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1 Introduction

We present a simple and e�cient method to write short codes in vector languages
for solving boundary value problem (BVP) by P1-Lagrange �nite element meth-
ods in any space dimension. The objective is not to produce the most e�cient
code but to obtain some short, simple, readable, e�cient and generic code to
use. Each algorithm of the report may be solved using the toolbox. The follow-
ing codes are written in a vector language and they are easily transposable to a
high number of languages. Full codes including the techniques presented in this
paper have been made available in Matlab/Octave and Python.

In Section 2 the general problems are described and notations are given.
In Section 3 some examples on how to use the toolbox are given, in several
vector languages (Matlab, Octave, Python). In Section 4 the data structures
are presented. In Sections 6 and 7, the discretisations to solve scalar and vector
BVP's are explained. In Section 8 the performance of the classical assembly
method is given. In Section 9, vectorization is explained. Section 10 shows
some performance results using the vectorization.

2 Description of the generic problems

The notations of [12] are employed in this section and extended to the vector
case.

2.1 Scalar boundary value problem

Let Ω be a bounded open subset of Rd, d ě 1. The boundary of Ω is denoted
by Γ.

Page 3 Compiled on 2015/06/10 at 07:28:25



2.2 Vector BVP 2 DESCRIPTION OF THE GENERIC PROBLEMS

We denote by LA,bbb,ccc,a0
“ L : H2pΩq ÝÑ L2pΩq the second order linear

di�erential operator acting on scalar �elds de�ned, @u P H2pΩq, by

LA,bbb,ccc,a0
puq

def
“ ´ div pA∇uq ` div pbbbuq ` x∇u,cccy ` a0u (2.1)

where A P pL8pΩqqdˆd, bbb P pL8pΩqqd, ccc P pL8pΩqqd and a0 P L
8pΩq are given

functions and x¨, ¨y is the usual scalar product in Rd.We use the same notations
as in the chapter 6 of [12] and we note that we can omit either div pbbbuq or
x∇u,cccy if bbb and ccc are su�ciently regular functions. We keep both terms with
bbb and ccc to deal with more boundary conditions. It should be also noted that
it is important to preserve the two terms bbb and ccc in the generic formulation to
enable a greater �exibility in the choice of the boundary conditions.

Let ΓD, ΓR be open subsets of Γ, possibly empty and f P L2pΩq, gD P

H1{2pΓDq, gR P L2pΓRq, aR P L8pΓRq be given data.
A scalar boundary value problem is given by

Scalar BVP
Find u P H2pΩq such that

Lpuq “f in Ω, (2.2)

u “gD on ΓD, (2.3)

Bu

BnL
` aRu “gR on ΓR. (2.4)

The conormal derivative of u is de�ned by

Bu

BnL

def
“ xA∇u,nnny ´ xbbbu,nnny (2.5)

The boundary conditions (2.3) and (2.4) are respectively Dirichlet and
Robin boundary conditions. Neumann boundary conditions are particular
Robin boundary conditions with aR ” 0.

2.2 Vector boundary value problem

Let m ě 1 and H be the m-by-m matrix of second order linear di�erential
operators de�ned by

"

H :
`

H2pΩq
˘m

ÝÑ
`

L2pΩq
˘m

uuu “ puuu1, . . . ,uuumq ÞÝÑ fff “ pfff1, . . . , fffmq
def
“ Hpuuuq

(2.6)

where

fffα “
m
ÿ

β“1

Hα,βpuuuβq, @α P v1,mw, (2.7)

with, for all pα, βq P v1,mw2,

Hα,β
def
“ LAα,β ,bbbα,β ,cccα,β ,aα,β0

(2.8)
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3 EXAMPLES

and Aα,β P pL8pΩqqdˆd, bbbα,β P pL8pΩqqd, cccα,β P pL8pΩqqd and aα,β0 P L8pΩq
are given functions. We can also write in matrix form

Hpuuuq “

¨

˚

˝

LA1,1,bbb1,1,ccc1,1,a1,1
0

. . . LA1,m,bbb1,m,ccc1,m,a1,m
0

...
. . .

...
LAm,1,bbbm,1,cccm,1,am,10

. . . LAm,m,bbbm,m,cccm,m,am,m0

˛

‹

‚

¨

˚

˝

uuu1

...
uuum

˛

‹

‚

. (2.9)

We remark that the H operator for m “ 1 is equivalent to the L operator.
For α P v1,mw, we de�ne ΓDα and ΓRα as open subsets of Γ, possibly empty,

such that ΓDα X ΓRα “ H. Let fff P pL2pΩqqm, gDα P H1{2pΓDα q, g
R
α P L2pΓRα q,

aRα P L
8pΓRα q be given data.

A vector boundary value problem is given by

Vector BVP
Find uuu “ puuu1, . . . ,uuumq P pH

2pΩqqm such that

Hpuuuq “fff in Ω, (2.10)

uuuα “g
D
α on ΓDα , @α P v1,mw, (2.11)

Buuu

BnHα

` aRαuuuα “g
R
α on ΓRα , @α P v1,mw, (2.12)

where the α-th component of the conormal derivative of uuu is de�ned
by

Buuu

BnHα

def
“

m
ÿ

β“1

Buuuβ
BnHα,β

“

m
ÿ

β“1

`@

Aα,β ∇uuuβ ,nnn
D

´
@

bbbα,βuuuβ ,nnn
D˘

. (2.13)

The boundary conditions (2.12) are the Robin boundary conditions and
(2.11) is the Dirichlet boundary condition. The Neumann boundary condi-
tions are particular Robin boundary conditions with aRα ” 0.

In this problem, we may consider on a given boundary some conditions
which can vary depending on the component. For example we may have a
Robin boundary condition satisfying Buuu

BnH1
` aR1 uuu1 “ gR1 and a Dirichlet one

with uuu2 “ gD2 .In the following of the report we will solve by a P1-Lagrange
�nite element method scalar BVP (2.2) to (2.4) and vector BVP (2.10) to
(2.12) without additional restrictive assumption.

3 Examples

In this section, most commonly used functions are presented. They will be
explained in details in Sections 6 and 7. Then we solve some PDE's starting
from Poisson problem with mixed boundary conditions up to elasticity problems.

We suppose that the mesh generation software used (either FreeFEM++
or gmsh) enables to label the parts of the boundary of Ω. Each part of the
boundary is denoted by Γlabel.
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3.1 First level functions or commonly used functions 3 EXAMPLES

3.1 First level functions or commonly used functions

We brie�y describe the main functions that will be used in the sequel.

Th Ð getMeshpFileNameq : to de�ne the mesh Th by reading a 2d or 3d mesh
from the �le FileName.

Th Ð HyperCubepd,Nq : to de�ne the mesh Th as the unit hypercube r0, 1sd.
There are N points in each direction and the mesh of the hypercube con-
tains Nd points.

LopÐ Loperatorpd,A, bbb, ccc, a0q : to initialize the operator L in dimension d
given by (2.1) : LopÐ LA,bbb,ccc,a0

.

HopÐ Hoperatorpd,mq : to initialize the operator H given by (2.6) veri-
fying Hα,β “ 0, @pα, βq P v1,mw2. Each operator Hα,β corresponds to
Hop.Hpα, βq and can be initialized by the function Loperator

PDE Ð initPDEpOp, Thq : to initialize a PDE structure fron an operator (ei-
ther L-operator or H-operator) and a mesh. Default boundary conditions
are homogeneous generalized Neumann.

PDE Ð setBC_PDEpPDE, label, comps, type, g, arq : to de�ne or modify the
boundary conditions on the boundary Γlabel on the mesh PDE.Th for com-
ponents of index comps (in the scalar case comps ” 1). For a scalar PDE,
we have for example

‚ Dirichlet condition : uuu2 “ g on Γ11, then
PDE Ð setBC_PDEpPDE, 11, 2, 'Dirichlet', g,Hq

‚ generalized Neumann condition : Buuu
BnH3

“ g on Γ12, then

PDE Ð setBC_PDEpPDE, 12, 3, 'Neumann', g,Hq

‚ generalized Robin condition : Buuu
BnH2

` aR2 uuu2 “ g on Γ13, then

PDE Ð setBC_PDEpPDE, 13, 2, 'Robin', g, aR2 q

xxxÐ SolvePDEpPDEq : to solve by P1 Lagrange �nite element method the
partial di�erential equation de�ned by the structure PDE. This function
returns the solution xxx

3.2 Scalar case

3.2.1 Poisson PDE with mixed boundary conditions in 2D

We �rst consider the classical 2D Poisson problem with various boundary con-
ditions. The problem to solve is the following
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3.2 Scalar case 3 EXAMPLES

2D Poisson problem

Find u P H2pΩq such that

´∆u “ f in Ω Ă R2, (3.1)

u “ 0 on Γ1, (3.2)

u “ 1 on Γ2, (3.3)

Bu

Bn
` aR u “ ´0.5 on Γ3, (3.4)

Bu

Bn
“ 0.5 on Γ4 (3.5)

where Ω “ r0, 1s2 and its boundaries are given in Figure 1a.
f and aR satisfy:

fpxxxq “ cospxxx1 ` xxx2q @xxx P Ω

aRpxxxq “ 1` xxx2
1 ` xxx

2
2 @xxx P Ω

Ω

Γ
1

Γ
2

Γ
3

Γ
4

(a) Domain and boundaries

x

0 0.2 0.4 0.6 0.8 1

y

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
2D Laplace problem

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) Result

Figure 1: Laplace2d01 problem

The operator in (3.1) is the Sti�ness operator : LI,000,000,0.
The conormal derivative Bu

BnL
is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

The algorithm using the toolbox for solving (3.1)-(3.5) is given in Algo-
rithm 3.1. The corresponding Matlab/Octave and Python codes are given in
Listing 1.
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3.2 Scalar case 3 EXAMPLES

Algorithm 3.1 2D Poisson problem

1: Th Ð HyperCubep2, 50q Ź Build unit square mesh

2: DopÐ Loperatorp2, I,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE Ð setBC_PDEpPDE, 2, 1, 'Dirichlet', 1.,Hq Ź u “ 1 on Γ2

6: PDE Ð setBC_PDEpPDE, 3, 1, 'Robin',´0.5,xxxÑ 1` xxx2
1 ` xxx

2
2q Ź

Bu
Bn ` aR u “ ´0.5 on Γ3

7: PDE Ð setBC_PDEpPDE, 4, 1, 'Neumann', 0.5,Hq Ź Bu
Bn
“ 0.5 on Γ4

8: PDE.f Ð pxxx1,xxx2q ÞÑ cospxxx1 ` xxx2q

9: uuuh Ð SolvePDEpPDEq

A numerical solution for a given mesh is shown on Figure 1b

1 fpr intf ( '1. Creating the mesh\n' ) ;
2 d=2;Th=HyperCube(d , 5 0 ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 LOp=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 PDE=initPDE(LOp,Th ) ;
6 PDE=setBC_PDE(PDE,1 , 1 , 'Dirichlet' , 0 ) ;
7 PDE=setBC_PDE(PDE,2 , 1 , 'Dirichlet' , 1 ) ;
8 PDE=setBC_PDE(PDE,3 , 1 , 'Robin' ,´0.5 , . . .
9 @(x1 , x2 ) 1+x1.^2+x2 .^2 ) ;

10 PDE=setBC_PDE(PDE,4 , 1 , 'Neumann' , 0 . 5 ) ;
11 PDE. f=@(x , y ) cos ( x+y) ;
12 fpr intf ( '3. Solving BVP\n' ) ;
13 uh=solvePDE(PDE) ;

(a) Matlab/Octave

1 print ( '1. Creating the mesh' )
2 d=2;Th=HyperCube(d , 5 0 )
3 print ( '2. Definition of the BVP' )
4 LOp=Loperator (d=d ,A= [ [ 1 , 0 ] , [ 0 , 1 ] ] )
5 pde=initPDE(LOp,Th)
6 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
7 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 . , None )
8 pde=setBC_PDE( pde , 3 , 0 , 'Robin' ,´0.5 ,
9 lambda x , y : 1+x∗∗2+y∗∗2)

10 pde=setBC_PDE( pde , 4 , 0 , 'Neumann' , 0 . 5 , None )
11 pde . f=lambda x , y : cos ( x+y)
12 print ( '3. Solving BVP' ) ;
13 uh=solvePDE( pde )

(b) Python

Listing 1: 2D Poisson codes

3.2.2 Poisson PDE with mixed boundary conditions in a 2D dis-
torted domain

We �rst consider the classical Poisson problem with various boundary conditions
in a 2D distorted domain. The problem to solve is the following

2D Poisson problem

Find u P H2pΩq such that

´∆u “ f in Ω Ă R2, (3.6)

u “ 0 on Γ1, (3.7)

u “ 1 on Γ2, (3.8)

Bu

Bn
` aR u “ ´0.5 on Γ3, (3.9)

Bu

Bn
“ 0.5 on Γ4 (3.10)

where Ω is the unit hypercube transformed by the function

ΦΦΦpx, yq “ p20x, 2p2y ´ 1` cosp2πxqq.

The boundaries are given in Figure 2a.
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3.2 Scalar case 3 EXAMPLES

f and aR satisfy:

fpxxxq “ cospxxx1 ` xxx2q @xxx P Ω

aRpxxxq “ 1` xxx2
1 ` xxx

2
2 @xxx P Ω

Γ1

Γ2

Γ3

Γ4

(a) Domain and boundaries

0.0

0.4

0.8

1.2

1.6

2.0

2.4

2.8

3.2

(b) Result

Figure 2: Laplace2d01 problem

The operator in (3.6) is the Sti�ness operator : LI,000,000,0.
The conormal derivative Bu

BnL
is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

The algorithm using the toolbox for solving (3.6)-(3.10) is given in Algo-
rithm 3.2. The corresponding Matlab/Octave and Python codes are given in
Listing 2.

Algorithm 3.2 2D Poisson problem in a distorted domain

1: Th Ð HyperCubep2, r100, 20s, trans “ px, yq ÞÑ p20x, 2p2y ´ 1` cosp2πxqqq
2: DopÐ Loperatorp2, I,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE Ð setBC_PDEpPDE, 2, 1, 'Dirichlet', 1.,Hq Ź u “ 1 on Γ2

6: PDE Ð setBC_PDEpPDE, 3, 1, 'Robin',´0.5,xxxÑ 1` xxx2
1 ` xxx

2
2q Ź

Bu
Bn ` aR u “ ´0.5 on Γ3

7: PDE Ð setBC_PDEpPDE, 4, 1, 'Neumann', 0.5,Hq Ź Bu
Bn
“ 0.5 on Γ4

8: PDE.f Ð pxxx1,xxx2q ÞÑ cospxxx1 ` xxx2q

9: uuuh Ð SolvePDEpPDEq

A numerical solution for a given mesh is shown on Figure 2b

3.2.3 2D condenser problem

The problem to solve is the Laplace problem for a condenser.
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3.2 Scalar case 3 EXAMPLES

1 fpr intf ( '1. Creating the mesh\n' ) ;
2 t rans=@(q ) [20∗ q ( 1 , : ) ; . . .
3 2∗(2∗q(2 ,:)´1+cos (2∗pi∗q ( 1 , : ) ) ) ] ;
4 Th=HyperCube( 2 , [ 1 0 0 , 2 0 ] , t rans ) ;
5 fpr intf ( '2. Definition of the BVP\n' ) ;
6 Lop=Loperator ( 2 , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
7 pde=initPDE(Lop ,Th ) ;
8 pde=setBC_PDE( pde , 1 , 1 , 'Dirichlet' , 0 ) ;
9 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' , 1 ) ;

10 pde=setBC_PDE( pde , 3 , 1 , 'Robin' ,´0.5 , . . .
11 @(x1 , x2 ) 1+x1.^2+x2 .^2 ) ;
12 pde=setBC_PDE( pde , 4 , 1 , 'Neumann' , 0 . 5 ) ;
13 pde . f=@(x , y ) cos ( x+y) ;
14 fpr intf ( '3. Solving BVP\n' ) ;
15 uh=solvePDE( pde ) ;

(a) Matlab/Octave

1 print ( '1. Creating the mesh' )
2 t rans=lambda q : np . c_[20∗ q [ : , 0 ] ,
3 2∗(2∗q [ : ,1]´1+np . cos (2∗ pi ∗q [ : , 0 ] ) ) ]
4 Th=HyperCube( 2 , [ 1 0 0 , 2 0 ] , t rans=trans )
5 print ( '2. Definition of the BVP' )
6 LOp=Loperator (d=2,A= [ [ 1 , 0 ] , [ 0 , 1 ] ] )
7 pde=initPDE(LOp,Th)
8 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
9 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 . , None )

10 pde=setBC_PDE( pde , 3 , 0 , 'Robin' ,´0.5 ,
11 lambda x , y : 1+x∗∗2+y∗∗2)
12 pde=setBC_PDE( pde , 4 , 0 , 'Neumann' , 0 . 5 , None )
13 pde . f=lambda x , y : cos ( x+y)
14 print ( '3. Solving BVP' ) ;
15 uh=solvePDE( pde )

(b) Python

Listing 2: 2D Poisson codes with distorted mesh

2D condenser problem

Find u P H2pΩq such that

´∆u “ 0 in Ω Ă R2, (3.11)

u “ 0 on Γ1, (3.12)

u “ ´1 on Γ98, (3.13)

u “ 1 on Γ99, (3.14)

where Ω and its boundaries are given in Figure 3a.

Ω Γ1

Γ98 Γ99

‚
p´2;´3q

‚
p´1; 3q

‚

‚

‚
p1;´3q

‚
p2; 3q

‚

‚

p5; 0q

(a) Domain for the condenser problem (b) Result for the 2D condenser problem

Figure 3: Condenser problem

The problem (3.11)-(3.14) can be equivalently expressed as the scalar BVP
(2.2)-(2.4) :
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3.2 Scalar case 3 EXAMPLES

2D condenser problem as a scalar BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD.

where ΓR “ H (no Robin boundary condition) and

‚ L :“ LI,000,000,0, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ1 Y Γ98 Y Γ99

‚ gD :“ 0 on Γ1, and g
D :“ ´1 on Γ98 and gD :“ `1 on Γ99

The algorithm using the toolbox for solving (3.11)-(3.14) is the following:

Algorithm 3.3 2D condenser

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: DopÐ LoperatorpI,000,000, 0q Ź Sti�ness operator

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBCLabelpPDE, 'Dirichlet', 1, 1, 0.q Ź u “ 0 on Γ1

5: PDE Ð setBCLabelpPDE, 'Dirichlet', 99, 1, 1.q Ź u “ 1 on Γ99

6: PDE Ð setBCLabelpPDE, 'Dirichlet', 98, 1,´1.q Ź u “ ´1 on Γ98

7: xxxÐ SolvePDEpPDEq

We give respectively in Listing 1 and 2 the corresponding Matlab/Octave and
Python codes.
Listing 1: 2D condenser, Mat-
lab/Octave code

1 fpr intf ( '1. Reading of the condenser mesh\n' )
2 Th=GetMesh2DOpt( 'condenser2D -10.msh' ) ;
3 fpr intf ( '2. Definition of the BVP : 2D condenser\n' )
4 Lop=Loperator (Th . d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
5 pde=initPDE(Lop ,Th ) ;
6 pde=setBC_PDE( pde , 1 ,1 , 'Dirichlet' , 0 ) ;
7 pde=setBC_PDE( pde ,99 ,1 , 'Dirichlet' , 1 ) ;
8 pde=setBC_PDE( pde ,98 ,1 , 'Dirichlet' ,´1);
9 fpr intf ( '3. Solving BVP\n' )

10 x=solvePDE( pde ) ;

Listing 2: 2D condenser, Python
code

1 print ("1. Reading of the condenser mesh" )
2 Th=readFreeFEM( 'condenser2D -10.msh' )
3 print ("2. Definition of the BVP : 2D condenser" )
4 Lop=Loperator (d=Th . d ,A=[ [1 ,None ] , [ None , 1 ] ] )
5 pde=initPDE(Lop ,Th)
6 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 . , None )
7 pde=setBC_PDE( pde , 99 , 0 , 'Dirichlet' , 1 . , None )
8 pde=setBC_PDE( pde , 98 , 0 , 'Dirichlet' ,´1. ,None )
9 print ("3. Solving BVP" )

10 x=solvePDE( pde )

The solution for a given mesh is shown on Figure 3b

3.2.4 Stationary convection-di�usion problem in 2D

The 2D problem to solve is the following
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3.2 Scalar case 3 EXAMPLES

2D stationary convection-di�usion problem

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ f in Ω Ă R2, (3.15)

u “ 4 on Γ2, (3.16)

u “ ´4 on Γ4, (3.17)

u “ 0 on Γ20 Y Γ21, (3.18)

Bu

Bn
“ 0 on Γ1 Y Γ3 Y Γ10 (3.19)

where Ω and its boundaries are given in Figure 4a. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α, VVV , β and f in Ω as :

αpxxxq “ 0.1` px1 ´ 0.5q2,

VVV pxxxq “ p´10x2, 10x1q
t,

βpxxxq “ 0.01,

fpxxxq “ ´200 expp´10ppx1 ´ 0.75q2 ` x2
2qq.

(a) Domain and boundaries (b) Result

Figure 4: 2D stationary convection-di�usion problem

The problem (3.15)-(3.19) can be equivalently expressed as the scalar BVP
(2.2)-(2.4) :
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3.2 Scalar case 3 EXAMPLES

2D stationary convection-di�usion problem as a scalar

BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓD “ Γ2 Y Γ4 Y Γ20 Y Γ21 and ΓR “ Γ1 Y Γ3 Y Γ10

‚ gD :“ 4 on Γ2, and g
D :“ ´4 on Γ4 and gD :“ 0 on Γ20 Y Γ21

‚ aR “ gR :“ 0 on ΓR.

The algorithm using the toolbox for solving (3.15)-(3.19) is the following:

Algorithm 3.4 Stationary convection-di�usion problem in 2D

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: αÐ px, yq ÞÝÑ 0.1` py ´ 0.5qpy ´ 0.5q
3: β Ð 0.01

4: LÐ Loperatorp2,

ˆ

α 0
0 α

˙

,000,

ˆ

´10y
10x

˙

, βq

5: pde Ð initPDEpL, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

6: pde Ð setBC_PDEppde, 2, 1, 'Dirichlet', 4.,Hq Ź u “ 4 on Γ2

7: pde Ð setBC_PDEppde, 4, 1, 'Dirichlet',´4,Hq Ź u “ ´4 on Γ4

8: pde Ð setBC_PDEppde, 20, 1, 'Dirichlet', 0,H Ź u “ 0 on Γ20

9: pde Ð setBC_PDEppde, 21, 1, 'Dirichlet', 0,Hq Ź u “ 0 on Γ21

10: pde.f Ð px, yq ÞÑ ´200 expp´10px´ 0.75q2 ` y2
q

11: xxxÐ SolvePDEppdeq

We give respectively in Listing 3 and 4 the corresponding Matlab/Octave and
Python codes.
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Listing 3: 2D stationary
convection-di�usion, Mat-
lab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh2DOpt( 'sampleD2d01 -20.msh' ) ;
3 fpr intf ( '2. Definition of the BVP\n' )
4 a f=@(x , y ) 0.1+(y´0 .5 ) .∗ ( y´0 .5 ) ;
5 Vx=@(x , y ) ´10∗y ;Vy=@(x , y ) 10∗x ;
6 b=0.01; g2=4;g4=´4;
7 f=@(x , y ) ´200.0∗exp(´((x´0.75).^2+y . ^ 2 ) / ( 0 . 1 ) ) ;
8 L=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {Vx,Vy} ,b ) ;
9 pde=initPDE(L ,Th ) ;

10 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' , g2 ) ;
11 pde=setBC_PDE( pde , 4 , 1 , 'Dirichlet' , g4 ) ;
12 pde=setBC_PDE( pde , 20 , 1 , 'Dirichlet' , 0 ) ;
13 pde=setBC_PDE( pde , 21 , 1 , 'Dirichlet' , 0 ) ;
14 pde . f=f ;
15 fpr intf ( '3. Solving BVP\n' )
16 x=solvePDE( pde ) ;

Listing 4: 2D stationary
convection-di�usion, Python
code

1 print ("1. Reading of the mesh" )
2 Th=readFreeFEM("sampleD2d01 -20.msh" )
3 print ("2. Definition of the BVP" )
4 a f=lambda x , y : 0.1+(y´0.5)∗(y´0.5)
5 Vx=lambda x , y : ´10∗y ;Vy=lambda x , y : 10∗x
6 b=0.01; g2=4;g4=´4;
7 f=lambda x , y : ´200∗exp (´((x´0.75)∗∗2+y∗∗2)\
8 / ( 0 . 1 ) ) ;
9 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] ,

10 c=[Vx,Vy ] , a0=b)
11 pde=initPDE(Lop ,Th)
12 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , g2 )
13 pde=setBC_PDE( pde , 4 , 0 , 'Dirichlet' , g4 )
14 pde=setBC_PDE( pde , 20 , 0 , 'Dirichlet' , 0 )
15 pde=setBC_PDE( pde , 21 , 0 , 'Dirichlet' , 0 )
16 pde . f=f
17 print ("3. Solving BVP" )
18 x=solvePDE( pde )

The numerical solution for a given mesh is shown on Figure 4b

3.2.5 Stationary convection-di�usion problem in 3D

Let A “ pxA, yAq P R2 and CrAprzmin, zmaxsq be the right circular cylinder
along z´axis (z P rzmin, zmaxs) with bases the circles of radius r and center
pxA, yA, zminq and pxA, yA, zmaxq.

