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1 Description of the generic problems

The notations of [7] are employed in this section and extended to the vector
case.

1.1 Scalar boundary value problem

Let Ω be a bounded open subset of Rd, d ě 1. The boundary of Ω is denoted
by Γ.

We denote by LA,bbb,ccc,a0 “ L : H2pΩq ÝÑ L2pΩq the second order linear
di�erential operator acting on scalar �elds de�ned, @u P H2pΩq, by

LA,bbb,ccc,a0puq
def

“ ´ div pA∇uq ` div pbbbuq ` x∇u,cccy ` a0u (1.1)

where A P pL8pΩqqdˆd, bbb P pL8pΩqqd, ccc P pL8pΩqqd and a0 P L
8pΩq are given

functions and x¨, ¨y is the usual scalar product in Rd.We use the same notations
as in the chapter 6 of [7] and we note that we can omit either div pbbbuq or x∇u,cccy
if bbb and ccc are su�ciently regular functions. We keep both terms with bbb and ccc to
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1.2 Vector BVP 1 DESCRIPTION OF THE GENERIC PROBLEMS

deal with more boundary conditions. It should be also noted that it is important
to preserve the two terms bbb and ccc in the generic formulation to enable a greater
�exibility in the choice of the boundary conditions.

Let ΓD, ΓR be open subsets of Γ, possibly empty and f P L2pΩq, gD P

H1{2pΓDq, gR P L2pΓRq, aR P L8pΓRq be given data.
A scalar boundary value problem is given by

Scalar BVP 1 : generic problem

Find u P H2pΩq such that

Lpuq “f in Ω, (1.2)

u “gD on ΓD, (1.3)

Bu

BnL
` aRu “gR on ΓR. (1.4)

The conormal derivative of u is de�ned by

Bu

BnL

def

“ xA∇u,nnny ´ xbbbu,nnny (1.5)

The boundary conditions (1.3) and (1.4) are respectively Dirichlet and
Robin boundary conditions. Neumann boundary conditions are particular
Robin boundary conditions with aR ” 0.

1.2 Vector boundary value problem

Let m ě 1 and H be the m-by-m matrix of second order linear di�erential
operators de�ned by

"

H :
`

H2pΩq
˘m

ÝÑ
`

L2pΩq
˘m

uuu “ puuu1, . . . ,uuumq ÞÝÑ fff “ pfff1, . . . , fffmq
def

“ Hpuuuq
(1.6)

where

fffα “
m
ÿ

β“1

Hα,βpuuuβq, @α P v1,mw, (1.7)

with, for all pα, βq P v1,mw2,

Hα,β
def

“ LAα,β ,bbbα,β ,cccα,β ,aα,β0
(1.8)

and Aα,β P pL8pΩqqdˆd, bbbα,β P pL8pΩqqd, cccα,β P pL8pΩqqd and aα,β0 P L8pΩq
are given functions. We can also write in matrix form

Hpuuuq “

¨

˚

˝

LA1,1,bbb1,1,ccc1,1,a1,10
. . . LA1,m,bbb1,m,ccc1,m,a1,m0

...
. . .

...
LAm,1,bbbm,1,cccm,1,am,10

. . . LAm,m,bbbm,m,cccm,m,am,m0

˛

‹

‚

¨

˚

˝

uuu1

...
uuum

˛

‹

‚

. (1.9)

We remark that the H operator for m “ 1 is equivalent to the L operator.
For α P v1,mw, we de�ne ΓDα and ΓRα as open subsets of Γ, possibly empty,

such that ΓDα X ΓRα “ H. Let fff P pL2pΩqqm, gDα P H1{2pΓDα q, g
R
α P L2pΓRα q,

aRα P L
8pΓRα q be given data.
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2 BOUNDARY VALUE PROBLEMS

A vector boundary value problem is given by

Vector BVP 1 : generic problem

Find uuu “ puuu1, . . . ,uuumq P pH
2pΩqqm such that

Hpuuuq “fff in Ω, (1.10)

uuuα “g
D
α on ΓDα , @α P v1,mw, (1.11)

Buuu

BnHα

` aRαuuuα “g
R
α on ΓRα , @α P v1,mw, (1.12)

where the α-th component of the conormal derivative of uuu is de�ned
by

Buuu

BnHα

def

“

m
ÿ

β“1

Buuuβ
BnHα,β

“

m
ÿ

β“1

`@

Aα,β ∇uuuβ ,nnn
D

´
@

bbbα,βuuuβ ,nnn
D˘

. (1.13)

The boundary conditions (1.12) are the Robin boundary conditions and
(1.11) is the Dirichlet boundary condition. The Neumann boundary condi-
tions are particular Robin boundary conditions with aRα ” 0.

