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1 DESCRIPTION OF THE GENERIC PROBLEMS

1 Description of the generic problems

The notations of [5] are employed in this section and extended to the vector
case.

1.1 Scalar boundary value problem

Let Ω be a bounded open subset of Rd, d ě 1. The boundary of Ω is denoted
by Γ.

We denote by LA,bbb,ccc,a0 “ L : H2pΩq ÝÑ L2pΩq the second order linear
di�erential operator acting on scalar �elds de�ned, @u P H2pΩq, by

LA,bbb,ccc,a0puq
def

“ ´ div pA∇uq ` div pbbbuq ` x∇u,cccy ` a0u (1.1)

where A P pL8pΩqqdˆd, bbb P pL8pΩqqd, ccc P pL8pΩqqd and a0 P L
8pΩq are given

functions and x¨, ¨y is the usual scalar product in Rd.We use the same notations
as in the chapter 6 of [5] and we note that we can omit either div pbbbuq or x∇u,cccy
if bbb and ccc are su�ciently regular functions. We keep both terms with bbb and ccc to
deal with more boundary conditions. It should be also noted that it is important
to preserve the two terms bbb and ccc in the generic formulation to enable a greater
�exibility in the choice of the boundary conditions.

Let ΓD, ΓR be open subsets of Γ, possibly empty and f P L2pΩq, gD P

H1{2pΓDq, gR P L2pΓRq, aR P L8pΓRq be given data.
A scalar boundary value problem is given by

Scalar BVP

Find u P H2pΩq such that

Lpuq “f in Ω, (1.2)

u “gD on ΓD, (1.3)

Bu

BnL
` aRu “gR on ΓR. (1.4)

The conormal derivative of u is de�ned by

Bu

BnL

def

“ xA∇u,nnny ´ xbbbu,nnny (1.5)

The boundary conditions (1.3) and (1.4) are respectively Dirichlet and
Robin boundary conditions. Neumann boundary conditions are particular
Robin boundary conditions with aR ” 0.

1.2 Vector boundary value problem

Let m ě 1 and H be the m-by-m matrix of second order linear di�erential
operators de�ned by

"

H :
`

H2pΩq
˘m

ÝÑ
`

L2pΩq
˘m

uuu “ puuu1, . . . ,uuumq ÞÝÑ fff “ pfff1, . . . , fffmq
def

“ Hpuuuq
(1.6)

where

fffα “
m
ÿ

β“1

Hα,βpuuuβq, @α P v1,mw, (1.7)
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2 BOUNDARY VALUE PROBLEMS

with, for all pα, βq P v1,mw2,

Hα,β
def

“ LAα,β ,bbbα,β ,cccα,β ,aα,β0
(1.8)

and Aα,β P pL8pΩqqdˆd, bbbα,β P pL8pΩqqd, cccα,β P pL8pΩqqd and aα,β0 P L8pΩq
are given functions. We can also write in matrix form

Hpuuuq “

¨

˚

˝

LA1,1,bbb1,1,ccc1,1,a1,10
. . . LA1,m,bbb1,m,ccc1,m,a1,m0

...
. . .

...
LAm,1,bbbm,1,cccm,1,am,10

. . . LAm,m,bbbm,m,cccm,m,am,m0

˛

‹

‚

¨

˚

˝

uuu1

...
uuum

˛

‹

‚

. (1.9)

We remark that the H operator for m “ 1 is equivalent to the L operator.
For α P v1,mw, we de�ne ΓDα and ΓRα as open subsets of Γ, possibly empty,

such that ΓDα X ΓRα “ H. Let fff P pL2pΩqqm, gDα P H1{2pΓDα q, g
R
α P L2pΓRα q,

aRα P L
8pΓRα q be given data.

A vector boundary value problem is given by

Vector BVP

Find uuu “ puuu1, . . . ,uuumq P pH
2pΩqqm such that

Hpuuuq “fff in Ω, (1.10)

uuuα “g
D
α on ΓDα , @α P v1,mw, (1.11)

Buuu

BnHα

` aRαuuuα “g
R
α on ΓRα , @α P v1,mw, (1.12)

where the α-th component of the conormal derivative of uuu is de�ned
by

Buuu

BnHα

def

“

m
ÿ

β“1

Buuuβ
BnHα,β

“

m
ÿ

β“1

`@

Aα,β ∇uuuβ ,nnn
D

´
@

bbbα,βuuuβ ,nnn
D˘

. (1.13)

The boundary conditions (1.12) are the Robin boundary conditions and
(1.11) is the Dirichlet boundary condition. The Neumann boundary condi-
tions are particular Robin boundary conditions with aRα ” 0.

In this problem, we may consider on a given boundary some conditions
which can vary depending on the component. For example we may have a
Robin boundary condition satisfying Buuu

BnH1
` aR1 uuu1 “ gR1 and a Dirichlet one

with uuu2 “ gD2 .In the following of the report we will solve by a P1-Lagrange
�nite element method scalar BVP (1.2) to (1.4) and vector BVP (1.10) to
(1.12) without additional restrictive assumption.

2 Boundary Value Problems

2.1 Main data structures

We suppose that Ω is equipped with a mesh Th (locally conforming) where its
elements are d-simplices . We denote by Ωh the union of the elements belonging
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2.1 Main data structures 2 BOUNDARY VALUE PROBLEMS

to the mesh, Ωh “
Ť

KPTh K, and by Γh its boundary, Γh “ BΩh.

The following data structure is associated to the mesh Th and employs many
notations already used in FreeFEM++ (see [3, 4]).

Mesh structure associated to Th
d : integer

space dimension
nq : integer

number of vertices
nme : integer

number of elements (d-simplices )
nbe : integer

number of boundary elements ((d´1)-simplices )
q : d-by-nq array of reals

array of vertices coordinates
me : pd`1q-by-nme array of integers

connectivity array for mesh elements
be : d-by-nbe array of integers

connectivity array for boundary elements
bel : 1-by-nbe array of integers

array of boundary elements labels
vols : 1-by-nme array of reals

array of mesh elements volumes

More precisely

• qpν, jq is the ν-th coordinate of the j-th vertex, ν P t1, . . . ,du, j P
t1, . . . ,nqu. The j-th vertex will be also denoted by qj “ qp:, jq.

• mepβ, kq is the storage index of the β-th vertex of the k-th element (d-
simplex ), in the array q, for β P t1, ...,d ` 1u and k P t1, . . . ,nmeu. So
qp:,mepβ, kqq represents the coordinates of the β-th vertex of the k-th
mesh element.

• bepβ, lq is the storage index of the β-th vertex of the l-th boundary element
((d´1)-simplex ), in the array q, for β P t1, ...,du and l P t1, . . . ,nbeu.
So qp:,bepβ, lqq represents the coordinates of the β-th vertex of the l-th
boundary element.

• volspkq is the volume of the k-th d-simplex .

A PDE structure contains all the data necessary to solve a scalar or vector
BVP is described by
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2.2 First level functions or commonly used functions2 BOUNDARY VALUE PROBLEMS

PDE structure

d : integer
space dimension

m : integer
operator dimension (1 for L operator)

op : operator
L operator or H operator

f : 1-by-m array of functions

Th : mesh structure
Bh : 1-by-nlab array of boundary mesh structures
labels : 1-by-nlab array of integers

Boundary mesh labels
nlab : integer

number of boundary labels
bclR : m-by-nlab array of BCrobin structures
bclD : m-by-nlab array of BCdirichlet structures

2.2 First level functions or commonly used functions

We brie�y describe the main functions that will be used in the sequel.

Th Ð getMeshpFileNameq : to de�ne the mesh Th by reading a 2d or 3d mesh
from the �le FileName.

Th Ð HyperCubepd,N,ă trans “ Φ ąq : to de�ne the mesh Th as the unit
hypercube r0, 1sd. There are Npiq (or N if N is a scalar) points in each

direction and the mesh of the hypercube contains
śd
i“1Npiq points.

Optionnal parameter trans set the displacement vector of mesh transfor-
mation Φpqq “ rΦ1pqq, . . . ,Φdpqqs. The 2d faces of the hypercube (before
transformation) have an unique label : @i P v1, dw, the faces xi ” 0 and
xi ” 1 are respectively of label 2i´ 1 and 2i.

LopÐ Loperatorpd,A, bbb, ccc, a0q : to initialize the operator L in dimension d
given by (1.1) : LopÐ LA,bbb,ccc,a0 .

HopÐ Hoperatorpd,mq : to initialize the operator H given by (1.6) veri-
fying Hα,β “ 0, @pα, βq P v1,mw2. Each operator Hα,β corresponds to
Hop.Hpα, βq and can be initialized by the function Loperator

pde Ð initPDEpOp, Thq : to initialize a PDE structure from an operator (either
L-operator or H-operator) and a mesh. Default boundary conditions are
homogeneous generalized Neumann.

pde Ð setBC_PDEppde, label, comps, type, g, arq : to de�ne or modify the
boundary conditions on the boundary Γlabel on the mesh pde.Th for com-
ponents of index comps (in the scalar case comps ” 1). For a scalar PDE,
we have for example
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

‚ Dirichlet condition : uuu2 “ g on Γ11, then
pde Ð setBC_PDEppde, 11, 2, 'Dirichlet', g,Hq

‚ generalized Neumann condition : Buuu
BnH3

“ g on Γ12, then

pde Ð setBC_PDEppde, 12, 3, 'Neumann', g,Hq

‚ generalized Robin condition : Buuu
BnH2

` aR2 uuu2 “ g on Γ13, then

pde Ð setBC_PDEppde, 13, 2, 'Robin', g, aR2 q

xxxÐ SolvePDEppdeq : to solve by P1-Lagrange �nite elements the partial dif-
ferential equation de�ned by the structure PDE. This function returns
the solution xxx ()

2.3 Scalar case

2.3.1 Poisson PDE with mixed boundary conditions in 2D

We �rst consider the classical 2D Poisson problem with various boundary con-
ditions. The problem to solve is the following

2D Poisson problem

Find u P H2pΩq such that

´∆u “ f in Ω Ă R2, (2.1)

u “ 0 on Γ1, (2.2)

u “ 1 on Γ2, (2.3)

Bu

Bn
` aR u “ ´0.5 on Γ3, (2.4)

Bu

Bn
“ 0.5 on Γ4 (2.5)

where Ω “ r0, 1s2 and its boundaries are given in Figure 1a.
f and aR satisfy:

fpxxxq “ cospxxx1 ` xxx2q @xxx P Ω

aRpxxxq “ 1` xxx2
1 ` xxx

2
2 @xxx P Ω

The operator in (2.1) is the Sti�ness operator : LI,000,000,0.
The conormal derivative Bu

BnL
is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

The algorithm using the toolbox for solving (2.1)-(2.5) is given in Algo-
rithm 2.1. The corresponding Matlab/Octave and Python codes are given in
Listing 1.
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Ω

Γ
1

Γ
2

Γ
3

Γ
4

(a) Domain and boundaries
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2D Laplace problem
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0.8

0.9

1

(b) Result

Figure 1: Laplace2d01 problem

Algorithm 2.1 2D Poisson problem

1: Th Ð HyperCubep2, 50q Ź Build unit square mesh

2: DopÐ Loperatorp2, I,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE Ð setBC_PDEpPDE, 2, 1, 'Dirichlet', 1.,Hq Ź u “ 1 on Γ2

