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Abstract

Tessellation of hypercubes or orthotopes and all their faces in any di-
mension is a nice challenge. The purpose of this paper is to describe
e�cient vectorized algorithms to obtain regular tessellations made up by
simplices or orthotopes. These vectorized algorithms have been imple-
mented in array programming languages such as Matlab/Octave, Python.
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1 De�nitions and notations

1.1 d-orthotope and d-hypercube

We �rst recall the de�nitions of a d-orthotope and a d-hypercube

De�nition 1. In geometry, a d-orthotope (also called a hyperrectangle or a
box) is the generalization of a rectangle for higher dimensions, formally de�ned
as the Cartesian product of intervals.

De�nition 2. A d-orthotope with all edges of the same length is a d-hypercube.
A d-orthotope with all edges of length one is a unit d-hypercube.
The hypercube r0, 1sd is called the unit d-hypercube or the unit reference

d-hypercube.

The m-orthotopes on the boundary of a d-orthotope, 0 ď m ď d, are called
the m-faces of the d-orthotope.

The number of m-faces of a d-orthotope is

Em,d “ 2d´m
ˆ

d
m

˙

where

ˆ

d
m

˙

“
d!

m!pd´mq!

For example, the 2-faces of the unit 3-hypercube r0, 1s3 are the sets

t0u ˆ r0, 1s ˆ r0, 1s, t1u ˆ r0, 1s ˆ r0, 1s,
r0, 1s ˆ t0u ˆ r0, 1s, r0, 1s ˆ t1u ˆ r0, 1s,
r0, 1s ˆ r0, 1s ˆ t0u, r0, 1s ˆ r0, 1s ˆ t1u.
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Its 1-faces are
t0u ˆ t0u ˆ r0, 1s, t0u ˆ t1u ˆ r0, 1s,
t1u ˆ t0u ˆ r0, 1s, t1u ˆ t1u ˆ r0, 1s,
t0u ˆ r0, 1s ˆ t0u, t0u ˆ r0, 1s ˆ t1u,
t1u ˆ r0, 1s ˆ t0u, t1u ˆ r0, 1s ˆ t1u,
r0, 1s ˆ t0u ˆ t0u, r0, 1s ˆ t0u ˆ t1u,
r0, 1s ˆ t1u ˆ t0u, r0, 1s ˆ t1u ˆ t1u,

and its 0-faces are

t0u ˆ t0u ˆ t0u, t1u ˆ t0u ˆ t0u,
t0u ˆ t1u ˆ t0u, t0u ˆ t0u ˆ t1u,
t1u ˆ t1u ˆ t0u, t1u ˆ t0u ˆ t1u,
t0u ˆ t1u ˆ t1u, t1u ˆ t1u ˆ t1u.

We represent in Figure 1 all the m-faces of a 3D hypercube.
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Figure 1: m-faces of a 3D hypercube : 0-faces (upper left), 1-faces (upper right)
and 2-faces (bottom)

We give in Table 1 this number for d P v0, 6w and 0 ď m ď d.
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m 0 1 2 3 4 5 6

d Names 0-face 1-face 2-face 3-face 4-face 5-face 6-face
0 Point 1
1 Segment 2 1
2 Square 4 4 1
3 Cube 8 12 6 1
4 Tesseract 16 32 24 8 1
5 Penteract 32 80 80 40 10 1
6 Hexeract 64 192 240 160 60 12 1

Table 1: Number of m-faces of a d-hypercube

The identi�cation/numbering of the m-faces is given in section2.4.

1.2 d-simplex

De�nition 3. In geometry, a simplex (plural: simplexes or simplices) is a
generalization of the notion of a triangle or tetrahedron to arbitrary dimensions.
Speci�cally, a d-simplex is a d-dimensional polytope which is the convex hull of
its d ` 1 vertices. More formally, suppose the d ` 1 points qqq0, . . . ,qqqd P Rd are
a�nely independent, which means qqq1´qqq0, . . . ,qqqd´qqq0 are linearly independent.
Then, the simplex determined by them is the set of points

C “ tθ0qqq
0 ` ¨ ¨ ¨ ` θdqqq

d|θi ě 0, 0 ď i ď d,
d
ÿ

i“0

θi “ 1u.

For example, a 2-simplex is a triangle, a 3-simplex is a tetrahedron, and a
4-simplex is a 5-cell. A single point may be considered as a 0-simplex and a line
segment may be considered as a 1-simplex. A simplex may be de�ned as the
smallest convex set containing the given vertices.

De�nition 4. Let qqq0, . . . ,qqqd P Rd be the d ` 1 vertices of a d-simplex K and
DK be the pd` 1q-by-pd` 1q matrix de�ned by

DK “

¨

˚

˚

˝

qqq0 . . . qqqd

1 . . . 1

˛

‹

‹

‚

The d-simplex K is

‚ degenerated if detDK “ 0,

‚ positive oriented if detDK ą 0,

‚ negative oriented if detDK ă 0.

The m-simplices on the boundary of a d-simplex, 0 ď m ď d, are called
the m-faces of the d-simplex. If a d-simplex is nondegenerate, its number of

m-faces is equal to the binomial coe�cient

ˆ

d` 1
m` 1

˙

We give in Table 2 this number for d P v0, 6w and 0 ď m ď d.
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m 0 1 2 3 4 5 6

d Names 0-face 1-face 2-face 3-face 4-face 5-face 6-face
0 Point 1
1 Segment 2 1
2 triangle 3 3 1
3 tetrahedron 4 6 4 1
4 4-simplex 5 10 10 5 1
5 5-simplex 6 15 20 15 6 1
6 6-simplex 7 21 35 35 21 7 1

Table 2: Number of m-faces of a nondegenerate d-simplex

2 Tessellation by d-orthotopes

2.1 The unit hypercube vertices

The unit d-dimensional hypercube pH “ r0, 1sd has n “ 2d vertices. A vertex
may be identi�ed by a d-tuple ııı “ pııı1, ııı2, ¨ ¨ ¨ , ıııdq P v0, 1w

d and we denoted by
xxxııı “ pxxxııı1, . . . ,xxx

ııı
dq

t
P Rd the vertex de�ned by

xxxıııl “ ıııl, @l P v1, dw.

Let L be the function mapping all the d-tuples ııı P v0, 1wd into v1, 2dw de�ned by

Lpıııq “ 1`
d
ÿ

l“1

2l´1ıııl. (1)

We can note that Lpıııq ´ 1 has for binary representation pıııdıııd´1 ¨ ¨ ¨ ııı1q2. Let pqqq

be the d-by-2d array containing all the vertices of pH and de�ned by

pqqqp:, jq
def

“ xxxL
-1
pjq, @j P v1, 2dw.

where pqqqp:, jq denotes the j-th column of the array pqqq.
For example, with d “ 3, the array pqqq is given by

pqqq
def

“

»

–

0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1

fi

fl

and it can be obtained from the more general function CartesianGridPoints

introduced in section 2.2.1 and described in Appendix B by using command

pqqqÐ CartesianGridPointspOnesp1, dqq
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Figure 2: Vertices of the unit hypercube r0, 1sd, d “ 2 (left) and d “ 3 (right)
with their indices in the array pqqq

2.2 Cartesian grid

De�nition 5. A cartesian grid in Rd is a tessellation where the elements are
unit d-hypercubes and the vertices are integer lattices.

Let NNN “ pN1, . . . , Ndq P pN
˚qd. We denote by QNNN the cartesian grid of

v0, N1w ˆ ¨ ¨ ¨ ˆ v0, Ndw. The cartesian grid QNNN is composed with nq grid points
and nme unit d-hypercubes where

nq “
d
ź

l“1

pNl ` 1q and nme “

d
ź

l“1

Nl. (2)

The objective of this section is to describe the construction of the vertices
(or points) array qqq (section 2.2.1) and the connectivity arraymememe associated with
this cartesian grid (section 2.2.2). More precisely,

• qqqpν, jq is the ν-th coordinate of the j-th vertex, ν P t1, . . . , du, j P
t1, . . . , nqu. The j-th vertex will be also denoted by qqqj “ qqqp:, jq.

• mememepβ, kq is the storage index of the β-th vertex of the k-th element (unit
hypercube), in the array q, for β P t1, ..., 2du and k P t1, . . . , nmeu. So
qqqp:,mememepβ, kqq represents the coordinates of the β-th vertex of the k-th
cartesian grid element.