In this problem, we may consider on a given boundary some conditions
which can vary depending on the component. For example we may have a
Robin boundary condition satisfying Buuu

BnH1
` aR1 uuu1 “ gR1 and a Dirichlet one

with uuu2 “ gD2 .In the following of the report we will solve by a P1-Lagrange
�nite element method scalar BVP (1.2) to (1.4) and vector BVP (1.10) to
(1.12) without additional restrictive assumption.

2 Boundary Value Problems

2.1 Main data structures

We suppose that Ω is equipped with a mesh Th (locally conforming) where its
elements are d-simplices . We denote by Ωh the union of the elements belonging
to the mesh, Ωh “

Ť

KPTh K, and by Γh its boundary, Γh “ BΩh.

The following data structure is associated to the mesh Th and employs many
notations already used in FreeFEM++ (see [5, 6]).
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2.1 Main data structures 2 BOUNDARY VALUE PROBLEMS

Mesh structure associated to Th
d : integer

space dimension
nq : integer

number of vertices
nme : integer

number of elements (d-simplices )
nbe : integer

number of boundary elements ((d´1)-simplices )
q : d-by-nq array of reals

array of vertices coordinates
me : pd`1q-by-nme array of integers

connectivity array for mesh elements
be : d-by-nbe array of integers

connectivity array for boundary elements
bel : 1-by-nbe array of integers

array of boundary elements labels
vols : 1-by-nme array of reals

array of mesh elements volumes

More precisely

• qpν, jq is the ν-th coordinate of the j-th vertex, ν P t1, . . . ,du, j P
t1, . . . ,nqu. The j-th vertex will be also denoted by qj “ qp:, jq.

• mepβ, kq is the storage index of the β-th vertex of the k-th element (d-
simplex ), in the array q, for β P t1, ...,d ` 1u and k P t1, . . . ,nmeu. So
qp:,mepβ, kqq represents the coordinates of the β-th vertex of the k-th
mesh element.

• bepβ, lq is the storage index of the β-th vertex of the l-th boundary element
((d´1)-simplex ), in the array q, for β P t1, ...,du and l P t1, . . . ,nbeu.
So qp:,bepβ, lqq represents the coordinates of the β-th vertex of the l-th
boundary element.

• volspkq is the volume of the k-th d-simplex .

A PDE structure contains all the data necessary to solve a scalar or vector
BVP is described by
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2.2 First level functions or commonly used functions2 BOUNDARY VALUE PROBLEMS

PDE structure

d : integer
space dimension

m : integer
operator dimension (1 for L operator)

op : operator
L operator or H operator

f : 1-by-m array of functions

Th : mesh structure
Bh : 1-by-nlab array of boundary mesh structures
labels : 1-by-nlab array of integers

Boundary mesh labels
nlab : integer

number of boundary labels
bclR : m-by-nlab array of BCrobin structures
bclD : m-by-nlab array of BCdirichlet structures

2.2 First level functions or commonly used functions

We brie�y describe the main functions that will be used in the sequel.

Th Ð getMeshpFileNameq : to de�ne the mesh Th by reading a 2d or 3d mesh
from the �le FileName.

Th Ð HyperCubepd,N,ă trans “ Φ ąq : to de�ne the mesh Th as the unit
hypercube r0, 1sd. There are Npiq (or N if N is a scalar) points in each

direction and the mesh of the hypercube contains
śd
i“1Npiq points.

Optionnal parameter trans set the displacement vector of mesh transfor-
mation Φpqq “ rΦ1pqq, . . . ,Φdpqqs. The 2d faces of the hypercube (before
transformation) have an unique label : @i P v1, dw, the faces xi ” 0 and
xi ” 1 are respectively of label 2i´ 1 and 2i.

LopÐ Loperatorpd,A, bbb, ccc, a0q : to initialize the operator L in dimension d
given by (1.1) : LopÐ LA,bbb,ccc,a0 .