Let Ω be the cylinder de�ned by

Ω “ C1
p0,0qpr0, 3sqztC

0.3
p0,0qpr0, 3sq Y C

0.1
p0,´0.7qpr0, 3sq Y C

0.1
p0,0.7qpr0, 3squ.

We respectively denote by Γ1000 and Γ1001 the z “ 0 and z “ 3 bases of Ω.
Γ1, Γ10, Γ20 and Γ21 are respectively the curved surfaces of cylinders C1

p0,0qpr0, 3sq,

C0.3
p0,0qpr0, 3sq, C

0.1
p0,´0.7qpr0, 3sq and C

0.1
p0,0.7qpr0, 3sq.

The domain Ω and its boundaries are represented in Figure 5.
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Figure 5: Mesh for the stationary convection-di�usion problem in 3D

The 3D problem to solve is the following
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3.2 Scalar case 3 EXAMPLES

3D problem : Stationary convection-di�usion

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ f in Ω Ă R3, (3.20)

α
Bu

Bn
` a20u “ g20 on Γ20, (3.21)

α
Bu

Bn
` a21u “ g21 on Γ21, (3.22)

Bu

Bn
“ 0 on ΓN (3.23)

where ΓN “ Γ1YΓ10YΓ1000YΓ1001. This problem is well posed if αpxxxq ą 0
and βpxxxq ě 0.
We choose a20 “ a21 “ 1, g21 “ ´g20 “ 0.05 β “ 0.01 and :

αpxxxq “ 0.7` xxx3{10,

VVV pxxxq “ p´10x2, 10x1, 10x3q
t,

fpxxxq “ ´800 expp´10ppx1 ´ 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq

`800 expp´10ppx1 ` 0.65q2 ` x2
2 ` px3 ´ 0.5q2qq.

(a) �rst view (b) second view

Figure 6: Stationary convection-di�usion problem in 3D : numerical solution

The problem (3.20)-(3.23) can be equivalently expressed as the scalar BVP
(2.2)-(2.4) :

3D stationary convection-di�usion problem as a scalar

BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

Bu

BnL
` aRu “gR on ΓR.

where
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3.2 Scalar case 3 EXAMPLES

‚ L :“ LαI,000,VVV ,β , and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ ΓR “ Γ1 Y Γ10 Y Γ20 Y Γ21 Y Γ1000 Y Γ1001 (and ΓD “ H)

‚

aR “

"

0 , on Γ1 Y Γ10 Y Γ1000 Y Γ1001

1 , on Γ20 Y Γ21

gR “

$

&

%

0 , on Γ1 Y Γ10 Y Γ1000 Y Γ1001

0.05 , on Γ21,
´0.05 , on Γ20

The algorithm using the toolbox for solving (3.20)-(3.23) is the following:

Algorithm 3.5 sampleD3d01 problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ 3D-mesh

2: αÐ px, y, zq ÞÝÑ 0.7` z{10

3: DopÐ Loperatorp3,

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚,000,

¨

˝

´10y
10x
10z

˛

‚, βq

4: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

5: PDE Ð setBC_PDEpPDE, 20, 1, 'Robin',´0.05, 1.q
6: PDE Ð setBC_PDEpPDE, 21, 1, 'Robin', 0.05, 1.q
7: PDE.f Ð px, y, zq ÞÑ ´800 expp´10px´ 0.65q2 ` y2

` pz ´ 0.5q2q
`800 expp´10px` 0.65q2 ` y2

` pz ´ 0.5q2q
8: xxxÐ SolvePDEpPDEq

We give respectively in Listing 5 and 6 the corresponding Matlab/Octave
and Python codes.

Listing 5: 3D stationary convection-di�usion, Matlab/Octave code

1

2 fpr intf ( '1. Reading of the mesh\n' ) ;
3 Th=GetMesh3DOpt( 'sampleD3d01 -6.mesh' , 'format' , 'medit' ) ;
4 fpr intf ( '2. Definition of the BVP\n' )
5 a f=@(x , y , z ) 0.7+z /10 ;%0.1+(y´0.5) .∗( y´0.5);
6 Vx=@(x , y , z ) ´10∗y ;Vy=@(x , y , z ) 10∗x ;Vz=@(x , y , z ) 10∗ z ;
7 b=0.01;%0.01 ; g2=4;g4=´4;
8 f=@(x , y , z ) ´800.0∗exp(´10∗((x´0 .65 ) .∗ ( x´0.65)+y .∗ y+(z´0 .5 ) .^2) ) . . .
9 +800.0∗exp(´10∗((x+0 .65) .∗ ( x+0.65)+y .∗ y+(z ´0 . 5 ) .^2 ) ) ;

10 Lop=Loperator (Th . d , { af , [ ] , [ ] ; [ ] , af , [ ] ; [ ] , [ ] , a f } , [ ] , {Vx,Vy,Vz} ,b ) ;
11 pde=initPDE(Lop ,Th ) ;
12 pde=setBC_PDE( pde , 20 , 1 , 'Robin' , ´0.05 , 1 ) ;
13 pde=setBC_PDE( pde , 21 , 1 , 'Robin' , 0 .05 , 1 ) ;
14 pde . f=f ;
15 fpr intf ( '3. Solving BVP\n' )
16 x=solvePDE( pde ) ;
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Listing 6: 3D stationary convection-di�usion, Python code

1 print ("1. Reading of the mesh" )
2 Th=readFreeFEM3D("sampleD3d01 -6.mesh" )
3 print ("2. Definition of the BVP" )
4 a f=lambda x , y , z : 0.7+z/10
5 Vx=lambda x , y , z : ´10∗y ;Vy=lambda x , y , z : 10∗x ;Vz=lambda x , y , z : 10∗ z
6 f=lambda x , y , z : ´800.0∗ exp (´10∗((x´0.65)∗∗2+y∗y+(z´0.5)∗∗2))+\
7 800 .0∗ exp (´10∗((x+0.65)∗∗2+y∗y+(z´0.5)∗∗2))
8 Lop=Loperator (d=3,A=[ [ af , None , None ] , [ None , af , None ] , [ None , None , a f ] ] , \
9 c=[Vx,Vy,Vz ] , a0=0.01)

10 pde=PDE(Lop ,Th)
11 pde=setBC_PDE( pde , 20 , 0 , 'Robin' ,´0.05 ,1)
12 pde=setBC_PDE( pde , 21 , 0 , 'Robin' , 0 . 0 5 , 1 )
13 pde . f=f
14 print ("3. Solving BVP" )
15 x=solvePDE( pde )

The numerical solution for a more re�ned mesh is shown on Figure 6

3.2.6 Laplace problem in r0, 1sd

The Laplace problem in any d-dimensional domain is considered here, with
various boundary conditions.

Let Ω “ r0, 1sd be the hypercube in Rd. The 2d faces of this hypercube have
a unique label : @i P v1, dw, faces xi ” 0 and xi ” 1 are respectively of label
p2i´ 1q and 2i.

Laplace problem in r0, 1sd

Find u P H2pΩq such that

´∆u “ 0 in Ω Ă Rd, (3.24)

u “ 1 on Γ1 Y Γ2, (3.25)

Bu

Bn
` 5u “ 1 on Γ3 Y Γ4, (3.26)

Bu

Bn
“ 0 on

d
ď

i“3

Γ2i´1 Y Γ2i, (3.27)

The problem (3.24)-(3.27) can be equivalently expressed as the scalar BVP
(2.2)-(2.4) :

Laplace problem in r0, 1sd as a scalar BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LI,000,000,0 and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ f :“ 0
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3.2 Scalar case 3 EXAMPLES

‚ ΓD “ Γ1 Y Γ2 and ΓR “
Ťd
i“2 Γ2i´1 Y Γ2i

‚ gD :“ 1 on Γ1 Y Γ2

‚ gR :“ 1 on Γ3 Y Γ4 and gR :“ 0 on
Ťd
i“3 Γ2i´1 Y Γ2i

‚ aRpxxxq :“ 1 on Γ3 Y Γ4 and aR :“ 0 on
Ťd
i“3 Γ2i´1 Y Γ2i

The algorithm using the toolbox for solving (3.24)-(3.27) is the following:

Algorithm 3.6 Laplace equation in r0, 1sd

1: Th Ð HyperCubepd,Nq
2: LÐ Loperatorpd, Id,000d,000d, 0q Ź Sti�ness operator

3: pde Ð initPDEpL, Thq
4: pde Ð setBC_PDEppde, 1, 1, 'Dirichlet', 1,Hq
5: pde Ð setBC_PDEppde, 2, 1, 'Dirichlet', 1,Hq
6: pde Ð setBC_PDEppde, 3, 1, 'Robin', 1, 1q
7: pde Ð setBC_PDEppde, 4, 1, 'Robin', 1, 1q
8: xxxÐ SolvePDEppdeq

The corresponding Matlab/Octave and Python codes are given in Listing 3.

1 fpr intf ( '1. Set hypercube

mesh\n' ) ;
2 d=input ( 'd=' ) ;
3 N=input ( 'N=' ) ;
4 Th=HyperCube(d ,N) ;
5 fpr intf ( '2. Definition of

the BVP : %dD

Laplace\n' , d )
6 A=c e l l (d , d) ;
7 for i =1:d , A{ i , i }=1;end
8 Lop=Loperator (d ,A , [ ] , [ ] , [ ] ) ;
9 pde=initPDE(Lop ,Th) ;

10 pde=setBC_PDE( pde , 1 , 1 , 'Dirichlet' , 1 ) ;
11 pde=setBC_PDE( pde , 2 , 1 , 'Dirichlet' ,´1) ;
12 pde=setBC_PDE( pde , 3 , 1 , 'Robin' , 5 , 1 ) ;
13 pde=setBC_PDE( pde , 4 , 1 , 'Robin' , 5 , 1 ) ;
14 fpr intf ( '3. Solving BVP\n' )
15 x=solvePDE( pde ) ;

(a) Matlab/Octave

1 print ("1. Creating the mesh

of the hypercube [0,1]^d" )
2 d=int ( input ("d=" ) )
3 N=int ( input ("N=" ) )
4 Th=HyperCube(d ,N)
5 print ("2. Definition of the

BVP : %dD Laplace"%d)
6 A=NoneMatrix (d , d)
7 for i in range (d) :
8 A[ i ] [ i ]=1
9 Lop=Loperator (d=d ,A=A)

10 pde=initPDE(Lop ,Th)
11 pde=setBC_PDE( pde , 1 , 0 , 'Dirichlet' , 0 )
12 pde=setBC_PDE( pde , 2 , 0 , 'Dirichlet' , 1 )
13 pde=setBC_PDE( pde , 3 , 0 , 'Robin' , 5 , 1 )
14 pde=setBC_PDE( pde , 4 , 0 , 'Robin' , 5 , 1 )
15 print ("3. Solving BVP" )
16 x=solvePDE( pde )

(b) Python

Listing 3: Codes for Laplace problem in dimension d

It should be noted that in dimension d, the mesh of the hypercube r0, 1sd

obtained by the call to the function Th Ð HyperCubepd,Nq contains nme “

d!pN ´ 1qd d-simplices , N being the number of points in each direction. This
number can be very huge (see Table 1). So one does not need to be too ambitious
in dimension d ą 3 and choose a reasonable N .

N
. . . d 2 3 4 5 6
5 32 384 6144 122880 2949120
10 162 4374 157464 7085880 382637520
15 392 16464 921984 64538880 2147483647

Table 1: Number of d-simplices in hypercube r0, 1sd meshes
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3.2 Scalar case 3 EXAMPLES

3.2.7 Grad-Shafranov problem

We consider here the 2D Grad-Shafranov problem already tested in [10] de�ned
by

Grad-Shafranov problem

Find ψ P H2pΩq such that

´∆ψ ` a0 ψ “ f in Ω Ă R2, (3.28)

ψ “ 0 on Γ (3.29)

‚p0; 0q

‚
p1;´0.5q

‚
p1; 0.5q

ΓΩ

(a) Domain (b) Result

Figure 7: Grad-Shafranov problem

The functions a0 and f satisfy for all xxx “ pxxx1,xxx2q P Ω:

a0pxxxq “
1

xxx1
,

fpxxxq “ xxx2
1 ` 1

The geometry can be described by a parametric function as
"

xxx1ptq “
a

1` cosptq @t P r0, 2πs,
xxx2ptq “ 0.5 sinptq

The operator in (3.28) is the following one : LI,000,000,a0 .

The conormal derivative Bψ
BnL

is

Bψ

BnL
:“ xA∇ψ,nnny ´ xbbbψ,nnny “

Bψ

Bn
.

The algorithm using the toolbox for solving (3.28)-(3.29) is the following:

Algorithm 3.7 Grad-Shafranov problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: DopÐ Loperatorp2, I,000,000,xxx ÞÑ 1{xxx1q

3: PDE Ð initPDEpDop, Thq
4: PDE Ð setBC_PDEpPDE, 1, 1, 'Dirichlet', 0.,Hq Ź u “ 0 on Γ1

5: PDE.f Ð xxx ÞÑ xxx2
1 ` 1

6: xxxÐ SolvePDEpPDEq
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The solution for a given mesh is shown on Figure 7.

3.3 Vector case

3.3.1 Elasticity problem

General case (d “ 2, 3)
We consider here Hooke's law in linear elasticity, under small strain hypothesis

(see for example [7]).
For a su�ciently regular vector �eld uuu “ pu1, . . . , udq : Ω Ñ Rd, we de�ne

the linearized strain tensor εεε by

εεεpuuuq “
1

2

`

∇∇∇puuuq `∇∇∇tpuuuq
˘

.

We set εεε “ pε11, ε22, 2ε12q
t in 2d and εεε “ pε11, ε22, ε33, 2ε12, 2ε23, 2ε13q

t in 3d,

with εijpuuuq “
1
2

´

Bui
Bxj

`
Buj
Bxi

¯

. Then the Hooke's law writes

σσσ “ Cεεε,

where σσσ is the elastic stress tensor and C the elasticity tensor.
The material is supposed to be isotropic. Thus the elasticity tensor C is only

de�ned by the Lamé parameters λ and µ, which satisfy λ` µ ą 0. We also set
γ “ 2µ` λ. For d “ 2 or d “ 3, C is given by

C “
ˆ

λ12 ` 2µI2 0
0 µ

˙

3ˆ3

or C “
ˆ

λ13 ` 2µI3 0
0 µI3

˙

6ˆ6

,

respectively, where 1d is a d-by-d matrix of ones, and Id the d-by-d identity
matrix.

For dimension d “ 2 or d “ 3, we have:

σσσαβpuuuq “ 2µεεεαβpuuuq ` λ trpεεεpuuuqqδαβ @α, β P v1, dw

The problem to solve is the following

Elasticity problem

Find uuu “ H2pΩq
d
such that

´ divpσσσpuuuqq “ fff, in Ω Ă Rd, (3.30)

σσσpuuuq.nnn “ 000 on ΓR, (3.31)

uuu “ 000 on ΓD. (3.32)

Now, with the following lemma, we obtain that this problem can be rewritten
as the vector BVP de�ned by (2.10) to (2.12).

Lemma 1. Let H be the d-by-d matrix of the second order linear di�erential
operators de�ned in (2.6) where Hα,β “ LAα,β ,000,000,0, @pα, βq P v1, dw

2, with

pAα,βqk,l “ µδαβδkl ` µδkβδlα ` λδkαδlβ , @pk, lq P v1, dw
2. (3.33)

then
Hpuuuq “ ´divσσσpuuuq (3.34)
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and, @α P v1, dw,
Buuu

BnHα

“ pσσσpuuuq.nnnqα. (3.35)

The proof is given in appendix 11.4. So we obtain

Elasticity problem with H operator in dimension d “ 2
or d “ 3
Let H be the d-by-d matrix of the second order linear di�erential opera-
tors de�ned in (2.6) where @pα, βq P v1, dw2, Hα,β “ LAα,β ,000,000,0, with

• for d “ 2,

A1,1 “

ˆ

γ 0
0 µ

˙

, A1,2 “

ˆ

0 λ
µ 0

˙

, A2,1 “

ˆ

0 µ
λ 0

˙

, A2,2 “

ˆ

µ 0
0 γ

˙

• for d “ 3,

A1,1 “

¨

˝

γ 0 0
0 µ 0
0 0 µ

˛

‚, A1,2 “

¨

˝

0 λ 0
µ 0 0
0 0 0

˛

‚, A1,3 “

¨

˝

0 0 λ
0 0 0
µ 0 0

˛

‚

A2,1 “

¨

˝

0 µ 0
λ 0 0
0 0 0

˛

‚, A2,2 “

¨

˝

µ 0 0
0 γ 0
0 0 µ

˛

‚, A2,3 “

¨

˝

0 0 0
0 0 λ
0 µ 0

˛

‚,

A3,1 “

¨

˝

0 0 µ
0 0 0
λ 0 0

˛

‚, A3,2 “

¨

˝

0 0 0
0 0 µ
0 λ 0

˛

‚, A3,3 “

¨

˝

µ 0 0
0 µ 0
0 0 γ

˛

‚.

The elasticity problem (3.30) to (3.32) can be rewritten as :
Find uuu “ puuu1, . . . ,uuudq P pH

2pΩqqd such that

Hpuuuq “fff, in Ω, (3.36)

Buuu

BnHα

“0, on ΓRα “ ΓR, @α P v1, dw (3.37)

uuuα “0, on ΓDα “ ΓD, @α P v1, dw. (3.38)

2D example
For example, in 2d, we want to solve the elasticity problem (3.30) to (3.32)

where Ω and its boundaries are given in Figure 8. We have ΓR “ Γ1 Y Γ2 Y Γ3,
ΓD “ Γ4.

The material's properties are given by Young's modulus E and Poisson's
coe�cient ν. As we use plane strain hypothesis, Lame's coe�cients verify

µ “
E

2 p1` νq
, λ “

E ν

p1` νq p1´ 2 νq
, γ “ 2µ` λ

The material is rubber so that E “ 21 .105Pa and ν “ 0.45. We also have
fff “ xxx ÞÑ p0,´1qt.

Page 21 Compiled on 2015/06/10 at 07:28:25



3.3 Vector case 3 EXAMPLES

Ω
‚

p0;´1q

‚
p0; 1q

‚
p20;´1q

‚
p20; 1q

Γ4 Γ2

Γ1

Γ3

Figure 8: Domain for the 2D elasticity problem

The algorithm using the toolbox for solving (3.30)-(3.32) is the following:

Algorithm 3.8 2D elasticity

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: λÐ Eν
p1`νqp1´2νq

3: µÐ E
2p1`νq

4: HopÐ InitHoperatorp2, 2q
5: Hopp1, 1q Ð Loperatorp2, r2µ` λ, 0; 0, µs,000,000, 0q
6: Hopp2, 1q Ð Loperatorp2, r0, λ;µ, 0s,000,000, 0q
7: Hopp1, 2q Ð Loperatorp2, r0, µ;λ, 0s,000,000, 0q
8: Hopp2, 2q Ð Loperatorp2, rµ, 0; 0, 2µ` λs,000,000, 0q
9: pde Ð initPDEpHop, Thq
10: pde Ð setBC_PDEppde, 4, 1 : 2, 'Dirichlet',xxxÑ 000q
11: pde.f Ð xxxÑ r0,´1s
12: xxxÐ SolvePDEppdeq

We give respectively in Listing 7 and 8 the corresponding Matlab/Octave
and Python codes.

Listing 7: 2D elasticity, Matlab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh2DOpt( 'bar4 -15.msh' ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 E = 21.5 e4 ; nu = 0 . 4 5 ;
5 mu= E/(2∗(1+nu ) ) ;
6 lambda = E∗nu/((1+nu)∗(1´2∗nu ) ) ;
7 gamma=lambda+2∗mu;
8 Hop=Hoperator ( 2 , 2 ) ;
9 Hop .H{1 ,1}=Loperator (2 ,{gamma, [ ] ; [ ] , mu} , [ ] , [ ] , [ ] ) ;

10 Hop .H{1 ,2}=Loperator ( 2 , { [ ] , lambda ;mu , [ ] } , [ ] , [ ] , [ ] ) ;
11 Hop .H{2 ,1}=Loperator ( 2 , { [ ] ,mu; lambda , [ ] } , [ ] , [ ] , [ ] ) ;
12 Hop .H{2 ,2}=Loperator (2 ,{mu , [ ] ; [ ] ,gamma} , [ ] , [ ] , [ ] ) ;
13 % One can a l s o use the p r e s e t opera tor func t i on
14 % Hop=bui ldHopera tor (2 ,2 , 'name ' , ' S t i f f E l a s ' , ' lambda ' , lambda , 'mu' ,mu) ;
15 pde=initPDE(Hop ,Th ) ;
16 pde . f ={0 ,´1};
17 pde=setBC_PDE( pde , 4 , 1 : 2 , 'Dirichlet' , { 0 , 0 } ) ;
18 fpr intf ( '3. Solving BVP\n' ) ;
19 x=solvePDE( pde ) ;
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Listing 8: 2D elasticity, Python code

1 print ( '1. Reading of the mesh' )
2 Th=readFreeFEM( 'bar4 -15.msh' )
3 print ( '2. Definition of the BVP' )
4 E = 21.5 e4 ; nu = 0.45
5 mu= E/(2∗(1+nu ) )
6 lam = E∗nu/((1+nu)∗(1´2∗nu ) )
7 gam=lam+2∗mu
8 Hop=Hoperator (d=2,m=2)
9 Hop .H[ 0 ] [ 0 ]=Loperator (d=2,A=[ [gam , None ] , [ None ,mu ] ] )

10 Hop .H[ 0 ] [ 1 ]=Loperator (d=2,A=[ [None , lam ] , [mu, None ] ] )
11 Hop .H[ 1 ] [ 0 ]=Loperator (d=2,A=[ [None ,mu ] , [ lam , None ] ] )
12 Hop .H[ 1 ] [ 1 ]=Loperator (d=2,A=[ [mu, None ] , [ None , gam ] ] )
13 # One can a l s o use the p r e s e t opera tor func t i on
14 # Hop=S t i f fE l a sHope ra t o r s (2 , lam ,mu)
15 pde=initPDE(Hop ,Th)
16 pde . f =[0 ,´1]
17 pde=setBC_PDE( pde , 4 , [ 0 , 1 ] , 'Dirichlet' , [ 0 , 0 ] , None )
18 print ( '3. Solving BVP' )
19 x=solvePDE( pde , s p l i t=True )

For a given mesh, its displacement scaled by a factor 10 is shown on Figure
9

Figure 9: Mesh displacement scaled by a factor 10 for the 2D elasticity problem

3D example
Let Ω “ r0, 5s ˆ r0, 1s ˆ r0, 1s Ă R3. The boundary of Ω is made of six faces

and each one has a unique label : 1 to 6 respectively for faces x1 “ 0, x1 “ 5,
x2 “ 0, x2 “ 1, x3 “ 0 and x3 “ 1. We represent them in Figure 10.
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Figure 10: Domain Ω and boundaries for the 3D elasticity problem

We want to solve the elasticity problem (3.30) to (3.32) with ΓD “ Γ1,

ΓN “
Ť6
i“2 Γi and fff “ xxx ÞÑ p0, 0,´1qt.

