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Scalar BVP - definition
'$Scalar BVP

Find u € H?(Q) such that
L(u) =f inQcRY d>1
u=gP on P < oq,
(9nu + afu =g® on MR < oq.
c

def

L=Lpbecau)=—div(AVu)+div(bu) +{Vu,c)+ apu

where A € (L?(Q))?%9, be (L*(Q))?, ¢ e (L=(R))! and a € L?(Q).

ou
E e <Av u7n> — <bu,n>
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We set
De(uv) = Avu,vv)y— (ulb,vVv)—v{Vuc) +auv.
Ac(u,v) = JDE(u,v)dq+J aRuvdo
Q R

F(v) = ffvdq+f gRvdo
Q rR

-\@’-Variational formulation
Find u e H;DID(Q) such that

Ac(u,v) = F(v), Vv e H(lm-,, (Q)

-\@’-Variational formulation with an extension function RP

Find w € Hj 5(2) such that

Ac(w,v) = F(v) — Az(RP,v), Yve HéJ—D (Q)
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p

@ d-simplicial mesh in R" (d < n)
d
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My

dimension of the simplices
ng : total number of vertices
Nme : number of mesh elements
q : n-by-ng array of vertices coordinates
me : (d+ 1)-by-nye connectivity array for mesh elements
vols : 1-by-npe array of volumes of the mesh elements
Qc R, n=2

@ 7p is the 2-simplicial mesh

Th-Nme

Q= U K= kUl Te.

KeTy,

Njab
-U U
1=1 KeBy(I)

Tuesday 24th March, 2015

@ By is the array of 1-simplicial meshes
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-@'—Matrix representation
Find w;, Vj € Zf such that

D Al(pj ei)wi = F (i) = > Ab(wj, 0i)R;, VieIf

jeTg, jeIp

V(i,j) € [1,n4], we set

Af; = AL(gy 01) = . Dy, pi)da + L " pjpida = D + AT,
h h
b = Fgi) = | Foida+ | g oido = b + bf:
Q rg

-‘@’-Matrix representation

w(Zp) is the solution of

A*(Z5,T5)x = b*(Ip) — A*(Z5,Ip)R(Ip)
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Algorithm 1 Steps for solving the Scalar Boundary Value Problem

Assembly of the matrix D

Computation of b’

Computation of Robin contributions A% and b~
Computation of Dirichlet contributions 7p, 75 and R.
b* — b" + b

AF — D* + AR

u(Zp) « Solve(A“(Zp,T5),b(Z) — A“(Z5,Ip)R(Ip))
u(Zp) — R(Zp)

N a Rl wh

? But ...

How to assemble the matrices DZ, AR and the vectors bf, bR?
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Assembly of the matrix D*
£ is the nq-by-n, matrix defined V(i,j) € [1,n,]? by

D =J Delpj pi)da =), f Dr (v, pi)dq
2 k=1 Tk
Remark

The (d + 1) Py-Lagrange basis functions on a d-simplex K are the barycentric
coordinates () aef1,d+1]-

We denote by D¢“(K) the (d + 1) x (d + 1) element matrix defined by
DLS(K) = | Pelisd)@da, Vo) [Ld+1P (1)

On K = Ty we have Ay = @pe(a,k), Ya € [1,d +1].
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Algorithm 2 Classical assembly with element matrices

1: D <0 = Sparse matrix nq-by-ng
2: for k < 1 to ny,e do

3 E < Do5(TH

4: fora<—1tod+1do

5 i «— me(a, k)

6 for 3<—1tod+1do

7: Jj < me(B, k)

8 D (i, j) — D (i,j) + E(a, B)
9 end for
10:  end for
11: end for

? How to compute the element matrix D*(K)?
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V(a, B) € [1,d + 1],

DZ,%(K) :J D»C(Aﬁv Aa)(a)dq,

—ZZJ ,,?5” dq —Zfb 2 \sdq

i=1j=1

0Ag
+ c,-—/\adq—l-f aoraAgdq.
;fK OX; K 0 b

]D)EE 2 ZDdUdV K’A’.J’I’J Z]D)udv K bn
i=1j=1
d

+ ZDduv K CH Div(Ka a0)
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Theorem (Magic formula)

Let K be a d-simplex and ()\;(q))ic[1,d4+1] be the barycentric coordinates of a
point q € K, then for every nj e N, i € [1,d + 1], we have

d+1

d+1 d! H n;!
(d+ > m)
i=1

where |K| is the volume of K.

Remark

As A\, are polynomials of degree 1 on K, their derivatives are constant on K and

we set A ; = %\T‘j‘lK,a e1,d+1].
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Computation of D¢, (K, g, i)

0Aq

D K8y [ 0T @A~ [ er(@ G

TXi(Q))‘B(Q)

d+1

AN Z EIJ Ai(a)As(a)dq.
=1 K
The magic formula gives
Lemma
diIK _dn
D508y = g il + 2, 8) (13)
: =1

This approximation is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g = gk is constant on K we obtain

d|K]|
(Dudv(K 8! )) a,f = (d+1)!>‘a,igK~
e A e e 0 &



Computation of D¢, (K, g, i)

dIK d+1
( udv(Kga )) 7ﬁw(d_’|_2|) a,i 5+Zgl

Algorithm 3 Function DElemP1 gudv. Computation of the element matrix
D¢, (K,g,i) on a d-simplex K.
Input :

d 1 dimension of the simplex K,

vol : volume of the mesh element K,

g 1 (d + 1)-by-1 array of g values on the vertices of K,

i : index in [1,d],

G 1 (d-by-(d + 1)) local gradient array G (i,a) = )\a i VYae[l,d+1]
Output :

D¢ : (d+1)-by-(d + 1) matrix D%, (K,g,i).

1: Function D° < DElemP1 gudv( d,vol, &, i, G)

2 &s — sum(g)

33 fora—1tod+1do

4 forﬂeltodJrldo

5: D¢ (e, B) « (d“ s vol x (&8s + &(B)) * G(i, )

6 end for

7 end for

8: end Function
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d

De,£ ZZDdudv K7Ai7j7i7j Z]Dudv K7bl"i)+ZDSUV(K7CI'7I')+DI€IV(K730)
i=1j=1 i=1

Algorithm 4 function DElemP1. Computation of the element matrix D®Z(K)

Input :

Tn : d-simplicial mesh structure,

Ly : discretized L operator,

k . index of the k-th mesh element K = Ty,
Output :

D¢ :  (d+1)-by-(d + 1) matrix,

1: Function D¢ < DElemP1( Tp, L, k)

2 D « DElemP1_guv(d, vol, getLocFdata(L4.a0, Th, k))

3: if Lp.order > 0 then

4 G < Gradients(d, Th.q(:, Tn. me(:, k)), Tp.vols(k))

5: for i — 1 to d do

6: for j — 1 to d do

7: D° « D° + DElemP1_gdudv(d, vol, getLocFdata(Ln.A(1,}), Ta, k), i,j, G)
8: end for

9: D¢ « D — DElemP1 gudv(d, vol, getLocFdata(Lx.b(i), Th, k), i, G)
10: D€ « D° + DElemP1_gduv(d, vol, getLocFdata(Lp.c(i), Th, k), i, G)
11: end for

12:  end if

13: end Function

Cuvelier-Scarella (LAGA) A short and efficient way to solve PDE's Tuesday 24th March, 2015 15 / 67