HopÐ Hoperatorpd,mq : to initialize the operator H given by (1.6) veri-
fying Hα,β “ 0, @pα, βq P v1,mw2. Each operator Hα,β corresponds to
Hop.Hpα, βq and can be initialized by the function Loperator

pde Ð initPDEpOp, Thq : to initialize a PDE structure from an operator (either
L-operator or H-operator) and a mesh. Default boundary conditions are
homogeneous generalized Neumann.

pde Ð setBC_PDEppde, label, comps, type, g, arq : to de�ne or modify the
boundary conditions on the boundary Γlabel on the mesh pde.Th for com-
ponents of index comps (in the scalar case comps ” 1). For a scalar PDE,
we have for example
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3 EIGENVALUE PROBLEMS

‚ Dirichlet condition : uuu2 “ g on Γ11, then
pde Ð setBC_PDEppde, 11, 2, 'Dirichlet', g,Hq

‚ generalized Neumann condition : Buuu
BnH3

“ g on Γ12, then

pde Ð setBC_PDEppde, 12, 3, 'Neumann', g,Hq

‚ generalized Robin condition : Buuu
BnH2

` aR2 uuu2 “ g on Γ13, then

pde Ð setBC_PDEppde, 13, 2, 'Robin', g, aR2 q

xxxÐ SolvePDEppdeq : to solve by P1-Lagrange �nite elements the partial dif-
ferential equation de�ned by the structure PDE. This function returns
the solution xxx ()

3 Eigenvalue problems

We want to solve eigenvalue problems coming from scalar or vector BVP's.

3.1 Scalar case

The eigenvalue problems associated with scalar BVP (1.2)-(1.4) can be written
as

Scalar EBVP 1 : generic problem

Find pλ, uq P KˆH2pΩq such that

Lpuq “λBpuq in Ω, (3.1)

u “0 on ΓD, (3.2)

Bu

BnL
` aRu “0 on ΓR. (3.3)

where B “ LOdˆd,000d,c̃cc,ã0 .

We brie�y describe the main function that will be used to solve eigenvalues
problems.

pUUU,λλλq Ð EigsPDEppde, B, Neq : compute theNe smallest eigenvalues in mag-
nitude and the corresponding eigenvectors. λλλpiq is the i-th eigenvalue and
the i-th eigenvector is given by UUUp:, iq. The pde variable is de�ned using
functions initPDE and setBC_PDE.

pUUU,λλλq Ð EigsPDEppde, B, Ne, σq : compute the Ne eigenvalues closest to
sigma.
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

3.1.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition

We want to solve the eigenvalue problem given by (3.4)-(3.5)).

Usual EBVP 1 : 2D Laplace with Dirichlet boundary
condition
Find pλ, uq P KˆH2pΩq such that

´∆u “λu in Ω, (3.4)

u “0 on Γ, (3.5)

The problem (3.4)-(3.5) can be equivalently write as the Scalar EBVP 1:

Scalar EBVP 2 : 2D Laplace with Dirichlet boundary
condition
Find pλ, uq P KˆH2pΩq such that

Lpuq “λBpuq in Ω,

u “0 on ΓD “ Γ,

where L “ LI,000,000,0, B “ LO,000,000,1.

The algorithm using the toolbox to �nd eigenvalues and eigenvectors of this
problem is the following :

Algorithm 3.1 2D Laplace eigenvalues problem with Dirichlet boundary con-
dition
1: Th Ð getMeshp...q Ź Load mesh

2: LÐ LoperatorpI,000,000, 0q Ź Laplacian operator

3: pde Ð initPDEpL, Thq
4: for iÐ 1 to pde.nlab do Ź Set Dirichlet boundaries conditions u “ 0 on Γ

5: pde Ð setBC_PDEppde, pde.labelspiq, 1, 'Dirichlet', 0.q
6: end for
7: B Ð LoperatorpO,000,000, 1q Ź set B operator

8: pUUU,λλλq Ð EigsPDEppde, B, 24q

Listing 1: 2D Laplace eigenvalues
problem with Dirichlet boundary con-
dition : Matlab/Octave code

1 fpr intf ( '1. Read mesh\n' ) ;
2 Th=GetMesh2DOpt(MeshFile , 'format' , 'gmsh' ) ;
3 fpr intf ( '2. Set eigenvalues

problem\n' ) ;
4 Lop=Loperator (Th . d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 pde=initPDE(Lop ,Th) ;
6 Bop=Loperator (Th . d , [ ] , [ ] , [ ] , 1 ) ;
7 for i =1:pde . nlab
8 pde=setBC_PDE( pde , pde . l a b e l s ( i ) , 1 ,

'Dirichlet' , 0 ) ;
9 end

10 fpr intf ( '3. Solve

eigenvalues problem\n' ) ;
11 [U, lambda]=eigsPDE( pde , Bop , NumEigs ) ;