We represent in Figure 3 two cartesian grids with the numbering of the
nme unit d-hypercubes. For example, on the left �gure (d “ 2), the 5-th unit
hypercube is given by the vertices of numbers 6, 7, 10, 11 and so mememep:, 5q “
p6, 7, 10, 11q and on the right �gure (d “ 3), for the 9-th hypercube, we have
mememep:, 9q “ p16, 17, 19, 20, 28, 29, 31, 32q.
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Figure 3: In blue, vertices of cartesian Grid in Rd, d “ 2 with N1 “ 3, N2 “ 4
(left) and d “ 3 with pN1, N2, N3q “ p2, 3, 3q (right). The red numbers are the
indices of unit hypercubes in the array mememe

2.2.1 Points of the cartesian grid

The grid points may be identi�ed by a d-tuple ııı “ pi1, i2, ¨ ¨ ¨ , idq P v0, N1w ˆ

¨ ¨ ¨ ˆ v0, Ndw and the corresponding grid point denoted by xxxııı, which has integer
coordinates, is given by

xxxııı “
d
ÿ

l“1

ileee
rls “ pi1, i2, ¨ ¨ ¨ , idq

t
“ ııı (3)

where
 

eeer1s, . . . , eeerds
(

denote the standard basis of Rd.
We want to store all the grid points in a 2D-array qqq of size d-by-nq. To de�ne

an order of storage in the array qqq, we will use the bijective function G mapping
the tuple points set v0, N1w ˆ ¨ ¨ ¨ ˆ v0, Ndw in the global points index set v1, nqw
de�ned by

Gpıııq “ 1`
d
ÿ

l“1

ilβl “ 1` xııı,βββy , @ııı P v0, N1w ˆ ¨ ¨ ¨ ˆ v0, Ndw (4)

where βββ “ pβ1, . . . , βdq P N
d and

βl “
l´1
ź

j“1

pNj ` 1q, @l P v1, dw. (5)

From this mapping function, we de�ne the vertex array qqq as

qqqp:,Gpıııqq “ xxxııı “ ııı, @ııı P v0, N1w ˆ ¨ ¨ ¨ ˆ v0, Ndw (6)
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According to the numbering choice G, we give in Algorithm 1 the vectorized
function CartesianGridPoints which returns the array qqq. In Appendix B, we
explain how this function was written

Algorithm 1 Function CartesianGridPoints : compute the d-by-nq array qqq
which contains all the points of the cartesian grid QNNN (vectorized version)

Input :
NNN : array of d integers, NNNpiq “ Ni.

Output :
qqq : array of d-by-nq integers.

Function qqqÐ CartesianGridPoints (NNN)
βββ Ð CGbetapNNNq
for r Ð 1 to d do
AAAÐ ReshapepRepTilepr0 :NNNprqs, βr, 1q, 1, pNNNprq ` 1qβrq
qqqpr, :q Ð RepTilepAAA, 1,ProdpNNNpr ` 1 : dq ` 1qq

end for

end Function

From this array qqq, we can now construct the tessellation by unit d-hypercubes
of the cartesian grid QNNN.

2.2.2 Connectivity array of a cartesian grid

The d-dimensional cartesian grid QNNN contains nme unit d-hypercubes having
for vertices the cartesian grid points. All these unit hypercubes can be only
identi�ed by their vertex of minimal coordinates. Let ııı P v0, N1vˆ ¨ ¨ ¨ ˆ v0, Ndv.

We denote by Hııı the hypercube with xxxııı as vertex of minimal coordinates.
The 2d vertices of Hııı are the vertices xxx

ııı`ppp, @ppp P v0, 1wd.
We want to build the connectivity array mememe of dimensions 2d-by-nme such

that mememepl, kq is the index in array qqq of the l-th vertex of the k-th hypercube :
this vertex is qqqp:,mememepl, kqq.

To de�ne an order of storage in the array mememe, we will use the bijective
function H mapping the tuple points set v0, N1vˆ ¨ ¨ ¨ ˆ v0, Ndv in the global
points index set v1, nmew such that k “ Hpıııq and de�ned by

Hpıııq “ 1`
d
ÿ

l“1

il

l´1
ź

j“1

Nj , ııı P v0, N1vˆ ¨ ¨ ¨ ˆ v0, Ndv (7)

The inverse function H-1 can be easily built. Indeed, if we de�ne the d-by-
nme array HinvHinvHinv by

HinvHinvHinvÐ CartesianGridPointspNNN ´ 1q.

then by construction we have

H-1pkq “ HinvHinvHinvp:, kq, @k P v1, nmew

Let k P v1, nmew and ııı “ H-1pkq. The k-th hypercube is Hııı and has for vertex
of minimal coordinates xxxııı. By construction of array qqq we have

xxxııı “ qqqp:,Gpıııqq
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From vector βββ de�ned in (5), we have Gpıııq “ 1` xııı,βββy . Using matricial opera-
tions we can de�ne the 1-by-nme array iBaseiBaseiBase by

iBaseiBaseiBaseÐ βββt ˚HinvHinvHinv ` 1

such that
Gpıııq “ G ˝H-1pkq “ iBaseiBaseiBasepkq. (8)

Let ııı P v0, N1vˆ ¨ ¨ ¨ ˆ v0, Ndv and k “ Hpıııq then we take

qqqp:,mememepl, kqq “ xxxııı ` pqqqp:, lq “ xxxııı`pqqqp:,lq

where pqqq is de�ned in section 2.1. So we obtain

mememepl, kq “ Gpııı` pqqqp:, lqq (9)

Lemma 6. Let ııı P QNNN and ppp P Zd, such that ııı` ppp P QNNN. We have

Gpııı` pppq “ Gpıııq ` xppp,βββy (10)

where βββ is de�ned in (5).

Proof. We have

Gpııı` pppq def

“ 1`
d
ÿ

s“1

pis ` plq
s´1
ź

j“1

pNj ` 1q

“ 1`
d
ÿ

s“1

is

s´1
ź

j“1

pNj ` 1q `
d
ÿ

s“1

ps

s´1
ź

j“1

pNj ` 1q

“ Gpıııq `
d
ÿ

s“1

psβs.

From Lemma 6 and de�nition of βββ in (5), we obtain

Gpııı` pqqqp:, lqq “ Gpıııq `
d
ÿ

s“1

pqqqps, lqβs.

From (9), we have, for all l P v1, dw,

mememepl, kq Ð iBaseiBaseiBasepkq ` xpqqqp:, lq,βββy

or in a vectorized form

mememepl, :q Ð iBaseiBaseiBase` xpqqqp:, lq,βββy

We can now easily write the function CGTessHyp in Algorithm 2 which com-
putes the arrays qqq and mememe.
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Algorithm 2 Function CGTessHyp :

Input :
NNN : array of d integers, NNNpiq “ Ni.

Output :
qqq : array of d-by-nq array of integers.
mememe : 2-dimensional connectivity array of sizes 2d-by-Nh. mememepl, kq is the

index in array qqq of the l-th vertex of the k-th hypercube : this
vertex is qqqp:,mememepl, kqq.

Function rqqq,mememes Ð CGTessHyp (NNN)
qqqÐ CartesianGridPointspNNNq
HinvHinvHinvÐ CartesianGridPointspNNN ´ 1q
pqqqÐ CartesianGridPointspOnesp1, dqq
βββ Ð CGbetapNNNq
iBaseiBaseiBaseÐ βββt ˚HinvHinvHinv ` 1
for lÐ 1 to 2d do
mememepl, :q Ð iBaseiBaseiBase` xβββ,pqqqp:, lqy

end for

end Function

Now we can generalize to the tessellation by d-orthotopes of a d-orthotope.

