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Scalar BVP - de�nition

Scalar BVP

Find u P H2pΩq such that

Lpuq “f in Ω Ă Rd , d ě 1

u “gD on ΓD Ă BΩ,

Bu
BnL ` aRu “gR on ΓR Ă BΩ.

L “ LA,bbb,ccc,a0puq def“ ´ div pA∇ uq ` div pbbbuq ` x∇ u,cccy ` a0u

where A P pL8pΩqqdˆd , bbb P pL8pΩqqd , ccc P pL8pΩqqd and a0 P L8pΩq.
Bu
BnL “ xA∇ u,nnny ´ xbbbu,nnny
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We set

DLpu, vq “ xA∇ u,∇ vy ´ pu xbbb,∇ vy ´ v x∇ u,cccyq ` a0uv .

ALpu, vq “
ż

Ω

DLpu, vqdq`
ż

ΓR
aRuvdσ

Fpvq “
ż

Ω

fvdq`
ż

ΓR
gRvdσ

Variational formulation

Find u P H1
gD ,ΓD pΩq such that

ALpu, vq “ Fpvq, @v P H1
0,ΓD pΩq

Variational formulation with an extension function RD

Find w P H1
0,ΓD pΩq such that

ALpw , vq “ Fpvq ´ALpRD , vq, @v P H1
0,ΓD pΩq
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d-simplicial mesh in Rn (d ď n)

d : dimension of the simplices
nq : total number of vertices
nme : number of mesh elements
q : n-by-nq array of vertices coordinates
me : pd ` 1q-by-nme connectivity array for mesh elements

vols : 1-by-nme array of volumes of the mesh elements
...

Ω Ă Rn, n “ 2

Th is the 2-simplicial mesh

Ωh “
ď

KPTh

K “
Th.nme
ď

k“1

Tk .

Bh is the array of 1-simplicial meshes

Γh “
nlab
ď

l“1

ď

KPBhplq

K
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Matrix representation

Find www j , @j P Ic
D such that

ÿ

jPIc
D

Ah
Lpϕj , ϕi qwww j “ Fhpϕi q ´

ÿ

jPID

Ah
Lpϕj , ϕi qRRR j , @i P Ic

D

@pi , jq P v1, nqw2, we set

AL
i,j “ Ah

Lpϕj , ϕi q “
ż

Ωh

DLpϕj , ϕi qdq`
ż

ΓR
h

aRϕjϕidq “ DL
i,j ` AR

i,j ,

bbbLi “ Fhpϕi q “
ż

Ωh

f ϕidq`
ż

ΓR
h

gRϕidσ “ bbbfi ` bbbRi .

Matrix representation

wwwpIc
Dq is the solution of

ALpIc
D , Ic

Dqxxx “ bbbLpIc
Dq ´ ALpIc

D , IDqRRRpIDq
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Algorithm 1 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix DL

2: Computation of bbbf

3: Computation of Robin contributions AR and bbbR

4: Computation of Dirichlet contributions ID , Ic
D and RRR.

5: bbbL
Ð bbbf ` bbbR

6: AL
Ð DL

` AR

7: uuupIc
Dq Ð SolvepAL

pIc
D , Ic

Dq,bbbpIc
Dq ´ AL

pIc
D , IDqRRRpIDqq

8: uuupIDq Ð RRRpIDq

But ...

How to assemble the matrices DL, AR and the vectors bbbf , bbbR?
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Assembly of the matrix DL

DL is the nq-by-nq matrix de�ned @pi , jq P v1, nqw2 by

DL
i,j “

ż

Ωh

DLpϕj , ϕi qdq “
nme
ÿ

k“1

ż

Tk

DLpϕj , ϕi qdq

Remark

The pd ` 1q P1-Lagrange basis functions on a d-simplex K are the barycentric

coordinates pλαqαPv1,d`1w.

We denote by De,LpK q the pd ` 1q ˆ pd ` 1q element matrix de�ned by

De,L
α,βpK q “

ż

K

DLpλβ , λαqpqqdq, @pα, βq P v1, d ` 1w2. (1.1)

On K “ Tk we have λα “ ϕmepα,kq, @α P v1, d ` 1w.
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Algorithm 2 Classical assembly with element matrices

1: DL
Ð 0 Ź Sparse matrix nq-by-nq

2: for k Ð 1 to nme do

3: EÐ De,L
pT k

q

4: for αÐ 1 to d ` 1 do

5: i Ð mepα, kq
6: for β Ð 1 to d ` 1 do

7: j Ð mepβ, kq
8: DL

pi , jq Ð DL
pi , jq ` Epα, βq

9: end for

10: end for

11: end for

How to compute the element matrix De,LpK q?
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@pα, βq P v1, d ` 1w2,

De,L
α,βpK q “

ż

K

DLpλβ , λαqpqqdq,

“
d
ÿ

i“1

d
ÿ

j“1

ż

K

Ai,j
Bλβ
Bxj

Bλα
Bxi dq´

d
ÿ

i“1

ż

K

bbbi
Bλα
Bxi λβdq

`
d
ÿ

i“1

ż

K

ccc i
Bλβ
Bxi λαdq`

ż

K

a0λαλβdq.

De,LpK q “
d
ÿ

i“1

d
ÿ

j“1

De
dudv pK ,Ai,j , i , jq ´

d
ÿ

i“1

De
udv pK ,bbbi , iq

`
d
ÿ

i“1

De
duv pK ,ccc i , iq ` De

uv pK , a0q
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Theorem (Magic formula)

Let K be a d-simplex and pλi pqqqiPv1,d`1w be the barycentric coordinates of a
point q P K , then for every ni P N, i P v1, d ` 1w, we have

ż

K

d`1
ź

i“1

λnii pqqdq “ |K |
d !

d`1
ź

i“1

ni !

pd `
d`1
ÿ

i“1

ni q!
. (1.2)

where |K | is the volume of K .

Remark

As λα are polynomials of degree 1 on K , their derivatives are constant on K and

we set λKα,i “ Bλα
Bxi |K

, α P v1, d ` 1w.
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Computation of De
udvpK , g , iq

pDe
udv pK , g , iqqα,β def“

ż

K

gpqqBλαBxi pqqλβpqqdq «
ż

K

ghpqqBλαBxi pqqλβpqq

«λKα,i
d`1
ÿ

l“1

g̃l

ż

K

λlpqqλβpqqdq.

The magic formula gives

Lemma

pDe
udv pK , g , iqqα,β «

d !|K |
pd ` 2q!λ

K
α,i pg̃β `

d`1
ÿ

l“1

g̃lq. (1.3)

This approximation is exact if g is a polynomial of degree 1 or 0 on K .
Furthermore, if g “ gK is constant on K we obtain

pDe
udv pK , g , iqqα,β “

d !|K |
pd ` 1q!λ

K
α,igK .
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Computation of De
udvpK , g , iq

pDe
udv pK , g , iqqα,β «

d !|K |
pd ` 2q!λ

K
α,i pg̃β `

d`1
ÿ

l“1

g̃lq.

Algorithm 3 Function DElemP1_gudv. Computation of the element matrix
De
udv
pK , g , iq on a d-simplex K .

Input :
d : dimension of the simplex K ,
vol : volume of the mesh element K ,
g̃gg : pd ` 1q-by-1 array of g values on the vertices of K ,
i : index in v1, dw,
GGG : (d-by-pd ` 1q) local gradient array GGGpi , αq “ λKα,i , @α P v1, d ` 1w

Output :
De : pd ` 1q-by-pd ` 1q matrix De

duv
pK , g , iq.