Listing 2: 2D Laplace eigenvalues
problem with Dirichlet boundary con-
dition : Python code

1 # Set f unc t i on s
2 from numpy import s in , cos
3 u=lambda x , y : s i n ( x )∗ s i n (y ) ;

# exac t s o l u t i o n
4 f=lambda x , y : 4∗ s i n (x )∗ s i n (y ) ;

# RHS
5 dudx=lambda x , y : cos ( x )∗ s i n (y ) ; # dx (u)
6 dudy=lambda x , y : s i n ( x )∗ cos ( y ) ; # dy (u)
7 p=lambda x , y : ´2∗ s i n (x )∗ s i n (y ) ; # p=Laplac ien (u)
8 dpdx=lambda x , y : ´2∗cos ( x )∗ s i n (y ) ; # dx (p )
9 dpdy=lambda x , y : ´2∗cos ( y )∗ s i n (x ) ; # dy (p )

10

11 print ( '1. Reading of the mesh' )
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Application on the rectangle Ω “ r0, Ls ˆ r0, Hs. The eigenvalues and the
associated eigen functions are given by

λk,l “

ˆ

kπ

L

˙2

`

ˆ

lπ

H

˙2

, uk,lpx, yq “ sinp
kπ

L
xq sinp

lπ

H
yq, @pk, lq P N˚ ˆ N˚.

We represent in Figure 1 ...
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(b) L2 relative errors of eingenfunctions
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(c) relative errors of eingenvalues

Figure 1: eigenvalues and eingenfunctions : order computation for 2D Laplace
with Dirichlet boundary condition on rectangle

We represent in Figure 2 eigenvectors associated to the �rst sixteen smallest
magnitude eigenvalues.

Application on the unit disk. Let Ω Ă R2 be the unit disk We represent
in Figure 3 eigenvectors associated to the �rst twenty-four smallest magnitude
eigenvalues.

Application on the L-shape domain. Results can be found in [8], Figure 1
page 4 and [3]. From [4] section 6.52 page 122 or [9] Table 1 page 1088, we have
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 2: 2D Laplace in rectangle r0, 2s ˆ r0, 3s with Dirichlet boundary condi-
tions : eigenvectors of the smallest magnitude eigenvalues
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 3: 2D Laplace in unit disk with Dirichlet boundary conditions : eigen-
vectors of the smallest magnitude eigenvalues
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

the bounds to the �rst ten eigenvalues of the L-shaped Laplacian problem is
given Table 1. We also give the computed values from a L-shaped mesh with
nq “ 357991, nme “ 713580 and h « 0.0052.
We represent in Figure 4 eigenvectors associated to the �rst twenty-four smallest

n bounds of λn from [9] computed here

1 9.6397238444
04 9.640649039039735

2 15.1972519266
59 15.197407727841403

3 2π2 “ 19.739208802178 19.739472143639855
4 29.5214811142

38 29.522069934441525
5 31.912635959

37 31.915429982722600
6 41.474509892

66 41.477254867865106
7 44.948487782

77 44.949850369893589
8 5π2 “ 49.34802200544 49.349664612562883
9 5π2 “ 49.34802200544 49.349665685274879
10 56.709609890

18 56.713551009263014

Table 1: Bounds to the �rst ten eigenvalues of the L-shaped Laplacian problem

magnitude eigenvalues and in Figure 5 the eigenvectors associated with the four
eigenvalues nearest 250 and 493.
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 4: 2D Laplace with Dirichlet boundary conditions : eigenvectors of the
smallest magnitude eigenvalues
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 5: 2D Laplace with Dirichlet boundary conditions : eigenvectors of the
eigenvalues near λ50 “ 250.78548 (multiplicity 1) and λ104 “ 493.48022 (multi-
plicity 3)

3.1.2 2D Laplace eigenvalues problem with mixed boundary condi-
tions

We want to solve the eigenvalue problem given by (3.6)-(3.9)).

