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❢❝✲✈❢❡♠P1✲❡✐❣s ✐s ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ♦❜❥❡❝t✲♦r✐❡♥t❡❞ P②t❤♦♥ ♣❛❝❦❛❣❡ ❞❡❞✐❝❛t❡❞ t♦ s♦❧✈❡ s❝❛❧❛r ♦r ✈❡❝t♦r
❡✐❣❡♥✈❛❧✉❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✭❡❇❱P✮ ❜② ✉s✐♥❣ P1✲▲❛❣r❛♥❣❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✐♥ ❛♥② s♣❛❝❡
❞✐♠❡♥s✐♦♥✳ ❚❤✐s ♣❛❝❦❛❣❡ ✐s ❛♥ ❛❞❞✲♦♥ t♦ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡ ❬❄❪✳ ■t ✉s❡s t❤❡ ❢❝✲s✐♠❡s❤ ♣❛❝❦❛❣❡ ❬✶❪
❛♥❞ t❤❡ s✐▼❡s❤ ❝❧❛ss ✇❤✐❝❤ ❛❧❧♦✇s t♦ ✉s❡ s✐♠♣❧✐❝❡s ♠❡s❤❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❣♠s❤ ✭✐♥ ❞✐♠❡♥s✐♦♥ 2 ♦r 3✮ ♦r
❛♥ ❤②♣❡r❝✉❜❡ tr✐❛♥❣✉❧❛t✐♦♥ ✭✐♥ ❛♥② ❞✐♠❡♥s✐♦♥✮✳

❚❤❡ t✇♦ ❢❝✲s✐♠❡s❤ ❛❞❞✲♦♥s ❢❝✲s✐♠❡s❤✲♠❛t♣❧♦t❧✐❜ ❬✷❪ ❛♥❞ ❢❝✲s✐♠❡s❤✲♠❛②❛✈✐ ❬✸❪ ❛❧❧♦✇s ❛ ❣r❡❛t
✢❡①✐❜✐❧✐t② ✐♥ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❡s❤❡s ❛♥❞ ❞❛t❛s ♦♥ t❤❡ ♠❡s❤❡s ❜② ✉s✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡
♠❛t♣❧♦t❧✐❜ ❛♥❞ t❤❡ ♠❛②❛✈✐ ♣❛❝❦❛❣❡s✳

❚❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡ ❛❧s♦ ❝♦♥t❛✐♥s t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ✈❡❝t♦r✐③❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❬✺❪ ❛♥❞ ❡①t❡♥❞❡❞
✐♥ ❬✹❪ ❛♥❞ ❛❧❧♦✇s ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡s ✇❤❡♥ ✉s✐♥❣ P1✲▲❛❣r❛♥❣❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳

■♥ t❤❡ ✜rst ❝❤❛♣t❡r✱ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡ ✐s q✉✐❝❦❧② ♣r❡s❡♥t❡❞ ✇✐t❤ s♦♠❡ ❡①❛♠♣❧❡s✳ ❚❤❡r❡❛❢t❡r✱ ✐♥
t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝♦♠✐♥❣ ❢r♦♠ s❝❛❧❛r ❇❱P ✐s ❞❡❝r✐❜❡❞✳ ❙♦♠❡ ❡①❛♠♣❧❡s
❛r❡ ♣r♦♣♦s❡❞ ❛♥❞ ♥✉♠❡r✐❝❛❧② s♦❧✈❡❞ ❜② ✉s✐♥❣ t❤❡ ❢❝✲✈❢❡♠P1✲❡✐❣s ♣❛❝❦❛❣❡✳ ❋✐♥❛❧❧② ✐♥ t❤❡ ❧❛st ❝❤❛♣t❡r ❛
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❝♦♠✐♥❣ ❢r♦♠ ✈❡❝t♦r ❇❱P ✐s ❣✐✈❡♥✳ ❙♦♠❡ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s
❛r❡ ♥✉♠❡r✐❝❛❧② s♦❧✈❡❞✳
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❚❤❡ ♥♦t❛t✐♦♥s ♦❢ ❬✶✵❪ ❛r❡ ❡♠♣❧♦②❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ❡①t❡♥❞❡❞ t♦ t❤❡ ✈❡❝t♦r ❝❛s❡✳

✶✳✶ ❙❝❛❧❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠

▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s✉❜s❡t ♦❢ Rd, d ě 1✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✐s ❞❡♥♦t❡❞ ❜② Γ✳
❲❡ ❞❡♥♦t❡ ❜② LA,bbb,ccc,a0

“ L : H2pΩq ÝÑ L2pΩq t❤❡ s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥
s❝❛❧❛r ✜❡❧❞s ❞❡✜♥❡❞✱ @u P H2pΩq, ❜②

LA,bbb,ccc,a0
puq ❞❡❢“ ´div pA∇∇∇uq ` div pbbbuq ` x∇∇∇u,cccy ` a0u ✭✶✳✶✮

✇❤❡r❡ A P pL8pΩqqdˆd, bbb P pL8pΩqqd, ccc P pL8pΩqqd ❛♥❞ a0 P L8pΩq ❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s ❛♥❞ x¨, ¨y ✐s t❤❡
✉s✉❛❧ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ Rd. ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ t❤❡ ❝❤❛♣t❡r ✻ ♦❢ ❬✶✵❪ ❛♥❞ ✇❡ ♥♦t❡ t❤❛t ✇❡ ❝❛♥
♦♠✐t ❡✐t❤❡r div pbbbuq ♦r x∇∇∇u,cccy ✐❢ bbb ❛♥❞ ccc ❛r❡ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥s✳ ❲❡ ❦❡❡♣ ❜♦t❤ t❡r♠s ✇✐t❤ bbb

❛♥❞ ccc t♦ ❞❡❛❧ ✇✐t❤ ♠♦r❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■t s❤♦✉❧❞ ❜❡ ❛❧s♦ ♥♦t❡❞ t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♣r❡s❡r✈❡ t❤❡
t✇♦ t❡r♠s bbb ❛♥❞ ccc ✐♥ t❤❡ ❣❡♥❡r✐❝ ❢♦r♠✉❧❛t✐♦♥ t♦ ❡♥❛❜❧❡ ❛ ❣r❡❛t❡r ✢❡①✐❜✐❧✐t② ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳

▲❡t ΓD, ΓR ❜❡ ♦♣❡♥ s✉❜s❡ts ♦❢ Γ✱ ♣♦ss✐❜❧② ❡♠♣t② ❛♥❞ f P L2pΩq, gD P H1{2pΓDq✱ gR P L2pΓRq,
aR P L8pΓRq ❜❡ ❣✐✈❡♥ ❞❛t❛✳

❆ s❝❛❧❛r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ❜②

❙❝❛❧❛r ❇❱P ✶ ✿ ❣❡♥❡r✐❝ ♣r♦❜❧❡♠

❋✐♥❞ u P H2pΩq s✉❝❤ t❤❛t

Lpuq “f ✐♥ Ω, ✭✶✳✷✮

u “gD ♦♥ ΓD, ✭✶✳✸✮

Bu
BnL

` aRu “gR ♦♥ ΓR. ✭✶✳✹✮

❚❤❡ ❝♦♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✐s ❞❡✜♥❡❞ ❜②

Bu
BnL

❞❡❢“ xA∇∇∇u,nnny ´ xbbbu,nnny ✭✶✳✺✮

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✸✮ ❛♥❞ ✭✶✳✹✮ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❉✐r✐❝❤❧❡t ❛♥❞ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣❛rt✐❝✉❧❛r ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ aR ” 0.
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❚♦ ❤❛✈❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡✱ ❛ ✜rst ❛♥❞ s✐♠♣❧❡ ♣r♦❜❧❡♠ ✐s q✉✐❝❦❧② ♣r❡s❡♥t✳ ❊①♣❧❛✲
♥❛t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ ♥❡①t s❡❝t✐♦♥s✳

❚❤❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s t❤❡ ▲❛♣❧❛❝❡ ♣r♦❜❧❡♠ ❢♦r ❛ ❝♦♥❞❡♥s❡r✳

❯s✉❛❧ ❇❱P ✶ ✿ ✷❉ ❝♦♥❞❡♥s❡r ♣r♦❜❧❡♠

❋✐♥❞ u P H2pΩq s✉❝❤ t❤❛t

´∆u “ 0 ✐♥ Ω Ă R
2, ✭✶✳✻✮

u “ 0 ♦♥ Γ1, ✭✶✳✼✮

u “ ´12 ♦♥ Γ98, ✭✶✳✽✮

u “ 12 ♦♥ Γ99, ✭✶✳✾✮

✇❤❡r❡ Ω ❛♥❞ ✐ts ❜♦✉♥❞❛r✐❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✳

❋✐❣✉r❡ ✶✳✶✿ ✷❉ ❝♦♥❞❡♥s❡r ♠❡s❤ ❛♥❞ ❜♦✉♥❞❛r✐❡s ✭❧❡❢t✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭r✐❣❤t✮

❚❤❡ ♣r♦❜❧❡♠ ✭✶✳✻✮✲✭✶✳✾✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❡①♣r❡ss❡❞ ❛s t❤❡ s❝❛❧❛r ❇❱P ✭✶✳✷✮✲✭✶✳✹✮ ✿

❙❝❛❧❛r ❇❱P ✷ ✿ ✷❉ ❝♦♥❞❡♥s❡r ♣r♦❜❧❡♠

❋✐♥❞ u P H2pΩq s✉❝❤ t❤❛t

Lpuq “f ✐♥ Ω,

u “gD ♦♥ ΓD “ Γ1 Y Γ98 Y Γ99.

✇❤❡r❡ L :“ LI,000,000,0, f ” 0, ❛♥❞

gD :“ 0 ♦♥ Γ1, gD :“ ´12 ♦♥ Γ98, gD :“ `12 ♦♥ Γ99

■♥ ▲✐st✐♥❣ ✷✼ ❛ ❝♦♠♣❧❡t❡ ❝♦❞❡ ✐s ❣✐✈❡♥ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳

♠❡s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✷❞ ✭ ✬ ❝♦♥❞❡♥s❡r ✬ ✱ ✶✵✮ ★ ❣❡♥❡r❛ t❡ ♠❡s❤
❚❤❂s✐▼❡s❤ ✭ ♠❡s❤ ❢ ✐ ❧ ❡ ✮ ★ r❡❛❞ ♠❡s❤
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❞❂✷✱❆❂ ❬ ❬ ✶ ✱ ✵ ❪ ✱ ❬ ✵ ✱ ✶ ❪ ❪ ✮
♣❞❡❂P❉❊✭❖♣❂▲♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✶ ✱ ✵ ✳ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✾✽ ✱ ´✶✷✳✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✾✾ ✱ ✰✶✷✳✮
✉❂❜✈♣ ✳ s ♦ ❧ ✈ ❡ ✭ ✮ ❀
★ ●r❛♣❤✐❝ ♣❛r t s
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✶ ✮
s ✐ ♣ ❧ t ✳ ♣❧♦t♠❡s❤ ✭❚❤✱ ❧❡❣❡♥❞❂❚r✉❡ ✮
s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✷ ✮
s ✐ ♣ ❧ t ✳ ♣❧♦t♠❡s❤ ✭❚❤✱ ❝ ♦ ❧ ♦ r❂✬ ▲✐❣❤t●r❛② ✬ ✱ ❛❧♣❤❛ ❂✵✳✸✮
s ✐ ♣ ❧ t ✳ ♣❧♦t♠❡s❤ ✭❚❤✱ ❞❂✶✱ ❧❡❣❡♥❞❂❚r✉❡ ✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✸ ✮
s ✐ ♣ ❧ t ✳ ♣ ❧ ♦ t ✭❚❤✱ ✉✮
♣ ❧ t ✳ ❝ ♦ ❧ ♦ r❜❛ r ✭ ❧ ❛ ❜ ❡ ❧❂✬✉ ✬ ✮
s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✹ ✮
s ✐ ♣ ❧ t ✳ ♣ ❧ ♦ t ✐ s ♦ ✭❚❤✱ ✉ ✱ ❝♦♥t♦✉rs❂✶✺✮
♣ ❧ t ✳ ❝ ♦ ❧ ♦ r❜❛ r ✭ ❧ ❛ ❜ ❡ ❧❂✬✉ ✬ ✮
s ✐ ♣ ❧ t ✳ ♣❧♦t♠❡s❤ ✭❚❤✱ ❝ ♦ ❧ ♦ r❂✬ ▲✐❣❤t●r❛② ✬ ✱ ❛❧♣❤❛ ❂✵✳✸✮
♣ ❧ t ✳ ❛① ✐ s ✭ ✬ ♦ ❢ ❢ ✬ ✮ ❀ s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮

▲✐st✐♥❣ ✶✳✶✿ ❈♦♠♣❧❡t❡ P②t❤♦♥ ❝♦❞❡ t♦ s♦❧✈❡ t❤❡ ✷❉ ❝♦♥❞❡♥s❡r ♣r♦❜❧❡♠ ✇✐t❤ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s

❋✐❣✉r❡ ✶✳✷✿ ✷❉ ❝♦♥❞❡♥s❡r ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥

✶✳✷ ❱❡❝t♦r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠

▲❡t m ě 1 ❛♥❞ H ❜❡ t❤❡ m✲❜②✲m ♠❛tr✐① ♦❢ s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜②

#

H :
`

H2pΩq
˘m ÝÑ

`

L2pΩq
˘m

uuu “ puuu1, . . . ,uuumq ÞÝÑ fff “ pfff1, . . . , fffmq ❞❡❢“ Hpuuuq ✭✶✳✶✵✮

✇❤❡r❡

fffα “
m
ÿ

β“1

Hα,βpuuuβq, @α P v1,mw, ✭✶✳✶✶✮

✇✐t❤✱ ❢♦r ❛❧❧ pα, βq P v1,mw2,
Hα,β

❞❡❢“ L
Aα,β ,bbbα,β ,cccα,β ,a

α,β
0

✭✶✳✶✷✮

❛♥❞ Aα,β P pL8pΩqqdˆd, bbbα,β P pL8pΩqqd, cccα,β P pL8pΩqqd ❛♥❞ a
α,β
0 P L8pΩq ❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s✳ ❲❡

❝❛♥ ❛❧s♦ ✇r✐t❡ ✐♥ ♠❛tr✐① ❢♦r♠

Hpuuuq “

¨

˚

˝

L
A1,1,bbb1,1,ccc1,1,a

1,1
0

. . . L
A1,m,bbb1,m,ccc1,m,a

1,m
0

✳✳✳
✳ ✳ ✳

✳✳✳
L

Am,1,bbbm,1,cccm,1,a
m,1
0

. . . LAm,m,bbbm,m,cccm,m,a
m,m
0

˛

‹

‚

¨

˚

˝

uuu1

✳✳✳
uuum

˛

‹

‚
. ✭✶✳✶✸✮

❲❡ r❡♠❛r❦ t❤❛t t❤❡ H ♦♣❡r❛t♦r ❢♦r m “ 1 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ L ♦♣❡r❛t♦r✳
❋♦r α P v1,mw✱ ✇❡ ❞❡✜♥❡ ΓD

α ❛♥❞ ΓR
α ❛s ♦♣❡♥ s✉❜s❡ts ♦❢ Γ, ♣♦ss✐❜❧② ❡♠♣t②✱ s✉❝❤ t❤❛t ΓD

α X ΓR
α “ H.

▲❡t fff P pL2pΩqqm, gDα P H1{2pΓD
α q✱ gRα P L2pΓR

α q, aRα P L8pΓR
α q ❜❡ ❣✐✈❡♥ ❞❛t❛✳

❆ ✈❡❝t♦r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ❜②

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❱❡❝t♦r ❇❱P ✶ ✿ ❣❡♥❡r✐❝ ♣r♦❜❧❡♠

❋✐♥❞ uuu “ puuu1, . . . ,uuumq P pH2pΩqqm s✉❝❤ t❤❛t

Hpuuuq “fff ✐♥ Ω, ✭✶✳✶✹✮

uuuα “gDα ♦♥ ΓD
α , @α P v1,mw, ✭✶✳✶✺✮

Buuu
BnHα

` aRαuuuα “gRα ♦♥ ΓR
α , @α P v1,mw, ✭✶✳✶✻✮

✇❤❡r❡ t❤❡ α✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝♦♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ uuu ✐s ❞❡✜♥❡❞ ❜②

Buuu
BnHα

❞❡❢“
m
ÿ

β“1

Buuuβ

BnHα,β

“
m
ÿ

β“1

`@

A
α,β

∇∇∇uuuβ ,nnn
D

´
@

bbbα,βuuuβ ,nnn
D˘

. ✭✶✳✶✼✮

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✶✻✮ ❛r❡ t❤❡ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✭✶✳✶✺✮ ✐s t❤❡ ❉✐r✐❝❤❧❡t

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣❛rt✐❝✉❧❛r ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✇✐t❤ aRα ” 0.