The algorithm using the toolbox for solving (3.30)-(3.32) is the following:

Algorithm 3.9 3D elasticity

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: λÐ Eν
p1`νqp1´2νq

3: µÐ E
2p1`νq

4: γ Ð λ` 2µ
5: HopÐ Hoperatorp3, 3q
6: Hop.Hp1, 1q Ð Loperatorp3, rγ, 0, 0; 0, µ, 0; 0, 0, µs,000,000, 0q
7: Hop.Hp1, 2q Ð Loperatorp3, r0, λ, 0;µ, 0, 0; 0, 0, 0s,000,000, 0q
8: Hop.Hp1, 3q Ð Loperatorp3, r0, 0, λ; 0, 0, 0;µ, 0, 0s,000,000, 0q
9: Hop.Hp2, 1q Ð Loperatorp3, r0, µ, 0;λ, 0, 0; 0, 0, 0s,000,000, 0q
10: Hop.Hp2, 2q Ð Loperatorp3, rµ, 0, 0; 0, γ, 0; 0, 0, µs,000,000, 0q
11: Hop.Hp2, 3q Ð Loperatorp3, r0, 0, 0; 0, 0, λ; 0, µ, 0s,000,000, 0q
12: Hop.Hp3, 1q Ð Loperatorp3, r0, 0, µ; 0, 0, 0;λ, 0, 0s,000,000, 0q
13: Hop.Hp3, 2q Ð Loperatorp3, r0, 0, 0; 0, 0, µ; 0, λ, 0s,000,000, 0q
14: Hop.Hp3, 3q Ð Loperatorp3, rµ, 0, 0; 0, µ, 0; 0, 0, γs,000,000, 0q
15: pde Ð initPDEpHop, Thq
16: pde Ð setBC_PDEppde, 1, 1 : 3, 'Dirichlet',xxxÑ 000q
17: pde.f Ð xxxÑ r0, 0,´1s
18: xxxÐ SolvePDEppdeq

We give respectively in Listings 9 and 10 the corresponding Matlab/Octave and
Python codes.
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Listing 9: 3D elasticity, Matlab/Octave code

1 fpr intf ( '1. Reading of the mesh\n' ) ;
2 Th=GetMesh3DOpt( 'elasticity3D -10.mesh' , 'format' , 'medit' ) ;
3 fpr intf ( '2. Definition of the BVP\n' ) ;
4 E = 21.5 e4 ; nu = 0 . 2 9 ;
5 mu= E/(2∗(1+nu ) ) ;
6 lambda = E∗nu/((1+nu)∗(1´2∗nu ) ) ;
7 H=bui ldHoperator (3 , 3 , 'name' , 'StiffElas' , 'lambda' , lambda , 'mu' ,mu) ;
8 pde=initPDE(H,Th ) ;
9 pde . f ={0 ,0 ,´1};

10 pde=setBC_PDE( pde , 1 , 1 : 3 , 'Dirichlet' , { 0 , 0 , 0 } ) ;
11 fpr intf ( '3. Solving BVP\n' ) ;
12 x=solvePDE( pde ) ;

Listing 10: 3D elasticity, Python code

1 print ( '1. Reading of the mesh' )
2 Th=readFreeFEM3D( 'elasticity3D -10.mesh' )
3 print ( '2. Definition of the BVP' )
4 E = 21.5 e4 ; nu = 0.29
5 mu= E/(2∗(1+nu ) )
6 lam = E∗nu/((1+nu)∗(1´2∗nu ) )
7 gam=lam+2∗mu
8 Hop=Hoperator (d=3,m=3)
9 Hop .H[ 0 ] [ 0 ]=Loperator (d=3,A=[ [gam , None , None ] , [ None ,mu, None ] , [ None , None ,mu ] ] )

10 Hop .H[ 0 ] [ 1 ]=Loperator (d=3,A=[ [None , lam , None ] , [mu, None , None ] , [ None , None , None ] ] )
11 Hop .H[ 0 ] [ 2 ]=Loperator (d=3,A=[ [None , None , lam ] , [ None , None , None ] , [mu, None , None ] ] )
12 Hop .H[ 1 ] [ 0 ]=Loperator (d=3,A=[ [None ,mu, None ] , [ lam , None , None ] , [ None , None , None ] ] )
13 Hop .H[ 1 ] [ 1 ]=Loperator (d=3,A=[ [mu, None , None ] , [ None , gam , None ] , [ None , None ,mu ] ] )
14 Hop .H[ 1 ] [ 2 ]=Loperator (d=3,A=[ [None , None , None ] , [ None , None , lam ] , [ None ,mu, None ] ] )
15 Hop .H[ 2 ] [ 0 ]=Loperator (d=3,A=[ [None , None ,mu ] , [ None , None , None ] , [ lam , None , None ] ] )
16 Hop .H[ 2 ] [ 1 ]=Loperator (d=3,A=[ [None , None , None ] , [ None , None ,mu ] , [ None , lam , None ] ] )
17 Hop .H[ 2 ] [ 2 ]=Loperator (d=3,A=[ [mu, None , None ] , [ None ,mu, None ] , [ None , None , gam ] ] )
18 # One can a l s o use the p r e s e t opera tor func t i on
19 # Hop=S t i f fE l a sHope ra t o r s (d , lam ,mu)
20 pde=initPDE(Hop ,Th)
21 pde . f =[0 ,0 ,´1]
22 pde=setBC_PDE( pde , 1 , [ 0 , 1 , 2 ] , 'Dirichlet' , [ 0 , 0 , 0 ] , None )
23 print ( '3. Solving BVP' )
24 x=solvePDE( pde , s p l i t=True )

The displacement scaled by a factor 100 for a given mesh is shown on Figure
11.

Figure 11: Result for the 3D elasticity problem

3.3.2 Stationary heat with potential �ow in 2D

Let Γ1 be the unit circle, Γ10 be the circle with center point p0, 0q and radius
0.3. Let Γ20, Γ21, Γ22 and Γ23 be the circles with radius 0.1 and respectively
with center point p0,´0.7q, p0, 0.7q, p´0.7, 0q and p0.7, 0q. The domain Ω Ă R2

is de�ned as the inner of Γ1 and the outer of all other circles (see Figure 12).
The 2D problem to solve is the following
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Ω

Γ
1

Γ
10

Γ
20

Γ
21

Γ
22

Γ
23

Figure 12: Domain and boundaries

2D problem : stationary heat with potential �ow

Find u P H2pΩq such that

´ divpα∇uq ` xVVV ,∇uy ` βu “ 0 in Ω Ă R2, (3.39)

u “ 20 ˚ y on Γ21, (3.40)

u “ 0 on Γ22 Y Γ23, (3.41)

Bu

Bn
“ 0 on Γ1 Y Γ10 Y Γ20 (3.42)

where Ω and its boundaries are given in Figure 12. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 0.1` x2
2,

βpxxxq “ 0.01

The potential �ow is the velocity �eld VVV “ ∇φ where the scalar function φ is
the velocity potential solution of the BVP

Velocity potential in 2D

Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (3.43)

φ “ ´20 on Γ21, (3.44)

φ “ 20 on Γ20, (3.45)

Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (3.46)

Then the potential �ow VVV is solution of
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Potential �ow in 2D

Find VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

VVV “ ∇φ in Ω, (3.47)

For a given mesh, the numerical result for heat u is represented in Figure 13a,
velocity potential φ and potential �ow VVV are shown on Figure 13.

(a) heat u (b) Velocity potential φ

(c) Potential �ow VVV

Figure 13: Stationary heat with potential �ow in 2D

Now we will present two manners of solving these problems using vecFEMP1

codes.

Method 1 : split in three parts
The 2D potential velocity problem (3.43)-(3.46) can be equivalently expressed

as the scalar BVP (2.2)-(2.4) :
We present now to
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2D potential velocity as a scalar BVP
Find φ P H2pΩq such that

Lpφq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ LI,000,000,0, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “

Bu

Bn
.

‚ fpxxxq :“ 0

‚ ΓD “ Γ20 Y Γ21

‚ ΓR “ Γ1 Y Γ23 Y Γ22

‚ gD :“ 20 on Γ20, and g
D :“ ´20 on Γ21

‚ gR “ aR :“ 0 on ΓR. and gD :“ ´20 on Γ21

The algorithm using the toolbox for solving (3.43)-(3.46) is the following:

Algorithm 3.10 Velocity Potential in 2D

1: DopÐ LoperatorpI,000,000, 0q Ź Sti�ness operator

2: pde Ð initPDEpDop, Thq
3: pde Ð setBCLabelppde, 20, 1, 'Dirichlet', 20q Ź u “ 20 on Γ20

4: pde Ð setBCLabelppde, 21, 1, 'Dirichlet',´20q Ź u “ ´20 on Γ21

5: xxxφ Ð SolvePDEppdeq

Now to compute VVV , we can write the potential �ow problem (3.47) with H-
operators as

A
ˆ

VVV 1

VVV 2

˙

“ B
ˆ

φ
φ

˙

where

A “
ˆ

LO2,0002,0002,1 0
0 LO2,0002,0002,1

˙

and B “
ˆ

LO2,0002,p1,0qt,1 0
0 LO2,0002,p0,1qt,0

˙

The algorithm using the toolbox for solving this problem is the following:
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Algorithm 3.11 Potential �ow in 2D

1: AopÐ InitHoperatorp2, 2q
2: Aop.Hp1, 1q Ð Loperatorp2,O2,000,000, 1q
3: Aop.Hp2, 2q Ð Loperatorp2,O2,000,000, 1q
4: BopÐ InitHoperatorp2, 2q

5: Bop.Hp1, 1q Ð Loperatorp2,O2,000,

ˆ

1
0

˙

, 0q

6: Bop.Hp2, 2q Ð Loperatorp2,O2,000,

ˆ

0
1

˙

, 0q

7: AÐ HAssemblyP1_OptV3pAop, Thq
8: BÐ HAssemblyP1_OptV3pBop, Thq

9: bbbÐ B
ˆ

xxxφ
xxxφ

˙

10: VVV Ð SolvepA, bbbq Ź Solve the linear system AVVV “ bbb

Finally, the stationary heat BVP (3.39)-(3.42) can be equivalently expressed as
the scalar BVP (2.2)-(2.4) :

2D stationary heat as a scalar BVP
Find u P H2pΩq such that

Lpuq “f in Ω,

u “gD on ΓD,

Bu

BnL
` aRu “gR on ΓR.

where

‚ L :“ L¨
˝

α 0
0 α

˛

‚,000,VVV ,β

, and then the conormal derivative of u is given by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

‚ f :“ 0

‚ ΓD “ Γ21 Y Γ22 Y Γ23

‚ ΓR “ Γ1 Y Γ10 Y Γ20

‚ gDpx, yq :“ 20y on Γ21, and g
D :“ 0 on Γ22 Y Γ23

‚ gR :“ 0 and aR :“ 0 on ΓR

The algorithm using the toolbox for solving (3.39)-(3.42) is the following:

Algorithm 3.12 Stationary heat in 2D

1: LopÐ Loperatorp

ˆ

α 0
0 α

˙

,000,VVV , βq

2: pde Ð initPDEpLop, Thq
3: pde Ð setBCLabelppde, 21, 1, 'Dirichlet',xxx ÞÑ 20xxx2q

4: pde Ð setBCLabelppde, 22, 1, 'Dirichlet', 0q
5: pde Ð setBCLabelppde, 23, 1, 'Dirichlet', 0q
6: uuuÐ SolvePDEppdeq
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We give respectively in Listing 11 and 12 the corresponding Matlab/Octave and
Python codes.

Listing 11: Stationary heat with potential �ow in 2D, Matlab/Octave
code (method 1)

1

2 fpr intf ( '1. Reading of the mesh\n' ) ;
3 Th=GetMesh2DOpt( 'FlowVelocity2D01 -50.msh' ) ;
4 fpr intf ( '2.a) Definition of a 2D velocity potential BVP\n' ) ;
5 Lop=Loperator (Th . d , { 1 , [ ] ; [ ] , 1 } , [ ] , [ ] , [ ] ) ;
6 pde=initPDE(Lop ,Th ) ;
7 pde=setBC_PDE( pde , 20 , 1 , 'Dirichlet' , 2 0 ) ;
8 pde=setBC_PDE( pde , 21 , 1 , 'Dirichlet' ,´20);
9 fpr intf ( '2.b) Solving 2D velocity potential BVP\n' )

10 phi=solvePDE( pde ) ;
11 fpr intf ( '3) Setting/Solving 2D velocity field problem\n' ) ;
12 m=2;
13 Hop=Hoperator (d ,m) ;
14 Hop .H{1 ,1}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
15 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
16 Bop=Hoperator (d ,m) ;
17 Bop .H{1 ,1}=Loperator (d , [ ] , [ ] , { 1 ; 0 } , [ ] ) ;
18 Bop .H{2 ,2}=Loperator (d , [ ] , [ ] , { 0 ; 1 } , [ ] ) ;
19 A=HAssemblyP1_OptV3(Th,Hop ) ;
20 B=HAssemblyP1_OptV3(Th,Bop ) ;
21 U=A\(B∗ [ phi ; phi ] ) ;
22 V=s p l i t S o l (U, 2 ,Th . nq ) ;
23 fpr intf ( '4.a) Definition of a 2D stationary heat BVP with potential flow\n' ) ;
24 a f=@(x , y ) 0.1+y .^2 ;
25 Dop=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {V{1} ,V{2}} , 0 . 0 1 ) ;
26 pdeHeat=initPDE(Dop ,Th ) ;
27 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 1 , 'Dirichlet' , @(x , y ) 20∗y ) ;
28 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 1 , 'Dirichlet' , 0 ) ;
29 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 1 , 'Dirichlet' , 0 ) ;
30 fpr intf ( '4.b) Solving 2D stationary heat BVP with potential flow\n' ) ;
31 u=solvePDE( pdeHeat ) ;

Listing 12: Stationary heat with potential �ow in 2D, Python code
(method 1)

1 d=2
2 print ( '1. Reading of the mesh' )
3 Th=readFreeFEM("FlowVelocity2D01 -50.msh" )
4 print ("2.a) Definition of a 2D velocity potential BVP" )
5 Lop=Loperator (d=Th . d ,A=[ [1 ,None ] , [ None , 1 ] ] )
6 pde=initPDE(Lop ,Th ) ;
7 pde=setBC_PDE( pde , 20 , 1 , "Dirichlet" , 20 ,None ) ;
8 pde=setBC_PDE( pde , 21 , 1 , "Dirichlet" ,´20 ,None ) ;
9 print ("2.b) Solving 2D velocity potential BVP" )

10 phi=solvePDE( pde )
11 print ("3. Setting/Solving 2D velocity field problem" )
12 Hop=Hoperator (d=2,m=2)
13 Hop .H[ 0 ] [ 0 ]=Loperator (d=d , a0=1)
14 Hop .H[ 1 ] [ 1 ]=Loperator (d=d , a0=1)
15 Bop=Hoperator (d=2,m=2)
16 Bop .H[ 0 ] [ 0 ]=Loperator (d=d , c = [1 , 0 ] )
17 Bop .H[ 1 ] [ 1 ]=Loperator (d=d , c = [0 , 1 ] )
18 A=HAssemblyP1_OptV3(Th,Hop , 1 )
19 B=HAssemblyP1_OptV3(Th,Bop , 1 )
20 b=B∗np . hstack ( [ phi , phi ] )
21 U=spso l v e (A, b)
22 V=s p l i t S o l (U, 2 ,Th . nq )
23 print ( '4.a) Definition of a 2D stationary heat BVP with potential flow' )
24 a f=lambda x , y : 0.1+y ∗∗2 ;
25 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] , c=[V[ 0 ] ,V [ 1 ] ] , a0 =0.01) ;
26 pdeHeat=initPDE(Lop ,Th)
27 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 0 , 'Dirichlet' , lambda x , y : 20∗y )
28 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 0 , 'Dirichlet' , 0)
29 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 0 , 'Dirichlet' , 0)
30 print ( '4.b) Solving 2D stationary heat PDE with potential flow' )
31 u=solvePDE( pdeHeat )

Method 2 : have fun with H-operators
We can merged velocity potential BVP (3.43)-(3.46) and potential �ow to

obtain the new BVP
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Velocity potential and potential �ow in 2D

Find φ P H2pΩq and VVV “ pVVV 1,VVV 2q P H1pΩq ˆH1pΩq such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By

˙

“ 0 in Ω, (3.48)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (3.49)

VVV 2 ´
Bφ

By
“ 0 in Ω, (3.50)

φ “ ´20 on Γ21, (3.51)

φ “ 20 on Γ20, (3.52)

Bφ

Bn
“ 0 on Γ1 Y Γ23 Y Γ22 (3.53)

We can also replace (3.48) by ´∆φ “ 0.

Let www “

¨

˝

φ
VVV 1

VVV 2

˛

‚, the previous problem (3.48)-(3.53) can be equivalently

expressed as the vector BVP (2.10)-(2.12) :

Vector BVP
Find www “ pwww1,www2,www3q P pH

2pΩqq3 such that

Hpwwwq “fff in Ω, (3.54)

wwwα “g
D
α on ΓDα , @α P v1, 3w, (3.55)

Bwww

BnHα

` aRαwwwα “g
R
α on ΓRα , @α P v1, 3w, (3.56)

where ΓRα “ ΓDα “ H for all α P t2, 3u (no boundary conditions on VVV 1 and
VVV 2) and

‚ H is the 3-by-3 operator de�ned by

H “

¨

˝

0 LO,´eee1,000,0 LO,´eee2,000,0
LO,000,´eee1,0 LO,000,000,1 0
LO,000,´eee2,0 0 LO,000,000,1

˛

‚

its conormal derivative are given by

Bwww1

BnH1,1

“ 0,
Bwww2

BnH1,2

“ www2nnn1,
Bwww3

BnH1,3

“ www3nnn2,

Bwww1

BnH2,1

“ 0,
Bwww2

BnH2,2

“ 0,
Bwww3

BnH2,3

“ 0

Bwww1

BnH3,1

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww3

BnH3,3

“ 0.

So we obtain
Bwww

BnH1

def
“

3
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “
Bφ

Bnnn
, (3.57)
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and
Bwww

BnH2

“
Bwww

BnH3

:“ 0. (3.58)

From (3.58), we cannot impose boundary conditions on components 2 and
3.

‚ fff :“ 000

‚ ΓD1 “ Γ20 Y Γ21 and ΓR1 “ Γ1 Y Γ10 Y Γ22 Y Γ23

‚ gD1 :“ 20 on Γ20, and g
D
1 :“ ´20 on Γ21

‚ gR1 “ aR1 :“ 0 on ΓR1

The solution of this vector BVP is given on lines 3 to 13 of Algorithm 3.13.

Algorithm 3.13 Stationary heat with potential velocity problem (method 2)

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: eee1 Ð

ˆ

1
0

˙

, eee2 Ð

ˆ

0
1

˙

3: HopÐ Hoperatorp2, 3q
4: Hop.Hp1, 2q Ð LoperatorpO2,´eee1,000, 0q
5: Hop.Hp1, 3q Ð LoperatorpO2,´eee2,000, 0q
6: Hop.Hp2, 1q Ð LoperatorpO2,000,´eee1, 0q
7: Hop.Hp2, 2q Ð LoperatorpO2,000,000, 1q
8: Hop.Hp3, 1q Ð LoperatorpO2,000,´eee2, 0q
9: Hop.Hp3, 3q Ð LoperatorpO2,000,000, 1q
10: PDEflow Ð initPDEpHop, Thq
11: PDEflow Ð setBC_PDEpPDEflow, 20, 1, 'Dirichlet', 20.,Hq
12: PDEflow Ð setBC_PDEpPDEflow, 21, 1, 'Dirichlet',´20.,Hq
13: rφφφ,VVV 1,VVV 2s Ð SolvePDEpPDEflowq
14: αÐ px, yq ÞÝÑ 0.1` y2

15: g21 Ð px, yq ÞÝÑ 20y
16: β Ð 0.01

17: DopÐ Loperatorp

ˆ

α 0
0 α

˙

,000,

ˆ

VVV 1

VVV 2

˙

, βq

18: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

19: PDE Ð setBC_PDEpPDE, 21, 1, 'Dirichlet', g21,Hq Ź u “ 4 on Γ2

20: PDE Ð setBC_PDEpPDE, 22, 1, 'Dirichlet', 0,Hq Ź u “ ´4 on Γ4

21: PDE Ð setBC_PDEpPDE, 23, 1, 'Dirichlet', 0,H Ź u “ 0 on Γ20

22: uuuÐ SolvePDEpPDEq

We give respectively in Listing 13 and 14 the corresponding Matlab/Octave
and Python codes.
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Listing 13: Stationary heat with potential �ow in 2D, Matlab/Octave
code (method 2)

1

2 d=2;
3 fpr intf ( '1. Reading of the mesh \n' ) ;
4 Th=GetMesh2DOpt( 'FlowVelocity2D01 -50.msh' ) ;
5 fpr intf ( '2. Setting 2D potential velocity/flow BVP\n' ) ;
6 Hop=Hoperator (d , 3 ) ;
7 Hop .H{1 ,2}=Loperator (d , [ ] , { ´ 1 , 0 } , [ ] , [ ] ) ;
8 Hop .H{1 ,3}=Loperator (d , [ ] , { 0 , ´ 1 } , [ ] , [ ] ) ;
9 Hop .H{2 ,1}=Loperator (d , [ ] , [ ] , { ´ 1 , 0 } , [ ] ) ;

10 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
11 Hop .H{3 ,1}=Loperator (d , [ ] , [ ] , { 0 , ´ 1 } , [ ] ) ;
12 Hop .H{3 ,3}=Loperator (d , [ ] , [ ] , [ ] , 1 ) ;
13 pdeFlow=initPDE(Hop ,Th ) ;
14 pdeFlow=setBC_PDE( pdeFlow , 20 , 1 , 'Dirichlet' , 2 0 ) ;
15 pdeFlow=setBC_PDE( pdeFlow , 21 , 1 , 'Dirichlet' ,´20);
16 fpr intf ( '3. Solving 2D potential velocity/flow BVP\n' )
17 U=solvePDE( pdeFlow , 'split' , t rue ) ;
18 fpr intf ( '4. Setting 2D stationary heat BVP with potential flow\n' ) ;
19 a f=@(x , y ) 0.1+y .^2 ;
20 Dop=Loperator (Th . d , { af , [ ] ; [ ] , a f } , [ ] , {U{2} ,U{3}} , 0 . 0 1 ) ;
21 pdeHeat=initPDE(Dop ,Th ) ;
22 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 1 , 'Dirichlet' , @(x , y ) 20∗y ) ;
23 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 1 , 'Dirichlet' , 0 ) ;
24 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 1 , 'Dirichlet' , 0 ) ;
25 fpr intf ( '5. Solving 2D stationary heat BVP with potential flow\n' ) ;
26 x=solvePDE( pdeHeat ) ;

Listing 14: Stationary heat with potential �ow in 2D, Python code
(method 2)

1

2 d=2;m=3;
3 print ( '1. Reading of the mesh' )
4 Th=readFreeFEM("FlowVelocity2D01 -50.msh" )
5 print ("2. Setting 2D potential velocity/flow BVP" )
6 Hop=Hoperator (d=2,m=3)
7 #Hop .H[ 0 ] [ 0 ]= Loperator (d=d ,A=[[1 ,None ] , [ None , 1 ] ] )
8 Hop .H[ 0 ] [ 1 ]=Loperator (d=d , b=[´1,None ] )
9 Hop .H[ 0 ] [ 2 ]=Loperator (d=d , b=[None ,´1])

10 Hop .H[ 1 ] [ 0 ]=Loperator (d=d , c=[´1,None ] )
11 Hop .H[ 1 ] [ 1 ]=Loperator (d=d , a0=1)
12 Hop .H[ 2 ] [ 0 ]=Loperator (d=d , c=[None ,´1])
13 Hop .H[ 2 ] [ 2 ]=Loperator (d=d , a0=1)
14 pdeFlow=initPDE(Hop ,Th ) ;
15 pdeFlow=setBC_PDE( pdeFlow , 20 , 1 , "Dirichlet" , 20 ,None ) ;
16 pdeFlow=setBC_PDE( pdeFlow , 21 , 1 , "Dirichlet" ,´20 ,None ) ;
17 print ("3. Solving 2D potential velocity/flow BVP" )
18 U=solvePDE( pdeFlow , s p l i t=True )
19 print ( '4. Setting 2D stationary heat BVP with potential flow' )
20 a f=lambda x , y : 0.1+y ∗∗2 ;
21 Lop=Loperator (d=Th . d ,A=[ [ af , None ] , [ None , a f ] ] , c=[U[ 1 ] ,U [ 2 ] ] , a0 =0.01) ;
22 pdeHeat=initPDE(Lop ,Th)
23 pdeHeat=setBC_PDE( pdeHeat , 2 1 , 0 , 'Dirichlet' , lambda x , y : 20∗y )
24 pdeHeat=setBC_PDE( pdeHeat , 2 2 , 0 , 'Dirichlet' , 0)
25 pdeHeat=setBC_PDE( pdeHeat , 2 3 , 0 , 'Dirichlet' , 0)
26 print ( '5. Solving 2D stationary heat PDE with potential flow' )
27 u=solvePDE( pdeHeat )

3.3.3 Stationary heat with potential �ow in 3D

Let Ω Ă R3 be the cylinder given in Figure 14.
The bottom and top faces of the cylinder are respectively Γ1000YΓ1020YΓ1021

and Γ2000 Y Γ2020 Y Γ2021. The hole surface is Γ10 Y Γ11 Y Γ31 where Γ10 Y Γ11

is the cylinder part and Γ31 the plane part.
The 3D problem to solve is the following
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(a) Bottom face (b) Top face

Figure 14: Stationary heat with potential �ow : 3d mesh

3D problem : stationary heat with potential �ow

Find u P H2pΩq such that

´divpα∇uq ` xVVV ,∇uy ` βu “ 0 in Ω Ă R3, (3.59)

u “ 30 on Γ1020 Y Γ2020, (3.60)

u “ 10δ|z´1|ą0.5 on Γ10, (3.61)

Bu

Bn
“ 0 otherwise (3.62)

where Ω and its boundaries are given in Figure 14. This problem is well
posed if αpxxxq ą 0 and βpxxxq ě 0.
We choose α and β in Ω as :

αpxxxq “ 1,

βpxxxq “ 0.01

The potential �ow is the velocity �eld VVV “ ∇φ where the scalar function φ is
the velocity potential solution of the PDE :

Velocity potential in 3d

Find φ P H2pΩq such that

´∆φ “ 0 in Ω, (3.63)

φ “ 1 on Γ1021 Y Γ2021, (3.64)

φ “ ´1 on Γ1020 Y Γ2020, (3.65)

Bφ

Bn
“ 0 otherwise (3.66)

To solve problem (3.59)-(3.62), we need to compute the velocity �eld VVV . For
that we can rewrite the potential �ow problem (3.63)-(3.66), by introducing
VVV “ pVVV 1,VVV 2,VVV 3q as unknowns :
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Velocity potential and velocity �eld in 3d

Find φ P H2pΩq and VVV P H1pΩq
3
such that

´

ˆ

BVVV 1

Bx
`
BVVV 2

By
`
BVVV 3

Bz

˙

“ 0 in Ω, (3.67)

VVV 1 ´
Bφ

Bx
“ 0 in Ω, (3.68)

VVV 2 ´
Bφ

By
“ 0 in Ω, (3.69)

VVV 3 ´
Bφ

Bz
“ 0 in Ω, (3.70)

with boundary conditions (3.64) to (3.66).

