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Abstract

fc-vfemP1 is an experimental object-oriented Python package dedicated to solve scalar or vector
boundary value problems (BVP) by P1-Lagrange finite element method in any space dimension. It uses
the fc-simesh package [?] and the siMesh class which allows to use simplices meshes generated from
gmsh (in dimension 2 or 3) or an hypercube triangulation (in any dimension).

The two fc-simesh add-ons fc-simesh-matplotlib [?] and fc-simesh-mayavi [?] allows a great
flexibility in graphical representations of the meshes and datas on the meshes by using respectively the
matplotlib and the mayavi packages.

This package also contains the techniques of vectorization presented in [?] and extended in [?] and
allows good performances when using P1-Lagrange finite elements method.
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Chapter 1
Generic Boundary Value Problems

The notations of [?] are employed in this section and extended to the vector case.

1.1 Scalar boundary value problem

Let Ω be a bounded open subset of Rd, d ě 1. The boundary of Ω is denoted by Γ.
We denote by LA,bbb,ccc,a0 “ L : H2pΩq ÝÑ L2pΩq the second order linear differential operator acting on

scalar fields defined, @u P H2pΩq, by

LA,bbb,ccc,a0puq
def
“ ´div pA∇∇∇uq ` div pbbbuq ` x∇∇∇u,cccy ` a0u (1.1)

where A P pL8pΩqqdˆd, bbb P pL8pΩqqd, ccc P pL8pΩqqd and a0 P L
8pΩq are given functions and x¨, ¨y is the

usual scalar product in Rd. We use the same notations as in the chapter 6 of [?] and we note that we can
omit either div pbbbuq or x∇∇∇u,cccy if bbb and ccc are sufficiently regular functions. We keep both terms with bbb
and ccc to deal with more boundary conditions. It should be also noted that it is important to preserve the
two terms bbb and ccc in the generic formulation to enable a greater flexibility in the choice of the boundary
conditions.

Let ΓD, ΓR be open subsets of Γ, possibly empty and f P L2pΩq, gD P H1{2pΓDq, gR P L2pΓRq,
aR P L8pΓRq be given data.

A scalar boundary value problem is given by

Scalar BVP 1 : generic problem
Find u P H2pΩq such that

Lpuq “f in Ω, (1.2)

u “gD on ΓD, (1.3)
Bu

BnL
` aRu “gR on ΓR. (1.4)

The conormal derivative of u is defined by

Bu

BnL

def
“ xA∇∇∇u,nnny ´ xbbbu,nnny (1.5)

The boundary conditions (1.3) and (1.4) are respectively Dirichlet and Robin boundary conditions.
Neumann boundary conditions are particular Robin boundary conditions with aR ” 0.
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To have an outline of the fc-vfemP1 package, a first and simple problem is quickly present. Expla-
nations will be given in next sections.

The problem to solve is the Laplace problem for a condenser.

Usual BVP 1 : 2D condenser problem
Find u P H2pΩq such that

´∆u “ 0 in Ω Ă R2, (1.6)
u “ 0 on Γ1, (1.7)
u “ ´12 on Γ98, (1.8)
u “ 12 on Γ99, (1.9)

where Ω and its boundaries are given in Figure 1.1.

Figure 1.1: 2D condenser mesh and boundaries (left) and numerical solution (right)

The problem (1.6)-(1.9) can be equivalently expressed as the scalar BVP (1.2)-(1.4) :

Scalar BVP 2 : 2D condenser problem
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD “ Γ1 Y Γ98 Y Γ99.

where L :“ LI,000,000,0, f ” 0, and

gD :“ 0 on Γ1, g
D :“ ´12 on Γ98, g

D :“ `12 on Γ99

In Listing 27 a complete code is given to solve this problem.

mesh f i l e=gmsh . buildmesh2d ( ’ condenser ’ ,10) # genera te mesh
Th=siMesh ( mesh f i l e ) # read mesh
Lop=Loperator (dim=2,d=2,A= [ [ 1 , 0 ] , [ 0 , 1 ] ] )
pde=PDE(Op=Lop)
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , 0 . )
bvp . s e tD i r i c h l e t ( 98 , ´12.)
bvp . s e tD i r i c h l e t ( 99 , +12.)
u=bvp . s o l v e ( ) ;
# Graphic par t s
p l t . f i g u r e (1 )
s i p l t . plotmesh (Th, legend=True )
set_axes_equal ( )
p l t . f i g u r e (2 )
s i p l t . plotmesh (Th, c o l o r=’ LightGray ’ , alpha =0.3)
s i p l t . plotmesh (Th, d=1, legend=True )

Compiled on 2017/06/23 at 08:02:45
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set_axes_equal ( )
p l t . f i g u r e (3 )
s i p l t . p l o t (Th, u)
p l t . c o l o rba r ( l a b e l=’u ’ )
set_axes_equal ( )
p l t . f i g u r e (4 )
s i p l t . p l o t i s o (Th, u , contours=15)
p l t . c o l o rba r ( l a b e l=’u ’ )
s i p l t . plotmesh (Th, c o l o r=’ LightGray ’ , alpha =0.3)
p l t . ax i s ( ’ o f f ’ ) ; set_axes_equal ( )

Listing 1.1: Complete Python code to solve the 2D condenser problem with graphical representations

Figure 1.2: 2D condenser numerical solution

1.2 Vector boundary value problem

Let m ě 1 and H be the m-by-m matrix of second order linear differential operators defined by
#

H :
`

H2pΩq
˘m

ÝÑ
`

L2pΩq
˘m

uuu “ puuu1, . . . ,uuumq ÞÝÑ fff “ pfff1, . . . , fffmq
def
“ Hpuuuq

(1.10)

where

fffα “
m
ÿ

β“1

Hα,βpuuuβq, @α P v1,mw, (1.11)

with, for all pα, βq P v1,mw2,
Hα,β

def
“ LAα,β ,bbbα,β ,cccα,β ,aα,β0

(1.12)

and Aα,β P pL8pΩqqdˆd, bbbα,β P pL8pΩqqd, cccα,β P pL8pΩqqd and aα,β0 P L8pΩq are given functions. We
can also write in matrix form

Hpuuuq “

¨

˚

˝

LA1,1,bbb1,1,ccc1,1,a1,10
. . . LA1,m,bbb1,m,ccc1,m,a1,m0

...
. . .

...
LAm,1,bbbm,1,cccm,1,am,10

. . . LAm,m,bbbm,m,cccm,m,am,m0

˛

‹

‚

¨

˚

˝

uuu1

...
uuum

˛

‹

‚

. (1.13)

We remark that the H operator for m “ 1 is equivalent to the L operator.
For α P v1,mw, we define ΓDα and ΓRα as open subsets of Γ, possibly empty, such that ΓDα X ΓRα “ H.

Let fff P pL2pΩqqm, gDα P H1{2pΓDα q, gRα P L2pΓRα q, a
R
α P L

8pΓRα q be given data.
A vector boundary value problem is given by

Compiled on 2017/06/23 at 08:02:45
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Vector BVP 1 : generic problem
Find uuu “ puuu1, . . . ,uuumq P pH

2pΩqqm such that

Hpuuuq “fff in Ω, (1.14)

uuuα “g
D
α on ΓDα , @α P v1,mw, (1.15)

Buuu

BnHα

` aRαuuuα “g
R
α on ΓRα , @α P v1,mw, (1.16)

where the α-th component of the conormal derivative of uuu is defined by

Buuu

BnHα

def
“

m
ÿ

β“1

Buuuβ
BnHα,β

“

m
ÿ

β“1

`@

Aα,β∇∇∇uuuβ ,nnn
D

´
@

bbbα,βuuuβ ,nnn
D˘

. (1.17)

The boundary conditions (1.16) are the Robin boundary conditions and (1.15) is the Dirichlet
boundary condition. The Neumann boundary conditions are particular Robin boundary conditions
with aRα ” 0.

In this problem, we may consider on a given boundary some conditions which can vary depending on
the component. For example we may have a Robin boundary condition satisfying Buuu

BnH1
`aR1 uuu1 “ gR1 and

a Dirichlet one with uuu2 “ gD2 .
To have an outline of the fc-vfemP1 package, a second and simple problem is quickly present.

Usual vector BVP 1 : 2D simple vector problem
Find uuu “ pu1, u2q P pH

2pΩqq2 such that

´∆u1 ` u2 “ 0 in Ω Ă R2, (1.18)
´∆u2 ` u1 “ 0 in Ω Ă R2, (1.19)

pu1, u2q “ p0, 0q on Γ1, (1.20)
pu1, u2q “ p´12.,`12.q on Γ98, (1.21)
pu1, u2q “ p`12.,´12.q on Γ99, (1.22)

where Ω and its boundaries are given in Figure 1.1.
The problem (1.18)-(1.22) can be equivalently expressed as the vector BVP (1.2)-(1.4) :

Vector BVP 2 : 2D simple vector problem
Find uuu “ pu1, u2q P pH

2pΩqq2 such that

Hpuuuq “fff in Ω,

u1 “g
D
1 on ΓD “ Γ1 Y Γ98 Y Γ99,

u2 “g
D
2 on ΓD “ Γ1 Y Γ98 Y Γ99,

where
H :“

ˆ

LI,OOO,OOO,0 LO,OOO,OOO,1

LO,OOO,OOO,1 LI,OOO,OOO,0

˙

, as H
ˆ

u1

u2

˙

“

ˆ

´∆ 1
1 ´∆

˙ˆ

u1

u2

˙

f ” 0,

and

gD1 “ gD2 :“ 0 on Γ1, g
D
1 :“ ´12, gD2 :“ `12 on Γ98, g

D
1 :“ `12, gD2 :“ ´12 on Γ99

In Listing 21 a complete code is given to solve this problem. Numerical solutions are given in Fig-
ure 1.3.

mesh f i l e=gmsh . buildmesh2d ( ’ condenser ’ ,10) ; # genera te mesh
Th=siMesh ( mesh f i l e ) # read mesh
Hop1=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] )

Compiled on 2017/06/23 at 08:02:45
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Hop2=Loperator (dim=2,a0=1)
Hop=Hoperator (dim=2,m=2,H=[ [Hop1 , Hop2 ] , [ Hop2 , Hop1 ] ] )
pde=PDE(Op=Hop)
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , 0 , comps=[0 , 1 ] )
bvp . s e tD i r i c h l e t ( 98 , [ ´12 ,+12] , comps=[0 , 1 ] ) ;
bvp . s e tD i r i c h l e t ( 99 , [+12 , ´12] , comps=[0 , 1 ] ) ;
U=bvp . s o l v e ( s p l i t=True )
# Graphic par t s
p l t . f i g u r e (1 )
s i p l t . p l o t (Th,U[ 0 ] )
p l t . ax i s ( ’ o f f ’ ) ; set_axes_equal ( )
p l t . c o l o rba r ( l a b e l=’$u_1$ ’ , o r i e n t a t i o n=’ ho r i z on t a l ’ )
p l t . f i g u r e (2 )
s i p l t . p l o t (Th,U[ 1 ] )
p l t . ax i s ( ’ o f f ’ ) ; set_axes_equal ( )
p l t . c o l o rba r ( l a b e l=’$u_2$ ’ , o r i e n t a t i o n=’ ho r i z on t a l ’ )

Listing 1.2: Complete Python code to solve the funny 2D vector problem with graphical representations

Figure 1.3: Funny vector BVP, u1 numerical solution (left) and u2 numerical solution (right)

Obviously, more complex problems will be studied in section ?? and complete explanations on the
code will be given in next sections.