1: Function De
Ð DElemP1_gudv( d , vol, g̃gg , i ,GGG)

2: g̃s Ð sumpg̃ggq

3: for αÐ 1 to d ` 1 do

4: for β Ð 1 to d ` 1 do

5: De
pα, βq Ð d !

pd`2q!
˚ vol ˚ pg̃s ` g̃ggpβqq ˚GGGpi , αq

6: end for

7: end for

8: end Function
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De,LpK q “
d
ÿ

i“1

d
ÿ

j“1

De
dudv pK ,Ai,j , i , jq ´

d
ÿ

i“1

De
udv pK ,bbbi , iq `

d
ÿ

i“1

De
duv pK ,ccc i , iq ` De

uv pK , a0q

Algorithm 4 function DElemP1. Computation of the element matrix De,LpKq

Input :

Th : d -simplicial mesh structure,
Lh : discretized L operator,
k : index of the k-th mesh element K “ Tk ,

Output :

De : pd ` 1q-by-pd ` 1q matrix,

1: Function De
Ð DElemP1( Th,Lh, k)

2: De
Ð DElemP1_guvpd , vol, getLocFdatapLh.a0, Th, kqq

3: if Lh.order ą 0 then

4: GGG Ð Gradientspd , Th.qp:, Th.mep:, kqq, Th.volspkqq
5: for i Ð 1 to d do

6: for j Ð 1 to d do

7: De
Ð De

` DElemP1_gdudvpd , vol, getLocFdatapLh.Api , jq, Th, kq, i , j ,Gq
8: end for

9: De
Ð De

´ DElemP1_gudvpd , vol, getLocFdatapLh.bpiq, Th, kq, i ,Gq
10: De

Ð De
` DElemP1_gduvpd , vol, getLocFdatapLh.cpiq, Th, kq, i ,Gq

11: end for

12: end if

13: end Function
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Assembly of the matrix DL

1: Function DL
Ð DAssemblyP1_base(Th,L)

2: DL
Ð SparsepTh.nq, Th.nqq

3: Lh Ð setDdatapL, Thq
4: for k Ð 1 to Th.nme do

5: De
Ð DElemP1pTh,Lh, kq

6: for αÐ 1 to Th.d ` 1 do

7: i Ð Th.mepα, kq
8: for β Ð 1 to Th.d ` 1 do

9: j Ð Th.mepβ, kq
10: DL

pi , jq Ð DL
pi , jq ` De

pα, βq
11: end for

12: end for

13: end for

14: end Function

Computation of the Mass matrix M

Mi,j “
ż

Ωh

ϕjϕidq “ DL
i,j , with L “ LO,000,000,1

1: LMassÐ Loperatorpd ,Odˆd ,000d ,000d , 1q
2: MÐ DAssemblyP1_basepTh, LMassq
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Assembly of the matrix DL

1: Function DL
Ð DAssemblyP1_base(Th,L)

2: DL
Ð SparsepTh.nq, Th.nqq

3: Lh Ð setDdatapL, Thq
4: for k Ð 1 to Th.nme do

5: De
Ð DElemP1pTh,Lh, kq

6: for αÐ 1 to Th.d ` 1 do

7: i Ð Th.mepα, kq
8: for β Ð 1 to Th.d ` 1 do

9: j Ð Th.mepβ, kq
10: DL

pi , jq Ð DL
pi , jq ` De

pα, βq
11: end for

12: end for

13: end for

14: end Function

Computation of the Sti�ness matrix S

Si,j “
ż

Ωh

x∇ϕj ,∇ϕiy dq “ DL
i,j , with L “ LI,000,000,0

1: LStiffÐ Loperatorpd , Idˆd ,000d ,000d , 0q
2: SÐ DAssemblyP1_basepTh, LStiffq
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Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix DL

2: Computation of bbbf

3: Computation of Robin contributions AR and bbbR

4: Computation of Dirichlet contributions ID , Ic
D and RRR.

5: bbbL
Ð bbbf ` bbbR

6: AL
Ð DL

` AR

7: uuupIc
Dq Ð SolvepAL

pIc
D , Ic

Dq,bbbpIc
Dq ´ AL

pIc
D , IDqRRRpIDqq

8: uuupIDq Ð RRRpIDq

bbbfi
def“

ż

Ωh

f ϕidq «
ż

Ωh

fhϕidq “
nq
ÿ

j“1

fff j

ż

Ωh

ϕjϕidq

1: Function bbbf Ð RHS(Th, f )
2: DMassÐ LoperatorpTh.d ,O,000,000, 1q
3: MÐ DAssemblyP1_basepTh,DMassq

4: bbbf Ð M ˚ setFdatapf , Thq
5: end Function
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Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix DL

2: Computation of bbbf

3: Computation of Robin contributions AR and bbbR

4: Computation of Dirichlet contributions ID , Ic
D and RRR.

5: bbbL
Ð bbbf ` bbbR

6: AL
Ð DL

` AR

7: uuupIc
Dq Ð SolvepAL

pIc
D , Ic

Dq,bbbpIc
Dq ´ AL

pIc
D , IDqRRRpIDqq

8: uuupIDq Ð RRRpIDq

bbbRi
def“

ż

ΓR
h

gR ˆ Th.ϕidσ “
ÿ

lPIR
labels

ż

Bhplq

gR ˆ Th.ϕidσ “
ÿ

lPIR
labels

bbbli

bbblIc

l

“ 0 and bbblIl psq «
Bhplq.nq
ÿ

r“1

g lr

ż

Bhplq

Bhplq.ϕr ˆ Bhplq.ϕsdσ.

1: LMassÐ Loperatorpd,O,000,000, 1q
2: Ml

Ð DAssemblyP1_basepBhplq,LMassq

3: bbbl pIl q Ð Mlggg l , bbbl pIc
l q Ð 0

Cuvelier-Scarella (LAGA) A short and e�cient way to solve PDE's Tuesday 24th March, 2015 18 / 67



Algorithm 2 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix DL

2: Computation of bbbf

3: Computation of Robin contributions AR and bbbR

4: Computation of Dirichlet contributions ID , Ic
D and RRR.

5: bbbL
Ð bbbf ` bbbR

6: AL
Ð DL

` AR

7: uuupIc
Dq Ð SolvepAL

pIc
D , Ic

Dq,bbbpIc
Dq ´ AL

pIc
D , IDqRRRpIDqq

8: uuupIDq Ð RRRpIDq

AR
i,j

def“
ż

ΓR
h

aRϕjϕidσ “
ÿ

lPIR
labels

ż

Bhplq

aR ˆ Th.ϕj ˆ Th.ϕidσ “
ÿ

lPIR
labels

Al
i,j

Al
Il prq,Il psq “

ż

Bhplq

aR ˆ Bhplq.ϕs ˆ Bhplq.ϕrdσ

1: LWMassÐ Loperatorpd,O,000,000, aRq
2: Al

Ð 0,
3: Al

pIl , Il q Ð DAssemblyP1_basepBhplq,LWMassq
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Algorithm 5 function SolvePDE : building and solving a scalar BVP

Input :

pde : a PDE structure
Output :

uuu : vector of dimension ndof “ pde.Th.nq.

1: Function uuu Ð SolvePDE(pde)
2: DL

Ð DAssemblyP1_baseppde.Th, pde.opq
3: bbbf Ð RHSppde.Th,pde.fq
4: rbbbR ,MR

s Ð RobinBCppdeq

5: rID , Ic
D ,RRRs Ð DirichletBCppdeq

6: bbbL
Ð bbbf ` bbbR

7: AL
Ð DL

` AR

8: uuupIc
Dq Ð SolvepAL

pIc
D , Ic

Dq,bbbpIc
Dq ´ AL

pIc
D , IDqRRRpIDqq

9: uuupIDq Ð RRRpIDq
10: end Function
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Algorithms e�ciency

The algorithms contain few lines

algorithm Matlab Python Scilab

RHS 5 9 4 5
RobinBC 19 21 21 21
DirichletBC 13 21 11 21
SolvePDE 10 11 10 11
DAssemblyP1_base 14 15 17 15
DElemP1 13 24 25 25
DElemP1_guv 8 8 7 8
DElemP1_gdudv 8 8 6 8
DElemP1_gudv 8 8 6 8
DElemP1_gduv 8 8 6 8
Gradients 5 6 11 6
setFdata 5 18 25 9
BuildBoundaryMeshes 22 18 30 18
ComputeVolVec 15 30 13 30
Loperator 16 12 30 11
setFdata 5 18 25 9
getLocFdata 3 3 2 3
initPDE 24 8 19 26
setBC_PDE 12 28 30 24
Total 208 256 273 282