Assembly of the matrix D*

1: Function D* < DAssemblyP1_base(7p, £)
D — Sparse(Th.ng, Th.ng)
Lp < setDdata(L, Tp)
for k — 1 to Tp.nme do
D¢ « DElemP1(7h, L, k)
fora<—1to 7,.d +1 do
i« Tp.me(a, k)
for 3 — 1to 7p.d +1do
J < Tn.me(B, k)
D (i, ) < D*(i,j) + D*(a, B)
end for
end for
13 end for
14: end Function

=
TV eNoas N

._.
n

o Computation of the Mass matrix M
M,’J = J <pj<p,-dq = D,{'j, with £ = £®,0,0,1
Qy

1: LMass « Loperator(d, Qgxd,04,04,1)
2: M < DAssemblyP1 base(7,,LMass)
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Assembly of the matrix D*

1: Function D* < DAssemblyP1_base(7p, £)
2:  DF < Sparse(Th.ng, Trng)

3 Lp < setDdata(L, Tp)

4. for k < 1 to Tp.nme do

5: D° « DElemP1(7h, L, k)

6 fora<—1to 7,.d +1 do

7 i < Th.me(a, k)

8 for 3 — 1to 7p.d +1do

9: Jj < Th.me(B, k)
10: DA (i,j) « D (i, j) + D*(a, B)
11: end for
12 end for
13 end for

14: end Function

o Computation of the Stiffness matrix S
Sijj = f (V ¢j,V iy dq=Df;, with £ = Lig00
Q

1: LStiff « Loperator(d,lgxd4,04,04,0)
2: S « DAssemblyP1 base(7,,LStiff)
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Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix D

Computation of bf

Computation of Robin contributions AR and bR
Computation of Dirichlet contributions Zp, Z5 and R.
b* — b + bF

AF D + AR

u(Z5) < Solve(AX(Z§,Z5), b(T§) — A*(Z5,Zp)R(Ip))
u(Zp) < R(Ip)

N ak®wDd

bf ":“f fpidq ~ J frpidq = Z fjf <Pj90idq
Q, Qp j=1 Q

1: Function b" — RHS(T, f)

2. DMass < Loperator(75.d,0,0,0,1)
3: M <« DAssemblyP1 base(7,, DMass)
4:  bf «— M setFdata(f, T)

5. end Function
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Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix D

2: Computation of b’

3: Computation of Robin contributions AR and bR

4: Computation of Dirichlet contributions Zp, Zp and R.
5. b* — bf + bR

6: AX — D* + AR

70 u(Z§) — Solve(A*(Z5,I5), b(Z5) — A“(Z5H,Ip)R(Ip))
8 U(ID) «— R(ID)

bRMJ g® x Th.pido = 2 J g® x Th.pido = Z b!
rR

By (1
[SIE N w1 [SIE

Bh(’) Nq
b:’[f = 0 and bIII(S) x JB (I Qﬁr X Bh( ) QOSdO-.
h

1: LMass < Loperator(d,@,0,0, 1)
2: M < DAssemblyP1 base(B(/), LMass)
3. b'(7)) —~M'g', b(Zf) <0
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Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix D*

Computation of b’

Computation of Robin contributions AR and bR
Computation of Dirichlet contributions Zp, Z5 and R.
b* — b + bF

AF — D + AR

u(Z§) « Solve(A“(Z5,Z5),b(T5) — A*(Z5,Ip)R(ZIp))
u(Zp) < R(Ip)

e

ATy t‘fr fpipide = ), L, 0 3 X Thpj x Trpido = 7 Al
h

R
€T pels SIE N

AL (0 3y(s) = Lh(l) a® x By(l).ps x By(l).ordo

1. LWMass < Loperator(d, ©,0,0, a")
2: Al —0,
3. A/(Z),Z)) < DAssemblyP1 base(Bj(/), LWMass)
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Algorithm 5 function SolvePDE : building and solving a scalar BVP

Input :
pde : a PDE structure
Output :
u : vector of dimension ngos = pde.7p.ng.

1: Function u < SolvePDE(pde)

2:  DF « DAssemblyP1 base(pde.Tj, pde.op)

3 b’ — RHS(pde. Ty, pde.f)

4: [bR,MF] « RobinBC(pde)

5. [Zp,Zp, R] < DirichletBC(pde)

6: b« b+ bR

7. Af < DF + AR

8:  wu(Zf) « Solve(A“(ZH,I5),b(Z5) — A“(Z5,Ip)R(Ip))
9: U(ID) «— R(ID)

10: end Function
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Algorithms efficiency

The algorithms contain few lines

algorithm Matlab Python Scilab

RHS 5 9 4 5
RobinBC 19 21 21 21
DirichletBC 13 21 11 21
SolvePDE 10 11 10 11
DAssemblyP1 _base 14 15 17 15
DElemP1 13 24 25 25
DElemP1_guv 8 8 7 8
DElemP1_gdudv 8 8 6 8
DElemP1_gudv 8 8 6 8
DElemP1_gduv 8 8 6 8
Gradients 5 6 11 6
setFdata 5 18 25 9
BuildBoundaryMeshes 22 18 30 18
ComputeVolVec 15 30 13 30
Loperator 16 12 30 11
setFdata 5 18 25 9
getLocFdata 3 3 2 3
initPDE 24 8 19 26
setBC_PDE 12 28 30 24
Total 208 256 273 282

Input/output functions were not counted.
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Benchmark of stationary convection-diffusion problem

Ndof Matlab Octave Python FreeFEM++
y
= = P =
2) ) 2) 2
£ s @ & 2 5 @ s @
g & g 2 ¥ g g 2 g
= N S < S < 3 < 3
O v (%] v v v v 12 v

2448 23132 0.022 | 44350 0010 | 7619 0.012 | 0.082 0.002
6456 62.699 0.080 | 119.240 0.027 | 20.384 0.029 | 0.085 0.003
12205 121701  0.079 | 229.142 0.056 | 38.651 0.061 | 0.162 0.004
25253 || 267.526 0.256 | 494841 0.135 | 80.334 0.136 | 0.339 0.009
55996 || 642.744 0576 | 1197.113 0.348 | 178.354 0.358 | 0.754 0.023
98712 || 1434.475 0.868 | 2555.707 0.725 315.874 0.741 | 1.351 0.064
118216 || 1602.288 1.424 | 3397.917 0.918 ‘ 379.210 0.941 | 1.621 0.079

Matlab R2014b

Octave 3.8.1

Python 3.4.0 (NumPy 1.8.2, SciPy 0.13.3)
FreeFEM++ 3.31-3

Computer characteristics: 2 x Intel Xeon E5-2630v2 (6 cores) at
2.60Ghz, 64Go RAM under Ubuntu 14.04 LTS (64-bit)
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Classical algorithm : conclusion

e Pros

» easy to write
> very short codes
» can (try to) solve a wide variety of BVP's

e Cons
» So loooong computation to assemble the linear system!!!

What can we do?
Find another way to assembly the linear system :

OptV3 vectorized algorithms!
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Why classical algorithm is so long?

Algorithm 6 Classical assembly with element matrices

1: Df <0 = Sparse matrix ng-by-nqg
2: for k — 1 to nn,e do

32 E <« Do5(TH

4: fora<—1tod+1do
5 i < me(a, k)

6 for 3<—1tod+1do

7 j « me(8, k)

8 D (i,j) < D*(i,j) + E(a, B) = insert/add
9 end for

10:  end for

11: end for

@ Due to the sparse matrix storage format (CSR,CSC,HYB,...), insertions of
elements are very expensive.

@ Some dynamic reallocation problems may also occur.