In the following of the report we will solve by a P1-Lagrange finite element method scalar B.V.P. (1.2)
to (1.4) and vector B.V.P. (1.14) to (1.16) without additional restrictive assumption.

Compiled on 2017/06/23 at 08:02:45
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Chapter 2
siMesh object

The siMesh object is defined in the fc-simesh Python package

http://www.math.univ-paris13.fr/„cuvelier/software/fc-simesh-Python.html

An user’s guide is also provided on this web page.
As 2d example, we use in this report the mesh obtained from square4holes6dom.geo by using the

code given in Listing 2.1 and represented in Figure 2.1.

Listing 2.1: Python code to get a 2D mesh
from fc_simesh . siMesh import siMesh
from fc_oogmsh import gmsh
from fc_vfemp1 . sys import get_geo
( geodir , g e o f i l e )=get_geo (2 , 2 , ’ square4holes6dom ’ )
me sh f i l e=gmsh . buildmesh (2 , g eod i r+’ / ’+g e o f i l e , 5 0 , verbose=0)
Th=siMesh ( mesh f i l e )
print ( ’Th␣́ >␣ ’+str (Th) ) ;

Output
Th -> siMesh object

d : 2
dim : 2
nq : 13258
nme : 25994
sTh : list of 16 siMeshElt
nsTh : 16

sThsimp : (16,) ndarray
[1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2]

sThlab : (16,) ndarray
[ 1 2 3 4 5 6 7 8 10 20 2 4 6 8 10 20]

http://www.math.univ-paris13.fr/~cuvelier/software/fc-simesh-Python.html
http://www.math.univ-paris13.fr/~cuvelier/software/fc-simesh-Python.html
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Figure 2.1: Mesh from square4holes6dom.geo, domains representation (left) and boundaries (right)

From the 2d mesh example given in Listing 2.1 and Figure 2.1 we have

Ωh “
ď

lP labs2

Ωlh with labs2 “ t2, 4, 6, 8, 10, 20u (2.1)

Γh
def
“ BΩh “

ď

lP labs1

Γlh with labs1 “ t1, 3, 5, 7, 10, 20u (2.2)

where each one of the Ωlh is a 2-simplicial elementary mesh and each one of the Γlh is a 1-simplicial
elementary mesh. With the siMesh object Th , we easily can obtain each one of these elementary
meshes. For example, we have

Ω8
h Ð Th.sTh[Th.find(2,8)] Γ10

h Ð Th.sTh[Th.find(1,10)]

Compiled on 2017/06/23 at 08:02:45
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Chapter 3
Python objects

3.1 Loperator object

The object Loperator is used to create the operator LA,bbb,ccc,a0 defined in (1.1).
The Loperator main properties are

Properties of Loperator object
dim : integer, space dimension.
A : a dim -by- dim list.

Used to store the A functions such that
A[i´1][j´1]Ð Ai,j .

b : list with dim elements.
Used to store the bbb functions such that b[ i´1]Ð bbbi.

c : list with dim elements.
Used to store the ccc functions such that c[ i´1]Ð ccci.

a0 :
Used to store the a0 function such that a0Ð a0.

To set all the functions contain in this operator (i.e. function from Rdim to R) we accept in Python
various type of datas collectively known as operator data function and given by

Definition 3.1: operator data function

In Python, we say that a data is an operator data function if its

• a scalar (for constant function),

• a def function,

• a lambda function,
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• a numpy array (when used with a mesh),

• a None value for the 0 function.

3.1.1 Constructor

Its contructor is

obj=Loperator (** kwargs)

Description

obj=Loperator(key=value,...) . The key could be

‚ dim : to set the space dimension (default 2),
‚ A : to set the matrix-valued function A (default is a list of dim lists of dim None if

fill is True otherwise default is None ) ,
‚ b : to set the vector-valued function bbb (default is a list of dim None otherwise default

is None ),
‚ c : to set the vector-valued function ccc (default is a list of dim None otherwise default

is None ),
‚ a0 : to set the function a0 (default None ),
‚ fill : if True fill the default data with a dim -by- dim matrix of None for field A

and with a vector of None for fields b and c (default False ).

Samples

´∆u :“ LI,OOO,OOO,0puq

in R Lop=Loperator(dim=1,A=[[1]])

in R2 Lop=Loperator(dim=2,A=[[1,None],[None,1]])

in R3 Lop=Loperator(dim=3,A=[[1,None,None],[None,1,None],[None,None,1]])
...

´∆u` u :“ LI,OOO,OOO,1puq

in R Lop=Loperator(dim=1,A=[[1]],a0=1)

in R2 Lop=Loperator(dim=2,A=[[1,None],[None,1]],a0=1)

in R3 Lop=Loperator(dim=3,A=[[1,None,None],[None,1,None],[None,None,1]],a0=1)
...

In R2, ´∆u` p1` cospx` yqqu :“ LI,OOO,OOO,px,yqÞÑp1`cospx`yqqpuq

Lop=Loperator(dim=2,A=[[1,None],[None,1]],a0=lambda x,y:1+np.cos(x+y))
or
Lop=Loperator(dim=2,A=[[1,None],[None,1]],a0=lambda X:1+np.cos(X[0]+X[1]))

In R3, let α : px, y, zq ÞÑ 1` x2 ` y2 ` z2, β : px, y, zq ÞÑ 1` x2, VVV “

¨

˝

px, y, zq ÞÑ x` y ` z
1

px, y, zq ÞÑ x ˚ y ˚ z

˛

‚ and

A “

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚. Then we have

´ divpα∇∇∇uq ` xVVV ,∇∇∇uy ` βu :“ LA,000,VVV ,βpuq.

The associated python code is given in Listing 3.1

Compiled on 2017/06/23 at 08:02:45
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Listing 3.1: sample
from fc_vfemp1 . ope ra to r s import Loperator
a f=lambda x , y , z : 1+x∗∗2+y∗∗2+z ∗∗2
Vx=lambda x , y , z : x+y+z ; Vy=1; Vz=lambda x , y , z : x∗y∗z
beta=lambda x , y , z : 1+x∗∗2
Lop=Loperator (dim=3,A=[ [ af , None , None ] , [ None , af , None ] , [ None , None , a f ] ] , c=[Vx,Vy,Vz ] , a0=beta )
print (Lop)

Output
Loperator : (dim,d,order) = (3,3,2)

A : [[Function, None, None], [None, Function, None], [None, None, Function]]
b : None
c : [Function, Scalar, Function]
a0 : Function

3.2 Hoperator object

The object Hoperator is used to create the operator H defined in (1.10). Its main properties are

Properties of Hoperator object
dim : integer, space dimension.
m : integer
H : List of m-by-m elements.

Used to store the H operators such that
H[i´1][j´1] Ð Hi,j , @i, j P v1,mw. Each element
contains a Loperator object or a None value.

3.2.1 Constructor

Its contructor are

obj=Hoperator ()
obj=Hoperator(dim=..., m=...)
obj=Hoperator(dim=..., m=..., H=...)

Description

obj=Hoperator() create an empty/null operator with dim=2 and m=2 .

obj=Hopertor(dim=..., m=...) create an empty/null operator with the given dimensions dim and

m .

obj=Hopertor(dim=...,m=..., H=...) create an operator with a given H .

Samples

In R2, with uuu “ pu1, u2q the operator H defined by

Hpuuuq def
“

ˆ

´∆u1 ` u2

u1 ´∆u2

˙

could be written as
H
ˆ

u1

u2

˙

“

ˆ

´∆ 1
1 ´∆

˙ˆ

u1

u2

˙

and then
H “

ˆ

LI,OOO,OOO,0 LO,OOO,OOO,1

LO,OOO,OOO,1 LI,OOO,OOO,0

˙
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Listing 3.2: sample
from fc_vfemp1 . ope ra to r s import Loperator , Hoperator
Lop1=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] )
Lop2=Loperator (dim=2,a0=1)
Hop1=Hoperator (dim=2,m=2,H=[ [ Lop1 , Lop2 ] , [ Lop2 , Lop1 ] ] )
print ( ’ ∗∗∗␣Hop1␣́ >␣ ’+str (Hop1) )
Hop2=Hoperator (dim=2,m=2)
Hop2 . set (0 , 0 , Lop1 ) ; Hop2 . set (0 , 1 , Lop2 )
Hop2 . set (1 , 0 , Lop2 ) ; Hop2 . set (1 , 1 , Lop1 )
print ( ’ ∗∗∗␣Hop2␣́ >␣ ’+str (Hop2) )

Output
*** Hop1 -> Hoperator :
(dim,d,m) : (2,2,2)

order : 2
H[0][0] : Loperator : (dim,d,order) = (2,2,2)

A : [[Scalar, None], [None, Scalar]]
H[0][1] : Loperator : (dim,d,order) = (2,2,0)

a0 : Scalar
H[1][0] : Loperator : (dim,d,order) = (2,2,0)

a0 : Scalar
H[1][1] : Loperator : (dim,d,order) = (2,2,2)

A : [[Scalar, None], [None, Scalar]]
*** Hop2 -> Hoperator :
(dim,d,m) : (2,2,2)

order : 2
H[0][0] : Loperator : (dim,d,order) = (2,2,2)

A : [[Scalar, None], [None, Scalar]]
H[0][1] : Loperator : (dim,d,order) = (2,2,0)

a0 : Scalar
H[1][0] : Loperator : (dim,d,order) = (2,2,0)

a0 : Scalar
H[1][1] : Loperator : (dim,d,order) = (2,2,2)

A : [[Scalar, None], [None, Scalar]]

3.2.2 Methods

set function

zeros function

opStiffElas function

3.3 PDE object

This object is used to store the scalar PDE (1.2) or the vector PDE (1.14):

Lpuq “ f or Hpuuuq “ fff

acting on d-dimensional submanifold of Rdim. For example with dim “ 3, a 2-dimensional submanifold is
a surface, a 1-dimensional submanifold is a curve and a 0-dimensional submanifold is a point. Its main
properties are

Properties of PDE object
dim : integer, space dimension.
d : integer, submanifold dimension.
m : integer
Op : Loperator or Hoperator object.
f : (list of) operator data function or None .

Used to store the right-hand side of the PDE. If Op

is an Loperator object then f is an operator data
function . If Op is an Hoperator object then f

is a list of Op.m operator data function or None
value.

Its contructor are
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obj=PDE()
obj=PDE(dim=..., m=..., Op=..., f=...)

Description

obj=PDE() create an empty PDE object with dim=2 and m=1

obj=PDE(dim=dval) create an empty PDE object with dim=dval and m=1

obj=PDE(m=mval) create an empty PDE object with dim=2 and m=mval

obj=PDE(Op=op) create the PDE object with f ” 0, : i.e. Op(u)=0 with dim=Op.dim and m=1

if fclstop is a Loperator object and m=op.m if op is an Hoperator object.

obj=PDE(Op=op,f=fun) create the PDE Op(u)=f. If Op is an Hoperator object then f must

be a cell array of length Hoperator.m .