Input/output functions were not counted.
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Benchmark of stationary convection-di�usion problem

ndof Matlab Octave Python FreeFEM++

C
la
ss
ic

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

2448 23.132 0.022 44.350 0.010 7.619 0.012 0.082 0.002
6456 62.699 0.080 119.240 0.027 20.384 0.029 0.085 0.003
12205 121.701 0.079 229.142 0.056 38.651 0.061 0.162 0.004
25253 267.526 0.256 494.841 0.135 80.334 0.136 0.339 0.009
55996 642.744 0.576 1197.113 0.348 178.354 0.358 0.754 0.023
98712 1434.475 0.868 2555.707 0.725 315.874 0.741 1.351 0.064
118216 1602.288 1.424 3397.917 0.918 379.210 0.941 1.621 0.079

Matlab R2014b

Octave 3.8.1

Python 3.4.0 (NumPy 1.8.2, SciPy 0.13.3)

FreeFEM++ 3.31-3

Computer characteristics: 2 x Intel Xeon E5-2630v2 (6 cores) at
2.60Ghz, 64Go RAM under Ubuntu 14.04 LTS (64-bit)
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Classical algorithm : conclusion

Pros
§ easy to write
§ very short codes
§ can (try to) solve a wide variety of BVP's

Cons
§ So loooong computation to assemble the linear system!!!

What can we do?
Find another way to assembly the linear system :

OptV3 vectorized algorithms!
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Why classical algorithm is so long?

Algorithm 6 Classical assembly with element matrices

1: DL
Ð 0 Ź Sparse matrix nq-by-nq

2: for k Ð 1 to nme do

3: EÐ De,L
pT k

q

4: for αÐ 1 to d ` 1 do

5: i Ð mepα, kq
6: for β Ð 1 to d ` 1 do

7: j Ð mepβ, kq
8: DL

pi , jq Ð DL
pi , jq ` Epα, βq Ź insert/add

9: end for

10: end for

11: end for

Due to the sparse matrix storage format (CSR,CSC,HYB,...), insertions of
elements are very expensive.

Some dynamic reallocation problems may also occur.

See report in collaboration with Japhet C. and Scarella G.
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De�nition (Usage of the sparse function)

MÐ sparsepIg, Jg, Kg, m, nq

M is a m ˆn sparse matrix such that
MpIgpkq, Jgpkqq Ð MpIgpkq, Jgpkqq ` Kgpkq.

The 1d-arrays Ig, Jg and Kg have the same length.

The elements of Kg having the same indices in Ig and Jg are summed.

Examples in some languages :
‚ Python : M=sparse.<format>_matrix((Kg,(Ig,Jg)),shape=(m,n))

(csc, csr, lil, ...),
‚ Matlab : M=sparse(Ig,Jg,Kg,m,n), only csc format,
‚ Octave : M=sparse(Ig,Jg,Kg,m,n), only csc format,
‚ Scilab : M=sparse([Ig,Jg],Kg,[m,n]), only row-by-row format,
‚ Julia : M=sparse(Ig, Jg, Kg, m, n) , csc format,
‚ R : M <- sparseMatrix(Ig, Jg, x = Kg, dims = c(m,n) ),

csc format,
‚ C : see cs_compress of the SuiteSparse developed by T. Davis,
‚ CUDA : see the Thrust and Cusp libraries.
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3d -OptV1 algorithm

better usage of the sparse function :

1: Creation of the 3d-arrays Ig , Jg and Kg

2: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq
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3d -OptV1 algorithm

Algorithm 7 3d-OptV1 algorithm

1: Kg Ð Ig Ð Jg Ð Onmeˆpd`1qˆpd`1q Ź 3d arrays contiguous in memory

2: for k Ð 1 to nme do Ź Loop over mesh elements

3: EÐ De,L
pT k

q

4: for αÐ 1 to d ` 1 do Ź Loop over local nodes

5: for β Ð 1 to d ` 1 do Ź Loop over local nodes

6: Kg pk, α, βq Ð Epα, βq
7: Ig pk, α, βq Ð mepα, kq
8: Jg pk, α, βq Ð mepβ, kq
9: end for

10: end for

11: end for

12: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq

Performance : similar to the classical version!
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Transformation of the 3d -OptV1 algorithm
1: Ig , Jg ,Kg Ð Onmeˆpd`1qˆpd`1q

2: for k Ð 1 to nme do

3: EÐ De,L
pT k

q

4: for αÐ 1 to d ` 1 do

5: for β Ð 1 to d ` 1 do

6: Kg pk, α, βq Ð Epα, βq
7: Ig pk, α, βq Ð mepα, kq
8: Jg pk, α, βq Ð mepβ, kq
9: end for

10: end for

11: end for

12: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq

There exists a function EMent which returns the pα, βq entry of the matrix
De,LpT kq.
Loops permutation
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Vectorization of the 3d -OptV1 algorithm
1: Ig , Jg ,Kg Ð Onmeˆpd`1qˆpd`1q

2: for αÐ 1 to d ` 1 do

3: for β Ð 1 to d ` 1 do

4: for k Ð 1 to nme do

5: Kg pk, α, βq Ð EMentpα, β, volpkq, . . .q
6: Ig pk, α, βq Ð mepα, kq
7: Jg pk, α, βq Ð mepβ, kq
8: end for

9: end for

10: end for

11: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq

1: Ig , Jg ,Kg Ð Onmeˆpd`1qˆpd`1q

2: for αÐ 1 to d ` 1 do

3: for β Ð 1 to d ` 1 do

4: for k Ð 1 to nme do

5: Kg pk, α, βq Ð EMentpα, β, volpkq, . . .q
6: end for

7: Ig p:, α, βq Ð mepα, :q
8: Jg p:, α, βq Ð mepβ, :q
9: end for

10: end for

11: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq

Algorithm 8 Generic OptV3 algorithm

1: Ig , Jg ,Kg Ð Onmeˆpd`1qˆpd`1q

2: for αÐ 1 to d ` 1 do

3: for β Ð 1 to d ` 1 do

4: Kg p:, α, βq Ð ElemMatVecpα, β, vol, . . .q
5: Ig p:, α, βq Ð mepα, :q
6: Jg p:, α, βq Ð mepβ, :q
7: end for

8: end for

9: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq
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Vectorization of the 3d -OptV1 algorithm
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4: for k Ð 1 to nme do

5: Kg pk, α, βq Ð EMentpα, β, volpkq, . . .q
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10: end for
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2: for αÐ 1 to d ` 1 do

3: for β Ð 1 to d ` 1 do
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6: Jg p:, α, βq Ð mepβ, :q
7: end for

8: end for

9: MÐ sparsepIg p:q, Jg p:q,Kg p:q, nq, nqq
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Vectorized computation of Kg

Kg pk, :, :q “ pKg qk “De,LpTkq

“
d
ÿ

i“1

d
ÿ

j“1

De
dudv pTk ,Ai,j , i , jq ´

d
ÿ

i“1

De
udv pTk ,bbbi , iq

`
d
ÿ

i“1

De
duv pTk ,ccc i , iq ` De

uv pTk , a0q

Kg “
d
ÿ

i“1

d
ÿ

j“1

Kdudv pAi,j , i , jq ´
d
ÿ

i“1

Kudv pbbbi , iq `
d
ÿ

i“1

Kduv pccc i , iq `Kuv pa0q
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Kg “
d
ÿ

i“1

d
ÿ

j“1

Kdudv pAi,j , i , jq ´
d
ÿ

i“1

Kudv pbbbi , iq `
d
ÿ

i“1

Kduv pccc i , iq `Kuv pa0q

Algorithm 11 KgP1_OptV3 function : computation of Kg

Input :
Th : d-simplicial mesh structure associated to Ωh

L : Loperator structure
G : gradient array (nme-by-pd ` 1q-by-d), Gpk, α, :q “ ∇λkαpqq, @α P v1, d ` 1w