We can also replace (3.67) by ´∆φ “ 0.

Let www “

¨

˚

˚

˝

φ
VVV 1

VVV 2

VVV 3

˛

‹

‹

‚

, the previous PDE can be written as a vector boundary

value problem (see section 2.2) where the H-operator is given by

Hpwwwq “ 0 (3.71)

with

H1,1 “ 0, H1,2 “ LO,´eee1,000,0, H1,3 “ LO,´eee2,000,0, H1,4 “ LO,´eee3,000,0,
(3.72)

H2,1 “ LO,000,´eee1,0, H2,2 “ LO,000,000,1, H2,3 “ 0, H2,4 “ 0, (3.73)

H3,1 “ LO,000,´eee2,0, H3,2 “ 0, H3,3 “ LO,000,000,1, H3,4 “ 0, (3.74)

H4,1 “ LO,000,´eee3,0, H4,2 “ 0, H4,3 “ 0, H4,4 “ LO,000,000,1,
(3.75)

and eee1 “ p1, 0, 0q
t, eee2 “ p0, 1, 0q

t, eee3 “ p0, 0, 1q
t.

The conormal derivatives are given by

Bwww1

BnH1,1

“ 0,
Bwww1

BnH2,1

“ 0,
Bwww1

BnH3,1

“ 0,
Bwww1

BnH4,1

“ 0,

Bwww2

BnH1,2

“ VVV 1nnn1,
Bwww2

BnH2,2

“ 0,
Bwww2

BnH3,2

“ 0,
Bwww2

BnH4,2

“ 0,

Bwww3

BnH1,3

“ VVV 2nnn2,
Bwww3

BnH2,3

“ 0,
Bwww3

BnH3,3

“ 0,
Bwww3

BnH4,3

“ 0,

Bwww4

BnH1,4

“ VVV 3nnn3,
Bwww4

BnH2,4

“ 0,
Bwww4

BnH3,4

“ 0,
Bwww4

BnH4,4

“ 0,

So we obtain
4
ÿ

α“1

Bwwwα
BnH1,α

“ xVVV ,nnny “ x∇φ,nnny , (3.76)
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and
4
ÿ

α“1

Bwwwα
BnH2,α

“

4
ÿ

α“1

Bwwwα
BnH3,α

“

4
ÿ

α“1

Bwwwα
BnH4,α

“ 0. (3.77)

From (3.77), we cannot impose boundary conditions on components 2 to 4.
Thus, with notation of section 2.2, we have ΓN2 “ ΓN3 “ ΓN4 “ Γ with gN2 “

gN3 “ gN4 “ 0.
To take into account boundary conditions (3.64) to (3.66), we set ΓD1 “

Γ1020 Y Γ1021 Y Γ2020 Y Γ2021, ΓN1 “ ΓzΓD1 and gD1 “ δΓ1020YΓ2020
´ δΓ1021YΓ2021

,
gN1 “ 0.

The solution of this vector boundary value problem is given in lines 3 to 13
of Algorithm 3.14. A representation of velocity potential φ and potential �ow
VVV is given in Figure 15.

(a) φ and VVV : �rst view (b) φ and VVV : second view

Figure 15: HeatAndFlowVelocity3d01 problem

The operator in (3.59) is given by LαI,000,VVV ,β . The conormal derivative Bu
BnL

is

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny “ α

Bu

Bn
.

The algorithm using the toolbox for solving (3.67)-(3.70) is the following:
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Algorithm 3.14 Stationary heat with potential velocity problem

1: Th Ð getMeshp...q Ź Load FreeFEM++ mesh

2: eee1 Ð

¨

˝

1
0
0

˛

‚, eee2 Ð

¨

˝

0
1
0

˛

‚, eee3 Ð

¨

˝

0
0
1

˛

‚

3: HopÐ Hoperatorp3, 4q
4: Hop.Hp1, 2q Ð LoperatorpO3,´eee1,000, 0q
5: Hop.Hp1, 3q Ð LoperatorpO3,´eee2,000, 0q
6: Hop.Hp1, 4q Ð LoperatorpO3,´eee3,000, 0q
7: Hop.Hp2, 1q Ð LoperatorpO3,000,´eee1, 0q, Hop.Hp2, 2q Ð LoperatorpO3,000,000, 1q
8: Hop.Hp3, 1q Ð LoperatorpO3,000,´eee2, 0q, Hop.Hp3, 3q Ð LoperatorpO3,000,000, 1q
9: Hop.Hp4, 1q Ð LoperatorpO3,000,´eee3, 0q, Hop.Hp4, 4q Ð LoperatorpO3,000,000, 1q
10: PDEflow Ð initPDEpHop, Thq
11: PDEflow Ð setBC_PDEpPDEflow, 20, 1, 'Dirichlet', 20.,Hq
12: PDEflow Ð setBC_PDEpPDEflow, 21, 1, 'Dirichlet',´20.,Hq
13: rφφφ,VVV 1,VVV 2,VVV 3s Ð SolvePDEpPDEflowq
14: αÐ px, y, zq ÞÝÑ 1
15: g20 Ð px, y, zq ÞÝÑ 30, g10 Ð px, y, zq ÞÝÑ 10 ˚ p|z ´ 1| ą 0.5q
16: β Ð 0.01

17: DopÐ Loperatorp

¨

˝

α 0 0
0 α 0
0 0 α

˛

‚,000,

¨

˝

VVV 1

VVV 2

VVV 3

˛

‚, βq

18: PDE Ð initPDEpDop, Thq Ź Set homogeneous 'Neumann' condition on all boundaries

19: PDE Ð setBC_PDEpPDE, 1020, 1, 'Dirichlet', g20,Hq
20: PDE Ð setBC_PDEpPDE, 2022, 1, 'Dirichlet', g20,Hq
21: PDE Ð setBC_PDEpPDE, 10, 1, 'Dirichlet', g10,Hq
22: uuuÐ SolvePDEpPDEq

The numerical solution for a given mesh is shown on Figure 16

(a) us solution with streamline : �rst view
(b) us solution with streamline : second
view

Figure 16: HeatAndFlowVelocity3d01 problem
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3.3.4 Biharmonic problems

The biharmonic equation is the fourth-order partial PDE given by

∆2u “ f (3.78)

where ∆2u “ ∆p∆uq “
d
ÿ

i“1

d
ÿ

j“1

B4u

Bx2
i Bx

2
j

The boundary conditions on Γ can be

‚ Clamped Plate (CP) or pure Dirichlet type:

u “
Bu

Bnnn
“ g (3.79)

‚ Simply Supported Plate (SSP) or Navier type :

u “ ∆u “ g (3.80)

‚ Pure Hinged Plate or Stelov type :

u “ ∆u´ p1´ σqK
Bu

Bnnn
“ g (3.81)

‚ Cahn-Hilliard (CH) type

Bu

Bn
“
B∆u

Bn
“ g (3.82)

Link with H-operator and boundary conditions
Classically the fourth-order PDE (3.78) is converted to the two second-order

PDE

´∆u “ v (3.83)

´∆v “ f (3.84)

These two equations can be equivalently written as

G
ˆ

u
v

˙

“

ˆ

f
0

˙

or K
ˆ

u
v

˙

“

ˆ

0
f

˙

(3.85)

where G and K are the H-operators de�ned by

G “
ˆ

0 LI,000,000,0
LI,000,000,0 LO,000,000,´1

˙

and K “
ˆ

LI,000,000,0 LO,000,000,´1

LO,000,000,0 LI,000,000,0

˙

(3.86)

Let www “ pu, vq. From (3.85), the components of the conormal derivative of
www de�ned in (2.13) are given by

Bwww

BnK1

def
“

2
ÿ

β“1

Bwwwβ
BnK1,β

“

2
ÿ

β“1

@

A1,β ∇wwwβ ,nnn
D

´
@

bbb1,βuuuβ ,nnn
D

“ xI∇www1,nnny “ x∇u,nnny

“
Bu

Bnnn
“

Bwww

BnG2

(3.87)
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and

Bwww

BnK2

def
“

2
ÿ

β“1

Bwwwβ
BnK2,β

“

2
ÿ

β“1

@

A2,β ∇wwwβ ,nnn
D

´
@

bbb2,βuuuβ ,nnn
D

“ xI∇www2,nnny “ x∇ v,nnny

“
Bv

Bnnn
“

Bwww

BnG1

(3.88)

Clamped plate problem
In this part, we take examples of the thesis of T. Gerasimov [8] (page 138).
Let d “ 2, Ω “ r´1, 6s ˆ r´1, 1s Ă Rd and

f :“ expp´100ppx` 0.75q2 ` py ´ 0.75q2qq.

Clamped plate problem
Find u such that

$

’

’

&

’

’

%

∆2u “ f, in Ω Ă Rd, d “ 2

u “ 0, on Γ
Bu

Bnnn
“ 0. on Γ

(3.89)

Let v “ ´∆u. Then the problem (3.89) can be equivalently written as the
split problem (3.90).

Clamped plate split problem
Find u and v such that

$

’

’

’

’

&

’

’

’

’

%

v “ ´∆u, in Ω

´∆v “ f, in Ω

u “ 0, on Γ
Bu

Bnnn
“ 0. on Γ

(3.90)

Using the operator G de�ned in (3.86) and its conormal derivatives (3.87)-
(3.88), we can write the vector BVP associated with (3.90) as

Vector BVP for clamped plate problem (3.90) with G
operator
Find www “ pwww1,www2q P pH

2pΩqq2 such that

Gpwwwq “
ˆ

f
0

˙

in Ω,

www1 “0 on ΓD1 “ Γ pso ΓR1 “ H q

Bwww

BnG2

“0 on ΓR2 “ Γ pso ΓD2 “ H q
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Remark 2. We cannot use the operator K de�ned in (3.86) due to a boundary

condition trouble. Indeed
Bwww

BnK1

“
Bu

Bn
and we cannot set a Dirichlet condition

www1 “ 0 on ΓD1 “ Γ with a Neumann condition
Bwww

BnK1

“ 0 on ΓR1 “ Γ.

The domain Ω could be generated with the HyperCube function :

Th Ð HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq.

In Figure 17 we represent Ω and its boundary Γ “ Γ1 Y Γ2 Y Γ3 Y Γ4.

Figure 17: Mesh from HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq

The algorithm using the toolbox to solve this vector BVP is the following:

Algorithm 3.15 Clamped plate problem

1: Th Ð HyperCubep2, r70, 20s,xxx ÞÑ p´1` 7xxx1,´1` 2xxx2qq

2: dÐ 2, mÐ 2
3: HopÐ Hoperatorp2, 2q
4: Hop.Hp1, 2q Ð Loperatorp2, I2,000,000, 0q
5: Hop.Hp2, 1q Ð Loperatorp2, I2,000,000, 0q
6: Hop.Hp2, 2q Ð Loperatorp2,O2,000,000,´1q
7: pde Ð initPDEpHop, Thq

8: pde.f Ð xxx ÞÑ

ˆ

expp´100ppxxx1 ` 0.75q2 ` pxxx2 ´ 0.75q2qq
0

˙

9: for iÐ 1 to pde.nlab do
10: pde Ð setBC_PDEppde, pde.labelspiq, 1, 'Dirichlet', 0.,Hq
11: end for
12: XXX Ð SolvePDEpPDEq

We give in Listings 15 and 16 the corresponding Matlab/Octave and Python
codes.
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Listing 15: 2D clamped plate,
Matlab/Octave code

1 d=2;m=2;
2 fpr intf ( '1. Reading of the

mesh\n' ) ;
3 Th=HyperCube(d , 5 0 ∗ [ 7 , 2 ] ,

@(q ) [ 7∗ q ( 1 , : ) ´1;2∗q ( 2 , : ) ´1]) ;
4 fpr intf ( '2. Definition of

the BVP\n' )
5 Hop=Hoperator (d ,m) ;
6 Hop .H{1 ,2}=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
7 Hop .H{2 ,1}=Loperator (d , { 1 , 0 ; 0 , 1 } , [ ] , [ ] , [ ] ) ;
8 Hop .H{2 ,2}=Loperator (d , [ ] , [ ] , [ ] , ´ 1 ) ;
9 pde=initPDE(Hop ,Th) ;

10 pde . f={@(x , y )exp(´100∗((x+0.75) .^2
+(y´0.75) .^2) ) , 0 } ;

11 for i =1:pde . nlab
12 pde=setBC_PDE( pde , pde . l a b e l s ( i ) , 1 ,

'Dirichlet' , 0 ) ;
13 end
14 fpr intf ( '3. Solving BVP\n' )
15 W=solvePDE( pde , 'split' , t rue ) ;

Listing 16: 2D clamped plate,
Python code

1 d=2;m=2;
2 print ( '1. Reading of the

mesh' ) ;
3 Th=HyperCube(d , [ 2 0 ∗ 7 , 2 0 ∗ 2 ] , t rans=lambda

q : np . c_[7∗ q [ : , 0 ] ´1 ,2∗ q [ : , 1 ] ´ 1 ] )
4 print ( '2. Definition of the

BVP' )
5 Hop=Hoperator (d=2,m=2)
6 Hop .H[ 0 ] [ 1 ]=Loperator (d=2,

A=[ [1 ,None ] , [ None , 1 ] ] )
7 Hop .H[ 1 ] [ 0 ]=Loperator (d=2,

A=[ [1 ,None ] , [ None , 1 ] ] )
8 Hop .H[ 1 ] [ 1 ]=Loperator (d=2,a0=´1)
9 pde=initPDE(Hop ,Th)

10 pde . f =[lambda
x , y : exp (´100∗((x+0.75) ∗∗2
+(y´0.75) ∗∗2) ) , 0 ]

11 for l in pde . l a b e l s :
12 pde=setBC_PDE( pde , l , 0 , 'Dirichlet' , 0 ,None )
13 print ( '3. Solving BVP' )
14 x=solvePDE( pde , s p l i t=True )

The numerical solution for a given mesh is shown on Figure 18

(a) u solution

(b) v solution

Figure 18: Clamped plate problem
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4 Data structures

In this section several data structures are de�ned. Each structure makes the
algorithms shorter and easier to read. First the Mesh structure allows to describe
the mesh of a domain Ω Ă Rd made of d-simplices . Then the boundary mesh
data structure is presented which allows to store and identify distinct parts of
the boundary mesh. After that we de�ne the structures associated with the
boundary conditions and with the operators L and H. Finally we explain the
PDE structure which allows to completely describe the BVP.

4.1 Structure for meshes

We suppose that Ω is equipped with a mesh Th (locally conforming) where its
elements are d-simplices . We denote by Ωh the union of the elements belonging
to the mesh, Ωh “

Ť

KPTh K, and by Γh its boundary, Γh “ BΩh.

The following data structure is associated to the mesh Th and employs many
notations already used in FreeFEM++ (see [9, 10]).

Mesh structure associated to Th
d : integer

space dimension
nq : integer

number of vertices
nme : integer

number of elements (d-simplices )
nbe : integer

number of boundary elements ((d´1)-simplices )
q : d-by-nq array of reals

array of vertices coordinates
me : pd`1q-by-nme array of integers

connectivity array for mesh elements
be : d-by-nbe array of integers

connectivity array for boundary elements
bel : 1-by-nbe array of integers

array of boundary elements labels
vols : 1-by-nme array of reals

array of mesh elements volumes

More precisely

• qpν, jq is the ν-th coordinate of the j-th vertex, ν P t1, . . . ,du, j P
t1, . . . ,nqu. The j-th vertex will be also denoted by qj “ qp:, jq.

• mepβ, kq is the storage index of the β-th vertex of the k-th element (d-
simplex ), in the array q, for β P t1, ...,d ` 1u and k P t1, . . . ,nmeu. So
qp:,mepβ, kqq represents the coordinates of the β-th vertex of the k-th
mesh element.

• bepβ, lq is the storage index of the β-th vertex of the l-th boundary element
((d´1)-simplex ), in the array q, for β P t1, ...,du and l P t1, . . . ,nbeu.
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So qp:,bepβ, lqq represents the coordinates of the β-th vertex of the l-th
boundary element.

• volspkq is the volume of the k-th d-simplex .
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See in Section 11.1 an example of the mesh data structure for a ring.

4.2 Structure for boundary meshes

In this section we de�ne a boundary mesh data structure which allows to easily
di�erentiate parts of the boundary mesh. This will be very useful to clearly
identify the Dirichlet and Robin boundaries in scalar and vector BVP's and
also to simplify the contributions of boundary conditions.

Let Σh be a non-empty part of Γh “ BΩh extracted from Th. The boundary
mesh Σh is de�ned by its nq vertices qr P Rd, r P v1,nqw. Its nme faces or
boundary elements are (d´1)-simplices extracted from mesh elements of Th.
They are given by the connectivity array me such that qmepα,kq is the α-th
vertex of the k-th boundary element. We denote by IΣh the ordered subset of
v1, Th.nqw such that #IΣh “ Σh.nq and

@r P v1,nqw Σh.q
r ” Th.qi|Σh where i “ IΣhprq. (4.1)

The boundary mesh data structure associated to Σh and extracted from Th is
given by

Boundary mesh structure associated to Σh Ă Γh
d : integer

dimension of d-simplices : d “ Th.d´1
nq : integer

number of vertices
nme : integer

number of boundary elements (d-simplices )
q : pd`1q-by-nq array of reals

array of vertices coordinates
me : pd`1q-by-nme array of integers

connectivity array for boundary mesh elements
vols : 1-by-nme array of reals

array of d-simplices volumes
toGlobal : 1-by-nq array of integers

Th.qp:, toGlobalq ” q
nqGlobal : integer (Th.nq)

nqGlobal” Th.nq

label : value of labelsplq

More precisely

• qpν, jq is the ν-th coordinate of the j-th vertex, ν P t1, . . . ,d ` 1u, j P
t1, . . . ,nqu. The j-th vertex will be also denoted by qj , qj P RTh.d.

• mepβ, kq is the storage index of the β-th vertex of the k-th element (d-
simplex ), in the array q, for β P t1, ...,d` 1u and k P t1, . . . ,nmeu.

• volpkq is the k-th d-simplex volume.

Now we explain how this structure can be initialized from a mesh structure
Th.
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Let labels be the ordered set of unique boundary labels of Th.bel, nlab be
its cardinality and, for any i P labels, Γih be the union of boundary elements of
label i. So we have

Γh “
nlab
ď

l“1

Γ
labelsplq
h “

ď

iPlabels

Γih.

The Algorithm 4.1 gives the function BuildBoundaryMesh which creates the
boundary mesh structure associated to Σh “ ΓLabel

h , where Label P labels .

Algorithm 4.1 function BuildBoundaryMesh

Input :
Th : a mesh structure of Ω
Label : an integer as a label of a mesh boundary
Output :

Σh : the boundary mesh structure of ΓLabel

h .

1: Function Σh Ð BuildBoundaryMesh(Th, Label)
2: Σh.d Ð Th.d´ 1
3: Σh.label Ð Label

4: IÐ FindpTh.bel ” Labelq

5: BEÐ Th.bep:, Iq
6: indQÐ UniquepBEq

7: Σh.q Ð Th.qp:, indQq
8: Σh.nq Ð LengthpindQq

9: JÐ 000Th.nq ; JpindQq Ð 1 : lengthpindQq
10: Σh.me Ð JpBEq

11: Σh.nme Ð SizepΣh.me, 2q
12: Σh.toGlobalÐ indQ

13: Σh.nqGlobalÐ Th.nq
14: Σh.vols Ð ComputeVolVecpΣh.d,Σh.q,Σh.meq
15: end Function

The Algorithm 11.1 de�nes the function BuildBoundaryMeshes which creates
a 1-by-nlab array Bh of boundary mesh structures. For any l P v1,nlabw, Bhplq
is the boundary mesh structure of Γ

labelsplq
h .

Algorithm 4.2 function BuildBoundaryMeshes

Input :
Th : a mesh structure of Ω
Output :
Bh : 1-by-nlab array of boundary mesh structures.

1: Function Bh Ð BuildBoundaryMeshes(Th)
2: labelsÐ UniquepTh.belq
3: nlabÐ Lengthplabelsq

4: for lÐ 1 to nlab do
5: Bhplq Ð BuildBoundaryMeshpTh, labelsplqq
6: end for
7: end Function

Page 45 Compiled on 2015/06/10 at 07:28:25



4.3 Structure for boundary conditions 4 DATA STRUCTURES

Let l in v1,nlabw. To simplify the notation (4.1) for Σh “ Γ
labelsplq
h , we set

Il “ IΓ
labelsplq
h

. So Il is given by Bhplq.toGlobal Ă v1, Th.nqw. We also denote by

nq,l the cardinality of Il and thus nq,l “ Bhplq.nq. Finally (4.1) becomes

@r P v1,nq,lw, j “ Ilprq with Bhplq.qr ” Th.qj . (4.2)

See in Section 11.2 an example of the boundary mesh data structure.

4.3 Structure for boundary conditions

In the vector case, for all α P v1,mw, the discrete Dirichlet and Robin boundaries
ΓDh,α and ΓRh,α are parts of Γh and respectively denoted by ΓDh,α and ΓRh,α. Let

ID,αlabels and IR,αlabels be the subsets of v1,nlabw (possibly empty) such that

ΓDh,α “
ď

lPID,αlabels

Γ
labelsplq
h , ΓRh,α “

ď

lPIR,αlabels

Γ
labelsplq
h . (4.3)

For the vector BVP problem, the Dirichlet boundary conditions (2.11) can be
written on Γh as

uuuα “ gDα on ΓDh,α, @α P v1,mw.

Using notations (4.3), we can also write equivalently

uuuα “ gDα on Γ
labelsplq
h , @l P ID,αlabels , @α P v1,mw. (4.4)

To store all these Dirichlet boundary conditions, we choose to represent them
as a m-by-nlab array, named bclD, of one-�eld structures g such that

bclDpα, lq.g Ð

#

gDα |Γlabelsplq
h

, if l P ID,αlabels

H otherwise

In the same way, the Robin boundary conditions (2.12) of the vector BVP
problem can be written on Γh as

Buuu

BnHα

` aRαuuuα “ gRα on Γ
labelsplq
h , @l P IR,αlabels , @α P v1,mw (4.5)

and we choose to represent them by anm-by-nlab array, named bclR, of two-�eld
structures with �elds g and ar such that

bclRpα, lq.g Ð

#

gRα |Γlabelsplq
h

, if l P IR,αlabels

H otherwise

and

bclRpα, lq.ar Ð

#

aRα |Γlabelsplq
h

, if l P IR,αlabels

H otherwise

In the scalar case, the Dirichlet and Robin boundaries ΓD and ΓR are parts
of Γh and respectively denoted by ΓDh and ΓRh . Let IDlabels and IRlabels be the
subsets of v1,nlabw such that

ΓDh “
ď

lPIDlabels

Γ
labelsplq
h , ΓRh “

ď

lPIRlabels

Γ
labelsplq
h . (4.6)

To describe the boundary conditions, one can use the previous arrays bclD and
bclR with m “ 1.
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4.4 Structure for operators

4.4.1 Scalar operators

L “ LA,bbb,ccc,a0
given in (2.1) is de�ned by

Loperator data structure

d : dimension of the operator
A : d-by-d array of functions Ω Ñ R
b : 1-by-d array of functions Ω Ñ R
c : 1-by-d array of functions Ω Ñ R
a0 : function Ω Ñ R
order : integer

order of the operator (0 ď order ď 2)

Using the function Loperator de�ned in Algorithm 4.3, we can easily create
a Loperator structure associated to a L-operator. For example

‚ the Mass operator in dimension d is de�ned by LOdˆd,000d,000d,1, so

LMassÐ Loperatorpd,Odˆd,000d,000d, 1q.