Samples

In R2, ´∆u` u “ f, with fpx, yq “ xy2

Listing 3.3: Test
from fc_vfemp1 . ope ra to r s import Loperator
from fc_vfemp1 .BVP import PDE
Lop=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] , a0=1)
g=lambda x , y : x∗y∗∗2
pde=PDE(Op=Lop , f=g )
print ( pde )

Output
PDE object : (dim,m) = (2,1)

Op : Loperator : (dim,d,order) = (2,2,2)
A : [[Scalar, None], [None, Scalar]]
b : None
c : None
a0 : Scalar

f : <function <lambda> at 0x2ad86db52e18>
delta : [ 0.]

3.4 BVP object

The object BVP is used to create a scalar boundary value problem (1.2)-(1.4) or a vector boundary
value problem (1.14)-(1.16). The usage of this object is strongly correlated with good comprehension of
the fc-simesh package and more particularly with the siMesh object.

The properties of the object BVP are

Properties of BVP object
Th : a siMesh object
dim : integer, space dimension (equal to Th.dim ).
d : integer, (equal to Th.d ).
m : integer, system of m PDE’s.
pdes : list of Th.nsTh PDE objects.

Used to store the PDE associated with each submesh
Th.sTh[i]. If pdes[i ] is None then there is no PDE
defined on Th.sTh[i].
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3.4.1 Constructor

Its contructor are

obj=BVP(Th)
obj=BVP(Th,pde=..., labels =...)

Description

obj=BVP(Th) create a BVP object with no PDE’s defined,

obj=BVP(Th,pde=pde) create a BVP object with PDE’s defined by pde object on all submeshes

of index Th.find(pde.d) i.e. on all submeshes such that Th.sTh[i].d==pde.d. By default, homogeneous
Neumann boundary conditions are set on all boundaries.

obj=BVP(Th,pde=pde,labels=labs) similar to previous one except among the selected objects are

choosen those with label (Th.sTh[i]. label) in labs array/list. By default, homogeneous Neumann
boundary conditions are set on all boundaries.

3.4.2 Main methods

Let bvp be a BVP object.

setPDE function

bvp.setPDE(pde)
bvp.setPDE(pde ,labels =..., d=...)

Description

bvp.setPDE(pde) associated the pde object with the all the d-dimensional elementary meshes

where d is bvp.Th.d .

bvp.setPDE(pde,labels=labs,d=dval) associated the pde object with the dval -dimensional ele-

mentary meshes with labels in labs array/list.

setDirichlet function

bvp.setDirichlet(label ,g)
bvp.setDirichlet(label ,g,m=...)

Description

bvp. setDirichlet ( label ,g) for scalar B.V.P., sets Dirichlet boundary condition (1.3)

u “ g , on Γlabel

and for vector B.V.P., sets Dirichlet boundary condition (1.15)

uα “ g rα´ 1s,@α P v1,mv on Γ
label

.

bvp. setDirichlet ( label ,g,comps=Lc) for vector B.V.P., sets Dirichlet boundary condition :

@α P Lc , let i such that α “ Lc ris then

uα “ g[ i ] , on Γ
label

.
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setRobin function

bvp.setRobin(label ,gr)
bvp.setRobin(label ,gr ,ar=..., comps =...)

Description

bvp.setRobin(label,gr) for scalar B.V.P., sets Neumann boundary condition (i.e. Robin boundary

condition (??) with aR “ 0)
Bu

BnL
“ gr, on Γ

label
.

For vector B.V.P., sets Neumann boundary conditions (i.e. Robin boundary condition (??) with
aRα “ 0)

Buuu

BnHα

“ grrα´ 1s, @α P v1,mw on Γ
label

.

bvp.setRobin(label,gr,ar=arfun) for scalar B.V.P., sets Robin boundary condition (1.4)

Bu

BnL
` arfunˆ u “ gr, on Γ

label
.

For vector B.V.P., sets Robin boundary condition (1.16)

Buuu

BnHi

` arfun[ i´1]uuui “ gr[ i´1], @i P v1,mw on Γ
label

.

bvp.setRobin(label,gr,comps=Lc) for vector B.V.P., sets Robin boundary condition (1.16) :

@α P Lc , let i such that α “ Lc ris then the α-th components equation is

Buuu

BnHα

` arfun[ i ] ˆ uuuα “ gr[ i ], on Γ
label

.

solve function

x=bvp.solve()
x=bvp.solve(key ,value ,...)

Description

x=bvp.solve()) uses P1-Lagrange finite elements method to solve the B.V.P. described by the bvp

object.

x=bvp.solve(key,value ,...)

‚ ’ solver ’ :

‚ ’ split ’ :

‚ ’ local ’ :

‚ ’perm’ :

Compiled on 2017/06/23 at 08:02:45



Finite element functions with Loperator object

3
.
P
yt
ho

n
ob

je
ct
s

3.
5.
Fi
ni
te

el
em

en
t
fu
nc
ti
on

s
w
it
h

Lo
pe

ra
to

r
ob

je
ct

3.
5.
2
N
ot
at
io
ns

on
Γ
h

17

3.5 Finite element functions with Loperator object

3.5.1 Notations on Ωh

Let DL “ DA,bbb,ccc,a0 be the first order bilinear differential operator acting on scalar fields associated to the
LA,bbb,ccc,a0 operator defined @pu, vq P pH1pΩqq2 by

DLpu, vq “ xA∇∇∇u,∇∇∇ vy ´ pu xbbb,∇∇∇ vy ´ v x∇∇∇u,cccyq ` a0uv. (3.1)

Let Ωh “
Ť

lP labs
Ωlh be a partition of Ωh. We denote by

‚ pDLpΩlhq the pnq-by-pnq (local) matrix defined by

pDL
i,jpΩ

l
hq “

ż

Ωlh

DLppϕj , pϕiqdq (3.2)

where pnq is the number of vertices of Ωlh and tpϕiuiPv1,pnqw are the (local) P1-Lagrange basis functions
on Ωlh.

‚ DLpΩlhq the nq-by-nq (global) matrix defined by

DL
i,jpΩ

l
hq “

ż

Ωlh

DLpϕj , ϕiqdq (3.3)

where nq is the number of vertices of Ωh and tϕiuiPv1,nqw are the (global) P1-Lagrange basis functions
on Ωh.

‚ DLpΩhq the nq-by-nq matrix defined by

DL
i,jpΩhq “

ż

Ωh

DLpϕj , ϕiqdq (3.4)

where nq is the number of vertices of Ωh and tϕiuiPv1,nqw are the (global) P1-Lagrange basis functions
on Ωh. We can remark that

DLpΩhq “
ÿ

lP labs

DLpΩlhq

3.5.2 Notations on Γh

Let DL “ DA,bbb,ccc,a0 be the first order bilinear differential operator acting on scalar fields associated to the
LA,bbb,ccc,a0 operator defined @pu, vq P pH1pΓqq2 by

DLpu, vq “ xA∇∇∇Γ u,∇∇∇Γ vy ´ pu xbbb,∇∇∇Γ vy ´ v x∇∇∇Γ u,cccyq ` a0uv. (3.5)

where A....
Let Γh “

Ť

lP labs
Γlh be a partition of Γh. We denote by

‚ pDLpΓlhq the pnq-by-pnq (local) matrix defined by

pDL
i,jpΓ

l
hq “

ż

Γlh

DLppϕj , pϕiqdq (3.6)

where pnq is the number of vertices of Γlh and tpϕiuiPv1,pnqw are the (local) P1-Lagrange basis functions
on Γlh.

‚ DLpΓlhq the nq-by-nq (global) matrix defined by

DL
i,jpΓ

l
hq “

ż

Γlh

DLpϕj , ϕiqdq (3.7)

where nq is the number of vertices of Ωh and tϕiuiPv1,nqw are the (global) P1-Lagrange basis functions
on Ωh.
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‚ DLpΓhq the nq-by-nq matrix defined by

DL
i,jpΓhq “

ż

Γh

DLpϕj , ϕiqdq (3.8)

where nq is the number of vertices of Ωh and tϕiuiPv1,nqw are the (global) P1-Lagrange basis functions
on Ωh. We can remark that

DLpΓhq “
ÿ

lP labs

DLpΓlhq

3.5.3 AssemblyP1 function

Let Th be a siMesh object representing Ωh and, at least, all its boundaries. Let eTh be a siMeshElt
object obtained from the array Th.sTh (i.e. eTh=Th.sTh[idx] ). Let Lop be the Loperator object
representing LA,bbb,ccc,a0 .

D=AssemblyP1(Th,Lop) returns the Th.nq -by- Th.nq matrix DLpΩhq defined in (3.8).

As example, we compute in Listing 3.4 the Mass matrix and the Stiffness matrix for the mesh obtain
with Listing 2.1.

Listing 3.4: Examples of usage of the function AssemblyP1

from fc_vfemp1 . ope ra to r s import Loperator
from fc_vfemp1 .FEM import AssemblyP1
LopMass=Loperator (dim=2,a0=1)
print ( ’ ∗∗∗␣Compute␣mass␣matrix ’ )
Mass=AssemblyP1 (Th, LopMass )
print ( ’Mass␣́ >␣ ’+Mass .__repr__( ) )
print ( ’ ∗∗∗␣Compute␣ s t i f f n e s s ␣matrix ’ )
LopS t i f f=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] )
S t i f f=AssemblyP1 (Th, LopS t i f f )
print ( ’ S t i f f ␣́ >␣ ’+S t i f f .__repr__( ) )

Output
*** Compute mass matrix
Mass -> <13258x13258 sparse matrix of type ’<class ’numpy.float64’>’

with 91768 stored elements in Compressed Sparse Column format>
*** Compute stiffness matrix
Stiff -> <13258x13258 sparse matrix of type ’<class ’numpy.float64’>’

with 91768 stored elements in Compressed Sparse Column format>

D=AssemblyP1(Th,Lop,labels=labs) returns the Th.nq -by- Th.nq matrix DLpΩlabs
h q where

Ωlabs
h “

ď

lP labs

Ωlh Ă Ωh

and we also have

DLpΩlabs
h q “

ÿ

lP labs

DLpΩlhq, with DL
i,jpΩ

l
hq “

ż

Ωlh

DLpϕj , ϕiqdq@pi, jq P v1,nqw
2

Listing 3.5: function AssemblyP1 with labels option

Th=siMesh ( mesh f i l e )
from fc_vfemp1 . ope ra to r s import Loperator
from fc_vfemp1 .FEM import AssemblyP1
Lop=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] , a0=lambda x , y:1+x∗∗2)
M = AssemblyP1 (Th, Lop)
Ma= AssemblyP1 (Th, Lop , l a b e l s = [2 , 4 , 6 , 8 ] )
Mb= AssemblyP1 (Th, Lop , l a b e l s =[10 ,20 ] )
E = Ḿ (Ma+Mb)
print ( ’E␣́ >␣ ’+E.__repr__( ) )

Output
E -> <13258x13258 sparse matrix of type ’<class ’numpy.float64’>’

with 0 stored elements in Compressed Sparse Column format>

Compiled on 2017/06/23 at 08:02:45



Finite element functions with Loperator object

3
.
P
yt
ho

n
ob

je
ct
s

3.
5.
Fi
ni
te

el
em

en
t
fu
nc
ti
on

s
w
it
h

Lo
pe

ra
to

r
ob

je
ct

3.
5.
4

ap
pl

y
fu
nc
ti
on

19

LoM,LtoG=AssemblyP1(Th,Lop,local=True)

returns a list of sparse matrix LoM and a list of numpy array LtoG . With idx=Th.find(Th.d)
, we have

LoM[i]=AssemblyP1(Th.sTh[idx[i]],Lop)

and

LtoG[i]=Th.sTh[idx[i ]].toGlobal .