See report in collaboration with Japhet C. and Scarella G.
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Definition (Usage of the sparse function)

M < sparse(Ig,Jg,Kg,m,n)

@ Mis am xn sparse matrix such that
M(Ig(k), Jg(k)) — M(Ig(k), Jg(k)) + Kg(k).
@ The 1d-arrays Ig, Jg and Kg have the same length.
@ The elements of Kg having the same indices in Ig and Jg are summed.
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Definition (Usage of the sparse function)

M < sparse(Ig,Jg,Kg,m,n)

@ Mis am xn sparse matrix such that
M(Ig(k), Jg(k)) — M(Ig(k), Jg(k)) + Kg(k).
@ The 1d-arrays Ig, Jg and Kg have the same length.

@ The elements of Kg having the same indices in Ig and Jg are summed.

Examples in some languages :

e Python : M=sparse.<format>_matrix((Kg, (Ig,Jg)),shape=(m,n))
(csc, csr, 111, ...),

e Matlab : M=sparse(Ig,Jg,Kg,m,n), only csc format,

e Octave : M=sparse(Ig,Jg,Kg,m,n), only csc format,

e Scilab . M=sparse([Ig,Jg],Kg,[m,n]), only row-by-row format,

o Julia : M=sparse(Ig, Jg, Kg, m, n) , csc format,

¢ R : M <- sparseMatrix(Ig, Jg, x = Kg, dims = c(m,n) ),
csc format,

e C :  see cs_compress of the SuiteSparse developed by T. Davis,

e CUDA : seethe Thrust and Cusp libraries.
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3d-0ptV1 algorithm

better usage of the sparse function :

1: Creation of the 3d-arrays Iz, J, and K,
2: M « sparse(Ig (:), Jg (2), Kg(:),nq, ng)
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3d-0ptV1 algorithm

Algorithm 7 3d-0ptV1 algorithm

1: Kg Iz «— Jg < @nme x (d+1)x (d+1) > 3d arrays contiguous in memory
2: for k < 1 to ny. do B> Loop over mesh elements
32 E < Do5(TH

4 fora — 1tod+1do B> Loop over local nodes
5: for 3—1tod-+1do B> Loop over local nodes
6 Kg(k7a76) <—E(Oé,ﬂ)

7 Ig(k, o, B) < me(a, k)

8 Tg (k,, B) — me(B, k)

9 end for

10:  end for

11: end for

12: M « sparse(lg (:), Jg (), Kg (), nq, 11q)

Performance : similar to the classical version!
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Transformation of the 3d-0ptV1 algorithm

1: Iy, Jg, Kg < Onpe x(d4+1)x(d+1)
2: for k < 1 to ny,e do

3 EDE(TH

4: fora<—1tod+1do

5: for < 1tod+1do
6: Ks(k’awﬁ) <—]E(O<,ﬂ)
7: Ig(k, @, 8) < me(a, k)
8: Jg(k,a, B) < me(B, k)
9: end for

10:  end for

11: end for

12: M« sparse(Ig(:), Jg (1), Kg (:), ng, nq)

@ There exists a function EMent which returns the («, 8) entry of the matrix
D&E(Tk).
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Transformation of the 3d-0ptV1 algorithm

1: g, Jg, Kg < Onpox(d+1)x (d+1)
2: for k < 1 to nye do
fora —1tod+1do
for 3« 1tod+1do
Kg (k, a, B) « EMent(a, 8, vol(k),...)
Ig(k, o, 8) < me(a, k)
Jg(k,a, B) < me(B, k)
end for
9:  end for
10: end for
11: M « sparse(I(:), Jg (:), Kg(:), ng, ng)

XN a e

@ There exists a function EMent which returns the (a, 8) entry of the matrix
De£(TH).

@ Loops permutation

Cuvelier-Scarella (LAGA) A short and efficient way to solve PDE's Tuesday 24th March, 2015 29 / 67



Transformation of the 3d-0ptV1 algorithm

L Ig, Jg, Kg — Onppex(d+1)x (d+1) 1 Ig, Jg, Kg — Onpex(d+1) x (d+1)

2: for k < 1 to nye do 2: fora < 1to d+1do

3: fora<—1tod+1do 3: for3<« 1tod+1do

4: for 3 — 1tod+1do 4: for k — 1 to nme do

5: Kg (k, a, B) « EMent(a, 8, vol(k),...) 5: Kg(k,a, ) < EMent(c, B3, vol(k),...)
6: Ig(k, o, 8) < me(a, k) 6: Ig(k, o, B) < me(a, k)

7: Jg(k,a, B) < me(B, k) 7: Jg(k,a, B) < me(S, k)

8: end for 8: end for

9:  end for 9: end for
10: end for 10: end for
11: M « sparse(I(:), Jg (:), Kg(:), ng, ng) 11: M « sparse(Iz(:), Jg(:), Kg(:), ng, ng)
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Vectorization of the 3d-0ptV1 algorithm

1: Ig, Jg, Kg < OnmeX(d+1)><(d+1)
2: fora < 1to d+1do
for 3—1tod+1do
for k < 1 to nme do
Kg (k, o, B) < EMent(a, 3, vol(k), . ..)
Ig (k, o, B) < me(a, k)
Ta (k, o, B) « me(8, k)
end for
9:  end for
10: end for
11: M« sparse(Ig(:), Jg (), Kg (:), nq, nq)

XN a e
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Vectorization of the 3d-0ptV1 algorithm

L Ig, Jg, Kg — Onpex(d+1) x (d+1) 1 Ig, Jg, Kg — Onpex(d+1)x (d+1)

2: fora < 1tod+1do 2: fora < 1tod+1do

3: forB3<«1tod+1do 3: for3—1tod+1do

4: for k < 1 to nme do 4: for k < 1 to nme do

5: Kg (k, o, B) < EMent(a, 3, vol(k), . ..) 5: Kg (k, a, B) « EMent(a, 3, vol(k),...)
6: I (k, o, ) < me(c, k) 6: end for

7 Jg(k,a, B) < me(B, k) 7 Ig(:,a, B) < me(a, )

8: end for 8: Jg(t,a, B) < me(B,:)

9:  end for 9:  end for
10: end for 10: end for
11: M « sparse(I(:), Jg (:), Kg(:), ng,ng) 11: M « sparse(Iz(:), Jg (:), Kg(:), ng, ng)
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Vectorization of the 3d-0ptV1 algorithm

L Ig, Jg, Kg — Onpex(d+1) x (d+1) 1 Ig, Jg, Kg — Onpex(d+1)x (d+1)

2: fora < 1tod+1do 2: fora < 1tod+1do

3: forf«—1tod+1do 3: forB3<« 1tod+1do

4: for k < 1 to nme do 4: for k < 1 to nme do

5: Kg (k, o, B) < EMent(a, 3, vol(k), . ..) 5: Kg (k, a, B) « EMent(a, 3, vol(k),...)
6: I (k, o, ) < me(c, k) 6: end for

7 Jg(k,a, B) < me(B, k) 7 Ig(:,a, B) < me(a, )

8: end for 8: Jg(t,a, B) < me(B,:)

9:  end for 9:  end for
10: end for 10: end for
11: M« sparse(lg (), Jg (1), Kg (:), nq, 1q) 11: M« sparse(Ig(:), Jg (), Kg (:), nq, nq)