6: PDE Ð setBC_PDEpPDE, 3, 1, 'Robin',´0.5,xxxÑ 1` xxx21 ` xxx
2
2q Ź

Bu
Bn ` aR u “ ´0.5 on Γ3

7: PDE Ð setBC_PDEpPDE, 4, 1, 'Neumann', 0.5,Hq Ź Bu
Bn
“ 0.5 on Γ4

8: PDE.f Ð pxxx1,xxx2q ÞÑ cospxxx1 ` xxx2q
9: uuuh Ð SolvePDEpPDEq

A numerical solution for a given mesh is shown on Figure 1b

1 fpr intf ( '1. Creating the mesh\n' ) ;
2 d=2;Th=HyperCube(d , 5 0 ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 LOp=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 PDE=initPDE(LOp,Th ) ;
6 PDE=setBC_PDE(PDE,1 , 1 , 'Dirichlet' , 0 ) ;
7 PDE=setBC_PDE(PDE,2 , 1 , 'Dirichlet' , 1 ) ;
8 PDE=setBC_PDE(PDE,3 , 1 , 'Robin' ,´0.5 , . . .
9 @(x1 , x2 ) 1+x1.^2+x2 .^2 ) ;

10 PDE=setBC_PDE(PDE,4 , 1 , 'Neumann' , 0 . 5 ) ;
11 PDE. f=@(x , y ) cos ( x+y) ;
12 fpr intf ( '3. Solving BVP\n' ) ;
13 uh=solvePDE(PDE) ;

(a) Matlab/Octave

1 print ( '1. Creating the mesh' )
2 d=2;Th=HyperCube(d , 5 0 )
3 print ( '2. Definition of the BVP' )
4 LOp=Loperator (d=d ,A= [ [ 1 , 0 ] , [ 0 , 1 ] ] )
5 pde=initPDE(LOp,Th)
6 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
7 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 . , None )
8 pde=setBC_PDE( pde , 3 , 0 , 'Robin' ,´0.5 ,
9 lambda x , y : 1+x∗∗2+y∗∗2)

10 pde=setBC_PDE( pde , 4 , 0 , 'Neumann' , 0 . 5 , None )
11 pde . f=lambda x , y : cos ( x+y)
12 print ( '3. Solving BVP' ) ;
13 uh=solvePDE( pde )

(b) Python

Listing 1: 2D Poisson codes

2.3.2 Poisson PDE with mixed boundary conditions in a 2D dis-
torted domain

We �rst consider the classical Poisson problem with various boundary conditions
in a 2D distorted domain. The problem to solve is the following
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

2D Poisson problem

Find u P H2pΩq such that

´∆u “ f in Ω Ă R2, (2.6)

u “ 0 on Γ1, (2.7)

u “ 1 on Γ2, (2.8)

Bu

Bn
` aR u “ ´0.5 on Γ3, (2.9)

Bu

Bn
“ 0.5 on Γ4 (2.10)

where Ω is the unit hypercube transformed by the function

ΦΦΦpx, yq “ p20x, 2p2y ´ 1` cosp2πxqq.

The boundaries are given in Figure 2a.
f and aR satisfy:

fpxxxq “ cospxxx1 ` xxx2q @xxx P Ω

aRpxxxq “ 1` xxx2
1 ` xxx

2
2 @xxx P Ω

Γ1

Γ2

Γ3

Γ4

(a) Domain and boundaries

0.0

0.4

0.8

1.2

1.6

2.0

2.4

2.8

3.2

(b) Result

Figure 2: Laplace2d01 problem

The operator in (2.6) is the Sti�ness operator : LI,000,000,0.
The conormal derivative Bu

BnL
is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

The algorithm using the toolbox for solving (2.6)-(2.10) is given in Algo-
rithm 2.2. The corresponding Matlab/Octave and Python codes are given in
Listing 2.
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Algorithm 2.2 2D Poisson problem in a distorted domain

1: Th Ð HyperCubep2, r100, 20s, trans “ px, yq ÞÑ p20x, 2p2y ´ 1` cosp2πxqqq
2: DopÐ Loperatorp2, I,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE Ð setBC_PDEpPDE, 2, 1, 'Dirichlet', 1.,Hq Ź u “ 1 on Γ2

6: PDE Ð setBC_PDEpPDE, 3, 1, 'Robin',´0.5,xxxÑ 1` xxx21 ` xxx
2
2q Ź

Bu
Bn ` aR u “ ´0.5 on Γ3

7: PDE Ð setBC_PDEpPDE, 4, 1, 'Neumann', 0.5,Hq Ź Bu
Bn
“ 0.5 on Γ4

8: PDE.f Ð pxxx1,xxx2q ÞÑ cospxxx1 ` xxx2q
9: uuuh Ð SolvePDEpPDEq

A numerical solution for a given mesh is shown on Figure 2b

1 fpr intf ( '1. Creating the mesh\n' ) ;
2 t rans=@(q ) [20∗ q ( 1 , : ) ; . . .
3 2∗(2∗q(2 ,:)´1+cos (2∗pi∗q ( 1 , : ) ) ) ] ;
4 Th=HyperCube( 2 , [ 1 0 0 , 2 0 ] , t rans ) ;
5 fpr intf ( '2. Definition of the BVP\n' ) ;
6 Lop=Loperator ( 2 , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
7 pde=initPDE(Lop ,Th ) ;
8 pde=setBC_PDE( pde , 1 , 1 , 'Dirichlet' , 0 ) ;
9 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' , 1 ) ;

10 pde=setBC_PDE( pde , 3 , 1 , 'Robin' ,´0.5 , . . .
11 @(x1 , x2 ) 1+x1.^2+x2 .^2 ) ;
12 pde=setBC_PDE( pde , 4 , 1 , 'Neumann' , 0 . 5 ) ;
13 pde . f=@(x , y ) cos ( x+y) ;
14 fpr intf ( '3. Solving BVP\n' ) ;
15 uh=solvePDE( pde ) ;

(a) Matlab/Octave

1 print ( '1. Creating the mesh' )
2 t rans=lambda q : np . c_[20∗ q [ : , 0 ] ,
3 2∗(2∗q [ : ,1]´1+np . cos (2∗ pi ∗q [ : , 0 ] ) ) ]
4 Th=HyperCube( 2 , [ 1 0 0 , 2 0 ] , t rans=trans )
5 print ( '2. Definition of the BVP' )
6 LOp=Loperator (d=2,A= [ [ 1 , 0 ] , [ 0 , 1 ] ] )
7 pde=initPDE(LOp,Th)
8 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
9 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 . , None )

10 pde=setBC_PDE( pde , 3 , 0 , 'Robin' ,´0.5 ,
11 lambda x , y : 1+x∗∗2+y∗∗2)
12 pde=setBC_PDE( pde , 4 , 0 , 'Neumann' , 0 . 5 , None )
13 pde . f=lambda x , y : cos ( x+y)
14 print ( '3. Solving BVP' ) ;
15 uh=solvePDE( pde )

(b) Python

Listing 2: 2D Poisson codes with distorted mesh

2.3.3 2D condenser problem

The problem to solve is the Laplace problem for a condenser.

2D condenser problem

Find u P H2pΩq such that

´∆u “ 0 in Ω Ă R2, (2.11)

u “ 0 on Γ1, (2.12)

u “ ´1 on Γ98, (2.13)

u “ 1 on Γ99, (2.14)

where Ω and its boundaries are given in Figure 3a.
The problem (2.11)-(2.14) can be equivalently expressed as the scalar BVP

(1.2)-(1.4) :

2D condenser problem as a scalar BVP

Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD.

where ΓR “ H (no Robin boundary condition) and
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2.3 Scalar case 2 BOUNDARY VALUE PROBLEMS

Ω Γ1

Γ98 Γ99

‚
p´2;´3q

‚
p´1; 3q

‚

‚

‚
p1;´3q

‚
p2; 3q

‚

‚

p5; 0q

(a) Domain for the condenser problem (b) Result for the 2D condenser problem

Figure 3: Condenser problem

‚ L :“ LI,000,000,0, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ1 Y Γ98 Y Γ99

‚ gD :“ 0 on Γ1, and g
D :“ ´1 on Γ98 and gD :“ `1 on Γ99

The algorithm using the toolbox for solving (2.11)-(2.14) is the following:

Algorithm 2.3 2D condenser

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: DopÐ LoperatorpI,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBCLabelpPDE, 'Dirichlet', 1, 1, 0.q Ź u “ 0 on Γ1

5: PDE Ð setBCLabelpPDE, 'Dirichlet', 99, 1, 1.q Ź u “ 1 on Γ99

6: PDE Ð setBCLabelpPDE, 'Dirichlet', 98, 1,´1.q Ź u “ ´1 on Γ98

7: xxxÐ SolvePDEpPDEq

We give respectively in Listing 1 and 2 the corresponding Matlab/Octave and
Python codes.
Listing 1: 2D condenser, Mat-
lab/Octave code

1 fpr intf ( '1. Reading of the condenser mesh\n' )
2 Th=GetMesh2DOpt( 'condenser2D -10.msh' ) ;
3 fpr intf ( '2. Definition of the BVP : 2D condenser\n' )
4 Lop=Loperator (Th . d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 pde=initPDE(Lop ,Th ) ;
6 pde=setBC_PDE( pde , 1 ,1 , 'Dirichlet' , 0 ) ;
7 pde=setBC_PDE( pde ,99 ,1 , 'Dirichlet' , 1 ) ;
8 pde=setBC_PDE( pde ,98 ,1 , 'Dirichlet' ,´1);
9 fpr intf ( '3. Solving BVP\n' )

10 x=solvePDE( pde ) ;

Listing 2: 2D condenser, Python
code

1 print ("1. Reading of the condenser mesh" )
2 Th=readFreeFEM( 'condenser2D -10.msh' )
3 print ("2. Definition of the BVP : 2D condenser" )
4 Lop=Loperator (d=Th . d ,A=[ [1 ,None ] , [ None , 1 ] ] )
5 pde=initPDE(Lop ,Th)
6 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
7 pde=setBC_PDE( pde , 99 , 0 , 'Dirichlet' , 1 . , None )
8 pde=setBC_PDE( pde , 98 , 0 , 'Dirichlet' ,´1. ,None )
9 print ("3. Solving BVP" )

10 x=solvePDE( pde )

The solution for a given mesh is shown on Figure 3b
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2.3.4 Stationary convection-di�usion problem in 2D

The 2D problem to solve is the following

2D stationary convection-di�usion problem

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ f in Ω Ă R2, (2.15)

u “ 4 on Γ2, (2.16)

u “ ´4 on Γ4, (2.17)

u “ 0 on Γ20 Y Γ21, (2.18)

Bu

Bn
“ 0 on Γ1 Y Γ3 Y Γ10 (2.19)

where Ω and its boundaries are given in Figure 4a. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α, VVV , β and f in Ω as :

αpxxxq “ 0.1` px1 ´ 0.5q2,

VVV pxxxq “ p´10x2, 10x1q
t,

βpxxxq “ 0.01,

fpxxxq “ ´200 expp´10ppx1 ´ 0.75q2 ` x2
2qq.

(a) Domain and boundaries (b) Result

Figure 4: 2D stationary convection-di�usion problem

The problem (2.15)-(2.19) can be equivalently expressed as the scalar BVP
(1.2)-(1.4) :
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2D stationary convection-di�usion problem as a scalar

BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓD “ Γ2 Y Γ4 Y Γ20 Y Γ21 and ΓR “ Γ1 Y Γ3 Y Γ10

‚ gD :“ 4 on Γ2, and g
D :“ ´4 on Γ4 and gD :“ 0 on Γ20 Y Γ21

‚ aR “ gR :“ 0 on ΓR.

