TTHTA

The material is rubber so that £ = 21.10°Pa and v = 0.45. We also have
.f =T — (07_1)t
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(051) s _(20,1)
r4 Q 2
°
(0; —1) Fl (20; —1)

Figure 8: Domain for the 2D elasticity problem

The algorithm using the toolbox for solving (2.30)-(2.32) is the following;:

Algorithm 2.8 2D elasticity

— = =
N = O

© P TST W

: Th < GETMESH(...) = Load FreeFEM++ mesh
Y Ev

- (1+v)(1—2v)

PR sa
: Hop « IniTHoPERATOR(2, 2)

2,21+ A, 0;0
2,[0, A; 11,0],0
2,0, 43 A, 0],0,
2, [1,0;0,2p +

> oox
o O

( (
(2,1) « LoprraTor(
Hop(1,2) < Loperator(
( (

’

: pde « mutPDE(Hop, Tr)

: pde « seTBC_PDE(pde, 4,1 : 2, ’Dirichlet’,z — 0)
: pde.f «—x — [0,—1]

: £ < SowePDE(pde)

We give respectively in Listing [7] and [8] the corresponding Matlab/Octave

and Python codes.

Listing 7: 2D elasticity, Matlab/Octave code

1 fprintf(’1. Reading of the mesh\n’);

2 Th=GetMesh2DOpt (>bar4-15.msh’ );

fprintf(’2. Definition of the BVP\n’);

E = 21.5e4; nu = 0.45;

mu= E/(2x(1+nu));

lambda = Exnu/((1+nu)%(1—2%nu)):
gamma—=lambda-2+mu;

s Hop=Hoperator (2,2);

+ Hop.H{1,1}~Loperator (2, {gamma, [|;]] ymn} ,[] 1] ,]);
10 Hop.H{l,2}~Loperator (2 ,{[],lambda;mu,[]} ,[],[],[]);
11 Hop.H{2,1}=Loperator (2 ,{[] ,mu;lambda ,[]} ,[],[] ,[]);
12 Hop.H{2,2}~Loperator (2, {mu, [||] ,gamma} ,[] 1] ,[]);
13 % One can also use the preset operator function

1 %  Hop=buildHoperator (2,2, 'name’, ’StiffElas ’, "lambda ’,lambda , 'mu’,mu);
15 pde=initPDE (Hop,Th);

16 pde.f—={0,-1};

17 pde=setBC_PDE(pde,4 ,1:2, ’Dirichlet’ ,{0,0});

15 fprintf(’3. Solving BVP\n’);

19 x-solvePDE (pde);

il

s ’
s ’
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Listing 8: 2D elasticity, Python code

print (’1. Reading of the mesh’)

Th=readFreeFEM ( *bar4 -15.msh’)

print (’2. Definition of the BVP’)

E = 21.5e4; nu = 0.45

mu- E/(2x%(1+4nu))

lam = Esnu/((1+nu)*(1—2%nu))

gam=lam +2+mu

Hop-Hoperator (d=2,m—2)

Hop .H[0][0]= Loperator (d=2,A=|[[gam ,None| , [ None ,mu]|)
Hop .H[0][1]= Loperator (d=2,A=|[[None,lam | , [mu, None|]|)
Hop.H|[1][0]— Loperator(d—2,A—|[[None ,mu| ,|[lam,None|])
Hop .H[1]|[1]=Loperator (d=2,A=|[[mu, None] ,[None,gam]||)
# One can also use the preset operator function

#  Hop=StiffElasHoperators (2,lam,mu)
pde=initPDE (Hop, Th)

pde. f=[0,—1]

pde=setBC_PDE(pde ,4,[0,1],’Dirichlet? ,[0,0],None)
print(’3. Solving BVP’)

x=solvePDE(pde, split=True)

For a given mesh, its displacement scaled by a factor 10 is shown on Figure

9]

Figure 9: Mesh displacement scaled by a factor 10 for the 2D elasticity problem

3D example

Let Q = [0,5] x [0,1] x [0,1] = R3. The boundary of 2 is made of six faces
and each one has a unique label : 1 to 6 respectively for faces 1 = 0, 1 = 5,
g =0, 29 =1, 3 = 0 and x3 = 1. We represent them in Figure [I0]
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Figure 10: Domain 2 and boundaries for the 3D elasticity problem

We want to solve the elasticity problem ([2.30) to with TP = Ty,

I‘N:Ul oI and f =2 — (0,0, —

1"

The algorithm using the toolbox for solving (2.30)-(2.32) is the following;:

Algorithm 2.9 3D elasticity

: Trh < GeTMESsH(...)
. Ev
PA e (A+v)(1—2v)
PR sayy
Y= A+2u
Hop <« HoprerATOR(3, 3)
: Hop.H(1,1) « LopERrATOR

<«— LOPERATOR

) I

_ =
ol N2 A A~ oy
==}
[e]
o
o

3 [
H(1.2) (3
Hop. H(l, 3) « LoperaTor(3, [0,
Hop.H(2,1) < Loperator(3, [0,
: Hop.H(2,2) « LoperaTor(3, [4,
Hop.H(2, 3) « Loprerator(3, [0,
12: Hop.H(3,1) « Loreraror(3, [0,
13: Hop.H(3,2) « Lorerator(3, [0,
14: Hop.H(3,3) « Loperator(3, [y,
15: pde < murPDE(Hop, 75)
16
17: pde.f —x — [0,0,—1]
18: & « SowvePDE(pde)

0,
H,
0,
0,
0,
0,
0,

,[7,0,0;0, 1, 0;0,0, ],0,0,0)
0, A\, 0; 1, 0,0;0,0,0],0,0,0)
2;0,0,0;u,0,0],0,0,0)