Algorithm 10 Generic OptV3 algorithm

Ig, Jg, Kg < Onppex(d+1)x(d+1)
fora —1tod+1do
for 3 —1tod+1do
Kg(:, o, B) < ElemMatVec(c, 8, vol, .. .)
Ig(:, a0, B) < me(a, )
Jg (s, 0, 8) < me(B,2)
end for
end for

: M« sparse(Ig (), Jg (1), Kg (:), ng,nq)

©oNO R wN
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Vectorized computation of K,

Kg(k,::) = (Kg), =D*“(T)
d

d d
ZZDgudv T, A i ,_I Z udv Tk,b,,l

i=1j=1 i=1

ZDduv Tkacla +ID) (Tk7ao)

d d d
Z Kdudv i i,j) - Z Kudv(bia i) + Z Kduv(ci, i) + Kuv(ao)
1j=1 i=1 i=1

||
Mn.

i
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d
Z dudv ,ja 1, Z Kudv il Z Kduv Cn ) + Kuv(aO)

H
[l Mn.

i=1

Algorithm 11 KgP1_OptV3 function : computation of Kg
Input :

Tn :  d-simplicial mesh structure associated to

L :  Loperator structure

G : gradient array (nme-by-(d + 1)-by-d), G(k,a,:) = VXX (q), Ya e [1,d + 1]
Output :

Kg :  nme-by-(d + 1)-by-(d + 1) array

1: Function K, < KgP1 OptV3( Ts, L, G)

2. Kg <« KgPl OptV3 guv(7h, £.a0)

3: fori<1to 7s.ddo

4 for j < 1 to 7p.d do

5: Kg <« Kg + KgP1 OptV3 gdudv(Th, L.A(1,)),G,i,j)

6 end for

7 Kg <« Kg — KgP1 OptV3 gudv(Th, L.b(i),G, i)

8 Kg <« Kg + KgP1 OptV3 gduv(Th, L.¢c(i), G, i)

9: end for

10: end Function
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Computation of the 3d-array K4, (g, /)

By definition ok d+1
(Kudv(gai))k :Didv(Tkagvi) = (f ga_a)\gdq>
T X _
a,B=1
We recall equation (1.3)
. diK| . & 0
e (K ~ ==
( udv( 7gﬂ’>)a,ﬁ (d+2)!(g5+1=21gl) ox;
We set g (1-by-nq), 8me ((d + 1)-by-nye) and g° (1-by-npe)
' d+1
g(i) = g(d),  Bmela, k) =g(me(a, k),  g°(k) = D) Bmela, k)
a=1

Cuvelier-Scarella (LAGA) A short and efficient way to solve PDE's Tuesday 24th March, 2015 33 / 67



Computation of the 3d-array K4, (g, /)

By definition Ok o
(Kudv(g7 l))k = Didv(Tk’g’i) B (.[ & 6 a)\ﬂd >

a,B=1

We recall equation (1.3)

+
( udv(K 8,1 )) B~ ~ (j!lf;| Z
We set
' d+1
g(i) = g(d),  Bmela, k) =g(me(a, k), g (k) = ) Bme(a, k)
a=1
So

(Kudv(ga i))k,a,ﬂ ~ (Z!_i_-r;)!(gme(ﬂ, k) +g5(k)) X G(k,aa l)

We obtain the vectorized computation of (Kuav(g)). o4 °

d!
(d +2)!
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Computation of K4, (g, /)

d!

(d+2) X Th.volsX (gme (B, :)+&° )X G(:, a, i)

(KudV(ga i)); LB

Algorithm 12 Function KgP1 OptV3 gudv : computation of K4, (g, /)

1: Function Kg; < KgP1_ OptV3 gudv( Ts,g,G, 1)

2 Kg < Onpe nage nase > K : zeros nme-by-(d + 1)-by-(d + 1) array
30 gh < &(Th-9), 8me < &h(Th.me)

4 g8 «— sum(gme, 1)

5. fora<1tod+1do

6 for 3 —1tod+1do

7
8

Kg(:,mﬁ) <~
end for

9: end for
10: end Function

ﬁx’ﬁ,.volsx (8me(B,:)+8°)XG(:, , )
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Algorithm 13 DAssemblyP1 OptV3

Input :
Tr : mesh structure associated to
L :  Doperator structure
G : 3d-array given by function GradientsVec or empty
(useful for 1 operator)
Output :
D Th-ng-by-Th.ng sparse matrix.

1: Function D* « DAssemblyP1_OptV3( T, £, G)
2 [Ig,Jg] < lgJgPl OptV3(d, Th-nime, Th. me)
3 if G =  then

4 G « GradientsVec(Th.q, Th. me, Tp.vols)

5.  endif

6: Kg «— KgP1_0ptV3(7h, L,G)

7: DF «— sparse(Ig(2), Jg (1), Kg (:), Thong, Thong)
8: end Function

Remark

RobinBC, RHS and SolvePDE functions used the function DAssemblyP1 base.
We just have to replace it by the new vectorized DAssemblyP1 OptV3 function.
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Benchmarks : 2d stationary convection-diffusion problem

A short and efficient way to solve PDE's

Cuvelier-Scarella (LAGA)

Ndof Matlab Octave Python FreeFEM++
> > > >
& g g & g & g g g
Y < S < S N S < 3
G & % 2 S 2 5 2 5
2448 23.132 0.022 44.350 0.010 7.619 0.012 | 0.082 0.002
6456 62.699 0.080 | 119.240 0.027 | 20.384 0.029 | 0.085 0.003
12205 121.701 0.079 | 229.142 0.056 | 38.651 0.061 | 0.162 0.004
25253 267.526 0.256 | 494.841 0.135 | 80.334 0.136 | 0.339 0.009
55996 642.744  0.576 | 1197.113 0.348 | 178.354 0.358 | 0.754 0.023
98712 || 1434.475 0.868 | 2555.707 0.725 | 315.874 0.741 | 1.351 0.064
118216 || 1602.288 1.424 | 3397.917 0.918 | 379.210 0.941 | 1.621 0.079
Ndof Matlab Octave Python FreeFEM++
Q) o @ @
2 ~ N =~ & =~ K =~
Sl & ¥ & ¥F| & ¥Fl|lg ¥
L L S < S < S < S
9 & S & S 5 %) 2 %
25253 || 0.375 0.376 | 0.157 0.161 0.183 0.133 | 0.375 0.009
98712 1.135 1.086 | 0.469 0.714 0.820 0.720 1.346  0.063
226226 2.254 2.251 1.343 2.085 1.954 2.085 3.145 0.161
393202 3.277 3.981 | 2.547 4.494 3.521 4.556 5.463 0.292
605547 5.363 6.267 | 4.096 8.652 5.522 8.899 8.452  0.463
878642 7.952 9.738 | 5970 15.367 | 8.019 15.852 | 12.201 0.691
1190916 || 10.583 15.057 | 8.211 26.755 | 11.000 27.621 | 16.809 0.961
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Cuvelier-Scarella (LAGA)

Outline

A short and e

ent way to solve PDE's

[m]

© Vector BVP

=



fg Vector BVP

Find u = (u1,...,un) € (H?>(Q))™ such that
H(U) :f in Q)
u, =gP on 2 vae[1,m],
ou + afu, =gf on IR vae[1,m].
ang.[

def
Huﬁ = ‘CAavﬁba-ﬂ’ca,ﬁ’agﬁ

Wt N U5 S (AT G ug, )y — (b ug,m))
GnH 521
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-\@'-ZD elasticity problem
Find v = (H?(2))? such that
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-\@'-ZD elasticity problem
Find v = (H?(2))? such that

Lemma

Let H be the 2-by-2 matrix of the second order linear differential operators where
HQ,B = 'CA”vﬁ,O,O,Oa V(Q,B) € [172ﬂ2a with

1,1_’70 1,2 _ 0 A 21 _ 0 p 2,2_#0
& _(O/L)’A _(,uO’A _)\0’A ~\0 v

where v = X\ + 2u. Then

H(u) = — divo(u) (3.4)
and, Ya € [1, 2],
ai“ — (o(u).n)a. (3.5)
H
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-\@'-ZD elasticity problem
Find v = (H?(2))? such that

-@'—2D elasticity problem with 2-by-2 #-operator
Find u = (u1,u5) € (H?(Q))? such that

H(u) =f, in Q,
ou
Ay =0, on TN =TV vae[1,2]

on T2 =rP vae[1,2].
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Variational formulation for the vector BVP

ag llﬁ a, Yo € [[l,m]].