The algorithm using the toolbox for solving (2.15)-(2.19) is the following:

Algorithm 2.4 Stationary convection-di�usion problem in 2D

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: αÐ px, yq ÞÝÑ 0.1` py ´ 0.5qpy ´ 0.5q
3: β Ð 0.01

4: LÐ Loperatorp2,

ˆ

α 0
0 α

˙

,000,

ˆ

´10y
10x

˙

, βq

5: pde Ð initPDEpL, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

6: pde Ð setBC_PDEppde, 2, 1, 'Dirichlet', 4.,Hq Ź u “ 4 on Γ2

7: pde Ð setBC_PDEppde, 4, 1, 'Dirichlet',´4,Hq Ź u “ ´4 on Γ4

8: pde Ð setBC_PDEppde, 20, 1, 'Dirichlet', 0,H Ź u “ 0 on Γ20

9: pde Ð setBC_PDEppde, 21, 1, 'Dirichlet', 0,Hq Ź u “ 0 on Γ21

10: pde.f Ð px, yq ÞÑ ´200 expp´10px´ 0.75q2 ` y2q
11: xxxÐ SolvePDEppdeq

We give respectively in Listing 3 and 4 the corresponding Matlab/Octave and
Python codes.
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Listing 3: 2D stationary
convection-di�usion, Mat-
lab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh2DOpt( 'sampleD2d01 -20.msh' ) ;
3 fpr intf ( '2. Definition of the BVP\n' )
4 a f=@(x , y ) 0.1+(y´0 .5 ) .∗ ( y´0 .5 ) ;
5 Vx=@(x , y ) ´10∗y ;Vy=@(x , y ) 10∗x ;
6 b=0.01; g2=4;g4=´4;
7 f=@(x , y ) ´200.0∗exp(´((x´0.75).^2+y . ^ 2 ) / ( 0 . 1 ) ) ;
8 L=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {Vx,Vy} ,b ) ;
9 pde=initPDE(L ,Th ) ;

10 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' , g2 ) ;
11 pde=setBC_PDE( pde , 4 , 1 , 'Dirichlet' , g4 ) ;
12 pde=setBC_PDE( pde , 20 , 1 , 'Dirichlet' , 0 ) ;
13 pde=setBC_PDE( pde , 21 , 1 , 'Dirichlet' , 0 ) ;
14 pde . f=f ;
15 fpr intf ( '3. Solving BVP\n' )
16 x=solvePDE( pde ) ;

Listing 4: 2D stationary
convection-di�usion, Python
code

1 print ("1. Reading of the mesh" )
2 Th=readFreeFEM("sampleD2d01 -20.msh" )
3 print ("2. Definition of the BVP" )
4 a f=lambda x , y : 0.1+(y´0.5)∗(y´0.5)
5 Vx=lambda x , y : ´10∗y ;Vy=lambda x , y : 10∗x
6 b=0.01; g2=4;g4=´4;
7 f=lambda x , y : ´200∗exp (´((x´0.75)∗∗2+y∗∗2)\
8 / ( 0 . 1 ) ) ;
9 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] ,

10 c=[Vx,Vy ] , a0=b)
11 pde=initPDE(Lop ,Th)
12 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , g2 )
13 pde=setBC_PDE( pde , 4 , 0 , 'Dirichlet' , g4 )
14 pde=setBC_PDE( pde , 20 , 0 , 'Dirichlet' , 0 )
15 pde=setBC_PDE( pde , 21 , 0 , 'Dirichlet' , 0 )
16 pde . f=f
17 print ("3. Solving BVP" )
18 x=solvePDE( pde )

The numerical solution for a given mesh is shown on Figure 4b

2.3.5 Stationary convection-di�usion problem in 3D

Let A “ pxA, yAq P R2 and CrAprzmin, zmaxsq be the right circular cylinder
along z´axis (z P rzmin, zmaxs) with bases the circles of radius r and center
pxA, yA, zminq and pxA, yA, zmaxq.

Let Ω be the cylinder de�ned by

Ω “ C1
p0,0qpr0, 3sqztC

0.3
p0,0qpr0, 3sq Y C

0.1
p0,´0.7qpr0, 3sq Y C

0.1
p0,0.7qpr0, 3squ.

We respectively denote by Γ1000 and Γ1001 the z “ 0 and z “ 3 bases of Ω.
Γ1, Γ10, Γ20 and Γ21 are respectively the curved surfaces of cylinders C1

p0,0qpr0, 3sq,

C0.3
p0,0qpr0, 3sq, C

0.1
p0,´0.7qpr0, 3sq and C

0.1
p0,0.7qpr0, 3sq.

The domain Ω and its boundaries are represented in Figure 5.
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Figure 5: Mesh for the stationary convection-di�usion problem in 3D

The 3D problem to solve is the following
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3D problem : Stationary convection-di�usion

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ f in Ω Ă R3, (2.20)

α
Bu

Bn
` a20u “ g20 on Γ20, (2.21)

α
Bu

Bn
` a21u “ g21 on Γ21, (2.22)

Bu

Bn
“ 0 on ΓN (2.23)

where ΓN “ Γ1YΓ10YΓ1000YΓ1001. This problem is well posed if αpxxxq ą 0
and βpxxxq ě 0.
We choose a20 “ a21 “ 1, g21 “ ´g20 “ 0.05 β “ 0.01 and :

αpxxxq “ 0.7` xxx3{10,

VVV pxxxq “ p´10x2, 10x1, 10x3q
t,

fpxxxq “ ´800 expp´10ppx1 ´ 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq

`800 expp´10ppx1 ` 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq.

(a) �rst view (b) second view

Figure 6: Stationary convection-di�usion problem in 3D : numerical solution

The problem (2.20)-(2.23) can be equivalently expressed as the scalar BVP
(1.2)-(1.4) :

3D stationary convection-di�usion problem as a scalar

BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

Bu

BnL
` aRu “gR on ΓR.

where
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‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓR “ Γ1 Y Γ10 Y Γ20 Y Γ21 Y Γ1000 Y Γ1001 (and ΓD “ H)

‚

aR “

"

0 , on Γ1 Y Γ10 Y Γ1000 Y Γ1001

1 , on Γ20 Y Γ21

gR “

$

&

%

0 , on Γ1 Y Γ10 Y Γ1000 Y Γ1001

0.05 , on Γ21,
´0.05 , on Γ20

The algorithm using the toolbox for solving (2.20)-(2.23) is the following:

Algorithm 2.5 sampleD3d01 problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ 3D-mesh

2: αÐ px, y, zq ÞÝÑ 0.7` z{10

3: DopÐ Loperatorp3,

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚,000,

¨

˝

´10y
10x
10z

˛

‚, βq

4: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

5: PDE Ð setBC_PDEpPDE, 20, 1, 'Robin',´0.05, 1.q
6: PDE Ð setBC_PDEpPDE, 21, 1, 'Robin', 0.05, 1.q
7: PDE.f Ð px, y, zq ÞÑ ´800 expp´10px´ 0.65q2 ` y2 ` pz ´ 0.5q2q

`800 expp´10px` 0.65q2 ` y2 ` pz ´ 0.5q2q
8: xxxÐ SolvePDEpPDEq

We give respectively in Listing 5 and 6 the corresponding Matlab/Octave
and Python codes.

Listing 5: 3D stationary convection-di�usion, Matlab/Octave code

1

2 fpr intf ( '1. Reading of the mesh\n' ) ;
3 Th=GetMesh3DOpt( 'sampleD3d01 -6.mesh' , 'format' , 'medit' ) ;
4 fpr intf ( '2. Definition of the BVP\n' )
5 a f=@(x , y , z ) 0.7+z /10 ;%0.1+(y´0.5) .∗( y´0.5);
6 Vx=@(x , y , z ) ´10∗y ;Vy=@(x , y , z ) 10∗x ;Vz=@(x , y , z ) 10∗ z ;
7 b=0.01;%0.01 ; g2=4;g4=´4;
8 f=@(x , y , z ) ´800.0∗exp(´10∗((x´0 .65 ) .∗ ( x´0.65)+y .∗ y+(z´0 .5 ) .^2) ) . . .
9 +800.0∗exp(´10∗((x+0 .65) .∗ ( x+0.65)+y .∗ y+(z ´0 . 5 ) .^2 ) ) ;

10 Lop=Loperator (Th . d , { af , [ ] , [ ] ; [ ] , af , [ ] ; [ ] , [ ] , a f } , [ ] , {Vx,Vy,Vz} ,b ) ;
11 pde=initPDE(Lop ,Th ) ;
12 pde=setBC_PDE( pde , 20 , 1 , 'Robin' , ´0.05 , 1 ) ;
13 pde=setBC_PDE( pde , 21 , 1 , 'Robin' , 0 .05 , 1 ) ;
14 pde . f=f ;
15 fpr intf ( '3. Solving BVP\n' )
16 x=solvePDE( pde ) ;
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Listing 6: 3D stationary convection-di�usion, Python code

1 print ("1. Reading of the mesh" )
2 Th=readFreeFEM3D("sampleD3d01 -6.mesh" )
3 print ("2. Definition of the BVP" )
4 a f=lambda x , y , z : 0.7+z/10
5 Vx=lambda x , y , z : ´10∗y ;Vy=lambda x , y , z : 10∗x ;Vz=lambda x , y , z : 10∗ z
6 f=lambda x , y , z : ´800.0∗ exp (´10∗((x´0.65)∗∗2+y∗y+(z´0.5)∗∗2))+\
7 800 .0∗ exp (´10∗((x+0.65)∗∗2+y∗y+(z´0.5)∗∗2))
8 Lop=Loperator (d=3,A=[ [ af , None , None ] , [ None , af , None ] , [ None , None , a f ] ] , \
9 c=[Vx,Vy,Vz ] , a0=0.01)

10 pde=PDE(Lop ,Th)
11 pde=setBC_PDE( pde , 20 , 0 , 'Robin' ,´0.05 ,1)
12 pde=setBC_PDE( pde , 21 , 0 , 'Robin' , 0 . 0 5 , 1 )
13 pde . f=f
14 print ("3. Solving BVP" )
15 x=solvePDE( pde )

The numerical solution for a more re�ned mesh is shown on Figure 6

2.3.6 Laplace problem in r0, 1sd

The Laplace problem in any d-dimensional domain is considered here, with
various boundary conditions.

Let Ω “ r0, 1sd be the hypercube in Rd. The 2d faces of this hypercube have
a unique label : @i P v1, dw, faces xi ” 0 and xi ” 1 are respectively of label
p2i´ 1q and 2i.

Laplace problem in r0, 1sd

Find u P H2pΩq such that

´∆u “ 0 in Ω Ă Rd, (2.24)

u “ 1 on Γ1 Y Γ2, (2.25)

Bu

Bn
` 5u “ 1 on Γ3 Y Γ4, (2.26)

Bu

Bn
“ 0 on

d
ď

i“3

Γ2i´1 Y Γ2i, (2.27)

The problem (2.24)-(2.27) can be equivalently expressed as the scalar BVP
(1.2)-(1.4) :

Laplace problem in r0, 1sd as a scalar BVP

Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LI,000,000,0 and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ f :“ 0
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‚ ΓD “ Γ1 Y Γ2 and ΓR “
Ťd
i“2 Γ2i´1 Y Γ2i

‚ gD :“ 1 on Γ1 Y Γ2

‚ gR :“ 1 on Γ3 Y Γ4 and gR :“ 0 on
Ťd
i“3 Γ2i´1 Y Γ2i

‚ aRpxxxq :“ 1 on Γ3 Y Γ4 and aR :“ 0 on
Ťd
i“3 Γ2i´1 Y Γ2i

The algorithm using the toolbox for solving (2.24)-(2.27) is the following:

Algorithm 2.6 Laplace equation in r0, 1sd

1: Th Ð HyperCubepd,Nq
2: LÐ Loperatorpd, Id,000d,000d, 0q Ź Sti�ness operator

3: pde Ð initPDEpL, Thq
4: pde Ð setBC_PDEppde, 1, 1, 'Dirichlet', 1,Hq
5: pde Ð setBC_PDEppde, 2, 1, 'Dirichlet', 1,Hq
6: pde Ð setBC_PDEppde, 3, 1, 'Robin', 1, 1q
7: pde Ð setBC_PDEppde, 4, 1, 'Robin', 1, 1q
8: xxxÐ SolvePDEppdeq

The corresponding Matlab/Octave and Python codes are given in Listing 3.