■♥ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♠❛② ❝♦♥s✐❞❡r ♦♥ ❛ ❣✐✈❡♥ ❜♦✉♥❞❛r② s♦♠❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❝❛♥ ✈❛r② ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ❝♦♠♣♦♥❡♥t✳ ❋♦r ❡①❛♠♣❧❡ ✇❡ ♠❛② ❤❛✈❡ ❛ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ s❛t✐s❢②✐♥❣ Buuu

BnH1

`aR1 uuu1 “ gR1 ❛♥❞

❛ ❉✐r✐❝❤❧❡t ♦♥❡ ✇✐t❤ uuu2 “ gD2 ✳
❚♦ ❤❛✈❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡✱ ❛ s❡❝♦♥❞ ❛♥❞ s✐♠♣❧❡ ♣r♦❜❧❡♠ ✐s q✉✐❝❦❧② ♣r❡s❡♥t✳

❯s✉❛❧ ✈❡❝t♦r ❇❱P ✶ ✿ ✷❉ s✐♠♣❧❡ ✈❡❝t♦r ♣r♦❜❧❡♠

❋✐♥❞ uuu “ pu1, u2q P pH2pΩqq2 s✉❝❤ t❤❛t

´∆u1 ` u2 “ 0 ✐♥ Ω Ă R
2, ✭✶✳✶✽✮

´∆u2 ` u1 “ 0 ✐♥ Ω Ă R
2, ✭✶✳✶✾✮

pu1, u2q “ p0, 0q ♦♥ Γ1, ✭✶✳✷✵✮

pu1, u2q “ p´12.,`12.q ♦♥ Γ98, ✭✶✳✷✶✮

pu1, u2q “ p`12.,´12.q ♦♥ Γ99, ✭✶✳✷✷✮

✇❤❡r❡ Ω ❛♥❞ ✐ts ❜♦✉♥❞❛r✐❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✳
❚❤❡ ♣r♦❜❧❡♠ ✭✶✳✶✽✮✲✭✶✳✷✷✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❡①♣r❡ss❡❞ ❛s t❤❡ ✈❡❝t♦r ❇❱P ✭✶✳✷✮✲✭✶✳✹✮ ✿

❱❡❝t♦r ❇❱P ✷ ✿ ✷❉ s✐♠♣❧❡ ✈❡❝t♦r ♣r♦❜❧❡♠

❋✐♥❞ uuu “ pu1, u2q P pH2pΩqq2 s✉❝❤ t❤❛t

Hpuuuq “fff ✐♥ Ω,

u1 “gD1 ♦♥ ΓD “ Γ1 Y Γ98 Y Γ99,

u2 “gD2 ♦♥ ΓD “ Γ1 Y Γ98 Y Γ99,

✇❤❡r❡

H :“
ˆ

LI,OOO,OOO,0 LO,OOO,OOO,1

LO,OOO,OOO,1 LI,OOO,OOO,0

˙

, ❛s H

ˆ

u1

u2

˙

“
ˆ

´∆ 1

1 ´∆

˙ ˆ

u1

u2

˙

f ” 0,

❛♥❞

gD1 “ gD2 :“ 0 ♦♥ Γ1, gD1 :“ ´12, gD2 :“ `12 ♦♥ Γ98, gD1 :“ `12, gD2 :“ ´12 ♦♥ Γ99

■♥ ▲✐st✐♥❣ ✷✶ ❛ ❝♦♠♣❧❡t❡ ❝♦❞❡ ✐s ❣✐✈❡♥ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✲
✉r❡ ✶✳✸✳

♠❡s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✷❞ ✭ ✬ ❝♦♥❞❡♥s❡r ✬ ✱ ✶✵✮ ❀ ★ ❣❡♥❡r❛ t❡ ♠❡s❤
❚❤❂s✐▼❡s❤ ✭ ♠❡s❤ ❢ ✐ ❧ ❡ ✮ ★ r❡❛❞ ♠❡s❤
❍♦♣✶❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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✻

❍♦♣✷❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂✶✮
❍♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✱❍❂❬ ❬❍♦♣✶ ✱ ❍♦♣✷ ❪ ✱ ❬ ❍♦♣✷ ✱ ❍♦♣✶ ❪ ❪ ✮
♣❞❡❂P❉❊✭❖♣❂❍♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✶ ✱ ✵ ✱ ❝♦♠♣s❂❬✵ ✱ ✶ ❪ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✾✽ ✱ ❬´✶✷ ✱✰✶✷❪ ✱ ❝♦♠♣s❂❬✵ ✱ ✶ ❪ ✮ ❀
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✾✾ ✱ ❬✰✶✷ ✱´✶✷❪ ✱ ❝♦♠♣s❂❬✵ ✱ ✶ ❪ ✮ ❀
❯❂❜✈♣ ✳ s ♦ ❧ ✈ ❡ ✭ s ♣ ❧ ✐ t❂❚r✉❡ ✮
★ ●r❛♣❤✐❝ ♣❛ r t s
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✶ ✮
s ✐ ♣ ❧ t ✳ ♣ ❧ ♦ t ✭❚❤✱❯❬ ✵ ❪ ✮
♣ ❧ t ✳ ❛① ✐ s ✭ ✬ ♦ ❢ ❢ ✬ ✮ ❀ s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮
♣ ❧ t ✳ ❝ ♦ ❧ ♦ r❜❛ r ✭ ❧ ❛ ❜ ❡ ❧❂✬✩✉❴✶✩ ✬ ✱ ♦ r ✐ ❡ ♥ t ❛ t ✐ ♦ ♥❂✬ ❤♦ r ✐ ③ ♦♥ t ❛ ❧ ✬ ✮
♣ ❧ t ✳ ❢ ✐ ❣ ✉ r ❡ ✭✷ ✮
s ✐ ♣ ❧ t ✳ ♣ ❧ ♦ t ✭❚❤✱❯❬ ✶ ❪ ✮
♣ ❧ t ✳ ❛① ✐ s ✭ ✬ ♦ ❢ ❢ ✬ ✮ ❀ s❡t❴❛①❡s❴❡q✉❛❧ ✭ ✮
♣ ❧ t ✳ ❝ ♦ ❧ ♦ r❜❛ r ✭ ❧ ❛ ❜ ❡ ❧❂✬✩✉❴✷✩ ✬ ✱ ♦ r ✐ ❡ ♥ t ❛ t ✐ ♦ ♥❂✬ ❤♦ r ✐ ③ ♦♥ t ❛ ❧ ✬ ✮

▲✐st✐♥❣ ✶✳✷✿ ❈♦♠♣❧❡t❡ P②t❤♦♥ ❝♦❞❡ t♦ s♦❧✈❡ t❤❡ ❢✉♥♥② ✷❉ ✈❡❝t♦r ♣r♦❜❧❡♠ ✇✐t❤ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s

❋✐❣✉r❡ ✶✳✸✿ ❋✉♥♥② ✈❡❝t♦r ❇❱P✱ u1 ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭❧❡❢t✮ ❛♥❞ u2 ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭r✐❣❤t✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



✷

❈❤❛♣t❡r ✷

●❡♥❡r❛❧✐③❡❞ ❊✐❣❡♥✈❛❧✉❡ s❝❛❧❛r ❇❱P

❲❡ ✇❛♥t t♦ s♦❧✈❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ❝♦♠✐♥❣ ❢r♦♠ s❝❛❧❛r ❇❱P✬s✳
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❝❛❧❛r ❇❱P ✭✶✳✷✮✲✭✶✳✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

❙❝❛❧❛r ❊❇❱P ✶ ✿ ❣❡♥❡r✐❝ ♣r♦❜❧❡♠

❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

Lpuq “λBpuq ✐♥ Ω, ✭✷✳✶✮

u “0 ♦♥ ΓD, ✭✷✳✷✮

Bu
BnL

` aRu “0 ♦♥ ΓR. ✭✷✳✸✮

✇❤❡r❡ B “ LOdˆd,000d,c̃cc,ã0
.

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ ❡✐❣❡♥✈❛❧✉❡ ❜♦✉♥❞❛r②
✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ▲❡t ❜✈♣ ❜❡ ❛ ❇❱P ♦❜❥❡❝t✳ ❚❤❡r❡❛❢t❡r s♦♠❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ❛r❡ ❣✐✈❡♥ ❛♥❞ s♦❧✈❡❞
❜② ✉s✐♥❣ t❤❡ ❢❝✲✈❢❡♠P1✲❡✐❣s ♣❛❝❦❛❣❡✳

✷✳✶ ❡❇❱Ps♦❧✈❡ ❢✉♥❝t✐♦♥

❚❤❡ ❢✉♥❝t✐♦♥ ❢❝❴✈❢❡♠♣✶❴❡✐❣s✳❧✐❜✳❡❇❱Ps♦❧✈❡ r❡t✉r♥s ❛ ❢❡✇ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❜t❛✐♥❡❞ ❜②

s♦❧✈✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ s❝❛❧❛r ❇❱P ✇✐t❤ P1✲▲❛❣r❛♥❣❡ ✜♥✐t❡ ❡❧❡♠❡♥ts✳

❡✐❣❱❛❧✉❡s ✱❡✐❣❱❡❝t♦rs❂❢❝❴✈❢❡♠♣✶❴❡✐❣s✳❧✐❜✳❡❇❱Ps♦❧✈❡✭❜✈♣✮

❡✐❣❱❛❧✉❡s ✱❡✐❣❱❡❝t♦rs❂❢❝❴✈❢❡♠♣✶❴❡✐❣s✳❧✐❜✳❡❇❱Ps♦❧✈❡✭❜✈♣ ✱✯✯ ❦✇❛r❣s✮

❡✐❣❱❛❧✉❡s ✱❡✐❣❱❡❝t♦rs❂❢❝❴✈❢❡♠♣✶❴❡✐❣s✳❧✐❜✳❡❇❱Ps♦❧✈❡✭❜✈♣ ✱❘❍❙♦♣❂❇♦♣ ✱✯✯ ❦✇❛r❣s✮

❉❡s❝r✐♣t✐♦♥ ❚❤❡ ✐♥♣✉ts ❛r❡ ✿

‚ ❜✈♣ ❛ ❇❱P ♦❜❥❡❝t ✇❤✐❝❤ ❞❡s❝r✐❜❡❞ t❤❡ s❝❛❧❛r ❇❱P ✭✶✳✷✮✲✭✶✳✹✮ ✇✐t❤ ❛❧❧ r✐❣❤t✲❤❛♥❞ s✐❞❡s ❡q✉❛❧ t♦
③❡r♦s✱ ✐✳❡✳ f :“ 0, gD :“ 0 ❛♥❞ gR :“ 0✳

‚ ❇♦♣ ❛ ▲♦♣❡r❛t♦r ♦❜❥❡❝t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♣❡r❛t♦r B. ❇② ❞❡❢❛✉❧t ❇♦♣ ✐s t❤❡ ♦♣❡r❛t♦r LOdˆd,000d,000d,1

❢♦r s❝❛❧❛r ❇❱P✳
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‚ ∗∗❦✇❛r❣s ❛r❡ t❤❡ ♦♣t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s❝✐♣② ✳s♣❛rs❡✳ ❧✐♥❛❧❣ ✳ ❡✐❣s P②t❤♦♥ ❢✉♥❝t✐♦♥✳

❚❤❡ ♦✉t♣✉ts ❛r❡ t❤♦s❡ ❣✐✈❡♥ ❜② t❤❡ s❝✐♣② ✳s♣❛rs❡✳ ❧✐♥❛❧❣ ✳ ❡✐❣s P②t❤♦♥ ❢✉♥❝t✐♦♥ ✇❤❡r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡
st♦r❡❞ ✐♥ t❤❡ ❝♦♠♣❧❡① ♥✉♠♣② ❛rr❛② ❡✐❣❱❛❧✉❡s ✇❤✐❝❤ ✐s s♦rt❡❞ ✇✐t❤ ♥✉♠♣②✳❛r❣s♦rt✳ ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs
❛r❡ st♦r❡❞ ✐♥ t❤❡ ❝♦♠♣❧❡① ♥✉♠♣② ❛rr❛② ❡✐❣❱❡❝t♦rs s✉❝❤ t❤❛t ❡✐❣❱❛❧✉❡s✳s❤❛♣❡❬✵❪❂❂❡✐❣❱❡❝t♦rs✳s❤❛♣❡❬✶❪ ❛♥❞
❡✐❣❱❡❝t♦rs ❬✿✱ ✐ ❪ ✐s t❤❡ ❡✐❣❡♥✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡✐❣❱❛❧✉❡s❬ ✐ ❪✳

✷✳✷ ✷❉ s❛♠♣❧❡s

✷✳✷✳✶ ✷❉ ▲❛♣❧❛❝❡ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❲❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ✭✷✳✹✮✲✭✷✳✺✮✮✳

❯s✉❛❧ ❊❇❱P ✶ ✿ ✷❉ ▲❛♣❧❛❝❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

´∆u “λu ✐♥ Ω, ✭✷✳✹✮

u “0 ♦♥ Γ, ✭✷✳✺✮

❚❤❡ ♣r♦❜❧❡♠ ✭✷✳✹✮✲✭✷✳✺✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐t❡ ❛s t❤❡ ❙❝❛❧❛r ❊❇❱P ✶✿

❙❝❛❧❛r ❊❇❱P ✷ ✿ ✷❉ ▲❛♣❧❛❝❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

Lpuq “λBpuq ✐♥ Ω,

u “0 ♦♥ ΓD “ Γ,

✇❤❡r❡ L “ LI,000,000,0, B “ LO,000,000,1.

❆♣♣❧✐❝❛t✐♦♥s ♦♥ t❤❡ r❡❝t❛♥❣❧❡ Ω “ r0, Ls ˆ r0, Hs.
❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

λk,l “
ˆ

kπ

L

˙2

`
ˆ

lπ

H

˙2

, uk,lpx, yq “ sinpkπ
L

xq sinp lπ
H

yq, @pk, lq P N
˚ ˆ N

˚. ✭✷✳✻✮

■♥ ❚❛❜❧❡ ✷✳✶✱ t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❢♦r pk, lq P v1, 5w.

❍
❍

❍
❍
❍

l

k
1 2 3 4 5

1 13
36

π2 « 3.56402 10
9
π2 « 10.9662 85

36
π2 « 23.3032 37

9
π2 « 40.5750 229

36
π2 « 62.7817

2 25
36

π2 « 6.85389 13
9
π2 « 14.2561 97

36
π2 « 26.5931 40

9
π2 « 43.8649 241

36
π2 « 66.0715

3 5
4
π2 « 12.3370 2π2 « 19.7392 13

4
π2 « 32.0762 5π2 « 49.3480 29

4
π2 « 71.5546

4 73
36

π2 « 20.0134 25
9
π2 « 27.4156 145

36
π2 « 39.7526 52

9
π2 « 57.0244 289

36
π2 « 79.2310

5 109
36

π2 « 29.8830 34
9
π2 « 37.2852 181

36
π2 « 49.6222 61

9
π2 « 66.8940 325

36
π2 « 89.1006

❚❛❜❧❡ ✷✳✶✿ ❊✐♥❣❡♥✈❛❧✉❡s λk,l ❢♦r pk, lq P v1, 5w ✇✐t❤ L “ 3✱ H “ 2

■♥ ✜❧❡ ❧❛♣❧❛❝✐❛♥❴❉❉❉❉❴r❡❝t❛♥❣❧❡❴❡①✳♣②✶✱ t❤❡ r✉♥ ❢✉♥❝t✐♦♥ s♦❧✈❡ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ Ω “ r0, Ls ˆ r0, Hs. ■♥ ▲✐st✐♥❣ ✸✳✸✱ ♣❛rt ♦❢ t❤❡ r✉♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥✳

r❡t✉r♥

♣r✐♥t ✭ ✬ ∗∗∗✥ ❙❡ t t ✐ ♥❣ ✥ t❤❡ ✥♠❡s❤✥ ✉s ✐♥❣ ✥❍②♣❡r❈✉❜❡✥ ❢✉♥❝ t ✐ ♦♥ ✥ ❬ ❢❝❴s✐♠❡s❤ ❪ ✬ ✮
❚❤❂❍②♣❡r❈✉❜❡ ✭✷ ✱◆✱ ♠❛♣♣✐♥❣❂❧❛♠❜❞❛ q ✿ ♥♣ ✳ ❛rr❛② ✭ ❬ ▲∗q ❬ ✵ ❪ ✱❍∗q ❬ ✶ ❪ ❪ ✮ ✮

♣r✐♥t ✭ ✬ ∗∗∗✥ ❙❡ t t ✐ ♥❣ ✥ t❤❡ ✥♠❡s❤✥ ✉s ✐♥❣ ✥❣♠s❤✥❛♥❞✥✪s ✳ ❣❡♦✥ ❢ ✐ ❧ ❡ ✳ ✬✪❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮
♠❡ s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✷❞ ✭ ❣❡♦❋✐ ❧ ❡ ✱◆✱ ❢ ♦ r ❝ ❡❂❚r✉❡ ✱ ✈❡r❜♦s❡❂✵ ✱ ♦♣t ✐♦♥s❂✬´s♠♦♦t❤✥✹✥

´s❡t♥✉♠❜❡r✥❍✥✪❣✥´s❡t♥✉♠❜❡r✥▲✥✪❣ ✬✪✭❍✱▲✮ ✮

✶❞✐r❡❝t♦r②✿ ❢❝❴✈❢❡♠♣✶❴❡✐❣s✴❡①❛♠♣❧❡s

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽

https://docs.scipy.org/doc/scipy/reference/generated/scipy.sparse.linalg.eigs.html#scipy.sparse.linalg.eigs
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♣r✐♥t ✭ ✬ ∗∗∗✥ ❙❡ t t ✐ ♥❣ ✥ t❤❡ ✥❡❇❱P ✬ ✮
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
♣❞❡❂P❉❊✭❖♣❂▲♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❢♦r ❧ ❛❜ ✐♥ ❚❤✳ s❚❤❧❛❜ ❬❚❤ ✳ ❢ ✐ ♥❞ ✭❞❂✶✮ ❪ ✿

♣r✐♥t ✭ ✬ ∗∗∗✥ ❙♦ ❧✈ ✐♥❣ ✥ t❤❡ ✥❡❇❱P ✬ ✮
♣r✐♥t ✭ ✬ ∗∗∗✥❈♦♠♣✉t✐♥❣✥ ❡①❛❝t s ✥ s ♦ ❧ ✉ t ✐ ♦ ♥ s ✥ t♦ ✥ t❤❡ ✥❡❇❱P ✬ ✮

▲✐st✐♥❣ ✷✳✶✿ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ Ω “ r0, Ls ˆ r0, Hs.