Output :
Kg : nme-by-pd ` 1q-by-pd ` 1q array

1: Function Kg Ð KgP1_OptV3( Th,L,G)
2: Kg Ð KgP1_OptV3_guvpTh,L.a0q
3: for i Ð 1 to Th.d do

4: for j Ð 1 to Th.d do

5: Kg Ð Kg ` KgP1_OptV3_gdudvpTh,L.Api , jq,G, i , jq
6: end for

7: Kg Ð Kg ´ KgP1_OptV3_gudvpTh,L.bpiq,G, iq
8: Kg Ð Kg ` KgP1_OptV3_gduvpTh,L.cpiq,G, iq
9: end for

10: end Function
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Computation of the 3d-array Kudvpg , iq

By de�nition

pKudv pg , iqqk “ De
udv pTk , g , iq “

˜

ż

Tk

g
Bλkα
Bxi λ

k
βdq

¸d`1

α,β“1

We recall equation (1.3)

pDe
udv pK , g , iqqα,β «

d !|K |
pd ` 2q! pg̃β `

d`1
ÿ

l“1

g̃lqBλαBxi
We set ggg (1-by-nq), gme (pd ` 1q-by-nme) and ggg s (1-by-nme)

gggpiq “ gpqi q, gmepα, kq “ gggpmepα, kqq, ggg spkq “
d`1
ÿ

α“1

gmepα, kq

So

pKudv pg , iqqk,α,β «
d !|Tk |
pd ` 2q! pgmepβ, kq ` ggg spkqq ˆGpk, α, iq

We obtain the vectorized computation of pKudv pgqq:,α,β :

pKudv pg , iqq:,α,β «
d !

pd ` 2q!ˆ̂̂Th.volsˆ̂̂pgmepβ, :q`̀̀ggg sqˆ̂̂Gp:, α, iq (2.1)
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Computation of Kudvpg , iq

pKudv pg , iqq:,α,β «
d !

pd ` 2q!ˆ̂̂Th.volsˆ̂̂pgmepβ, :q`̀̀ggg sqˆ̂̂Gp:, α, iq

Algorithm 12 Function KgP1_OptV3_gudv : computation of Kudv pg , iq

1: Function Kg Ð KgP1_OptV3_gudv( Th, g ,G, i)
2: Kg Ð Onme,ndfe,ndfe Ź K : zeros nme-by-pd ` 1q-by-pd ` 1q array

3: gggh Ð gpTh.qq, gme Ð ggghpTh.meq
4: ggg s

Ð sumpgme, 1q
5: for αÐ 1 to d ` 1 do

6: for β Ð 1 to d ` 1 do

7: Kg p:, α, βq Ð
d !

pd ` 2q!
ˆ̂̂Th.volsˆ̂̂pgmepβ, :q`̀̀ggg

s
qˆ̂̂Gp:, α, iq

8: end for

9: end for

10: end Function
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Algorithm 13 DAssemblyP1_OptV3

Input :
Th : mesh structure associated to Ωh

L : Doperator structure
G : 3d-array given by function GradientsVec or empty

(useful for H operator)
Output :
DL : Th.nq-by-Th.nq sparse matrix.

1: Function DL
Ð DAssemblyP1_OptV3( Th,L,G)

2: rIg , Jg s Ð IgJgP1_OptV3pd , Th.nme, Th.meq
3: if G “ H then

4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: end if

6: Kg Ð KgP1_OptV3pTh,L,Gq
7: DL

Ð SparsepIg p:q, Jg p:q,Kg p:q, Th.nq, Th.nqq
8: end Function

Remark

RobinBC, RHS and SolvePDE functions used the function DAssemblyP1_base.

We just have to replace it by the new vectorized DAssemblyP1_OptV3 function.
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Benchmarks : 2d stationary convection-di�usion problem

ndof Matlab Octave Python FreeFEM++

C
la
ss
ic

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

2448 23.132 0.022 44.350 0.010 7.619 0.012 0.082 0.002
6456 62.699 0.080 119.240 0.027 20.384 0.029 0.085 0.003
12205 121.701 0.079 229.142 0.056 38.651 0.061 0.162 0.004
25253 267.526 0.256 494.841 0.135 80.334 0.136 0.339 0.009
55996 642.744 0.576 1197.113 0.348 178.354 0.358 0.754 0.023
98712 1434.475 0.868 2555.707 0.725 315.874 0.741 1.351 0.064
118216 1602.288 1.424 3397.917 0.918 379.210 0.941 1.621 0.079

ndof Matlab Octave Python FreeFEM++

O
p
tV
3

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

25253 0.375 0.376 0.157 0.161 0.183 0.133 0.375 0.009
98712 1.135 1.086 0.469 0.714 0.820 0.720 1.346 0.063
226226 2.254 2.251 1.343 2.085 1.954 2.085 3.145 0.161
393202 3.277 3.981 2.547 4.494 3.521 4.556 5.463 0.292
605547 5.363 6.267 4.096 8.652 5.522 8.899 8.452 0.463
878642 7.952 9.738 5.970 15.367 8.019 15.852 12.201 0.691
1190916 10.583 15.057 8.211 26.755 11.000 27.621 16.809 0.961
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Outline

1 From scalar BVP to matrix
representation

2 Vectorization

3 Vector BVP

4 More fun

5 Conclusion and prospects
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Vector BVP
Find uuu “ puuu1, . . . ,uuumq P pH2pΩqqm such that

Hpuuuq “fff in Ω,

uuuα “gDα on ΓDα , @α P v1,mw,
Buuu
BnHα

` aRαuuuα “gRα on ΓRα , @α P v1,mw.

m
ÿ

β“1

Hα,βpuuuβq “ fff α, @α P v1,mw,

Hα,β
def“ LAα,β ,bbbα,β ,cccα,β ,aα,β0

Buuu
BnHα

def“
m
ÿ

β“1

Buuuβ
BnHα,β

“
m
ÿ

β“1

`@

Aα,β ∇uuuβ ,nnn
D´ @

bbbα,βuuuβ ,nnn
D˘

.
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2D elasticity problem

Find uuu “ pH2pΩqq2 such that

´ divpσσσpuuuqq “ fff in Ω Ă R2, (3.1)

σσσpuuuq.nnn “ 000 on ΓN , (3.2)

uuu “ 000 on ΓD . (3.3)
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2D elasticity problem

Find uuu “ pH2pΩqq2 such that

´ divpσσσpuuuqq “ fff in Ω Ă R2, (3.1)

σσσpuuuq.nnn “ 000 on ΓN , (3.2)

uuu “ 000 on ΓD . (3.3)

Lemma

Let H be the 2-by-2 matrix of the second order linear di�erential operators where

Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, 2w2, with

A1,1 “
ˆ

γ 0
0 µ

˙

, A1,2 “
ˆ

0 λ
µ 0

˙

, A2,1 “
ˆ

0 µ
λ 0

˙

, A2,2 “
ˆ

µ 0
0 γ

˙

where γ “ λ` 2µ. Then
Hpuuuq “ ´ divσσσpuuuq (3.4)

and, @α P v1, 2w,
Buuu
BnHα

“ pσσσpuuuq.nnnqα. (3.5)
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2D elasticity problem

Find uuu “ pH2pΩqq2 such that

´ divpσσσpuuuqq “ fff in Ω Ă R2, (3.1)

σσσpuuuq.nnn “ 000 on ΓN , (3.2)

uuu “ 000 on ΓD . (3.3)

2D elasticity problem with 2-by-2 H-operator

Find uuu “ puuu1,uuu2q P pH2pΩqq2 such that

Hpuuuq “fff , in Ω,

Buuu
BnHα

“0, on ΓNα “ ΓN , @α P v1, 2w
uuuα “0, on ΓDα “ ΓD , @α P v1, 2w.
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Variational formulation for the vector BVP

m
ÿ

β“1

Hα,βpuuuβq “ fff α, @α P v1,mw.