1 fpr intf ( '1. Set hypercube

mesh\n' ) ;
2 d=input ( 'd=' ) ;
3 N=input ( 'N=' ) ;
4 Th=HyperCube(d ,N) ;
5 fpr intf ( '2. Definition of

the BVP : %dD

Laplace\n' , d )
6 A=c e l l (d , d) ;
7 for i =1:d , A{ i , i }=1;end
8 Lop=Loperator (d ,A , [ ] , [ ] , [ ] ) ;
9 pde=initPDE(Lop ,Th) ;

10 pde=setBC_PDE( pde , 1 , 1 , 'Dirichlet' , 1 ) ;
11 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' ,´1) ;
12 pde=setBC_PDE( pde , 3 , 1 , 'Robin' , 5 , 1 ) ;
13 pde=setBC_PDE( pde , 4 , 1 , 'Robin' , 5 , 1 ) ;
14 fpr intf ( '3. Solving BVP\n' )
15 x=solvePDE( pde ) ;

(a) Matlab/Octave

1 print ("1. Creating the mesh

of the hypercube [0,1]^d" )
2 d=int ( input ("d=" ) )
3 N=int ( input ("N=" ) )
4 Th=HyperCube(d ,N)
5 print ("2. Definition of the

BVP : %dD Laplace"%d)
6 A=NoneMatrix (d , d)
7 for i in range (d) :
8 A[ i ] [ i ]=1
9 Lop=Loperator (d=d ,A=A)

10 pde=initPDE(Lop ,Th)
11 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 )
12 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 )
13 pde=setBC_PDE( pde , 3 , 0 , 'Robin' , 5 , 1 )
14 pde=setBC_PDE( pde , 4 , 0 , 'Robin' , 5 , 1 )
15 print ("3. Solving BVP" )
16 x=solvePDE( pde )

(b) Python

Listing 3: Codes for Laplace problem in dimension d

It should be noted that in dimension d, the mesh of the hypercube r0, 1sd

obtained by the call to the function Th Ð HyperCubepd,Nq contains nme “

d!pN ´ 1qd d-simplices , N being the number of points in each direction. This
number can be very huge (see Table 1). So one does not need to be too ambitious
in dimension d ą 3 and choose a reasonable N .

N
. . . d 2 3 4 5 6
5 32 384 6144 122880 2949120
10 162 4374 157464 7085880 382637520
15 392 16464 921984 64538880 2147483647

Table 1: Number of d-simplices in hypercube r0, 1sd meshes
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2.3.7 Grad-Shafranov problem

We consider here the 2D Grad-Shafranov problem already tested in [4] de�ned
by

Grad-Shafranov problem

Find ψ P H2pΩq such that

´∆ψ ` a0 ψ “ f in Ω Ă R2, (2.28)

ψ “ 0 on Γ (2.29)

‚p0; 0q

‚
p1;´0.5q

‚
p1; 0.5q

ΓΩ

(a) Domain (b) Result

Figure 7: Grad-Shafranov problem

The functions a0 and f satisfy for all xxx “ pxxx1,xxx2q P Ω:

a0pxxxq “
1

xxx1
,

fpxxxq “ xxx2
1 ` 1

The geometry can be described by a parametric function as
"

xxx1ptq “
a

1` cosptq @t P r0, 2πs,
xxx2ptq “ 0.5 sinptq

The operator in (2.28) is the following one : LI,000,000,a0 .

The conormal derivative Bψ
BnL

is

Bψ

BnL
:“ xA∇ψ,nnny ´ xbbbψ,nnny “

Bψ

Bn
.

The algorithm using the toolbox for solving (2.28)-(2.29) is the following:

Algorithm 2.7 Grad-Shafranov problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: DopÐ Loperatorp2, I,000,000,xxx ÞÑ 1{xxx1q
3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE.f Ð xxx ÞÑ xxx21 ` 1
6: xxxÐ SolvePDEpPDEq
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The solution for a given mesh is shown on Figure 7.

2.4 Vector case

2.4.1 Elasticity problem

General case (d “ 2, 3)
We consider here Hooke's law in linear elasticity, under small strain hypothesis

(see for example [1]).
For a su�ciently regular vector �eld uuu “ pu1, . . . , udq : Ω Ñ Rd, we de�ne

the linearized strain tensor εεε by

εεεpuuuq “
1

2

`

∇∇∇puuuq `∇∇∇tpuuuq
˘

.

We set εεε “ pε11, ε22, 2ε12q
t in 2d and εεε “ pε11, ε22, ε33, 2ε12, 2ε23, 2ε13q

t in 3d,

with εijpuuuq “
1
2

´

Bui
Bxj

`
Buj
Bxi

¯

. Then the Hooke's law writes

σσσ “ Cεεε,

where σσσ is the elastic stress tensor and C the elasticity tensor.
The material is supposed to be isotropic. Thus the elasticity tensor C is only

de�ned by the Lamé parameters λ and µ, which satisfy λ` µ ą 0. We also set
γ “ 2µ` λ. For d “ 2 or d “ 3, C is given by

C “
ˆ

λ12 ` 2µI2 0
0 µ

˙

3ˆ3

or C “
ˆ

λ13 ` 2µI3 0
0 µI3

˙

6ˆ6

,

respectively, where 1d is a d-by-d matrix of ones, and Id the d-by-d identity
matrix.

For dimension d “ 2 or d “ 3, we have:

σσσαβpuuuq “ 2µεεεαβpuuuq ` λ trpεεεpuuuqqδαβ @α, β P v1, dw

The problem to solve is the following

Elasticity problem

Find uuu “ H2pΩq
d
such that

´ divpσσσpuuuqq “ fff, in Ω Ă Rd, (2.30)

σσσpuuuq.nnn “ 000 on ΓR, (2.31)

uuu “ 000 on ΓD. (2.32)

Now, with the following lemma, we obtain that this problem can be rewritten
as the vector BVP de�ned by (1.10) to (1.12).

Lemma 1. Let H be the d-by-d matrix of the second order linear di�erential

operators de�ned in (1.6) where Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, dw
2, with

pAα,βqk,l “ µδαβδkl ` µδkβδlα ` λδkαδlβ , @pk, lq P v1, dw
2. (2.33)

then

Hpuuuq “ ´divσσσpuuuq (2.34)
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and, @α P v1, dw,
Buuu

BnHα

“ pσσσpuuuq.nnnqα. (2.35)

The proof is given in appendix ??. So we obtain

Elasticity problem with H operator in dimension d “ 2
or d “ 3
Let H be the d-by-d matrix of the second order linear di�erential opera-
tors de�ned in (1.6) where @pα, βq P v1, dw2, Hα,β “ LAα,β ,000,000,0, with

• for d “ 2,

A1,1 “

ˆ

γ 0
0 µ

˙

, A1,2 “

ˆ

0 λ
µ 0

˙

, A2,1 “

ˆ

0 µ
λ 0

˙

, A2,2 “

ˆ

µ 0
0 γ

˙

• for d “ 3,

A1,1 “

¨

˝

γ 0 0
0 µ 0
0 0 µ

˛

‚, A1,2 “

¨

˝

0 λ 0
µ 0 0
0 0 0

˛

‚, A1,3 “

¨

˝

0 0 λ
0 0 0
µ 0 0

˛

‚

A2,1 “

¨

˝

0 µ 0
λ 0 0
0 0 0

˛

‚, A2,2 “

¨

˝

µ 0 0
0 γ 0
0 0 µ

˛

‚, A2,3 “

¨

˝

0 0 0
0 0 λ
0 µ 0

˛

‚,

A3,1 “

¨

˝

0 0 µ
0 0 0
λ 0 0

˛

‚, A3,2 “

¨

˝

0 0 0
0 0 µ
0 λ 0

˛

‚, A3,3 “

¨

˝

µ 0 0
0 µ 0
0 0 γ

˛

‚.

The elasticity problem (2.30) to (2.32) can be rewritten as :
Find uuu “ puuu1, . . . ,uuudq P pH

2pΩqqd such that

Hpuuuq “fff, in Ω, (2.36)

Buuu

BnHα

“0, on ΓRα “ ΓR, @α P v1, dw (2.37)

uuuα “0, on ΓDα “ ΓD, @α P v1, dw. (2.38)

2D example
For example, in 2d, we want to solve the elasticity problem (2.30) to (2.32)

where Ω and its boundaries are given in Figure 8. We have ΓR “ Γ1 Y Γ2 Y Γ3,
ΓD “ Γ4.

The material's properties are given by Young's modulus E and Poisson's
coe�cient ν. As we use plane strain hypothesis, Lame's coe�cients verify

µ “
E

2 p1` νq
, λ “

E ν

p1` νq p1´ 2 νq
, γ “ 2µ` λ

The material is rubber so that E “ 21 .105Pa and ν “ 0.45. We also have
fff “ xxx ÞÑ p0,´1qt.
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Ω
‚

p0;´1q

‚
p0; 1q

‚
p20;´1q

‚
p20; 1q

Γ4 Γ2

Γ1

Γ3

Figure 8: Domain for the 2D elasticity problem

The algorithm using the toolbox for solving (2.30)-(2.32) is the following:

Algorithm 2.8 2D elasticity

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: λÐ Eν
p1`νqp1´2νq

3: µÐ E
2p1`νq

4: HopÐ InitHoperatorp2, 2q
5: Hopp1, 1q Ð Loperatorp2, r2µ` λ, 0; 0, µs,000,000, 0q
6: Hopp2, 1q Ð Loperatorp2, r0, λ;µ, 0s,000,000, 0q
7: Hopp1, 2q Ð Loperatorp2, r0, µ;λ, 0s,000,000, 0q
8: Hopp2, 2q Ð Loperatorp2, rµ, 0; 0, 2µ` λs,000,000, 0q
9: pde Ð initPDEpHop, Thq
10: pde Ð setBC_PDEppde, 4, 1 : 2, 'Dirichlet',xxxÑ 000q
11: pde.f Ð xxxÑ r0,´1s
12: xxxÐ SolvePDEppdeq

We give respectively in Listing 7 and 8 the corresponding Matlab/Octave
and Python codes.