❋✐❣✉r❡ ✷✳✶✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ✿ ❡①❛❝t ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡
❡✐❣❡♥✈❛❧✉❡s

❋✐❣✉r❡ ✷✳✷✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ✿ ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣✲
♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s

❚❤❡ ❋✐❣✉r❡ ✷✳✶ ❛♥❞ ❋✐❣✉r❡ ✷✳✷ ❛r❡ ♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣②t❤♦♥ ❝♦❞❡✿

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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✶✵

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ❧❛♣❧❛❝✐❛♥❴❉❉❉❉❴r❡❝t❛♥❣❧❡❴❡① ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭▲❂✶✱❍❂✶✱ t r❛♥s❂❋❛❧s❡ ✱ ❣ ❡ r r ♦ r❂❋❛❧s❡ ✱ ❝ ♦ ❧ ♦ r❜❛ r❂❚r✉❡ ✮

▲✐st✐♥❣ ✷✳✷✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ Ω “ r0, 1s ˆ r0, 1s ✇✐t❤♦✉t tr❛♥s❢♦r♠❛t✐♦♥

❆s ✇❡ ❝❛♥ s❡❡ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❡①❛❝t ❡✐❣❡♥❢✉♥❝t✐♦♥s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✶ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥❢✉♥❝✲
t✐♦♥s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✱ t❤❡✐r ❣r❛♣❤✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ❞✐✛❡r✳ ❲✐t❤ ❛♥ ❡✐❣❡♥✈❛❧✉❡✬s ❣❡♦♠❡tr✐❝ ♠✉❧t✐♣❧✐❝✐t②
n ě 1, ✇❡ ❤❛✈❡ ❛ s❡t ♦❢ n ❡①❛❝t ❡✐❣❡♥❢✉♥❝t✐♦♥s tu1, . . . , unu ✭❡✐❣❡♥s♣❛❝❡✮ t♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ s❡t ♦❢ n ♥✉✲
♠❡r✐❝❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s tvh,1, . . . , vh,nu✳ ❙♦ ✇❡ tr❛♥s❢♦r♠ t❤❡ n ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥

v̂h,i “
n

ÿ

j“1

xuh,i, vh,jy
xvh,j , vh,jyvh,j

✇❤❡r❡ xu, vy “
ş

Ω
ūpqqvpqqdq ❛♥❞ uh,i “ πhpuiq ✐s t❤❡ P1✲▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t❡ ♦❢ ui. ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥

✐s ❛♣♣❧✐❡❞ ♦♥ ❡❛❝❤ ❡✐❣❡♥s♣❛❝❡ ❜② t❤❡ ❢✉♥❝t✐♦♥ ▲✷❴❝♦♠♣❧❡t❡❴tr❛♥s

✐ ❢ t r❛♥s ✿

■♥ ❋✐❣✉r❡ ✷✳✸ ✇❡ r❡♣r❡s❡♥t t❤❡ tr❛♥s❢♦r♠❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ ✐♥ ❋✐❣✉r❡ ❄❄ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs✳ ❚❤❡s❡
r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❜② r✉♥♥✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣②t❤♦♥ ❝♦❞❡✿

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ❧❛♣❧❛❝✐❛♥❴❉❉❉❉❴r❡❝t❛♥❣❧❡❴❡① ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭▲❂✶✱❍❂✶✮

▲✐st✐♥❣ ✷✳✸✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ Ω “ r0, 1s ˆ r0, 1s ✇✐t❤ tr❛♥s❢♦r♠❛t✐♦♥

❋✐❣✉r❡ ✷✳✸✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ✿ ♥✉♠❡r✐❝❛❧ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣✲
♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s ❛❢t❡r ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❋✐❣✉r❡ ✷✳✹✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ ✉♥✐t sq✉❛r❡✿ r❡❧❛t✐✈❡ ❡rr♦rs

◆♦✇ ✇❡ t❡st t❤❡ r✉♥ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ r❡❝t❛♥❣❧❡ r0, 3s ˆ r0, 2s. ❚❤❡ ♣②t❤♦♥ ❝♦♠♠❛♥❞ ✉s❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ t✇❡❧✈❡ ✜rst ❡✐❣❡♥✈❛❧✉❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ❧❛♣❧❛❝✐❛♥❴❉❉❉❉❴r❡❝t❛♥❣❧❡❴❡①
✐♠♣♦rt r✉♥

r ❡ s❂r✉♥ ✭❦❂✶✷✱▲❂✸✱❍❂✷✱◆❂✷✺✵✮

❚❤❡ ❡①❛❝t ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ t❤❡ ❝♦♠♣✉t❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ r❡s♣❡❝t✐✈❡❧② r❡♣r❡s❡♥t❡❞
✐♥ ❋✐❣✉r❡ ✷✳✺✱ ❋✐❣✉r❡ ✷✳✻ ❛♥❞ ❋✐❣✉r❡ ✷✳✼✳

❋✐❣✉r❡ ✷✳✺✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ r0, 3s ˆ r0, 2s ✿ ❡①❛❝t ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡
s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s
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t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s

❋✐❣✉r❡ ✷✳✼✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ r0, 3s ˆ r0, 2s ✿ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ ❡✐❣❡♥✲
❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✽ t❤❡ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✜rst t❡♥ ❡✐❣❡♥✈❛❧✉❡s✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❋✐❣✉r❡ ✷✳✽✿ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✿ ♦r❞❡r ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❉✐r✐❝❤❧❡t ❡✐❣❡♥s ♣r♦❜❧❡♠ ❢♦r t❤❡
❧❛♣❧❛❝✐❛♥ ♦♥ r❡❝t❛♥❣❧❡ r0, 3s ˆ r0, 2s✭r❡❣✉❧❛r ♠❡s❤❡s✮ ✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ L2✲♥♦r♠ ✭✉♣♣❡r
❧❡❢t✮ ❛♥❞ H1✲♥♦r♠ ✭✉♣♣❡r r✐❣❤t✮✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✭❜♦tt♦♠✮✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t ❛ s✉♣❡r❝♦♥✈❡r❣❡♥❝❡ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rs ❞✉❡ t♦ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❤②♣❡r❝✉❜❡ ♠❡s❤✳
■♥❞❡❡❞✱ ❢♦r t❤❡ H1✲♥♦r♠ ❛♥ ♦r❞❡r 1 ✐s ❡①♣❡❝t❡❞✳ ❚♦ ❤✐❣❤t❧✐❣❤t ✐t✱ ❣♠s❤ ✐s ♥♦✇ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❛❧❧ t❤❡
♠❡s❤❡s ♦❢ Ω ✿ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✾✳
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❋✐❣✉r❡ ✷✳✾✿ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✿ ♦r❞❡r ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❉✐r✐❝❤❧❡t ❡✐❣❡♥s ♣r♦❜❧❡♠ ❢♦r t❤❡
❧❛♣❧❛❝✐❛♥ ♦♥ r❡❝t❛♥❣❧❡ r0, 3s ˆ r0, 2s✭❣♠s❤ ♠❡s❤❡s✮ ✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ L2✲♥♦r♠ ✭✉♣♣❡r
❧❡❢t✮ ❛♥❞ H1✲♥♦r♠ ✭✉♣♣❡r r✐❣❤t✮✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✭❜♦tt♦♠✮✳

❏✉st ❢♦r ❢✉♥✱ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ♥✐♥❡ ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r 200 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳ ■♥
❋✐❣✉r❡ ✷✳✶✵ ✇❡ r❡♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠❛♥❞✿✤

✣

✜

✢
❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ❧❛♣❧❛❝✐❛♥❴❉❉❉❉❴r❡❝t❛♥❣❧❡❴❡①

✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭❦❂✾✱ s✐❣♠❛❂✷✵✵ ✱▲❂✸✱❍❂✷✱◆❂✸✺✵ ✱

❣ ❡ r r ♦ r❂❋❛❧s❡ ✱ ❣ s♦ ❧ ❡①❂❋❛❧s❡ ✱ t r❛♥s❂❋❛❧s❡ ✮
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❋✐❣✉r❡ ✷✳✶✵✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ r0, 3s ˆ r0, 2s ✿ t❤❡ ♥✐♥❡ ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r
200 ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥❢✉♥❝t✐♦♥s

❆♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ✉♥✐t ❞✐s❦✳

▲❡t Ω Ă R
2 ❜❡ t❤❡ ✉♥✐t ❞✐s❦ ♠❡s❤❡❞ ❜② ❣♠s❤ ❛♥❞ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✶✳
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▲❡t αnl ❜❡t t❤❡ l✲t❤ ③❡r♦ ♦❢ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ Jn. ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜②

λn,l “ α2
nl @pn, lq P N ˆ N

˚

■♥ ❚❛❜❧❡ ✷✳✶✱ t❤❡ ✈❛❧✉❡s ♦❢ αnl ❛r❡ ❣✐✈❡♥ ❢♦r pn, lq P v0, 4wv1, 5w.
❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ s✐♠♣❧❡ ❢♦r n “ 0 ❛♥❞ t✇✐❝❡ ❞❡❣❡♥❡r❛t❡ ❢♦r n ą 0.

l J0 J1 J2 J3 J4 J5 J6

1 2.4048256 3.8317060 5.1356223 6.3801619 7.5883424 8.7714838 9.9361095

2 5.5200781 7.0155867 8.4172441 9.7610231 11.064709 12.338604 13.589290

3 8.6537279 10.173468 11.619841 13.015201 14.372537 15.700174 17.003820

4 11.791534 13.323692 14.795952 16.223466 17.615966 18.980134 20.320789

5 14.930918 16.470630 17.959819 19.409415 20.826933 22.217800 23.586084

6 18.071064 19.615859 21.116997 22.582730 24.019020 25.430341 26.820152

❚❛❜❧❡ ✷✳✷✿ ❩❡r♦s ♦❢ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ Jn

λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8

5.7831860 14.681971 14.681971 26.374616 26.374616 30.471262 40.706466 40.706466

λ9 λ10 λ11 λ12 λ13 λ14 λ15 λ16

49.218456 49.218456 57.582941 57.582941 70.849999 70.849999 74.887007 76.938928

λ17 λ18 λ19 λ20 λ21 λ22 λ23 λ24

76.938928 95.277573 95.277573 98.726272 98.726272 103.49945 103.49945 122.42780

❚❛❜❧❡ ✷✳✸✿ t✇❡♥t② ❢♦✉r ✜rst ❡✐❣❡♥✈❛❧✉❡s

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✶✷ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜rst t✇❡♥t②✲❢♦✉r s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✲
✈❛❧✉❡s✳

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✶✸ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t✇❡♥t②✲❢♦✉r ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r 1000✳

❆♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ▲✲s❤❛♣❡ ❞♦♠❛✐♥✳ ❚❤❡ ▲s❤❛♣❡ ❞♦♠❛✐♥ Ω ♠❡s❤❡❞ ❜② ❣♠s❤ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✹✳

P❛rt ♦❢ t❤❡ s♦✉r❝❡ ❝♦❞❡ ✭✜❧❡ ❢❝❴✈❢❡♠♣✶❴❡✐❣s✴❡①❛♠♣❧❡s✴▲❛♣❧❛❝✐❛♥❴❉✐r❴▲s❤❛♣❡❴✵✶✳♠✮ ✐s ❣✐✈❡♥ ✐♥
▲✐st✐♥❣ ✷✳✹

♣r✐♥t ✭ ✬ ∗∗∗✥ ❙❡ t t ✐ ♥❣ ✥ t❤❡ ✥♠❡s❤✥ ✉s ✐♥❣ ✥❣♠s❤✥❛♥❞✥✪s✥ ❢ ✐ ❧ ❡ ✬✪❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮
♠❡ s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✷❞ ✭ ❣❡♦❞ ✐ r✰♦s ✳ s❡♣✰❣ ❡ ♦ ❢ ✐ ❧ ❡✰✬ ✳ ❣❡♦ ✬ ✱◆✱ ❢ ♦ r ❝ ❡❂❚r✉❡ ✱ ✈❡r❜♦s❡❂✵✮
♣r✐♥t ✭ ✬ ∗∗∗✥ ❙❡ t t ✐ ♥❣ ✥ t❤❡ ✥❡❇❱P ✬ ✮
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
♣❞❡❂P❉❊✭❖♣❂▲♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❢♦r ❧ ❛❜ ✐♥ ❚❤✳ s❚❤❧❛❜ ❬❚❤ ✳ ❢ ✐ ♥❞ ✭❞❂✶✮ ❪ ✿
♣r✐♥t ✭ ✬ ∗∗∗✥ ❙♦ ❧✈ ✐♥❣ ✥ t❤❡ ✥❡❇❱P ✬ ✮

▲✐st✐♥❣ ✷✳✹✿ ✷❉ ▲❛♣❧❛❝❡ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ▲s❤❛♣❡ ❞♦♠❛✐♥

❘❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✶❪✱ ❋✐❣✉r❡ ✶ ♣❛❣❡ ✹ ❛♥❞ ❬✼❪✳ ❋r♦♠ ❬✽❪ s❡❝t✐♦♥ ✻✳✺✷ ♣❛❣❡ ✶✷✷ ♦r ❬✶✷❪ ❚❛❜❧❡ 1

♣❛❣❡ ✶✵✽✽✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞s t♦ t❤❡ ✜rst t❡♥ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲✲s❤❛♣❡❞ ▲❛♣❧❛❝✐❛♥ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥
❚❛❜❧❡ ✷✳✹✳ ❲❡ ❛❧s♦ ❣✐✈❡ t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡s ❢r♦♠ ❛ ▲✲s❤❛♣❡❞ ♠❡s❤ ✇✐t❤ nq “ 89780, nme “ 178358 ❛♥❞
h « 0.010459932939.
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❋✐❣✉r❡ ✷✳✶✷✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ✉♥✐t ❞✐s❦ ✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡
❡✐❣❡♥✈❛❧✉❡s
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❋✐❣✉r❡ ✷✳✶✸✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ✉♥✐t ❞✐s❦ ✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r 1000

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



✷❉ s❛♠♣❧❡s

✷
✳
●
❡
♥
❡
r❛
❧✐
③
❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
s❝
❛
❧❛
r
❇
❱
P

✷
✳✷
✳✷
❉

s❛
♠
♣
❧❡
s

✷
✳✷
✳✶

✷
❉

▲
❛
♣
❧❛
❝
❡
❡
✐❣
❡
♥
✈
❛
❧✉
❡
s
♣
r♦
❜
❧❡
♠

✇
✐t
❤
❉
✐r
✐❝
❤
❧❡
t
❜
♦
✉
♥
❞
❛
r②

❝
♦
♥
❞
✐t
✐♦
♥

✶✾

❋✐❣✉r❡ ✷✳✶✹✿ ▲s❤❛♣❡ ❞♦♠❛✐♥ ✇✐t❤ ❢♦✉r ❜♦✉♥❞❛r✐❡s

n ❜♦✉♥❞s ♦❢ λn ❢r♦♠ ❬✶✷❪ ❝♦♠♣✉t❡❞ ❤❡r❡

1 9.639723844404 ✾✳✻✹✷✵✾✼✶✾✻✽✸
2 15.197251926659 ✶✺✳✶✾✼✽✽✶✶✼✵✶
3 2π2 “ 19.739208802178 ✶✾✳✼✹✵✷✼✻✸✺✸
4 29.521481114238 ✷✾✳✺✷✸✽✻✹✸✸✼
5 31.91263595937 ✸✶✳✾✷✵✺✾✶✶✹✷✽
6 41.47450989266 ✹✶✳✹✽✸✶✶✵✺✵✵✻
7 44.94848778277 ✹✹✳✾✺✹✵✶✵✾✽✶✾
8 5π2 “ 49.34802200544 ✹✾✳✸✺✹✻✻✹✺✽✼✶
9 5π2 “ 49.34802200544 ✹✾✳✸✺✹✼✵✵✾✶✷✸
10 56.70960989018 ✺✻✳✼✷✷✼✹✸✽✼✸✶

❚❛❜❧❡ ✷✳✹✿ ❇♦✉♥❞s t♦ t❤❡ ✜rst t❡♥ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲✲s❤❛♣❡❞ ▲❛♣❧❛❝✐❛♥ ♣r♦❜❧❡♠