‚ the Sti�ness operator in dimension d is de�ned by LIdˆd,000d,000d,0, so

LStiffÐ Loperatorpd, Idˆd,000d,000d, 0q.

Algorithm 4.3 function Loperator

Input :
d : d space dimension of Ω Ă Rd,
A : d-by-d matrix of functions Ω Ñ R,
bbb : 1-by-d vector of functions Ω Ñ R,
ccc : 1-by-d vector of functions Ω Ñ R,
a0 : function Ω Ñ R
Output :

L : Loperator structure associated with the L-operator LA,bbb,ccc,a0
.

1: Function L Ð Loperator(d,A, bbb, ccc, a0)
2: L.d Ð d
3: L.A Ð A
4: L.b Ð bbb
5: L.c Ð ccc
6: L.a0 Ð a0

7: if A ı Odˆd then
8: L.order Ð 2
9: else
10: if bbb ı OOOd or ccc ı OOOd then
11: L.order Ð 1
12: else
13: L.order Ð 0
14: end if
15: end if
16: end Function
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The discretisation of this operator by a P1-Lagrange �nite element method on
Ωh is given by

Ddata or Ldata structure

d : dimension
A : d-by-d arrays of Fdata
b : 1-by-d arrays of Fdata
c : 1-by-d arrays of Fdata
a0 : Fdata

where Fdata denotes the P1-Lagrange �nite element approximation of a func-
tion f : Ω ÝÑ R on Ωh such that Fdatapiq “ fpqiq, @i P v1,nqw. To initialize a
Ddata structure from a mesh we can use Algorithm 4.4.

Algorithm 4.4 function setDdata

Input :
D : Doperator structure.
Mh : Th mesh structure (see Section 4) or Bh boundary mesh structure
Output :

Dh : Ddata structure.

1: Function Dh Ð setDdata(D,Mh)
2: Dh.d Ð D.d
3: for iÐ 1 to D.d do
4: for j Ð 1 to D.d do
5: Dh.Api, jq Ð setFdatapD.Api, jq,Mhq

6: end for
7: Dh.bpiq Ð setFdatapD.bpiq,Mhq

8: Dh.cpiq Ð setFdatapD.cpiq,Mhq

9: end for
10: Dh.a0 Ð setFdatapD.a0,Mhq

11: end Function

Algorithm 4.5 function setFdata

Input :

f : function from Ω or Γ to R.
Mh : Th mesh structure (see Section 4) or Bh boundary mesh structure
Output :

fffh : Rnq vector such that fffhpiq “ fpMh.q
iq.

1: Function fffh Ð setFdata(f,Mh)
2: for iÐ 1 toMh.nq do
3: fffhpiq Ð fpMh.q

i
q

4: end for
5: end Function

We can easily obtain the local data associated to the k-th mesh element (see
Algorithm 4.6)
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Algorithm 4.6 function getLocFdata

Input :
fh : Fdata : 1-by-nq array of doubles.
Th : mesh structure associated to Ωh (see section 4.1)
k : index of a mesh element
Output :
fL : Local Fdata. 1-by-pd` 1q array of doubles

1: Function fLÐ getLocFdata(fh, Th, k)
2: fLÐ fhpTh.mep:, kqq
3: end Function

4.4.2 Vector operators

The operator H used in (2.6) is de�ned by the Hoperator structure

Hoperator structure

d : space dimension
m : operator dimension (m in de�nition (2.6))
H : m-by-m array of Loperator

The initialization of a Hoperator structure to the zero H operator is given
in Algorithm 4.7.

Algorithm 4.7 function Hoperator

Input :
d : d space dimension of Ω Ă Rd,
m : operator dimension
Output :

Hop : Hopoperator structure corresponding to
: the zero H operator

1: Function Hop Ð Hoperator(d,m)
2: Hop.d Ð d
3: Hop.m Ð m
4: for iÐ 1 to m do
5: for j Ð 1 to m do
6: Hop.Hpi, jq Ð H

7: end for
8: end for
9: end Function

For example, the operator H given by

H “
ˆ

LIdˆd,000d,000d,1 LOdˆd,000d,000d,´1

0 LIdˆd,000d,000d,0

˙

can be initialized with

1: HopÐ Hoperatorpd, 2q
2: Hop.Hp1, 1q Ð Loperatorpd, Idˆd,000d,000d, 1q
3: Hop.Hp1, 2q Ð Loperatorpd,Odˆd,000d,000d,´1q
4: Hop.Hp2, 2q Ð Loperatorpd, Idˆd,000d,000d, 0q
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4.5 Structure for PDE's

The PDE structure which contains all the data necessary to solve a scalar or
vector BVP is now described here

PDE structure

d : integer
space dimension

m : integer
operator dimension (1 for L operator)

op : operator
L operator or H operator

f : 1-by-m array of functions

Th : mesh structure
Bh : 1-by-nlab array of boundary mesh structures
labels : 1-by-nlab array of integers

Boundary mesh labels
nlab : integer

number of boundary labels
bclR : m-by-nlab array of BCrobin structures
bclD : m-by-nlab array of BCdirichlet structures

The Algorithm 4.8 de�nes the function initPDE which initializes a PDE
structure pde from an operator and a mesh. In this version default boundary
conditions when they exist are homogeneous Neumann. The function setBC_PDE

in the Algorithm 4.9 allows to modify boundary conditions and to choose Dirich-
let, Neumann or Robin ones.

For the moment we use the function SolvePDE as a black box. This function
allows to solve by P1-Lagrange �nite element method the partial di�erential
equation contained in a PDE structure on a given mesh structure. The goal of
Sections 6 and 7 is to introduce a generic version of this function.
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Algorithm 4.8 function initPDE

Input :
Op : operator structure (see Section 4) such that Op.d “ Th.d
Th : mesh structure associated to Ωh (see Section 4)
Output :
pde : a PDE structure. All boundary conditions are set by default to

homogeneous Neumann boundary conditions.
Fields are d, m, op, f , Th, Bh, labels, nlab, bclD, bclR.

1: Function pdeÐ initPDE(Op, Th)
2: pde.d Ð Th.d; pde.m Ð Op.m
3: pde.op Ð Op
4: pde.f Ð 000pde.m
5: pde.Th Ð Th
6: pde.Bh Ð BuildBoundaryMeshespThq
7: pde.labels Ð UniquepTh.belq
8: pde.nlab Ð Lengthppde.labelsq
9: for iÐ 1 to pde.m do
10: for lÐ 1 to pde.nlab do
11: pde.bclRpi, lq.g ÐH

12: pde.bclRpi, lq.ar ÐH

13: pde.bclDpi, lq.g ÐH

14: end for
15: end for
16: end Function

Algorithm 4.9 function setBC_PDE

Input :
pde : a PDE structure
label : label of the boundary (in pde.labels)
α : index
type : string for the name of the boundary condition. It can be

"Dirichlet", "Neumann" or "Robin"
g : function Γ Ñ R corresponding to the source term in Dirichlet,

Neumann or Robin boundary conditions
ar : function Γ Ñ R corresponding to the weight function in the

Robin boundary condition
Output :
pde : the modi�ed PDE structure

1: Function pdeÐ setBC_PDE(pde, label, α, type, g, ar)
2: lÐ Findppde.labels ” labelq

3: if type is "Dirichlet" then
4: pde.bclDpα, lq.g Ð g

5: end if
6: if type is "Robin" then
7: pde.bclRpα, lq.g Ð g, pde.bclRpα, lq.ar Ð ar,
8: end if
9: if type is "Neumann" then
10: pde.bclRpα, lq.g Ð g, pde.bclRpα, lq.ar ÐH,
11: end if
12: end Function
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5 Finite Element Approximation

We �rst recall some notations and results on Sobolev spaces. We de�ne here
some �nite dimensional spaces which will be used in the sequel.

5.1 Sobolev spaces

The Sobolev space H1pΩq is set by

H1pΩq :“

"

v P L2pΩq |
Bv

Bxi
P L2pΩq, @i P v1, dw

*

(5.1)

This space is a Banach space with respect to the norm

}v}1,Ω “

˜

ż

Ω

|v|2dq`
d
ÿ

i“1

ż

Ω

|
Bv

Bxi
|2dq

¸1{2

(5.2)

Theorem 3. Suppose that Ω has a Lipschitz boundary. Then there exists a
constant C such that

}v}
2
L2pBΩq ď C }v}L2pΩq }v}H1pΩq , @v P H1pΩq (5.3)

We will use the notation H1
0pΩq to denote the subset of H1pΩq, consisting of

functions whose trace on BΩ is zero, that is

H1
0pΩq “

 

v P H1pΩq | v|BΩ “ 0 in L2pBΩq
(

(5.4)

Let Σ be a Lipschitz continuous subset of the boundary BΩ. The space H1{2pΣq
is characterized by

H1{2pΣq “
 

v|Σ | v P H1pΩq
(

. (5.5)

Let g P H1{2pΣq, we de�ne the space H1
g,ΣpΩq, which is not a vector space,

to characterize functions which satisfy a Dirichlet boundary condition on Σ as
follows

H1
g,ΣpΩq “

 

v P H1pΩq | v|Σ “ g
(

. (5.6)

5.2 P1-Lagrange �nite elements on meshes

Let Th be an unstructured simplicial mesh of Ω de�ned in 4.1 and Ωh “
Ť

KPTh K. Let Pk, k ě 0, be the space of polynomials of degree less than or
equal to k in the variables x1, . . . , xd. We set

H1,hpΩhq “ tv P C0pΩhq, v|K P P1, @K P Thu (5.7)

which will be called the space of P1-Lagrange �nite elements.
We set tTh.ϕiuiPv1,Th.nqw as the P1-Lagrange basis functions on Th and when

there is no ambiguity we set ϕi ” Th.ϕi, nq ” Th.nq, ... Then, for all uh P
H1,hpΩhq, we have

uh “

nq
ÿ

i“1

uhpq
iqϕi (5.8)
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For all uuuh “ puuuh,1, . . . ,uuuh,mq
t P pH1,hpΩhqq

m we have

uuuh “

¨

˚

˝

uuuh,1
...

uuuh,m

˛

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˝

nq
ÿ

i“1

uuu1,iϕi

...
nq
ÿ

i“1

uuum,iϕi

˛

‹

‹

‹

‹

‹

‹

‹

‚

“

m
ÿ

α“1

˜

nq
ÿ

i“1

uuuα,iϕi

¸

eeeα “
m
ÿ

α“1

uuuh,αeeeα (5.9)

where, @α P v1,mw, uuuα P Rnq are de�ned @i P v1,nqw by uuuα,i “ uuuh,αpTh.qiq and
eeeα is the α´th vector of the canonical basis of Rm. We also obtain

Span
´

H1,hpΩhq
m
¯

“ tϕieeeα | i P v1,nqw, α P v1,mwu (5.10)

Let πh be the P1-Lagrange interpolation operator valued in the �nite element
space H1,hpΩhq given by

πhpvq :“

nq
ÿ

i“1

vpqiqϕi, @v P C0pΩhq. (5.11)

5.3 P1-Lagrange �nite elements on boundary meshes

Let Σh Ă Γh be a boundary mesh deduced from Th and de�ned in 4.2. We denote
by H1,hpΣhq the space spanned by the classical P1-Lagrange basis functions
acting on Σh and denoted by pΣh.ϕrqrPv1,Σh.nqw. Then, for all gh P H1,hpΣhq, we
have

gh “

Σh.nq
ÿ

r“1

ghpq
rqΣh.ϕr (5.12)

With de�nition (4.1) of IΣh , the function g̃h P H1,hpΩhq de�ned by

g̃h “
ÿ

iPIΣh

ghpq
iqTh.ϕi (5.13)

is the P1-Lagrange discrete extension to zero of function gh and we have

@r P v1,Σh.nqw Σh.ϕr ” Th.ϕi where i “ IΣhprq. (5.14)

Using usual trace operator γΣh acting on Σh, we have, @uh P H1,hpΩhq, γΣhpuhq P
H1,hpΣhq and

γΣhpuhq “
ÿ

rPv1,Σh.nqw

uhpΣh.q
rqΣh.ϕr. (5.15)

Now, we can de�ne the space H1,h
gh,Σh

pΩhq where gh P H1,hpΣhq by

H1,h
gh,Σh

pΩhq “
 

uh P H1,hpΩhq | γΣhpuhq “ gh
(

(5.16)

If gh ‰ 0, H1,h
gh,Σh

pΩhq is not a vector space. Furthermore, from (4.1), we have

@uh P H1,h
gh,Σh

pΩhq

uh “
ÿ

iPIcΣh

uhpTh.qiqTh.ϕi `
ÿ

iPIΣh

gpTh.qiqTh.ϕi (5.17)
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6 SCALAR BVP

6 From the scalar BVP to its matrix representa-

tion

In this section the basic technique for solving the scalar BVP (2.2)-(2.4) by
P1-Lagrange �nite element method is presented. To do so, ones needs to obtain
the linear system coming from the discretization of the variational formulation
associated with the scalar BVP. The assembly of the matrix associated to the
L operator and the computation of the right-hand side are detailed. Then we
describe how to take into account the boundary conditions. Finally the linear
system is solved.

6.1 Variational formulation

The �rst step is to obtain the variational formulation of the BVP (2.2)-(2.4).
For that we multiply (2.2) by a test function v P H1pΩq and by integration

on Ω we obtain
ż

Ω

Lpuqvdq “ ´

ż

Ω

div pA∇uq vdq`

ż

Ω

div pbbbuq vdq`

ż

Ω

xccc,∇uy vdq`

ż

Ω

a0uvdq

(6.1)
We apply the following theorem on the �rst two integrals

Theorem : Green Formula [12, Page 11]

If uuu P Hpdiv; Ωq “
!

www P
`

L2pΩq
˘d
| divwww P L2pΩq

)

and v P H1pΩq then

ż

Ω

v divuuudq “ ´

ż

Ω

xuuu,∇ vy dq`

ż

Γ

xuuu,nnny vdσ. (6.2)

So we have

´

ż

Ω

div pA∇uq vdq “

ż

Ω

xA∇u,∇ vy dq´

ż

Γ

xA∇u,nnny vdσ, (6.3)

ż

Ω

div pbbbuq vdq “ ´

ż

Ω

xbbbu,∇ vy dq`

ż

Γ

xbbbu,nnny vdσ. (6.4)

Let DL “ DA,bbb,ccc,a0
be the �rst order bilinear di�erential operator acting on

scalar �elds associated to the L operator de�ned @pu, vq P pH1pΩqq2 by

DLpu, vq “ xA∇u,∇ vy ´ pu xbbb,∇ vy ´ v x∇u,cccyq ` a0uv. (6.5)

Let
Bu

BnL
be the conormal derivative of u de�ned by

Bu

BnL
:“ xA∇u,nnny ´ xbbbu,nnny (6.6)

So using (6.3) and (6.4) gives

ż

Ω

Lpuqvdq “

ż

Ω

DLpu, vqdq´

ż

Γ

Bu

BnL
v dσ, @ v P H1pΩq (6.7)

The variational formulation associated to the scalar boundary value problem
(2.2)-(2.4) is given by
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6.2 Discrete variational formulation 6 SCALAR BVP

Variational formulation

Find u P H1
gD,ΓD pΩq such that

ALpu, vq “ Fpvq @v P H1
0,ΓD pΩq (6.8)

where

ALpu, vq “

ż

Ω

DLpu, vqdq`

ż

ΓR
aRuvdσ (6.9)

Fpvq “

ż

Ω

fvdq`

ż

ΓR
gRvdσ (6.10)

By the extension theorem, if gD P H1{2pΓDq, there exists RD P H1pΩq such
that γΓD pR

Dq “ gD where γΓD is the trace operator acting on ΓD. We set w “
u´RD. Then the previous variational formulation can be written equivalently
as

Variational formulation with an extension function RD

Find w P H1
0,ΓD pΩq such that

ALpw, vq “ Fpvq ´ALpR
D, vq @v P H1

0,ΓD pΩq (6.11)

6.2 Discrete variational formulation

The discretisation of the variational formulation (6.8) is given by

Discrete variational formulation

Find uh P H1,h

gDh ,Γ
D
h

pΩhq such that

AhLpuh, vhq “ Fhpvhq @vh P H1,h

0,ΓDh
pΩhq (6.12)

where

AhLpuh, vhq “

ż

Ωh

DLpuh, vhqdq`

ż

ΓRh

aRuhvhdσ (6.13)

Fhpvhq “

ż

Ωh

fvhdq`

ż

ΓRh

gRvhdσ (6.14)

Let RDh P H1,hpΩhq be the discrete extension by zero of gD de�ned by

@i P v1, Th.nqw, R
D
h pq

iq “

"

gDpqiq if qi P ΓDh ,
0 otherwise.

(6.15)

Then the discretisation of the variational formulation with an extension function
(6.11) is given by
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Discrete variational formulation with an extension
function RD

h

Find wh P H1,h

0,ΓDh
pΩhq such that

AhLpwh, vhq “ Fhpvhq ´AhLpRDh , vhq @vh P H1,h

0,ΓDh
pΩhq (6.16)

The discrete space variational formulations (6.12) and (6.16) are equivalent
with uh “ wh `R

D
h .

6.3 Matrix representation of the variational formulation :
the scalar case

In this section, we set nq “ Th.nq, qi “ Th.qi and ϕi “ Th.ϕi.
Let ID the set de�ned by

ID “
!

i P v1,nqw | qi P ΓDh

)

(6.17)

and IcD its complement in v1,nqw.
Let RDh P H1,hpΩhq be the discrete extension by zero of gD such that RDh pq

iq “

gDpqiq, @i P ID, and RDh pqiq “ 0, @i P IcD. By bilinearity of AhL and linearity

of Fh, the variational formulation (6.16) is equivalent to �nd wh P H1,h

0,ΓDh
pΩhq

such that
AhLpwh, ϕiq “ Fhpϕiq ´AhLpRDh , ϕiq, @i P IcD (6.18)

We set uuu, www and RRR as three vectors of Rnq such that

uh “

nq
ÿ

j“1

uuujϕj “
ÿ

jPIcD

uuujϕj `
ÿ

jPID

gDpqjqϕj ,

wh “

nq
ÿ

j“1

wwwjϕj “
ÿ

jPIcD

wwwjϕj ,

RDh “

nq
ÿ

j“1

RRRjϕj “
ÿ

jPID

gDpqjqϕj .

where uh is solution of (6.12) and wh is solution of (6.16). We note that uh “
wh `R

D
h and uuu “ www `RRR. By construction we have

RRRj “

"

gDpqjq if j P ID
0 otherwise.

(6.19)

By bilinearity of AhL and linearity of Fh, the variational formulation (6.12)
is equivalent to

Matrix representation of the discrete variational for-
mulation (6.12)
Find uuu P Rnq such that

nq
ÿ

j“1

AhLpϕj , ϕiquuuj “ Fhpϕiq, @i P IcD, (6.20)

uuui “ gDpqiq, @i P ID. (6.21)
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and (6.16) is equivalent to

Matrix representation of the discrete variational for-
mulation with an extension function (6.16)
Find pwwwjqjPIcD such that, @i P IcD,

ÿ

jPIcD

AhLpϕj , ϕiqwwwj “ Fhpϕiq ´
ÿ

jPID

AhLpϕj , ϕiqRRRj . (6.22)

We now explain how to obtain the vector uuu (i.e the solution uh of (6.12) with

uh “

nq
ÿ

j“1

uuujϕj). The nq-by-nq matrix AL and the vector bbbL P Rnq are de�ned

@pi, jq P v1,nqw
2 by

AL
i,j “ AhLpϕj , ϕiq, (6.23)

bbbLi “ Fhpϕiq. (6.24)

More precisely, using (6.13) we have @pi, jq P v1,nqw
2

AL
i,j “

ż

Ωh

DLpϕj , ϕiqdq`

ż

ΓRh

aRϕjϕidσ (6.25)

Similarly using (6.14) we have @i P v1,nqw

bbbLi “

ż

Ωh

fϕidq`

ż

ΓRh

gRϕidσ (6.26)

To make the computations of AL and bbbL easier, they are split in inner and Robin
parts. So we denote by DL the nq-by-nq matrix and by bbbf the vector of Rnq

which correspond to the inner parts of (6.25) and (6.26) and verify

DL
i,j “

ż

Ωh

DLpϕj , ϕiqdq (6.27)

bbbfi “

ż

Ωh

fϕidq. (6.28)

For the terms corresponding to the Robin boundary condition we de�ne a
nq-by-nq matrix denoted by BR and a vector of Rnq denoted by bbbR such that

BRi,j “
ż

ΓRh

aRϕjϕidσ (6.29)

bbbRi “

ż

ΓRh

gRϕidσ. (6.30)

Finally we have

AL “ DL ` BR (6.31)

bbbL “ bbbf ` bbbR. (6.32)

We will see later in Sections 6.4, 6.5 and 6.6.1 how to calculate these terms.
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The Dirichlet terms will be treated in Qection 6.6.2 and allow to de�ne the
sets ID and IcD and the extension RRR.

From (6.22) we obtain that the restriction of www to IcD indices wwwpIcDq is
solution of

Find xxx such that ALpIcD, IcDqxxx “ bbbLpIcDq ´ ALpIcD, IDqRRRpIDq (6.33)

where ALpI,J q is the submatrix of AL obtained by deleting Ic rows and J c
columns. By construction of RRR, (6.34) is equivalent to

ALpIcD, IcDqxxx “ bbbLpIcDq ´ ALpIcD, :qRRR (6.34)

In Algorithm 6.1 the successive steps to obtain the vector uuu “ www`RRR are given.

Algorithm 6.1 Steps for solving the Scalar Boundary Value Problem

1: Assembly of the matrix DL

2: Computation of bbbf

3: Computation of Robin contributions : BR and bbbR

4: Computation of Dirichlet contributions : ID, IcD and RRR.
5: bbbL Ð bbbf ` bbbR

6: AL
Ð DL

` BR
7: uuupIcDq Ð SolvepAL

pIcD, IcDq, bbbpIcDq ´ AL
pIcD, IDqRRRpIDqq

8: uuupIDq Ð RRRpIDq

Now we focus on the lines 1 to 4 in the Algorithm 6.1.

6.4 Matrix assembly : the classical approach

This section deals with the assembly of the matrix DL de�ned by (6.27). We
�rst remind the reader unused to �nite element methods of the usual way to
assemble the matrix DL given in the Algorithm 6.5.
We have for any pi, jq P v1,nqw

2

DL
i,j “

nme
ÿ

k“1

ż

Tk
DLpϕj , ϕiqdq

The Algorithm 6.2 corresponds to the naive implementation of DL computa-
tion using previous formula. We may interchange loops which is done in Algo-
rithm 6.3.

Algorithm 6.2 Naive �nite element assem-
bly algorithm

1: DL
Ð 0

2: for iÐ 1 to nq do
3: for j Ð 1 to nq do
4: for k Ð 1 to nme do
5: DL

i,j Ð DL
i,j `

ş

Tk DLpϕj , ϕiqdq
6: end for

7: end for

8: end for

Algorithm 6.3 Naive �nite element assembly
algorithm : loop interchange

1: DL
Ð 0

2: for k Ð 1 to nme do
3: for iÐ 1 to nq do
4: for j Ð 1 to nq do
5: DL

i,j Ð DL
i,j `

ş

Tk DLpϕj , ϕiqdq
6: end for

7: end for

8: end for
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6.4 Matrix assembly : the classical approach 6 SCALAR BVP

By property of the supports of the functions ϕi, we have

T k Ă supppϕiq i� qi is a vertex of T k.

We derive that ϕi ” 0 on T k i� i R mep:, kq which allows us to write the
Algorithm 6.4.

We recall that the P1-Lagrange basis functions on a d-simplex K are the
barycentric coordinates pλαqαPv1,d`1w. We introduce the pd` 1q-by-pd` 1q ele-

ment matrix De,LpKq, associated to DL on the d-simplex K and de�ned by

De,Lα,βpKq “
ż

K

DLpλβ , λαqpqqdq @pα, βq P v1, d` 1w2. (6.35)

On K “ T k, we have λα “ ϕmepα,kq, @α P v1, d` 1w. Now we can write the
Algorithm 6.5 using these element matrices.

Algorithm 6.4 Classical �nite element as-
sembly algorithm

1: DL
Ð 0

2: for k Ð 1 to nme do
3: for αÐ 1 to d` 1 do
4: iÐ mepα, kq
5: for β Ð 1 to d` 1 do
6: j Ð mepβ, kq
7: DL

i,j Ð DL
i,j `

ş

Tk DLpϕj , ϕiqdq
8: end for

9: end for

10: end for

Algorithm 6.5 Classical �nite element as-
sembly algorithm with element matrices

1: DL
Ð 0

2: for k Ð 1 to nme do
3: EÐ De,LpT kq
4: for αÐ 1 to d` 1 do
5: iÐ mepα, kq
6: for β Ð 1 to d` 1 do
7: j Ð mepβ, kq
8: DL

i,j Ð DL
i,j ` Eα,β

9: end for

10: end for

11: end for

We also have the classical theorem (see for example [11].