LoM,LtoG=AssemblyP1(Th,Lop,local=True,labels=labs)

D=AssemblyP1(Th,Lop,d=dvalue)

D=AssemblyP1(Th,Lop,d=dvalue,labels=labs)

LoM,LtoG=AssemblyP1(Th,Lop,d=dvalue,local=True)

LoM,LtoG=AssemblyP1(Th,Lop,d=dvalue,local=True,labels=labs)

3.5.4 apply function

This function can be used to numerically compute xccc,∇∇∇uy ` a0u :“ LO,OOO,ccc,a0puq on a given mesh. This
method only works if the A and b properties of the operator are None .

U=apply(Th,Lop,u) returns the numpy array with Th.nq ...
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Chapter 4
Scalar boundary value problems

4.1 Poisson BVP’s

The generic problem to solve is the following

Usual BVP 2 : Poisson problem
Find u P H1pΩq such that

´∆u “ f in Ω Ă Rdim, (4.1)
u “ gD on ΓD, (4.2)

Bu

Bn
` aR u “ gR on ΓR, (4.3)

where Ω Ă Rdim with BΩ “ ΓD Y ΓR and ΓD X ΓR “ H.
The Laplacian operator ∆ can be rewritten according to a L operator defined in (1.1) and we have

´∆
def
“ ´

dim
ÿ

i“1

B2

Bxi2
“ LI,000,000,0. (4.4)

The conormal derivative Bu
BnL

of this L operator is given by

Bu

BnL

def
“ xA∇∇∇u,nnny ´ xbbbu,nnny “ Bu

Bn
. (4.5)

We now will see how to implement different Poisson’s BVP while using the fc-vfemP1 toolbox.

4.1.1 2D Poisson BVP with Dirichlet boundary conditions on the unit square

Let Ω be the unit square with the associated mesh obtain from HyperCube function (see section ?? for
explanation and Figure ?? for a mesh sample) by the command

Th=fc_simesh.siMesh.HyperCube(2,50)
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Figure 4.1: 2D hypercube (left) and its boundaries (right)

We choose the problem to have exact solution

uexpx, yq “ cos px´ yq sin px` yq ` ep´x
2
´y2q.

So we set f “ ´∆uex i.e.

fpx, yq “ ´4x2ep´x
2
´y2q ´ 4 y2ep´x

2
´y2q ` 4 cos px´ yq sin px` yq ` 4 ep´x

2
´y2q.

On all the 4 boundaries we set a Dirichlet boundary conditions (and so ΓR “ H) :

u “ uex, on ΓD “ Γ1 Y Γ2 Y Γ3 Y Γ4.

So this problem can be written as the scalar BVP 5

Scalar BVP 3 : 2D Poisson BVP with Dirichlet boundary conditions
Find u P H1pΩq such that

LI,000,000,0puq “ f in Ω “ r0, 1s2, (4.6)
u “ uex on Γ1 Y Γ2 Y Γ3 Y Γ4, (4.7)

In Listing 10, we give the complete code to solve this problem with fc-vfemP1 toolbox.
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uex=lambda x , y : np . cos (x´y ) ∗np . s i n (x+y)+np . exp(´(x∗∗2+y∗∗2) )
f=lambda x , y : ´4∗x∗∗2∗np . exp(´x∗∗2´y∗∗2) ´ 4∗y∗∗2∗np . exp(´x∗∗2´y∗∗2) +

4∗np . cos (x´y ) ∗np . s i n (x+y) + 4∗np . exp(´x∗∗2´y∗∗2)
Th=HyperCube (2 ,50 ) ;
Lop=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] )
pde=PDE(Op=Lop , f=f )
bvp=BVP(Th, pde=pde )
for l ab in [ 1 , 2 , 3 , 4 ] :

bvp . s e tD i r i c h l e t ( lab , uex )
U=bvp . s o l v e ( ) ;

Listing 4.1: Poisson 2D BVP with Dirichlet boundary conditions : numerical solution (left) and
error (right)

4.1.2 2D Poisson BVP with mixed boundary conditions

Let Ω be the unit square with the associated mesh obtain from HyperCube function (see section ?? for
explanation and Figure ?? for a mesh sample)

We choose the problem to have exact solution

uexpx, yq “ cos p2x` yq .

So we set f “ ´∆uex i.e.
fpx, yq “ 5 cos p2x` yq .

On boundary labels 1 and 2 we set a Dirichlet boundary conditions :

u “ uex, on ΓD “ Γ1 Y Γ2.

On boundary label 3, we choose a Robin boundary condition with aRpx, yq “ x2 ` y2 ` 1. So we have

Bu

Bn
` aRu “ gR, on ΓR “ Γ3

with gR “
`

x2 ` y2 ` 1
˘

cos p2x` yq ` sin p2x` yq .
On boundary label 4, we choose a Newmann boundary condition. So we have

Bu

Bn
“ gN , on ΓN “ Γ4

with gN “ ´ sin p2x` yq . this can be also written in the form of a Robin condition with aR “ 0
So this problem can be written as the scalar BVP 5
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Scalar BVP 4 : 2D Poisson BVP with mixed boundary conditions
Find u P H1pΩq such that

LI,000,000,0puq “ f in Ω “ r0, 1s2, (4.8)
u “ uex on Γ1 Y Γ2 Y Γ3 Y Γ4, (4.9)

Bu

BnL
` aRu “ gR on Γ3, (4.10)

Bu

BnL
“ gN on Γ4, (4.11)

(4.12)

In Listing 14, we give the complete code to solve this problem with fc-vfemP1 toolbox.

uex=lambda x , y : np . cos (2∗x+y)
f=lambda x , y : 5∗np . cos (2∗x+y)
gradu=[lambda x , y : ´2∗np . s i n (2∗x+y) , lambda x , y : ´np . s i n (2∗x+y) ]
ar3 = lambda x , y : 1+x∗∗2+y∗∗2
Th=HyperCube (2 ,50 )
Lop=Loperator (dim=2,A=[ [1 ,None ] , [ None , 1 ] ] )
pde=PDE(Op=Lop , f=f )
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , uex )
bvp . s e tD i r i c h l e t ( 2 , uex )
bvp . setRobin ( 3 ,lambda x , y : ´gradu [ 1 ] ( x , y )+ar3 (x , y ) ∗uex (x , y ) , ar=ar3 )
bvp . setRobin ( 4 , gradu [ 1 ] )
U=bvp . s o l v e ( )

Listing 4.2: Poisson 2D BVP with mixed boundary conditions : numerical solution (left) and error
(right)

4.1.3 3D Poisson BVP with mixed boundary conditions

Let Ω be the unit cube with the associated mesh obtain from HyperCube function (see section ?? for
explanation and Figure ?? for a mesh sample)

We choose the problem to have exact solution

uexpx, y, yq “ cos p4x´ 3 y ` 5 zq .

So we set f “ ´∆uex i.e.
fpx, y, zq “ 50 cos p4x´ 3 y ` 5 zq .

On boundary labels 1, 3, 5 we set a Dirichlet boundary conditions :

u “ uex, on ΓD “ Γ1 Y Γ3 Y Γ5.
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On boundary label 2, we choose a Robin boundary condition with aRpx, yq “ 1. So we have

Bu

Bn
` aRu “ gR, on ΓR “ Γ2 Y Γ4

with gRpx, y, zq “ cos p4x´ 3 y ` 5 zq´4 sin p4x´ 3 y ` 5 zq , on Γ2 and gRpx, y, zq “ cos p4x´ 3 y ` 5 zq`
3 sin p4x´ 3 y ` 5 zq , on Γ4.

On boundary label 6, we choose a Newmann boundary condition. So we have

Bu

Bn
“ gN , on ΓN “ Γ6

with gN “ ´5 sin p4x´ 3 y ` 5 zq . this can be also written in the form of a Robin condition with aR “ 0
on Γ6.

So this problem can be written as the scalar BVP 5

Scalar BVP 5 : 3D Poisson BVP with mixed boundary conditions
Find u P H1pΩq such that

LI,000,000,0puq “ f in Ω “ r0, 1s3, (4.13)
u “ uex on Γ1 Y Γ3 Y Γ5, (4.14)

Bu

BnL
` aRu “ gR on Γ2 Y Γ4, (4.15)

Bu

BnL
“ gN on Γ6, (4.16)

(4.17)

In Listing 15, we give the complete code to solve this problem with fc-vfemP1 toolbox.
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uex=lambda x , y , z : np . cos (4∗x´3∗y+5∗z )
f=lambda x , y , z : 50∗uex (x , y , z )
gradu=[lambda x , y , z : ´4∗np . s i n (4∗x´3∗y+5∗z ) , lambda x , y , z :

3∗np . s i n (4∗x´3∗y+5∗z ) , lambda x , y , z : ´5∗np . s i n (4∗x´3∗y+5∗z ) ]
ar = 1
Th=HyperCube (3 ,30 )
Lop=Loperator (dim=3,d=3,A=[ [1 ,None , None ] , [ None , 1 , None ] , [ None , None , 1 ] ] )
pde=PDE(Op=Lop , f=f )
bvp=BVP(Th, pde=pde )
for l ab in [ 1 , 3 , 5 ] :

bvp . s e tD i r i c h l e t ( lab , uex )
bvp . setRobin ( 2 ,lambda x , y , z : gradu [ 0 ] ( x , y , z )+ar ∗uex (x , y , z ) , ar=ar )
bvp . setRobin ( 4 ,lambda x , y , z : gradu [ 1 ] ( x , y , z )+ar ∗uex (x , y , z ) , ar=ar )
bvp . setRobin ( 6 , gradu [ 2 ] )
u=bvp . s o l v e ( ) ;

Listing 4.3: 3D Poisson BVP with mixed boundary conditions : numerical solution (upper) and
error (bottom)

4.1.4 1D BVP : just for fun

Let Ω be the interval ra, bs we want to solve the following PDE

´u2pxq ` cpxqupxq “ fpxq @x Psa, br

with the Dirichlet boundary condition upaq “ 0 and the homgeneous Neumann boundary condition on b
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f=lambda x : np . cos (np . p i ∗x )
c=lambda x : 1+(x´1)∗∗2
a=´1; b=1
Th=HyperCube (1 ,50 , mapping=lambda x : a + (b´a ) ∗x )
Lop=Loperator (dim=1,A= [ [ 1 ] ] , a0=c )
pde=PDE(Op=Lop , f=f )
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , 0)
U=bvp . s o l v e ( )

Listing 4.4: 1D BVP with mixed boundary conditions

4.2 Stationary convection-diffusion problem

4.2.1 Stationary convection-diffusion problem in 2D

The 2D problem to solve is the following

Usual BVP 3 : 2D stationary convection-diffusion problem
Find u P H1pΩq such that

´ divpα∇∇∇uq ` xVVV ,∇∇∇uy ` βu “ f in Ω Ă R2, (4.18)
u “ 4 on Γ2, (4.19)
u “ ´4 on Γ4, (4.20)
u “ 0 on Γ20 Y Γ21, (4.21)
Bu

Bn
“ 0 on Γ1 Y Γ3 Y Γ10 (4.22)

where Ω and its boundaries are given in Figure ??. This problem is well posed if αpxxxq ą 0 and
βpxxxq ě 0.
We choose α, VVV , β and f in Ω as :

αpxxxq “ 0.1` px1 ´ 0.5q2,

VVV pxxxq “ p´10x2, 10x1q
t,

βpxxxq “ 0.01,

fpxxxq “ ´200 expp´10ppx1 ´ 0.75q2 ` x2
2qq.
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Figure 4.2: 2D stationary convection-diffusion BVP : mesh (left) and boundaries (right) representations
by using matplotlib package

The problem (4.18)-(4.22) can be equivalently expressed as the scalar BVP (1.2)-(1.4) :

Scalar BVP 6 : 2D stationary convection-diffusion problem
Find u P H1pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇∇∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓD “ Γ2 Y Γ4 Y Γ20 Y Γ21 and ΓR “ Γ1 Y Γ3 Y Γ10

‚ gD :“ 4 on Γ2, and gD :“ ´4 on Γ4 and gD :“ 0 on Γ20 Y Γ21

‚ aR “ gR :“ 0 on ΓR.