EMR

Let v =(vi,...,vm)E (Hl(Q))m. So we have, Ya € [1,m]

ZJ Ha,ﬁ(uﬁ)vadqu Fuvadq
p=1-9 Q

As H,. 3 is a L-operator, we have

6u[3

v.do.
r 6nHaﬁ

J;) Ha’ﬁ(llﬂ)vadq = J;Z DHa,,B (uﬁv Va)dq -

and then Va € [1, m]

Z J Dy, 5(Up,va)dq — Z f aé‘u5 v, do =J fov,dq.
199 o1 Mo Q
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Variational formulation for the vector BVP

ag llﬁ a, Yo € [[l,m]].

EMR

Let v =(vi,...,vm)E (Hl(Q))m. So we have, Ya € [1,m]

ZJ Ha,ﬁ(uﬁ)vadqu Fuvadq
p=1-9 Q

As H,. 3 is a L-operator, we have

6u[3

v.do.
r 6nHaﬁ

J;) Ha’ﬁ(llﬂ)vadq = J;Z DHa,,B (uﬁv Va)dq -

and then Va € [1, m]

Z J DHa,ﬁ(u,B’v(I)dq_J\ aﬂvadd = J favadq.
g=179 rony, Q
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Variational formulation for the vector BVP
Va e [1, m]

Z f Dﬂa,ﬂ("ﬂﬂ’a)dq_J aﬂvadU =f f.v.dq.
=19 ronu, Q

As u, € H', ., we now take v, € H} , and so we obtain
go.ros o,ro

u ou
> Lpﬂw(uﬂ,va)dq_ﬁ’? . vada—f fovadq.
B=1

From Robin boundary conditions

oy =gl on TR, we have Va e [1, m]

ZJDHQ,/B(”B"’a)dQ+f Ruvado = J gfvadaJrJfavadq.
fo1de rR rR Q

Summing these equations on « gives ...
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Variational formulation for the vector BVP

We set

Ay(u,v) = J Dy (u,v)dq + Z f aRu,v,do
Q 1JrE
Fv) = f Fyvydq + ZJ glv,do
Q a=1 rg
where I
D Z Z D;{a 8 UB, Va

-\@’-Variational formulation for the vector BVP

. 1
Find u e Hglp)rf X ... X Hg',',“rp such that

Ay(u,v) = F(v), Yve Héﬂ, x ... x Hyro

Or ...
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Variational formulation for the vector BVP

We set
Ay(u,v) = J Dy (u,v)dq + Z f aRu,v,do
Q 1JrE
Fv) = J Fyvydq + Z J glv,do
Q a=1 rg
where I
Dy Z Z Ho s (UB, Vo)

~

*0-Variational formulation for the vector BVP with extension
functions
Find w e HJ p X ... x Hjp such that

Ay(w,v) = F(v) — Ay (RP.v), Vv e H] X X H(},rn

where RP = (RP,...,RD) e (HY(Q))" with yro(R) = g2 and w = u — RP.
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Discrete variational formulation for the vector BVP

We set

m
A;'{(uh,v,,) = Dy (up,vi)dq + Zf aguh7avh7ada
Qy, a=1 rf,a

Fhvi) = f <f,vh>dq+ZJ gRvh ado
2 a=1"T§ o

~
1

-@’-Discrete variational formulation with extension functions

Find wy e H>", x ... x HY", such that
0.rp, ore

Al (wp,vy) = F'(vy) — AL (RD vy), Vv e HM) <. x HM!

D D
O,F’.,1 O’Fh,m

Obviously, we have u, = wj, + RP.

Cuvelier-Scarella (LAGA) A short and efficient way to solve PDE's Tuesday 24th March, 2015 43 / 67




Matrix representation : some notations

Let ngor = m x n4 and, Yo € [1, m],

Too = {ielug | d TR, } T5 0 = L]\ Tp.o
Let
up = (Un1,...,Unm)E H;,;' (o X ... X 15 i (o
h1’ ha h,m> hm
and .
U= (u',...,u™" e R™"  with u* e R, v} =up,(q").
Then
m m h
u, = Z up €, = Z Z U?QD,' + Z gl?u(ql)(pi eu
=1 p=1 \ieT , i€Tp,,
=wp + RhD
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Matrix representation

N ! 7 - - - - - - -
-@-Dlscrete variational formulation with extension functions

Find wy, € HY" ) x ... x HY", such that Yv, € Y« x HY!

O,I",‘:1 O,I'":m O,I",‘:1 O,I',"”m
Al (Wh,vh) = F'(vy) — AL (RD, vi)
1,h 1,h .
HO,F,‘,’J X ... % HO,F,‘im = Span {gje, | y€[1,m], ieZf .}
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Matrix representation

N ! 7 - - - - - - -
-@-Dlscrete variational formulation with extension functions

. 1,h 1,h .
Find wy, € Ho,rfl X ... X% Ho,r;_’m such that Vv € [1,m], Vie Zj

AL (wh, pie,) = F'(pie,) — AL (RD, pre,)

Lh
H ' p
0.rp,

h ,
X ... X H(1J7F,‘:m = Span {pje, | y€[1,m], i€ Ij .}
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Matrix representation

N ! 7 - - - - - - -
-@-Dlscrete variational formulation with extension functions

. 1,h 1,h .
Find wy, € Ho,rfl X ... X Ho,rfm such that Vv € [1,m], Vie Zj

AL (wh, pie,) = F'(pie,) — AL (RD, pre,)

1,h 1,h _ - c
Hmrfl X ... X HOI,‘,’ = Span {pje, | y€[1,m], i€ Ij .}
il ,m
m m
wh= D Whuen =D, | D Wiy |en
pn=1 pn=1 jEIEy“
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Matrix representation

N ! 7 - - - - - - -
-@-Dlscrete variational formulation with extension functions

Find w}', Vi e [1,m], Vj e Z5  such that Vy e [1,m], Vie If

m

Z Z WJP'LAg-L(ijeMaSDie’y) = ]:h(SDiefy) —A;'.L(RhD,Lp,'e,y)

u=1jeZg m

1,h
H )
0.rp,

X ... % Hé?f,., = Span {pie, | y€[1,m], ieZp .}

m m

L
wh= 2 Whuen = 2 | 2 wivi|en

pn=1 p=1 jGIE“
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Matrix representation