Theorem 4. Let K be a d-simplex and pλipqqqiPv1,d`1w be the barycentric co-
ordinates of the point q P K, then for every ni P N, i P v1, d` 1w, we have

ż

K

d`1
ź

i“1

λnii pqqdq “ |K|

d!
d`1
ź

i“1

ni!

pd`
d`1
ÿ

i“1

niq!

. (6.36)

where |K| is the volume of K.

Remark 5. For any α P v1, d` 1w as λα is a polynomial of degree 1 on K,
its derivatives are constant on K and we set λKα,i “

Bλα
Bxi |K

@i P v1, dw. In the

appendix 11.5 a method for computing these derivatives is proposed and two
algorithms are given to compute them : the �rst one is local (Algorithm 11.2)
and the second one is vectorized (Algorithm 11.3).

To complete the writing, the element matrices De,LpTkq de�ned by (6.35)
should be computed. This is the goal of Sections 6.4.1 to 6.4.6.

In the sequel we set nq “ Th.nq, ϕi “ Th.ϕi, qi “ Th.qi, me “ Th.me and so
on.
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6.4.1 Splitting of the operator DL

Using (6.5) and (6.35), we obtain

De,Lα,βpKq “
d
ÿ

i“1

d
ÿ

j“1

ż

K

Ai,j
Bλβ
Bxj

Bλα
Bxi

dq´
d
ÿ

i“1

ż

K

bbbi
Bλα
Bxi

λβdq

`

d
ÿ

i“1

ż

K

ccci
Bλβ
Bxi

λαdq`

ż

K

a0λαλβdq.

Let pi, jq P v1, dw2 and g P L8pΩq, we de�ne the four pd` 1q-by-pd` 1q ma-
trices DeuvpK, gq, DedudvpK, g, i, jq, DeduvpK, g, iq and DeduvpK, g, iq by @pα, βq P
v1, d` 1w2

pDeuvpK, gqqα,β “
ż

K

gλαλβdq, (6.37)

pDedudvpK, g, i, jqqα,β “
ż

K

g
Bλβ
Bxj

Bλα
Bxi

dq (6.38)

pDeduvpK, g, iqqα,β “
ż

K

g
Bλβ
Bxi

λαdq (6.39)

pDeudvpK, g, iqqα,β “
ż

K

g
Bλα
Bxi

λβdq (6.40)

Then, the element matrix De,LpKq can be written as

De,LpKq “
d
ÿ

i“1

d
ÿ

j“1

DedudvpK,Ai,j , i, jq ´
d
ÿ

i“1

DeudvpK,bbbi, iq

`

d
ÿ

i“1

DeduvpK,ccci, iq ` DeuvpK, a0q (6.41)

Thereafter we approximate the function g by its P1-Lagrange interpolation
gh “ πhg :

gh “

nq
ÿ

i“1

giϕi, where gi “ gpqiq.

We have on a mesh element K “ Tk

ghpqq “
d`1
ÿ

l“1

g̃lλlpqq, @q P K (6.42)

where @l P v1, d` 1w, λl “ ϕi and g̃l “ gi with i “ mepl, kq.

We also set g̃s “
d`1
ÿ

l“1

g̃l.
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6.4.2 Computation of the element matrix DeuvpK, gq

From (6.37) and (6.42), we have

pDeuvpK, gqqα,β “
ż

K

gpqqλβpqqλαpqqdq «

ż

K

ghpqqλβpqqλαpqqdq

«

d`1
ÿ

l“1

g̃l

ż

K

λlpqqλβpqqλαpqqdq.

Formula (6.36) gives

Lemma 6. We have

pDeuvpK, gqqα,β «
d!|K|

pd` 3q!
p1` δα,βqpg̃α ` g̃β `

d`1
ÿ

l“1

g̃lq. (6.43)

This approximation (6.43) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g “ gK is constant on K we obtain

pDeuvpK, gqqα,β “
d!|K|

pd` 2q!
p1` δα,βqgK .

The Algorithm 6.6 describes the function DElemP1_guv which computes
the element matrix.

Algorithm 6.6 function DElemP1_guv. Computation of the element matrix
DeuvpK, gq .
Input :

d : dimension of the simplex K,
vol : K volume,
g̃gg : 1-by-pd` 1q array of g values on K vertices,

Output :

De : pd` 1q-by-pd` 1q matrix corresponding to DeuvpK, gq given by formula (6.43).

1: Function De Ð DElemP1_guv( d, vol, g̃gg)
2: g̃s Ð sumpg̃ggq
3: for αÐ 1 to d` 1 do
4: for β Ð 1 to d` 1 do
5: Depα, βq Ð d!

pd`3q!
p1` δα,βq ˚ vol ˚ pg̃s ` g̃ggpαq ` g̃ggpβqq

6: end for
7: end for
8: end Function

6.4.3 Computation of the element matrix DedudvpK, g, i, jq

Due to the properties of λβ given in remark 5 and using an interpolation of g
as in (6.42), we obtain

pDedudvpK, g, i, jqqα,β “
ż

K

gpqq
Bλα
Bxi

pqq
Bλβ
Bxj

pqqdq

«λKα,i λ
K
β,j

d`1
ÿ

l“1

g̃l

ż

K

λlpqqdq.

Formula (6.36) gives
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Lemma 7. We have

pDedudvpK, g, i, jqqα,β «
d!|K|

pd` 1q!
λKα,i λ

K
β,j

d`1
ÿ

l“1

g̃l (6.44)

This approximation (6.44) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g “ gK is constant on K we obtain

pDedudvpK, g, i, jqqα,β “ |K|λ
K
α,i λ

K
β,j gK .

The Algorithm 6.7 describes the function DElemP1_gdudv which computes
the element matrix.

Algorithm 6.7 function DElemP1_gdudv. Computation of the element matrix
DedudvpK, g, i, jq
Input :

d : dimension of the simplex K,
vol : mesh element volume |K|,
g̃gg : 1-by-pd` 1q array of g values on K vertices,
i, j : in v1, dw,
GGG : gradients arrays (d-by-pd` 1q) on a mesh element K

GGGpi, αq “ λKα,i, @α P v1, d` 1w

Output :

De : pd` 1q-by-pd` 1q matrix DedudvpK, g, i, jq given by formula 6.44.

1: Function De Ð DElemP1_gdudv( d, vol, g̃gg, i, j,GGG)
2: g̃s Ð sumpg̃ggq
3: for αÐ 1 to d` 1 do
4: for β Ð 1 to d` 1 do
5: Depα, βq Ð d!

pd`1q!
˚ vol ˚ g̃s ˚GGGpj, βq ˚GGGpi, αq

6: end for
7: end for
8: end Function

6.4.4 Computation of the element matrix DeduvpK, g, iq

Due to the properties of λα given in remark 5 and using the interpolation of g
as in (6.42), we obtain

pDeduvpK, g, iqqα,β “
ż

K

gpqq
Bλβ
Bxi

pqqλαpqqdq

«λKβ,i

d`1
ÿ

l“1

g̃l

ż

K

λlpqqλαpqqdq.

Formula (6.36) gives

Lemma 8.

pDeduvpK, g, iqqα,β «
d!|K|

pd` 2q!
λKβ,i pg̃α `

d`1
ÿ

l“1

g̃lq. (6.45)

This approximation (6.45) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g “ gK is constant on K we obtain

pDeduvpK, g, iqqα,β “
d!|K|

pd` 1q!
λKβ,igK .
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The Algorithm 6.8 describes the function DElemP1_gduv which computes
the element matrix.

Algorithm 6.8 Function DElemP1_gduv. Computation of the element matrix
DeduvpK, g, iq on a d-simplex K.

Input :

d : dimension of the simplex K,
vol : mesh element volume |K|,
g̃gg : 1-by-pd` 1q array of g values on K vertices,
i : index P v1, dw,
GGG : d-by-pd` 1q array of gradients on the mesh element K

GGGpi, αq “ λKα,i, @α P v1, d` 1w

Output :

De : pd` 1q-by-pd` 1q matrix DeduvpK, g, iq given by (6.45).

1: Function De Ð DElemP1_gduv( d, vol, g̃gg, i,GGG)
2: g̃s Ð sumpg̃ggq
3: for αÐ 1 to d` 1 do
4: for β Ð 1 to d` 1 do
5: Depα, βq Ð d!

pd`2q!
˚ vol ˚ pg̃s ` g̃ggpαqq ˚GGGpi, βq

6: end for
7: end for
8: end Function

6.4.5 Computation of the element matrix DeudvpK, g, iq

Let i P v1, dw, g P L8pΩq. Due to the properties of λα given in remark 5 and
using the interpolation of g (6.42), we obtain

pDeudvpK, g, iqqα,β “
ż

K

gpqqλβpqq
Bλα
Bxi

pqqdq

«λKα,i

d`1
ÿ

l“1

g̃l

ż

K

λlpqqλβpqqdq.

Formula (6.36) gives

Lemma 9.

pDeudvpK, g, iqqβ,α «
d!|K|

pd` 2q!
λKα,ipg̃β `

d`1
ÿ

l“1

g̃lq. (6.46)

This approximation compute exact if g is polynomial of degree 1 or 0 on K.
Furthermore, if g “ gK is constant on K we obtain

pDeudvpK, g, iqqα,β “
d!|K|

pd` 1q!
λKα,igK .

The Algorithm 6.9 describes the function DElemP1_gudv which computes
the element matrix.
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Algorithm 6.9 Function DElemP1_gudv. Computation of the element matrix
DeudvpK, g, iq on a mesh element K.

Input :

d : dimension of the simplex K,
vol : mesh element volume |K|,
g̃gg : 1-by-pd` 1q array of g values on K vertices,
i : in v1, dw,
GGG : d-by-pd` 1q array of gradients on the mesh element K

GGGpi, αq “ λKα,i, @α P v1, d` 1w

Output :

De : pd` 1q-by-pd` 1q matrix DeudvpK, g, iq given by 6.46.

1: Function De Ð DElemP1_gudv( d, vol, g̃gg, i,GGG)
2: g̃s Ð sumpg̃ggq
3: for αÐ 1 to d` 1 do
4: for β Ð 1 to d` 1 do
5: Depα, βq Ð d!

pd`2q!
˚ vol ˚ pg̃s ` g̃ggpβqq ˚GGGpi, αq

6: end for
7: end for
8: end Function

6.4.6 Computation of the element matrix De,LpKq

Using (6.41) and the previous functions, the Algorithm 6.10 speci�es the func-
tion DElemP1 which computes the element matrix De,LpKq.We can notice that
the gradients of P1-Lagrange local functions are not computed if the order of
the operator L is zero (i.e. if A, bbb and ccc are zero).

Algorithm 6.10 function DElemP1

Input :
Th : mesh structure associated to Ωh (see Section 4.1)
Lh : discretized L operator,
k : index of the k-th mesh element K “ Tk,
Output :
De : pd` 1q-by-pd` 1q matrix with d “ Th.d.

1: Function De Ð DElemP1( Th,Lh, k)
2: vol Ð Th.volspkq
3: De Ð DElemP1_guvpd, vol,getLocFdatapLh.a0, Th, kqq
4: if Lh.order ą 0 then
5: GGGÐ Gradientspd, Th.qp:, Th.mep:, kqq, volq
6: for iÐ 1 to d do
7: for j Ð 1 to d do
8: De Ð De`DElemP1_gdudvpd, vol,getLocFdatapLh.Api, jq, Th, kq, i, j, Gq
9: end for
10: De Ð De ´DElemP1_gudvpd, vol,getLocFdatapLh.bpiq, Th, kq, i, Gq
11: De Ð De `DElemP1_gduvpd, vol,getLocFdatapLh.cpiq, Th, kq, i, Gq
12: end for
13: end if
14: end Function
See also : DElemP1_guv, Alg. 6.6 - DElemP1_gdudv, Alg. 6.7 - DElemP1_gudv,

Alg. 6.9 - DElemP1_gduv, Alg. 6.8 - Gradients, Alg. 11.2 - getLocFdata, Alg. 4.6.
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6.4.7 Assembly of the matrix DL

From classical Algorithm 6.5, we can write the function DAssemblyP1_base

given in Algorithm 6.11 which computes the matrix DL de�ned by (6.27).

Algorithm 6.11 Function DAssemblyP1_base. Matrix DL assembly

Input :
Th : mesh structure associated to Ωh (see Section 4)
L : Loperator structure (see Section 4)
Output :
DL : Th.nq-by-Th.nq sparse matrix.

1: Function DL
Ð DAssemblyP1_base(Th,L)

2: DL
Ð SparsepTh.nq, Th.nqq

3: Lh Ð setDdatapL, Thq
4: for k Ð 1 to Th.nme do
5: De Ð DElemP1pTh,Lh, kq
6: for αÐ 1 to Th.d` 1 do
7: sÐ Th.mepα, kq
8: for β Ð 1 to Th.d` 1 do
9: tÐ Th.mepβ, kq
10: DL

s,t Ð DL
s,t ` Deα,β

11: end for
12: end for
13: end for
14: end Function

We can use this function to compute, for example,

‚ the computation of the Mass matrix M associated to the operator LO,000,000,1
is given in Algorithm 6.12.

Algorithm 6.12 Computation of the Mass matrix M in dimension d

1: LMassÐ Loperatorpd,Odˆd,000d,000d, 1q
2: MÐ DAssemblyP1_basepTh, LMassq

‚ the computation of the Sti�ness matrix S associated to the operator
LI,000,000,0 is given in Algorithm 6.13.

Algorithm 6.13 Computation of the Sti�ness matrix S
1: LStiffÐ Loperatorpd, Idˆd,000d,000d, 0q
2: SÐ DAssemblyP1_basepTh, LStiffq

As the function DAssemblyP1_base achieves the �rst line of the Algorithm
6.1 the computation of bbbf de�ned by (6.28) needs to be done now.
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6.5 Computation of the vector bbbf

To compute the vector de�ned in (6.28), we use the P1-Lagrange interpolate
πhpfq of f (see (5.11)) and we set fff P Rnq as the vector de�ned by fff i “ fpqiq,
@i P v1,nqw. Then we obtain

bbbfi “

ż

Ωh

fϕidq «

ż

Ωh

πhpfqϕidq “

nq
ÿ

j“1

fff j

ż

Ωh

ϕjϕi dq.

So if we set M as the Mass matrix of dimension nq-by-nq de�ned by Mi,j “
ş

Ωh
ϕjϕidq then we have

bbbf «Mfff.

The computation is summarized in the function RHS in the Algorithm 6.14.

Algorithm 6.14 RHS function: P1-Lagrange approximation of the right-hand
side bbbf de�ned by (6.28)
Input :

Th : mesh structure associated to Ωh (see Section 4)
f : function from Ω to K

Output :

bbbf : vector of dimension ndof “ Th.nq

1: Function bbbf Ð RHS(Th, f)
2: DMass Ð LoperatorpTh.d,O,000,000, 1q
3: MÐ DAssemblyP1_basepTh,DMassq Ź see Algorithm 6.11

4: bbbf Ð M ˚ setFdatapf, Thq Ź see Algorithm 4.5

5: end Function

Now the �rst two lines of the Algorithm 6.1 have been explained. We now
look at the remaining lines which contain the contributions of the boundary
conditions.

6.6 Boundary conditions

As seen in Algorithm 6.1, we need to compute the contributions of the boundary
conditions.

‚ Generalized Robin boundary condition : it means to de�ne the vector bbbR

and matrix BR respectively given by (6.30) and (6.29),

‚ Dirichlet boundary condition : it means to de�ne the sets ID, IcD and the
vector RRR respectively set in Section 6.3.

6.6.1 Robin boundary conditions

From formula (4.6), the discrete generalized Robin boundary is given by

ΓRh “
ď

lPIRlabels

Γ
labelsplq
h .
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As seen in Algorithm 6.1, we must compute the contributions of generalized
Robin boundary conditions given by the vector bbbR P Rnq and the nq-by-nq

matrix AR respectively de�ned in (6.30) and (6.29).
We �rst explain how to compute the vector bbbR P RTh.nq. For that, we set,

for l P IRlabels , gl as the restriction of gR to Γ
labelsplq
h given by gl “ bclRp1, lq.g.

So we obtain

bbbRi “
ÿ

lPIRlabels

ż

Γ
labelsplq
h

glϕidq.

We set, @l P IRlabels , bbbl P RTh.nq as the vector verifying @i P v1,nqw

bbbli “

ż

Γ
labelsplq
h

gl ϕi dq, (6.47)

and then
bbbR “

ÿ

lPIRlabels

bbbl. (6.48)

From notations of Section 4.2, the data structure associated to Γ
labelsplq
h

is given by Bhplq. Let l P IRlabels and nq,l “ Bhplq.nq. We suppose that gl P

H1{2pΓlabelsplqq. So the P1-Lagrange interpolation of g
l, de�ned in (5.12), is given

by

glhpqq “

nq,l
ÿ

r“1

glpBhplq.qrqBhplq.ϕrpqq, @q P Γ
labelsplq
h .

Then the P1-Lagrange approximation of bbbR,li is

bbbli «

nq,l
ÿ

r“1

glpBhplq.qrq
ż

Γ
labelsplq
h

Bhplq.ϕrpqq ˆ Th.ϕipqqdq. (6.49)

From (4.2) and P1-Lagrange basis function properties, we deduce that if i R Il
then Th.ϕi ” 0 on Γ

labelsplq
h and thus bbbli “ 0. Otherwise, there exist s P v1,nq,lw

such that i “ Ilpsq. So we obtain

on Γ
labelsplq
h , Th.ϕi “

"

0 if i R Il
Bhplq.ϕs if i P Il, with i “ Ilpsq.

(6.50)

Now we set Ml as the nq,l-by-nq,l boundary Mass matrix associated to Γ
labelsplq
h

de�ned by

Ml
r,s “

ż

Γ
labelsplq
h

Bhplq.ϕr ˆ Bhplq.ϕsdq @pr, sq P v1,nq,lw
2. (6.51)

Let gggl P Rnq,l such that ggglr “ glpBhplq.qrq, @r P v1,nq,lw. Then from (6.51), we
have

bbblIlpsq « pMlggglqs @s P v1,nq,lw

bbbli “ 0 @i P v1,nqwzIl.
So in vector form, we obtain

"

bbblpIlq « Mlgggl

bbblpIcl q “ 0.
(6.52)
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As Γ
labelsplq
h is a mesh of (d´1)-simplices in Rd, one could compute the matrix

Ml with the DAssemblyP1_base function given in Algorithm 6.11. A complete
algorithm to calculate bbbR is given in the Algorithm 6.15.

Algorithm 6.15 Vector bbbR assembly

1: LMass Ð LoperatorpTh.d,Odˆd,000d,000d, 1q
2: bbbR Ð OOOnq

3: for l P IRlabels do
4: gggl Ð setFdatappde.bclRplq.g,pde.Bhplqq
5: Ml

Ð DAssemblyP1_basepBhplq,LMassq
6: Il Ð Bhplq.toGlobal
7: bbbRpIlq Ð bbbRpIlq `Ml

˚ gggl

8: end for

As a second step we explain how to compute the matrix BR. Let l P IRlabels
and al be the restriction of aR to Γ

labelsplq
h given by al “ bclRp1, lq.ar. Let Bl

Bl be the nq-by-nq matrix de�ned by

Bli,j “
ż

Γ
labelsplq
h

alpqq ˆ Th.ϕjpqq ˆ Th.ϕipqqdq, @pi, jq P v1,nqw
2.

Then, we have
BRi,j “

ÿ

lPIRlabels

Bli,j

Using (6.50), if i R Il and j R Il we have Bli,j “ 0. Otherwise, there exists

pr, sq P v1,nq,lw
2 such that i “ Ilprq and j “ Ilpsq. So we obtain

Bli,j “
ż

Γ
labelsplq
h

alpqq ˆ Bhplq.ϕspqq ˆ Bhplq.ϕrpqqdq

We de�ne the nq,l-by-nq,l boundary weighted Mass matrix by

Wl
r,s “

ż

Γ
labelsplq
h

alpqq ˆ Bhplq.ϕspqq ˆ Bhplq.ϕrpqqdq (6.53)

and then we obtain

Bli,j “
"

0 if i R Il and j R Il,
Wl
r,s otherwise, with i “ Ilprq and j “ Ilpsq.

(6.54)

Each matrix Wl can be approximated by using the DAssemblyP1_base function
(see Algorithm 6.11) and then we compute a P1-Lagrange approximation of BR
by using Algorithm 6.16

Algorithm 6.16 Matrix BR assembly

1: dÐ Th.d
2: BR Ð O
3: for l P IRlabels do
4: LMassW Ð Loperatorpd,Odˆd,000d,000d, bclplq.arq
5: Wl

Ð DAssemblyP1_basepBhplq,LMassWq
6: Il Ð Bhplq.toGlobal
7: BRpIl, Ilq Ð BRpIl, Ilq `Wl

8: end for
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A complete algorithm to calculate BR and bbbR is given in Algorithm 6.17 in
the function RobinBC.

Algorithm 6.17 function RobinBC (scalar version) : computation of the bbbR

vector and the BR matrix
Input :

pde : a PDE structure Ź see paragraph 4.5

Output :
bbbR : vector of dimension ndof “ pde.Th.nq de�ned by (6.30)
BR : ndof -by-ndof matrix de�ned by (6.29).

1: Function rBR, bbbRs Ð RobinBC(pde)
2: ndof Ð pde.Th.nq, dÐ pde.d
3: bbbR Ð 000ndof

4: BR Ð Ondofˆndof Ź sparse matrix

5: DMass Ð Loperatorpd,Odˆd,000d,000d, 1q
6: for lÐ 1 to pde. nlab do Ź loop over boundary meshes

7: Il Ð pde.Bhplq.toGlobal
8: if pde.bclRp1, lq.g ‰ H then
9: Ml

Ð DAssemblyP1_baseppde.Bhplq,DMassq
10: gggl Ð setFdatappde.bclRplq.g,pde.Bhplqq
11: bbbRpIlq Ð bbbRpIlq `Ml

˚ gggl

12: end if
13: if pde.bclRp1, lq.ar ‰ H then
14: DMassR Ð Loperatorppde.d,O,000,000, pde.bclRplq.arq
15: Wl

Ð DAssemblyP1_baseppde.Bhplq,DMassRq
16: BRpIl, Ilq Ð BRpIl, Ilq `Wl

17: end if
18: end for
19: end Function
See also : DAssemblyP1_base, Alg. 6.11 - setFdata, Alg. 4.5 - Loperator, Alg. 4.3

6.6.2 Dirichlet boundary conditions

As explained in Section 6.3 and Algorithm 6.1 taking into account Dirichlet
boundary conditions requires to compute the sets ID and IcD as well as the
discrete extension by zero of gD given by the vector RRR.

Using the notations of Sections 4.2 and 4.3, we have

ΓDh “
ď

lPIDlabels

Γ
labelsplq
h .

Let gl be the restriction of gD to Γ
labelsplq
h given by gl “ bclDp1, lq.g. Then we

obtain

ID “
ď

lPIDlabels

Il,

IcD “ v1,nqwzID
and

RRRIlprq “ glpBhplq.qrq, @l P IDlabels , @r P v1,Bhplq.nqqw,

RRRi “ 0, @i P IcD
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This is the object of the Algorithm 6.18 and it completes the writing of the
Algorithm 6.1 which is detailed is the next section.

Algorithm 6.18 function DirichletBC (scalar version)

Input :
pde : a PDE structure
Output :

ID : ID “
!

i P v1,ndofw | qi P ΓD
)

with ndof “ pde.Th.nq

IcD : complement of ID in v1,ndofw

RRR : vector of dimension ndof de�ned by (6.19).
1: Function rID, IcD,RRRs Ð DirichletBC(pde)
2: ndof Ð pde.Th.nq

3: RRRÐ 000ndof

4: ID ÐH

5: for lÐ 1 to pde. nlab do Ź loop over boundary meshes

6: if pde.bclDplq.g ‰ H then Ź Dirichlet boundary condition

7: Il Ð pde.Bhplq.toGlobal
8: RRRpIlq Ð setFdatappde.bclDplq.g,pde.Bhplqq
9: ID Ð ID Y Il
10: end if
11: end for
12: IcD Ð v1, ndofwzID
13: end Function

6.7 Construction and solution of the linear system

From Algorithm 6.1 and using Algorithms 6.11 to 6.18, the function SolvePDE

in the Algorithm 6.19 creates and solves the linear system associated to the
scalar boundary value problem (2.2) to (2.4) described in a PDE structure.

Algorithm 6.19 function SolvePDE : construction and solution of a scalar BVP

Input :
pde : a PDE structure Ź see paragraph 4.5

Output :
uuu : vector of dimension ndof “ pde.Th.nq.