Listing 7: 2D elasticity, Matlab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh2DOpt( 'bar4 -15.msh' ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 E = 21.5 e4 ; nu = 0 . 4 5 ;
5 mu= E/(2∗(1+nu ) ) ;
6 lambda = E∗nu/((1+nu)∗(1´2∗nu ) ) ;
7 gamma=lambda+2∗mu;
8 Hop=Hoperator ( 2 , 2 ) ;
9 Hop .H{1 ,1}=Loperator (2 ,{gamma, [ ] ; [ ] , mu} , [ ] , [ ] , [ ] ) ;

10 Hop .H{1 ,2}=Loperator ( 2 , { [ ] , lambda ;mu , [ ] } , [ ] , [ ] , [ ] ) ;
11 Hop .H{2 ,1}=Loperator ( 2 , { [ ] ,mu; lambda , [ ] } , [ ] , [ ] , [ ] ) ;
12 Hop .H{2 ,2}=Loperator (2 ,{mu , [ ] ; [ ] ,gamma} , [ ] , [ ] , [ ] ) ;
13 % One can a l s o use the p r e s e t opera tor func t i on
14 % Hop=bui ldHopera tor (2 ,2 , 'name ' , ' S t i f f E l a s ' , ' lambda ' , lambda , 'mu' ,mu) ;
15 pde=initPDE(Hop ,Th ) ;
16 pde . f ={0 ,´1};
17 pde=setBC_PDE( pde , 4 , 1 : 2 , 'Dirichlet' , { 0 , 0 } ) ;
18 fpr intf ( '3. Solving BVP\n' ) ;
19 x=solvePDE( pde ) ;
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Listing 8: 2D elasticity, Python code

1 print ( '1. Reading of the mesh' )
2 Th=readFreeFEM( 'bar4 -15.msh' )
3 print ( '2. Definition of the BVP' )
4 E = 21.5 e4 ; nu = 0.45
5 mu= E/(2∗(1+nu ) )
6 lam = E∗nu/((1+nu)∗(1´2∗nu ) )
7 gam=lam+2∗mu
8 Hop=Hoperator (d=2,m=2)
9 Hop .H[ 0 ] [ 0 ]=Loperator (d=2,A=[ [gam , None ] , [ None ,mu ] ] )

10 Hop .H[ 0 ] [ 1 ]=Loperator (d=2,A=[ [None , lam ] , [mu, None ] ] )
11 Hop .H[ 1 ] [ 0 ]=Loperator (d=2,A=[ [None ,mu ] , [ lam , None ] ] )
12 Hop .H[ 1 ] [ 1 ]=Loperator (d=2,A=[ [mu, None ] , [ None , gam ] ] )
13 # One can a l s o use the p r e s e t opera tor func t i on
14 # Hop=S t i f fE l a sHope ra t o r s (2 , lam ,mu)
15 pde=initPDE(Hop ,Th)
16 pde . f =[0 ,´1]
17 pde=setBC_PDE( pde , 4 , [ 0 , 1 ] , 'Dirichlet' , [ 0 , 0 ] , None )
18 print ( '3. Solving BVP' )
19 x=solvePDE( pde , s p l i t=True )

For a given mesh, its displacement scaled by a factor 10 is shown on Figure
9

Figure 9: Mesh displacement scaled by a factor 10 for the 2D elasticity problem

3D example
Let Ω “ r0, 5s ˆ r0, 1s ˆ r0, 1s Ă R3. The boundary of Ω is made of six faces

and each one has a unique label : 1 to 6 respectively for faces x1 “ 0, x1 “ 5,
x2 “ 0, x2 “ 1, x3 “ 0 and x3 “ 1. We represent them in Figure 10.
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Figure 10: Domain Ω and boundaries for the 3D elasticity problem

We want to solve the elasticity problem (2.30) to (2.32) with ΓD “ Γ1,

ΓN “
Ť6
i“2 Γi and fff “ xxx ÞÑ p0, 0,´1qt.

The algorithm using the toolbox for solving (2.30)-(2.32) is the following:

Algorithm 2.9 3D elasticity

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: λÐ Eν
p1`νqp1´2νq

3: µÐ E
2p1`νq

4: γ Ð λ` 2µ
5: HopÐ Hoperatorp3, 3q
6: Hop.Hp1, 1q Ð Loperatorp3, rγ, 0, 0; 0, µ, 0; 0, 0, µs,000,000, 0q
7: Hop.Hp1, 2q Ð Loperatorp3, r0, λ, 0;µ, 0, 0; 0, 0, 0s,000,000, 0q
8: Hop.Hp1, 3q Ð Loperatorp3, r0, 0, λ; 0, 0, 0;µ, 0, 0s,000,000, 0q
9: Hop.Hp2, 1q Ð Loperatorp3, r0, µ, 0;λ, 0, 0; 0, 0, 0s,000,000, 0q
10: Hop.Hp2, 2q Ð Loperatorp3, rµ, 0, 0; 0, γ, 0; 0, 0, µs,000,000, 0q
11: Hop.Hp2, 3q Ð Loperatorp3, r0, 0, 0; 0, 0, λ; 0, µ, 0s,000,000, 0q
12: Hop.Hp3, 1q Ð Loperatorp3, r0, 0, µ; 0, 0, 0;λ, 0, 0s,000,000, 0q
13: Hop.Hp3, 2q Ð Loperatorp3, r0, 0, 0; 0, 0, µ; 0, λ, 0s,000,000, 0q
14: Hop.Hp3, 3q Ð Loperatorp3, rµ, 0, 0; 0, µ, 0; 0, 0, γs,000,000, 0q
15: pde Ð initPDEpHop, Thq
16: pde Ð setBC_PDEppde, 1, 1 : 3, 'Dirichlet',xxxÑ 000q
17: pde.f Ð xxxÑ r0, 0,´1s
18: xxxÐ SolvePDEppdeq

We give respectively in Listings 9 and 10 the corresponding Matlab/Octave and
Python codes.
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Listing 9: 3D elasticity, Matlab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh3DOpt( 'elasticity3D -10.mesh' , 'format' , 'medit' ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 E = 21.5 e4 ; nu = 0 . 2 9 ;
5 mu= E/(2∗(1+nu ) ) ;
6 lambda = E∗nu/((1+nu)∗(1´2∗nu ) ) ;
7 H=bui ldHoperator (3 , 3 , 'name' , 'StiffElas' , 'lambda' , lambda , 'mu' ,mu) ;
8 pde=initPDE(H,Th ) ;
9 pde . f ={0 ,0 ,´1};

10 pde=setBC_PDE( pde , 1 , 1 : 3 , 'Dirichlet' , { 0 , 0 , 0 } ) ;
11 fpr intf ( '3. Solving BVP\n' ) ;
12 x=solvePDE( pde ) ;

Listing 10: 3D elasticity, Python code

1 print ( '1. Reading of the mesh' )
2 Th=readFreeFEM3D( 'elasticity3D -10.mesh' )
3 print ( '2. Definition of the BVP' )
4 E = 21.5 e4 ; nu = 0.29
5 mu= E/(2∗(1+nu ) )
6 lam = E∗nu/((1+nu)∗(1´2∗nu ) )
7 gam=lam+2∗mu
8 Hop=Hoperator (d=3,m=3)
9 Hop .H[ 0 ] [ 0 ]=Loperator (d=3,A=[ [gam , None , None ] , [ None ,mu, None ] , [ None , None ,mu ] ] )

10 Hop .H[ 0 ] [ 1 ]=Loperator (d=3,A=[ [None , lam , None ] , [mu, None , None ] , [ None , None , None ] ] )
11 Hop .H[ 0 ] [ 2 ]=Loperator (d=3,A=[ [None , None , lam ] , [ None , None , None ] , [mu, None , None ] ] )
12 Hop .H[ 1 ] [ 0 ]=Loperator (d=3,A=[ [None ,mu, None ] , [ lam , None , None ] , [ None , None , None ] ] )
13 Hop .H[ 1 ] [ 1 ]=Loperator (d=3,A=[ [mu, None , None ] , [ None , gam , None ] , [ None , None ,mu ] ] )
14 Hop .H[ 1 ] [ 2 ]=Loperator (d=3,A=[ [None , None , None ] , [ None , None , lam ] , [ None ,mu, None ] ] )
15 Hop .H[ 2 ] [ 0 ]=Loperator (d=3,A=[ [None , None ,mu ] , [ None , None , None ] , [ lam , None , None ] ] )
16 Hop .H[ 2 ] [ 1 ]=Loperator (d=3,A=[ [None , None , None ] , [ None , None ,mu ] , [ None , lam , None ] ] )
17 Hop .H[ 2 ] [ 2 ]=Loperator (d=3,A=[ [mu, None , None ] , [ None ,mu, None ] , [ None , None , gam ] ] )
18 # One can a l s o use the p r e s e t opera tor func t i on
19 # Hop=S t i f fE l a sHope ra t o r s (d , lam ,mu)
20 pde=initPDE(Hop ,Th)
21 pde . f =[0 ,0 ,´1]
22 pde=setBC_PDE( pde , 1 , [ 0 , 1 , 2 ] , 'Dirichlet' , [ 0 , 0 , 0 ] , None )
23 print ( '3. Solving BVP' )
24 x=solvePDE( pde , s p l i t=True )

The displacement scaled by a factor 100 for a given mesh is shown on Figure
11.

Figure 11: Result for the 3D elasticity problem

2.4.2 Stationary heat with potential �ow in 2D

Let Γ1 be the unit circle, Γ10 be the circle with center point p0, 0q and radius
0.3. Let Γ20, Γ21, Γ22 and Γ23 be the circles with radius 0.1 and respectively
with center point p0,´0.7q, p0, 0.7q, p´0.7, 0q and p0.7, 0q. The domain Ω Ă R2

is de�ned as the inner of Γ1 and the outer of all other circles (see Figure 12).
The 2D problem to solve is the following
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Ω

Γ
1

Γ
10

Γ
20

Γ
21

Γ
22

Γ
23

Figure 12: Domain and boundaries

2D problem : stationary heat with potential �ow

Find u P H2pΩq such that

´ divpα∇uq ` xVVV ,∇uy ` βu “ 0 in Ω Ă R2, (2.39)

u “ 20 ˚ y on Γ21, (2.40)

u “ 0 on Γ22 Y Γ23, (2.41)

Bu

Bn
“ 0 on Γ1 Y Γ10 Y Γ20 (2.42)

where Ω and its boundaries are given in Figure 12. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 0.1` x2
2,

βpxxxq “ 0.01

The potential �ow is the velocity �eld VVV “ ∇φ where the scalar function φ is
the velocity potential solution of the BVP

Velocity potential in 2D

Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (2.43)

φ “ ´20 on Γ21, (2.44)

φ “ 20 on Γ20, (2.45)

Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (2.46)

Then the potential �ow VVV is solution of
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Potential �ow in 2D

Find VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

VVV “ ∇φ in Ω, (2.47)

For a given mesh, the numerical result for heat u is represented in Figure 13a,
velocity potential φ and potential �ow VVV are shown on Figure 13.

(a) heat u (b) Velocity potential φ

(c) Potential �ow VVV

Figure 13: Stationary heat with potential �ow in 2D

Now we will present two manners of solving these problems using vecFEMP1

codes.

Method 1 : split in three parts
The 2D potential velocity problem (2.43)-(2.46) can be equivalently expressed

as the scalar BVP (1.2)-(1.4) :
We present now to
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2D potential velocity as a scalar BVP

Find φ P H2pΩq such that

Lpφq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LI,000,000,0, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ20 Y Γ21

‚ ΓR “ Γ1 Y Γ23 Y Γ22

‚ gD :“ 20 on Γ20, and g
D :“ ´20 on Γ21

‚ gR “ aR :“ 0 on ΓR. and gD :“ ´20 on Γ21

The algorithm using the toolbox for solving (2.43)-(2.46) is the following:

Algorithm 2.10 Velocity Potential in 2D

1: DopÐ LoperatorpI,000,000, 0q Ź Sti�ness operator

2: pde Ð initPDEpDop, Thq
3: pde Ð setBCLabelppde, 20, 1, 'Dirichlet', 20q Ź u “ 20 on Γ20

4: pde Ð setBCLabelppde, 21, 1, 'Dirichlet',´20q Ź u “ ´20 on Γ21

5: xxxφ Ð SolvePDEppdeq

Now to compute VVV , we can write the potential �ow problem (2.47) with H-
operators as

A
ˆ

VVV 1

VVV 2

˙

“ B
ˆ

φ
φ

˙

where

A “
ˆ

LO2,0002,0002,1 0
0 LO2,0002,0002,1

˙

and B “
ˆ

LO2,0002,p1,0qt,1 0
0 LO2,0002,p0,1qt,0

˙

The algorithm using the toolbox for solving this problem is the following:
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Algorithm 2.11 Potential �ow in 2D

1: AopÐ InitHoperatorp2, 2q
2: Aop.Hp1, 1q Ð Loperatorp2,O2,000,000, 1q
3: Aop.Hp2, 2q Ð Loperatorp2,O2,000,000, 1q
4: BopÐ InitHoperatorp2, 2q

5: Bop.Hp1, 1q Ð Loperatorp2,O2,000,

ˆ

1
0

˙

, 0q

6: Bop.Hp2, 2q Ð Loperatorp2,O2,000,

ˆ

0
1

˙

, 0q

7: AÐ HAssemblyP1_OptV3pAop, Thq
8: BÐ HAssemblyP1_OptV3pBop, Thq

9: bbbÐ B
ˆ

xxxφ
xxxφ

˙

10: VVV Ð SolvepA, bbbq Ź Solve the linear system AVVV “ bbb

Finally, the stationary heat BVP (2.39)-(2.42) can be equivalently expressed as
the scalar BVP (1.2)-(1.4) :

2D stationary heat as a scalar BVP

Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ L¨
˝

α 0
0 α

˛

‚,000,VVV ,β

, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ f :“ 0

‚ ΓD “ Γ21 Y Γ22 Y Γ23

‚ ΓR “ Γ1 Y Γ10 Y Γ20

‚ gDpx, yq :“ 20y on Γ21, and g
D :“ 0 on Γ22 Y Γ23

‚ gR :“ 0 and aR :“ 0 on ΓR

The algorithm using the toolbox for solving (2.39)-(2.42) is the following:

Algorithm 2.12 Stationary heat in 2D

1: LopÐ Loperatorp

ˆ

α 0
0 α

˙

,000,VVV , βq

2: pde Ð initPDEpLop, Thq
3: pde Ð setBCLabelppde, 21, 1, 'Dirichlet',xxx ÞÑ 20xxx2q
4: pde Ð setBCLabelppde, 22, 1, 'Dirichlet', 0q
5: pde Ð setBCLabelppde, 23, 1, 'Dirichlet', 0q
6: uuuÐ SolvePDEppdeq
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We give respectively in Listing 11 and 12 the corresponding Matlab/Octave and
Python codes.