Let vvv “ pvvv1, . . . ,vvvmq P
`

H1pΩq˘m . So we have, @α P v1,mw
m
ÿ

β“1

ż

Ω

Hα,βpuuuβqvvvαdq “
ż

Ω

fff αvvvαdq

As Hα,β is a L-operator, we have

ż

Ω

Hα,βpuuuβqvvvαdq “
ż

Ω

DHα,β
puuuβ ,vvvαqdq´

ż

Γ

Buuuβ
BnHα,β

vvvαdσ.

and then @α P v1,mw
m
ÿ

β“1

ż

Ω

DHα,β
puuuβ ,vvvαqdq´

m
ÿ

β“1

ż

Γ

Buuuβ
BnHα,β

vvvαdσ “
ż

Ω

fff αvvvαdq.
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Variational formulation for the vector BVP

m
ÿ

β“1

Hα,βpuuuβq “ fff α, @α P v1,mw.

Let vvv “ pvvv1, . . . ,vvvmq P
`

H1pΩq˘m . So we have, @α P v1,mw
m
ÿ

β“1

ż

Ω

Hα,βpuuuβqvvvαdq “
ż

Ω

fff αvvvαdq

As Hα,β is a L-operator, we have

ż

Ω

Hα,βpuuuβqvvvαdq “
ż

Ω

DHα,β
puuuβ ,vvvαqdq´

ż

Γ

Buuuβ
BnHα,β

vvvαdσ.

and then @α P v1,mw
m
ÿ

β“1

ż

Ω

DHα,β
puuuβ ,vvvαqdq´

ż

Γ

Buuu
BnHα

vvvαdσ “
ż

Ω

fff αvvvαdq.
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Variational formulation for the vector BVP

@α P v1,mw
m
ÿ

β“1

ż

Ω

DHα,β
puuuβ ,vvvαqdq´

ż

Γ

Buuu
BnHα

vvvαdσ “
ż

Ω

fff αvvvαdq.

As uuuα P H1
gDα ,Γ

D
α
, we now take vvvα P H1

0,ΓDα
and so we obtain

m
ÿ

β“1

ż

Ω

DHα,β
puuuβ ,vvvαqdq´

ż

ΓRα

Buuu
BnHα

vvvαdσ “
ż

Ω

fff αvvvαdq.

From Robin boundary conditions Buuu
BnHα

` aRαuuuα “ gRα on ΓRα , we have @α P v1,mw
m
ÿ

β“1

ż

Ω

DHα,β
puuuβ ,vvvαqdq`

ż

ΓRα

aRαuuuαvvvαdσ “
ż

ΓRα

gRα vvvαdσ `
ż

Ω

fff αvvvαdq.

Summing these equations on α gives ...
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Variational formulation for the vector BVP

We set

AAAHpuuu,vvvq “
ż

Ω

DDDHpuuu,vvvqdq`
m
ÿ

α“1

ż

ΓRα

aRαuuuαvvvαdσ

FFFpvvvq “
ż

Ω

xfff ,vvvy dq`
m
ÿ

α“1

ż

ΓRα

gRα vvvαdσ

where

DDDHpuuu,vvvq “
m
ÿ

α“1

m
ÿ

β“1

DHα,β
puuuβ ,vvvαq

Variational formulation for the vector BVP

Find uuu P H1
gD1 ,Γ

D
1
ˆ . . .ˆ H1

gDm ,Γ
D
m

such that

AAAHpuuu,vvvq “ FFFpvvvq, @vvv P H1
0,ΓD1

ˆ . . .ˆ H1
0,ΓDm

Or ...
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Variational formulation for the vector BVP

We set

AAAHpuuu,vvvq “
ż

Ω

DDDHpuuu,vvvqdq`
m
ÿ

α“1

ż

ΓRα

aRαuuuαvvvαdσ

FFFpvvvq “
ż

Ω

xfff ,vvvy dq`
m
ÿ

α“1

ż

ΓRα

gRα vvvαdσ

where

DDDHpuuu,vvvq “
m
ÿ

α“1

m
ÿ

β“1

DHα,β
puuuβ ,vvvαq

Variational formulation for the vector BVP with extension
functions
Find www P H1

0,ΓD1
ˆ . . .ˆ H1

0,ΓDm
such that

AAAHpwww ,vvvq “ FFFpvvvq ´AAAHpRRRD ,vvvq, @vvv P H1
0,ΓD1

ˆ . . .ˆ H1
0,ΓDm

where RRRD “ pRD
1 , . . . ,R

D
m q P

`

H1pΩq˘m with γΓDα
pRD
α q “ gDα and www “ uuu ´RRRD .
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Discrete variational formulation for the vector BVP

We set

AAAh
Hpuuuh,vvvhq “

ż

Ωh

DDDHpuuuh,vvvhqdq`
m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Discrete variational formulation with extension functions

Find wwwh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

such that

AAAh
Hpwwwh,vvvhq “ FFFhpvvvhq ´AAAh

HpRRRD
h ,vvvhq, @vvvh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

Obviously, we have uuuh “ wwwh `RRRD
h .
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Matrix representation : some notations

Let ndof “ m ˆ nq and, @α P v1,mw,

ID,α “
!

i P v1, nqw | qi P ΓDh,α

)

Ic
D,α “ v1, nqwzID,α

Let
uuuh “ puuuh,1, . . . ,uuuh,mq P H1,h

gD
h,1
,ΓD
h,1

ˆ . . .ˆH
1,h

gD
h,m

,ΓD
h,m

and
UUU “ puuu1, . . . ,uuumqt P Rndof with uuuµ P Rnq , uuuµi “ uuuh,µpqi q.

Then

uuuh “
m
ÿ

µ“1

uuuh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

iPIc
D,µ

uuu
µ
i ϕi `

ÿ

iPID,µ

gDh,µpqi qϕi

˛

‚eeeµ

“wwwh `RRRD
h
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Matrix representation

Discrete variational formulation with extension functions

Find wwwh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

such that @vvvh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

AAAh
Hpwwwh,vvvhq “ FFFhpvvvhq ´AAAh

HpRRRD
h ,vvvhq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation

Discrete variational formulation with extension functions

Find wwwh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

such that @γ P v1,mw, @i P Ic
D,γ

AAAh
Hpwwwh, ϕieeeγq “ FFFhpϕieeeγq ´AAAh

HpRRRD
h , ϕieeeγq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation

Discrete variational formulation with extension functions

Find wwwh P H1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

such that @γ P v1,mw, @i P Ic
D,γ

AAAh
Hpwwwh, ϕieeeγq “ FFFhpϕieeeγq ´AAAh

HpRRRD
h , ϕieeeγq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation

Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ such that @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

www
µ
j AAA

h
Hpϕjeeeµ, ϕieeeγq “ FFFhpϕieeeγq ´AAAh

HpRRRD
h , ϕieeeγq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation

Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ such that @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

www
µ
j AAA

h
Hpϕjeeeµ, ϕieeeγq “ FFFhpϕieeeγq ´AAAh

HpRRRD
h , ϕieeeγq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation

Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ such that @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

www
µ
j AAA

h
Hpϕjeeeµ, ϕieeeγq “ FFFhpϕieeeγq ´

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j AAA

h
Hpϕjeeeµ, ϕieeeγq

H
1,h

0,ΓD
h,1

ˆ . . .ˆH
1,h

0,ΓD
h,m

“ Span
 

ϕieeeγ | γ P v1,mw, i P Ic
D,γ

(

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

¨

˝

ÿ

jPIc
D,µ

www
µ
j ϕj

˛

‚eeeµ.

RRRD
h “

m
ÿ

µ“1

RRRD
h,µeeeµ “

m
ÿ

µ“1

ÿ

jPID,µ

RRR
µ
j ϕjeeeµ, RRR

µ
j “ gDh,µpqjq
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Matrix representation : matrix construction

Let AAA be the ndof -by-ndof block matrix de�ned by

AAA :“

»

—

–

AAA1,1 . . . AAA1,m

...
. . .

...