1: Function uuuÐ SolvePDE(pde)
2: DL

Ð DAssemblyP1_baseppde.Th, pde.opq
3: bbbf Ð RHSppde.Th, pde.fq
4: rbbbR,BRs Ð RobinBCppdeq
5: rID, IcD,RRRs Ð DirichletBCppdeq
6: bbbL Ð bbbf ` bbbR

7: AL
Ð DL

` BR
8: uuupIcDq Ð SolvepAL

pIcD, IcDq, bbbpIcDq ´ AL
pIcD, IDqRRRpIDqq

9: uuupIDq Ð RRRpIDq
10: end Function
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7 From the vector BVP to its matrix representa-

tion

In this section we explain how to create the linear system associated to the vector
BVP (2.10)-(2.12) using a P1-Lagrange �nite element method. The method is
similar to the one used to solve the scalar BVP (see section 6).

7.1 Variational formulation

Let vvv “ pvvv1, . . . , vvvmq P
`

H1pΩq
˘m

a test function and α P v1,mw. We multiply
the α-th equation of (2.10) by vvvα then integrate on Ω to obtain

m
ÿ

β“1

ż

Ω

Hα,βpuuuβqvvvαdq “

ż

Ω

fffαvvvαdq (7.1)

As Hα,β is a L-operator, we use (6.7) to obtain @β P v1,mw

ż

Ω

Hα,βpuuuβqvvvαdq “

ż

Ω

DHα,β
puuuβ , vvvαqdq´

ż

Γ

Buuuβ
BnHα,β

vvvα dσ, (7.2)

where DHα,β
is given by (6.5) with L “ Hα,β . Then (7.1) becomes

m
ÿ

β“1

ż

Ω

DHα,β
puuuβ , vvvαqdq´

m
ÿ

β“1

ż

Γ

Buuuβ
BnHα,β

vvvαdσ “

ż

Ω

fffαvvvαdq. (7.3)

Classically to take into account the Dirichlet boundary condition we take vvvα P
H1

0,ΓDα
, so from (7.3) we obtain

m
ÿ

β“1

ż

Ω

DHα,β
puuuβ , vvvαqdq´

ż

ΓRα

m
ÿ

β“1

Buuuβ
BnHα,β

vvvαdσ “

ż

Ω

fffαvvvαdq.

From boundary conditions (2.12), we obtain @α P v1,mw

m
ÿ

β“1

ż

Ω

DHα,β
puuuβ , vvvαqdq`

ż

ΓRα

aRαuuuαvvvαdσ “

ż

ΓRα

gRαvvvαdσ `

ż

Ω

fffαvvvαdq. (7.4)

Summing these equations on α gives

m
ÿ

α“1

m
ÿ

β“1

ż

Ω

DHα,β
puuuβ , vvvαqdq`

m
ÿ

α“1

ż

ΓRα

aRαuuuαvvvαdσ

“

m
ÿ

α“1

ż

ΓRα

gRαvvvαdσ `
m
ÿ

α“1

ż

Ω

fffαvvvαdq. (7.5)

We can easily prove that (7.5) is equivalent to (7.4) : a simple sum on α of
(7.4) gives (7.5) and, reciprocally, if we choose in (7.5) vvv such that vvvβ “ 0,
@β P v1,mwzα then we obtain (7.4).

Then from (7.5), we obtain the variational formulation for the vector BVP
(2.10)-(2.12) given by
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Variational formulation for the vector BVP

Find uuu P H1
gD1 ,Γ

D
1
ˆ . . .ˆH1

gDm,Γ
D
m
such that

AAAHpuuu,vvvq “ FFFpvvvq @vvv P H1
0,ΓD1

ˆ . . .ˆH1
0,ΓDm

(7.6)

where

AAAHpuuu,vvvq “

ż

Ω

DDDHpuuu,vvvqdq`
m
ÿ

α“1

ż

ΓRα

aRαuuuαvvvαdσ (7.7)

FFFpvvvq “

ż

Ω

xfff,vvvy dq`
m
ÿ

α“1

ż

ΓRα

gRαvvvαdσ (7.8)

where

DDDHpuuu,vvvq “
m
ÿ

α“1

m
ÿ

β“1

DHα,β
puuuβ , vvvαq (7.9)

By an extension theorem, @α P v1,mw, if gDα P H1{2pΓDα q, there exists R
D
α P

H1pΩq such that γΓDα
pRDα q “ gDα . We set RRRD “ pRD1 , . . . , R

D
mq P

`

H1pΩq
˘m

and www “ uuu ´ RRRD. Then the previous variational formulation can be written
equivalently as

Variational formulation for the vector BVP with an
extension function
Find www P H1

0,ΓD1
ˆ . . .ˆH1

0,ΓDm
such that

AAAHpwww,vvvq “ FFFpvvvq ´AAAHpRRR
D, vvvq @vvv P H1

0,ΓD1
ˆ . . .ˆH1

0,ΓDm
(7.10)

7.2 Discrete Variational formulation

Using the notations of Section 5.3, the discretisation of the variational formula-
tion (7.6) is given by

Discrete variational formulation

Find uuuh “ puuuh,1, . . . ,uuuh,mq P H1,h

gDh,1,Γ
D
h,1

ˆ . . .ˆH1,h

gDh,m,Γ
D
h,m

such that

AAAhHpuuuh, vvvhq “ FFFhpvvvhq, @vvvh P H1,h

0,ΓDh,1
ˆ . . .ˆH1,h

0,ΓDh,m
(7.11)

where

AAAhHpuuuh, vvvhq “

ż

Ωh

DDDHpuuuh, vvvhqdq`
m
ÿ

α“1

ż

ΓRh,α

aRαuuuh,αvvvh,αdσ (7.12)

FFFhpvvvhq “

ż

Ωh

xfff,vvvhy dq`
m
ÿ

α“1

ż

ΓRh,α

gRαvvvh,αdσ (7.13)

Let RRRDh “ pRRR
D
h,1, . . . ,RRR

D
h,mq P pH

1,hpΩhqq
m where, for all α P v1,mw, RRRDh,α is

the discrete extension by zero of gDα de�ned in (6.15). Then, the discretisation
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of the variational formulation (7.10) is given by

Discrete variational formulation with an extension
function
Find wwwh P H1,h

0,ΓDh,1
ˆ . . .ˆH1,h

0,ΓDh,m
such that

AAAhHpwwwh, vvvhq “ FFFhpvvvhq´AAA
h
HpRRR

D
h , vvvhq, @vvvh P H1,h

0,ΓDh,1
ˆ. . .ˆH1,h

0,ΓDh,m
(7.14)

Obviously, we have uuuh “ wwwh `RRR
D
h .

7.3 Matrix representation of the discrete variational for-
mulation : the vector case

In this section, we set nq “ Th.nq, qi “ Th.qi, ϕi “ Th.ϕi and ndof “ mˆ nq.
For all α P v1,mw, let ID,α be the set de�ned by

ID,α “
!

i P v1,nqw | qi P ΓDh,α

)

(7.15)

and IcD,α its complement in v1,nqw. We denote by Nα the cardinality of IcD,α.
Using notations of (5.9) and (5.10) we have :

‚ Let uuuh “ puuuh,1, . . . ,uuuh,mq P H1,h

gDh,1,Γ
D
h,1

ˆ . . . ˆ H1,h

gDh,m,Γ
D
h,m

the solution of

(7.11). We denote by UUU “ puuu1, . . . ,uuumqt the block vector in Rndof such
that, @µ P v1,mw, uuuµ P Rnq with, @i P v1,nqw, uuu

µ
i “ uuuh,µpq

iq. From (5.9),
we can write uuuh using UUU :

uuuh “
m
ÿ

µ“1

uuuh,µeeeµ “
m
ÿ

µ“1

˜

nq
ÿ

i“1

uuuµi ϕi

¸

eeeµ

One can also note that

@µ P v1,mw, @i P ID,µ, uuuµi “ gDh,µpq
iq

and thus
uuuh,µ “

ÿ

iPIcD,µ

uuuµi ϕi `
ÿ

iPID,µ

gDh,µpq
iqϕi. (7.16)

‚ Let wwwh “ pwwwh,1, . . . ,wwwh,mq P H1,h

0,ΓDh,1
ˆ . . . ˆ H1,h

0,ΓDh,m
be the solution of

(7.14). We denote by WWW “ pwww1, . . . ,wwwmqt the block vector in Rndof such
that, @µ P v1,mw, wwwµ P Rnq with wwwµi “ wwwh,µpq

iq, @i P v1,nqw. From (5.9),
we can write wwwh in function of WWW :

wwwh “
m
ÿ

µ“1

wwwh,µeeeµ “
m
ÿ

µ“1

˜

nq
ÿ

i“1

wwwµi ϕi

¸

eeeµ.

One can also note that

@µ P v1,mw, @i P ID,µ, wwwµi “ 0
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and thus
wwwh,µ “

ÿ

iPIcD,µ

wwwµi ϕi. (7.17)

We also obtain

Span
´

H1,h

0,ΓDh,1
ˆ . . .ˆH1,h

0,ΓDh,m

¯

“
 

ϕieeeγ | γ P v1,mw, i P IcD,γ
(

(7.18)

• Let RRRDh “ pRRR
D
h,1, . . . ,RRR

D
h,mq P pH

1,hpΩhqq
m where, for all µ P v1,mw, RRRDh,µ

is the discrete extension by zero of gDµ de�ned in (6.15). We denote by

RRR “ pRRR1, . . . ,RRRmqt the block vector in Rndof such that, @µ P v1,mw,
RRRµ P Rnq with, for all j P v1,nqw,

RRRµj “ RRRh,µpq
jq “

"

gDµ pq
jq if j P ID,µ,

0 otherwise
. (7.19)

As we have uuuh “ wwwh`RRR
D
h , with these notations, one can write equivalently this

equation in the vector form UUU “WWW `RRR.
In the discrete variational formulation (7.14) vvvh P H1,h

0,ΓDh,1
ˆ . . . ˆ H1,h

0,ΓDh,m

so, from (7.18), bilinearity of AAAhH and linearity of FFFh, the discrete variational
formulations (7.11) and (7.14) are equivalent to

AAAhHpuuuh, ϕieeeγq “ FFFhpϕieeeγq, @γ P v1,mw, @i P IcD,γ (7.20)

and

AAAhHpwwwh, ϕieeeγq “ FFFhpϕieeeγq ´AAA
h
HpRRR

D
h , ϕieeeγq, @γ P v1,mw, @i P IcD,γ (7.21)

To explicitly write the linear system associated to (7.20) or (7.21), we intro-
duce the ndof -by-ndof block matrix AAA partitioned in m2 blocks de�ned by

AAA :“

»

—

–

AAA1,1 . . . AAA1,m

...
. . .

...

AAAm,1 . . . AAAm,m

fi

ffi

fl

(7.22)

where each block AAAγ,µ is the nq-by-nq matrix given by

AAAγ,µi,j “ AAAhHpϕjeeeµ, ϕieeeγq @pi, jq P v1,nqw
2. (7.23)

Using (7.12) with (7.9) gives

AAAhHpϕjeeeµ, ϕieeeγq “
m
ÿ

α“1

m
ÿ

β“1

ż

Ωh

DHα,β
pϕjδµ,β , ϕiδγ,αqdq

`

m
ÿ

α“1

ż

ΓRh,α

aRαϕjδµ,αϕiδγ,αdσ

So we obtain @pi, jq P v1,nqw
2

AAAγ,µi,j “
ż

Ωh

DHγ,µ
pϕj , ϕiqdq` δµ,γ

ż

ΓRh,γ

aRγ ϕjϕidσ (7.24)
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We also denote by bbb “ pbbb1, . . . , bbbmqt the block vector in Rmˆnq de�ned by

bbbi`pγ´1qnq
“ bbbγi “ FFF

hpϕieeeγq (7.25)

Using (7.13), we have

FFFhpϕieeeγq “
m
ÿ

α“1

ż

Ωh

fffαϕiδγ,αdq`
m
ÿ

α“1

ż

ΓRh,α

gRαϕiδγ,αdσ

and we obtain @i P v1,nqw

bbbγi “

ż

Ωh

fffγϕidq`

ż

ΓRh,γ

gRγ ϕidσ (7.26)

By the bilinearity of AAAhH, we have @γ P v1,mw, @i P v1,nqw,

AAAhHpuuuh, ϕieeeγq “
m
ÿ

µ“1

AAAhHpuuuh,µeeeµ, ϕieeeγq

and

AAAhHpuuuh,µeeeµ, ϕieeeγq “

nq
ÿ

j“1

uuuµjAAA
h
Hpϕjeeeµ, ϕieeeγq “

nq
ÿ

j“1

AAAγ,µi,j uuu
µ
j

So we have,

AAAhHpuuuh, ϕieeeγq “

˜

m
ÿ

µ“1

AAAγ,µuuuµ
¸

i

“ pAAAUUUqi`pγ´1qnq
.

Using (7.20), the matrix form of the discrete variational formulation (7.11) is

Matrix form of discrete variational formulation

Find UUU P Rndof such that @γ P v1,mw

pAAAUUUqi`pγ´1qnq
“ bbbi`pγ´1qnq

, @i P IcD,γ (7.27)

pUUUqi`pγ´1qnq
“ gDh,γpq

iq, @i P ID,γ . (7.28)

As uuuh “ wwwh `RRR
D
h and UUU “ WWW `RRR, using (7.21), the matrix form of the

discrete variational formulation (7.14) is

Matrix form of discrete variational formulation with
an extension function
Find WWW P Rndof such that @γ P v1,mw

pAAAWWW qi`pγ´1qnq
“ bbbi`pγ´1qnq

´ pAAARRRqi`pγ´1qnq
@i P IcD,γ (7.29)

pWWW qi`pγ´1qnq
“ 0 @i P ID,γ . (7.30)

To solve this problem, we de�ne IIID as the subset of v1,ndofw such that

IIID “
m
ď

α“1

tl ` pα´ 1qnq, @l P ID,αu (7.31)
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and IIIcD its complement. We set N “ #IIIcD “
m
ÿ

α“1

Nα.

We denote byWWW pIIIcDq the restriction ofWWW to IIIcD indices such thatWWW pIIIcDq “
pwww1pIcD,1q, . . . ,wwwmpIcD,mqqt P RN and AAApIIIcD,IIIcDq the N -by-N block matrix,
submatrix of AAA obtained by deleting IIID rows and columns such that

AAApIIIcD,IIIcDq “

»

—

–

AAA1,1
pIcD,1, IcD,1q . . . AAA1,m

pIcD,1, IcD,mq
...

. . .
...

AAAm,1pIcD,m, IcD,1q . . . AAAm,mpIcD,m, IcD,mq

fi

ffi

fl

Each block AAAα,βpIcD,α, IcD,βq is then a Nα-by-Nβ matrix.
From (7.29)-(7.30), we deduce the linear system equivalent to the discrete

variational formulation with an extension function (7.14) :

Linear system of discrete variational formulation with
an extension function
Find WWW P Rndof such that

AAApIIIcD,IIIcDqWWW pIIIcDq “ dddpIIIcDq (7.32)

WWW pIIIDq “ 0. (7.33)

where ddd “ bbb´AAARRR P Rndof .

We can note that UUUpIIIDq “ RRRpIIIDq and UUUpIIIcDq “WWW pIIIcDq.
As in the scalar case to ease the computation of AAA and bbb, they are split using

respectively (7.24) and (7.26). These decompositions come from the contribu-
tion without boundary condition and Robin boundary condition contribution.

For the terms without boundary conditions, we set HHH as the ndof -by-ndof

block matrix where each block HHHγ,µ is of order nq with @pi, jq P v1,nqw
2

HHHγ,µi,j “
ż

Ωh

DHγ,β
pϕj , ϕiqdq (7.34)

bbbf is the vector composed of m blocks where each block bbbf,γ is of dimension nq

with @i P v1,nqw

bbbf,γi “

ż

Ωh

fffγϕidq. (7.35)

Finally for the terms corresponding to Robin boundary condition the block
diagonal matrixBBB of dimension ndof -by-ndof is �rst de�ned with its γ-th diagonal
block BBBγ given by

BBB “ diagpBBB1, . . . ,BBBmq, with BBBγi,j “
ż

ΓRh,γ

aRγ ϕjϕidσ, @pi, jq P v1, Th.nqw
2 (7.36)

where each diagonal block BBBγ , γ P v1,mw, is a Th.nq-by-Th.nq matrix. The block
vector bbbR is de�ned as follows

bbbR,γi “

ż

ΓRh,γ

gRγ ϕidσ (7.37)
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Using all these notations we obtain

AAA “ HHH`BBB (7.38)

bbb “ bbbf ` bbbR (7.39)

We give in Algorithm 7.1 the successive steps to obtain vector UUU “WWW `RRR.

Algorithm 7.1 Steps for solving the Vector Boundary Value Problem

1: Assembly of the matrix HHH
2: Computation of bbbf

3: Computation of generelized Robin contributions : BBB and bbbR

4: Computation of Dirichlet contributions : IIID, IIIcD and RRR.
5: bbbÐ bbbf ` bbbR

6: AAAÐ HHH`BBB
7: bbbÐ bbb´AAARRR
8: UUUpIIIcDq Ð SolvepAAApIIIcD,IIIcDq, bbbpIIIcDqq
9: UUUpIIIDq Ð RRRpIDIDIDq

Lines 1 to 4 in Algorithm 7.1 are now detailed.

7.4 Matrix assembly

In this section we focus on the assembly of HHH de�ned in (7.34). As Hγ,β is an L-
operator we can compute the nq-by-nq matrixHHHγ,µ using the DAssemblyP1_base

function from Algorithm 6.11 :

HHHγ,µ Ð DAssemblyP1_basepTh,Hγ,µq

So using the Hoperator structure from section 4.4.2, we obtain the simple Al-
gorithm 7.2 to approximate HHH.

Algorithm 7.2

Input :
Th : mesh structure associated to Ωh (see Section 4.1)
Hop : Hoperator structure (see Section 4.4.2)
Output :
H : ndof -by-ndof sparse matrix. ndof “ H.mˆ Th.nq

1: Function HÐ HAssemblyP1_base(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq

3: HÐ Sparsepndof , ndofq

4: for αÐ 1 to Hop.m do
5: I Ð v1, Th.nqw ` pα´ 1qTh.nq

6: for β Ð 1 to Hop.m do
7: J Ð v1, Th.nqw ` pβ ´ 1qTh.nq

8: HpI,J q Ð DAssemblyP1_basepTh,Hop.Hpα, βqq
9: end for
10: end for
11: end Function

As the �rst line in Algorithm 7.1 is performed using the function HAssem-

blyP1_base, now we go to the next one : the computation of bbbfff de�ned by
(6.28)

Page 77 Compiled on 2015/06/10 at 07:28:25



7.5 Computation of the right-hand side bbbfff 7 VECTOR BVP

7.5 Computation of the right-hand side bbbfff

The block vector bbbfff P Rndof is given in (7.35) where fff “ pfff1, . . . , fffmq P pL
2pΩqqm

is the source term in the vector BVP (2.10). We choose to interpolate fffγ by
its P1-Lagrange interpolate πhpfffγq (see (5.11)) and we denote by FFF γ P Rnq the
vector de�ned by FFF γi “ fffγpq

iq, @i P v1,nqw. As in Section 6.5, we obtain

bbbf,γi “

ż

Ωh

fffγϕidq «

nq
ÿ

j“1

FFF γj

ż

Ωh

ϕjϕidq

Using M as the nq-by-nq Mass matrix on Ωh de�ned in Section 6.5, we obtain

bbbf,γ «MFFF γ

Thus we modify the function RHS of Algorithm 6.14 to take into account the
vector case (m ą 1). This new version, compatible with the scalar case (m “ 1),
is given in Algorithm 7.3.

Algorithm 7.3 function RHS : P1-Lagrange approximation of the right-hand
side bbbfff given by (7.35)

Input :
fff : 1-by-m array of functions from Ω to R.

@α P v1,mw, fffpαq is the function fffα.
Th : Ωh mesh structure (see Section 4)
Output :
bbbfff : Rndof vector de�ned in (7.35) with ndof “ mˆ Th.nq

1: Function bbbfff Ð RHS(Th, fff)
2: LMassÐ LoperatorpTh.d,O,000,000, 1q
3: MÐ DAssemblyP1_basepTh, LMassq
4: bbbfff Ð 000ndof

5: I Ð v1, Th.nqw
6: for αÐ 1 to m do
7: bbbfff pIq Ð M ˚ setFdatapfffpαq, Thq
8: I Ð I ` Th.nq
9: end for
10: end Function

The �rst two lines of Algorithm 7.1 are done. Now we study the three
following ones which correspond to the contributions of the di�erent boundary
conditions.

7.6 Boundary conditions

Now, as seen in Algorithm 7.1, we must compute the contributions of

‚ Generalized Robin boundary condition : vector bbbR and matrix BBB respec-
tively given by (7.37) and (7.36),

‚ Dirichlet boundary condition : the sets IIID, IIIcD, de�ned by (7.31) and the
vector RRR given in section 7.3.
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7.6.1 Generalized vector Robin boundary conditions

In the equation (2.12) of the vector BVP, we have imposed the generalized vector
Robin boundary conditions on ΓRα , @α P v1,mw. We de�ned the corresponding
contributions BBB and bbbR respectively in (7.36) and (7.37).

We �rst explain how to compute the block vector bbbR. In (4.3), we have set

ΓRh,α “
Ť

lPIR,αlabels
Γ
labelsplq
h . Let α P v1,mw, using notations of Sections 4.2 and

4.3, we set, for l P IR,αlabels , g
α,l as the restriction of gRα to Γ

labelsplq
h also given by

gα,l “ bclRpα, lq.g. Then we have

bbbR,αi “
ÿ

lPIR,αlabels

ż

Γ
labelsplq
h

gα,lϕidq, @i P v1,nqw.

For all l in IR,αlabels , we set bbb
α,l P RTh.nq as the vector de�ned by

bbbα,li “

ż

Γ
labelsplq
h

gα,lϕidq.

and then
bbbR,α “

ÿ

lPIR,αlabels

bbbα,l.

As in the scalar case described in section 6.6.1, we denote by GGGα,l P Rnq,l the
vector de�ned by

GGGα,lr “ gα,lpBhplq.qrq, @r P v1,nq,lw

Using the boundary mass matrix de�ned in (6.51), we obtain the P1-Lagrange
interpolation of bbbα,l given by

#

bbbα,lIl « MlGGGα,l

bbbα,lIcl
“ 0.

ô

"

bbbIl`pα´1qnq
« MlGGGα,l

bbbIcl`pα´1qnq
“ 0.

(7.40)

We can note that Ml matrix does not depend on α.
We now explain the computation of the ndof -by-ndof block diagonal matrix

BBB “ diagpBBB1, . . . ,BBBmq. Let α P v1,mw, using notations of Sections 4.3 and 4.2,

we set, for l P IR,αlabels , a
α,l as the restriction of aRα to Γ

labelsplq
h also given by

aα,l “ bclpα, lq.ar. Let BBBα,l be the nq-by-nq matrix de�ned by

BBBα,li,j “
ż

Γ
labelsplq
h

aα,lpqq ˆ Th.ϕjpqq ˆ Th.ϕipqqdq, @pi, jq P v1,nqw
2.

So we obtain

BBBα “
ÿ

lPIR,αlabels

BBBα,l

Using (6.50), if i R Il and j R Il we have BBBα,li,j “ 0. Otherwise, there exists

pr, sq P v1,nq,lw
2 such that i “ Ilprq and j “ Ilpsq and we obtain

BBBα,li,j “
ż

Γ
labelsplq
h

aα,lpqq ˆ Bhplq.ϕspqq ˆ Bhplq.ϕrpqqdq
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Let l P IR,αlabels and Wα,l the nq,l-by-nq,l boundary weighted Mass matrix de�ned

for all pr, sq P v1,nq,lw
2 by

Wα,l
r,s “

ż

Γ
labelsplq
h

aα,lpqq ˆ Bhplq.ϕspqq ˆ Bhplq.ϕrpqqdq (7.41)

Then we obtain

BBBα,li,j “
"

0 if i R Il and j R Il,
Wα,l
r,s otherwise, with i “ Ilprq and j “ Ilpsq.

(7.42)

Each matrix Wα,l can be approximated using DAssemblyP1_base function
(in Algorithm 6.11) and then a P1-Lagrange approximation of BBB is computed
using Algorithm 7.4.