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✶✺ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜rst t✇❡♥t②✲❢♦✉r s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✲
✈❛❧✉❡s✳
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❋✐❣✉r❡ ✷✳✶✺✿ ✷❉ ▲❛♣❧❛❝❡ ✐♥ ▲✲s❤❛♣❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡
s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s

■♥ ❋✐❣✉r❡ ✷✳✶✻ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦✉r ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r❡st 250 ✭♠✉❧t✐♣❧✐❝✐t② 1✮ ❛♥❞
493 ✭♠✉❧t✐♣❧✐❝✐t② 3✮ ❛r❡ r❡♣r❡s❡♥t❡❞✳ ❚❤✐s ✐s ❞♦♥❡ ❜② s❡tt✐♥❣ s✐❣♠❛ ♦♣t✐♦♥ t♦ 250 ❢♦r t❤❡ ✜rst ❝❛s❡ ❛♥❞ t♦
493 ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✳

✷✳✷✳✷ ✷❉ ▲❛♣❧❛❝❡ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
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❋✐❣✉r❡ ✷✳✶✻✿ ✷❉ ▲❛♣❧❛❝❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♥❡❛r λ50 “
250.78548 ✭♠✉❧t✐♣❧✐❝✐t② 1✮ ❛♥❞ λ104 “ 493.48022 ✭♠✉❧t✐♣❧✐❝✐t② 3✮

❯s✉❛❧ ❊❇❱P ✷ ✿ ✷❉ ▲❛♣❧❛❝❡ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

´∆u “λu ✐♥ Ω, ✭✷✳✼✮

Bu
Bn ` αu “0 ♦♥ Γa, ✭✷✳✽✮

Bu
Bn “0 ♦♥ Γb, ✭✷✳✾✮

u “0 ♦♥ Γc, ✭✷✳✶✵✮

❚❤❡ ♣r♦❜❧❡♠ ✭✷✳✼✮✲✭✷✳✶✵✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s t❤❡ ❙❝❛❧❛r ❊❇❱P ✶✿

❙❝❛❧❛r ❊❇❱P ✸ ✿ ✷❉ ▲❛♣❧❛❝❡ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

Lpuq “λBpuq ✐♥ Ω,

Bu
BnL

` aRu “0 ♦♥ ΓR “ Γa Y Γb,

u “0 ♦♥ ΓD “ Γc,

✇❤❡r❡ L “ LI,000,000,0 ✭❛♥❞ t❤❡♥ Bu
BnL

“ Bu
Bn ✮✱ B “ LO,000,000,1, a

R “ αδΓb

❆♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ❞✐s❦ ✇✐t❤ 5 ❤♦❧❡s ❞♦♠❛✐♥✳ ▲❡t Γ1 ❜❡ t❤❡ ✉♥✐t ❞✐s❦✱ Γ10 ❜❡ t❤❡ ❞✐s❦ ✇✐t❤ ❝❡♥t❡r
♣♦✐♥t p0, 0q ❛♥❞ r❛❞✐✉s 0.3. ▲❡t Γ20, Γ21, Γ22 ❛♥❞ Γ23 ❜❡ t❤❡ ❞✐s❦s ✇✐t❤ r❛❞✐✉s 0.1 ❛♥❞ r❡s♣❡❝t✐✈❡❧② ✇✐t❤
❝❡♥t❡r ♣♦✐♥t p0,´0.7q, p0, 0.7q, p´0.7, 0q ❛♥❞ p0.7, 0q. ❚❤❡ ❞♦♠❛✐♥ Ω Ă R

2 ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✐♥♥❡r ♦❢ Γ1

❛♥❞ t❤❡ ♦✉t❡r ♦❢ ❛❧❧ ♦t❤❡r ❞✐s❦s ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✼✮✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❋✐❣✉r❡ ✷✳✶✼✿ ❉♦♠❛✐♥ ❛♥❞ ❜♦✉♥❞❛r✐❡s

❲❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ✭✷✳✶✶✮✲✭✷✳✶✹✮✮✳

❙❝❛❧❛r ❊❇❱P ✹ ✿ ✷❉ ▲❛♣❧❛❝❡ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s
❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

´∆u “λu ✐♥ Ω, ✭✷✳✶✶✮

Bu
Bn ` 10u “0 ♦♥ Γ22 Y Γ23. ✭✷✳✶✷✮

Bu
Bn “0 ♦♥ Γ20 Y Γ21, ✭✷✳✶✸✮

u “0 ♦♥ Γ1 Y Γ10. ✭✷✳✶✹✮

❙♦ ✇❡ ❤❛✈❡✱ ΓD “ Γ1 Y Γ10, Γ
R “ Ť23

i“20 Γi, ❛♥❞ aR “ 10δΓ22YΓ23
.

❲❡ ❣✐✈❡ ✐♥ ▲✐st✐♥❣ ✷✳✺ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▼❛t❧❛❜ ❝♦❞❡✳

▲✐st✐♥❣ ✷✳✺✿ ✷❉ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ❛ ❞♦♠❛✐♥ ✇✐t❤ 5 ❤♦❧❡s

♣r✐♥t ✭ ✬ ✥✥✥✥✥▼❡s❤✥ s ✐ ③ ❡ s ✥ ✿ ✥♥q❂✪✻❞ ✱ ✥♥♠❡❂✪✼❞ ✱ ✥
❤❂✪✳✸❡ ✬✪✭❚❤ ✳ ♥q ✱❚❤ ✳ ❣❡t❴♥♠❡ ✭ ✮ ✱❚❤ ✳ ❣❡t❴❤ ✭ ✮ ✮ ✮

♣❞❡❂P❉❊✭❖♣❂▲♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✶ ✱ ✵ ✳ ✮
❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ✶ ✵ ✱ ✵ ✳ ✮
❜✈♣ ✳ s❡t❘♦❜✐♥ ✭ ✷ ✵ ✱ ✵ ✳ ✮
❜✈♣ ✳ s❡t❘♦❜✐♥ ✭ ✷ ✶ ✱ ✵ ✳ ✮
❜✈♣ ✳ s❡t❘♦❜✐♥ ✭ ✷ ✷ ✱ ✵ ✳ ✱ ❛r❂✶✵✮
❜✈♣ ✳ s❡t❘♦❜✐♥ ✭ ✷ ✸ ✱ ✵ ✳ ✱ ❛r❂✶✵✮

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✶✽ t❤❡ t✇❡♥t② ❢♦✉r ✜rst ❡✐❣❡♥✈❡❝t♦rs✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❡✐❣❡♥✈❛❧✉❡s
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✷✳✷✳✸ ❖t❤❡r ✷❉ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠s ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❈♦♥✈❡❝t✐♦♥✲❉✐✛✉s✐♦♥ ♦♥ t❤❡ ▲✲s❤❛♣❡❞ ❞♦♠❛✐♥✳

❲❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜②

❯s✉❛❧ ❊❇❱P ✸ ✿ ✷❉ ❈♦♥✈❡❝t✐♦♥✲❉✐✛✉s✐♦♥ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠ ✇✐t❤
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❋✐♥❞ pλ, uq P K ˆ H2pΩq s✉❝❤ t❤❛t

´∆u ` βββ.∇∇∇u “λu ✐♥ Ω,

u “0 ♦♥ Γ.

✇✐t❤ ❝♦♥st❛♥t ❝♦♥✈❡❝t✐♦♥ ♣❛r❛♠❡t❡r βββ P R
2.

❋r♦♠ ❬✽❪ s❡❝t✐♦♥ ✻✳✺✷ ♣❛❣❡ ✶✷✷ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❯s✉❛❧ ❊❇❱P ✸ ❛r❡ λ
βββ
i “ |βββ|{4` λi ✇❤❡r❡ λi ❛r❡ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲✲s❤❛♣❡❞ ▲❛♣❧❛❝✐❛♥ ♣r♦❜❧❡♠ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭t❤❡ t❡♥ ✜rst ❛r❡ ❣✐✈❡♥
✐♥ ❚❛❜❧❡ ✷✳✹✮✳ ❲❡ ❤❛✈❡ ❢♦r ❡①❛♠♣❧❡

λ
βββ
1 «|βββ|{4 ` 9.63972, λ

βββ
3 “|βββ|{4 ` 2π2

λ
βββ
5 «|βββ|{4 ` 31.912636, λ

βββ
8 “ λ

βββ
9 “|βββ|{4 ` 5π2

λ
βββ
20 «|βββ|{4 ` 101.60529, λ

βββ
50 «|βββ|{4 ` 250.78548.

❲❡ ❣✐✈❡ ✐♥ ▲✐st✐♥❣ ✷✳✻ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P②t❤♦♥ ❝♦❞❡✳

▲✐st✐♥❣ ✷✳✻✿ ✷❉ ▲✲s❤❛♣❡❞ ❈♦♥✈❡❝t✐♦♥✲❉✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ βββ “ p3, 0q ✿ P②t❤♦♥ ❝♦❞❡

♣r✐♥t ✭ ✬ ✥✥✥✥✥▼❡s❤✥ s ✐ ③ ❡ s ✥ ✿ ✥♥q❂✪✻❞ ✱ ✥♥♠❡❂✪✼❞ ✱ ✥
❤❂✪✳✸❡ ✬✪✭❚❤ ✳ ♥q ✱❚❤ ✳ ❣❡t❴♥♠❡ ✭ ✮ ✱❚❤ ✳ ❣❡t❴❤ ✭ ✮ ✮ ✮

♣❞❡❂P❉❊✭❖♣❂▲♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❢♦r ❧ ❛❜ ✐♥ ❚❤✳ s❚❤❧❛❜ ❬❚❤ ✳ ❢ ✐ ♥❞ ✭❞❂✶✮ ❪ ✿

❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ❧❛❜ ✱ ✵ ✳ ✮

❲❡ ❣✐✈❡ t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡s ❢r♦♠ ❛ ▲✲s❤❛♣❡❞ ♠❡s❤ ✇✐t❤ nq “ 89780, nme “ 178358 ❛♥❞ h « 0.0105.

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✶✽ t❤❡ t✇❡♥t② ❢♦✉r ✜rst ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ βββ “ p3, 0q.

n ❜♦✉♥❞s ♦❢ λβββn ❢r♦♠ ❬✶✷❪ ❝♦♠♣✉t❡❞ ❤❡r❡

1 |βββ|{4 ` 9.639723844404 « 11.88972384 11.891874

2 |βββ|{4 ` 15.197251926659 « 17.44725192 17.447521

3 |βββ|{4 ` 2π2 “ 21.989208802178716 21.989805

4 |βββ|{4 ` 29.521481114238 « 31.77148111 31.773153

5 |βββ|{4 ` 31.91263595937 « 34.1626359 34.169821

6 |βββ|{4 ` 41.47450989266 « 43.7245099 43.732105

7 |βββ|{4 ` 44.94848778277 « 47.19848777 47.202920

8 |βββ|{4 ` 5π2 “ 51.598022005446794 51.603105

9 |βββ|{4 ` 5π2 “ 51.598022005446794 51.603864

10 |βββ|{4 ` 56.70960989018 « 58.9596098 58.971362

20 |βββ|{4 ` 101.60529 « 103.85529 103.88829

50 |βββ|{4 ` 250.78548 « 253.03548 253.21186

❚❛❜❧❡ ✷✳✺✿ ❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲✲s❤❛♣❡❞ ❈♦♥✈❡❝t✐♦♥✲❉✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ βββ “ p3, 0q.

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



✷❉ s❛♠♣❧❡s

✷
✳
●
❡
♥
❡
r❛
❧✐
③
❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
s❝
❛
❧❛
r
❇
❱
P

✷
✳✸
✳✷
❉

s❛
♠
♣
❧❡
s

✷
✳✸
✳✶

❊
✐❣
❡
♥
✈
❛
❧✉
❡
s
♦
❢
t❤
❡
❧❛
♣
❧❛
❝
✐❛
♥
♦
♥
t❤
❡
✉
♥
✐t
s♣
❤
❡
r❡

✇
✐t
❤
❉
✐r
✐❝
❤
❧❡
t
❜
♦
✉
♥
❞
❛
r②

❝
♦
♥
❞
✐t
✐♦
♥

✷✺

❋✐❣✉r❡ ✷✳✶✾✿ ✷❉ ▲✲s❤❛♣❡❞ ❈♦♥✈❡❝t✐♦♥✲❉✐✛✉s✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ βββ “ p3, 0q. ❊✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st
♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s ✭nq “ 89780✮
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✷✳✸ ✸❉ ❡①❛♠♣❧❡s

✷✳✸✳✶ ❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐✲

t✐♦♥

❆♣♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✳

▲❡t Ω Ă R
3 ❜❡ t❤❡ ✉♥✐t s♣❤❡r❡ ♠❡s❤❡❞ ❜② ❣♠s❤ ❛♥❞ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✵✳

❋✐❣✉r❡ ✷✳✷✵✿ ❯♥✐t s♣❤❡r❡ ✇✐t❤ ❡✐❣❤t ❜♦✉♥❞❛r✐❡s

❋r♦♠ ❬✾❪✱ ♣❛❣❡ ✻✵✾✱ ✇❡ ❣❡t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❧❛♣❧❛❝✐❛♥ ♦♥ t❤❡ s♣❤❡r❡ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ▲❡t αnk ❜❡t t❤❡ k✲t❤ ③❡r♦ ♦❢ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ Jn`1{2. ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡
❣✐✈❡♥ ❜②

λn,k “ α2
nk @n P N, @k P N

˚

■♥ ❚❛❜❧❡ ✷✳✻✱ t❤❡ ✈❛❧✉❡s ♦❢ αnk ❛r❡ ❣✐✈❡♥ ❢♦r pn, kq P v0, 4wv1, 5w. ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡ t❤❡ ❞❡❣❡♥❡r❛❝②
2n ` 1.

l J1{2 J1`1{2 J2`1{2 J3`1{2 J4`1{2 J5`1{2 J6`1{2

1 3.1415927 4.4934095 5.7634592 6.9879320 8.1825615 9.3558121 10.512835

2 6.2831853 7.7252518 9.0950113 10.417119 11.704907 12.966530 14.207392

3 9.4247780 10.904122 12.322941 13.698023 15.039665 16.354710 17.647975

4 12.566371 14.066194 15.514603 16.923621 18.301256 19.653152 20.983463

5 15.707963 17.220755 18.689036 20.121806 21.525418 22.904551 24.262768

6 18.849556 20.371303 21.853874 23.304247 24.727566 26.127750 27.507868

❚❛❜❧❡ ✷✳✻✿ ❩❡r♦s ♦❢ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞ Jn`1{2
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✷✼

❡①❛❝t ♥✉♠❡r✐❝❛❧ r❡❧✳ ❡rr♦r

λ1 9.8696044 9.8795733 0.0010100591

λ2 20.190729 20.241845 0.0025316829

λ3 20.190729 20.241972 0.0025379680

λ4 20.190729 20.242068 0.0025427072

λ5 33.217462 33.366667 0.0044917671

λ6 33.217462 33.367653 0.0045214645

λ7 33.217462 33.367833 0.0045268671

λ8 33.217462 33.368352 0.0045424835

λ9 33.217462 33.369297 0.0045709448

λ10 39.478418 39.683576 0.0051967347

λ11 48.831194 49.167078 0.0068784726

λ12 48.831194 49.168061 0.0068986160

λ13 48.831194 49.169862 0.0069354936

λ14 48.831194 49.170425 0.0069470166

λ15 48.831194 49.171088 0.0069606076

λ16 48.831194 49.173549 0.0070110001

λ17 48.831194 49.173957 0.0070193439

λ18 59.679516 60.162479 0.0080926014

λ19 59.679516 60.169330 0.0082074079

λ20 59.679516 60.170223 0.0082223667

λ21 66.954312 67.603193 0.0096913974

λ22 66.954312 67.605029 0.0097188145

λ23 66.954312 67.605519 0.0097261446

λ24 66.954312 67.608407 0.0097692707

❚❛❜❧❡ ✷✳✼✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇❡♥t② ❢♦✉r ✜rst ❡①❛❝t ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦♥
♠❡s❤ ✇✐t❤ nq “ 81324 ❛♥❞ nme “ 462596

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷✳✷✶ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✜rst t✇❡♥t②✲❢♦✉r s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✲
✈❛❧✉❡s✳
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λ
num

1 “ 9.8795733 λ
num

2 “ 20.241845 λ
num

3 “ 20.241972 λ
num

4 “ 20.242068

λ
num

5 “ 33.366667 λ
num

6 “ 33.367653 λ
num

7 “ 33.367833 λ
num

8 “ 33.368352

λ
num

9 “ 33.369297 λ
num

10 “ 39.683576 λ
num

11 “ 49.167078 λ
num

12 “ 49.168061

λ
num

13 “ 49.169862 λ
num

14 “ 49.170425 λ
num

15 “ 49.171088 λ
num

16 “ 49.173549

λ
num

17 “ 49.173957 λ
num

18 “ 60.162479 λ
num

19 “ 60.169330 λ
num

20 “ 60.170223

λ
num

21 “ 67.603193 λ
num

22 “ 67.605029 λ
num

23 “ 67.605519 λ
num

24 “ 67.608407

❋✐❣✉r❡ ✷✳✷✶✿ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡
❡✐❣❡♥✈❛❧✉❡s

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡❝t♦r ❇❱P ✭✶✳✶✹✮✲✭✶✳✶✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