AAAm,1 . . . AAAm,m

fi

ffi

fl

(3.4)

where each block AAAγ,µ is the nq-by-nq matrix given @pi , jq P v1, nqw2 by

AAAγ,µi,j “ AAAh
Hpϕjeeeµ, ϕieeeγq. (3.5)

We set bbb “ pbbb1, . . . ,bbbmqt as the block vector in Rmˆnq de�ned by

bbb
γ
i “ FFFhpϕieeeγq (3.6)

Cuvelier-Scarella (LAGA) A short and e�cient way to solve PDE's Tuesday 24th March, 2015 46 / 67



Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

AAAh
Hpϕjeeeµ, ϕieeeγqwwwµ

j “ FFFhpϕieeeγq ´
m
ÿ

µ“1

ÿ

jPID,µ

AAAh
Hpϕjeeeµ, ϕieeeγqRRRµj

AAAγ,µi,j “ AAAh
Hpϕjeeeµ, ϕieeeγq bbb

γ
i “ FFFhpϕieeeγq

IIID “
m
ď

α“1

ti ` pα´ 1qnq, @i P ID,αu Ă v1, ndofw

Matrix formulation with extension functions

Find WWW P Rndof such that

AAApIIIc
D ,IIIc

DqWWW pIIIc
Dq “ bbbpIIIc

Dq ´AAApIIIc
D ,IIIDqRRRpIIIDq

WWW pIIIDq “ 0.
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Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

AAAγ,µi,j www
µ
j “ bbb

γ
i ´

m
ÿ

µ“1

ÿ

jPID,µ

AAAγ,µi,j RRR
µ
j

AAAγ,µi,j “ AAAh
Hpϕjeeeµ, ϕieeeγq bbb

γ
i “ FFFhpϕieeeγq

IIID “
m
ď

α“1

ti ` pα´ 1qnq, @i P ID,αu Ă v1, ndofw

Matrix formulation with extension functions

Find WWW P Rndof such that

AAApIIIc
D ,IIIc

DqWWW pIIIc
Dq “ bbbpIIIc

Dq ´AAApIIIc
D ,IIIDqRRRpIIIDq

WWW pIIIDq “ 0.
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Discrete variational formulation with extension functions

Find www
µ
j , @µ P v1,mw, @j P Ic

D,γ @γ P v1,mw, @i P Ic
D,γ

m
ÿ

µ“1

ÿ

jPIc
D,µ

AAAγ,µi,j www
µ
j “ bbb

γ
i ´

m
ÿ

µ“1

ÿ

jPID,µ

AAAγ,µi,j RRR
µ
j

AAAγ,µi,j “ AAAh
Hpϕjeeeµ, ϕieeeγq bbb

γ
i “ FFFhpϕieeeγq

IIID “
m
ď

α“1

ti ` pα´ 1qnq, @i P ID,αu Ă v1, ndofw

Matrix formulation with extension functions

Find WWW P Rndof such that

AAApIIIc
D ,IIIc

DqWWW pIIIc
Dq “ bbbpIIIc

Dq ´AAApIIIc
D ,IIIDqRRRpIIIDq

WWW pIIIDq “ 0.
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

ż

Ωh

DDDHpuuuh,vvvhqdq`
m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
puuuh,β ,vvvh,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
puuuh,β ,vvvh,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

Then @pµ, γq P v1,mw2, @pi , jq P v1, nqw2,

AAAh
Hpϕjeeeµ, ϕieeeγq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
pϕjδµ,β , ϕiδγ,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαϕjδµ,αϕiδγ,αdσ

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
puuuh,β ,vvvh,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

Then @pµ, γq P v1,mw2, @pi , jq P v1, nqw2,

AAAγ,µi,j
def“ AAAh

Hpϕjeeeµ, ϕieeeγq “
ż

Ωh

DHγ,µ
pϕj , ϕi qdq` δµ,γ

ż

ΓR
h,γ

aRγ ϕjϕidσ

“HHHγ,µi,j `BBBγ,µi,j

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
puuuh,β ,vvvh,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

Then @pµ, γq P v1,mw2, @pi , jq P v1, nqw2,

AAAγ,µi,j
def“ AAAh

Hpϕjeeeµ, ϕieeeγq “
ż

Ωh

DHγ,µ
pϕj , ϕi qdq` δµ,γ

ż

ΓR
h,γ

aRγ ϕjϕidσ

“HHHγ,µi,j `BBBγ,µi,j

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw

bbb
γ
i

def“ FFFhpϕieeeγq “
m
ÿ

α“1

ż

Ωh

fff αϕiδγ,αdq`
m
ÿ

α“1

ż

ΓR
h,α

gRαϕiδγ,αdσ
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Vectorized assembly of H-operator

we recall that :

AAAh
Hpuuuh,vvvhq “

m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
puuuh,β ,vvvh,αqdq`

m
ÿ

α“1

ż

ΓR
h,α

aRαuuuh,αvvvh,αdσ

Then @pµ, γq P v1,mw2, @pi , jq P v1, nqw2,

AAAγ,µi,j
def“ AAAh

Hpϕjeeeµ, ϕieeeγq “
ż

Ωh

DHγ,µpϕj , ϕi qdq` δµ,γ
ż

ΓR
h,γ

aRγ ϕjϕidσ

“HHHγ,µi,j `BBBγ,µi,j

FFFhpvvvhq “
ż

Ωh

xfff ,vvvhy dq`
m
ÿ

α“1

ż

ΓR
h,α

gRα vvvh,αdσ

Then @γ P v1,mw, @i P v1, nqw

bbb
γ
i “

ż

Ωh

fff γϕidq`
ż

ΓR
h,γ

gRγ ϕidσ

“bbbf ,γi ` bbb
R,γ
i
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Solving vector B.V.P.

Algorithm 14 function SolvePDE : solving a scalar or vector BVP.

1: Function UUU Ð SolvePDE(pde)
2: ndof Ð pde.mˆ pde.Th.nq
3: HHHÐ HAssemblyP1_OptV3ppde.Th, pde.Opq
4: bbbfff Ð RHSppde.Th,pde.fff q
5: rbbbR ,BBBR

s Ð RobinBCppdeq

6: rIIID ,IIIc
D ,RRRs Ð DirichletBCppdeq

7: bbb Ð bbbfff ` bbbR

8: AAAÐ HHH`BBBR

9: UUUpIIIc
Dq Ð SolvepAAApIIIcD ,III

c
Dq,bbbpIc

Dq ´AAApIIIcD ,IIIDqRRRpIIIDqq
10: UUUpIIIDq Ð RRRpIIIDq

11: end Function

Functions RHS, RobinBC and DirichletBC are easy to write
Let us focus on HAssemblyP1_base or HAssemblyP1_OptV3 functions!
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Vectorized assembly of H-operator

HHH m-by-m block matrix, HHHα,βi,j “
ż

Ωh

DHα,β
pϕj , ϕi qdq

Algorithm 15 Function HAssemblyP1_OptV3 - Matrix H assembly

1: Function HÐ HAssemblyP1_OptV3(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq
3: HÐ Sparsepndof , ndofq
4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: for αÐ 1 to Hop.m do

6: I Ð v1, Th.nqw ` pα´ 1qTh.nq
7: for β Ð 1 to Hop.m do Ź computation of block matrix pα, βq

8: J Ð v1, Th.nqw ` pβ ´ 1qTh.nq
9: HpI,J q Ð DAssemblyP1_OptV3pTh,Hop.Hpα, βq,Gq
10: end for

11: end for

12: end Function

One can also use DAssemblyP1_base instead of DAssemblyP1_OptV3!