Usual EBVP 2 : 2D Laplace with mixed boundary
condition
Find pλ, uq P KˆH2pΩq such that

´∆u “λu in Ω, (3.6)

Bu

Bn
` αu “0 on Γa, (3.7)

Bu

Bn
“0 on Γb, (3.8)

u “0 on Γc, (3.9)

The problem (3.6)-(3.9) can be equivalently write as the Scalar EBVP 1:
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Scalar EBVP 3 : 2D Laplace with mixed boundary
condition
Find pλ, uq P KˆH2pΩq such that

Lpuq “λBpuq in Ω,

Bu

BnL
` aRu “0 on ΓR “ Γa Y Γb,

u “0 on ΓD “ Γc,

where L “ LI,000,000,0 (and then Bu
BnL

“ Bu
Bn ), B “ LO,000,000,1, a

R “ αδΓb

The algorithm using the toolbox to �nd eigenvalues and eigenvectors of this
problem is the following :

Algorithm 3.2 2D Laplace eigenvalues problem with mixed boundary condi-
tion
1: Th Ð getMeshp...q Ź Load mesh

2: LÐ LoperatorpI,000,000, 0q Ź Laplacian operator

3: pde Ð initPDEpL, Thq
4: pde Ð setBC_PDEppde, c, 1, 'Dirichlet', 0.q
5: pde Ð setBC_PDEppde, a, 1, 'Robin', 0., αq
6: B Ð LoperatorpO,000,000, 1q Ź set B operator

7: pUUU,λλλq Ð EigsPDEppde, B, 24q

Application on the disk with 5 holes domain. Let Γ1 be the unit disk,
Γ10 be the disk with center point p0, 0q and radius 0.3. Let Γ20, Γ21, Γ22 and
Γ23 be the disks with radius 0.1 and respectively with center point p0,´0.7q,
p0, 0.7q, p´0.7, 0q and p0.7, 0q. The domain Ω Ă R2 is de�ned as the inner of Γ1

and the outer of all other disks (see Figure 6).

Ω

Γ
1

Γ
10

Γ
20

Γ
21

Γ
22

Γ
23

Figure 6: Domain and boundaries

We want to solve the eigenvalue problem given by (3.10)-(3.13)).
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

2D Laplace eigenvalues problem with mixed boundary
conditions
Find pλ, uq P KˆH2pΩq such that

´∆u “λu in Ω, (3.10)

Bu

Bn
` 10u “0 on Γ22 Y Γ23. (3.11)

Bu

Bn
“0 on Γ20 Y Γ21, (3.12)

u “0 on Γ1 Y Γ10. (3.13)

So we have, ΓD “ Γ1 Y Γ10, ΓR “
Ť23
i“20 Γi, and a

R “ 10δΓ22YΓ23
. We give

in Listing 5 and 6 the corresponding Matlab/Octave and Python codes.

Listing 3: 2D Laplace eigenvalues
problem with mixed boundary condi-
tions : Matlab/Octave code

1 fpr intf ( '1. Read mesh\n' ) ;
2 Th=GetMesh2DOpt(MeshFile , 'format' , 'gmsh' ) ;
3 fpr intf ( '2. Set eigenvalues problem\n' ) ;
4 Lop=Loperator (Th . d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 pde=initPDE(Lop ,Th ) ;
6 Bop=Loperator (Th . d , [ ] , [ ] , [ ] , 1 ) ;
7 pde=setBC_PDE( pde , 1 , 1 , 'Dirichlet' , 0 ) ;
8 pde=setBC_PDE( pde , 10 , 1 , 'Dirichlet' , 0 ) ;
9 pde=setBC_PDE( pde , 22 , 1 , 'Robin' , 0 , 1 0 ) ;

10 pde=setBC_PDE( pde , 23 , 1 , 'Robin' , 0 , 1 0 ) ;
11 fpr intf ( '3. Solve eigenvalues problem\n' ) ;
12 [U, lambda]=eigsPDE( pde , Bop , NumEigs ) ;

Listing 4: 2D Laplace eigenvalues
problem with Dirichlet boundary con-
dition : Python code

1 # Set f unc t i on s
2 from numpy import s in , cos
3 u=lambda x , y : s i n ( x )∗ s i n (y ) ;

# exac t s o l u t i o n
4 f=lambda x , y : 4∗ s i n (x )∗ s i n (y ) ;

# RHS
5 dudx=lambda x , y : cos ( x )∗ s i n (y ) ; # dx (u)
6 dudy=lambda x , y : s i n ( x )∗ cos ( y ) ; # dy (u)
7 p=lambda x , y : ´2∗ s i n (x )∗ s i n (y ) ; # p=Laplac ien (u)
8 dpdx=lambda x , y : ´2∗cos ( x )∗ s i n (y ) ; # dx (p )
9 dpdy=lambda x , y : ´2∗cos ( y )∗ s i n (x ) ; # dy (p )

10

11 print ( '1. Reading of the mesh' )