❱❡❝t♦r ❊❇❱P ✶ ✿ ❣❡♥❡r✐❝ ♣r♦❜❧❡♠

❋✐♥❞ λ P K ❛♥❞ uuu “ puuu1, . . . ,uuumq P pH2pΩqqm s✉❝❤ t❤❛t

Hpuuuq “λBpuuuq ✐♥ Ω, ✭✸✳✶✮

uuuα “0 ♦♥ ΓD
α , @α P v1,mw, ✭✸✳✷✮

Buuu
BnHα

` aRαuuuα “0 ♦♥ ΓR
α , @α P v1,mw, ✭✸✳✸✮

✇❤❡r❡ B ✐s ❛ ❣✐✈❡♥ H✲♦♣❡r❛t♦r✳

■♥ ♠♦st ❝❛s❡s B ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r ✭B ✐s ❛ ❞✐❛❣♦♥❛❧ H✲♦♣❡r❛t♦r ✇✐t❤ Bα,α “ LOdˆd,000d,000d,1,

@α P v1,mw✮✳

✸✳✶ ❇✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ❇❱P ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥

❚❤❡ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥ ✐s t♦ ✜♥❞ u ‰ 0 ❛♥❞ λ P R s✉❝❤ t❤❛t

∆2u “ λu, ✐♥ Ω ✭✸✳✹✮

✇❤❡r❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γ ❝❛♥ ❜❡

‚ ❈❧❛♠♣❡❞ P❧❛t❡ ✭❈P✮ ♦r ♣✉r❡ ❉✐r✐❝❤❧❡t t②♣❡✿

u “ Bu
Bnnn “ 0 ✭✸✳✺✮

‚ ❙✐♠♣❧② ❙✉♣♣♦rt❡❞ P❧❛t❡ ✭❙❙P✮ ♦r ◆❛✈✐❡r t②♣❡ ✿

u “ ∆u “ 0 ✭✸✳✻✮

‚ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✭❈❍✮ t②♣❡
Bu
Bn “ B∆u

Bn “ 0 ✭✸✳✼✮
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✈
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❧❛
t❡

✈
✐❜
r❛
t✐
♦
♥

✸
✳✶
✳✶

❙
✐♠

♣
❧②

s✉
♣
♣
♦
rt
❡
❞
♣
❧❛
t❡

✸✵

❈❧❛ss✐❝❛❧❧② t❤❡ ❢♦✉rt❤✲♦r❞❡r P❉❊ ✭✸✳✹✮ ✐s ❝♦♥✈❡rt❡❞ t♦ t❤❡ t✇♦ s❡❝♦♥❞✲♦r❞❡r P❉❊

´∆v “ λu ✭✸✳✽✮

´∆u “ v ✭✸✳✾✮

❙♦ ✇✐t❤ t❤❡ t❤❡ H✲♦♣❡r❛t♦r G ❞❡✜♥❡❞ ✐♥ ✭❆✳✾✮ t❤❡s❡ t✇♦ P❉❊ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

G

ˆ

u

v

˙

❞❡❢“
ˆ

0 LI,000,000,0

LI,000,000,0 LO,000,000,´1

˙ ˆ

u

v

˙

“
ˆ

λu

0

˙

✭✸✳✶✵✮

■❢ ✇❡ ❞❡✜♥❡ t❤❡ B ♦♣❡r❛t♦r ❛s

B
❞❡❢“

ˆ

LO,000,000,1 0

0 0

˙

✭✸✳✶✶✮

t❤❡ t✇♦ P❉❊s ✭✸✳✽✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s

G

ˆ

u

v

˙

“ λB

ˆ

u

v

˙

✭✸✳✶✷✮

❚❤❡ ❝♦❞❡ t♦ ❜✉✐❧❞ t❤❡ t✇♦ ♦♣❡r❛t♦rs G ❛♥❞ B ✐s ❣✐✈❡♥ ✐♥ ▲✐st✐♥❣ ✸✳✶✳ ❖♥❡ ❝❛♥ ❛❧s♦ ✉s❡❞ t❤❡ ❢❝✲

✈❢❡♠P1✲❜✐❤❛r♠♦♥✐❝ ♣❛❝❦❛❣❡ ❢♦r ❛ ♠♦r❡ ❝♦♥❝✐s❡ ❝♦❞❡ ❣✐✈❡♥ ✐♥ ▲✐st✐♥❣ ✸✳✷

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt ▲♦♣❡r❛t♦r ✱ ❍♦♣❡r❛t♦r
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
●♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
●♦♣ ✳❍❬ ✵ ❪ ❬ ✶ ❪❂●♦♣ ✳❍❬ ✶ ❪ ❬ ✵ ❪❂ ▲♦♣
●♦♣ ✳❍❬ ✶ ❪ ❬ ✶ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂´✶✮
❇♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
❇♦♣ ✳❍❬ ✵ ❪ ❬ ✵ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂✶✮

▲✐st✐♥❣ ✸✳✶✿ ❙❡tt✐♥❣ t❤❡ G ❛♥❞ B ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1

♣❛❝❦❛❣❡✐♥ ✷❉

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt ▲♦♣❡r❛t♦r ✱ ❍♦♣❡r❛t♦r
✐♠♣♦rt ❢❝❴✈❢❡♠♣✶❴❜✐❤❛r♠♦♥✐❝ ✳ ❧ ✐ ❜ ❛s ❜ ❧ ✐ ❜
❜✈♣❂❜ ❧ ✐ ❜ ✳ ❇✐❤❛r♠♦♥✐❝❖♣❡r❛t♦r ✭✷ ✮
❇♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
❇♦♣ ✳❍❬ ✵ ❪ ❬ ✵ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂✶✮

▲✐st✐♥❣ ✸✳✷✿ ❙❡tt✐♥❣ t❤❡ G ❛♥❞ B ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1 ❛♥❞
t❤❡ ❢❝✲✈❢❡♠P1✲❜✐❤❛r♠♦♥✐❝ ♣❛❝❦❛❣❡ s ✐♥ ✷❉

✸✳✶✳✶ ❙✐♠♣❧② s✉♣♣♦rt❡❞ ♣❧❛t❡

❡❇❱P ✶ ✿ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥ ✇✐t❤ s✐♠♣❧②
s✉♣♣♦rt❡❞ ♣❧❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❋✐♥❞ λ P K ❛♥❞ u ‰ 0 s✉❝❤ t❤❛t

∆2u “ λu, ✐♥ Ω

u “ 0 ❛♥❞ ∆u “ 0, ♦♥ Γ

❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ ♦♣❡r❛t♦rs G ❛♥❞ B ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮✳ ▲❡t
v “ ´∆u ❛♥❞ www “ pu, vq, ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ❜❡❝♦♠❡s

❱❡❝t♦r ❊❇❱P ✷ ✿ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥
✇✐t❤ s✐♠♣❧② s✉♣♣♦rt❡❞ ♣❧❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ H✲♦♣❡r❛t♦rs
❋✐♥❞ λ P K ❛♥❞ www “ pw1, w2q P pH2pΩqq2, www ‰ 0, s✉❝❤ t❤❛t

Gpwwwq “λBpwwwq ✐♥ Ω,

w1 “ 0 ❛♥❞ w2 “ 0 ♦♥ Γ.

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❡
❞
❜
♦
✉
♥
❞
❛
r②

❝
♦
♥
❞
✐t
✐♦
♥
s

✸✶

❘❡♠❛r❦ ✸✳✶ ❖♥ ❝♦♥✈❡① ❞♦♠❛✐♥s✱ t❤❡ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❥✉st t❤❡ sq✉❛r❡s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
❢♦r t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡✐❣❡♥❢✉♥❝t✐♦♥s✳

❆♣♣❧✐❝❛t✐♦♥ ♦♥ Ω “ r0, Ls ˆ r0, Hs
❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥
✭✷✳✻✮✳ ■♥ ▲✐st✐♥❣ ✸✳✸✱ t❤❡ ♣❛rt ♦❢ t❤❡ ✜❧❡ ❜✐❤❛r♠♦♥✐❝❴❙❙P❴r❡❝t❛♥❣❧❡❴❡①✳♣②✶ ✇❤✐❝❤ s♦❧✈❡ t❤❡ ❜✐❤❛r♠♦♥✐❝
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥ ✇✐t❤ s✐♠♣❧② s✉♣♣♦rt❡❞ ♣❧❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❣✐✈❡♥

❜✈♣❂❜ ❧ ✐ ❜ ✳ ❇✐❤❛r♠♦♥✐❝❇❱P✭❚❤✮
❢♦r ❧ ❛❜ ✐♥ ❚❤✳ s❚❤❧❛❜ ❬❚❤ ✳ ❢ ✐ ♥❞ ✭❞❂✶✮ ❪ ✿

❜ ❧ ✐ ❜ ✳ s❡t❙ ✐♠♣❧②❙✉♣♣♦rt❡❞P❧❛t❡ ✭❜✈♣ ✱ ❧❛❜ ✱ ❬ ✵ ✱ ✵ ❪ ✮
❇♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
❇♦♣ ✳❍❬ ✵ ❪ ❬ ✵ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂✶✮
❡✐❣❱❛❧ ✱ ❡ ✐❣❱❡❝❂ ❡ ❧ ✐ ❜ ✳ ❡❇❱Ps♦❧✈❡ ✭❜✈♣ ✱❘❍❙♦♣❂❇♦♣ ✱ ❦❂◆✉♠❊✐❣s ✱

✇❤✐❝❤❂✬▲▼✬ ✱ s✐❣♠❛❂s✐❣♠❛ ✱ t ♦ ❧❂✶❡´✾✱♠❛①✐t❡r❂❚❤ ✳ ♥q ✮

▲✐st✐♥❣ ✸✳✸✿ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥ ✇✐t❤ s✐♠♣❧② s✉♣♣♦rt❡❞ ♣❧❛t❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s Ω “ r0, 3s ˆ r0, 2s.

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✸✳✶ t❤❡ t✇❡❧✈❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣②t❤♦♥ ❝♦❞❡✿✎
✍

☞
✌

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ❜✐❤❛r♠♦♥✐❝❴❙❙P❴r❡❝t❛♥❣❧❡❴❡① ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭◆❂✷✵✵ ✱❦❂✶✷✱ ❣ s♦ ❧ ❡①❂❋❛❧s❡ ✱ ❣ ❡ r r ♦ r❂❋❛❧s❡ ✱ t r❛♥s❂❋❛❧s❡ ✮

■♥ ❋✐❣✉r❡ ✸✳✸ t❤❡ ♦r❞❡rs ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✜rst t✇❡❧✈❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ r❡♣r❡s❡♥t❡❞✳
❖♥❡ ❝❛♥ s❡❡ t❤❛t ❛ s✉♣❡r❝♦♥✈❡r❣❡♥❝❡ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rs ❞✉❡ t♦ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❤②♣❡r❝✉❜❡ ♠❡s❤✳

■♥❞❡❡❞✱ ❢♦r t❤❡ H1✲♥♦r♠ ❛♥ ♦r❞❡r 1 ✐s ❡①♣❡❝t❡❞✳ ❚♦ ❤✐❣❤t❧✐❣❤t ✐t✱ ❣♠s❤ ✐s ♥♦✇ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❛❧❧ t❤❡
♠❡s❤❡s ♦❢ Ω ✿ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✹✳

❆♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ ❞✐s❦ ✇✐t❤ ✺ ❤♦❧❡s

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✸✳✺ t❤❡ t✇❡❧✈❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs✳

✸✳✶✳✷ ▼✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❡❇❱P ✷ ✿ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥ ✇✐t❤ ♠✐①❡❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❋✐♥❞ λ P K ❛♥❞ u ‰ 0 s✉❝❤ t❤❛t

∆2u “ λu, ✐♥ Ω

u “ 0 ❛♥❞ ∆u “ 0, ♦♥ ΓSSP

u “ 0 ❛♥❞
Bu
Bn “ 0, ♦♥ ΓCP

Bu
Bn “ 0 ❛♥❞

B∆u

Bn “ 0, ♦♥ ΓCH

❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ ♦♣❡r❛t♦rs G ❛♥❞ B ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✸✳✶✵✮ ❛♥❞ ✭✸✳✶✶✮✳ ▲❡t
v “ ´∆u ❛♥❞ www “ pu, vq, ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ❜❡❝♦♠❡s

✶❞✐r❡❝t♦r②✿ ❢❝❴✈❢❡♠♣✶❴❡✐❣s✴❡①❛♠♣❧❡s

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❋✐❣✉r❡ ✸✳✸✿ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✿ ♦r❞❡r ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❜✐❤❛r♠♦♥✐❝ ✳✳✳ ✇✐t❤ ✭❙❙P✮ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦♥ r❡❝t❛♥❣❧❡ ✭r❡❣✉❧❛r ♠❡s❤❡s✮ ✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ L2✲♥♦r♠ ✭✉♣♣❡r ❧❡❢t✮ ❛♥❞
H1✲♥♦r♠ ✭✉♣♣❡r r✐❣❤t✮✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✭❜♦tt♦♠✮✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



❇✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ❇❱P ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥

✸
✳
●
❡
♥
❡
r❛
❧✐
③
❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
✈
❡
❝
t♦
r
❇
❱
P

✸
✳✶
✳❇
✐❤
❛
r♠

♦
♥
✐❝
❡
✐❣
❡
♥
✈
❛
❧✉
❡
❇
❱
P
❢♦
r
♣
❧❛
t❡

✈
✐❜
r❛
t✐
♦
♥

✸
✳✶
✳✷

▼
✐①
❡
❞
❜
♦
✉
♥
❞
❛
r②

❝
♦
♥
❞
✐t
✐♦
♥
s

✸✹

❋✐❣✉r❡ ✸✳✹✿ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✿ ♦r❞❡r ❝♦♠♣✉t❛t✐♦♥ ❢♦r ❜✐❤❛r♠♦♥✐❝ ✳✳✳ ✇✐t❤ ✭❙❙P✮ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ♦♥ r❡❝t❛♥❣❧❡ ✭❣♠s❤ ♠❡s❤❡s✮ ✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✐♥ L2✲♥♦r♠ ✭✉♣♣❡r ❧❡❢t✮ ❛♥❞
H1✲♥♦r♠ ✭✉♣♣❡r r✐❣❤t✮✳ ❘❡❧❛t✐✈❡ ❡rr♦rs ♦❢ ❡✐❣❡♥✈❛❧✉❡s ✭❜♦tt♦♠✮✳

❱❡❝t♦r ❊❇❱P ✸ ✿ ❜✐❤❛r♠♦♥✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ♣❧❛t❡ ✈✐❜r❛t✐♦♥
✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ H✲♦♣❡r❛t♦rs
❋✐♥❞ λ P K ❛♥❞ www “ pw1, w2q P pH2pΩqq2, www ‰ 0, s✉❝❤ t❤❛t

Gpwwwq “ λBpwwwq ✐♥ Ω,

w1 “ 0 ❛♥❞ w2 “ 0 ♦♥ ΓSSP,

w1 “ 0 ❛♥❞
Bwww

BnG2

“ 0 ♦♥ ΓCP,

Bwww
BnG2

❛♥❞
Bwww

BnG1

“ 0 ♦♥ ΓCH.

❆♣♣❧✐❝❛t✐♦♥ ♦♥ ❞✐s❦ ✇✐t❤ ✺ ❤♦❧❡s

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥
✭❄❄✮✳

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✸✳✼ t❤❡ t✇❡❧✈❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs✳

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❋✐❣✉r❡ ✸✳✻✿ t✐t❧❡

✸✳✷ ▲✐♥❡❛r ❡❧❛st✐❝✐t②

✸✳✷✳✶ ❊❧❛st✐❝✐t② ♣r♦❜❧❡♠

▲❡t d “ 2 ♦r d “ 3. ❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❍♦♦❦❡✬s ❧❛✇ ✐♥ ❧✐♥❡❛r ❡❧❛st✐❝✐t②✱ ✉♥❞❡r s♠❛❧❧ str❛✐♥ ❤②♣♦t❤❡s✐s ✭s❡❡
❢♦r ❡①❛♠♣❧❡ ❬✻❪✮✳

❋♦r ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ✈❡❝t♦r ✜❡❧❞ uuu “ pu1, . . . , udq : Ω Ñ R
d✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r✐③❡❞ str❛✐♥ t❡♥s♦r

ǫǫǫ ❜②

ǫǫǫpuuuq “ 1

2

`

∇∇∇∇∇∇∇∇∇puuuq `∇∇∇∇∇∇∇∇∇
tpuuuq

˘

.