0; A, 0,0;0,0,0],0,0,0)
0:0,7,0;0,0, 1],0,0,0)
00,0, X0, 1, 0],0,0,0)
11;0,0,0; A, 0,0],0,0,0)
0;0,0, 40, A, 0],0,0,0)

0;0, 11, 0;0,0,~],0,0,0)

> Load FreeFEM++ mesh

: pde « seTBC_PDE(pde, 1,1 : 3, ’Dirichlet’, 2 — 0)

We give respectively in Listings |§| and [10[the corresponding Matlab/Octave and

Python codes.
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Listing 9: 3D elasticity, Matlab/Octave code

1 fprintf(’1. Reading of the mesh\n’);

2 Th=GetMesh3DOpt(’elasticity3D-10.mesh’,’format?’,’medit’);
s fprintf(’2. Definition of the BVP\n’);

4 E = 21.5e4; nu = 0.29;

5 mu- E/(2x(l+nu));

s lambda = Esnu/((1+nu)*(1—2xnu));

7 H=buildHoperator (3,3 ,’name’,’StiffElas’,’lambda’,lambda, ’mu’ mu);
s pde=initPDE(H,Th);

o pde.f={0,0,—-1};

10 pde=setBC_PDE(pde,1 ,1:3, ’Dirichlet’,{0,0,0});

11 fprintf(’3. Solving BVP\n’);

12 x=solvePDE(pde);

Listing 10: 3D elasticity, Python code

1 print(’1. Reading of the mesh’)

2 Th=readFreeFEM3D (’elasticity3D-10.mesh?’)

s print(’2. Definition of the BVP?)

1+ E = 21.5e4; nu = 0.29

5 mu= E/(2%(1+nu))

6 lam = Exnu/((1+nu)*(1—2%nu))

7 gam=lam - 2smu

s Hop=Hoperator (d=3,m=3)

o Hop.H[0][0]=Loperator (d=3,A=[[gam,None , None| ,[None ,mu, None| , [ None , None ,mu] | )

10 Hop.H[0|[1]=Loperator(d=3,A=[|None,lam ,None| ,[mu, None, None| ,|[ None,None ,None|])
11 Hop.H[0][2]=Loperator (d=3,A=[[None,None,lam| , [ None, None,None] ,[mu,None ,None]])
12 Hop .H[1][0]=Loperator (d=3,A=[[None ,mu,None] ,[lam, None, None| ,[None,None ,None]|])
13 Hop .H[1]|[1]|=Loperator (d=3,A=|[mu, None,None] ,[None,gam, None| ,[None ,None ,mu]|)
11 Hop.H[1]|[2]=Loperator (d=3,A=[[None, None,None] ,[None,None,lam] ,[None ,mu, None]])
15 Hop .H[2]|[0]=Loperator (d=3,A=[[None ,None ,mu] ,[None, None,None| ,[lam ,None ,None|])
16 Hop.H|[2]|[1]|=Loperator (d=3,A=|[None,None,None] ,[None,None ,mu| , | None,lam ,None]|]|)
17 Hop.H[2][2]— Loperator (d—3,A—[[mu, None ,None] ,[None ,mu, None| , [ None,None ,gam] | )

18 # One can also use the preset operator function

19 #  Hop=StiffElasHoperators(d,lam,mu)

20 pde=initPDE (Hop, Th)

a1 pde. £=[0,0,—1]

22 pde=setBC_PDE(pde,1,[0,1,2],’Dirichlet”,[0,0,0],None)

23 print(’3. Solving BVP’)

24 x=solvePDE(pde, split=True)

The displacement scaled by a factor 100 for a given mesh is shown on Figure
il
X-Axis e
0.0 1.0 20 3.0 40 5\3@\&“\“*

s AR

Figure 11: Result for the 3D elasticity problem

2.4.2 Stationary heat with potential flow in 2D

Let T’y be the unit circle, I'1p be the circle with center point (0,0) and radius

0.3. Let I'sg, I'sq, I'so and T'oz be the circles with radius 0.1 and respectively

with center point (0, —0.7), (0,0.7), (—0.7,0) and (0.7,0). The domain < R?

is defined as the inner of I'y and the outer of all other circles (see Figure .
The 2D problem to solve is the following
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Figure 12: Domain and boundaries

-\@’-2D problem : stationary heat with potential flow

Find u € H3() such that
—div(avu) +<{V,Vu)+pfu = 0 in QcR? (2.39)
u = 20=% Yy on F217 (240)
u = 0 on P22 \ P23, (241)
0
l = 0 on F] U FlO U FQO (242)
on

where  and its boundaries are given in Figure This problem is well
posed if a(z) > 0 and B(z) = 0.
We choose o and  in € as :

alz) = 0.1+ 23
Bz) = 0.01

The potential flow is the velocity field V = V¥ ¢ where the scalar function ¢ is
the velocity potential solution of the BVP

-\@/-Velocity potential in 2D

Find ¢ € H?(2) such that
A = 0 inQ, (2.43)
¢ = —20 on Iy, (2.44)
¢ = 20 on Fgo, (245)
¢
= 0 on Fl ) F23 ) FQQ (246)
on

Then the potential flow V is solution of
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-\@'-Potential flow in 2D
Find V = (V,V,) e HY(Q) x HY(Q) such that

= V¢ inQ,

For a given mesh, the numerical result for heat  is represented in Figure[I3a]
velocity potential ¢ and potential flow V' are shown on Figure

(a) heat u (b) Velocity potential ¢

(c) Potential low V

Figure 13: Stationary heat with potential flow in 2D

Now we will present two manners of solving these problems using vecFEMP1
codes.