N ! 7 - - - - - - -
-@-Dlscrete variational formulation with extension functions

Find wj‘.‘, Ve [1,m], VjeZp , such that Vy e [1,m], VieZp |

Z E Wj-LAr’;_l(ngeH,gp,-e,Y) = ]:h(SOie'y) —A;’.L(RhD,Qp,'e,y)

n=1jeIg o

1,h
H )
0.rp,

X ... % Hé?f,., = Span {pie, | y€[1,m], ieZp .}

m m

L
wh= 2 Whuen = 2 | 2 wivi|en

pn=1 p=1 jeIg_“

m

RP = D RRuen=>, 3 Riven RY =gl
p=1

n=1jeIp
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Matrix representation

~

-\@’-Discrete variational formulation with extension functions
Find w}', Yue [1,m], Vj e Z5  such that Vy e [1,m], Vie Zf

DL whAL (e, viey) = F(piey) — D, D REAT(vje, viey)

n=1jeIg , n=1j€Ip
1,h 1,h _ i - c
Hmrfl X ... X H°7rfm = Span {gje, | y€[1,m], i€ Ip .}
m m
— — Koy,
wh= D Whpen =D, | D Wiy |en
pn=1 pn=1 jEIEy“
m m
D _ D _ nwo. w D j
Ry = Z Ry..en = 2 Z R;vien, R =gh,(d)
p=1 n=1jeIp,,
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Matrix representation : matrix construction

Let A be the ngor-by-ngor block matrix defined by

ALl AL™
A= : : (3.4)
A™! A™T
where each block A" is the n,-by-n, matrix given V(i,j) € [1,n4]? by
ATY = Al (pjen, piey). (3.5)
We set b = (bl, ...,b™* as the block vector in R™*"a defined by
bj = F'(piey) (3.6)
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~
1

-@'—Discrete variational formulation with extension functions
Find w}', Yue [1,m], VjeZIs Vye[l,m], VieIj

Z Z A <pje,“<p,e7) .7-"’ (piey) — Z Z A wjeu,w,ev)R

pn= ].JEIC’ p=1jeIp ,

A7 = Al (gje,, pie) b7 = Fh(pre.)

1

N 7
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Find w}', Yue [1,m], VjeZIs Vye[l,m], VieIj

Z Z A%“ u Z Z A%NRH

n= IJEICY p=1jeIp ,

-@'—Discrete variational formulation with extension functions

~

A7 = Al (gje,, pie) b} = Fh(pje,)

1

ID—U{/ (o —1)ng, VieIpa} < [1,n040f]

N 7
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-@'—Discrete variational formulation with extension functions
Find w}', Yue [1,m], VjeZIs Vye[l,m], VieIj

Z Z A%“ u, Z Z A%MRH

n=1jeZf o p=1jeIp ,

A7 = Al (gje,, pie) b} = Fl'(pie,)

1

Ip= | J{i+(a—1)ng, VieIpa} < [1,n40]

a=1

-@’-Matrix formulation with extension functions
Find W € R®dof such that

AIp, Ip)W(Ip) = b(Ip)—AZb.Io)R(Ib)
W(Ip) = o.
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Vectorized assembly of H-operator

we recall that :

m
o AL (up,vy) = f Dy (up,vy)dq + Z J aRup avhodo
Qy, a=1 r;’:a
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Vectorized assembly of H-operator

we recall that :

m m m
R
o AL (up,vp) Z Z f Dy, ,(Unpg,Vhao)dq+ Z JR agUnaViado
a=1p3=1 a=1Tp
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Vectorized assembly of H-operator

we recall that :

m m m
° A;’{(uh,v,,) = Z Z JQ DHa,B (u,,7ﬂ,v,,,a)dq+ Z er aguh,av;mda
h a=1"""h o

Then ¥(u,v) € [1,m]?, ¥(i,j) € [1,nq]?,

Morenoe) = 2 ) |

m
D s (00,55 Pidy,0)da+ ) f a8 ¢j0u,apidy,ado
a=1 =1 a=1YTF,
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Vectorized assembly of H-operator

we recall that :

m m m
° Af’;_[(l.lh,vh) = Z Z f DHa,B (u,,7ﬂ,v,,,a)dq+ Z J aguh,avh@da
a=13=1Y a=19TR .

Then Y(p,v) € [1,m]?, V(i,j) € [1,nq]?,

s def A h
A= As(pjen, viey) = L D, (%), pi)da + 0, JFR 3l pjpido
h h,~
H By
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Vectorized assembly of H-operator

we recall that :

m m m
o Al (up,vy) = Z Z J Dy, »(Un,p,Vha)dg + Z f afupaVhado
a=15=1" a=1JT¢,

Then Y(p,v) € [1,m]?, V(i,j) € [1,nq]?,

g def ah
Al = Ay (pjeu piey) = JQ Dy, , (@), 0i)dq + 0, 4 JFR aSpjpido
h hy~
Hy

o F(v) =J fovpyda+ ), f givhado
Q" a=1 rl’:,a
Then Vv € [1,m], Vi e [1,n4]

b? "éf]-'h(go,-ev) = Z JQ foidy adq + Z J;R g§<p,-5%ad0
a=1 h a=1""p o
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Vectorized assembly of H-operator

we recall that :

m m m
o Al (up,vh) = > )] f Dt s (Uhp Vho)dq+ D f aRupoVhado
a=1 =1 Qp, a=1 r,':a

Then ¥(u,7) € [1,m]?, ¥(i.j) € [1,nq]?,

AZ}“ = Ag-t (‘pje/u ‘Pie’y) = JQ IDH%M (‘pja wi)dq + 5u,'y JFR 35<Pj(,0id0'
h b
T ¥,p
—]HI,.J +]B,.,j
m
° fh(Vh) :J F,vpydq+ 2 f gfv;,,ada
2 a=1Tg .
Then Vv € [1,m], Vi € [1,n4]
bi = fw:dQJrf gl pido
rR

2 h,y
f R
—b vy b! Y
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Solving vector B.V.P.

Algorithm 14 function SolvePDE : solving a scalar or vector BVP.

1
2
3
4:
b:
6
7
8
9

10:
11:

: Function U < SolvePDE(pde)

Dgof < pde.m X pde.Tp.nq
H — HAssemblyP1 _OptV3(pde.7h, pde.Op)
bf — RHS(pde. Ty, pde.f)
[bR,BR] — RobinBC(pde)
[Zp,Z5, R] < DirichletBC(pde)
b — bf + bR
A—H+BR
U(T5) — Sohve(A(T5,T5), b(T5) — A(T5,To)R(Zo))
U(Zp) — R(Zp)
end Function

Functions RHS, RobinBC and DirichletBC are easy to write
Let us focus on HAssemblyP1 base of HAssemblyP1 OptV3 functions!
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Vectorized assembly of H-operator

H m-by-m block matrix, ]H[O"ﬁ J Dy, 5 (0j, wi)dq
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Vectorized assembly of H-operator

H m-by-m block matrix, ]H[O"B f Dy, 5 (¢j, i)dq

Algorithm 16 Function HAssemblyP1 OptV3 - Matrix H assembly

1: Function H < HAssemblyP1 OptV3(74, Hop)
2:  ngof <« Hop.m * Tp.ng
3 H « Sparse(ndof, Ndof )
4. G < GradientsVec(7Tp.q, Tp. me, Tp.vols)
5.  for @ < 1 to Hop.m do
6 Z <« [1,Thng] + (@ —1)Th.ng
7 for 3 — 1 to Hop.m do = computation of block matrix (o, 3)
8 J —[1,Thng] + (8 —1)Th.nqg
9 H(Z,J) < DAssemblyP1 OptV3(7p, Hop.H(a, 8), G)
10: end for
11:  end for
12: end Function