The algorithm using the toolbox for solving (4.18)-(4.22) is the following:

Algorithm 1 Stationary convection-diffusion problem in 2D
1: Th Ð siMeshp...q Ź Get mesh
2: αÐ px, yq ÞÝÑ 0.1` py ´ 0.5qpy ´ 0.5q
3: β Ð 0.01
4: f Ð px, yq ÞÝÑ ´200e´10ppx´0.75q2`y2q

5: Lop Ð Loperatorp2, 2,

ˆ

α 0
0 α

˙

,000,

ˆ

´10y
10x

˙

, βq

6: pde Ð PDEeltpLop, fq
7: bvp Ð BVPpTh,pdeq
8: bvp.setDirichletp2, 4.0q Ź Set ’Dirichlet’ condition on Γ2

9: bvp.setDirichletp4,´4.0q Ź Set ’Dirichlet’ condition on Γ4

10: bvp.setDirichletp20, 0.0q Ź Set ’Dirichlet’ condition on Γ20

11: bvp.setDirichletp21, 0.0q Ź Set ’Dirichlet’ condition on Γ21

12: uuuÐ bvp.solvepq
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g e o f i l e=’ d i s k3ho l e s ’
a f=lambda x , y : 0.1+(y´0.5) ∗(y´0.5)
Vx=lambda x , y : ´10∗y
Vy=lambda x , y : 10∗x
b=0.01; g2=4;g4=´4;
f=lambda x , y : ´200.0∗ exp (´((x´0.75)∗∗2+y∗∗2) / ( 0 . 1 ) )

me sh f i l e=fc_oogmsh . gmsh . buildmesh2d ( g e o f i l e ,N, f o r c e=True , verbose=0)

pde=PDE(Op=Loperator (dim=2,d=2,A=[ [ af , None ] , [ None , a f ] ] , c=[Vx,Vy ] , a0=b) , f=f )
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t (2 , g2 )
bvp . s e tD i r i c h l e t (4 , g4 )
bvp . s e tD i r i c h l e t (20 ,0 )

Listing 4.5: Setting the 2D stationary convection-diffusion BVP and representation of the numerical solution by using matplotlib package

The numerical solution for a given mesh is shown on figures of Listing 4.5

4.2.2 Stationary convection-diffusion problem in 3D

Let A “ pxA, yAq P R2 and CrAprzmin, zmaxsq be the right circular cylinder along z´axis (z P rzmin, zmaxs)
with bases the circles of radius r and center pxA, yA, zminq and pxA, yA, zmaxq.

Let Ω be the cylinder defined by

Ω “ C1
p0,0qpr0, 3sqztC

0.3
p0,0qpr0, 3sq Y C

0.1
p0,´0.7qpr0, 3sq Y C

0.1
p0,0.7qpr0, 3squ.

We respectively denote by Γ1000 and Γ1001 the z “ 0 and z “ 3 bases of Ω.
Γ1, Γ10, Γ20 and Γ21 are respectively the curved surfaces of cylinders C1

p0,0qpr0, 3sq, C
0.3
p0,0qpr0, 3sq,

C0.1
p0,´0.7qpr0, 3sq and C

0.1
p0,0.7qpr0, 3sq.

The domain Ω and its boundaries are represented in Figure 4.3.

Figure 4.3: 3D stationary convection-diffusion BVP : all boundaries (left) and boundaries without Γ1

(right) representations by using Mayavi package

The 3D problem to solve is the following
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Usual BVP 4 :
3D problem : Stationary convection-diffusion Find u P H2pΩq such that

´ divpα∇∇∇uq ` xVVV ,∇∇∇uy ` βu “ f in Ω Ă R3, (4.23)

α
Bu

Bn
` a20u “ g20 on Γ20, (4.24)

α
Bu

Bn
` a21u “ g21 on Γ21, (4.25)

Bu

Bn
“ 0 on ΓN (4.26)

where ΓN “ Γ1 Y Γ10 Y Γ1000 Y Γ1001. This problem is well posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose a20 “ a21 “ 1, g21 “ ´g20 “ 0.05 β “ 0.01 and :

αpxxxq “ 0.7` xxx3{10,

VVV pxxxq “ p´10x2, 10x1, 10x3q
t,

fpxxxq “ ´800 expp´10ppx1 ´ 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq

`800 expp´10ppx1 ` 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq.

The problem (4.23)-(4.26) can be equivalently expressed as the scalar BVP (1.2)-(1.4) :

Scalar BVP 7 :
3D stationary convection-diffusion problem as a scalar BVP Find u P H2pΩq such that

Lpuq “f in Ω,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇∇∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓR “ Γ1 Y Γ10 Y Γ20 Y Γ21 Y Γ1000 Y Γ1001 (and ΓD “ H)

‚

aR “

"

0 on Γ1 Y Γ10 Y Γ1000 Y Γ1001

1 on Γ20 Y Γ21

gR “

$

&

%

0 on Γ1 Y Γ10 Y Γ1000 Y Γ1001

0.05 on Γ21,
´0.05 on Γ20

We give respectively in Listing 4.6 the corresponding Python codes and the numerical solution for a
more refined mesh.
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verbose=10
g e o f i l e=’ c y l i n d e r 3ho l e s ’
a f=lambda x , y , z : 0.7+z/10
Vx=lambda x , y , z : ´10∗y ;Vy=lambda x , y , z : 10∗x ;Vz=lambda x , y , z : 10∗ z
f=lambda x , y , z : ´800.0∗np . exp (´10∗((x´0.65)∗∗2+y∗y+(z ´0.5) ∗∗2) )+\

800 .0∗np . exp (´10∗((x+0.65)∗∗2+y∗y+(z ´0.5) ∗∗2) )
b=0.01
mesh f i l e=fc_oogmsh . gmsh . buildmesh3d ( geod i r+os . sep+g e o f i l e+’ . geo ’ ,N, f o r c e=True , verbose=0,meshdir=meshdir )
Th=siMesh ( mesh f i l e )
pde=PDE(Op=Loperator (dim=3,d=3,A=[ [ af , None , None ] , [ None , af , None ] , [ None , None , a f ] ] , c=[Vx,Vy,Vy ] , a0=b) , f=f )
bvp=BVP(Th, pde=pde )
bvp . setRobin (20 ,+0.05 , ar=1)
bvp . setRobin (21 , ´0.05 , ar=1)

Listing 4.6: Setting the 3D stationary convection-diffusion BVP and representation of the numerical solution by using Mayavi package

4.3 2D electrostatic BVPs

In this sample, we shall discuss electrostatic solutions for current flow in resistive media. Consider a
region Ω of contiguous solid and/or liquid conductors. Let jjj be the current density in A{m2. It’s satisfy

div jjj “ 0, in Ω. (4.27)

jjj “ σEEE, in Ω. (4.28)

where σ is the local electrical conductivity and EEE the local electric field.
The electric field can be written as a gradient of a scalar potential

EEE “ ´∇∇∇ϕ, in Ω. (4.29)

Combining all these equations leads to Laplace’s equation

divpσ∇∇∇ϕq “ 0 (4.30)

In the resistive model, a good conductor has high value of σ and a good insulator has 0 ă σ ! 1. This
table shows the resistivity ρ and the conductivity σ of various materials at 20˝C:

Material ρpΩ.mq at 20˝C σpS{mq at 20˝C
Carbon (graphene) 1.00ˆ 10´8 1.00ˆ 108

Gold 2.44ˆ 10´8 4.10ˆ 108

Aluminium 2.82ˆ 10´8 3.50ˆ 107

Zinc 5.90ˆ 10´8 1.69ˆ 107

Drinking water 2.00ˆ 101 to 2.00ˆ 103 5.00ˆ 10´4 to 5.00ˆ 10´2

Silicon 6.40ˆ 102 1.56ˆ 10´3

Glass 1.00ˆ 1011 to 1.00ˆ 1015 10´15 to 10´11

Air 1.30ˆ 1016 to 3.30ˆ 1016 3ˆ 10´15 to 8ˆ 10´15

As example, we use the mesh obtain with gmsh from square4holes6dom.geo file represented in
Figure 4.4
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Figure 4.4: Mesh from square4holes6dom.geo, domains representation (left) and boundaries (right)

We have two resistive medias

Ωa “ Ω10 and Ωb “ Ω20 Y Ω2 Y Ω4 Y Ω6 Y Ω8.

In Ωa and Ωb the local electrical conductivity are respectively given by

σ “

"

σa “ 104, in Ωa
σb “ 10´4 in Ωa

We solve the following BVP

Usual BVP 5 : 2D electrostatic problem
Find ϕ P H1pΩq such that

divpσ∇∇∇ϕq “ 0 in Ω, (4.31)
ϕ “ 0 on Γ3 Y Γ7, (4.32)
ϕ “ 12 on Γ1 Y Γ5, (4.33)

σ
Bϕ

Bn
“ 0 on Γ10. (4.34)

The problem (4.31)-(4.34) can be equivalently expressed as the scalar BVP (1.2)-(1.4) :

Scalar BVP 8 : 2D electrostatic problem
Find ϕ P H1pΩq such that

Lpϕq “ 0 in Ω,

ϕ “ gD on ΓD,

Bϕ

BnL
` aRϕ “ gR on ΓR.

where

‚ L :“ LσI,000,VVV ,β , and then the conormal derivative of ϕ is given by

Bϕ

BnL
:“ xA∇∇∇ϕ,nnny ´ xbbbϕ,nnny “ σ

Bϕ

Bn
.

‚ ΓD “ Γ1 Y Γ3 Y Γ5 Y Γ7 and ΓR “ Γ10. The other borders should not be used to specify boundary
conditions: they do not intervene in the variational formulation and in the physical problem!

‚ gD :“ 0 on Γ3 Y Γ7, and gD :“ 12 on Γ1 Y Γ5.

‚ aR “ gR :“ 0 on ΓR.
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To write this problem properly with fc-vfemP1 toolbox, we split (4.31) in two parts

divpσa∇∇∇ϕq “ 0 in Ωa

divpσb∇∇∇ϕq “ 0 in Ωb

and we set these PDEs on each domains. This is done in Python Listing 4.7.