Method 1 : split in three parts
The 2D potential velocity problem ([2.43))-(2.46) can be equivalently expressed

as the scalar BVP (|1.2)-(L.4) :

We present now to
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§2D potential velocity as a scalar BVP

Find ¢ € H?(2) such that
L(g) =f in 0,
u=g? on I'P,
67u + aftu =g on I'f.
6n5

where

o L:=Ly0,0,, and then the conormal derivative of u is given by

ou ou
g AvVu,ny—<{bu,n) = o

o f(x):=0

o« TP = Iy U o

o T =T, UT9; UTs

e gP :=200n 'y, and gP := —20 on I'y;

e g =a®:=00n T and gP := —20 on I'y;

The algorithm using the toolbox for solving (2.43)-(2.46)) is the following:

Algorithm 2.10 Velocity Potential in 2D

1: Dop « LopEerator(L,0,0,0) > Stiffness operator
2: pde « murPDE(Dop, 73)

3: pde « serBCLasEeL(pde, 20, 1, ’Dirichlet’, 20) > u = 20 on Iy
4: pde < seTBCLaBEL(pde, 21,1, >Dirichlet’, —20) > u = —20 on 'y

T4 «— SowePDE(pde)

(@48

Now to compute V, we can write the potential flow problem (2.47) with H-
operators as
Vi 1)
A =B
(v:) -5 ()
where

L0,,05,05,1 0 ) (ﬁ@ 0,(1,0)%,1 0 >
A= 2,02,02, and B = 2,02,(1,0)%,
( 0 L0,,05,0,,1 0 L0,,05,(0,1)*,0

The algorithm using the toolbox for solving this problem is the following:
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Algorithm 2.11 Potential flow in 2D

: Aop < IniTHOPERATOR(2, 2)
: Aop.H(1,1) « Lopreraror(2,02,0,0,1)
: Aop.H (2,2) < Loprerator(2,02,0,0,1)
: Bop < IniTHOPERATOR(2, 2)

5: Bop.H(1,1) <« LopPeraTor(2, 02,0, <

O

1

0)0

,0)

—= O
\/\/

6: Bop.H(2,2) « LoperaTor(2,02,0, (

7: A «— HAssemBLyP1_Op1V3(Aop, Tr)
8: B « HAssemByP1l Op1V3(Bop, 7h)

9: b—B (:¢)
¢

10: V « Sowe(A,b) = Solve the linear system AV =b

Finally, the stationary heat BVP (2.39)-(2.42)) can be equivalently expressed as

the scalar BVP ([1.2))-(1.4) :

552D stationary heat as a scalar BVP
Find u € H%() such that

where

and then the conormal derivative of u is given by

o L:=L
o
(5

0) ’
,0,V.B
(67

ou 6u

f=0
o I'P =Ty UTs Uy
e ' =17 ul'ipully
e gP(z,y) := 20y on Iy, and g” := 0 on T'ay U a3
e gft:=0and a :=0on I'F
The algorithm using the toolbox for solving — is the following:

Algorithm 2.12 Stationary heat in 2D

e
1: Lop « LOPERATOR(

0

: pde « mirPDE(Lop, Tr)
pde « seTBCLaBEL(pde, 21,1, ’Dirichlet’, z — 20x3)
pde « serBCLaseL(pde, 22,1, °Dirichlet’, 0)

pde < seTBCLaBEL(pde, 23,1, >Dirichlet’, 0)

: u < SowrePDE(pde)

707V76)

BRI ANl

Page 28 Compiled on 2015/06/10 at 07:28:35



2.4 Vector case 2 BOUNDARY VALUE PROBLEMS

We give respectively in Listing and the corresponding Matlab/Octave and
Python codes.

Listing 11: Stationary heat with potential flow in 2D, Matlab/Octave
code (method 1)

1
> fprintf(’1. Reading of the mesh\n’);

s Th-GetMesh2DOpt(’FlowVelocity2D01 -50.msh’);

4+ fprintf(’2.a) Definition of a 2D velocity potential BVP\n’);
+ Lop-Loperator(Th.d, {1, 15111} ,[1, (1,11

s pde—initPDE (Lop,Th);

7 pde=setBC_PDE(pde,20,1,’Dirichlet’ ,20);

s pde=setBC_PDE(pde,21,1,’Dirichlet’,—20);

o fprintf(’2.b) Solving 2D velocity potential BVP\n’)

10 phi=solvePDE (pde);

11 fprintf(’3) Setting/Solving 2D velocity field problem\n’);
12 m=2;

13 Hop=Hoperator (d,m);

12 Hop.H{1,1}=Loperator (d,[],[],[].1):

i+ Hop.H{2,2}—Loperator (d,[| [] ,[] 1)

16 Bop=Hoperator (d,m);

17 Bop.H{1,1}=Loperator (d,[],[],{1;0},[]);
1w Bop.H{2,2}=Loperator (d,[],[],{0;1},[]);

10 A=HAssemblyP1_OptV3(Th,Hop);

20 B=HAssemblyP1_ OptV3(Th,Bop);

21 U=A\(B#[phi;phi]);

V=splitSol (U,2,Th.nq);

23 fprintf(’4.a) Definition of a 2D stationary heat BVP with potential flow\n’);
20 af=Q(x,y) 0.1+y."2;

s Dop Loperator (Th.d, {af ,[1;[] , af},[], {V{1}.V{2}},0.01);

26 pdeHeat=initPDE (Dop,Th);

27 pdeHeat=setBC_PDE(pdeHeat,21,1,’Dirichlet’, @Q(x,y) 20*y );

2s  pdeHeat-setBC_PDE(pdeHeat ,22,1,’Dirichlet’, 0 );

2 pdeHeat=setBC_PDE(pdeHeat 23,1, Dirichlet’, 0 );

so fprintf(’4.b) Solving 2D stationary heat BVP with potential flow\n’);
u-solvePDE (pdeHeat ) ;

©

Listing 12: Stationary heat with potential flow in 2D, Python code
(method 1)

1 d=2

2 print(’1. Reading of the mesh?)