2.3 Tessellation of a d-orthotope by d-orthotopes

Let Od be the d-orthotope ra1, b1sˆ ¨ ¨ ¨ˆrad, bds. To construct a regular grid on
Od with Ni`1 points in eeeris direction, i P v1, dw, we use an a�ne transformation
of the cartesian grid QNNN “ v0, N1w ˆ ¨ ¨ ¨ ˆ v0, Ndw to Od. Let aaa “ pa1, . . . , adq,
bbb “ pb1, . . . , bdq and hhh “ ph1, . . . , hdq with hi “ pbi ´ aiq{Ni be three vectors of
Rd. Let H PMdpRq be the diagonal matrix with hhh as diagonal. Then the a�ne
transformation is given by

A : QNNN ÝÑ Od
xxx ÞÝÑ yyy “ aaa` Hxxx

Let NNN Ð rN1, . . . , Nds. The tessellation of the cartesian grid QNNN is obtained by

rqqq,mememes Ð CGTessHyppNNNq

To obtain the tessellation of the orthotope Od we only have to apply the a�ne
transformation A to array qqq. In a vectorized form, one can write for all i P v1, dw

qqqpi, :q Ð aaapiq ` pbbbpiq ´ aaapiqq{NNNpiq ˚ qqqpi, :q

This operation is done by the function boxMapping given in Algorithm 3.
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Algorithm 3 Function boxMapping : mapping unit d-hypercube r0, 1sd to the
d-orthotope ra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bds

Input :
qqq : d-by-n array of reals in r0, 1sd

aaa, bbb : arrays of d reals, aaapiq “ ai, bbbpiq “ bi with ai ă bi
Output :
qqq : array of d-by-n array of reals in the orthotope.

Function qqqÐ boxMapping (qqq, aaa,bbb)
for iÐ 1 to d do
hÐ pbbbpiq ´ aaapiqq{NNNpiq
qqqpi, :q Ð aaapiq ` h ˚ qqqpi, :q

end for

end Function

We write in Algorithm 4, the function OrthTessOrth which returns the
arrays qqq andmememe corresponding to the regular tessellation of Od by d-orthotopes.

Algorithm 4 Function OrthTessOrth : d-orthotope regular tessellation by
orthotopes

Input :
NNN : array of d integers, NNNpiq “ Ni.
aaa, bbb : arrays of d reals, aaapiq “ ai, bbbpiq “ bi with ai ă bi

Output :
qqq : array of d-by-nq reals.
mememe : array of 2d-by-nme integers.

Function rqqq,mememes Ð OrthTessOrth (NNN,aaa,bbb)
rqqq,mememes Ð CGTessHyppNNNq
qqqÐ boxMappingpqqq, aaa,bbbq

end Function

2.4 Numbering of the m-faces of the unit d-hypercube

Let m P v0, dw. As introduced in section 1, the m-faces of the unit d-hypercube
r0, 1sd are unit m-hypercubes in Rd where d´m dimensions are reduced to the
singleton t0u or t1u.

We have nc “

ˆ

d
m

˙

possible choices to select the index of the d´m reduced

dimensions (combination of d elements taken d ´ m at a time) and for each
selected dimension 2 choices : t0u or t1u.

So if l P v1, dw is the index of a reduced dimension then vertices xxxıııp“ ııı “
pi1, . . . , idqq is such that il “ 0 (minimum value) or il “ 1 (maximum value).

Let Lrd,ms be the set of all the combinations of v1, dw taken d´m at a time :

Lrd,ms Ð Combspv1, dw, d´mq.

Then the length of array Lrd,ms is nc-by-pd ´mq. Each row of Lrd,ms contains
the index of the d´m reduced dimensions of an m-face.
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Let Srd´ms be the pd´mq-by-2d´m array containing all the possible choices
of the constants for the d ´m reduced dimensions (2 choices per dimension) :
values are 0 for constant minimal value or 1 for maximal value. This array can
be built by using function CartesianGridPoints de�ned in Algorithm 1 and
we have

Srd´ms Ð CartesianGridPointspOnesp1, d´mqq

Let l P v1, ncw, r P v1, 2
d´mw and k “ 2d´mpl ´ 1q ` r. We de�ne the k-th

m-faces of the unit d-hypercube as

!

xxx P r0, 1sd such that xxxpLrd,mspl, sqq “ Srd´msps, rq, @s P v1, d´mw
)

or in a vectorized form
!

xxx P r0, 1sd such that xxxpLrd,mspl, :qq “ Srd´msp:, rq
t
)

(11)

For example, to obtain the ordered 2-faces of the unit 3-hypercube we com-
pute

Lr3,2s “

¨

˝

1
2
3

˛

‚ and Sr1s “
`

0 1
˘

and then we have

2-face number Set

1
 

xxx P r0, 1s3 such that xxx1 “ 0
(

2
 

xxx P r0, 1s3 such that xxx1 “ 1
(

3
 

xxx P r0, 1s3 such that xxx2 “ 0
(

4
 

xxx P r0, 1s3 such that xxx2 “ 1
(

5
 

xxx P r0, 1s3 such that xxx3 “ 0
(

6
 

xxx P r0, 1s3 such that xxx3 “ 1
(

To obtain the ordered 1-faces of the unit 3-hypercube we compute

Lr3,1s “

¨

˝

1 2
1 3
2 3

˛

‚ and Sr2s “

ˆ

0 1 0 1
0 0 1 1

˙

and then we have

1-face number Set

1
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 0
(

2
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 0
(

3
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 1
(

4
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 1
(

5
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx3 “ 0
(

6
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx3 “ 0
(

7
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx3 “ 1
(

8
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx3 “ 1
(

9
 

xxx P r0, 1s3 such that xxx2 “ 0, xxx3 “ 0
(

10
 

xxx P r0, 1s3 such that xxx2 “ 1, xxx3 “ 0
(

11
 

xxx P r0, 1s3 such that xxx2 “ 0, xxx3 “ 1
(

12
 

xxx P r0, 1s3 such that xxx2 “ 1, xxx3 “ 1
(
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To obtain the ordered 0-faces of the unit 3-hypercube we compute

Lr3,0s “
`

1 2 3
˘

and Sr3s “

¨

˝

0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1

˛

‚

and then we have

1-face number Set

1
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 0, xxx3 “ 0
(

2
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 0, xxx3 “ 0
(

3
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 1, xxx3 “ 0
(

4
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 1, xxx3 “ 0
(

5
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 0, xxx3 “ 1
(

6
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 0, xxx3 “ 1
(

7
 

xxx P r0, 1s3 such that xxx1 “ 0, xxx2 “ 1, xxx3 “ 1
(

8
 

xxx P r0, 1s3 such that xxx1 “ 1, xxx2 “ 1, xxx3 “ 1
(

2.5 m-faces tessellations of a cartesian grid

LetQNNN be the d-dimensional cartesian grid de�ned in section 2.2. Not to confuse
the notations, we denote by QNNN.qqq and QNNN.mememe respectively the vertices and
connectivity arrays of the tessellation by unit hypercubes of the cartesian grid
QNNN.

Let m P v0, dv and k P v1, Em,dw. We want to determine QmNNN pkq the tessel-
lation obtained from the restriction of the cartesian grid QNNN to its k-th m-face
where the numbering of the m-faces is speci�ed in section 2.4. We denote by

‚ QmNNN pkq.qqq, the (local) vertex array

‚ QmNNN pkq.mememe, the (local) connectivity array

‚ QmNNN pkq.toGlobal, the global indices such that

QmNNN pkq.qqq ” QNNN.qqqp:,QmNNN pkq.toGlobalq.

By construction, QmNNN pkq is the tessellation by unit m-hypercubes of an m-
hypercube in Rd.

Let l P v1, ncw, r P v1, 2
d´mw and k “ 2d´mpl´1q`r. The cartesian grid point

xxx “ px1, . . . , xdq
t
is on the k-th m-face QmNNN pkq if and only if for all s P v1, d´mw

and with j “ Lpl, sq we have

xj “ Nj ˆ Srd´msps, rq “

"

0 if Srd´msps, rq ““ 0, (minimum value)

Nj if Srd´msps, rq ““ 1, (maximum value)

or in a vectorized form using element-wise multiplication operator .˚.˚.˚:

xxxpLpl, :qq “NNNpLpl, :qq .˚.˚.˚ Srd´msp:, rq
t

. (12)

Let l P v1, ncw, r P v1, 2
d´mw and k “ 2d´mpl ´ 1q ` r. We de�ne the k-th

m-faces of the cartesian grid QNNN as
!

xxx P QNNN such that xxxpLrd,mspl, :qq “NNNpLpl, :qq .˚.˚.˚ Srd´msp:, rq
t
)

(13)
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2.5.1 Case m “ 0.