Listing 4.7: Setting the 2D electrostatic BVP, Python code
i f verbose >=10:
return

mesh f i l e=fc_oogmsh . gmsh . buildmesh2d ( geod i r+os . sep+g e o f i l e+’ . geo ’ ,N, f o r c e=True )
Th=siMesh ( mesh f i l e )
i f verbose >=2:
print ( ’ ␣␣␣␣␣Mesh␣ s i z e s ␣ : ␣nq=%d , ␣nme=%d , ␣

h=%.3e ’%(Th . nq ,Th . get_nme ( ) ,Th . get_h ( ) ) )
print ( ’ 2 . ␣ Se t t i ng ␣2D␣ E l e c t r o s t a t i c ␣BVP’ )

pde=PDE(Op=Loperator (dim=2,A=[ [ sigma2 , None ] , [ None , sigma2 ] ] ) )
bvp=BVP(Th, pde=pde )

We show in Figures 4.5 and 4.6 respectively the potential ϕ and the norm of the electric field EEE.

Figure 4.5: Test 1, potential ϕ

Figure 4.6: Test 1, norm of the electrical field EEE
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Chapter 5
Vector boundary value problems

5.1 Elasticity problem

5.1.1 General case (d “ 2, 3)

We consider here Hooke’s law in linear elasticity, under small strain hypothesis (see for example [?]).
For a sufficiently regular vector field uuu “ pu1, . . . , udq : Ω Ñ Rd, we define the linearized strain tensor

εεε by

εεεpuuuq “
1

2

`

∇∇∇∇∇∇∇∇∇puuuq `∇∇∇∇∇∇∇∇∇tpuuuq
˘

.

We set εεε “ pε11, ε22, 2ε12q
t in 2d and εεε “ pε11, ε22, ε33, 2ε12, 2ε23, 2ε13q

t in 3d, with εijpuuuq “ 1
2

´

Bui
Bxj

`
Buj
Bxi

¯

.
Then the Hooke’s law writes

σσσ “ Cεεε,

where σσσ is the elastic stress tensor and C the elasticity tensor.
The material is supposed to be isotropic. Thus the elasticity tensor C is only defined by the Lamé

parameters λ and µ, which satisfy λ` µ ą 0. We also set γ “ 2µ` λ. For d “ 2 or d “ 3, C is given by

C “

ˆ

λ12 ` 2µI2 0
0 µ

˙

3ˆ3

or C “

ˆ

λ13 ` 2µI3 0
0 µI3

˙

6ˆ6

,

respectively, where 1d is a d-by-d matrix of ones, and Id the d-by-d identity matrix.
For dimension d “ 2 or d “ 3, we have:

σσσαβpuuuq “ 2µεεεαβpuuuq ` λ trpεεεpuuuqqδαβ @α, β P v1, dw

The problem to solve is the following

Usual vector BVP 2 : Elasticity problem
Find uuu “ H2pΩq

d such that

´divpσσσpuuuqq “ fff, in Ω Ă Rd, (5.1)
σσσpuuuq.nnn “ 000 on ΓR, (5.2)

uuu “ 000 on ΓD. (5.3)

Now, with the following lemma, we obtain that this problem can be rewritten as the vector BVP
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defined by (1.14) to (1.16).

Lemme 5.1

Let H be the d-by-d matrix of the second order linear differential operators defined in (1.10) where
Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, dw

2, with

pAα,βqk,l “ µδαβδkl ` µδkβδlα ` λδkαδlβ , @pk, lq P v1, dw
2. (5.4)

then
Hpuuuq “ ´divσσσpuuuq (5.5)

and, @α P v1, dw,
Buuu

BnHα

“ pσσσpuuuq.nnnqα. (5.6)

The proof is given in appendix ??. So we obtain

Vector BVP 3 : Elasticity problem with H operator in dimension d “ 2
or d “ 3
Let H be the d-by-d matrix of the second order linear differential operators defined in (1.10) where
@pα, βq P v1, dw2, Hα,β “ LAα,β ,000,000,0, with

• for d “ 2,

A1,1 “

ˆ

γ 0
0 µ

˙

, A1,2 “

ˆ

0 λ
µ 0

˙

, A2,1 “

ˆ

0 µ
λ 0

˙

, A2,2 “

ˆ

µ 0
0 γ

˙

• for d “ 3,

A1,1 “

¨

˝

γ 0 0
0 µ 0
0 0 µ

˛

‚, A1,2 “

¨

˝

0 λ 0
µ 0 0
0 0 0

˛

‚, A1,3 “

¨

˝

0 0 λ
0 0 0
µ 0 0

˛

‚

A2,1 “

¨

˝

0 µ 0
λ 0 0
0 0 0

˛

‚, A2,2 “

¨

˝

µ 0 0
0 γ 0
0 0 µ

˛

‚, A2,3 “

¨

˝

0 0 0
0 0 λ
0 µ 0

˛

‚,

A3,1 “

¨

˝

0 0 µ
0 0 0
λ 0 0

˛

‚, A3,2 “

¨

˝

0 0 0
0 0 µ
0 λ 0

˛

‚, A3,3 “

¨

˝

µ 0 0
0 µ 0
0 0 γ

˛

‚.

The elasticity problem (5.1) to (5.3) can be rewritten as :
Find uuu “ puuu1, . . . ,uuudq P pH

2pΩqqd such that

Hpuuuq “fff, in Ω, (5.7)
Buuu

BnHα

“0, on ΓRα “ ΓR, @α P v1, dw (5.8)

uuuα “0, on ΓDα “ ΓD, @α P v1, dw. (5.9)

5.1.2 2D example

For example, in 2d, we want to solve the elasticity problem (5.1) to (5.3) where Ω and its boundaries are
given in Figure 5.1.

The material’s properties are given by Young’s modulus E and Poisson’s coefficient ν. As we use
plane strain hypothesis, Lame’s coefficients verify

µ “
E

2 p1` νq
, λ “

E ν

p1` νq p1´ 2 νq
, γ “ 2µ` λ

The material is rubber so that E “ 21 .105Pa and ν “ 0.45. We also have fff “ xxx ÞÑ p0,´1qt and we
choose ΓR “ Γ1 Y Γ2 Y Γ3, ΓD “ Γ4.
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Figure 5.1: Domain and boundaries

Listing 5.1: 2D elasticity, Python code
mu= E/(2∗(1+nu) )
lam = E∗nu/((1+nu) ∗(1´2∗nu) )
gam=lam+2∗mu
uex=[lambda x , y : cos (2∗x+y) , lambda x , y : s i n (x´3∗y ) ]
f =[lambda x , y : 4∗ lam∗ cos (2∗x + y) + 9∗mu∗ cos (2∗x + y) + 3∗ lam∗ s i n (´x + 3∗y ) +

3∗mu∗ s i n (´x + 3∗y ) ,
lambda x , y : 2∗ lam∗ cos (2∗x + y) + 2∗mu∗ cos (2∗x + y) ´ 9∗ lam∗ s i n (´x + 3∗y ) ´

19∗mu∗ s i n (´x + 3∗y ) ]
g2=[lambda x , y : ´3∗lam∗ cos (´x + 3∗y ) ´ 2∗ lam∗ s i n (2∗x + y) ´ 4∗mu∗ s i n (2∗x + y) ,

lambda x , y : mu∗( cos (´x + 3∗y ) ´ s i n (2∗x + y) ) ]
print ( ’́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´ ’ )
Th=HyperCube ( 2 , [ 2∗N,20∗N] , mapping=mapping )
print ( ’ ␣␣␣␣␣Mesh␣ s i z e s ␣ : ␣nq=%d , ␣nme=%d , ␣h=%.3e ’%(Th . nq ,Th . get_nme ( ) ,Th . get_h ( ) ) )
Hop .H[ 0 ] [ 0 ]= Loperator (d=2,A=[ [gam , None ] , [ None ,mu ] ] )
Hop .H[ 0 ] [ 1 ]= Loperator (d=2,A=[ [None , lam ] , [mu, None ] ] )
Hop .H[ 1 ] [ 0 ]= Loperator (d=2,A=[ [None ,mu ] , [ lam , None ] ] )
Hop .H[ 1 ] [ 1 ]= Loperator (d=2,A=[ [mu, None ] , [ None , gam ] ] )
pde=PDE(Op=Hop , f =[0 ,´1])
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , [ 0 , 0 ] )

One can also use the Python function StiffElasHoperator from fc_vfemp1.operators module to
build the elasticity operator :

Hop=StiffElasHoperator(2,lam,mu)

For a given mesh, its displacement scaled by a factor 50 is shown on Figure 5.2
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Figure 5.2: 2D elasticity problem: mesh displacement scaled by a factor 50 (left) and norm of the
displacement (right)

5.1.3 3D example

Let Ω “ r0, 5s ˆ r0, 1s ˆ r0, 1s Ă R3. The boundary of Ω is made of six faces and each one has a unique
label : 1 to 6 respectively for faces x1 “ 0, x1 “ 5, x2 “ 0, x2 “ 1, x3 “ 0 and x3 “ 1. We represent
them in Figure 5.3.

Figure 5.3: Domain and boundaries

We want to solve the elasticity problem (5.1) to (5.3) with ΓD “ Γ1, ΓN “
Ť6
i“2 Γi and fff “ xxx ÞÑ

p0, 0,´1qt.

Listing 5.2: 3D elasticity, Python code
mu= E/(2∗(1+nu) )
lam = E∗nu/((1+nu) ∗(1´2∗nu) )
gam=lam+2∗mu
L=5;N=7
print ( ’́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´ ’ )

Compiled on 2017/06/23 at 08:02:45



Stationary heat with potential flow in 2D

5
.
V
ec
to
r
bo

un
da
ry

va
lu
e
pr
ob

le
m
s

5.
2.
St
at
io
na
ry

he
at

w
it
h
po

te
nt
ia
lfl

ow
in

2D
5.
2.
0
3D

ex
am

pl
e

37

Figure 5.5: Domain and boundaries

Th=HyperCube ( 3 , [ L∗N,N,N] , mapping=mapping )
print ( ’ ␣␣␣␣␣Mesh␣ s i z e s ␣ : ␣nq=%d , ␣nme=%d , ␣h=%.3e ’%(Th . nq ,Th . get_nme ( ) ,Th . get_h ( ) ) )
pde=PDE(Op=Hop , f =[0 ,0 , ´1])
bvp=BVP(Th, pde=pde )
bvp . s e tD i r i c h l e t ( 1 , [ 0 , 0 , 0 ] )

The displacement scaled by a factor 2000 for a given mesh is shown on Figure 5.4.

Figure 5.4: 3D elasticity problem: mesh displacement scaled by a factor 2000 (left) and norm of the
displacement (right)

5.2 Stationary heat with potential flow in 2D

Let Γ1 be the unit circle, Γ10 be the circle with center point p0, 0q and radius 0.3. Let Γ20, Γ21, Γ22 and Γ23

be the circles with radius 0.1 and respectively with center point p0,´0.7q, p0, 0.7q, p´0.7, 0q and p0.7, 0q.
The domain Ω Ă R2 is defined as the inner of Γ1 and the outer of all other circles (see Figure 5.5).