s Th=readFreeFEM ("FlowVelocity2D01-50.msh")

4+ print("2.a) Definition of a 2D velocity potential BVP")
5 Lop=Loperator (d=Th.d,A=[[1,None] ,[None,1]])

¢ pde=initPDE (Lop,Th);

7 pde=setBC_PDE(pde,20,1,"Dirichlet",20,None);

s pde=setBC_PDE(pde,21,1,"Dirichlet"”,—20,None);

o print("2.b) Solving 2D velocity potential BVP")

10 phi=solvePDE(pde)

11 print("3. Setting/Solving 2D velocity field problem")
12 Hop=Hoperator (d=2,m=2)

13 Hop.H[0][0]=Loperator (d=d,a0=1)

11 Hop.H[1][1]|=Loperator(d=d,a0=1)

15 Bop=Hoperator (d=2,m=2)

16 Bop.H[0][0]— Loperator (d-d,c—[1,0])

17 Bop.H[1][1]=Loperator(d=d,c=[0,1])

15 A=HAssemblyP1 OptV3(Th,Hop,1)

19 B-HAssemblyP1 OptV3(Th,Bop,1)

20 b=Bsnp.hstack ([phi,phi])

21 U=spsolve (A,b)

22 Ve=splitSol(U,2,Th.nq)

23 print(’4.a) Definition of a 2D stationary heat BVP with potential flow?)
24 af=lambda x,y: 0.1+4+y*x2;

25 Lop—Loperator(d-Th.d,A—[|af ,None] ,[None, af|] ,c=[V[0] ,V[1]] ,a0=0.01);
26 pdeHeat=initPDE (Lop,Th)

27 pdeHeat=setBC_PDE(pdeHeat,21,0,’Dirichlet’, lambda x,y: 20%y )
25 pdeHeat=setBC_PDE(pdeHeat,22,0,’Dirichlet’, 0)
20 pdeHeat=setBC_PDE(pdeHeat ,23,0,’Dirichlet’, 0)

so print(’4.b) Solving 2D stationary heat PDE with potential flow’)
31 u=solvePDE(pdeHeat )

Method 2 : have fun with H-operators
We can merged velocity potential BVP
obtain the new BVP

and potential flow to
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-\@/-Velocity potential and potential flow in 2D

Find ¢ € H?(Q2) and V = (V1,V3) € H(Q) x H(Q) such that

oV, 0V, _ )

- <(?J,‘ e ay) = 0 in Q, (248)
09 :

Vi—- w = 0 in €, (2.49)
0o :

Vy— oy 0 in Q, (2.50)

¢ = =20 on Ty, (2.51)

¢ = 20 on I'y, (2.52)

gﬁ = 0 on Fl ) Fgg ) FQQ (253)

We can also replace (2.48) by —A¢ = 0.

¢
Let w = [ V1], the previous problem (2.48)-(2.53) can be equivalently
Vs

expressed as the vector BVP (|1.10))-(1.12) :
g Vector BVP

Find w = (wy, w2, w3) € (H3(22))3 such that
Hw) =f in Q, (2.54)
we =g on T2, Vae [1,3], (2.55)
cw + afw,, =g" on T2 vVae[l,3], (2.56)
6nHQ

where T'E = T2 = ¢ for all a € {2,3} (no boundary conditions on V1 and
Vg) and

e H is the 3-by-3 operator defined by

0 Lo, —e100 L0,—e500
H=|Loo-e,0 L0001 0
L0,0,—e5,0 0 L0,0,0,1

its conormal derivative are given by

owq ows ows
3 =0, p = wany, = = w3ny,
L P NHq o 0N, 5
(7’“)1 —0 61[)2 -0 (’)\’U)g 0
- Y 9
(371';.[21 877/7.[2 2 (?nHQ 3
8w1 —0 (3'w2 . (3w3
A - Y (3 - Y a -
ONH3 UMM 3,2 N33
So we obtain
N 3 R
oW 4ot ow 0
oy Moy = 2 (2.57)
(’}’I’LH1 a1 (?ﬂHl o on
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and
ow _ ow

From ([2.58)), we cannot impose boundary conditions on components 2 and
3.

o f:=0

FID = FQO U F21 and F{% = Fl U FIO ) FQQ U F23

ng := 20 on I'yg, and ng = =20 on I'y;
e gl =alt:=00onTF

The solution of this vector BVP is given on lines [3] to [I3] of Algorithm [2.

Algorithm 2.13 Stationary heat with potential velocity problem (method 2)

1:

ooy

: Hop < Hoperator(2, 3)

17:

18:
19:
20:
21:
22:

© PN Gd W

Tr < ceTMESH(...) = Load FreeFEM-++ mesh

: Hop.H(1,2) « Loperaror(02, —e1,0,0)
Hop.H(1,3) < Lopreraror(Qz, —e2,0,0)
Hop.H(2,1) < Loprerator(Q2,0,—e1,0)
Hop.H(2,2) < LOPERATOR(@Q,O 0,1)
Hop.H(3,1) < Lopreraror(Qz,0, —ez,0)

: Hop.H(3,3) « Loperartor(02,0,0,1)
: PDEflow «— mnirPDE(Hop, 71)

11:
12:
13:
14:
15:
16:

PDEflow « serBC_ PDE(PDEflow, 20, 1, >Dirichlet’, 20., &¥)
PDEflow <« serBC PDE(PDEflow, 21, 1, °Dirichlet’, —20., &)
[#,V1,V3] « SowePDE(PDEflow)

a«— (z,y) — 0.1+ 92

g21 < (z,y) — 20y

B« 0.01

Dop < LoPERATOR( ((3 g) ,0, <51) ,B8)
2

PDE « mirPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries

PDE « serBC_ PDE(PDE, 21,1, °Dirichlet’, g21, &) >u=4onTIy
PDE « serBC_PDE(PDE, 22,1, ’Dirichlet’, 0, &) >u=—4o0nTly
PDE « serBC_PDE(PDE, 23,1, °Dirichlet’,0, J >u =0 on 'y
u < SowePDE(PDE)