If m “ 0, the m-faces are the 2d corner points of the cartesian grid. We also
have Lrd,0s “ 1 : d and Srds a d-by-2d array

From (13), we obtain that @k P v1, 2dw the k-th 0-face of QNNN is reduced to
the point

xxx “NNN .˚.˚.˚ Srdsp:, kq
t

and it is also the k-th column of the array Q of dimensions d-by-2d given by

QÐ

¨

˚

˚

˚

˚

˝

N1 0 . . . . . . 0

0 N2
. . .

...
...

. . .
. . .

. . . 0
0 . . . . . . 0 Nd

˛

‹

‹

‹

‹

‚

Srds

So we obtain

Q0
NNNpkq.qqq “ Qp:, kq

Q0
NNNpkq.mememe “ 1

Q0
NNNpkq.toGlobal “ xβββ,Qp:, kqy ` 1

2.5.2 Case m ą 0

Let l P v1, ncw, r P v1, 2
d´mw and k “ 2d´mpl ´ 1q ` r. To construct QmNNN pkq we

�rst set a tessellation without constant dimensions idcidcidc “ Lpl, :q (i.e. only with
nonconstant dimensions idncidncidnc “ v1, dwzidcidcidc):

rqqqw,mememews Ð CGTessHyppNNNpidncidncidncqq

The dimension of the array qqqw is d-by-nlq where nlq “
ź

iPidncidncidnc

pNi ` 1q. Then the

nonconstant rows are

QmNNN pkq.qqqpidncidncidncpiq, :q Ð qqqwpi, :q, @i P v1,mw

and the constants rows

QmNNN pkq.qqqpidcidcidcpiq, :q ÐNNNpidcidcidcpiqq ˚ Srd´mspi, rq ˚Onesp1, nlqq, @i P v1, d´mw

In a vectorized way, we have

QmNNN pkq.qqqpidncidncidnc, :q Ð qqqw

QmNNN pkq.qqqpidcidcidc, :q Ð
´

NNNpidcidcidcq
t
.˚.˚.˚ Srd´msp:, rq

¯

˚Onesp1, nlqq

We immediately have the connectivity array

QmNNN pkq.mememe “mememew.

It remains us to compute QmNNN pkq.toGlobal. For that we use the mapping
function G de�ned in section 2.2.1 and more particularly (6). Indeed, for all
j P v1, nlqw, we can identify the point QmNNN pkq.qqqp:, jq by the d-tuple ııı and use it

14



with the mapping function G to obtain the index in array QNNN.qqq of the point
QmNNN pkq.qqqp:, jq. So we have

ııı “ QmNNN pkq.qqqp:, jq “ QNNN.qqqp:,Gpıııqq

and then
QmNNN pkq.toGlobalpjq “ GpQmNNN pkq.qqqp:, jqq.

In a vectorized way, we set

QmNNN pkq.toGlobalÐ 1` βββt ˚QmNNN pkq.qqq

with the vector βββ de�ned in (5).
One can also compute the connectivity array ofQmNNN pkq associated with global

vertices array QNNN.qqq which is given by QmNNN pkq.toGlobalpmememewq.
We give in Algorithm 5 the function CGTessFaces which computes QmNNN pkq,

@k P v1, 2d´mncw.
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Algorithm 5 Function CGTessFaces : compute all the m-face tessellations
by m-hypercubes of the cartesian grid QNNN.

Input :
NNN : 1-by-d array of integers, NNNpiq “ Ni.
m : integer, 0 ď m ă d

Output :
QmNNN : array of the tessellations of each m-faces of the cartesian grid QNNN.

Its length is Em,d “ 2d´m
ˆ

d
m

˙

.

Function sQNNN Ð CGTessFaces (NNN,m)
βββ Ð CGbetapNNNq
if m ““ 0 then

Q Ð DiagpNNNq ˚ CartesianGridPointspOnesp1, dqq
for k Ð 1 to 2d do
QmNNN pkq.qqqÐ Qp:, kq
QmNNN pkq.mememeÐ 1
QmNNN pkq.toGlobalÐ 1` xβββ,Qp:, kqy

end for

else

nc Ð

ˆ

d
m

˙

L Ð Combspv1, dw, d´mq
S Ð CartesianGridPointspOnesp1, d´mqq
k Ð 1
for lÐ 1 to nc do
idcidcidcÐ Lpl, :q
idncidncidncÐ v1, dwzidcidcidc
rqqqw,mememews Ð CGTessHyppNNNpidncidncidncqq
nlq Ð

śm
s“1pNNNpidncidncidncpsqq ` 1q Ź or length of qqqw

for r Ð 1 to 2d´m do

QmNNN pkq.qqqpidncidncidnc, :q Ð qqqw

QmNNN pkq.qqqpidcidcidc, :q Ð
`

NNNpidcidcidcq
t
.˚.˚.˚ Sp:, rq

˘

˚Onesp1, nlqq
QmNNN pkq.mememeÐmememew

QmNNN pkq.toGlobalÐ 1` βββt ˚QmNNN pkq.qqq
k Ð k ` 1

end for

end for

end if

end Function

2.6 m-faces tessellations of a d-orthotope

As seen in section 2.3, we only have to apply the function boxMapping to each
array QmNNN pkq.qqq of the tessellations of the m-faces of the cartesian grid QNNN. This
is the object of the function OrthTessFaces given in Algorithm 6.
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Algorithm 6 Function OrthTessFaces : compute the conforming tessellations
of all the m-faces of the d-orthotope ra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bds

Input :
NNN : array of d integers, NNNpiq “ Ni.
aaa, bbb : arrays of d reals, aaapiq “ ai, bbbpiq “ bi
m : integer, 0 ď m ă d

Output :
sOhhh : array of the tessellations of each m-faces of the orthotope.

Its length is Em,d “ 2d´m
ˆ

d
m

˙

.

Function sOhhh Ð OrthTessFaces (NNN,aaa,bbb,m)
sOhhh Ð CGTessFacespNNN,mq
for k Ð 1 to lenpsOhhhq do
sOhhhpkq.qqqÐ boxMappingpsOhhhpkq.qqq, aaa,bbbq

end for

end Function

3 Tessellation by d-simplices

The goal of this section is to obtain a conforming triangulation (or tessellation)
of a d-orthotope named Od by d-simplices.

The basic principle selected here is to start from a regular grid ofOd obtained
via a d-orthotope tessellation. on each d-polytope of the regular grid to obtain
a conforming triangulation of Od. Then, using a�ne transformations, one can
use the Kuhn's d-simplex decomposition on each d-polytope of the regular grid
to obtain a conforming triangulation of Od.

3.1 Kuhn's decomposition of a d-hypercube

Kuhn's subdivision (see [1, 4, 5]) is a good way to divide a d-hypercube into
d-simplices (d ě 2). We recall that a d-simplex is made of pd` 1q vertices.

De�nition 7. Let H “ r0, 1sd be the unit d-hypercube in Rd. Let eeer1s, . . . , eeerds be
the standard unit basis vectors of Rd and denote by Sd the group of permutation

of v1, dw. For all π P Sd, the simplex Kπ has for vertices txxx
r0s
π , . . . ,xxx

rds
π u de�ned

by
xxxr0sπ “ p0, . . . , 0qt, xxxrjsπ “ xxxrj´1s

π ` eeerπpjqs, @j P v1, dw. (14)

The set KpHq de�ned by

KpHq “ tKπ | π P Sdu (15)

is called the Kuhn's subdivision of H and its cardinality is d!.

As sample, we give in Figure 4 the Kuhn'subdivision of an d-hypercube with
d “ 2 and d “ 3. We choose the positive orientation for all the d simplices.
The corresponding vertex array qqq and the connectivity array mememe are given by
(préciser comment mememe est ordonné):
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‚ for d “ 2,

qqq “

ˆ

0 1 0 1
0 0 1 1

˙

, mememe “

¨

˝

4 1
3 2
1 4

˛

‚

‚ for d “ 3,

qqq “

¨

˝

0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1

˛

‚, mememe “

¨

˚

˚

˝

1 8 8 1 1 8
5 3 5 3 2 2
7 7 6 4 6 4
8 1 1 8 8 1

˛

‹

‹

‚

1 2

3 4

1

2

8

4

67

23

5

1

K
1

K
2

K
3

K
4

K
5

K
6

Figure 4: Kuhn's subdivision

Let Kref be the base simplex or reference simplex with vertices denoted by
txxxr0s, . . . ,xxxrdsu and such that

xxxr0s “ p0, . . . , 0qt, xxxrjs “ xxxrj´1s ` eeerjs, @j P v1, dw. (16)

Let π P Sn and πpxxxq indicate the application of permutation π to the coordinates
of vertex xxx. The vertices of the simplex Kπ de�ned in (14) can be derived from
the reference simplex Kref by

xxxrjsπ “ πpxxxrjsq, @j P v0, dw. (17)

Let πpKrefq denote the application of permutation to each vertex of Kref . Then
we have

πpKrefq “ Kπ (18)

Lemma 8 ([1], Lemma 4.1). The Kuhn's subdivision KpHq of the unit d-
hypercube H has the following properties:

1. 0d and 1d are common vertices of all elements Kπ P KpHq.