Listing 11: Stationary heat with potential �ow in 2D, Matlab/Octave
code (method 1)

1

2 fpr intf ( '1. Reading of the mesh\n' ) ;
3 Th=GetMesh2DOpt( 'FlowVelocity2D01 -50.msh' ) ;
4 fpr intf ( '2.a) Definition of a 2D velocity potential BVP\n' ) ;
5 Lop=Loperator (Th . d , { 1 , [ ] ; [ ] , 1 } , [ ] , [ ] , [ ] ) ;
6 pde=initPDE(Lop ,Th ) ;
7 pde=setBC_PDE( pde , 20 , 1 , 'Dirichlet' , 2 0 ) ;
8 pde=setBC_PDE( pde , 21 , 1 , 'Dirichlet' ,´20);
9 fpr intf ( '2.b) Solving 2D velocity potential BVP\n' )

10 phi=solvePDE( pde ) ;
11 fpr intf ( '3) Setting/Solving 2D velocity field problem\n' ) ;
12 m=2;
13 Hop=Hoperator (d ,m) ;
14 Hop .H{1 ,1}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
15 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
16 Bop=Hoperator (d ,m) ;
17 Bop .H{1 ,1}=Loperator (d , [ ] , [ ] , { 1 ; 0 } , [ ] ) ;
18 Bop .H{2 ,2}=Loperator (d , [ ] , [ ] , { 0 ; 1 } , [ ] ) ;
19 A=HAssemblyP1_OptV3(Th,Hop ) ;
20 B=HAssemblyP1_OptV3(Th,Bop ) ;
21 U=A\(B∗ [ phi ; phi ] ) ;
22 V=s p l i t S o l (U, 2 ,Th . nq ) ;
23 fpr intf ( '4.a) Definition of a 2D stationary heat BVP with potential flow\n' ) ;
24 a f=@(x , y ) 0.1+y .^2 ;
25 Dop=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {V{1} ,V{2}} , 0 . 0 1 ) ;
26 pdeHeat=initPDE(Dop ,Th ) ;
27 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 1 , 'Dirichlet' , @(x , y ) 20∗y ) ;
28 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 1 , 'Dirichlet' , 0 ) ;
29 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 1 , 'Dirichlet' , 0 ) ;
30 fpr intf ( '4.b) Solving 2D stationary heat BVP with potential flow\n' ) ;
31 u=solvePDE( pdeHeat ) ;

Listing 12: Stationary heat with potential �ow in 2D, Python code
(method 1)

1 d=2
2 print ( '1. Reading of the mesh' )
3 Th=readFreeFEM("FlowVelocity2D01 -50.msh" )
4 print ("2.a) Definition of a 2D velocity potential BVP" )
5 Lop=Loperator (d=Th . d ,A=[ [1 ,None ] , [ None , 1 ] ] )
6 pde=initPDE(Lop ,Th ) ;
7 pde=setBC_PDE( pde , 20 , 1 , "Dirichlet" , 20 ,None ) ;
8 pde=setBC_PDE( pde , 21 , 1 , "Dirichlet" ,´20 ,None ) ;
9 print ("2.b) Solving 2D velocity potential BVP" )

10 phi=solvePDE( pde )
11 print ("3. Setting/Solving 2D velocity field problem" )
12 Hop=Hoperator (d=2,m=2)
13 Hop .H[ 0 ] [ 0 ]=Loperator (d=d , a0=1)
14 Hop .H[ 1 ] [ 1 ]=Loperator (d=d , a0=1)
15 Bop=Hoperator (d=2,m=2)
16 Bop .H[ 0 ] [ 0 ]=Loperator (d=d , c = [1 , 0 ] )
17 Bop .H[ 1 ] [ 1 ]=Loperator (d=d , c = [0 , 1 ] )
18 A=HAssemblyP1_OptV3(Th,Hop , 1 )
19 B=HAssemblyP1_OptV3(Th,Bop , 1 )
20 b=B∗np . hstack ( [ phi , phi ] )
21 U=spso l v e (A, b)
22 V=s p l i t S o l (U, 2 ,Th . nq )
23 print ( '4.a) Definition of a 2D stationary heat BVP with potential flow' )
24 a f=lambda x , y : 0.1+y ∗∗2 ;
25 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] , c=[V[ 0 ] ,V [ 1 ] ] , a0 =0.01) ;
26 pdeHeat=initPDE(Lop ,Th)
27 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 0 , 'Dirichlet' , lambda x , y : 20∗y )
28 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 0 , 'Dirichlet' , 0)
29 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 0 , 'Dirichlet' , 0)
30 print ( '4.b) Solving 2D stationary heat PDE with potential flow' )
31 u=solvePDE( pdeHeat )

Method 2 : have fun with H-operators
We can merged velocity potential BVP (2.43)-(2.46) and potential �ow to

obtain the new BVP
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Velocity potential and potential �ow in 2D

Find φ P H2pΩq and VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By

˙

“ 0 in Ω, (2.48)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (2.49)

VVV 2 ´
Bφ

By
“ 0 in Ω, (2.50)

φ “ ´20 on Γ21, (2.51)

φ “ 20 on Γ20, (2.52)

Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (2.53)

We can also replace (2.48) by ´∆φ “ 0.

Let www “

¨

˝

φ
VVV 1

VVV 2

˛

‚, the previous problem (2.48)-(2.53) can be equivalently

expressed as the vector BVP (1.10)-(1.12) :

Vector BVP

Find www “ pwww1,www2,www3q P pH
2pΩqq3 such that

Hpwwwq “fff in Ω, (2.54)

wwwα “g
D
α on ΓDα , @α P v1, 3w, (2.55)

Bwww

BnHα

` aRαwwwα “g
R
α on ΓRα , @α P v1, 3w, (2.56)

where ΓRα “ ΓDα “ H for all α P t2, 3u (no boundary conditions on VVV 1 and
VVV 2) and

‚ H is the 3-by-3 operator de�ned by

H “

¨

˝

0 LO,´eee1,000,0 LO,´eee2,000,0
LO,000,´eee1,0 LO,000,000,1 0
LO,000,´eee2,0 0 LO,000,000,1

˛

‚

its conormal derivative are given by

Bwww1

BnH1,1

“ 0,
Bwww2

BnH1,2

“ www2nnn1,
Bwww3

BnH1,3

“ www3nnn2,

Bwww1

BnH2,1

“ 0,
Bwww2

BnH2,2

“ 0,
Bwww3

BnH2,3

“ 0

Bwww1

BnH3,1

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww3

BnH3,3

“ 0.

So we obtain
Bwww

BnH1

def

“

3
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “
Bφ

Bnnn
, (2.57)
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and
Bwww

BnH2

“
Bwww

BnH3

:“ 0. (2.58)

From (2.58), we cannot impose boundary conditions on components 2 and
3.

‚ fff :“ 000

‚ ΓD1 “ Γ20 Y Γ21 and ΓR1 “ Γ1 Y Γ10 Y Γ22 Y Γ23

‚ gD1 :“ 20 on Γ20, and g
D
1 :“ ´20 on Γ21

‚ gR1 “ aR1 :“ 0 on ΓR1

The solution of this vector BVP is given on lines 3 to 13 of Algorithm 2.13.

Algorithm 2.13 Stationary heat with potential velocity problem (method 2)

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: eee1 Ð

ˆ

1
0

˙

, eee2 Ð

ˆ

0
1

˙

3: HopÐ Hoperatorp2, 3q
4: Hop.Hp1, 2q Ð LoperatorpO2,´eee1,000, 0q
5: Hop.Hp1, 3q Ð LoperatorpO2,´eee2,000, 0q
6: Hop.Hp2, 1q Ð LoperatorpO2,000,´eee1, 0q
7: Hop.Hp2, 2q Ð LoperatorpO2,000,000, 1q
8: Hop.Hp3, 1q Ð LoperatorpO2,000,´eee2, 0q
9: Hop.Hp3, 3q Ð LoperatorpO2,000,000, 1q
10: PDEflow Ð initPDEpHop, Thq
11: PDEflow Ð setBC_PDEpPDEflow, 20, 1, 'Dirichlet', 20.,Hq
12: PDEflow Ð setBC_PDEpPDEflow, 21, 1, 'Dirichlet',´20.,Hq
13: rφφφ,VVV 1,VVV 2s Ð SolvePDEpPDEflowq
14: αÐ px, yq ÞÝÑ 0.1` y2

15: g21 Ð px, yq ÞÝÑ 20y
16: β Ð 0.01

17: DopÐ Loperatorp

ˆ

α 0
0 α

˙

,000,

ˆ

VVV 1

VVV 2

˙

, βq

18: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

19: PDE Ð setBC_PDEpPDE, 21, 1, 'Dirichlet', g21,Hq Ź u “ 4 on Γ2

20: PDE Ð setBC_PDEpPDE, 22, 1, 'Dirichlet', 0,Hq Ź u “ ´4 on Γ4

21: PDE Ð setBC_PDEpPDE, 23, 1, 'Dirichlet', 0,H Ź u “ 0 on Γ20

22: uuuÐ SolvePDEpPDEq

We give respectively in Listing 13 and 14 the corresponding Matlab/Octave
and Python codes.
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Listing 13: Stationary heat with potential �ow in 2D, Matlab/Octave
code (method 2)

1

2 d=2;
3 fpr intf ( '1. Reading of the mesh \n' ) ;
4 Th=GetMesh2DOpt( 'FlowVelocity2D01 -50.msh' ) ;
5 fpr intf ( '2. Setting 2D potential velocity/flow BVP\n' ) ;
6 Hop=Hoperator (d , 3 ) ;
7 Hop .H{1 ,2}=Loperator (d , [ ] , { ´ 1 , 0 } , [ ] , [ ] ) ;
8 Hop .H{1 ,3}=Loperator (d , [ ] , { 0 , ´ 1 } , [ ] , [ ] ) ;
9 Hop .H{2 ,1}=Loperator (d , [ ] , [ ] , { ´ 1 , 0 } , [ ] ) ;