The 2D problem to solve is the following
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Usual BVP 6 : 2D problem : stationary heat with potential flow
Find u P H2pΩq such that

´divpα∇∇∇uq ` xVVV ,∇∇∇uy ` βu “ 0 in Ω Ă R2, (5.10)
u “ 20 ˚ xxx2 on Γ21, (5.11)
u “ 0 on Γ22 Y Γ23, (5.12)
Bu

Bn
“ 0 on Γ1 Y Γ10 Y Γ20 (5.13)

where Ω and its boundaries are given in Figure 5.5. This problem is well posed if αpxxxq ą 0 and
βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 0.1` xxx2
2,

βpxxxq “ 0.01

The potential flow is the velocity field VVV “ ∇∇∇φ where the scalar function φ is the velocity potential
solution of the 2D BVP (5.14)-(5.17)

Usual BVP 7 : 2D velocity potential BVP
Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (5.14)
φ “ ´20 on Γ21, (5.15)
φ “ 20 on Γ20, (5.16)
Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (5.17)

Then the potential flow VVV is solution of (5.18)

Usual vector BVP 3 : 2D potential flow
Find VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

VVV “ ∇∇∇φ in Ω, (5.18)

For a given mesh, the numerical results are represented in Figure 5.6.
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Figure 5.6: Heat u (top left), velocity potential φ (top right), norm of the potential flow (middle left),
potential flow VVV colorized with heat u (middle right and bottom)

Now we will present two manners of solving these problems using fc-vfemP1 codes.

5.2.1 Method 1 : split in three parts

The 2D potential velocity problem (5.14)-(5.17) can be equivalently expressed as the scalar BVP (1.2)-
(1.4) :
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Scalar BVP 9 : 2D potential velocity
Find φ P H2pΩq such that

Lpφq “f in Ω,

φ “gD on ΓD,

Bφ

BnL
` aRφ “gR on ΓR.

where

‚ L :“ LI,000,000,0, and then the conormal derivative of φ is given by

Bφ

BnL
:“ xA∇∇∇φ,nnny ´ xbbbφ,nnny “ Bφ

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ20 Y Γ21

‚ ΓR “ Γ1 Y Γ23 Y Γ22

‚ gD :“ 20 on Γ20, and gD :“ ´20 on Γ21

‚ gR “ aR :“ 0 on ΓR. (Neumann boundary condition)

The code using the package for solving (5.14)-(5.17) is given in Listing 5.3.

Listing 5.3: Stationary heat with potential flow in 2D, Python code (method 1)
a f=lambda x , y : 0.1+y∗∗2
gD=lambda x , y : 20∗y
b=0.01
g e o f i l e=’ d i s k5ho l e s . geo ’
Th=siMesh ( mesh f i l e )
print ( ’ ␣␣␣␣␣Mesh␣ s i z e s ␣ : ␣nq=%d , ␣nme=%d , ␣h=%.3e ’%(Th . nq ,Th . get_nme ( ) ,Th . get_h ( ) ) )
bvpVe loc i tyPotent i a l=BVP(Th, pde=PDE(Op=Lop) )
bvpVe loc i tyPotent i a l . s e tD i r i c h l e t (20 ,+20.)
bvpVe loc i tyPotent i a l . s e tD i r i c h l e t (21 , ´20.)
print ( ’ ∗∗∗␣ So lv ing ␣2D␣ v e l o c i t y ␣ po t e n t i a l ␣BVP’ )
print ( ’ ∗∗∗␣ Se t t i ng ␣2D␣ po t en t i a l ␣ f low ␣ operator ’ )

Now to compute VVV , we can write the potential flow problem (5.18) with H-operators as

VVV “

ˆ

VVV 1

VVV 2

˙

“ B
ˆ

φ
φ

˙

where
B “

ˆ

LO2,0002,p1,0qt,1 0
0 LO2,0002,p0,1qt,0

˙

The code using the package for solving this problem is given in Listing 5.4.

Listing 5.4: Stationary heat with potential flow in 2D, Python code (method 1)
Hop .H[ 0 ] [ 0 ]= Loperator (dim=dim , c =[1 , 0 ] )
Hop .H[ 1 ] [ 1 ]= Loperator (dim=dim , c =[0 , 1 ] )
print ( ’ ∗∗∗␣Applying␣2D␣ po t en t i a l ␣ f low ␣ operator ’ )
print ( ’ ∗∗∗␣ Se t t i ng ␣2D␣ s t a t i ona ry ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )

Obviously, one can compute separately VVV 1 and VVV 2.
Finally, the stationary heat BVP (5.10)-(5.13) can be equivalently expressed as the scalar BVP (1.2)-

(1.4) :
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Usual BVP 8 : 2D stationary heat
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ L¨
˝

α 0
0 α

˛

‚,000,VVV ,β

, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇∇∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ f :“ 0

‚ ΓD “ Γ21 Y Γ22 Y Γ23

‚ ΓR “ Γ1 Y Γ10 Y Γ20

‚ gDpx, yq :“ 20y on Γ21, and gD :“ 0 on Γ22 Y Γ23

‚ gR :“ 0 and aR :“ 0 on ΓR

The code using the package fc-vfemP1 for solving (5.10)-(5.13) is given in Listing 5.6.

Listing 5.5: Stationary heat with potential flow in 2D, Pythoncode (method 1)
bvpHeat=BVP(Th, pde=PDE(Op=Lop) )
bvpHeat . s e tD i r i c h l e t (21 ,gD)
bvpHeat . s e tD i r i c h l e t (22 , 0)
bvpHeat . s e tD i r i c h l e t (23 , 0)
print ( ’ ∗∗∗␣ So lv ing ␣2D␣ s t a t i ona ry ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )

5.2.2 Method 2 : have fun with H-operators

We can merged velocity potential BVP (5.14)-(5.17) and potential flow to obtain the new BVP

Usual vector BVP 4 : Velocity potential and potential flow in 2D
Find φ P H2pΩq and VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By

˙

“ 0 in Ω, (5.19)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (5.20)

VVV 2 ´
Bφ

By
“ 0 in Ω, (5.21)

φ “ ´20 on Γ21, (5.22)
φ “ 20 on Γ20, (5.23)
Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (5.24)

We can also replace (5.19) by ´∆φ “ 0.

Let www “

¨

˝

φ
VVV 1

VVV 2

˛

‚, the previous problem (5.19)-(5.24) can be equivalently expressed as the vector BVP

(1.14)-(1.16) :
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Vector BVP 4 : Velocity potential and potential flow in 2D
Find www “ pwww1,www2,www3q P pH

2pΩqq3 such that

Hpwwwq “fff in Ω, (5.25)

wwwα “g
D
α on ΓDα , @α P v1, 3w, (5.26)

Bwww

BnHα

` aRαwwwα “g
R
α on ΓRα , @α P v1, 3w, (5.27)

where ΓRα “ ΓDα “ H for all α P t2, 3u (no boundary conditions on VVV 1 and VVV 2) and

‚ H is the 3-by-3 operator defined by

H “

¨

˝

0 LO,´eee1,000,0 LO,´eee2,000,0

LO,000,´eee1,0 LO,000,000,1 0
LO,000,´eee2,0 0 LO,000,000,1

˛

‚

its conormal derivative are given by

Bwww1

BnH1,1

“ 0,
Bwww2

BnH1,2

“ www2nnn1,
Bwww3

BnH1,3

“ www3nnn2,

Bwww1

BnH2,1

“ 0,
Bwww2

BnH2,2

“ 0,
Bwww3

BnH2,3

“ 0

Bwww1

BnH3,1

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww3

BnH3,3

“ 0.

So we obtain
Bwww

BnH1

def
“

3
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “
Bφ

Bnnn
, (5.28)

and
Bwww

BnH2

“
Bwww

BnH3

:“ 0. (5.29)

From (5.29), we cannot impose boundary conditions on components 2 and 3.

‚ fff :“ 000

‚ ΓD1 “ Γ20 Y Γ21 and ΓR1 “ Γ1 Y Γ10 Y Γ22 Y Γ23

‚ gD1 :“ 20 on Γ20, and gD1 :“ ´20 on Γ21

‚ gR1 “ aR1 :“ 0 on ΓR1

The solution of this vector BVP is obtain by using the Python code is given by Listing ??.

Listing 5.6: Stationary heat with potential flow in 2D, Python code (method 1)
Hop .H[ 0 ] [ 1 ]= Loperator (dim=dim , b=[ ´1 ,0])
Hop .H[ 0 ] [ 2 ]= Loperator (dim=dim , b=[0 ,´1])
Hop .H[ 1 ] [ 0 ]= Loperator (dim=dim , c=[ ´1 ,0])
Hop .H[ 1 ] [ 1 ]= Loperator (dim=dim , a0=1)
Hop .H[ 2 ] [ 0 ]= Loperator (dim=dim , c=[0 ,´1])
Hop .H[ 2 ] [ 2 ]= Loperator (dim=dim , a0=1)
bvpFlow=BVP(Th, pde=PDE(Op=Hop) )
bvpFlow . s e tD i r i c h l e t (20 ,20 , comps=[0 ] )
bvpFlow . s e tD i r i c h l e t (21 ,´20 , comps=[0 ] )
print ( ’ ∗∗∗␣ So lv ing ␣2D␣ po t en t i a l ␣ v e l o c i t y / f low ␣BVP’ )
print ( ’ ∗∗∗␣ Se t t i ng ␣2D␣ s t a t i ona ry ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )
phi=U[ 0 ]
Lop=Loperator (dim=d , d=d ,A=[ [ af , None ] , [ None , a f ] ] , c=V, a0=b)
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5.3 Stationary heat with potential flow in 3D

Let Ω Ă R3 be the cylinder given in Figure 5.7.

Figure 5.7: Stationary heat with potential flow : 3d mesh

The bottom and top faces of the cylinder are respectively Γ1000YΓ1020YΓ1021 and Γ2000YΓ2020YΓ2021.
The hole surface is Γ10 Y Γ11 Y Γ31 where Γ10 Y Γ11 is the cylinder part and Γ31 the plane part.

The 3D problem to solve is the following

Usual BVP 9 : 3D stationary heat with potential flow
Find u P H2pΩq such that

´divpα∇∇∇uq ` xVVV ,∇∇∇uy ` βu “ 0 in Ω Ă R3, (5.30)
u “ 30 on Γ1020 Y Γ2020, (5.31)
u “ 10δ|z´1|ą0.5 on Γ10, (5.32)
Bu

Bn
“ 0 otherwise (5.33)

where Ω and its boundaries are given in Figure 5.7. This problem is well posed if αpxxxq ą 0 and
βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 1` px3 ´ 1q2; ,

βpxxxq “ 0.01

The potential flow is the velocity field VVV “ ∇∇∇φ where the scalar function φ is the velocity potential
solution of the 3D BVP (5.34)-(5.37)

Usual BVP 10 : 3D velocity potential
Find φ P H1pΩq such that

´∆φ “ 0 in Ω, (5.34)
φ “ 1 on Γ1021 Y Γ2021, (5.35)
φ “ ´1 on Γ1020 Y Γ2020, (5.36)
Bφ

Bn
“ 0 otherwise (5.37)

Then the potential flow VVV is solution of (5.38)
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Usual vector BVP 5 : 3D potential flow
Find VVV “ pVVV 1,VVV 2,VVV 3q P H1pΩq ˆH1pΩq such that

VVV “ ∇∇∇φ in Ω, (5.38)

For a given mesh, the numerical result for heat u is represented in Figure 5.8, velocity potential φ in
Figure 5.9 and potential flow VVV are shown in Figure 5.10.