Cuvelier-Scarella (LAGA) A short and e�cient way to solve PDE's Tuesday 24th March, 2015 50 / 67



Vectorized assembly of H-operator

HHH m-by-m block matrix, HHHα,βi,j “
ż

Ωh

DHα,β
pϕj , ϕi qdq

Algorithm 16 Function HAssemblyP1_OptV3 - Matrix H assembly

1: Function HÐ HAssemblyP1_OptV3(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq
3: HÐ Sparsepndof , ndofq
4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: for αÐ 1 to Hop.m do

6: I Ð v1, Th.nqw ` pα´ 1qTh.nq
7: for β Ð 1 to Hop.m do Ź computation of block matrix pα, βq

8: J Ð v1, Th.nqw ` pβ ´ 1qTh.nq
9: HpI,J q Ð DAssemblyP1_OptV3pTh,Hop.Hpα, βq,Gq
10: end for

11: end for

12: end Function

One can also use DAssemblyP1_base instead of DAssemblyP1_OptV3!
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Vectorized assembly of H-operator

HHH m-by-m block matrix, HHHα,βi,j “
ż

Ωh

DHα,β
pϕj , ϕi qdq

Algorithm 17 Function HAssemblyP1_OptV3 - Matrix H assembly (version 2)

1: Function HÐ HAssemblyP1_OptV3(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq
3: HÐ Sparsepndof , ndofq
4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: rIg , Jg s Ð IgJgP1_OptV3pd ,nme,meq
6: for αÐ 1 to Hop.m do

7: IÐ Ig ` pα´ 1qTh.nq
8: for β Ð 1 to Hop.m do

9: JÐ Jg ` pβ ´ 1qTh.nq
10: KÐ KgP1_OptV3pTh,Hop.Hpα, βq,Gq
11: HÐ H` SparsepIp:q, Jp:q,Kp:q,ndof , ndofq
12: end for

13: end for

14: end Function
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Benchmarks : 2d elasticity problem

Ω
‚

p0;´1q

‚p0; 1q

‚
p20;´1q

‚ p20; 1q

Γ4 Γ2

Γ1

Γ3

Algorithm 18 2D elasticity

1: Th Ð getMeshp...q Ź Load 2D mesh

2: λÐ Eν
p1`νqp1´2νq

3: µÐ E
2p1`νq

4: HopÐ InitHoperatorp2, 2q
5: Hop.Hp1, 1q Ð Loperatorp2, r2µ` λ, 0; 0, µs,000,000, 0q
6: Hop.Hp2, 1q Ð Loperatorp2, r0, λ;µ, 0s,000,000, 0q
7: Hop.Hp1, 2q Ð Loperatorp2, r0, µ;λ, 0s,000,000, 0q
8: Hop.Hp2, 2q Ð Loperatorp2, rµ, 0; 0, 2µ` λs,000,000, 0q
9: pdeÐ initPDEpHop, Thq
10: pdeÐ setBC_PDEppde, 4, 1 : 2, 'Dirichlet',xxx Ñ 000q
11: pde.f Ð xxx Ñ r0,´1s
12: xxx Ð SolvePDEppdeq
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Benchmarks : 2d elasticity problem

ndof Matlab Octave Python FreeFEM++

C
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)

S
ol
ve
(s
)

S
ys
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m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

8442 62.116 0.084 121.577 0.050 55.301 0.055 0.156 0.004
18662 143.297 0.180 276.281 0.130 123.622 0.137 0.269 0.012
32882 258.444 0.318 504.902 0.282 219.901 0.294 0.471 0.024
51102 414.511 0.866 812.632 0.508 343.043 0.521 0.740 0.040
73322 611.897 1.096 1214.158 0.795 491.822 0.819 1.063 0.059
99542 871.479 1.336 1750.689 1.025 669.178 1.134 1.448 0.084

ndof Matlab Octave Python FreeFEM++

O
p
tV
3

S
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m
(s
)
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)

S
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)
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m
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)

S
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(s
)

S
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m
(s
)

S
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ve
(s
)

51102 0.547 0.300 0.192 0.237 0.233 0.676 0.740 0.040
202202 2.180 1.023 0.695 1.279 1.067 4.563 2.961 0.181
453302 4.080 2.195 1.760 3.414 2.473 15.071 6.790 0.447
804402 6.795 3.826 3.453 6.837 4.703 44.976 11.871 0.809
1255502 10.799 5.854 5.611 12.303 7.518 87.745 18.546 1.605
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Benchmarks : 3d elasticity problem

ndof Matlab Octave Python FreeFEM++
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624 20.352 0.018 39.974 0.006 16.447 0.008 0.067 0.023
2268 91.260 0.070 182.602 0.046 92.118 0.049 0.134 0.068
5568 251.202 0.301 500.730 0.197 337.883 0.234 0.371 0.251
14883 734.156 1.063 1468.289 1.926 1640.140 1.959 1.180 1.034
31164 1594.150 3.480 3279.344 8.192 6032.708 11.114 2.380 2.982

ndof Matlab Octave Python FreeFEM++
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14883 0.892 1.634 0.363 2.933 0.386 1.627 1.082 1.031
107163 7.327 32.043 2.336 43.451 4.062 22.652 8.579 17.278
348843 19.199 113.125 10.422 210.357 16.062 114.045 29.504 84.889
811923 47.138 341.732 25.878 662.872 39.185 371.655 69.304 265.619
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Outline

1 From scalar BVP to matrix
representation

2 Vectorization

3 Vector BVP

4 More fun
Stationary heat with potential
�ow in 3D
Biharmonic problems
Eigenvalue problems

5 Conclusion and prospects
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3D problem : stationary heat with potential �ow

Find u P H2pΩq such that

´ divpα∇ uq ` xVVV ,∇ uy ` βu “ 0 in Ω Ă R3, (4.1)

u “ 30 on Γ1020 Y Γ2020, (4.2)

u “ 10δ|z´1|ą0.5 on Γ10, (4.3)

Bu
Bn “ 0 otherwise (4.4)
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Find u P H2pΩq such that

´ divpα∇ uq ` xVVV ,∇ uy ` βu “ 0 in Ω Ă R3, (4.1)

u “ 30 on Γ1020 Y Γ2020, (4.2)

u “ 10δ|z´1|ą0.5 on Γ10, (4.3)

Bu
Bn “ 0 otherwise (4.4)

LαI,000,VVV ,βpuq “ 0

Bu
BnL :“ xA∇ u,nnny ´ xbbbu,nnny “ α

Bu
Bn .
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Velocity potential in 3d :VVV “ ∇φ

Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (4.5)

φ “ 1 on Γ1021 Y Γ2021, (4.6)

φ “ ´1 on Γ1020 Y Γ2020, (4.7)

Bφ
Bn “ 0 otherwise (4.8)

Velocity potential and velocity �eld in 3d

Find φ P H2pΩq and VVV P H1pΩq3 such that

´
ˆBVVV 1

Bx ` BVVV 2

By ` BVVV 3

Bz
˙

“ 0 in Ω, (4.9)

VVV 1 ´ BφBx “ 0 in Ω, (4.10)

VVV 2 ´ BφBy “ 0 in Ω, (4.11)

VVV 3 ´ BφBz “ 0 in Ω, (4.12)

with boundary conditions (4.6) to (4.8).
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´
ˆBVVV 1

Bx ` BVVV 2

By ` BVVV 3

Bz
˙

“ 0

VVV 1 ´ BφBx “ 0

VVV 2 ´ BφBy “ 0

VVV 3 ´ BφBz “ 0

Let www “ pφ, VVV 1, VVV 2, VVV 3qt , and eee1 “ p1, 0, 0qt , eee2 “ p0, 1, 0qt , eee3 “ p0, 0, 1qt .
Hpwwwq “ 0 (4.13)

with

H1,1 “ 0, H1,2 “ LO,´eee1,000,0, H1,3 “ LO,´eee2,000,0, H1,4 “ LO,´eee3,000,0,

H2,1 “ LO,000,´eee1,0, H2,2 “ LO,000,000,1, H2,3 “ 0, H2,4 “ 0,

H3,1 “ LO,000,´eee2,0, H3,2 “ 0, H3,3 “ LO,000,000,1, H3,4 “ 0,

H4,1 “ LO,000,´eee3,0, H4,2 “ 0, H4,3 “ 0, H4,4 “ LO,000,000,1,
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Bwww1