We give respectively in Listing [13| and [14] the corresponding Matlab/Octave

and Python codes.
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Listing 13: Stationary heat with potential flow in 2D, Matlab/Octave
code (method 2)

1
2 d=2;
s fprintf(’1. Reading of the mesh \n’);

1 Th=GetMesh2DOpt (’FlowVelocity2D01 -50.msh’);

5 fprintf(’2. Setting 2D potential velocity/flow BVP\n’);
s Hop—Hoperator(d,3);

7 Hop.H{1,2}=Loperator(d,[],{ —1,0},[],[])
+ Bop B{1 3} ~Loperator(d, 11 {0, 11111
9

H
H
3

Hop H{2,1} - Loperator (d,[] [} ,{ —1,0} ])
10 Hop.H{2,2}=Loperator(d,[],[],[].1):
i Hop.H{3,1}=Loperator(d.[] 11,10, ~ 1} ,[]):
i+ Hop.H{3,3}—Loperator(d. ] {111 :1):

13 pdeFlow=initPDE (Hop, Th);

11 pdeFlow=setBC_PDE(pdeFlow,20,1,’Dirichlet’ ,20);

15 pdeFlow=setBC_PDE(pdeFlow,21,1,’Dirichlet’,—20);

16 fprintf(’3. Solving 2D potential velocity/flow BVP\n’)

17 U=solvePDE (pdeFlow, ’split’, true);

1s fprintf(’4. Setting 2D stationary heat BVP with potential flow\n’);
10 af=Q(x,y) 0.1+y."2;

20 Dop=Loperator (Th.d,{af ,[];[],af},[],{U{2},U{3}},0.01);

21 pdeHeat=initPDE (Dop,Th);

22 pdeHeat=setBC PDE(pdeHeat,21,1,’Dirichlet’, @(x,y) 20xy );

;s pdeHeat=setBC_PDE(pdeHeat,22,1, ’Dirichlet’, 0 );

21 pdeHeat=setBC_PDE(pdeHeat,23,1,’Dirichlet’, 0 );

25 fprintf(°5. Solving 2D stationary heat BVP with potential flow\n’);
26 x=solvePDE (pdeHeat );

Listing 14: Stationary heat with potential flow in 2D, Python code
(method 2)

1
2 d—2;m-3;

s print(’1. Reading of the mesh’)

4+ Th=readFreeFEM ("FlowVelocity2D01-50.msh")

s print("2. Setting 2D potential velocity/flow BVP")

¢ Hop=Hoperator (d=2,m=3)

+ #Hop.H[0][0]=Loperator (d=d,A=[[1,None],[None,1]])

s Hop.H[0]||1]— Loperator(d-d,b—|—1,None])

9 Hop.H[0][2]=Loperator (d=d,b=[None, —1])

10 Hop.H[1][0]=Loperator (d=d,c=[—1,None|)

11 Hop.H[1]|1]|=Loperator(d=d,a0=1)

12 Hop.H[2][0]=Loperator (d=d, c=[None, —1])

13 Hop.H[2][2]|=Loperator (d=d,a0=1)

14 pdeFlow=initPDE (Hop,Th);

15 pdeFlow=setBC PDE(pdeFlow ,20,1,"Dirichlet",20,None);

16 pdeFlow=setBC_PDE(pdeFlow,21,1,"Dirichlet",—20,None);

17 print("3. Solving 2D potential velocity/flow BVP")

15 U=solvePDE(pdeFlow, split=True)

19 print(’4. Setting 2D stationary heat BVP with potential flow’)
20 af=lambda x,y: 0.14+y*x2;

21 Lop=Loperator (d=Th.d,A=|[[af ,None] ,[None, af]],c=[U[1] ,U[2]],a0=0.01);
22 pdeHeat=initPDE (Lop,Th)

23 pdeHeat=setBC_PDE(pdeHeat,21,0,’Dirichlet’, lambda x,y: 20%y )
24 pdeHeat-setBC_PDE(pdeHeat ,22,0,’Dirichlet’, 0)

25 pdeHeat=setBC PDE(pdeHeat,23,0, ’Dirichlet’, 0)

26 print(’5. Solving 2D stationary heat PDE with potential flow’)
21 u-solvePDE(pdeHeat)

2.4.3 Stationary heat with potential flow in 3D

Let Q < R? be the cylinder given in Figure [14]

The bottom and top faces of the cylinder are respectively I'1 9o UI'1020 U 1021
and FQOOO ) F2020 U F2021. The hole surface is FlO v Fll \ F31 where Flg \ Pll
is the cylinder part and I's; the plane part.

The 3D problem to solve is the following
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(a) Bottom face (b) Top face

Figure 14: Stationary heat with potential flow : 3d mesh

-

-\@’-3D problem : stationary heat with potential flow
Find u € H3() such that

— = 0 otherwise 2.62

on

—div(evVu) +{V,Vuy+Bu = 0 in QcR? (2.59)
u = 30 on I'igo0 U 2020, (2.60)
u = 105\z—1|>0.5 on I'yp, (2.61)
ou
(2.62)

where 2 and its boundaries are given in Figure This problem is well
posed if a(z) > 0 and SB(z) > 0.
We choose o and § in  as :

alz) = 1,
B(x) = 0.01

The potential flow is the velocity field V = V ¢ where the scalar function ¢ is
the velocity potential solution of the PDE :

-@’-Velocity potential in 3d

Find ¢ € H2(Q2) such that
-A¢ = 0 in{, (2.63)
(b = 1 on F1021 V) F2021, (264)
(,ZS = —1 on F1020 ) PQOQO, (265)
g% = 0 otherwise (2.66)

To solve problem ([2.59)-(2.62), we need to compute the velocity field V.. For
that we can rewrite the potential flow problem (2.63))-(2.66), by introducing
V = (V1,V,,V3) as unknowns :

Page 33 Compiled on 2015/06/10 at 07:28:35



2.4 Vector case 2 BOUNDARY VALUE PROBLEMS

-\@/-Velocity potential and velocity field in 3d

Find ¢ € H2(Q) and V € H(Q)® such that
_ (5;;1 N aaVyQ . a@‘f’) — 0inQ, (2.67)
V- % = 0 inQ, (2.68)
V,— % = 0 inQ, (2.69)
Vs — g—f = 0inQ, (2.70)
with boundary conditions to (2.66).