2. KpHq is a consistent/conforming triangulation of H.
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3. KpHq is compatible with translation, i.e., for each vector vvv P v0, 1wd the
union of KpHq and Kpvvv ` Hq is a consistent/conforming triangulation of
the set HY pvvv `Hq.

4. For any a�ne transformation F , the Kuhn's triangulation of FpHq is

de�ned by KpFpHqq def

“ FpKpHqq.

To explicitly obtain a Kuhn's triangulation KpHq of the unit d-hypercube H
we must build the connectivity array, denoted bymememe, associated with the vertex
array qqq. The dimension of the array mememe is pd` 1q-by-d!.

Let qqqref be the d-by-pd`1q array of vertex coordinates of reference d-simplex
Kref :

qqqref “

¨

˝ xxxr0s xxxr1s . . . . . . xxxrds

˛

‚“

¨

˚

˚

˚

˚

˝

0 1 . . . . . . 1
... 0

. . .
...

...
...

. . .
. . .

...
0 0 . . . 0 1

˛

‹

‹

‹

‹

‚

LetPPP be the d-by-d! array of all permutations of the set v1, dw and π “ PPPp:, kq
the k-th permutation. We use (17) and (18) to build the vertices of Kπ. So the
j-th vertices of Kπ is given by

xxxrj´1s
π Ð qqqrefpPPPp:, kq, jq

To �nd which column in array qqq corresponding to xxx
rj´1s
π we use the mapping

function L de�ned in (1) and we set

mememepj, kq Ð LpqqqrefpP p:, kq, jqq “

C

¨

˚

˝

20

...
2d´1

˛

‹

‚

,qqqrefpPPPp:, kq, jqq

G

` 1

If the k-th d-simplex have a negative orientation, one can permute the index
of the �rst and the last points to obtain a positive orientation:

mememep1, kq Ømememepd` 1, kq.

In Algorithm 7, we give the function KuhnTriangulation which returns the
points array qqq and the connectivity array mememe where all the d-simplices have a
positive orientation.
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Algorithm 7 Kuhn's triangulation of the unit d-hypercube r0, 1sd with d! sim-
plices (positive orientation)

1: Function rqqq,mememes Ð KuhnTriangulation (d)
2: qqqÐ CartesianGridPointspOnesp1, dqq

3: qqqref Ð

¨

˚

˚

˚

˚

˝

0 1 . . . . . . 1
... 0

. . .
...

...
...

. . .
. . .

...
0 0 . . . 0 1

˛

‹

‹

‹

‹

‚

Ź a d-by-pd` 1q array

4: PPPÐ permsp1 : dq Ź permspV q generate all permutations of V. One
column per permutation.

5: mememeÐ 0d`1,d!

6: aaaÐ r20, 21, . . . , 2d´2, 2d´1s

7: for k Ð 1 to d! do
8: for j Ð 1 to d` 1 do
9: mememepj, kq Ð dotpaaa,qqqrefpPPPp:, kq, jqq ` 1
10: end for

11: if detprqp:,mep:, kqq;onesp1, d` 1qsq ă 0 then
12: tÐmememep1, kq, mememep1, kq Ðmememepd` 1, kq, mememepd` 1, kq Ð t
13: end if

14: end for

15: end Function

3.2 Cartesian grid triangulation

LetQNNN be the d-dimensional cartesian grid de�ned in section 2.2. Not to confuse
the notations, we denote by QNNN.qqq and QNNN.mememe respectively the vertices and
connectivity arrays of the cartesian grid QNNN. There are Nh “

śd
i“1Ni unit

hypercubes in this tessellation.
Let I “ v0, N1vˆ . . .ˆ v0, Ndv. We have

QNNN “
ď

ıııPI
Hııı

where Hııı is the unit hypercube with xxx
ııı as vertex of minimal coordinates.

From Lemma 8, the triangulation

TNNN “
ď

ıııPI
KpHıııq

is a conforming triangulation of QNNN with nme “ d! ˆ Nh d-simplices and by
construction the vertices of TNNN are the vertices of QNNN:

TNNN.qqq “ QNNN.qqq.

It thus remains us to calculate the connectivity array mememe of TNNN also denoted
by TNNN.mememe. This is a pd ` 1q-by-nme array. For a given hypercube Hııı we store
consecutively in the array mememe, the d! simplices given by KpHıııq

The Kuhn's triangulation for the reference hypercube r0, 1sd can be obtained
from the function KuhnTriangulation :

rqqq
K
,mememeKs Ð KuhnTriangulationpdq
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Let ııı P I and k “ Hpıııq where H is de�ned by (7). Let l P v1, d!w. We choose
to store the l-th simplex of KpHıııq in mememep:, d!pk ´ 1q ` lq.

Let j P v1, dw. The j-th vertices of the l-th simplex of KpHıııq is qqqp:,mememepj, d!pk´
1q ` lqq but it's also given by

xxxııı ` qqq
K
p:,mememeKpj, lqq “ ııı` qqq

K
p:,mememeKpj, lqq

So we want to determine the index mememepj, d!pk ´ 1q ` lq. From (6), we obtain

mememepj, d!pk ´ 1q ` lq “ Gpııı` qqq
K
p:,mememeKpj, lqqq.

By using Lemma 6, we deduce that

mememepj, d!pk ´ 1q ` lq “ Gpıııq ` xqqq
K
p:,mememeKpj, lqq,βββy

and with (8) we obtain

mememepj, d!pk ´ 1q ` lq “ iBaseiBaseiBasepkq ` xqqq
K
p:,mememeKpj, lqq,βββy , @k P v1, Nhw

This formula can be vectorized in k: with IdxIdxIdxÐ d!r0 : Nh ´ 1s ` l then

mememepj, IdxIdxIdxq Ð iBaseiBaseiBase` xqqq
K
p:,mememeKpj, lqq,βββy .

We give in Algorithm 8 the function CGTriangulation which compute the
triangulation of the cartesian grid QNNN.

Algorithm 8 Function CGTriangulation : compute the triangulation of the
cartesian grid QNNN

Input :
NNN : array of d integers, NNNpiq “ Ni.

Output :
qqq : vertices array of the triangulation of QNNN.

d-by-nq array of reals (integer in fact) where nq “
śd
i“1pNi ` 1q.

mememe : connectivity array of the triangulation of QNNN.

pd` 1q-by-nme array of integers where nme “ d!
śd
i“1Ni. .

Function rqqq,mememes Ð CGTriangulation (NNN)
qqqÐ CartesianGridPointspNNNq
HinvÐ CartesianGridPointspNNN ´ 1q
rqqq

K
,mememeKs Ð KuhnTriangulationpdq

βββ Ð CGbetapNNNq
iBaseiBaseiBaseÐ βββt ˚HinvHinvHinv ` 1
IdxIdxIdxÐ d! ˚ r0 : pNh ´ 1qs
for lÐ 1 to d! do
IdxIdxIdxÐ IdxIdxIdx` 1
for j Ð 1 to d` 1 do
mememepj,IdxIdxIdxIdxIdxIdxIdxIdxIdxq Ð iBaseiBaseiBase` xqqq

K
p:,mememeKpj, lqq,βββy

end for

end for

end Function
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3.3 d-orthotope triangulation

Let Od be the d-orthotope ra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bds.
The mechanism is similar to that seen in section 2.3 while taking as a starting

point the cartesian grid triangulation.

Algorithm 9 Function OrthTriangulation : d-orthotope regular tessellation
by orthotopes

Input :
NNN : array of d integers, NNNpiq “ Ni.
aaa, bbb : arrays of d reals, aaapiq “ ai, bbbpiq “ bi

Output :
qqq : array of d-by-nq array of reals.
mememe : ...