BnH1,1

“ 0,
Bwww1

BnH2,1

“ 0,
Bwww1

BnH3,1

“ 0,
Bwww1

BnH4,1

“ 0,

Bwww2

BnH1,2

“ VVV 1nnn1,
Bwww2

BnH2,2

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww2

BnH4,2

“ 0,

Bwww3

BnH1,3

“ VVV 2nnn2,
Bwww3

BnH2,3

“ 0,
Bwww3

BnH3,3

“ 0,
Bwww3

BnH4,3

“ 0,

Bwww4

BnH1,4

“ VVV 3nnn3,
Bwww4

BnH2,4

“ 0,
Bwww4

BnH3,4

“ 0,
Bwww4

BnH4,4

“ 0,

So
4
ÿ

α“1

Bwwwα

BnH1,α

“ xVVV ,nnny “ x∇φ,nnny , (4.14)

and
4
ÿ

α“1

Bwwwα

BnH2,α

“
4
ÿ

α“1

Bwwwα

BnH3,α

“
4
ÿ

α“1

Bwwwα

BnH4,α

“ 0. (4.15)
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Algorithm 19 Stationary heat with potential velocity problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: eee1 Ð

¨

˝

1
0
0

˛

‚, eee2 Ð

¨

˝

0
1
0

˛

‚, eee3 Ð

¨

˝

0
0
1

˛

‚

3: HopÐ Hoperatorp4, 4q
4: Hop.Hp1, 2q Ð LoperatorpO3,´eee1,000, 0q
5: Hop.Hp1, 3q Ð LoperatorpO3,´eee2,000, 0q
6: Hop.Hp1, 4q Ð LoperatorpO3,´eee3,000, 0q
7: Hop.Hp2, 1q Ð LoperatorpO3,000,´eee1, 0q, Hop.Hp2, 2q Ð LoperatorpO3,000,000, 1q
8: Hop.Hp3, 1q Ð LoperatorpO3,000,´eee2, 0q, Hop.Hp3, 3q Ð LoperatorpO3,000,000, 1q
9: Hop.Hp4, 1q Ð LoperatorpO3,000,´eee3, 0q, Hop.Hp4, 4q Ð LoperatorpO3,000,000, 1q
10: PDE�owÐ initPDEpHop, Thq
11: PDE�owÐ setBC_PDEpPDE�ow, r1021, 2021s, 1, 'Dirichlet', 1.,Hq
12: PDE�owÐ setBC_PDEpPDE�ow, r1020, 2020s, 1, 'Dirichlet',´1.,Hq
13: rφφφ,VVV 1,VVV 2,VVV 3s Ð SolvePDEpPDE�owq

14: αÐ px , y , zq ÞÝÑ 1
15: g20 Ð px , y , zq ÞÝÑ 30, g10 Ð px , y , zq ÞÝÑ 10 ˚ p|z ´ 1| ą 0.5q
16: β Ð 0.01

17: DopÐ Loperatorp

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚,000,

¨

˝

VVV 1

VVV 2

VVV 3

˛

‚, βq

18: PDEÐ initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

19: PDEÐ setBC_PDEpPDE, 1020, 1, 'Dirichlet', g20,Hq
20: PDEÐ setBC_PDEpPDE, 2020, 1, 'Dirichlet', g20,Hq
21: PDEÐ setBC_PDEpPDE, 10, 1, 'Dirichlet', g10,Hq
22: uuu Ð SolvePDEpPDEq

Cuvelier-Scarella (LAGA) A short and e�cient way to solve PDE's Tuesday 24th March, 2015 59 / 67



Cuvelier-Scarella (LAGA) A short and e�cient way to solve PDE's Tuesday 24th March, 2015 60 / 678888



Clamped plate

From the thesis of T. Gerasimov[2009] (page 138). Let Ω “ r´1, 6s ˆ r´1, 1s and
f :“ expp´100ppx ` 0.75q2 ` py ´ 0.75q2qq.

$

’

&

’

%

∆2u “ f , in Ω

u “ 0, on Γ
Bu
Bnnn
“ 0. on Γ

ðñ pPq

$

’

’

’

&

’

’

’

%

v “ ´∆u, in Ω

´∆v “ f , in Ω

u “ 0, on Γ
Bu
Bnnn
“ 0. on Γ

Let www “ pu, vq P H1
0pΩq ˆH1pΩq, the H-operator such that

pP1q, pP2q ðñ H
ˆ

u

v

˙

“
ˆ

f

0

˙

where H “
ˆ

0 LI,000,000,0
LI,000,000,0 LO,000,000,´1

˙

and Bwww
BH1

“ Bwww2

Bnnn “ Bv
Bnnn and

Bwww
BH2

“ Bwww1

Bnnn “ Bu
Bnnn
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Clamped plate

$

’

’

’

’

&

’

’

’

’

%

Hpwwwq “
˜

f

0

¸

, in Ω

www1 “ 0, on ΓD1 “ Γ
Bwww
BH2

“ 0, on ΓR2 “ Γ

where H “
ˆ

0 LI,000,000,0
LI,000,000,0 LO,000,000,´1

˙

Algorithm 20 Clamped plate problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: HopÐ Hoperatorp2, 2q
3: Hop.Hp1, 2q Ð Loperatorp2, I2,000,000, 0q
4: Hop.Hp2, 1q Ð Loperatorp2, I2,000,000, 0q
5: Hop.Hp2, 2q Ð Loperatorp2,O2,000,000,´1q
6: pdeÐ initPDEpHop, Thq

7: pde.f Ð px , yq ÞÑ

ˆ

expp´100ppx ` 0.75q2 ` py ´ 0.75q2qq
0

˙

8: pdeÐ setBC_PDEppde, 1, 1, 'Dirichlet', 0.q
9: ruuu,vvv s Ð SolvePDEpPDEq
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Clamped plate
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Eigenvalue problems

Scalar eigenvalue problem
Find pλ, uq P KˆH2pΩq such that

Lpuq “λBpuq in Ω, (4.16)

u “0 on ΓD , (4.17)

Bu
BnL ` aRu “0 on ΓR . (4.18)

Algorithm 21 function EigsPDE : solving scalar or vector eigenvalue problems

1: Function rUUU,λλλs Ð EigsPDE(pde, Bop, Ne)
2: ndof Ð pde.mˆ pde.Th.nq
3: AÐ AssemblyP1_OptV3ppde.Th, pde.Opq
4: rMR ,FFFR

s Ð RobinBCppdeq

5: AÐ A`MR

6: BÐ AssemblyP1_OptV3ppde.Th,Bopq
7: rRRRD , IIID , III

c
Ds Ð DirichletBCppdeq

8: UUU Ð Ondof ,Ne

9: rUUUpIII cD , :q,λλλs Ð EigspApIII cD , III cDq,BpIII cD , III cDq,Neq

10: end Function
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Laplace problems

´∆u “ λu in Ω

u “ 0 on Γ

LopÐ Loperatorp2, I2,000,000, 0q
pdeÐ initPDEpLop, Thq
for i Ð 1 to pde. nlab do

pdeÐ setBC_PDEppde, i , 1, 'Dirichlet', 0q
end for

LMassÐ Loperatorp2,O2,000,000, 1q
ruuu,λλλs Ð EigsPDEppde, LMass, 16q
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Conclusion and prospects

Very short algorithms to solve BVP's in any dimension, ...
Less than 400 lines in Matlab, Octave, Python, Scilab

Easy to read (so easy to write and to maintain)

E�cient

To do :

Add time-dependent PDE's,

Add various types of �nite element spaces (Pk , P1-bubble, RT0, ...),

Add quadrature formulas,

Add samples using Domain Decomposition Methods,

Parallel computing, GPU, ...

http://www.math.univ-paris13.fr/„cuvelier/software
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Easy to read (so easy to write and to maintain)

E�cient

To do :

Add time-dependent PDE's,

Add various types of �nite element spaces (Pk , P1-bubble, RT0, ...),

Add quadrature formulas,

Add samples using Domain Decomposition Methods,

Parallel computing, GPU, ...
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