We represent in Figure 8 the twenty four �rst eigenvectors.
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3.1 Scalar case 3 EIGENVALUE PROBLEMS

Figure 7: 2D Laplace with mixed boundary conditions : eigenvectors of the
smallest magnitude eigenvalues

Page 16 Compiled on 2015/07/01 at 15:30:48



3.1 Scalar case 3 EIGENVALUE PROBLEMS

3.1.3 Other 2D eigenvalues problems with Dirichlet boundary con-
dition

Convection-Di�usion on the L-shaped domain. We want to solve the
eigenvalue problem given by

Usual EBVP 3 : 2D Convection-Di�usion eigenvalues
problem with Dirichlet boundary condition
Find pλ, uq P KˆH2pΩq such that

´∆u` βββ.∇u “λu in Ω,

u “0 on Γ.

with constant convection parameter βββ P R2.

From [4] section 6.52 page 122 the eigenvalues of Usual EBVP 3 are λβ
ββ
i “

|βββ|{4`λi where λi are the eigenvalues of the L-shaped Laplacian problem with
Dirichlet boundary condition (the ten �rst are given in Table 1). We have for
example

λβ
ββ
i «|βββ|{4` 9.63972, λβ

ββ
3 “|βββ|{4` 2π2

λβ
ββ
5 «|βββ|{4` 31.912636, λβ

ββ
8 “ λβ

ββ
9 “|βββ|{4` 5π2

λβ
ββ
20 «|βββ|{4` 101.60529, λβ

ββ
50 «|βββ|{4` 250.78548.

We give in Listing 5 and 6 the corresponding Matlab/Octave and Python
codes.
Listing 5: 2D Laplace eigenvalues
problem with mixed boundary condi-
tions : Matlab/Octave code

1 fpr intf ( '1. Read mesh\n' ) ;
2 Th=GetMesh2DOpt(MeshFile , 'format' , 'gmsh' ) ;
3 fpr intf ( '2. Set eigenvalues problem\n' ) ;
4 beta={3 ,0};
5 Lop=Loperator (Th . d , { 1 , 0 ; 0 , 1 } , [ ] , beta , [ ] ) ;
6 pde=initPDE(Lop ,Th ) ;
7 Bop=Loperator (Th . d , [ ] , [ ] , [ ] , 1 ) ;
8 for i =1:pde . nlab
9 pde=setBC_PDE( pde , pde . l a b e l s ( i ) , 1 , . . .

10 'Dirichlet' , 0 ) ;
11 end
12 fpr intf ( '3. Solve eigenvalues problem\n' ) ;
13 [U, lambda]=eigsPDE( pde , Bop , NumEigs ) ;

Listing 6: 2D Laplace eigenvalues
problem with Dirichlet boundary con-
dition : Python code

1 # Set f unc t i on s
2 from numpy import s in , cos
3 u=lambda x , y : s i n ( x )∗ s i n (y ) ;

# exac t s o l u t i o n
4 f=lambda x , y : 4∗ s i n (x )∗ s i n (y ) ;

# RHS
5 dudx=lambda x , y : cos ( x )∗ s i n (y ) ; # dx (u)
6 dudy=lambda x , y : s i n ( x )∗ cos ( y ) ; # dy (u)
7 p=lambda x , y : ´2∗ s i n (x )∗ s i n (y ) ; # p=Laplac ien (u)
8 dpdx=lambda x , y : ´2∗cos ( x )∗ s i n (y ) ; # dx (p )
9 dpdy=lambda x , y : ´2∗cos ( y )∗ s i n (x ) ; # dy (p )

10

11 print ( '1. Reading of the mesh' )

We give the computed values from a L-shaped mesh with nq “ 357991, nme “

713580 and h « 0.0052.
We represent in Figure 8 the twenty four �rst eigenvectors with βββ “ p3, 0q.
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Figure 8: 2D Laplace with mixed boundary conditions : eigenvectors of the
smallest magnitude eigenvalues
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n bounds of λβββn from [9] computed here

1 |βββ|{4` 9.6397238444
04 « 11.88972384 11.890593787727795

2 |βββ|{4` 15.1972519266
59 « 17.44725192 17.447318816724781

3 |βββ|{4` 2π2 “ 21.989208802178716 21.989355694703399
4 |βββ|{4` 29.5214811142

38 « 31.77148111 31.771894040076543
5 |βββ|{4` 31.912635959

37 « 34.1626359 34.165239540278506
6 |βββ|{4` 41.474509892

66 « 43.7245099 43.727006318946891
7 |βββ|{4` 44.948487782

77 « 47.19848777 47.199580624022417
8 |βββ|{4` 5π2 “ 51.598022005446794 51.599278693930657
9 |βββ|{4` 5π2 “ 51.598022005446794 51.599458742449400
10 |βββ|{4` 56.709609890