One can also use DAssemblyP1 base instead of DAssemblyP1 OptV3!
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Vectorized assembly of H-operator

H m-by-m block matrix, ]H[O"B f Dy, 5 (¢j, i)dq

Algorithm 17 Function HAssemblyP1 OptV3 - Matrix H assembly (version 2)

1: Function H < HAssemblyP1 OptV3(74, Hop)
2:  ngof < Hop.m * Tp.ng

3 H « Sparse(ndof, Ndof )

4. G « GradientsVec(7Tp.q, Tp. me, Tp.vols)

5. [Ig,Jg] < lgdgPl_OptV3(d, nme, me)

6: for a < 1 to Hop.m do

7 I—1Ig+ (a—1)Tpng

8 for 3 — 1 to Hop.m do

9 J—Jg+ (8—1)Thng

10: K <« KgP1_0OptV3(7s, Hop.H(a, 8),G)
11: H «— H + Sparse(I(:), J(:), K(:), ndof, Ndof)
12: end for

13:  end for

14: end Function

Cuvelier-Scarella (LAGA) A short and efficient way to solve PDE's Tuesday 24th March, 2015 50 / 67



Benchmarks : 2d elasticity problem

(0:1) rs (20;1)
r4 Q I r
®
(0; —1) rl (20; —1)

Algorithm 18 2D elasticity

: Th < getMesh( 2 > Load 2D mesh

PA e (1+u)(1 20)

)

Hop <« InitHoperator(2, 2)
Hop.H(1,1) « Loperator(2, [
Hop.H(2,1) < Loperator(2, |l
Hop.H(1,2) <« Loperator(2, [
Hop.H(2,2) < Loperator(2, [u,
pde < initPDE(Hop, 7h)

10: pde « setBC_PDE(pde, 4,1 :2,’Dirichlet’,x — 0)
11: pde.f « x — [0, —1]

12: x < SolvePDE(pde)

2u 4+ A, 0;
0,2 1, 0]
0,/1/,)\7 ]a
0;0,2u +

N RsE W N
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Benchmarks : 2d elasticity problem

Ndof Matlab Octave Python FreeFEM++
> > > >
¢ & g F @ F o|F ¢
3 & g g g g g L g
T|& & | & & |&F & & 8
8442 62.116 0.084 | 121.577 0.050 | 55.301 0.055 | 0.156 0.004
18662 || 143.297 0.180 | 276.281 0.130 | 123.622 0.137 | 0.269 0.012
32882 || 258.444 0.318 | 504.902 0.282 | 219.901 0.294 | 0.471 0.024
51102 || 414511 0.866 | 812.632 0.508 | 343.043 0.521 | 0.740 0.040
73322 || 611.897 1.096 | 1214.158 0.795 | 491.822 0.819 | 1.063 0.059
99542 || 871.479 1.336 | 1750.689 1.025 | 669.178 1.134 | 1.448 0.084
Ndof Matlab Octave Python FreeFEM++
n > > >
S| 2 | g g | g 8 2 g
£ L s 2 s £ 5 £ s
<) [ % [ %1 % (%] S (%]
51102 || 0.547 0.300 | 0.192 0.237 | 0.233 0.676 | 0.740 0.040
202202 2180 1.023 | 0.695 1.279 | 1.067 4563 2961 0.181
453302 4.080 2195 | 1.760 3.414 | 2473 15.071 | 6.790 0.447
804402 6.795 3.826 | 3.453 6.837 | 4.703 44.976 | 11.871 0.809
1255502 || 10.799 5.854 | 5.611 12.303 | 7.518 87.745 | 18.546 1.605
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Benchmarks : 3d elasticity problem

Octave

FreeFEM++
>

e, (s)

>

K ~ N

§ v | §

P g &

& = &
o

N &

temgs)
(s 5)

Sys,

20.352 0.018 | 39.974 0.006 | 16.447 0.008 | 0.067 0.023
91.260 0.070 | 182.602 0.046 | 92.118 0.134 0.068
251.202 0.301 | 500.730 0.197 | 337.883 0371 0.251
1468.289 1.926 | 1640.140 d 1.180 1.034

11.114 | 2.380 2.982

14883 || 734.156
1594.150 3279.344 8.192 | 6032.708

FreeFEM++

Matlab

0/1/@( s)

%
1.031

= | Sy,
o te,
q ()

@

£ @

a @

& S
U?’ o
0.363 2.933 1.627
43.451 4.062 22.652 8.579 17.278

114.045 | 29.504 84.889

210.357 | 16.062
39.185 371.655 | 69.304 265.619

14883 || 0.892 1.634
32.043 | 2.336

107163
348843 113.125 | 10.422
811923 || 47.138 341.732 | 25.878 662.872
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A short and effi

t way to solve PDE's

© WMore fun



-\@'-BD problem : stationary heat with potential flow

Find u e H?(Q) such that
—div(aVu) +(V,Vuy+Bu = 0 inQcR? (4.1)
u = 30 on 920 U MNap2o, (4.2)
u = 106|z_1\>o.5 on [, (4.3)
ou .
= = 0 otherwise (4.4)
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-@'—3D problem : stationary heat with potential flow

Find u e H?(Q) such that
—div(aVu) +(V,Vuy+Bu = 0 inQc R (4.1)
u = 30 on 920 U MNap2o, (4.2)
u = 105|z—1\>0.5 on [q, (4-3)
ou )
= = 0 otherwise (4.4)

Laro,v,p(u) =0

au aU
o = (AV u,ny—<{bu,ny = as
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¢~ Velocity potential in 3d :V — v ¢
Find ¢ € H2(Q) such that
“Ap = 0 inQ (4.5)
# = 1 on T U001, (4.6)
¢ = —1 on T2 U 020, (4.7)
0¢ .
Pl 0 otherwise (4.8)
-\@’-Velocity potential and velocity field in 3d
Find ¢ € H2(Q) and V € HY(Q)® such that
0 0
(V2 V2 Ve _ g (4.9)
Ox Jy 0z
vi-® _ 0ing, (4.10)
0x
V,— %’ - 0inQ, (4.11)
f3lo} .
Vs — 5 = 0 inQ, (4.12)
with boundary conditions (4.6) to (4.8).
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Let w = (¢7 V1, v27 V3)t7 and €1 = (I,0,0)t, € = (07 l,O)t, €3 = (an)l)t'
H(w) =0 (4.13)

with
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[V N oV, N oVs
ox oy 0z

Let w = (¢7 vl) v27 V3)t7 and €1 = (l,0,0)t, € = (07 l,O)t, €3 = (an)l)t'
H(w) =0 (4.13)
with

Hi1 =0, Hio = L0,—e;00 Hi3=L0, €00 His=L0,—e;00,
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Let w = (¢7 vl) v27 V3)t7 and €1 = (I,0,0)t, € = (07 l,O)t, €3 = (an)l)t'
H(w) =0 (4.13)

with

Ho1 = Lo0,—e;00 Ho2=L0po,1, Haz =0, Hos =0,

>
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Let w = (¢7 vl) v27 V3)t7 and €1 = (I,0,0)t, € = (07 l,O)t, €3 = (an)l)t'
H(w) =0 (4.13)

with

Hs1 = L00,—e,,0, Hz2 =0, Hzsz = Loo0,1, Hz s =0,
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Vs— 52 =0

Let w = (¢7 vl) v27 V3)t7 and €1 = (I,0,0)t, € = (07 l,O)t, €3 = (an)l)t'
H(w) =0 (4.13)

with

Ha1 = L00,—e5,0, Ha2 =0, Haz =0, Haa = L0001,
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ow, 0 owy —0 owq owq