Figure 5.8: Heat solution u
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Figure 5.9: Velocity potential φ

Figure 5.10: Potential flow VVV

Now we will present two manners of solving these problems using fc-vfemP1 codes.
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5.3.1 Method 1 : split in three parts

The 3D potential velocity problem (5.34)-(5.37) can be equivalently expressed as the scalar BVP (1.2)-
(1.4) :

Scalar BVP 10 : 3D potential velocity
Find φ P H1pΩq such that

Lpφq “f in Ω,

φ “gD on ΓD,

Bφ

BnL
` aRφ “gR on ΓR.

where

‚ L :“ LI,000,000,0, and then the conormal derivative of φ is given by

Bφ

BnL
:“ xA∇∇∇φ,nnny ´ xbbbφ,nnny “ Bφ

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ1020 Y Γ1021 Y Γ2020 Y Γ2021

‚ ΓR “ Γ1 Y Γ10 Y Γ11 Y Γ31 Y Γ1000 Y Γ2000

‚ gD :“ 1 on Γ1021 Y Γ2021, and gD :“ ´1 on Γ1020 Y Γ2020

‚ gR “ aR :“ 0 on ΓR. (Neumann boundary condition)

The code using the package for solving (5.34)-(5.37) is given in Listing ??

Listing 5.7: Stationary heat with potential flow in 3D, Python code (method 1)
gD=lambda x , y , z : 10∗(np . abs ( z´1) >0.5)
a=lambda x , y , z : 1+(z´1)∗∗2
b=0.01
g e o f i l e=’ cy l i nde rkey . geo ’
print ( ’́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´ ’ )
bvpFlow=BVP(Th, pde=PDE(Op=Lop) )
bvpFlow . s e tD i r i c h l e t ( 1 021 , 1 . )
bvpFlow . s e tD i r i c h l e t ( 2 021 , 1 . )
bvpFlow . s e tD i r i c h l e t (1020 , ´1.)
bvpFlow . s e tD i r i c h l e t (2020 , ´1.)
print ( ’ ∗∗∗␣ So lv ing ␣3D␣ po t en t i a l ␣ v e l o c i t y / f low ␣BVP’ )

Now to compute VVV , we can write the potential flow problem (5.38)

‚ with H-operators as

VVV “

¨

˝

VVV 1

VVV 2

VVV 2

˛

‚“ B

¨

˝

φ
φ
φ

˛

‚

where

B “

¨

˝

LO3,0003,p1,0,0qt,1 0 0
0 LO3,0003,p0,1,0qt,0 0
0 0 LO3,0003,p0,0,1qt,0

˛

‚

‚ with L-operators as

VVV “

¨

˝

VVV 1

VVV 2

VVV 2

˛

‚“∇∇∇φ “

¨

˝

LO3,0003,p1,0,0qt,0pφq
LO3,0003,p0,1,0qt,0pφq
LO3,0003,p0,0,1qt,0pφq

˛

‚

The code using fc-vfemP1 package for solving this problem with L-operators is given in Listing 5.8.

Compiled on 2017/06/23 at 08:02:45



Stationary heat with potential flow in 3D

5
.
V
ec
to
r
bo

un
da
ry

va
lu
e
pr
ob

le
m
s

5.
3.
St
at
io
na
ry

he
at

w
it
h
po

te
nt
ia
lfl

ow
in

3D
5.
3.
2
M
et
ho

d
2
:
ha
ve

fu
n
w
it
h
H
-o
pe

ra
to
rs

47

Listing 5.8: Stationary heat with potential flow in 3D, Python code (method 1)
Lop=Loperator (dim=dim , c = [1 , 0 , 0 ] )
V[0 ]=Apply (Lop ,Th, phi , s o l v e r=so lve r , perm=perm)
print ( ’ ∗∗∗␣␣ 2) ␣Computing␣V[ 1 ] ’ )
V[1 ]=Apply (Lop ,Th, phi , s o l v e r=so lve r , perm=perm)
print ( ’ ∗∗∗␣␣ 3) ␣Computing␣V[ 2 ] ’ )
V[2 ]=Apply (Lop ,Th, phi , s o l v e r=so lve r , perm=perm)
V=np . array (V)
print ( ’ ∗∗∗␣Set ␣3D␣ s ta t i onnary ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )

Finally, the stationary heat BVP (5.30)-(5.37) can be equivalently expressed as the scalar BVP (1.2)-
(1.4) :

Scalar BVP 11 : 3D stationary heat
Find u P H1pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ L¨
˚

˚

˝

α 0 0
0 α 0
0 0 α

˛

‹

‹

‚

,000,VVV ,β

, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇∇∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ f :“ 0

‚ ΓD “ Γ1020 Y Γ2020 Y Γ10

‚ ΓR “ Γ1 Y Γ11 Y Γ31 Y Γ1000 Y Γ1021 Y Γ2000 Y Γ2021

‚ gDpx, y, zq :“ 30 on Γ1020 Y Γ2020, and gDpx, y, zq :“ 10p|z ´ 1| ą 0.5q on Γ10

‚ gR :“ 0 and aR :“ 0 on ΓR

The code using the package for solving (5.30)-(??) is given in Figure 5.9.

Listing 5.9: Stationary heat with potential flow in 3D, Python code (method 1)
bvpHeat=BVP(Th, pde=PDE(Op=Lop) )
bvpHeat . s e tD i r i c h l e t ( 1020 , 30 . )
bvpHeat . s e tD i r i c h l e t ( 2020 , 30 . )
bvpHeat . s e tD i r i c h l e t (10 , gD)
print ( ’ ∗∗∗␣ Solve ␣3D␣ s ta t i onnary ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )

5.3.2 Method 2 : have fun with H-operators

To solve problem (5.30)-(5.33), we need to compute the velocity field VVV . For that we can rewrite the
potential flow problem (5.34)-(5.37), by introducing VVV “ pVVV 1,VVV 2,VVV 3q as unknowns :
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Usual vector BVP 6 : Velocity potential and velocity field in 3D
Find φ P H2pΩq and VVV P H1pΩq

3 such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By
`
BVVV 3

Bz

˙

“ 0 in Ω, (5.39)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (5.40)

VVV 2 ´
Bφ

By
“ 0 in Ω, (5.41)

VVV 3 ´
Bφ

Bz
“ 0 in Ω, (5.42)

with boundary conditions (5.35) to (5.37).

We can also replace (5.39) by ´∆φ “ 0.

Let www “

¨

˚

˚

˝

φ
VVV 1

VVV 2

VVV 3

˛

‹

‹

‚

, the previous PDE can be written as a vector boundary value problem (see section

1.2) where the H-operator is given by
Hpwwwq “ 0 (5.43)

with

H1,1 “ 0, H1,2 “ LO,´eee1,000,0, H1,3 “ LO,´eee2,000,0, H1,4 “ LO,´eee3,000,0, (5.44)
H2,1 “ LO,000,´eee1,0, H2,2 “ LO,000,000,1, H2,3 “ 0, H2,4 “ 0, (5.45)
H3,1 “ LO,000,´eee2,0, H3,2 “ 0, H3,3 “ LO,000,000,1, H3,4 “ 0, (5.46)
H4,1 “ LO,000,´eee3,0, H4,2 “ 0, H4,3 “ 0, H4,4 “ LO,000,000,1, (5.47)

and eee1 “ p1, 0, 0q
t, eee2 “ p0, 1, 0q

t, eee3 “ p0, 0, 1q
t.

The conormal derivatives are given by

Bwww1

BnH1,1

“ 0,
Bwww1

BnH2,1

“ 0,
Bwww1

BnH3,1

“ 0,
Bwww1

BnH4,1

“ 0,

Bwww2

BnH1,2

“ VVV 1nnn1,
Bwww2

BnH2,2

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww2

BnH4,2

“ 0,

Bwww3

BnH1,3

“ VVV 2nnn2,
Bwww3

BnH2,3

“ 0,
Bwww3

BnH3,3

“ 0,
Bwww3

BnH4,3

“ 0,

Bwww4

BnH1,4

“ VVV 3nnn3,
Bwww4

BnH2,4

“ 0,
Bwww4

BnH3,4

“ 0,
Bwww4

BnH4,4

“ 0,

So we obtain
4
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “ x∇∇∇φ,nnny , (5.48)

and
4
ÿ

α“1

Bwwwα
BnH2,α

“

4
ÿ

α“1

Bwwwα
BnH3,α

“

4
ÿ

α“1

Bwwwα
BnH4,α

“ 0. (5.49)

From (5.49), we cannot impose boundary conditions on components 2 to 4. Thus, with notation of section
1.2, we have ΓN2 “ ΓN3 “ ΓN4 “ Γ with gN2 “ gN3 “ gN4 “ 0.

To take into account boundary conditions (5.35) to (5.37), we set ΓD1 “ Γ1020YΓ1021YΓ2020YΓ2021,
ΓN1 “ ΓzΓD1 and gD1 “ δΓ1020YΓ2020

´ δΓ1021YΓ2021
, gN1 “ 0.

The operator in (5.30) is given by LαI,000,VVV ,β . The conormal derivative Bu
BnL

is

Bu

BnL
:“ xA∇∇∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

The code using the package for solving (5.39)-(5.42) is given in Listing 5.10
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Listing 5.10: Stationary heat with potential flow in 3D, Python code (method 2)
Hop .H[ 0 ] [ 1 ]= Loperator (dim=dim , b=[ ´1 ,0 ,0])
Hop .H[ 0 ] [ 2 ]= Loperator (dim=dim , b=[0 , ´1 ,0])
Hop .H[ 0 ] [ 3 ]= Loperator (dim=dim , b=[0 ,0 , ´1])
Hop .H[ 1 ] [ 0 ]= Loperator (dim=dim , c=[ ´1 ,0 ,0])
Hop .H[ 1 ] [ 1 ]= Loperator (dim=dim , a0=1)
Hop .H[ 2 ] [ 0 ]= Loperator (dim=dim , c=[0 , ´1 ,0])
Hop .H[ 2 ] [ 2 ]= Loperator (dim=dim , a0=1)
Hop .H[ 3 ] [ 0 ]= Loperator (dim=dim , c=[0 ,0 , ´1])
Hop .H[ 3 ] [ 3 ]= Loperator (dim=dim , a0=1)
bvp=BVP(Th, pde=PDE(Op=Hop) )
bvp . s e tD i r i c h l e t ( 1021 , 1 . , comps=[0 ] )
bvp . s e tD i r i c h l e t ( 2021 , 1 . , comps=[0 ] )
bvp . s e tD i r i c h l e t (1020 , ´1. , comps=[0 ] )
bvp . s e tD i r i c h l e t (2020 , ´1. , comps=[0 ] )
print ( ’ ∗∗∗␣ So lv ing ␣3D␣ po t en t i a l ␣ v e l o c i t y / f low ␣BVP’ )
V=np . array ( [U[ 1 ] ,U[ 2 ] ,U [ 3 ] ] )
phi=U[ 0 ]
print ( ’ ∗∗∗␣Set ␣3D␣ s ta t i onnary ␣heat ␣BVP␣with␣ po t e n t i a l ␣ f low ’ )
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