18 « 58.9596098 58.963209967358949
20 |βββ|{4` 101.60529 « 103.85529 103.8646014207418
50 |βββ|{4` 250.78548 « 253.03548 253.0805934769167

Table 2: Eigenvalues of the L-shaped Convection-Di�usion problem with βββ “
p3, 0q.

3.2 Vector case

The eigenvalue problems associated with vector BVP (1.10)-(1.12) can be writ-
ten as

Vector eigenvalue problems

Find λ P K and uuu “ puuu1, . . . ,uuumq P pH
2pΩqqm such that

Hpuuuq “λBpuuuq in Ω, (3.14)

uuuα “0 on ΓDα , @α P v1,mw, (3.15)

Buuu

BnHα

` aRαuuuα “0 on ΓRα , @α P v1,mw, (3.16)

where B is a given H-operator.

In most cases B is the identity operator (B is a diagonal H-operator with
Bα,α “ LOdˆd,000d,000d,1, @α P v1,mw).

3.2.1 Elasticity problem

Let d “ 2 or d “ 3. We consider here Hooke's law in linear elasticity, under
small strain hypothesis (see for example [2]).

For a su�ciently regular vector �eld uuu “ pu1, . . . , udq : Ω Ñ Rd, we de�ne
the linearized strain tensor εεε by

εεεpuuuq “
1

2

`

∇∇∇puuuq `∇∇∇tpuuuq
˘

.

We set εεε “ pε11, ε22, 2ε12q
t in 2d and εεε “ pε11, ε22, ε33, 2ε12, 2ε23, 2ε13q

t in 3d,

with εijpuuuq “
1
2

´

Bui
Bxj

`
Buj
Bxi

¯

. Then the Hooke's law writes

σσσ “ Cεεε,
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where σσσ is the elastic stress tensor and C the elasticity tensor.
The material is supposed to be isotropic. Thus the elasticity tensor C is only

de�ned by the Lamé parameters λ and µ, which satisfy λ` µ ą 0. We also set
γ “ 2µ` λ. For d “ 2 or d “ 3, C is given by

C “
ˆ

λ12 ` 2µI2 0
0 µ

˙

3ˆ3

or C “
ˆ

λ13 ` 2µI3 0
0 µI3

˙

6ˆ6

,

respectively, where 1d is a d-by-d matrix of ones, and Id the d-by-d identity
matrix.

For dimension d “ 2 or d “ 3, we have:

σσσαβpuuuq “ 2µεεεαβpuuuq ` λ trpεεεpuuuqqδαβ @α, β P v1, dw

The problem to solve is the following

Usual EBVP 4 : Elasticity problem

Find pk,uuuq “ KˆH2pΩq
d
such that

´divpσσσpuuuqq “ kuuu, in Ω Ă Rd, (3.17)

σσσpuuuq.nnn “ 000 on ΓR, (3.18)

uuu “ 000 on ΓD. (3.19)

We recall the following lemma (see [1])

Lemma 1. Let Hσσσ be the H-operator de�ned in (1.6) by

Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, dw2 (3.20)

with

pAα,βqk,l “ µδαβδkl ` µδkβδlα ` λδkαδlβ , @pk, lq P v1, dw
2. (3.21)

Then, we have

Hσσσpuuuq “ ´ divσσσpuuuq (3.22)

and, @α P v1, dw,
Buuu

BnHσσσα
“ pσσσpuuuq.nnnqα. (3.23)

The matrices Aα,β of previous lemma are explicitely given by

• for d “ 2,

A1,1 “

ˆ

γ 0
0 µ

˙

, A1,2 “

ˆ

0 λ
µ 0

˙

, A2,1 “

ˆ

0 µ
λ 0

˙

, A2,2 “

ˆ

µ 0
0 γ

˙

• for d “ 3,

A1,1 “

¨

˝

γ 0 0
0 µ 0
0 0 µ

˛

‚, A1,2 “

¨

˝

0 λ 0
µ 0 0
0 0 0

˛

‚, A1,3 “

¨

˝

0 0 λ
0 0 0
µ 0 0

˛

‚

A2,1 “

¨

˝

0 µ 0
λ 0 0
0 0 0

˛

‚, A2,2 “

¨

˝

µ 0 0
0 γ 0
0 0 µ

˛

‚, A2,3 “

¨

˝

0 0 0
0 0 λ
0 µ 0

˛

‚,

A3,1 “

¨

˝

0 0 µ
0 0 0
λ 0 0

˛

‚, A3,2 “

¨

˝

0 0 0
0 0 µ
0 λ 0

˛

‚, A3,3 “

¨

˝

µ 0 0
0 µ 0
0 0 γ

˛

‚.
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So the elasticity problem (3.17) to (3.19) can be equivalently written as :