❲❡ s❡t ǫǫǫ “ pǫ11, ǫ22, 2ǫ12qt ✐♥ ✷❞ ❛♥❞ ǫǫǫ “ pǫ11, ǫ22, ǫ33, 2ǫ12, 2ǫ23, 2ǫ13qt ✐♥ ✸❞✱ ✇✐t❤ ǫijpuuuq “ 1
2

´

Bui

Bxj
` Buj

Bxi

¯

✳

❚❤❡♥ t❤❡ ❍♦♦❦❡✬s ❧❛✇ ✇r✐t❡s
σσσ “ Cǫǫǫ,

✇❤❡r❡ σσσ ✐s t❤❡ ❡❧❛st✐❝ str❡ss t❡♥s♦r ❛♥❞ C t❤❡ ❡❧❛st✐❝✐t② t❡♥s♦r✳
❚❤❡ ♠❛t❡r✐❛❧ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✐s♦tr♦♣✐❝ ❛♥❞ ❝♦✉❧❞ ❜❡ ❝❛r❛❝t❡r✐③❡❞ ❜② ✐ts P♦✐ss♦♥✬s r❛t✐♦ ν✱ ✐ts ❨♦✉♥❣✬s

♠♦❞✉❧✉s E ❛♥❞ ✐ts ❞❡♥s✐t② ρ. ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❆❧✉♠✐♥✐✉♠ ✇❡ ❤❛✈❡ ν “ 0.334, E “ 71 GPa “
71 ˆ 10´6 kg.s´2.mm´1 “ 71 ˆ 10´9 kg.s´2.m´1 ❛♥❞ ρ “ 2.770 ˆ 10´6 kg.mm´3 “ 2770 kg.m´3. ❚❤❡
▲❛♠é ♣❛r❛♠❡t❡rs λ ❛♥❞ µ ❛r❡ ❣✐✈❡♥ ❜②

λ “ E ˚ nu

p1 ` νqp1 ´ 2νq µ “ E

2p1 ` νq .

▲❡t γ “ 2µ ` λ✳ ❚❤❡ ❡❧❛st✐❝✐t② t❡♥s♦r C ✐♥ ❞✐♠❡♥s✐♦♥ 2 ♦r 3 ✐s ❣✐✈❡♥ ❜②

C “
ˆ

λ12 ` 2µI2 0

0 µ

˙

3ˆ3

♦r C “
ˆ

λ13 ` 2µI3 0

0 µI3

˙

6ˆ6

,

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ 1d ✐s ❛ d✲❜②✲d ♠❛tr✐① ♦❢ ♦♥❡s✱ ❛♥❞ Id t❤❡ d✲❜②✲d ✐❞❡♥t✐t② ♠❛tr✐①✳
❋♦r ❞✐♠❡♥s✐♦♥ d “ 2 ♦r d “ 3✱ ✇❡ ❤❛✈❡✿

σσσαβpuuuq “ 2µǫǫǫαβpuuuq ` λ trpǫǫǫpuuuqqδαβ @α, β P v1, dw

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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②
♣
r♦
❜
❧❡
♠

✸✼

❋✐❣✉r❡ ✸✳✼✿ t✐t❧❡

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❧✐
③
❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
✈
❡
❝
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❇
❱
P

✸
✳✷
✳▲
✐♥
❡
❛
r
❡
❧❛
st
✐❝
✐t
②

✸
✳✷
✳✶

❊
❧❛
st
✐❝
✐t
②
♣
r♦
❜
❧❡
♠

✸✽

❋✐❣✉r❡ ✸✳✽✿ t✐t❧❡

❯s✉❛❧ ❊❇❱P ✹ ✿ ❊❧❛st✐❝✐t② ♣r♦❜❧❡♠

❋✐♥❞ pκ,uuuq “ K ˆ H2pΩqd s✉❝❤ t❤❛t

´divpσσσpuuuqq “ κρuuu, ✐♥ Ω Ă R
d, ✭✸✳✶✸✮

σσσpuuuq.nnn “ 000 ♦♥ ΓR, ✭✸✳✶✹✮

uuu “ 000 ♦♥ ΓD. ✭✸✳✶✺✮

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭s❡❡ ❬✹❪✮

▲❡♠♠❡ ✸✳✷

▲❡t Hσσσ ❜❡ t❤❡ H✲♦♣❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ✭✶✳✶✵✮ ❜②

Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, dw2 ✭✸✳✶✻✮

✇✐t❤
pAα,βqk,l “ µδαβδkl ` µδkβδlα ` λδkαδlβ , @pk, lq P v1, dw2. ✭✸✳✶✼✮

❚❤❡♥✱ ✇❡ ❤❛✈❡
H

σσσpuuuq “ ´divσσσpuuuq ✭✸✳✶✽✮

❛♥❞✱ @α P v1, dw,
Buuu

BnHσσσ
α

“ pσσσpuuuq.nnnqα. ✭✸✳✶✾✮

❚❤❡ ♠❛tr✐❝❡s Aα,β ♦❢ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❛r❡ ❡①♣❧✐❝✐t❡❧② ❣✐✈❡♥ ❜②

• ❢♦r d “ 2✱

A1,1 “
ˆ

γ 0

0 µ

˙

, A1,2 “
ˆ

0 λ

µ 0

˙

, A2,1 “
ˆ

0 µ

λ 0

˙

, A2,2 “
ˆ

µ 0

0 γ

˙

• ❢♦r d “ 3✱

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❧✐
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❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
✈
❡
❝
t♦
r
❇
❱
P

✸
✳✷
✳▲
✐♥
❡
❛
r
❡
❧❛
st
✐❝
✐t
②

✸
✳✷
✳✷

✷
❉

❡
①
❛
♠
♣
❧❡

✸✾

A1,1 “

¨

˝

γ 0 0

0 µ 0

0 0 µ

˛

‚, A1,2 “

¨

˝

0 λ 0

µ 0 0

0 0 0

˛

‚, A1,3 “

¨

˝

0 0 λ

0 0 0

µ 0 0

˛

‚

A2,1 “

¨

˝

0 µ 0

λ 0 0

0 0 0

˛

‚, A2,2 “

¨

˝

µ 0 0

0 γ 0

0 0 µ

˛

‚, A2,3 “

¨

˝

0 0 0

0 0 λ

0 µ 0

˛

‚,

A3,1 “

¨

˝

0 0 µ

0 0 0

λ 0 0

˛

‚, A3,2 “

¨

˝

0 0 0

0 0 µ

0 λ 0

˛

‚, A3,3 “

¨

˝

µ 0 0

0 µ 0

0 0 γ

˛

‚.

❙♦ t❤❡ ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠ ✭✸✳✶✸✮ t♦ ✭✸✳✷✸✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s ✿

❱❡❝t♦r ❊❇❱P ✹ ✿ ▲✐♥❡❛r ❡❧❛st✐❝✐t② ✐♥ ❞✐♠❡♥s✐♦♥ d “ 2 ♦r d “ 3

❋✐♥❞ pκ,uuuq P K ˆ pH2pΩqqd s✉❝❤ t❤❛t

H
σσσpuuuq “κBσσσpuuuq, ✐♥ Ω, ✭✸✳✷✵✮

Buuu
BnHσσσ

α

“0, ♦♥ ΓR
α “ ΓR, @α P v1, dw ✭✸✳✷✶✮

uuuα “0, ♦♥ ΓD
α “ ΓD, @α P v1, dw. ✭✸✳✷✷✮

✇✐t❤ Bσσσ
α,β “ δα,βLO,000,000,ρ.

❚❤❡r❡❛❢t❡r✱ ✇❡ ❣✐✈❡ t❤❡ ♣②t❤♦♥ ❝♦❞❡ ✇❤✐❝❤ s❡ts t❤❡ ♦♣❡r❛t♦rs Hσσσ ❛♥❞ Bσσσ ❛♥❞ ✐♥✐t✐❛❧✐③❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡
❜♦✉♥❞❛r② ♣r♦❜❧❡♠ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✳✷✶✮ ❜② ❞❡❢❛✉❧t ♦♥ ❛❧❧ ❜♦✉♥❞❛r✐❡s✳✬

✫

✩

✪

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt ❍♠❛ss ✱ ❙ t ✐ ❢ ❢❊ ❧ ❛ s❍♦♣❡ r ❛ t ♦ r
❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳❇❱P ✐♠♣♦rt ❇❱P✱P❉❊
♠✉❂ ❊✴✭✷∗✭✶✰♥✉✮ ✮
❧❛♠ ❂ ❊∗♥✉✴✭✭✶✰♥✉✮ ∗✭✶´✷∗♥✉✮ ✮
❍♦♣❂❙t ✐ ❢ ❢❊ ❧ ❛ s❍♦♣❡ r❛ t ♦ r ✭✷ ✱ ❧❛♠ ✱♠✉✮
♣❞❡❂P❉❊✭❖♣❂❍♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❇♦♣❂❍♠❛ss✭❚❤ ✳ ❞✐♠ ✱❚❤ ✳ ❞✐♠ ✱ ❛✵❂r❤♦ ✮

❖♥ ❡❛❝❤ ❜♦✉♥❞❛r② ✇✐t❤ ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✸✳✷✷✮✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ❞♦✿☛
✡

✟
✠❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ❧❛❜ ✱ ❬ ✵ ✳ ✱ ✵ ✳ ❪ ✮

✇❤❡r❡ ❧❛❜ ✐s t❤❡ ❧❛❜❡❧ ♥✉♠❜❡r ♦❢ t❤❡ ❜♦✉♥❞❛r②✳

✸✳✷✳✷ ✷❉ ❡①❛♠♣❧❡

▲❡t Ω Ă R
2 ❜❡ ❛ ✷❞ t✉♥✐♥❣ ❢♦r❦ ♦❜t❛✐♥❡❞ ❢r♦♠ ✜❧❡ t✉♥✐♥❣✲❢♦r❦✷❉✵✷✳❣❡♦ ❜② ✉s✐♥❣ ❣♠s❤✭✉♥✐t ✐s ♠✐❧❧✐♠❡✲

t❡r✮✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ♠♦❞✐❢② t❤❡ ✷❞ t✉♥✐♥❣ ❢♦r❦ ♣❛r❛♠❡t❡rs a, b, l, R ❛♥❞ L ✭s❡❡ ❋✐❣✉r❡ ✸✳✾✮ ✇❤❡♥ ✇❡
❣❡♥❡r❛t❡ t❤❡ ♠❡s❤✿✬

✫

✩

✪

✐♠♣♦rt ♦s
❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ s②s ✐♠♣♦rt ❣❡t❴❣❡♦
❣ ❡ ♦ ❢ ✐ ❧ ❡❂✬ t✉♥✐♥❣´❢♦r❦✷❉✵✷ ✬
✭ ❣❡♦❞✐r ✱ ❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮❂❣❡t❴❣❡♦ ✭✷ ✱ ✷ ✱ ❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮
♦♣t ✐♦♥s❂✬´s♠♦♦t❤✥✹✥´s❡t♥✉♠❜❡r✥▲✥✼✺✥´s❡t♥✉♠❜❡r✥ ❧ ✥✺✵ ✬
♦♣t ✐♦♥s✰❂✬ ✥´s❡t♥✉♠❜❡r✥❛✥✶✵✥´s❡t♥✉♠❜❡r✥❜✥✶✺✥´s❡t♥✉♠❜❡r✥❘✥✶✺ ✬
♠❡ s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✷❞ ✭ ❣❡♦❞ ✐ r✰♦s ✳ s❡♣✰❣ ❡ ♦ ❢ ✐ ❧ ❡✰✬ ✳ ❣❡♦ ✬ ✱✷✵ ✱

❢ ♦ r ❝ ❡❂❚r✉❡ ✱ ♦♣t ✐♦♥s❂♦♣t ✐♦♥s ✮
❚❤❂s✐▼❡s❤ ✭ ♠❡s❤ ❢ ✐ ❧ ❡ ✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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②

✸
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✸
❉

❡
①
❛
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✹✵

aa

b

p0, 0q

R

R ` a

L

l

❋✐❣✉r❡ ✸✳✾✿ ✷❞ t✉♥✐♥❣ ❢♦r❦ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ✭❧❡❢t✮ ❛♥❞ ✐ts ❜♦✉♥❞❛r✐❡s ✭r✐❣❤t✮

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❯s✉❛❧ ❊❇❱P ✺ ✿ ✷❉ t✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥
Γ1

❋✐♥❞ pκ,uuuq “ K ˆ H1pΩq2 s✉❝❤ t❤❛t

´divpσσσpuuuqq “ κρuuu, ✐♥ Ω

σσσpuuuq.nnn “ 000 ♦♥ Γ2 Y Γ3,

uuu “ 000 ♦♥ Γ1.

❲❡ r❡♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✸✳✶✵ t❤❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣②t❤♦♥ ❝♦❞❡✿✓
✒

✏
✑

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ▲ ✐♥❡❛r❊❧❛st ✐❝ ✐ t②❴t✉♥✐♥❣❴❢♦r❦✷❉✵✷ ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭❦❂✷✹✱◆❂✻✵✱ ❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ❂❬✶ ❪ ✱ ♠❛①❴❞✐s♣❧❛❝❡♠❡♥t❂✺✱

❘❂✶✵✱ ❧ ❂✼✺✱▲❂✽✵✳✽✺ ✱❝♠❛♣❂✬ ❥ ❡ t ✬ ✱ t ✐ t ❧ ❡❂❋❛❧ s❡ ✮

❚❤❡ ❞✐s♣❧❛②❡❞ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❣✐✈❡♥ ❜② fi “ ?
κi{p2πq ✇❤❡r❡ κi ✐s t❤❡ i✲t❤ ❡✐❣❡♥✈❛❧✉❡✳

■♥ ❋✐❣✉r❡ ✸✳✶✵✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

❯s✉❛❧ ❊❇❱P ✻ ✿ ✷❉ t✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥
Γ1 Y Γ2 Y Γ3

❋✐♥❞ pκ,uuuq “ K ˆ H1pΩq2 s✉❝❤ t❤❛t

´divpσσσpuuuqq “ κρuuu, ✐♥ Ω

σσσpuuuq.nnn “ 000 ♦♥ Γ1 Y Γ2 Y Γ3,

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡✿✎
✍

☞
✌

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ▲ ✐♥❡❛r❊❧❛st ✐❝ ✐ t②❴t✉♥✐♥❣❴❢♦r❦✷❉✵✷ ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭❦❂✷✹✱◆❂✻✵✱♠❛①❴❞✐s♣❧❛❝❡♠❡♥t❂✺✱ ❘❂✶✵✱ ❧ ❂✼✺✱▲❂✽✵✳✽✺ ✱❝♠❛♣❂✬ ❥ ❡ t ✬ ✱ t ✐ t ❧ ❡❂❋❛❧s❡ ✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❢r❡q✉❡♥❝② 106.168 Hz ❢r❡q✉❡♥❝② 439.991 Hz ❢r❡q✉❡♥❝② 805.878 Hz ❢r❡q✉❡♥❝② 2055.05 Hz

❢r❡q✉❡♥❝② 2706.29 Hz ❢r❡q✉❡♥❝② 4502.84 Hz ❢r❡q✉❡♥❝② 4883.13 Hz ❢r❡q✉❡♥❝② 5307.84 Hz

❢r❡q✉❡♥❝② 8516.44 Hz ❢r❡q✉❡♥❝② 10075.5 Hz ❢r❡q✉❡♥❝② 12428.1 Hz ❢r❡q✉❡♥❝② 15204.3 Hz

❋✐❣✉r❡ ✸✳✶✵✿ ✷❉ ❚✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γ2 Y Γ3 ❛♥❞ ❉✐r✐❝❤❧❡t ♦♥ Γ1✿ ❡✐❣❡♥✲
✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s str❡❝❤❡❞ t♦ ❛ ♠❛①✐♠✉♠ ♦❢ 5 mm.

❢r❡q✉❡♥❝② 0.0146026 Hz ❢r❡q✉❡♥❝② 0.0114823 Hz ❢r❡q✉❡♥❝② 0.00678621 Hz ❢r❡q✉❡♥❝② 440.375 Hz

❢r❡q✉❡♥❝② 889.879 Hz ❢r❡q✉❡♥❝② 2086.80 Hz ❢r❡q✉❡♥❝② 2793.83 Hz ❢r❡q✉❡♥❝② 4509.34 Hz

❢r❡q✉❡♥❝② 5299.26 Hz ❢r❡q✉❡♥❝② 7338.75 Hz ❢r❡q✉❡♥❝② 10076.6 Hz ❢r❡q✉❡♥❝② 11732.6 Hz

❋✐❣✉r❡ ✸✳✶✶✿ ✷❉ ❚✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γ1 Y Γ2 Y Γ3✿ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡
s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s str❡❝❤❡❞ t♦ ❛ ♠❛①✐♠✉♠ ♦❢ 5 mm.

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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✸✳✷✳✸ ✸❉ ❡①❛♠♣❧❡

▲❡t Ω Ă R
3 ❜❡ ❛ ✸❞ t✉♥✐♥❣ ❢♦r❦ ❝♦♠♣♦s❡❞ ♦❢ r♦❞s ♦❢ ❞✐❛♠❡t❡r r. ❚❤❡ ❣❡♦♠❡tr② ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✷

❛♥❞ t❤❡ ♠❡s❤❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❣♠s❤ ✭✈❡rs✐♦♥ ❃❂ ✸✳✵✳✵✮ ✇✐t❤ t❤❡ ✜❧❡ t✉♥✐♥❣❴❢♦r❦❴✵✷✳❣❡♦✳

x

z

O R

L

rrr r

R

l

rr

L

❋✐❣✉r❡ ✸✳✶✷✿ ✸❞ t✉♥✐♥❣ ❢♦r❦ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ✭❧❡❢t✮ ❛♥❞ ✐ts ❜♦✉♥❞❛r✐❡s ✭r✐❣❤t✮

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ t♦ s♦❧✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❯s✉❛❧ ❊❇❱P ✼ ✿ ✸❉ t✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥
Γ1

❋✐♥❞ pκ,uuuq “ K ˆ H1pΩq3 s✉❝❤ t❤❛t

´divpσσσpuuuqq “ κρuuu, ✐♥ Ω

σσσpuuuq.nnn “ 000 ♦♥ Γ2 Y Γ3,

uuu “ 000 ♦♥ Γ1.