Function rqqq,mememes Ð OrthTriangulation (NNN,aaa,bbb)
rqqq,mememes Ð CGTriangulationpNNNq
qqqÐ boxMappingpqqq, aaa,bbbq

end Function

3.4 m-faces triangulations of a cartesian grid

Let QNNN be the d-dimensional cartesian grid de�ned in section 2.2. Not to con-
fuse the notations, we denote by TNNN .qqq and TNNN .mememe respectively the vertices and
connectivity arrays of the triangulation of the cartesian grid QNNN.

Letm P v0, dv and k P v1, Em,dw.We want to determine T mNNN pkq the triangula-
tion obtained from the restriction of TNNN to its k-th m-face where the numbering
of the m-faces is speci�ed in section 2.4. We denote by

‚ T mNNN pkq.qqq, the (local) vertex array

‚ T mNNN pkq.mememe, the (local) connectivity array

‚ T mNNN pkq.toGlobal, the global indices such that

T mNNN pkq.qqq ” TNNN .qqqp:, T mNNN pkq.toGlobalq.

By construction, T mNNN pkq is the triangulation by m-simplices of an m-hypercube
in Rd.

The only di�erence with the construction of QmNNN pkq given in section 2.5 is
on the array mememew. For QmNNN pkq, we took

rqqqw,mememews Ð CGTessHyppNNNpRpl, :qqq

whereas for T mNNN pkq we must take instead

rqqqw,mememews Ð CGTriangulationpNNNpRpl, :qqq

So only one line changes in the Algorithm 5 to obtain the new one given in
Algorithm 10 where the function CGTriFaces computes T mNNN pkq, @k P 2d´mnc.

22



Algorithm 10 Function CGTriFaces : compute all the m-face triangulations
by m-simplices of the cartesian grid triangulation TNNN .
Input :
NNN : array of d integers, NNNpiq “ Ni.
m : integer, 0 ď m ă d

Output :
sTNNN : array of the triangulations of all the m-faces comming from

the cartesian grid triangulation TNNN .

The length of sTNNN is Em,d “ 2d´m
ˆ

d
m

˙

(number of m-faces).

Function sTNNN Ð CGTriFaces (NNN,m)
βββ Ð CGbetapNNNq

nc Ð

ˆ

d
m

˙

L Ð Combspv1, dw, d´mq
Rpl, :q Ð v1, dwzLpl, :q, @l P v1, ncw
S Ð CartesianGridPointspOnesp1, d´mqq
k Ð 1
for lÐ 1 to nc do
rqqqw,mememews Ð CGTriangulationpNNNpRpl, :qqq
nlq Ð

śm
s“1pNNNpRpl, sqq ` 1q Ź or length of qqqw

for r Ð 1 to 2d´m do

sTNNN pkq.qqqpRpl, :q, :q Ð qqqw

sTNNN pkq.qqqpLpl, :q, :q Ð
`

NNNpLpl, :qqt .˚.˚.˚ Sp:, rq
˘

˚Onesp1, nlqq
sTNNN pkq.mememeÐmememew

sTNNN pkq.toGlobalÐ 1` βββt ˚ sTNNN pkq.qqq
k Ð k ` 1

end for

end for

end Function

4 E�ciency of the algorithms

Based on previous algorithms, a Matlab toolbox, an Octave package and a
python package were developped. They contains a simple class object OrthMesh
which permits, in any dimension d ě 1, to obtain a simplicial mesh or orthotope
mesh with all their m-faces, 0 ď m ă d. It is also possible with the method
function plot of the class object OrthMesh to represent a mesh or its m-faces
for d ď 3.

In the folowing section, the class object OrthMesh is presented. Thereafter
some warning statements on the memory used by these objects in high dimen-
sion are given. Finally computation times for orthotope meshes and simplicial
meshes are given in dimension d P v1, 5w.

4.1 Class object OrthMesh

The aim of the class object OrthMesh is to use previous algorithms for creating
an object which contains a mesh of a d-orthotope and all its m-face meshes. An
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elementary mesh class object EltMesh is used to store only one mesh, the main
mesh as well as any of the m-face meshes. This class EltMesh also simplify the
codes writing. Its �elds are the following:

‚ d, space dimension

‚ m, kind of mesh (m “ d for the main mesh)

‚ type, 0 for simplicial mesh or 1 for orthotope mesh

‚ nq, number of vertices

‚ qqq, vertices array of dimension d-by-nq

‚ nme, number of mesh elements

‚ mememe, connectivity array of dimension pd` 1q-by-nme for simplices elements
or 2d-by-nme for orthotopes elements

‚ toGlobal, index array linking local array qqq to the one of the main mesh

‚ label, name/number of this elementary mesh

‚ color, color of this elementary mesh (for plotting purpose)

Let the d-orthotope de�ned by ra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bds. The class object
OrthMesh corresponding to this d-orthotope contains the main mesh and all its
m-face meshes, 0 ď m ă d. Its Fields are the following

‚ d: space dimension

‚ type: string 'simplicial' or 'orthotope' mesh

‚ Mesh: main mesh as an EltMesh object

‚ Faces: list of arrays of EltMesh objects such that Facesp1q is an array
of all the pd ´ 1q-face meshes, Facesp2q is an array of all the pd ´ 2q-face
meshes, and so on

‚ box: a d-by-2 array such that boxpi, 1q “ ai and boxpi, 2q “ bi.

The OrthMesh constructor is

OhÐ OrthMeshpd,NNN,ă box ą,ă type ąq

where NNN is either a 1-by-d array such that NNNpiq is the number of discretization
for rai, bis or either an integer if the the number of discretization is the same
in all space directions. The optional parameter box previously described as for
default value ai “ 0 and bi “ 1. The default value for optional parameter type
is 'simplicial', otherwise 'orthotope' can be used.

In Listing 1, an OrthMesh object is built under Octave for the orthotope
r´1, 1s ˆ r0, 1s ˆ r0, 2s with simplicial elements and NNN “ p10, 5, 10q. The main
mesh and all the m-face meshes of the resulting object are plotted. In Listing 2,
similar operations are done under Python with orthotope elements.
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Listing 1: 3D simplicial OrthMesh object with Octave 4.2.0, main mesh
(upper left), 2-face meshes (upper right), 1-face meshes (bottom left) and
0-face meshes (bottom right)

1 Oh=OrthMesh( 3 , [ 1 0 , 5 , 1 0 ] , 'box' , [ ´1 , 1 ; 0 , 1 ; 0 , 2 ] )
2 % p l o t the main mesh

3 f i g u r e (1 )
4 Oh. p l o t ( 'legend' , t rue )
5 ax i s equal ; x l ab e l ( 'x' ) ; y l ab e l ( 'y' ) ; z l a b e l ( 'z' )
6 % p l o t the 2´ f a ce meshes

7 f i g u r e (2 )
8 Oh. p l o t ( 'm' , 2 , 'legend' , t rue )
9 ax i s equal ; x l ab e l ( 'x' ) ; y l ab e l ( 'y' ) ; z l a b e l ( 'z' )
10 % p l o t the 1´ f a ce meshes

11 f i g u r e (3 )
12 Oh. p l o t ( 'm' , 2 , 'color' , [ 0 . 8 , 0 . 8 , 0 . 8 ] , 'EdgeAlpha' , 0 . 2 , ...