Vector EBVP 1 : Linear elasticity in dimension d “ 2
or d “ 3
Find pk,uuuq P Kˆ pH2pΩqqd such that

Hσσσpuuuq “kBσσσpuuuq, in Ω, (3.24)

Buuu

BnHσσσα
“0, on ΓRα “ ΓR, @α P v1, dw (3.25)

uuuα “0, on ΓDα “ ΓD, @α P v1, dw. (3.26)

with Bσσσα,β “ δα,βLO,000,000,1.

Algorithm 3.3 2D elasticity

1: Th Ð getMeshp...q
2: λÐ Eν

p1`νqp1´2νq

3: µÐ E
2p1`νq

4: HopÐ InitHoperatorp2, 2q
5: Hopp1, 1q Ð Loperatorp2, r2µ` λ, 0; 0, µs,000,000, 0q
6: Hopp2, 1q Ð Loperatorp2, r0, λ;µ, 0s,000,000, 0q
7: Hopp1, 2q Ð Loperatorp2, r0, µ;λ, 0s,000,000, 0q
8: Hopp2, 2q Ð Loperatorp2, rµ, 0; 0, 2µ` λs,000,000, 0q
9: pde Ð initPDEpHop, Thq
10: BopÐ InitHoperatorp2, 2q
11: Hopp1, 1q Ð Loperatorp2,O,000,000, 1q
12: Hopp2, 2q Ð Loperatorp2,O,000,000, 1q
13: pde Ð setBC_PDEppde,ΓD, 1 : 2, 'Dirichlet', 0q
14: pde Ð setBC_PDEppde,ΓR, 1 : 2, 'Neumann', 0q
15: pUUU,kkkq Ð EigsPDEppde, B, 12q

Application on the unit square with Dirichlet boundary condition
The phycical parameters are E “ 21.5e4 and ν “ 0.45. We take ΓD “ Γ and
thus ΓR “ H. For each eigenfunction uuu, we represent

a

uuu2
1 ` uuu

2
2 in Figure 9

for the �rst twelve smallest magnitude eigenvalues. The mesh parameters are
nq “ 90000, nme “ 178802 and h “ 0.0047.

Application on the bar r0, 7sˆ r´1, 1s with mixed boundary conditions
The phycical parameters are E “ 21.5e4 and ν “ 0.45. We take ΓD “ Γ1 and
ΓR “ Γ2YΓ3YΓ3. For each eigenfunction uuu, we represent

a

uuu2
1 ` uuu

2
2 in Figure 10

for the �rst twelve smallest magnitude eigenvalues. The mesh parameters are
nq “ 140000, nme “ 278202 and h “ .

Application on a bar with 4 holes and with mixed boundary conditions
The domain Ω Ă R2 is given in Figure 11. The phycical parameters are E “

21.5e4 and ν “ 0.45.We take ΓD “ Γ1 and ΓR “ ΓRzΓD. For each eigenfunction
uuu, we represent

a

uuu2
1 ` uuu

2
2 in Figure 12 for the �rst twelve smallest magnitude

eigenvalues. The mesh parameters are nq “ 141554, nme “ 280746 and h “ .
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Figure 9: 2D linear elasticity on the unit square with Dirichlet boundary condi-
tion : euclidean norm of eigenfunctions assocuated with the smallest magnitude
eigenvalues

Figure 10: 2D linear elasticity on the bar r0, 7s ˆ r´1, 1s with mixed bound-
ary conditions : euclidean norm of eigenfunctions assocuated with the smallest
magnitude eigenvalues
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Figure 11: bar with 4 holes : domain and boundaries

Figure 12: 2D linear elasticity on the bar r0, 7s ˆ r´1, 1s with mixed bound-
ary conditions : euclidean norm of eigenfunctions assocuated with the smallest
magnitude eigenvalues
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