❚❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs✱ ✐♥ ♠✐❧❧✐♠❡t❡rs✱ ❛r❡ L “ 120, R “ 40, l “ 100 ❛♥❞ r “ 10. ❚❤❡ ✐s♦tr♦♣✐❝
♠❛t❡r✐❛❧ ✐s ♠❛❞❡ ♦❢ ❛❧✉♠✐♥✐✉♠ ❛♥❞ s♦ ✐ts P♦✐ss♦♥✬s r❛t✐♦ ν ✐s 0.334✱ ✐ts ❨♦✉♥❣✬s ♠♦❞✉❧✉s E ✐s 7.10 ˆ
107 kg.s´2.mm´1 ❛♥❞ ✐ts ❞❡♥s✐t② ρ ✐s 2.77 ˆ 10´6 kg.mm´3.

■♥ ▲✐st✐♥❣ ✸✳✹ ✇❡ ❣✐✈❡ ♣❛rts ♦❢ P②t❤♦♥ ❝♦❞❡ t♦ s♦❧✈❡ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ❇❱P✳

✐♠♣♦rt ♥✉♠♣② ❛s ♥♣
✐♠♣♦rt ♦s
❢r♦♠ ❢❝❴♦♦❣♠s❤ ✐♠♣♦rt ❣♠s❤
❢r♦♠ ❢❝❴s✐♠❡s❤ ✳ s✐▼❡s❤ ✐♠♣♦rt s✐▼❡s❤
❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt ❍♠❛ss ✱ ❙ t ✐ ❢ ❢❊ ❧ ❛ s❍♦♣❡ r ❛ t ♦ r
❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳❇❱P ✐♠♣♦rt ❇❱P✱P❉❊
✐♠♣♦rt ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❧ ✐ ❜ ❛s ❡ ❧ ✐ ❜
❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ s②s ✐♠♣♦rt ❣❡t❴❣❡♦
★ ●❡♦♠❡tr✐❝❛ ❧ ✴▼❡s❤ ♣ r ♦ ♣ ❡ r t ✐ ❡ s ✿
◆❂✼✺
▲❂✶✷✵ ★ ✐♥ ♠♠
r❂✶✵ ★ ✐♥ ♠♠
❘❂✹✵ ★ ✐♥ ♠♠
❧ ❂✶✵✵ ★ ✐♥ ♠♠
★ ▼❛t❡r ✐❛ ❧ ♣ r ♦ ♣ ❡ r t ✐ ❡ s ✿
♥✉❂✵✳✸✸✹ ★ P♦✐ss♦♥ ✬ s r ❛ t ✐ ♦

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❊❂ ✼✶ ❡✻ ★ ▼♦❞✉❧✉s ♦ ❢ ❡ ❧ ❛ s t ✐ ❝ ✐ t ② ✐♥ ❦❣✴ s❫✷✴♠♠ ✭ ●P❛❂✶✵❫✾ P❛ ❂ ✶✵❫✻ ❦❣✴ s❫✷✴♠♠ ✮
r❤♦❂✷✳✼✼✵❡´✻ ★ ▼❛t❡r ✐❛ ❧ ❞ ❡♥ s ✐ t ② ✐♥ ❦❣✴♠♠❫✸
★ ❙❡ ❧ ❡ ❝ t ❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ❜♦✉♥❞❛r② ✿
❞ ✐ r ❧ ❛ ❜ ❂❬✶ ❪ ★ ❉✐ r ✐ ❝ ❤ ❧ ❡ t ♦♥ ❇♦✉♥❞❛r② ❭●❛♠♠❛❴✶
★ P❛r❛♠❡t❡rs ❢ ♦ r ❡❇❱Ps♦❧✈❡ ❢✉♥❝ t ✐ ♦♥
◆✉♠❊✐❣s❂✾
s✐❣♠❛❂✵
★ ❋✐♥❞ ✳ ❣❡♦ ❢ ✐ ❧ ❡
❣ ❡ ♦ ❢ ✐ ❧ ❡❂✬ t✉♥✐♥❣❴❢♦r❦❴✵✷ ✬
✭ ❣❡♦❞✐r ✱ ❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮❂❣❡t❴❣❡♦ ✭✸ ✱ ✸ ✱ ❣ ❡ ♦ ❢ ✐ ❧ ❡ ✮
❣ ❡♦❋ ✐ ❧ ❡❂❣❡♦❞ ✐ r✰♦s ✳ s❡♣✰❣ ❡ ♦ ❢ ✐ ❧ ❡✰✬ ✳ ❣❡♦ ✬
♦♣t ✐♦♥s❂✬´s♠♦♦t❤✥✹✥´s❡t♥✉♠❜❡r✥▲✥✪❣✥´s❡t♥✉♠❜❡r✥ ❧ ✥✪❣✥´s❡t♥✉♠❜❡r✥ r ✥✪❣✥´s❡t♥✉♠❜❡r✥❘✥

✪❣ ✬✪✭▲ ✱ ❧ ✱ r ✱❘✮
♠❡ s❤ ❢ ✐ ❧ ❡❂❣♠s❤ ✳ ❜✉✐❧❞♠❡s❤✸❞ ✭ ❣❡♦❋✐ ❧ ❡ ✱◆✱ ❢ ♦ r ❝ ❡❂❚r✉❡ ✱ ✈❡r❜♦s❡❂✸✱ ♦♣t ✐♦♥s❂♦♣t ✐♦♥s ✮
❚❤❂s✐▼❡s❤ ✭ ♠❡s❤ ❢ ✐ ❧ ❡ ✮
★ ❙❡ t t ✐ ♥ ❣ t❤❡ ❡❇❱P
♠✉❂ ❊✴✭✷∗✭✶✰♥✉✮ ✮
❧❛♠ ❂ ❊∗♥✉✴✭✭✶✰♥✉✮ ∗✭✶´✷∗♥✉✮ ✮
❍♦♣❂❙t ✐ ❢ ❢❊ ❧ ❛ s❍♦♣❡ r❛ t ♦ r ✭✸ ✱ ❧❛♠ ✱♠✉✮
♣❞❡❂P❉❊✭❖♣❂❍♦♣✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮
❢♦r ❧ ❛❜ ✐♥ ❞ ✐ r ❧ ❛ ❜ ✿

❜✈♣ ✳ s ❡ t❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ✭ ❧❛❜ ✱ ❬ ✵ ✳ ✱ ✵ ✳ ✱ ✵ ✳ ❪ ✮
❇♦♣❂❍♠❛ss✭❚❤ ✳ ❞✐♠ ✱❚❤ ✳ ❞✐♠ ✱ ❛✵❂r❤♦ ✮
★ ❙♦ ❧ ✈ ✐♥❣ t❤❡ ❡❇❱P
❡✐❣❱❛❧ ✱ ❡ ✐❣❱❡❝❂ ❡ ❧ ✐ ❜ ✳ ❡❇❱Ps♦❧✈❡ ✭❜✈♣ ✱❘❍❙♦♣❂❇♦♣ ✱ ❦❂◆✉♠❊✐❣s ✱ ✇❤✐❝❤❂✬▲▼✬ ✱ s✐❣♠❛❂s✐❣♠❛ ✱

t ♦ ❧❂✶❡´✾✱♠❛①✐t❡r❂❚❤ ✳ ♥q ✮

▲✐st✐♥❣ ✸✳✹✿ ♣❛rt ♦❢ t❤❡ ✜❧❡ ▲✐♥❡❛r❊❧❛st✐❝✐t②❴t✉♥✐♥❣❴❢♦r❦✸❉✵✷❴❧✐❣❤t✳♣②

❖♥❡ ❝❛♥ ❛❧s♦ ✉s❡ t❤❡ r✉♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢❝❴✈❢❡♠♣✶❴❡✐❣s✳❡①❛♠♣❧❡s✳▲✐♥❡❛r❊❧❛st✐❝✐t②❴t✉♥✐♥❣❴❢♦r❦✸❉✵✷

♠♦❞✉❧❡ t♦ s♦❧✈❡ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ❇❱P✳ ❚❤❡ t✇❡♥t②✲❢♦✉r ✜rst ❡✐❣❡♥❢✉♥❝t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠❛♥❞
❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✸✳✓
✒

✏
✑

❢r♦♠ ❢❝❴✈❢❡♠♣✶❴❡✐❣s ✳ ❡①❛♠♣❧❡s ✳ ▲ ✐♥❡❛r❊❧❛st ✐❝ ✐ t②❴t✉♥✐♥❣❴❢♦r❦✸❉✵✷ ✐♠♣♦rt r✉♥
r ❡ s❂r✉♥ ✭◆❂✷✵✵ ✱▲❂✶✷✵ ✱❘❂✹✵✱ ❧ ❂✶✵✵ ✱ r❂✶✵✱♥✉❂✵✳✸✸✹ ✱❊❂✼✶❡✻ ✱ r❤♦❂✷✳✼✼❡´✻✱

❉ ✐ r ✐ ❝ ❤ ❧ ❡ t ❂❬✶ ❪ ✱ ❦❂✷✹✱ ❝♦❧♦r♠❛♣❂✬ ❥ ❡ t ✬ ✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



▲✐♥❡❛r ❡❧❛st✐❝✐t②

✳
●
❡
♥
❡
r❛
❧✐
③
❡
❞
❊
✐❣
❡
♥
✈
❛
❧✉
❡
✈
❡
❝
t♦
r
❇
❱
P

✳✵
✳▲
✐♥
❡
❛
r
❡
❧❛
st
✐❝
✐t
②

✳✵
✳✸

✸
❉

❡
①
❛
♠
♣
❧❡

✹✹

❢r❡q✉❡♥❝② 148.015 Hz ❢r❡q✉❡♥❝② 151.456 Hz ❢r❡q✉❡♥❝② 337.917 Hz ❢r❡q✉❡♥❝② 454.303 Hz

❢r❡q✉❡♥❝② 1044.56 Hz ❢r❡q✉❡♥❝② 1045.70 Hz ❢r❡q✉❡♥❝② 1082.04 Hz ❢r❡q✉❡♥❝② 1877.07 Hz

❢r❡q✉❡♥❝② 2256.27 Hz ❢r❡q✉❡♥❝② 3178.71 Hz ❢r❡q✉❡♥❝② 3876.15 Hz ❢r❡q✉❡♥❝② 4072.56 Hz

❢r❡q✉❡♥❝② 4499.60 Hz ❢r❡q✉❡♥❝② 4548.62 Hz ❢r❡q✉❡♥❝② 5573.69 Hz ❢r❡q✉❡♥❝② 6285.37 Hz

❋✐❣✉r❡ ✸✳✶✸✿ ✸❉ ❚✉♥✐♥❣ ❢♦r❦ ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γ2 Y Γ3 ❛♥❞ ❉✐r✐❝❤❧❡t ♦♥ Γ1✿ ❡✐❣❡♥✲
✈❡❝t♦rs ♦❢ t❤❡ s♠❛❧❧❡st ♠❛❣♥✐t✉❞❡ ❡✐❣❡♥✈❛❧✉❡s str❡❝❤❡❞ t♦ ❛ ♠❛①✐♠✉♠ ♦❢ 10 mm.

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



❆

❈❤❛♣t❡r ❆

❇✐❤❛r♠♦♥✐❝ ❇❱P

❆❧❧ t❤✐s s❡❝t✐♦♥ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ✳✳✳
▲❡t Ω Ă R

dim ❛♥❞ Γ “ BΩ. ❚❤❡ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥ ✐s t❤❡ ❢♦✉rt❤✲♦r❞❡r ♣❛rt✐❛❧ P❉❊ ❣✐✈❡♥ ❜②

∆2u “ f, ✐♥ Ω ✭❆✳✶✮

✇❤❡r❡ ∆2u “ ∆p∆uq “
dim
ÿ

i“1

dim
ÿ

j“1

B4u

Bx2
i Bx2

j

“
dim
ÿ

i“1

B4u

Bx4
i

` 2

dim
ÿ

i“1

dim
ÿ

j“i`1

B4u

Bx2
i Bx2

j

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γ ❝❛♥ ❜❡

‚ ❈❧❛♠♣❡❞ P❧❛t❡ ✭❈P✮ ♦r ♣✉r❡ ❉✐r✐❝❤❧❡t t②♣❡✿

u “ Bu
Bnnn “ g ✭❆✳✷✮

‚ ❙✐♠♣❧② ❙✉♣♣♦rt❡❞ P❧❛t❡ ✭❙❙P✮ ♦r ◆❛✈✐❡r t②♣❡ ✿

u “ ∆u “ g ✭❆✳✸✮

‚ P✉r❡ ❍✐♥❣❡❞ P❧❛t❡ ✭P❍P✮ ♦r ❙t❡❦❧♦✈ t②♣❡ ✿

u “ ∆u ´ p1 ´ σqK Bu
Bnnn “ g ✭❆✳✹✮

‚ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✭❈❍✮ t②♣❡
Bu
Bn “ B∆u

Bn “ g ✭❆✳✺✮

❆✳✶ ▲✐♥❦ ✇✐t❤ H✲♦♣❡r❛t♦r

❈❧❛ss✐❝❛❧❧② t❤❡ ❢♦✉rt❤✲♦r❞❡r P❉❊ ✭❆✳✶✮ ✐s ❝♦♥✈❡rt❡❞ t♦ t❤❡ t✇♦ s❡❝♦♥❞✲♦r❞❡r P❉❊

´∆u “ v ✭❆✳✻✮

´∆v “ f ✭❆✳✼✮



▲✐♥❦ ✇✐t❤ H✲♦♣❡r❛t♦r

❆
✳
❇
✐❤
❛
r♠

♦
♥
✐❝
❇
❱
P

❆
✳✶
✳▲
✐♥
❦
✇
✐t
❤
H
✲♦
♣
❡
r❛
t♦
r

❆
✳✶
✳✵

✸
❉

❡
①
❛
♠
♣
❧❡

✹✻

❚❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s

G

ˆ

u

v

˙

“
ˆ

f

0

˙

♦r K

ˆ

u

v

˙

“
ˆ

0

f

˙

✭❆✳✽✮

✇❤❡r❡ G ❛♥❞ K ❛r❡ t❤❡ H✲♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜②

G “
ˆ

0 LI,000,000,0

LI,000,000,0 LO,000,000,´1

˙

❛♥❞ K “
ˆ

LI,000,000,0 LO,000,000,´1

LO,000,000,0 LI,000,000,0

˙

✭❆✳✾✮

❚❤❡ P②t❤♦♥ ❝♦❞❡ ✉s✐♥❣ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡ t♦ ❝r❡❛t❡ t❤❡ ♦♣❡r❛t♦rs G ❛♥❞ K ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥
✐♥ ▲✐st✐♥❣s ❆✳✶ ❛♥❞ ❆✳✷✳

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt

▲♦♣❡r❛t♦r ✱ ❍♦♣❡r❛t♦r
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱

❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
●♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
●♦♣ ✳❍❬ ✵ ❪ ❬ ✶ ❪❂●♦♣ ✳❍❬ ✶ ❪ ❬ ✵ ❪❂ ▲♦♣
●♦♣ ✳❍❬ ✶ ❪ ❬ ✶ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂´✶✮

▲✐st✐♥❣ ❆✳✶✿ G ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1

♣❛❝❦❛❣❡✐♥ ✷❉

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt

▲♦♣❡r❛t♦r ✱ ❍♦♣❡r❛t♦r
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱

❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
❑♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
❑♦♣ ✳❍❬ ✵ ❪ ❬ ✵ ❪❂❑♦♣ ✳❍❬ ✶ ❪ ❬ ✶ ❪❂ ▲♦♣
❑♦♣ ✳❍❬ ✵ ❪ ❬ ✶ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂´✶✮

▲✐st✐♥❣ ❆✳✷✿ K ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1

♣❛❝❦❛❣❡ ✐♥ ✷❉

▲❡t www “ pu, vq. ❲✐t❤ t❤❡ ♦♣❡r❛t♦r K ❣✐✈❡♥ ✐♥ ✭❆✳✽✮✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ www
❞❡✜♥❡❞ ✐♥ ✭✶✳✶✼✮ ❛r❡ ❣✐✈❡♥ ❜②