We can also replace (2.67) by —A¢ = 0.

¢
Let w = “;1 , the previous PDE can be written as a vector boundary
2
Vs
value problem (see section where the H-operator is given by
H(w) =0 (2.71)
with
Hi1 =0, Hio2=L0—e 00 Hiz3=L0 €00 Hia=L0 €500
(2.72)
Ho1 = L0o,—e,00 H22=L000,1, Ha3 =0, Haa =0, (2.73)
Hs1 = L0,0,—e.,0, Hz2 =0, H3zz = L0,00,1, Hsa =0, (2.74)
Ha1 = Loo,—e5,0, Hap =0, Hyz =0, Haa= L0001,
(2.75)

and e; = (1,0,0)%, e2 = (0,1,0)%, e3 = (0,0,1)*.
The conormal derivatives are given by

f}'wl (7'w1 (9’11)1 f}'wl
3 = 0’ 3 = 07 p = 07 3 = 0’
NHy L P N3, Ny 1
Owg (7’!1)2 (?’Il)g 6w2
! = Vlnla F) = 07 ) = 07 F) = Oa
L NH 0 N5 5 Ny 5
8w3 8’&)3 6'w3 8w3
on = Vone, on =0, on =0, on =0
Hi,s Ha,s3 UTVH 3 3 Ha,sz
6w4 8w4 6w4 8w4
a = V3n3a a = 0, 47 — = 07 7& = O’
LR N, 4 0Ny 4 L

So we obtain

a; &é’:a ={V.n)=(Vomn, (2.76)

1,
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and
4

ow,, 4 ow,, - ow,
D 2 = P > B 0. (2.77)

a=1 .0 a=1

From (2.77), we cannot impose boundary conditions on components 2 to 4.
Thus, with notation of section we have Y =T} = T'Y =T with ¢ =
N _ N _ 0
93 = 94 .

To take into account boundary conditions (2.64) to (2.66), we set I'P =
FJ{[O2O U I'1021 U T'a020 U 2021, F{V = F\FlD and gl = 6F1020UF2020 - 5F1021 Ul'2021
91 = 0.

The solution of this vector boundary value problem is given in lines [3] to [13]
of Algorithm [2.14] A representation of velocity potential ¢ and potential flow
V is given in Figure

(a) ¢ and V : first view (b) ¢ and V : second view

Figure 15: HeatAndFlow Velocity3d01 problem

The operator in 1} is given by La10,v,8. The conormal derivative aan—“L is

ou ou
pr AV u,ny—<{bu,ny = as-.

The algorithm using the toolbox for solving (2.67))-(2.70) is the following;:

Page 35 Compiled on 2015/06/10 at 07:28:35



2.4 Vector case 2 BOUNDARY VALUE PROBLEMS

Algorithm 2.14 Stationary heat with potential velocity problem

1:

© 0 O Ut AW

17:

18:
19:
20:
21:
22:

Tr < ceTMESH(...) = Load FreeFEM++ mesh

1 0 0

L el «— 0,62<— 1,63<— 0
0 0 1

: Hop < HopreraTor(3,4)

: Hop.H(1,2) « Lopreraror(Q3, —e1,0,0)

: Hop.H(1, 3) « Loreraror(0s, —ez,0,0)

: Hop.H(1,4) < Loprerator(Q3, —e3,0,0)

: Hop.H(2,1) « Loprerator(Q3,0, —e1,0), Hop.H(2,2) <« Lorerator(Q03,0,0,1)

: Hop.H(3,1) « Loreraror(03,0, —e2,0), Hop.H(3,3) < Loreraror(0s,0,0,1)

: Hop.H(4,1) < Loprerator(Qs3,0, —es,0), Hop.H(4,4) < Loperaror(0s3,0,0,1)

: PDEflow < mirPDE(Hop, 71)
11:
12:
13:
14:
15:
16:

PDEflow « serBC_PDE(PDEflow, 20, 1, Dirichlet’, 20., )
PDEflow « serBC_ PDE(PDEflow, 21, 1, ’Dirichlet’, —20., &)
[#,V1,V2,V3] « SowvePDE(PDEflow)

a«— (z,y,2) — 1

g20 < (x,y,2) —> 30, gio « (z,y,2) —> 10* (|]z — 1] > 0.5)
5« 0.01

a 0 0 Vi
Dop « Loprerator(| 0 o 0,0, V2]|,B)
0 0 (6% V3
PDE « mirPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries

PDE « serBC PDE(PDE, 1020, 1, ’Dirichlet’, g0, &)
PDE « serBC_PDE(PDE, 2022, 1, ’Dirichlet’, g20, &)
PDE « serBC_PDE(PDE, 10,1, °Dirichlet’, gi0, &)

u — SowePDE(PDE)

The numerical solution for a given mesh is shown on Figure

(b) us solution with streamline : second

(a) us solution with streamline : first viewview

Figure 16: HeatAndFlowVelocity3d01 problem
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2.4.4 Biharmonic problems