10 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
11 Hop .H{3 ,1}=Loperator (d , [ ] , [ ] , { 0 , ´ 1 } , [ ] ) ;
12 Hop .H{3 ,3}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
13 pdeFlow=initPDE(Hop ,Th ) ;
14 pdeFlow=setBC_PDE( pdeFlow , 20 , 1 , 'Dirichlet' , 2 0 ) ;
15 pdeFlow=setBC_PDE( pdeFlow , 21 , 1 , 'Dirichlet' ,´20);
16 fpr intf ( '3. Solving 2D potential velocity/flow BVP\n' )
17 U=solvePDE( pdeFlow , 'split' , t rue ) ;
18 fpr intf ( '4. Setting 2D stationary heat BVP with potential flow\n' ) ;
19 a f=@(x , y ) 0.1+y .^2 ;
20 Dop=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {U{2} ,U{3}} , 0 . 0 1 ) ;
21 pdeHeat=initPDE(Dop ,Th ) ;
22 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 1 , 'Dirichlet' , @(x , y ) 20∗y ) ;
23 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 1 , 'Dirichlet' , 0 ) ;
24 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 1 , 'Dirichlet' , 0 ) ;
25 fpr intf ( '5. Solving 2D stationary heat BVP with potential flow\n' ) ;
26 x=solvePDE( pdeHeat ) ;

Listing 14: Stationary heat with potential �ow in 2D, Python code
(method 2)

1

2 d=2;m=3;
3 print ( '1. Reading of the mesh' )
4 Th=readFreeFEM("FlowVelocity2D01 -50.msh" )
5 print ("2. Setting 2D potential velocity/flow BVP" )
6 Hop=Hoperator (d=2,m=3)
7 #Hop .H[ 0 ] [ 0 ]= Loperator (d=d ,A=[[1 ,None ] , [ None , 1 ] ] )
8 Hop .H[ 0 ] [ 1 ]=Loperator (d=d , b=[´1,None ] )
9 Hop .H[ 0 ] [ 2 ]=Loperator (d=d , b=[None ,´1])

10 Hop .H[ 1 ] [ 0 ]=Loperator (d=d , c=[´1,None ] )
11 Hop .H[ 1 ] [ 1 ]=Loperator (d=d , a0=1)
12 Hop .H[ 2 ] [ 0 ]=Loperator (d=d , c=[None ,´1])
13 Hop .H[ 2 ] [ 2 ]=Loperator (d=d , a0=1)
14 pdeFlow=initPDE(Hop ,Th ) ;
15 pdeFlow=setBC_PDE( pdeFlow , 20 , 1 , "Dirichlet" , 20 ,None ) ;
16 pdeFlow=setBC_PDE( pdeFlow , 21 , 1 , "Dirichlet" ,´20 ,None ) ;
17 print ("3. Solving 2D potential velocity/flow BVP" )
18 U=solvePDE( pdeFlow , s p l i t=True )
19 print ( '4. Setting 2D stationary heat BVP with potential flow' )
20 a f=lambda x , y : 0.1+y ∗∗2 ;
21 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] , c=[U[ 1 ] ,U [ 2 ] ] , a0 =0.01) ;
22 pdeHeat=initPDE(Lop ,Th)
23 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 0 , 'Dirichlet' , lambda x , y : 20∗y )
24 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 0 , 'Dirichlet' , 0)
25 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 0 , 'Dirichlet' , 0)
26 print ( '5. Solving 2D stationary heat PDE with potential flow' )
27 u=solvePDE( pdeHeat )

2.4.3 Stationary heat with potential �ow in 3D

Let Ω Ă R3 be the cylinder given in Figure 14.
The bottom and top faces of the cylinder are respectively Γ1000YΓ1020YΓ1021

and Γ2000 Y Γ2020 Y Γ2021. The hole surface is Γ10 Y Γ11 Y Γ31 where Γ10 Y Γ11

is the cylinder part and Γ31 the plane part.
The 3D problem to solve is the following
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(a) Bottom face (b) Top face

Figure 14: Stationary heat with potential �ow : 3d mesh

3D problem : stationary heat with potential �ow

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ 0 in Ω Ă R3, (2.59)

u “ 30 on Γ1020 Y Γ2020, (2.60)

u “ 10δ|z´1|ą0.5 on Γ10, (2.61)

Bu

Bn
“ 0 otherwise (2.62)

where Ω and its boundaries are given in Figure 14. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 1,

βpxxxq “ 0.01

The potential �ow is the velocity �eld VVV “ ∇φ where the scalar function φ is
the velocity potential solution of the PDE :

Velocity potential in 3d

Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (2.63)

φ “ 1 on Γ1021 Y Γ2021, (2.64)

φ “ ´1 on Γ1020 Y Γ2020, (2.65)

Bφ

Bn
“ 0 otherwise (2.66)

To solve problem (2.59)-(2.62), we need to compute the velocity �eld VVV . For
that we can rewrite the potential �ow problem (2.63)-(2.66), by introducing
VVV “ pVVV 1,VVV 2,VVV 3q as unknowns :
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Velocity potential and velocity �eld in 3d

Find φ P H2pΩq and VVV P H1pΩq
3
such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By
`
BVVV 3

Bz

˙

“ 0 in Ω, (2.67)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (2.68)

VVV 2 ´
Bφ

By
“ 0 in Ω, (2.69)

VVV 3 ´
Bφ

Bz
“ 0 in Ω, (2.70)

with boundary conditions (2.64) to (2.66).

We can also replace (2.67) by ´∆φ “ 0.

Let www “

¨

˚

˚

˝

φ
VVV 1

VVV 2

VVV 3

˛

‹

‹

‚

, the previous PDE can be written as a vector boundary

value problem (see section 1.2) where the H-operator is given by

Hpwwwq “ 0 (2.71)

with

H1,1 “ 0, H1,2 “ LO,´eee1,000,0, H1,3 “ LO,´eee2,000,0, H1,4 “ LO,´eee3,000,0,
(2.72)

H2,1 “ LO,000,´eee1,0, H2,2 “ LO,000,000,1, H2,3 “ 0, H2,4 “ 0, (2.73)

H3,1 “ LO,000,´eee2,0, H3,2 “ 0, H3,3 “ LO,000,000,1, H3,4 “ 0, (2.74)

H4,1 “ LO,000,´eee3,0, H4,2 “ 0, H4,3 “ 0, H4,4 “ LO,000,000,1,
(2.75)

and eee1 “ p1, 0, 0q
t, eee2 “ p0, 1, 0q

t, eee3 “ p0, 0, 1q
t.

The conormal derivatives are given by

Bwww1

BnH1,1

“ 0,
Bwww1

BnH2,1

“ 0,
Bwww1

BnH3,1

“ 0,
Bwww1

BnH4,1

“ 0,

Bwww2

BnH1,2

“ VVV 1nnn1,
Bwww2

BnH2,2

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww2

BnH4,2

“ 0,

Bwww3

BnH1,3

“ VVV 2nnn2,
Bwww3

BnH2,3

“ 0,
Bwww3

BnH3,3

“ 0,
Bwww3

BnH4,3

“ 0,

Bwww4

BnH1,4

“ VVV 3nnn3,
Bwww4

BnH2,4

“ 0,
Bwww4

BnH3,4

“ 0,
Bwww4

BnH4,4

“ 0,

So we obtain
4
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “ x∇φ,nnny , (2.76)
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and
4
ÿ

α“1

Bwwwα
BnH2,α

“

4
ÿ

α“1

Bwwwα
BnH3,α

“

4
ÿ

α“1

Bwwwα
BnH4,α

“ 0. (2.77)

From (2.77), we cannot impose boundary conditions on components 2 to 4.
Thus, with notation of section 1.2, we have ΓN2 “ ΓN3 “ ΓN4 “ Γ with gN2 “

gN3 “ gN4 “ 0.
To take into account boundary conditions (2.64) to (2.66), we set ΓD1 “

Γ1020 Y Γ1021 Y Γ2020 Y Γ2021, ΓN1 “ ΓzΓD1 and gD1 “ δΓ1020YΓ2020
´ δΓ1021YΓ2021

,
gN1 “ 0.

The solution of this vector boundary value problem is given in lines 3 to 13
of Algorithm 2.14. A representation of velocity potential φ and potential �ow
VVV is given in Figure 15.

(a) φ and VVV : �rst view (b) φ and VVV : second view

Figure 15: HeatAndFlowVelocity3d01 problem

The operator in (2.59) is given by LαI,000,VVV ,β . The conormal derivative Bu
BnL

is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

The algorithm using the toolbox for solving (2.67)-(2.70) is the following:
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Algorithm 2.14 Stationary heat with potential velocity problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: eee1 Ð

¨

˝

1
0
0

˛

‚, eee2 Ð

¨

˝

0
1
0

˛

‚, eee3 Ð

¨

˝

0
0
1

˛

‚

3: HopÐ Hoperatorp3, 4q
4: Hop.Hp1, 2q Ð LoperatorpO3,´eee1,000, 0q
5: Hop.Hp1, 3q Ð LoperatorpO3,´eee2,000, 0q
6: Hop.Hp1, 4q Ð LoperatorpO3,´eee3,000, 0q
7: Hop.Hp2, 1q Ð LoperatorpO3,000,´eee1, 0q, Hop.Hp2, 2q Ð LoperatorpO3,000,000, 1q
8: Hop.Hp3, 1q Ð LoperatorpO3,000,´eee2, 0q, Hop.Hp3, 3q Ð LoperatorpO3,000,000, 1q
9: Hop.Hp4, 1q Ð LoperatorpO3,000,´eee3, 0q, Hop.Hp4, 4q Ð LoperatorpO3,000,000, 1q
10: PDEflow Ð initPDEpHop, Thq
11: PDEflow Ð setBC_PDEpPDEflow, 20, 1, 'Dirichlet', 20.,Hq
12: PDEflow Ð setBC_PDEpPDEflow, 21, 1, 'Dirichlet',´20.,Hq
13: rφφφ,VVV 1,VVV 2,VVV 3s Ð SolvePDEpPDEflowq
14: αÐ px, y, zq ÞÝÑ 1
15: g20 Ð px, y, zq ÞÝÑ 30, g10 Ð px, y, zq ÞÝÑ 10 ˚ p|z ´ 1| ą 0.5q
16: β Ð 0.01

17: DopÐ Loperatorp

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚,000,

¨

˝

VVV 1

VVV 2

VVV 3

˛

‚, βq

18: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

19: PDE Ð setBC_PDEpPDE, 1020, 1, 'Dirichlet', g20,Hq
20: PDE Ð setBC_PDEpPDE, 2022, 1, 'Dirichlet', g20,Hq
21: PDE Ð setBC_PDEpPDE, 10, 1, 'Dirichlet', g10,Hq
22: uuuÐ SolvePDEpPDEq

The numerical solution for a given mesh is shown on Figure 16

(a) us solution with streamline : �rst view
(b) us solution with streamline : second
view

Figure 16: HeatAndFlowVelocity3d01 problem
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2.4.4 Biharmonic problems

The biharmonic equation is the fourth-order partial PDE given by

∆2u “ f (2.78)

where ∆2u “ ∆p∆uq “
d
ÿ

i“1

d
ÿ

j“1

B4u

Bx2
i Bx

2
j

The boundary conditions on Γ can be

‚ Clamped Plate (CP) or pure Dirichlet type:

u “
Bu

Bnnn
“ g (2.79)

‚ Simply Supported Plate (SSP) or Navier type :

u “ ∆u “ g (2.80)

‚ Pure Hinged Plate or Stelov type :

u “ ∆u´ p1´ σqK
Bu

Bnnn
“ g (2.81)

‚ Cahn-Hilliard (CH) type

Bu

Bn
“
B∆u

Bn
“ g (2.82)

Link with H-operator and boundary conditions
Classically the fourth-order PDE (2.78) is converted to the two second-order

PDE

´∆u “ v (2.83)

´∆v “ f (2.84)

These two equations can be equivalently written as

G
ˆ

u
v

˙

“

ˆ

f
0

˙

or K
ˆ

u
v

˙

“

ˆ

0
f

˙

(2.85)

where G and K are the H-operators de�ned by

G “
ˆ

0 LI,000,000,0
LI,000,000,0 LO,000,000,´1

˙

and K “
ˆ

LI,000,000,0 LO,000,000,´1

LO,000,000,0 LI,000,000,0

˙

(2.86)

Let www “ pu, vq. From (2.85), the components of the conormal derivative of
www de�ned in (1.13) are given by

Bwww

BnK1

def

“

2
ÿ

β“1

Bwwwβ
BnK1,β

“

2
ÿ

β“1

@

A1,β ∇wwwβ ,nnn
D

´
@

bbb1,βuuuβ ,nnn
D

“ xI∇www1,nnny “ x∇u,nnny

“
Bu

Bnnn
“

Bwww

BnG2

(2.87)
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and

Bwww

BnK2

def

“

2
ÿ

β“1

Bwwwβ
BnK2,β

“

2
ÿ

β“1

@

A2,β ∇wwwβ ,nnn
D

´
@

bbb2,βuuuβ ,nnn
D

“ xI∇www2,nnny “ x∇ v,nnny

“
Bv

Bnnn
“

Bwww

BnG1

(2.88)

Clamped plate problem
In this part, we take examples of the thesis of T. Gerasimov [2] (page 138).
Let d “ 2, Ω “ r´1, 6s ˆ r´1, 1s Ă Rd and

f :“ expp´100ppx` 0.75q2 ` py ´ 0.75q2qq.