=Y - Y == 0, =0,
anH1 1 an’Hz 1 aan,l an?—taJ
w2 _ 0 owy o, Owp o 0wy
(9”7—[1,2 T an'sz ’ anj{s,z ’ an’Ha,z ’
6W3 — Von aW3 -0 6w3 _0 aw3 _0
anH],,:; 2 an?—[2’3 ’ an’}-[:;’s ’ aan,:’ ’
Owy ~ Vin,, owy _o, owy o, ow, o
(}nH1,4 afTH2 a 5"7.[314 an’H.;,a
So
4
2 Ma__ V.n) =V é,n), (4.14)
aanl o
a=1 >
and 4 ow,, _ 241 ow, 243 ow, 0 (415)
S om,,  Zomy,  Zomy, ’ .
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Algorithm 19 Stationary heat with potential velocity problem

17:

18:
19:
20:
21:
22:

: Th < getMesh(...) = Load FreeFEM++ mesh
1 0 0

I e «— 0 , €2 «— 1 , €3« 0
0 0 1

: Hop « Hoperator(4,4)

: Hop.H(1,2) < Loperator(Qs, —e1,0,0)
Hop.H(1,3) < Loperator(Q3, —e2,0,0)
Hop.H(1,4) < Loperator(Qs, —es,0,0)
Hop.H(2,1) < Loperator(03,0, —e1,0), Hop.H(2,2) « Loperator(03,0,0,1)
Hop.H(3,1) < Loperator(Q3,0, —e2,0), Hop.H(3,3) « Loperator(03,0,0,1)
: Hop.H(4,1) < Loperator(03,0, —e3,0), Hop.H(4,4) < Loperator(03,0,0,1)

: PDEflow « initPDE(Hop, 7h)

: PDEflow < setBC PDE(PDEflow, [1021,2021],1, °Dirichlet’, 1., &¥)

. PDEflow « setBC PDE(PDEflow, [1020,2020],1, *Dirichlet’, —1., &¥)
: [¢, V1, V2, V3] — SolvePDE(PDEflow)

Pa— (x,y,z)— 1

: goo «— (x,y,2) —> 30, gio < (x,y,z) —> 10 % (|]z—1| > 0.5)

: B <0.01
« 0 0 V1
Dop « Loperator([ 0 «a 01,0, V2],8)
0 0 « V3
PDE « initPDE(Dop, 7h) = Set homogeneous ’Neumann’ condition on all boundaries

PDE « setBC_PDE(PDE, 1020, 1, *Dirichlet’, g0, &)
PDE « setBC_PDE(PDE, 2020, 1, ’Dirichlet’, g2o, &)
PDE « setBC PDE(PDE, 10,1, ’Dirichlet’, gio, &)

u < SolvePDE(PDE)
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A short and effici

nt way to solve PDE's

S




Clamped plate

From the thesis of T. Gerasimov[2009] (page 138). Let Q@ = [—1,6] x [—1,1] and
f :=exp(—100((x + 0.75)? + (y — 0.75)?)).

v=—Au, inQ

ANu=fFf, inQ

e="rm “Av=Ff, inQ
u=0, onT = (P)
ou u=0, onl

2 _0 onl
on =7 N 2 _0 onT

Let w = (u,v) € H}(Q) x HY(Q), the H-operator such that

u\ _ (f _ 0 L1000
(P1),(P2) = H (v) = (0) where H = <£]I,0,0,0 E@,o,o,_1)

w _dwy v g W du
on, On  0n On, On  0On

and
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Clamped plate

f
H(w) = <0>, in Q ’
0 1,0,0,0
here # = 00,
w1 =0, onfP=r where (ﬁn,o,mo ﬁ@,o,o7f1)
M =0, onl§=T
Ha

Algorithm 20 Clamped plate problem

Th < getMesh(...) = Load FreeFEM++ mesh
Hop « Hoperator(2,2)
Hop.H(1,2) < Loperator(2,1>,0,0,0)
Hop.H(2,1) « Loperator(2,1>,0,0,0)
Hop.H(2,2) <« Loperator(2,02,0,0,—1)
pde < initPDE(Hop, T5)
exp(—100((x + 0.75)% + (y — 0.75)2)))

0
8. pde « setBC_PDE(pde, 1,1, ’Dirichlet’,0.)
9: [u, v] < SolvePDE(PDE)

B I -

o

pdef — (x,y) —
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Clamped plate

u
0 2e-5 45 6e-5
‘ .
-9,74e-08 6.,66e-05
-
v
0007 0005 0002 0 0,003
| |
-0,00899 0,00474
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Eigenvalue problems

:gScaIar eigenvalue problem
Find (), u) € K x H2(Q) such that

L(u) =AB(u) in Q, (4.16)
u =0 on 2, (4.17)
u +afu =0 on k. (4.18)

6n£

.

Algorithm 21 function EigsPDE : solving scalar or vector eigenvalue problems

1: Function [U, \] < EigsPDE(pde, Bop, N.)
2: Ndof < pde.m x pde.Th.nq
3 A «— AssemblyP1 OptV3(pde.Th, pde.Op)
4:  [MFR FR] — RobinBC(pde)
5. A— A+ MR
6: B <« AssemblyP1 OptV3(pde.T4, Bop)
7:  [RP,Ip,I5] < DirichletBC(pde)
8: U @ndohme
9: [U( CD7:)7)‘] - EIgS(A(ICDv'B)7B(ICD7ICD)7Ne)
10: end Function
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Laplace problems

Lop « Loperator(2,1>,0,0,0)
pde < initPDE(Lop, 7p)
for i < 1 to pde. nj,, do
—Au=M\u in Q pde < setBC_PDE(pde, i, 1,’Dirichlet’,0)
end for
LMass <« Loperator(2,02,0,0,1)
[u,A] < EigsPDE(pde, LMass, 16)

u=20 onl
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Laplace problems

Lop « Loperator(2,1>,0,0,0)
pde < initPDE(Lop, 7p)
for i < 1 to pde. nj,, do
—Au=M\u in Q pde < setBC_PDE(pde, i, 1,’Dirichlet’,0)
end for
LMass « Loperator(2,0.,0,0,1)
[u,A] < EigsPDE(pde, LMass, 16)

QOD
9,
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Laplace problems

Lop « Loperator(2,1>,0,0,0)
pde < initPDE(Lop, 7p)
for i < 1 to pde. nj,, do
—Au=M\u in Q pde < setBC_PDE(pde, i, 1,’Dirichlet’,0)
end for
LMass <« Loperator(2,02,0,0,1)
[u,A] < EigsPDE(pde, LMass, 16)

u=20 onl
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@ Conclusion and prospects
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Conclusion and prospects

@ Very short algorithms to solve BVP’s in any dimension, ...
Less than 400 lines in Matlab, Octave, Python, Scilab

o Easy to read (so easy to write and to maintain)

o Efficient
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Conclusion and prospects
@ Very short algorithms to solve BVP’s in any dimension, ...
Less than 400 lines in Matlab, Octave, Python, Scilab
o Easy to read (so easy to write and to maintain)
o Efficient
To do :
@ Add time-dependent PDE's,
@ Add various types of finite element spaces (Px, Pi-bubble, RTO, ...),
o Add quadrature formulas,
@ Add samples using Domain Decomposition Methods,
o Parallel computing, GPU, ...

http://www.math.univ-paris13.fr/~cuvelier /software
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