The biharmonic equation is the fourth-order partial PDE given by

Ay =f (2.78)
d d 4
where A%y = A(Au) = 2 Z an
The boundary COIldl n I' can be

e Clamped Plate (CP) or pure Dirichlet type:

ou
u=-o-=9 (2.79)

o Simply Supported Plate (SSP) or Navier type :

u=Au=g (2.80)

e Pure Hinged Plate or Stelov type :

u:Au—(l—U)KZ—u:g (2.81)
e Cahn-Hilliard (CH) type
ou  0Au

Link with ?-operator and boundary conditions
Classically the fourth-order PDE ([2.78) is converted to the two second-order
PDE

Ay = w (2.83)
—Av = f (2.84)

These two equations can be equivalently written as

o0-() - e)-()

where G and K are the H-operators defined by

0 EHOOO) (Eﬂooo 5@001)
= d K= (100 £o00 2.86
g <£H70,070 L0,0,0,—1 an L0000 L1000 (2.86)

Let w = (u,v). From (2.85), the components of the conormal derivative of
w defined in ([1.13) are given by

2

2
def Z 6w/3 _ Z <A1’6V’IU5,TL>—<I)1”BU,87”>
B=1

6n,cm

6n;¢1

= <]Iv'w1,n> ={(Vu,n)y
ou ow

= 2= 7 2.
on ang2 ( 87)
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and
ow 2 owg 2
def . = <A2*ﬂ Vwg,ny— <b2’ﬁuﬂ,n>
onic, = onic, 1;1 )
= ({IVwsy,ny=<{Vov,n)
- (2.88)
on  dng,

Clamped plate problem
In this part, we take examples of the thesis of T. Gerasimov [2] (page 138).
Let d =2, Q= [-1,6] x [-1,1] = R? and

f:=exp(—100((z + 0.75)* + (y — 0.75)%)).

-\@’-Clamped plate problem
Find w such that

A%y =f inQcR?, d=2

u =0, onTl (2.89)
ou

ai’n, =0. onT’

Let v = —Auwu. Then the problem (2.89) can be equivalently written as the
split problem ([2.90)).

N

-@-Clamped plate split problem

Find u and v such that
v = —Au, in
—Av =f, in
U =0, onT (2.90)
?u =0. onT
on

Using the operator G defined in (2.86) and its conormal derivatives (2.87)-
(2.88), we can write the vector BVP associated with (2.90) as

Vector BVP for clamped plate problem (2.90) with G
operator
Find w = (wy,w2) € (H2(Q))? such that
Glw) = (g) in 0,
w, =0 onTP =T (s0o T =)
w R _ D _
ﬁng2_0 only =T (so I'y =)
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Remark 2. We cannot use the operator K defined in (2.86|) due to a boundary

ow ou
= — and we cannot set a Dirichlet condition

condition trouble. Indeed =
ni, on

wy =0 on T'P =T with a Neumann condition =0onTH=T.

nK,

The domain 2 could be generated with the HvrerCusr function :
T, < HyperCusre(2, [70,20],2 — (=1 + 7z1, —1 + 2z5)).

In Figure we represent, () and its boundary I' =Ty u Ty U T3 U Ty.

Q=[-1,6] x [~1,1]

Figure 17: Mesh from HvrerCusr(2, [70,20],2 — (=1 + 721, —1 + 2x2))

The algorithm using the toolbox to solve this vector BVP is the following:

Algorithm 2.15 Clamped plate problem
: Trh < HyperCusg(2,[70,20],z — (—1+ 721, —1 + 2x2))
d«—2, me2
: Hop <« Horrraror(2,2)
: Hop.H(1,2) < LopreraTor(2,15,0,0,0)
: Hop.H(2,1) « LoperaTor(2,12,0,0,0)
: Hop.H(2,2) « Loreraror(2,02,0,0,—1)
: pde « mirPDE(Hop, Tr)
exp(—100((z1 + 0.75)% + (x2 — 0.75)2))>
0

\]CDCH%OO!\??—‘

o]

: pdef —x —

9: for i < 1 to pde.nlab do

10:  pde < seTBC_PDE(pde, pde.labels(z), 1, ’Dirichlet’, 0., &)
11: end for

12: X <« SowePDE(PDE)

We give in Listings [15] and [16] the corresponding Matlab/Octave and Python
codes.
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Listing 16: 2D clamped plate,

Listing 15: 2D clamped plate, Pvth d
ython code

Matlab/Octave code

1 d=2;m=2; ! d:'2;m:’2; .
2> fprintf(’1. Reading of the : p"ur:e(shl’.) ?{eadlng of the
5) - H
mesh\n’) ; 3  Th=HyperCube(d,[20%7,20%2], trans=lambda

s Th=HyperCube(d,50*[7 ,2], q:ap.c_[7xq[:,0] —1,2%q:,1] —1])
@) [7xa(l,:) ~12xq(2,:) —1]); 1+ print (72 Definition of the
4 fprintf(°2. Definition of va,)'
the BVP\n’)
5 Hop=Hoperator (d,m);
s Hop.H{l,2}=Loperator(d,{1,0;0,1},
7 Hop.H{2,1}=Loperator(d,{1,0;0,1},
s
9

Hop=Hoperator (d=2,m=2)
Hop.H|0|[1]~ Loperator(d—2,
A=[[1,None] ,[None,1]])
Hop.H[1][0]= Loperator (d=2,
e R ’ A=|[1,None| ,[None,1]])
pde—initPDE (Hop, Th) ; R Hop.H[1][1]=Loperator (d=2,a0=—1)
10 pde. f={@(x,y)exp(—100%((x+0.75)."2 pde—initPDE (Hop, Th)
f(y_0'75)'A2))'0}; 10 pde.f=[lambda '
u for i=lipde.nlab . x,y:exp(—100x((x+0.75) %2
12 pde=setBC_PDE(pde, pde.labels (i) ,1, +(y—0.75)%%2)) ,0]
end "Dirichlet”,0); 11 for 1 in pde.labels:
13 'Diri , \f
1 fprintf(’3. Solving BVP\n’) :: prli’ji(qzl?cs_(i?ﬂ;d;};;g’ Dirichlet’,0,None)
” olvePDE (pde, *split”, true); 11 x=solvePDE (pde, split=True)
,