'FaceColor' , 'none' )
13 hold on
14 Oh. p l o t ( 'm' , 1 , 'Linewidth' , 2 , 'legend' , t rue )
15 ax i s equal ; x l ab e l ( 'x' ) ; y l ab e l ( 'y' ) ; z l a b e l ( 'z' )
16 % p l o t the 0´ f a ce meshes

17 f i g u r e (4 )
18 Oh. p l o t ( 'm' , 1 , 'color' , 'k' )
19 hold on
20 Oh. p l o t ( 'm' , 0 , 'legend' , t rue )
21 ax i s equal ; x l ab e l ( 'x' ) ; y l ab e l ( 'y' ) ; z l a b e l ( 'z' )

25



Listing 2: 3D orthotope OrthMesh object with Python 3.5.1, main mesh
(upper left), 2-face meshes (upper right), 1-face meshes (bottom left) and
0-face meshes (bottom right)

1 import matp lo t l i b . pyplot as p l t
2 from pyHyperMesh .OrthMesh import OrthMesh

3

4 oTh=OrthMesh( 3 , [ 1 0 , 5 , 1 0 ] , type='orthotope' ,
box = [ [ ´ 1 , 1 ] , [ 0 , 1 ] , [ 0 , 2 ] ] )

5 # p l o t the main mesh

6 p l t . ion ( )
7 p l t . f i g u r e (1 )
8 p l t . c l f ( )
9 oTh . p l o t ( legend=True )
10 # p l o t the 2´ f a ce meshes

11 p l t . f i g u r e (2 )
12 p l t . c l f ( )
13 oTh . p l o t (m=2, legend=True , edgeco l o r = [0 , 0 , 0 ] )
14 # p l o t the 1´ f a ce meshes

15 p l t . f i g u r e (3 )
16 p l t . c l f ( )
17 oTh . p l o t (m=2, edgeco l o r = [ 0 . 9 , 0 . 9 , 0 . 9 ] , f a c e c o l o r=None )
18 oTh . p l o t (m=1, legend=True , l i n ew id th=2)
19 # p l o t the 0´ f a ce meshes

20 p l t . f i g u r e (4 )
21 p l t . c l f ( )
22 oTh . p l o t (m=1, c o l o r='black' )
23 oTh . p l o t (m=0, legend=True , s=55)

Of course, the plot method doesn't work in dimension d ą 3.
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4.2 Memory consuming

Take care when using theses codes with memory consuming : the number of
points nq and the number of elements increases quickly according to the space
dimension d. If pN ` 1q points are taken in each space direction, we have

nq “ pN ` 1qd, for both tessellation and triangulation

and
nme “ Nd, for tessellation by orthotopes
nme “ d!Nd, for tessellation by simplices.

If the array qqq is stored as double (8 octets) then

mem. size of qqq “ dˆ nq ˆ 8 octets

and if the array mememe as int (4 octets) then

mem. size of mememe “

"

2d ˆ nme ˆ 4 octets (tessellation by orthotopes)
pd` 1q ˆ nme ˆ 4 octets (tessellation by simplices)

For N “ 10 and d P v1, 8w, the values of nq and nme are given in Table 3.
The memory usage for the corresponding array qqq and array mememe is available in
Table 4.

d nq “ pN ` 1qd nme “ Nd (orthotopes) nme “ d!Nd (simplices)
1 11 10 10
2 121 100 200
3 1 331 1 000 6 000

4 14 641 10 000 240 000

5 161 051 100 000 12 000 000

6 1 771 561 1 000 000 720 000 000

7 19 487 171 10 000 000 50 400 000 000

8 214 358 881 100 000 000 4 032 000 000 000

Table 3: Number of vertices nq and number of elements nme for the tessellation
of an orthotope by orthotopes and by simplices according to the space dimension
d and with N “ 10.

d qqq mememe (orthotopes) mememe (simplices)
1 88 o 80 o 80 o

2 1 ko 1 ko 2 ko

3 31 ko 32 ko 96 ko

4 468 ko 640 ko 4 Mo

5 6 Mo 12 Mo 288 Mo

6 85 Mo 256 Mo 20 Go

7 1 Go 5 Go 1 612 Go

8 13 Go 102 Go 145 152 Go

Table 4: Memory usage of the array qqq and the array mememe for the tessellation of
an orthotope by orthotopes and by simplices according to the space dimension
d and with N “ 10.
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In the following pages, computational costs of the OrthMesh constructor will
be presented.

4.3 Computational times

For all the following tables, the computational costs of the OrthMesh construc-
tor are given for the orthotope r´1, 1sd under Matlab R2016b, Octave 4.2.0 and
Python 3.5.1. The computations were done on a laptop with Core i7-4800MQ

processor and 16Go of RAM under Ubuntu 14.04 LTS (64bits). The details of
Octave and Python installations for this Linux distribution are given respec-
tively in [2] and [3].

In Table 5, some computational costs of the OrthMesh constructor

OhÐ OrthMeshpd,N, r´1; 1sd, 1orthotope1q

are given for d P v2, 5w. Computational costs for tessellation with simplices are
presented in Table 6 for d P v2, 5w. In Appendix C, more detailed tables are
given.

d N nq nme Python Matlab Octave

2 4000 16 008 001 16 000 000 0.725 0.678 1.077
3 250 15 813 251 15 625 000 1.151 1.616 2.415
4 62 15 752 961 14 776 336 1.803 3.188 5.142
5 27 17 210 368 14 348 907 3.167 6.032 10.559

Table 5: Tessellation of r´1, 1sd by orthotopes with approximatively 15 millions
elements. Computational times in seconds for Python 3.5.1, Matlab R2016b
and Octave 4.2.0.

d N nq nme Python Matlab Octave

2 5000 25 010 001 50 000 000 1.831 2.428 3.834
3 180 5 929 741 34 992 000 1.881 2.583 4.488
4 40 2 825 761 61 440 000 4.855 5.411 8.992
5 12 371 293 29 859 840 2.914 3.091 6.726

Table 6: Tessellation of r´1, 1sd with tens of millions of simplices. Compu-
tational times in seconds for Python 3.5.1, Matlab R2016b and Octave 4.2.0.

We can note that Octave is

A Vectorized algorithmic language

A.1 Common operators and functions

We also provide below some common functions and operators of the vectorized
algorithmic language used in this article which generalize the operations on
scalars to higher dimensional arrays, matrices and vectors:
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A Ð B Assignment
A ˚ B matrix multiplication,
A .˚.˚.˚ B element-wise multiplication,
A .{.{.{B element-wise division,
Ap:q all the elements of A, regarded as a single column.
r, s Horizontal concatenation,
r; s Vertical concatenation,
Ap:, Jq J-th column of A,
ApI, :q I-th row of A,
SumpA, dimq sums along the dimension dim,
ProdpA, dimq product along the dimension dim,
In n-by-n identity matrix,
1mˆn (or 1n) m-by-n (or n-by-n) matrix or sparse matrix of ones,
Omˆn (or On) m-by-n (or n-by-n) matrix or sparse matrix of zeros,
Onespm,nq m-by-n array/matrix of ones,
Zerospm,nq m-by-n array/matrix of zeros,
RepTilepA,m, nq tiles the p-by-q array/matrix A to produce the pmˆ pq-

by-pnˆ qq array composed of copies of A,
ReshapepA,m, nq returns the m-by-n array/matrix whose elements are

taken columnwise from A.

A.2 Combinatorial functions

PermspVVV q where VVV is an array of length n. Returns a n!-by-n array
containing all the permutations of VVV elements.
The lexicographical order is choosen.

CombspVVV , kq where VVV is an array of length n and k P v1, nw.
Returns a n!

k!pn´kq! -by-k array containing all the combi-

nations of
n elements taken k at a time. The lexicographical order
is choosen.

B Function CartesianGridPoints

The objective is to explain how to obtain the vectorized function Cartesian-

GridPoints given in Algorithm 1, section 2.2.1. This function returns the
vertex array qqq of the cartesian grid QNNN. The dimension of qqq is d-by-nq with

nq “
śd
i“1pNi ` 1q.

According to the numbering choice describe in section 2.2.1 the Algorithm 11
give the most simple presentation of qqq computation
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Algorithm 11 Building qqq the d-by-nq array of cartesian grid points

k Ð 1
for id Ð 0 to Nd do
for id´1 Ð 0 to Nd´1 do
. . .

for i2 Ð 0 to N2 do

for i1 Ð 0 to N1 do

qqqp:, kq Ð ri1, i2, . . . , id´1, ids
k Ð k ` 1

end for

end for

. .
.

end for

end for

An other way to write this algorithm, with the coordinates for loop written,
is given in Algorithm 12.

Algorithm 12 Building qqq the d-by-nq array of cartesian grid points

k Ð 1
for id Ð 0 to Nd do
for id´1 Ð 0 to Nd´1 do
. . .

for i2 Ð 0 to N2 do

for i1 Ð 0 to N1 do

for r Ð 1 to d do
qqqpr, kq Ð ir

end for

k Ð k ` 1
end for

end for

. .
.

end for

end for

Let r P v1, dw. From Algorithm 12, we deduce the Algorithm 13 which only
computes the component r of the cartesian grid point C.
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Algorithm 13 Setting component r P v1, dw of cartesian grid points in qqq the
d-by-nq array

k Ð 1,
for id Ð 0 to Nd do
. . .

for ir Ð 0 to Nr do
for ir´1 Ð 0 to Nr´1 do
. . .

for i1 Ð 0 to N1 do

qqqpr, kq Ð ir
k Ð k ` 1

end for

. .
.

end for

end for

. .
.

end for

One can replace the for loops i1 to ir´1 by a for loop in j with number
of iterations equal to pN1 ` 1q ˆ ¨ ¨ ¨ ˆ pNr´1 ` 1q “ βr´1. This is done in
Algorithm 14.