Bwww
BnK1

❞❡❢“
2

ÿ

β“1

Bwwwβ

BnK1,β

“
2

ÿ

β“1

@

A
1,β

∇∇∇wwwβ ,nnn
D

´
@

bbb1,βuuuβ ,nnn
D

“ xI∇∇∇www1,nnny “ x∇∇∇u,nnny

“ Bu
Bnnn ✭❆✳✶✵✮

❛♥❞

Bwww
BnK2

❞❡❢“
2

ÿ

β“1

Bwwwβ

BnK2,β

“
2

ÿ

β“1

@

A
2,β

∇∇∇wwwβ ,nnn
D

´
@

bbb2,βuuuβ ,nnn
D

“ xI∇∇∇www2,nnny “ x∇∇∇ v,nnny

“ Bv
Bnnn ✭❆✳✶✶✮

❙♦ ✇✐t❤ K ♦♣❡r❛t♦r ♦♥❡ ❝❛♥ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

wwwα “gDα ♦♥ ΓD
α , @α P v1, 2w,

Bwww
BnKα

` aRαwwwα “gRα ♦♥ ΓR
α , @α P v1, 2w

✐✳❡✳

u “gD1 ♦♥ ΓD
1 , v “gD2 ♦♥ ΓD

2 ,

Bu
Bnnn ` aR1 u “gR1 ♦♥ ΓR

1 ,
Bv
Bnnn ` aR2 v “gR2 ♦♥ ΓR

2

❘❡♠❛r❦ ❆✳✶ ❖♥❡ ❝❛♥ ♥❡✐t❤❡r ✐♠♣♦s❡ ❝❧❛♠♣❡❞ ♣❧❛t❡ ✭❆✳✷✮ ♥♦r P✉r❡ ❍✐♥❣❡❞ P❧❛t❡ ✭❆✳✹✮ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s ✇✐t❤ K ♦♣❡r❛t♦r✳ ❚❤✐s ✐s ✇❤② t❤❡r❡❛❢t❡r ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡ t❤❡ G ♦♣❡r❛t♦r✳

■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r G ❣✐✈❡♥ ✐♥ ✭❆✳✽✮✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ www
❞❡✜♥❡❞ ✐♥ ✭✶✳✶✼✮ ❛r❡ ❣✐✈❡♥ ❜②

Bwww
BnG1

❞❡❢“
2

ÿ

β“1

Bwwwβ

BnG1,β

“
2

ÿ

β“1

@

A
1,β

∇∇∇wwwβ ,nnn
D

´
@

bbb1,βuuuβ ,nnn
D

“ xI∇∇∇www2,nnny “ x∇∇∇ v,nnny

“ Bv
Bnnn ✭❆✳✶✷✮

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽



▲✐♥❦ ✇✐t❤ H✲♦♣❡r❛t♦r

❆
✳
❇
✐❤
❛
r♠

♦
♥
✐❝
❇
❱
P

❆
✳✶
✳▲
✐♥
❦
✇
✐t
❤
H
✲♦
♣
❡
r❛
t♦
r

❆
✳✶
✳✵

✸
❉

❡
①
❛
♠
♣
❧❡

✹✼

❛♥❞

Bwww
BnG2

❞❡❢“
2

ÿ

β“1

Bwwwβ

BnG2,β

“
2

ÿ

β“1

@

A
2,β

∇∇∇wwwβ ,nnn
D

´
@

bbb2,βuuuβ ,nnn
D

“ xI∇∇∇www1,nnny “ x∇∇∇u,nnny

“ Bu
Bnnn ✭❆✳✶✸✮

▲❡t ✉s ❞❡♥♦t❡s t❤❡ t✇♦ ♣❛rt✐t✐♦♥s ❛✈❡❝ t❤❡ ❜♦✉♥❞❛r② Γ✿

Γ̊D
α X Γ̊R

α “ H ❛♥❞ ΓD
α Y ΓR

α “ Γ, @α P v1, 2w ✭❆✳✶✹✮

❋r♦♠ ❱❡❝t♦r ❇❱P ✭✶✳✶✹✮✲✭✶✳✶✻✮✱ ✉s✐♥❣ G ♦♣❡r❛t♦r ♦♥❡ ❝❛♥ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

wwwα “gDα ♦♥ ΓD
α , @α P v1, 2w,

Bwww
BnGα

` aRαwwwα “gRα ♦♥ ΓR
α , @α P v1, 2w

✐✳❡✳

u “gD1 ♦♥ ΓD
1 , v “gD2 ♦♥ ΓD

2 ,

Bv
Bnnn ` aR1 u “gR1 ♦♥ ΓR

1 ,
Bu
Bnnn ` aR2 v “gR2 ♦♥ ΓR

2

❚♦ r❡s✉♠❡✱ ✇❡ ❣✐✈❡ ❛ ❣❡♥❡r✐❝ ❜✐❤❛r♠♦♥✐❝ ❇❱P ✉s✐♥❣ t❤❡ ♦♣❡r❛t♦r G ✐♥ ❱❡❝t♦r ❇❱P ✭✸✮ ✇❤✐❝❤ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❣❡♥❡r✐❝ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ❇❱P ❣✐✈❡♥ ✐♥ ❱❡❝t♦r ❇❱P ✭✹✮

❱❡❝t♦r ❇❱P ✸ ✿ ❣❡♥❡r✐❝ ❜✐❤❛r♠♦♥✐❝ ❇❱P ✇✐t❤ G ♦♣❡r❛t♦r

❋✐♥❞ www “ pwww1,www2q P pH2pΩqq2 s✉❝❤ t❤❛t

Gpwwwq “
ˆ

f

0

˙

✐♥ Ω, ✭❆✳✶✺✮

www1 “gD1 ♦♥ ΓD
1 , www2 “gD2 ♦♥ ΓD

2 , ✭❆✳✶✻✮

Bwww
BnG1

` aR1 www1 “gR1 ♦♥ ΓR
1 ,

Bwww
BnG2

` aR2 www2 “gR2 ♦♥ ΓR
2 . ✭❆✳✶✼✮

❱❡❝t♦r ❇❱P ✹ ✿ ❣❡♥❡r✐❝ ♠✐①❡❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ❇❱P

❋✐♥❞ www “ pu, vq P pH2pΩqq2 s✉❝❤ t❤❛t

ˆ

0 LI,000,000,0

LI,000,000,0 LO,000,000,´1

˙ ˆ

u

v

˙

“
ˆ

f

0

˙

✐♥ Ω, ✭❆✳✶✽✮

u “gD1 ♦♥ ΓD
1 , v “gD2 ♦♥ ΓD

2 , ✭❆✳✶✾✮

Bv
Bnnn ` aR1 u “gR1 ♦♥ ΓR

1 ,
Bu
Bnnn ` aR2 v “gR2 ♦♥ ΓR

2 . ✭❆✳✷✵✮

■t✬s ✈❡r② ❡❛s② t♦ ✇r✐t❡ ✭❆✳✶✺✮ ✭♦r ✭❆✳✶✽✮✮ ❢r♦♠ t❤❡ ❣❡♥❡r✐❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ❇❱P ✇✐t❤
G ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡✿ t❤❡ s♦✉r❝❡ ❝♦❞❡ ✐s ❣✐✈❡♥ ✐♥ ▲✐st✐♥❣ ❆✳✹ ✇❤❡r❡ ❚❤ ✐s ❛ ❣✐✈❡♥

s✐▼❡s❤ ♦❜❥❡❝t ❛♥❞ ❢ ❛ ❣✐✈❡♥ ♣②t❤♦♥ ❢✉♥❝t✐♦♥ ♦r s❝❛❧❛r✳

❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳ ♦♣❡ r❛ t♦ r s ✐♠♣♦rt ▲♦♣❡r❛t♦r ✱ ❍♦♣❡r❛t♦r
❢r♦♠ ❢❝❴✈❢❡♠♣✶ ✳❇❱P ✐♠♣♦rt ❇❱P✱P❉❊
▲♦♣❂▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❆❂❬ ❬✶ ✱◆♦♥❡ ❪ ✱ ❬ ◆♦♥❡ ✱ ✶ ❪ ❪ ✮
●♦♣❂❍♦♣❡r❛t♦r ✭❞✐♠❂✷✱♠❂✷✮
●♦♣ ✳❍❬ ✵ ❪ ❬ ✶ ❪❂●♦♣ ✳❍❬ ✶ ❪ ❬ ✵ ❪❂ ▲♦♣
●♦♣ ✳❍❬ ✶ ❪ ❬ ✶ ❪❂ ▲♦♣❡r❛t♦r ✭❞✐♠❂✷✱❛✵❂´✶✮
♣❞❡❂P❉❊✭❖♣❂●♦♣ ✱ ❢ ❂❬ ❢ ✱ ✵ ❪ ✮
❜✈♣❂❇❱P✭❚❤✱ ♣❞❡❂♣❞❡ ✮

▲✐st✐♥❣ ❆✳✸✿ ❲r✐t✐♥❣ t❤❡ Gpwwwq “
ˆ

f

0

˙

✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1 ♣❛❝❦❛❣❡

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❝
♦
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♥
s

❆
✳✷
✳✶

❈
❧❛
♠
♣
❡
❞
P
❧❛
t❡

❜
♦
✉
♥
❞
❛
r②

❝
♦
♥
❞
✐t
✐♦
♥

✹✽

♦r ♠♦r❡ ❝♦♥❝✐s❡❧② ❢❝✲✈❢❡♠P1✲❜✐❤❛r♠♦♥✐❝ ♣❛❝❦❛❣❡✿

★

✧

✥

✦

✐♠♣♦rt ❢❝❴✈❢❡♠♣✶❴❜✐❤❛r♠♦♥✐❝ ✳ ❧ ✐ ❜ ❛s ❜ ❧ ✐ ❜
❜✈♣❂❜ ❧ ✐ ❜ ✳ ❇✐❤❛r♠♦♥✐❝❇❱P✭❚❤✱ ❢❂❢ ✮

▲✐st✐♥❣ ❆✳✹✿ ❲r✐t✐♥❣ s❤♦rt❧② t❤❡ Gpwwwq “ pf, 0qt ✇✐t❤ t❤❡ ❢❝✲✈❢❡♠P1✲

❜✐❤❛r♠♦♥✐❝ ♣❛❝❦❛❣❡

❘❡♠❛r❦ ❆✳✷ ❇② ❞❡❢❛✉❧t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❇❱P ♦❜❥❡❝t ❛r❡ s❡t t♦ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥

s♦ ✇❡ ❤❛✈❡
Bwww

BnG1

“ Bwww
BnG2

“ 0 ô Bv
Bnnn “ Bu

Bnnn “ 0

✇❤✐❝❤ ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❈❛❤♥✲❍✐❧❧✐❛r❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳

◆♦✇ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ❤♦✇ t♦ s❡t t❤❡ ❈❧❛♠♣❡❞ P❧❛t❡ ✭❈P✮✱ ❙✐♠♣❧② ❙✉♣♣♦rt❡❞

P❧❛t❡ ✭❈P✮ ❛♥❞ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✭❈❍✮ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❆✳✷ ❙♦♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

▲❡t Γlab Ă Γ. ❲❡ ✇❛♥t t♦ s❡t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Γlab✿

‚ ❈❧❛♠♣❡❞ P❧❛t❡ ✭❈P✮ ♦r ♣✉r❡ ❉✐r✐❝❤❧❡t t②♣❡✿

u “ ga ❛♥❞
Bu
Bnnn “ gb ♦♥ Γlab ✭❆✳✷✶✮

‚ ❙✐♠♣❧② ❙✉♣♣♦rt❡❞ P❧❛t❡ ✭❙❙P✮ ♦r ◆❛✈✐❡r t②♣❡ ✿

u “ ga ❛♥❞ ∆u “ ´gb ♦♥ Γlab ✭❆✳✷✷✮

‚ ❈❛❤♥✲❍✐❧❧✐❛r❞ ✭❈❍✮ t②♣❡
Bu
Bn “ ga ❛♥❞

B∆u

Bn “ ´gb ♦♥ Γlab ✭❆✳✷✸✮

◆♦✇ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t♦ r❡✇r✐t❡ t❤❡s❡s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s t❤♦s❡ ✐♥ ❱❡❝t♦r ❇❱P ✹✱ ❡q✉❛t✐♦♥s
✭❆✳✶✾✮✲✭❆✳✷✵✮✱ ❛♥❞ ❱❡❝t♦r ❇❱P ✸✱ ❡q✉❛t✐♦♥s ✭❆✳✶✻✮✲✭❆✳✶✼✮✳

❆✳✷✳✶ ❈❧❛♠♣❡❞ P❧❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋r♦♠ ✭❆✳✶✾✮ ❛♥❞ ✭❆✳✷✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✭❆✳✷✶✮ ✐♠♣♦s❡s

u “ ga ♦♥ Γlab Ă ΓD
1 ❛♥❞

Bu
Bnnn “ gb ♦♥ Γlab Ă ΓR

2

❙♦ ✇✐t❤ G ♦♣❡r❛t♦r ❛♥❞ ✇✐t❤ www “ pu, vq ✇❡ ♦❜t❛✐♥

w1 “ ga ♦♥ Γlab Ă ΓD
1 ❛♥❞

Bwww
BnG2

“ gb ♦♥ Γlab Ă ΓR
2

▲❡t ❜✈♣ ❜❡ t❤❡ ❇❱P ♦❜❥❡❝t ❜✉✐❧❞ ✐♥ ▲✐st✐♥❣ ❆✳✹✳ ❲❡ ✇❛♥t t♦ s❡t t❤✐s ♦❜❥❡❝t ✇✐t❤ t❤❡ ✭❈P✮
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚♦ s❡t t❤❡ ❞✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥ ♦♥ ✜rst ❝♦♠♣♦♥❡♥t w1 “ ga ♦♥ Γlab✱ ✇❡ ❝❛♥ ✉s❡ t❤❡
s❡t❉✐r✐❝❤❧❡t ♠❡t❤♦❞ ♦❢ t❤❡ ❇❱P ♦❜❥❡❝t✿

❜✈♣✳ s❡t❉✐r✐❝❤❧❡t ✭❧❛❜✱❣❛✱❝♦♠♣s❂❬✵❪✮

❆s ♣②t❤♦♥ ✉s❡s 0✲❜❛s❡❞ ✐♥❞❡①✐♥❣✱ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ✐s s❡❧❡❝t❡❞ ✇✐t❤ ❝♦♠♣s❂❬✵❪ ✳

❚♦ s❡t t❤❡ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ ♦♥ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t Bwww
BnG2

“ gb ✇❡ ❝❛♥ ✉s❡ t❤❡ s❡t❘♦❜✐♥ ♠❡t❤♦❞ ♦❢ t❤❡

❇❱P ♦❜❥❡❝t✿

❈♦♠♣✐❧❡❞ ♦♥ ✷✵✶✼✴✵✻✴✶✾ ❛t ✶✻✿✶✼✿✷✽
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❜
♦
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♥
❞
❛
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❝
♦
♥
❞
✐t
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♥

✹✾

❜✈♣✳s❡t❘♦❜✐♥✭❧❛❜✱❣❜✱❝♦♠♣s❂❬✶❪✮

❆s ♣②t❤♦♥ ✉s❡s 0✲❜❛s❡❞ ✐♥❞❡①✐♥❣✱ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s s❡❧❡❝t❡❞ ✇✐t❤ ❝♦♠♣s❂❬✶❪ ✳

❆ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ✇❛② ✐s t♦ ✉s❡ t❤❡ ❞❡❞✐❝❛t❡❞ ❢✉♥❝t✐♦♥ s❡t❈❧❛♠♣❡❞P❧❛t❡ ❢✉♥❝t✐♦♥✿✛

✚

✘

✙
✐♠♣♦rt ❢❝❴✈❢❡♠♣✶❴❜✐❤❛r♠♦♥✐❝ ✳ ❧ ✐ ❜ ❛s ❜ ❧ ✐ ❜
❜ ❧ ✐ ❜ ✳ s❡t❈❧❛♠♣❡❞P❧❛t❡ ✭❜✈♣ ✱ ❧❛❜ ✱ ❬ ❣❛ ✱ ❣❜ ❪ ✮

▲✐st✐♥❣ ❆✳✺✿ ❙❡tt✐♥❣ ❛ ✭❈P✮ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❆✳✷✳✷ ❙✐♠♣❧② ❙✉♣♣♦rt❡❞ P❧❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❋r♦♠ ✭❆✳✶✾✮ ❛♥❞ ✭❆✳✷✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✭❆✳✷✷✮ ✐♠♣♦s❡s

u “ ga ♦♥ Γlab Ă ΓD
1 ❛♥❞ v “ gb ♦♥ Γlab Ă ΓD

2

❙♦ ✇✐t❤ G ♦♣❡r❛t♦r ❛♥❞ ✇✐t❤ www “ pu, vq ✇❡ ♦❜t❛✐♥

w1 “ ga ♦♥ Γlab Ă ΓD
1 ❛♥❞ w2 “ gb ♦♥ Γlab Ă ΓD

2

▲❡t ❜✈♣ ❜❡ t❤❡ ❇❱P ♦❜❥❡❝t ❜✉✐❧❞ ✐♥ ▲✐st✐♥❣ ❆✳✹✳ ❲❡ ✇❛♥t t♦ s❡t t❤✐s ♦❜❥❡❝t ✇✐t❤ t❤❡ ✭❙❙P✮

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚♦ s❡t t❤❡ ❞✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ s❡t❉✐r✐❝❤❧❡t ♠❡t❤♦❞ ♦❢ t❤❡ ❇❱P

♦❜❥❡❝t✿

❜✈♣✳ s❡t❉✐r✐❝❤❧❡t ✭❧❛❜✱❣❛✱❝♦♠♣s❂❬✵❪✮

❜✈♣✳ s❡t❉✐r✐❝❤❧❡t ✭❧❛❜✱❣❜✱❝♦♠♣s❂❬✶❪✮
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