The numerical solution for a given mesh is shown on Figure

o

@

1,11
1,11

s

o

Hop.H{2 2} =Loperator (d, [| [ ,[] , -1

©° w

-9,74e-08

(a) u solution

e

-

v
-0,002 0
H\H‘\HHH\‘H,

-0,005

-0,00899 0,00474

(b) v solution

Figure 18: Clamped plate problem
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2.5 Eigenvalues
3 Eigenvalue problems
We want to solve eigenvalue problems coming from scalar or vector BVP’s.

3.1 Scalar case

The eigenvalue problems associated with scalar BVP (1.2)-(1.4) can be written
as

55 Scalar eigenvalue problem
Find (\,u) € K x H2(Q) such that

L(u) =AB(u) in Q, (3.1)
u =0 on I'P,
ou +afu =0 on I'E, (3.3)

6715

where B = ﬁ@dxmod’&,a}).

We briefly describe the main function that will be used to solve eigenvalues
problems.

(U,\) < EicsPDE(pde, B, N.) : compute the N, smallest magnitude eigen-
values and the corresponding eigenvectors. A(4) is the i-th eigenvalue and
its eigenvector is given by U(:,7). The argument pde is obtain by using
functions miTPDE and setBC_PDE
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3.1.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition

Let Q < R? be the unit disk given in Figure

r
T

FNE AR SR

Figure 1: Unit disk with four boundaries

We want to solve the eigenvalue problem given by (3.4)-(3.5)).

5 2D Laplace eigenvalues problem with Dirichlet bound-
ary condition
Find (), u) € K x H2(Q) such that

—Au =\u in Q, (3.4)
u =0 on I,

This problem is equivalent to the scalar eigenvalue problem (3.1))-(3.3) if we
set £ = Lr10,0,0, B= L0001, I'P =00 and TE = . The algorithm using the
toolbox to find eigenvalues and eigenvectors of this problem is the following :

Algorithm 3.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition

1: Tp < ¢eTMESH(...) > Load FreeFEM-++ mesh
2: L < Loreraror(1,0,0,0) > Laplacian operator
3: pde «— mitPDE(L, Tp)

4: for i — 1 to 4 do = Set Dirichlet boundaries conditions
5:  pde « serBCLaseL(pde, ’Dirichlet?,,1,0.) >u=0onT;
6: end for

7: B < Loprerator(0,0,0,1) = set B operator
8: (U,\) < EwesPDE(pde, B,24)

We represent in Figure [2]eigenvectors associated to the first twenty-four smallest
magnitude eigenvalues.
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

3.1.2 2D Laplace eigenvalues problem with mixed boundary condi-
tions

Let Ty be the unit circle, I';g be the circle with center point (0,0) and radius
0.3. Let I'sg, I'a1, I'so and I'sz be the circles with radius 0.1 and respectively
with center point (0,—0.7), (0,0.7), (—0.7,0) and (0.7,0). The domain 2 = R?
is defined as the inner of I'y and the outer of all other circles (see Figure [12).

T
r
r

1
10
20

_l"21

Iy
r

22
23

Figure 3: Domain and boundaries

We want to solve the eigenvalue problem given by (3.4)-(?7?)).

-

2D Laplace eigenvalues problem with mixed boundary
conditions
Find (\,u) € K x H?(Q) such that

—Au =Au in Q, (3.6)
u =0 on T';, Vi e [20,23], (3.7)

ou
% =0 on Fl V) FIO- (38)

This problem is equivalent to the scalar eigenvalue problem (3.1)-(3.3) if we
set L = L100,0, B = L0,00,1, '’ = 0Q and ' = ¥. The algorithm using
the toolbox to find the twenty four smallest magnitude eigenvalues and the
corresponding eigenvectors of this problem is the following :
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Algorithm 3.2 2D Laplace eigenvalues problem with mixed boundary condi-

tions
1: T «— GETMESH(...) > Load FreeFEM-++ mesh
2: L < Loperator(1,0,0,0) = Laplacian operator
3: pde «— mitPDE(L, Tp)
4: for i < 20 to 23 do = Set Dirichlet boundaries conditions
5:  pde « seTBCLaBEL(pde, *Dirichlet?,,1,0.) >u=0onT};
6: end for
7: B < Lorerator(0,0,0,1) > set B operator
8: (U,\) < EiwcsPDE(pde, B,24)

We represent in Figure [d] these twenty four eigenvectors.
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3.1 Scalar case

A
!‘ /rv/.

wf\ .. .. N,
Y o e m@f%.
\\ %w 1

5 atd

l@ m

@ @ %«0 o.!
v vﬂ@
\wbﬁv%/ Ju

: eigenvectors of the

Figure 4: 2D Laplace with mixed boundary conditions
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3.2 Vector case

The eigenvalue problems associated with vector BVP (1.10)-(1.12) can be writ-
ten as

g Vector eigenvalue problems
Find A e K and u = (uy,...,u,) € (H3(Q))™ such that

H(u) =AB(u) in 0, (3.9)

U, =0 on 'Y Ya e [1,m], (3.10)

R 4 aRuy =0 on TE, Ya e [1,m], (3.11)
6’07.[&

where B is a given H-operator.

In most cases B is the identity operator (B is a diagonal H-operator with
Bao = Loy, 404041, Y€ [1,m]).
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