Algorithm 14 Setting component r P v1, dw of cartesian grid points in qqq the
d-by-nq array

k Ð 1,
for id Ð 0 to Nd do
. . .

for ir Ð 0 to Nr do
for j Ð 1 to βr do
qqqpr, kq Ð ir
k Ð k ` 1

end for

end for

. .
.

end for

We can replace the for loops in ir and j by a call to the function BuildPA

given in Algorithm 15. The modi�ed code using this function is given in
Algorithm 16.
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Algorithm 15 blabla

Input :
NNN : array of d integers, NNNpiq “ Ni.
r : r P v1, dw

Output :
AAA : array of βr`1 “ pNr ` 1qβr integers.

Function AAAÐ BuildPA (NNN, r)

βr Ð
r´1
ź

l“1

pNNNplq ` 1q, k Ð 1,

for ir Ð 0 to Nr do
for j Ð 1 to βr do
AAApkq Ð i
k Ð k ` 1

end for

end for

end Function

Algorithm 16 Setting component r P v1, dw of
cartesian grid points in qqq the d-by-nq array

III Ð 1 : βr`1

for id Ð 0 to NNNpdq do
. . .

for ir`1 Ð 0 to NNNpr ` 1q do
qqqpr, IIIq Ð BuildPApNNN, rq
III Ð III ` βr`1

end for

. .
.

end for

As we can see, the BuildPA call in Algorithm 16 does not depend on the
for loops id to ir`1. Using this property and replacing the for loops id to ir`1 by
a for loop in i with a number of iterations equal to pNd ` 1q ˆ ¨ ¨ ¨ ˆ pNr`1 ` 1q
gives the �rst writeable code in Algorithm 17.

Algorithm 17 Setting component r P v1, dw of cartesian grid points in the
d-by-nq array qqq

III Ð 1 : βr`1

AAAÐ BuildPApNNN, rq
for iÐ 1 to pNNNpdq ` 1q ˆ ¨ ¨ ¨ ˆ pNNNpr ` 1q ` 1q do
qqqpr, IIIq Ð AAA
III Ð III ` βr`1

end for

We can now write a complete nonvectorized function
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Algorithm 18 Function CartesianGridPointsv0 : compute the d-by-nq array
qqq which contains all the points of the cartesian grid C (none vectorized version)

Input :
NNN : array of d integers, NNNpiq “ Ni.

Output :
qqq : array of d-by-nq array of integers.

Function qqqÐ CartesianGridPointsv0 (NNN)
βββ Ð CGbetapNNNq
for r Ð 1 to d do
III Ð 1 : βr`1

AAAÐ BuildPApNNN, rq
for iÐ 1 to pNNNpdq ` 1q ˆ ¨ ¨ ¨ ˆ pNNNpr ` 1q ` 1q do
qqqpr, IIIq Ð AAA
III Ð III ` βr`1

end for

end for

end Function

To obtain a vectorized function, we must work on the i for loop and on the
construction of the array AAA.

We �rst vectorize the computation of array AAA. Let us de�ne the βr-by-
pNr ` 1q array

A “

¨

˚

˚

˚

˝

0 1 . . . NNNprq
0 1 . . . NNNprq
...

...
...

0 1 . . . NNNprq

˛

‹

‹

‹

‚

obtained by copying array r0 :NNNprqs on each row of A from

A Ð RepTilepr0 :NNNprqs, βr, 1q

So array AAA can be obtained with the command

AAAÐ ReshapepA, 1, pNNNprq ` 1qβrq

or directly by

AAAÐ ReshapepRepTilepr0 :NNNprqs, βr, 1q, 1, pNNNprq ` 1qβrq

We can easily vectorize the for loop i in function CartesianGridPointsv0
by using the RepTile function as follows

qqqpr, :q Ð RepTilepAAA, 1,ProdpNNNpr ` 1 : dq ` 1qq

With these two vectorizations we obtain the function CartesianGridPoints
given in Algorithm 1.
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C Computational costs

C.0.1 Tessellation by d-orthotopes

N nq nme Python Matlab Octave

1000 1 002 001 1 000 000 0.143 0.33 0.192
2000 4 004 001 4 000 000 0.253 0.219 0.36
3000 9 006 001 9 000 000 0.444 0.41 0.656
4000 16 008 001 16 000 000 0.725 0.678 1.077
5000 25 010 001 25 000 000 1.075 1.03 1.622

Table 8: Tessellation of r´1, 1s2 by orthotopes

N nq nme Python Matlab Octave

50 132 651 125 000 0.175 0.383 0.261
100 1 030 301 1 000 000 0.254 0.204 0.378
150 3 442 951 3 375 000 0.379 0.421 0.709
200 8 120 601 8 000 000 0.658 0.882 1.348
250 15 813 251 15 625 000 1.151 1.616 2.415
300 27 270 901 27 000 000 2.013 2.688 3.983
350 43 243 551 42 875 000 3.1 4.239 6.173

Table 9: Tessellation of r´1, 1s3 by orthotopes

N nq nme Python Matlab Octave

10 14 641 10 000 0.27 0.448 0.531
20 194 481 160 000 0.268 0.146 0.565
30 923 521 810 000 0.338 0.269 0.783
40 2 825 761 2 560 000 0.532 0.604 1.338
50 6 765 201 6 250 000 0.921 1.337 2.551
62 15 752 961 14 776 336 1.803 3.188 5.142

Table 10: Tessellation of r´1, 1s4 by orthotopes

N nq nme Python Matlab Octave

5 7 776 3 125 0.478 0.474 1.404
10 161 051 100 000 0.469 0.227 1.453
15 1 048 576 759 375 0.614 0.517 1.907
20 4 084 101 3 200 000 1.071 1.538 3.563
25 11 881 376 9 765 625 2.316 4.212 7.669
27 17 210 368 14 348 907 3.167 6.032 10.559

Table 11: Tessellation of r´1, 1s5 by orthotopes
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C.0.2 Tessellation by d-simplices

N nq nme Python Matlab Octave

1000 1 002 001 2 000 000 0.174 0.439 0.287
2000 4 004 001 8 000 000 0.378 0.448 0.727
3000 9 006 001 18 000 000 0.721 0.92 1.46
4000 16 008 001 32 000 000 1.216 1.577 2.512
5000 25 010 001 50 000 000 1.831 2.428 3.834

Table 12: Triangulation of r´1, 1s2 by simplices

N nq nme Python Matlab Octave

40 68 921 384 000 0.205 0.43 0.303
60 226 981 1 296 000 0.242 0.18 0.404
80 531 441 3 072 000 0.331 0.301 0.634
100 1 030 301 6 000 000 0.468 0.481 0.993
120 1 771 561 10 368 000 0.669 0.827 1.529
140 2 803 221 16 464 000 0.955 1.266 2.259
160 4 173 281 24 576 000 1.381 1.853 3.223
180 5 929 741 34 992 000 1.881 2.583 4.488

Table 13: Triangulation of r´1, 1s3 by simplices

N nq nme Python Matlab Octave

10 14 641 240 000 0.333 0.456 0.581
20 194 481 3 840 000 0.561 0.443 1.059
25 456 976 9 375 000 0.977 0.904 1.844
30 923 521 19 440 000 1.749 1.775 3.252
35 1 679 616 36 015 000 3.001 3.169 5.558

Table 14: Triangulation of r´1, 1s4 by simplices

N nq nme Python Matlab Octave

2 243 3 840 0.496 0.534 1.516
4 3 125 122 880 0.494 0.185 1.526
6 16 807 933 120 0.541 0.227 1.685
8 59 049 3 932 160 0.654 0.449 2.189

10 161 051 12 000 000 1.314 1.232 3.691
12 371 293 29 859 840 2.914 3.091 6.726

Table 15: Trianglation of r´1, 1s5 by simplices
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