Clamped plate problem

Find u such that
$

’

’

&

’

’

%

∆2u “ f, in Ω Ă Rd, d “ 2

u “ 0, on Γ
Bu

Bnnn
“ 0. on Γ

(2.89)

Let v “ ´∆u. Then the problem (2.89) can be equivalently written as the
split problem (2.90).

Clamped plate split problem

Find u and v such that

$

’

’

’

’

&

’

’

’

’

%

v “ ´∆u, in Ω

´∆v “ f, in Ω

u “ 0, on Γ
Bu

Bnnn
“ 0. on Γ

(2.90)

Using the operator G de�ned in (2.86) and its conormal derivatives (2.87)-
(2.88), we can write the vector BVP associated with (2.90) as

Vector BVP for clamped plate problem (2.90) with G
operator
Find www “ pwww1,www2q P pH

2pΩqq2 such that

Gpwwwq “
ˆ

f
0

˙

in Ω,

www1 “0 on ΓD1 “ Γ pso ΓR1 “ H q

Bwww

BnG2

“0 on ΓR2 “ Γ pso ΓD2 “ H q
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Remark 2. We cannot use the operator K de�ned in (2.86) due to a boundary

condition trouble. Indeed
Bwww

BnK1

“
Bu

Bn
and we cannot set a Dirichlet condition

www1 “ 0 on ΓD1 “ Γ with a Neumann condition
Bwww

BnK1

“ 0 on ΓR1 “ Γ.

The domain Ω could be generated with the HyperCube function :

Th Ð HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq.

In Figure 17 we represent Ω and its boundary Γ “ Γ1 Y Γ2 Y Γ3 Y Γ4.

Figure 17: Mesh from HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq

The algorithm using the toolbox to solve this vector BVP is the following:

Algorithm 2.15 Clamped plate problem

1: Th Ð HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq
2: dÐ 2, mÐ 2
3: HopÐ Hoperatorp2, 2q
4: Hop.Hp1, 2q Ð Loperatorp2, I2,000,000, 0q
5: Hop.Hp2, 1q Ð Loperatorp2, I2,000,000, 0q
6: Hop.Hp2, 2q Ð Loperatorp2,O2,000,000,´1q
7: pde Ð initPDEpHop, Thq

8: pde.f Ð xxx ÞÑ

ˆ

expp´100ppxxx1 ` 0.75q2 ` pxxx2 ´ 0.75q2qq
0

˙

9: for iÐ 1 to pde.nlab do
10: pde Ð setBC_PDEppde, pde.labelspiq, 1, 'Dirichlet', 0.,Hq
11: end for
12: XXX Ð SolvePDEpPDEq

We give in Listings 15 and 16 the corresponding Matlab/Octave and Python
codes.
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Listing 15: 2D clamped plate,
Matlab/Octave code

1 d=2;m=2;
2 fpr intf ( '1. Reading of the

mesh\n' ) ;
3 Th=HyperCube(d , 5 0 ∗ [ 7 , 2 ] ,

@(q ) [ 7∗ q ( 1 , : ) ´1;2∗q ( 2 , : ) ´1]) ;
4 fpr intf ( '2. Definition of

the BVP\n' )
5 Hop=Hoperator (d ,m) ;
6 Hop .H{1 ,2}=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
7 Hop .H{2 ,1}=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
8 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , ´ 1 ) ;
9 pde=initPDE(Hop ,Th) ;

10 pde . f={@(x , y )exp(´100∗((x+0.75) .^2
+(y´0.75) .^2) ) , 0 } ;

11 for i =1:pde . nlab
12 pde=setBC_PDE( pde , pde . l a b e l s ( i ) , 1 ,

'Dirichlet' , 0 ) ;
13 end
14 fpr intf ( '3. Solving BVP\n' )
15 W=solvePDE( pde , 'split' , t rue ) ;

Listing 16: 2D clamped plate,
Python code

1 d=2;m=2;
2 print ( '1. Reading of the

mesh' ) ;
3 Th=HyperCube(d , [ 2 0 ∗ 7 , 2 0 ∗ 2 ] , t rans=lambda

q : np . c_[7∗ q [ : , 0 ] ´1 ,2∗ q [ : , 1 ] ´ 1 ] )
4 print ( '2. Definition of the

BVP' )
5 Hop=Hoperator (d=2,m=2)
6 Hop .H[ 0 ] [ 1 ]=Loperator (d=2,

A=[ [1 ,None ] , [ None , 1 ] ] )
7 Hop .H[ 1 ] [ 0 ]=Loperator (d=2,

A=[ [1 ,None ] , [ None , 1 ] ] )
8 Hop .H[ 1 ] [ 1 ]=Loperator (d=2,a0=´1)
9 pde=initPDE(Hop ,Th)

10 pde . f =[lambda
x , y : exp (´100∗((x+0.75) ∗∗2
+(y´0.75) ∗∗2) ) , 0 ]

11 for l in pde . l a b e l s :
12 pde=setBC_PDE( pde , l , 0 , 'Dirichlet' , 0 ,None )
13 print ( '3. Solving BVP' )
14 x=solvePDE( pde , s p l i t=True )

The numerical solution for a given mesh is shown on Figure 18

(a) u solution

(b) v solution

Figure 18: Clamped plate problem
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2.5 Eigenvalues

3 Eigenvalue problems

We want to solve eigenvalue problems coming from scalar or vector BVP's.

3.1 Scalar case

The eigenvalue problems associated with scalar BVP (1.2)-(1.4) can be written
as

Scalar eigenvalue problem

Find pλ, uq P KˆH2pΩq such that

Lpuq “λBpuq in Ω, (3.1)

u “0 on ΓD, (3.2)

Bu

BnL
` aRu “0 on ΓR. (3.3)

where B “ LOdˆd,000d,c̃cc,ã0 .

We brie�y describe the main function that will be used to solve eigenvalues
problems.

pUUU,λλλq Ð EigsPDEppde, B, Neq : compute the Ne smallest magnitude eigen-
values and the corresponding eigenvectors. λλλpiq is the i-th eigenvalue and
its eigenvector is given by UUUp:, iq. The argument pde is obtain by using
functions initPDE and setBC_PDE
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3.1.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition

Let Ω Ă R2 be the unit disk given in Figure 1.

Ω

Γ
1

Γ
2

Γ
3

Γ
4

Figure 1: Unit disk with four boundaries

We want to solve the eigenvalue problem given by (3.4)-(3.5)).

2D Laplace eigenvalues problem with Dirichlet bound-
ary condition
Find pλ, uq P KˆH2pΩq such that

´∆u “λu in Ω, (3.4)

u “0 on Γ, (3.5)

This problem is equivalent to the scalar eigenvalue problem (3.1)-(3.3) if we
set L “ LI,000,000,0, B “ LO,000,000,1, ΓD “ BΩ and ΓR “ H. The algorithm using the
toolbox to �nd eigenvalues and eigenvectors of this problem is the following :

Algorithm 3.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition
1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: LÐ LoperatorpI,000,000, 0q Ź Laplacian operator

3: pde Ð initPDEpL, Thq
4: for iÐ 1 to 4 do Ź Set Dirichlet boundaries conditions

5: pde Ð setBCLabelppde, 'Dirichlet', i, 1, 0.q Ź u “ 0 on Γi
6: end for
7: B Ð LoperatorpO,000,000, 1q Ź set B operator

8: pUUU,λλλq Ð EigsPDEppde, B, 24q

We represent in Figure 2 eigenvectors associated to the �rst twenty-four smallest
magnitude eigenvalues.
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Figure 2: 2D Laplace with Dirichlet boundary conditions : eigenvectors of the
smallest magnitude eigenvalues
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3.1.2 2D Laplace eigenvalues problem with mixed boundary condi-
tions

Let Γ1 be the unit circle, Γ10 be the circle with center point p0, 0q and radius
0.3. Let Γ20, Γ21, Γ22 and Γ23 be the circles with radius 0.1 and respectively
with center point p0,´0.7q, p0, 0.7q, p´0.7, 0q and p0.7, 0q. The domain Ω Ă R2

is de�ned as the inner of Γ1 and the outer of all other circles (see Figure 12).

Ω

Γ
1

Γ
10

Γ
20

Γ
21

Γ
22

Γ
23

Figure 3: Domain and boundaries

We want to solve the eigenvalue problem given by (3.4)-(??)).

2D Laplace eigenvalues problem with mixed boundary
conditions
Find pλ, uq P KˆH2pΩq such that

´∆u “λu in Ω, (3.6)

u “0 on Γi, @i P v20, 23w, (3.7)

Bu

Bn
“0 on Γ1 Y Γ10. (3.8)

This problem is equivalent to the scalar eigenvalue problem (3.1)-(3.3) if we
set L “ LI,000,000,0, B “ LO,000,000,1, ΓD “ BΩ and ΓR “ H. The algorithm using
the toolbox to �nd the twenty four smallest magnitude eigenvalues and the
corresponding eigenvectors of this problem is the following :
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Algorithm 3.2 2D Laplace eigenvalues problem with mixed boundary condi-
tions
1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: LÐ LoperatorpI,000,000, 0q Ź Laplacian operator

3: pde Ð initPDEpL, Thq
4: for iÐ 20 to 23 do Ź Set Dirichlet boundaries conditions

5: pde Ð setBCLabelppde, 'Dirichlet', i, 1, 0.q Ź u “ 0 on Γi
6: end for
7: B Ð LoperatorpO,000,000, 1q Ź set B operator

8: pUUU,λλλq Ð EigsPDEppde, B, 24q

We represent in Figure 4 these twenty four eigenvectors.

Page 45 Compiled on 2015/06/10 at 07:28:35



3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 4: 2D Laplace with mixed boundary conditions : eigenvectors of the
smallest magnitude eigenvalues
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3.2 Vector case

The eigenvalue problems associated with vector BVP (1.10)-(1.12) can be writ-
ten as

Vector eigenvalue problems

Find λ P K and uuu “ puuu1, . . . ,uuumq P pH
2pΩqqm such that

Hpuuuq “λBpuuuq in Ω, (3.9)

uuuα “0 on ΓDα , @α P v1,mw, (3.10)

Buuu

BnHα

` aRαuuuα “0 on ΓRα , @α P v1,mw, (3.11)

where B is a given H-operator.

In most cases B is the identity operator (B is a diagonal H-operator with
Bα,α “ LOdˆd,000d,000d,1, @α P v1,mw).
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