Algorithm 7.4 function RobinBC (vector version)

Input :
pde : a PDE structure.
Output :
bbbR : vector of dimension ndof “ pde.mˆ pde.Th.nq

BBB : ndof -by-ndof matrix (see (7.36))

1: Function rBBB, bbbRs Ð RobinBC(pde)
2: mÐ pde.m, nq Ð pde.Th.nq, dÐ pde.d
3: ndof Ð mˆ nq,
4: bbbR Ð 000ndof

5: BBBÐ Ondofˆndof Ź sparse matrix

6: LMass Ð Loperatorpd,Odˆd,000d,000d, 1q
7: for lÐ 1 to pde.nlab do
8: Ml

Ð DAssemblyP1_baseppde.Bhplq,LMassq
9: for αÐ 1 to m do Ź Contributions on ΓNh,α
10: Iαl Ð pde.Bhplq.toGlobal` pα´ 1qnq

11: if pde.bclRpα, lq.g ‰ H then
12: gggl Ð setFdatappde.bclRpα, lq.g, pde.Bhplqq
13: bbbRpIαl q Ð bbbRpIαl q `MR,l

˚ gggl

14: end if
15: if pde.bclRpα, lq.ar ‰ H then
16: LMassR Ð Loperatorpd,Odˆd,000d,000d, pde.bclpα, lq.arq
17: Wα,l

Ð DAssemblyP1_baseppde.Bhplq,LMassRq
18: BBBpIαl , Iαl q Ð BBBpIαl , Iαl q `Wα,l

19: end if
20: end for
21: end for
22: end Function

7.6.2 Dirichlet boundary conditions

Finally for the Dirichlet boundary conditions, we modify the scalar version of the
function DirichletBC - see Algorithm 6.18 - building the subset IIID of v1,ndofw

de�ned in (7.31), its complement IIIcD and the block vector RRR de�ned in (7.19).
The vector version of this function is given in Algorithm 7.5.
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Algorithm 7.5 function DirichletBC (vector version)

Input :
pde : a PDE structure.
Output :
RRRD : vector of dimension ndof “ pde.mˆ pde.Th.nq (see (7.19))
IIID : de�ned in (7.31)
IIIcD : complement of IIID in v1,ndofw.

1: Function rIIID,IIIcD,RRRDs Ð DirichletBC(pde)
2: ndof Ð pde.mˆ pde.Th.nq

3: RRRD Ð 000ndof

4: IIID ÐH

5: for lÐ 1 to pde.nlab do
6: for αÐ 1 to pde.m do
7: if pde.bclDpα, lq.g ‰ H then Ź Dirichlet boundary condition

8: I Ð pde.Bhplq.toGlobal` pα´ 1qnq

9: RRRDpIq Ð setFdatappde.bclpα, lq.g, pde.Bhplqq
10: IIID Ð IIID Y I
11: end if
12: end for
13: end for
14: IIIcD Ð v1, ndofwzIIID
15: end Function

7.7 Construction and solution of the linear system

Using previous functions, we can easily modify the function SolvePDE acting
on L-operators from Algorithm 6.19 to obtain the function SolvePDE acting
also on H-operators given in Algorithm 7.6.

Algorithm 7.6 function SolvePDE : solution of a scalar or vector BVP

Input :
pde : a PDE structure.
Output :
UUU : vector of dimension ndof “ mˆ Th.nq.

1: Function UUU Ð SolvePDE(pde)
2: ndof Ð pde.mˆ pde.Th.nq

3: AÐ HAssemblyP1_baseppde.Th, pde.Opq
4: FFFΩ

Ð RHSppde.Th, pde.fffq
5: rMR,FFFRs Ð RobinBCppdeq
6: AÐ A`MR

7: FFF Ð FFFΩ
`FFFR

8: rRRRD, IIID, III
c
Ds Ð DirichletBCppdeq

9: FFF Ð FFF ´ A ˚RRRD
10: UUU Ð 000ndof

11: UUUpIIIcDq Ð SolvepApIIIcD, IIIcDq,FFF pIcDqq
12: UUUpIIIDq Ð RRRDpIIIDq
13: end Function
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8 Performances of the classical or simplistic ap-

proach

We look at the performance of the algorithms implemented under Matlab[R2014b]/Octave[3.8.1]
[4] and Python[3.4.0] [5] comparing with the one of FreeFEM++. Our reference
machine is ....

More precisely, for a given BVP and for a given language, the time (in
seconds) of construction of the linear system (assembly + right-hand side +
boundary conditions - lines 3 to 8 in Algorithm 7.6) and the solution time (lines
9 to 12 in Algorithm 7.6) are given.

We may note that FreeFEM++ does not use an extension technique to
take into account Dirichlet boundary conditions but a method enforcing on the
Dirichlet rows of the matrix a very high value (e.g. tgv “ 1e ` 30) on the
diagonal term (which makes negligible the remaining terms of the row) and on
the Dirichlet rows of the right-hand side tgv ˆ gDpqiq.

The �rst result given in Table 1 corresponds to the computational times
for the 2D stationary convection-di�usion problem given in Section 3.2.4 for
di�erent mesh sizes. The second one, given in Table 2, is for the 3D linear
elasticity problem given in Section 3.3.1.

Matlab Octave Python FreeFEM++

ndof S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
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2448 23.132 0.022 44.350 0.010 7.643 0.012 0.082 0.002
6456 62.699 0.080 119.240 0.027 20.556 0.030 0.085 0.003

12205 121.701 0.079 229.142 0.056 38.997 0.061 0.162 0.004
25253 267.526 0.256 494.841 0.135 80.877 0.137 0.339 0.009
55996 642.744 0.576 1197.113 0.348 179.201 0.357 0.754 0.023
98712 1434.475 0.868 2555.707 0.725 317.546 0.742 1.351 0.064

118216 1602.288 1.424 3397.917 0.918 379.764 0.942 1.621 0.079

Table 1: Comparison of BVP solving : 2D stationary convection-di�usion prob-
lem - Matlab with base assembling and classic solve, Octave with base as-
sembling and classic solve, Python with base assembling and classic solve,
FreeFEM++ with base assembling and sparsesolver solve.

We see the poor performance of the codes for the construction of the linear
system. This is mainly due to the current assembly algorithm which is not
convenient for the sparse storage format (CSR) in the codes. We may note from
Table 1 a better Python performance compared with Matlab/Octave because
assembly is �rst made with LIL sparse matrices which are then converted to
CSR format.

In the following, we explain how to write better assembly algorithms to
obtain computational times similar to the ones of FreeFEM++.
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Matlab Octave Python FreeFEM++
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208 20.352 0.018 39.974 0.006 16.447 0.008 0.067 0.023
756 91.260 0.070 182.602 0.046 92.118 0.049 0.134 0.068

1856 251.202 0.301 500.730 0.197 337.883 0.234 0.371 0.251
4961 734.156 1.063 1468.289 1.926 1640.140 1.959 1.180 1.034

10388 1594.150 3.480 3279.344 8.192 6032.708 11.114 2.380 2.982

Table 2: Comparison of BVP solving : 3D linear elasticity problem - Matlab
with base assembling and classic solve, Octave with base assembling and
classic solve, Python with base assembling and classic solve, FreeFEM++
with base assembling and CG solve,

9 Vectorization

The main drawback of the classical approach is the matrix assembly cost. In the
following the assembly performance is enhanced while keeping the same code
structure.

9.1 Non-vectorized 3d algorithm : 3d OptV1 version

In this part we consider the �nite element assembly of a generic ndof -by-ndof

sparse matrix M with its corresponding pd` 1q-by-pd` 1q local matrix Ek (also
denoted by EpTkq when referring to a speci�c element Tk). An element of EpTkq
is denoted by ekα,β . We also de�ne the two pd` 1q-by-pd` 1q matrices Ik and

Jk such that @pα, βq P v1, d` 1w2

Ikpα, βq “ mepα, kq and Jkpα, βq “ mepβ, kq.

In Algorithm 9.11, we recall the classical �nite element assembly method to
calculate M using the ElemMat function which returns Ek, see also Section 6.4.

Algorithm 9.1 Classical assembly - base version

1: MÐ Ondofˆndof Ź Sparse matrix

2: for k Ð 1 to nme do
3: Ek Ð ElemMat(volpkq, . . .)
4: for αÐ 1 to d` 1 do
5: iÐ mepα, kq
6: for β Ð 1 to d` 1 do
7: j Ð mepβ, kq
8: Mi,j Ð Mi,j ` Ekpα, βq
9: end for
10: end for
11: end for

1The functions and operators used in the algorithms are given in Appendix 12.
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In these algorithms the ndof -by-ndof sparse matrix M is �rst declared then
each contribution of an element Tk is added to the matrix M. The ine�ciency
of the base version is mainly due to repeated element insertions in the sparse
structure and to some dynamic reallocation troubles that may also occur. Due
to the sparse storage of M these successive operations are very expensive.

To enhance the performance of the assembly algorithms in vector languages
we compute and store all elementary contributions and use them to generate
the sparse matrix M. This is the purpose of the �rst optimized algorithm using
3d arrays shown in Algorithm 9.2. This optimized version (named 3d - OptV1)
is non-vectorized and based on the use of the sparse function as follows:

MÐ sparsepIg, Jg, Kg, m, nq

This command returns a m ˆn sparse matrix M such that MpIgpkq, Jgpkqq Ð
Kgpkq. The vectors Ig, Jg and Kg have the same length. The zero elements of
Kg are not taken into account and the elements of Kg having the same indices
in Ig and Jg are summed.
Here are examples of the sparse function in vector languages

‚ Python (scipy.sparse module) :
M=sparse.<format>_matrix((Kg,(Ig,Jg)),shape=(m,n))

where <format> is the sparse matrix format (e.g. csc, csr, lil, ...),

‚ Matlab : M=sparse(Ig,Jg,Kg,m,n), only csc format,

‚ Octave : M=sparse(Ig,Jg,Kg,m,n), only csc format,

‚ Scilab : M=sparse([Ig,Jg],Kg,[m,n]), only row-by-row format.

In compiled languages, there are some libraries with such functions. For exam-
ple, in C language one can use the SuiteSparse [6] developed by T. Davis. With
a Nvidia GPU, one can use the Thrust [2] and Cusp [1] libraries for vectorization
and sparse computations respectively.

The idea is to store all the element matrices Ek and the global indices Ik, Jk
into tridimensional arrays for creating M using the sparse function.

So to build the 3d OptV1 algorithm, we de�ne the nme-by-pd` 1q-by-pd` 1q
3d arrays Kg, Ig and Jg by, @k P v1,nmew,

Kgpk, :, :q “ Ek, Igpk, :, :q “ Ik and Jgpk, :, :q “ Jk. (9.1)

We also denote by ElemMatComp the function which returns the pα, βq entry
of the matrix Ek. With these notations, we obtain a preliminary version of a
3d - OptV1 given in Algorithm 9.2. The operator p:q in the algorithm allows to
convert 3d arrays to 1d arrays.

Page 84 Compiled on 2015/06/10 at 07:28:25



9.2 3d vectorized algorithm : OptV3 version 9 VECTORIZATION

Algorithm 9.2 3d-OptV1 algorithm : preliminary version

1: Ig Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

2: Jg Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

3: Kg Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

4: for k Ð 1 to nme do Ź Loop over mesh elements

5: for αÐ 1 to d` 1 do Ź Loop over local nodes

6: for β Ð 1 to d` 1 do Ź Loop over local nodes

7: Kgpk, α, βq Ð ElemMatComppα, β, volpkq, . . .q
8: Igpk, α, βq Ð mepα, kq
9: Jgpk, α, βq Ð mepβ, kq
10: end for
11: end for
12: end for
13: MÐ sparsepIgp:q, Jgp:q,Kgp:q,ndof ,ndofq

The computations of the 3d-arrays Ig, Jg and Kg are represented on Figure 1.
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m
en
ts

k

Kg

I1
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Inme
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J1

J2

Jnme

Jk

Jg

Figure 1: 3d OptV1 algorithm

In [3] we show that a similar OptV1 algorithm is more e�cient than the
classical algorithm.

However, the 3d - OptV1 algorithm still uses a loop over elements. To improve
the e�ciency of this algorithm on vector languages, we propose in Section 9.2 a
3d optimized version, in a fully vectorized form called OptV3 version.

9.2 3d vectorized algorithm : OptV3 version

In a �rst time we note in Algorithm 9.2 that it is very easy to permute local loops
(α and β) with the loop over mesh elements. This is the goal of Algorithm 9.3.
The principle is represented on Figure 2.
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Algorithm 9.3 3d OptV1 version : loop interchange

1: Ig Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

2: Jg Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

3: Kg Ð Onmeˆpd`1qˆpd`1q Ź 3d array contiguous in memory

4: for αÐ 1 to d` 1 do Ź Loop over local nodes

5: for β Ð 1 to d` 1 do Ź Loop over local nodes

6: for k Ð 1 to nme do Ź Loop over mesh elements

7: Kgpk, α, βq Ð ElemMatComppα, β, volpkq, . . .q
8: Igpk, α, βq Ð mepα, kq
9: Jgpk, α, βq Ð mepβ, kq
10: end for
11: end for
12: end for
13: MÐ sparsepIgp:q, Jgp:q,Kgp:q,ndof ,ndofq
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β

1

d` 1
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1
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J2
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d` 1
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1
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Figure 2: Insertion of pα, βq entry of all element matrices contributions in global
arrays

The loop over the mesh elements is to be vectorized. It is easier for the
3d-arrays Ig and Jg :

Igp:, α, βq Ð mepα, :q and Jgp:, α, βq Ð mepβ, :q

All the di�culty lies in the vectorization of the computation of the 3d-arrays Kg.
We will see that there exists a solution and their vectorization will be described
in Section 9.3. For the moment we suppose that function ElemMatVec already
exists and allows for a given pα, βq to return the whole contributions of all
element matrices. Then Algorithm 9.4 is obtained.
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Algorithm 9.4 Generic OptV3 algorithm (memory consuming)

1: Ig Ð Onmeˆpd`1qˆpd`1q,
2: Jg Ð Onmeˆpd`1qˆpd`1q

3: Kg Ð Onmeˆpd`1qˆpd`1q

4: for αÐ 1 to d` 1 do Ź Loop over local nodes

5: for β Ð 1 to d` 1 do Ź Loop over local nodes

6: Kgp:, α, βq Ð ElemMatVecpα, β, vol, . . .q Ź Vectorized element matrix

7: Igp:, α, βq Ð mepα, :q
8: Jgp:, α, βq Ð mepβ, :q
9: end for
10: end for
11: MÐ sparsepIgp:q, Jgp:q,Kgp:q,ndof ,ndofq

A lower memory consuming algorithm (but mostly less e�cient) can be
deduced from the previous one by summing n2

dfe sparse matrices of dimension
ndof -by-ndof generated for each α and β. This is the goal of Algorithm 9.5.

Algorithm 9.5 Generic OptV3 algorithm (less memory consuming)

1: MÐ Ondofˆndof Ź zeros sparse matrix

2: for αÐ 1 to d` 1 do Ź Loop over local nodes

3: for β Ð 1 to d` 1 do Ź Loop over local nodes

4: MÐ M` sparsepmepα, :q,mepβ, :q,ElemMatVecpα, β, vol, . . .q, ndof , ndofq

5: end for
6: end for

Now we apply the technique and adapt it to assemble the matrices associated
to operators L and H.

9.3 OptV3 algorithm for L operator

As we have just seen the vectorized computation of Ig and Jg 3d-arrays is very
simple. In Algorithm 9.6 the function IgJgP1_OptV3 is given for computing
these two arrays.

Algorithm 9.6 Function IgJgP1_OptV3

Input :

d :
me :

Output :

Ig : nme-by-pd` 1q-by-pd` 1q 3d-array,
Jg : nme-by-pd` 1q-by-pd` 1q 3d-array,

1: Function rIg, Jgs Ð IgJgP1_OptV3( d,me)
2: for αÐ 1 to d` 1 do
3: for β Ð 1 to d` 1 do
4: Igp:, α, βq Ð mepα, :q
5: Jgp:, α, βq Ð mepβ, :q
6: end for
7: end for
8: end Function
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The 3d-array Kg associated to the L operator is de�ned by

pKgqk “ De,LpTkq, @k P v1,nmew

where De,L is the pd` 1q-by-pd` 1q matrix de�ned in (6.35). To vectorize the
computation of Kg we use the splitting of DL operator seen in Section 6.4.1. Let
f be a function de�ned in Ω, pi, jq P v1, dw and Kuvpfq, Kdudvpf, i, jq, Kudvpf, iq
and Kduvpf, iq the nmeˆpd` 1qˆpd` 1q 3d-arrays de�ned with tensor notation
and for all k P v1,nmew by

pKuvpfqqk “ DeuvpTk, fq, pKdudvpf, i, jqqk “ DedudvpTk, f, i, jq, (9.2)

pKudvpfqqk “ DeudvpTk, f, iq, pKduvpf, iqqk “ DeduvpTk, f, iq. (9.3)

Then using 6.41, we obtain

pKgqk “
d
ÿ

i“1

d
ÿ

j“1

pKdudvpAi,j , i, jqqk ´
d
ÿ

i“1

pKudvpbbbi, iqqk

`

d
ÿ

i“1

pKduvpccci, iqqk ` pKuvpa0qqk

and so

Kg “
d
ÿ

i“1

d
ÿ

j“1

KdudvpAi,j , i, jq ´
d
ÿ

i“1

Kudvpbbbi, iq `
d
ÿ

i“1

Kduvpccci, iq `Kuvpa0q (9.4)

We obtain the Algorithm 9.7 in which the functions KgP1_OptV3_guv,
KgP1_OptV3_gdudv, KgP1_OptV3_gduv and KgP1_OptV3_gudv need to
be described. This is the object of the following sections.

Algorithm 9.7 Function KgP1_OptV3

Input :

Th : mesh structure associated to Ωh (see section 4)
L : Loperator structure (see section 4)
G : gradients array (nme-by-pd` 1q-by-d)

Gpk, α, :q “ ∇ϕkαpqq, @α P v1, d` 1w
Output :

Kg : nme-by-pd` 1q-by-pd` 1q 3d-array

1: Function Kg Ð KgP1_OptV3( Th,L,G)
2: Kg Ð KgP1_OptV3_guvpTh,L.a0q
3: for iÐ 1 to Th.d do
4: for j Ð 1 to Th.d do
5: Kg Ð Kg `KgP1_OptV3_gdudvpTh,L.Api, jq,G, i, jq
6: end for
7: Kg Ð Kg ´KgP1_OptV3_gudvpTh,L.bpiq,G, iq
8: Kg Ð Kg `KgP1_OptV3_gduvpTh,L.cpiq,G, iq
9: end for
10: end Function

Then we de�ne the vectorized function GradientVec, given in Algorithm 11.3.
It returns the 3d-array G of dimension nme-by-pd` 1q-by-d containing the gra-
dients of all P1-Lagrange local basis functions. Using the previous functions the
Algorithm 9.4 is converted to the Algorithm 9.8.
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Algorithm 9.8 Function DAssemblyP1_OptV3

Input :

Th : mesh structure associated to Ωh (see section 4)
L : Loperator structure (see section 4)
G : 3d-array given by function GradientsVec or empty

(useful for H operator)
Output :

DL : ndof -by-ndof sparse matrix with ndof “ Th.nq.

1: Function DÐ DAssemblyP1_OptV3( Th,L,G)
2: rIg, Jgs Ð IgJgP1_OptV3pd, Th.nme, Th.meq
3: if G “ H then
4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: end if
6: Kg Ð KgP1_OptV3pTh,L,Gq
7: DL

Ð SparsepIgp:q, Jgp:q,Kgp:q,ndof ,ndofq

8: end Function

To end this section, it only remains to vectorize the splitting functions of
the operator.

Let f be a function from Ω to R. In the following sections, we denote by
fff the 1-by-nq array containing function f values on mesh vertices such that
fffpiq “ fpqiq. We denote by f the pd` 1q-by-nme array such that fmepα, kq “

fffpmepα, kqq and fffs the 1-by-nme array such that fffspkq “
d`1
ÿ

α“1

fmepα, kq. We can

easily compute these arrays in a vectorized form :

fme Ð fffpmeq, fffs Ð sumpfme, 1q. (9.5)

We also denote by G the nme-by-pd` 1q-by-d 3d-array de�ned, @k P v1,nmew,
@α P v1, d` 1w, by

Gpk, α, :q “ ∇ϕmepα,kq, on Tk. (9.6)

9.3.1 Vectorized calculation of Kuvpfq

From Section 6.4.2, Formula (6.43) and from notations (9.5), we have on a mesh
element Tk and @pα, βq P v1, d` 1w2

pDeuvpTk, fqqα,β «
d!|Tk|

pd` 3q!
p1` δα,βqpfff

spkq ` fmepα, kq ` fmepβ, kqq.

From (9.2), we have

pKuvpfqqk,α,β “ pD
e
uvpTk, fqqα,β , @k P v1,nmew, @pα, βq P v1, d` 1w2.

We represent in Figure 3 the 3d OptV1 and OptV3 versions for the compu-
tation of Kg.
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Figure 3: Left : classical insertion of a local matrix in the 3d-array Kg. Right :
OptV3 version

We obtain the vectorized computation of pKuvpfqq:,β,α :

pKuvpfqq:,α,β «
d!p1` pα ““ βqq

pd` 3q!
.˚.˚.˚ Th.vol .˚.˚.˚ pfffs `̀̀ fmepα, :q `̀̀ fmepβ, :qq

and we write the complete function KgP1_OptV3_guv in Algorithm 9.9.

Algorithm 9.9 Function KgP1_OptV3_guv : computation of Kuvpfq
Input :

Th : mesh structure associated to Ωh (see section 4.1)
f : function from Ω to R.

Output :

K : pd` 1q-by-pd` 1q-by-nme array corresponding to Kuvpfq

1: Function KÐ KgP1_OptV3_guv( Th, f)
2: fff Ð fpTh.qq Ź fff : 1-by-nq array

3: fme Ð fffpTh.meq Ź fme : pd` 1q-by-nme array

4: fffs Ð sumpfme, 1q Ź fffs : 1-by-nme array

5: for αÐ 1 to d` 1 do
6: for β Ð 1 to d` 1 do

7: Kp:, α, βq Ð d!p1` pα ““ βqq

pd` 3q!
.˚.˚.˚ Th.vol .˚.˚.˚ pfffs `̀̀ fmepα, :q `̀̀ fmepβ, :qq

8: end for
9: end for
10: end Function
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9.3.2 Vectorized calculation of Kdudvpf, i, jq

From Section 6.4.3, Formula (6.44), we have on a mesh element Tk and @pα, βq P
v1, d` 1w2

pDedudvpTk, g, i, jqqα,β «
d!|Tk|

pd` 1q!
fffspkq ˆGpk, α, iq ˆGpk, β, jq

From (9.2), we have

pKdudvpf, i, jqqk,α,β “ pD
e
dudvpTk, f, i, jqqα,β , @k P v1,nmew, @pα, βq P v1, d` 1w2.

One can vectorize this formula by

pKdudvpf, i, jqq:,α,β «
d!

pd` 1q!
.˚.˚.˚ Th.vols .˚.˚.˚Gp:, α, iq .˚.˚.˚Gp:, β, jq .˚.˚.˚ fffs (9.7)

and we write the complete function KgP1_OptV3_gdudv given in Algorithm 9.10.

Algorithm 9.10 Function KgP1_OptV3_gdudv : : computation of Kdudvpf, i, jq
Input :

Th : mesh structure associated to Ωh (see section 4.1)
f : function from Ω to R.
G : gradients arrays (nme-by-pd` 1q-by-d)

Gpk, α, :q “ ∇ϕmepα,kqpqq, @q P Tk, @α P v1, d` 1w
i : integer in v1, dw
j : integer in v1, dw

Output :

K : pd` 1q-by-pd` 1q-by-nme array corresponding to Kdudvpf, i, jq.

1: Function KÐ KgP1_OptV3_gdudv( Th, g,G, i, j)
2: fff Ð fpTh.qq Ź fff : 1-by-nq array

3: fme Ð fffpTh.meq Ź fme : pd` 1q-by-nme array

4: fffs Ð sumpfme, 1q Ź fffs : 1-by-nme array

5: for αÐ 1 to d` 1 do
6: for β Ð 1 to d` 1 do

7: Kp:, α, βq Ð d!

pd` 1q!
.˚.˚.˚ Th.vols .˚.˚.˚Gp:, α, iq .˚.˚.˚Gp:, β, jq .˚.˚.˚ fffs

8: end for
9: end for
10: end Function

9.3.3 Vectorized calculation of Kduvpf, iq

From Section 6.4.4, formula (6.45), we have on a mesh element Tk @pα, βq P
v1, d` 1w2

pDeduvpTk, g, iqqα,β «
d!|Tk|

pd` 2q!
pfffspkq `̀̀ fmepα, kqq ˆGpk, β, iq

From (9.3) we have

pKduvpf, iqqk,α,β “ pD
e
duvpTk, f, iqqα,β , @k P v1,nmew, @pα, βq P v1, d` 1w2.

One can vectorize this formula by

pKduvpf, iqq:,α,β «
d!

pd` 2q!
.˚.˚.˚ Th.vols .˚.˚.˚Gp:, β, iq .˚.˚.˚ pfffs `̀̀ fmepα, :qq (9.8)

and we write the complete function KgP1_OptV3_gduv given in Algorithm 9.11.
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Algorithm 9.11 Function KgP1_OptV3_gduv : add computation of Dpu, vq “ f Bu
Bxi

v

to Kg 3d array

Input :

Th : mesh structure associated to Ωh (see section 4)
f : function
G : gradients arrays (nme-by-pd` 1q-by-d)

Gpk, α, :q “ ∇ϕkαpqq, @α P v1, d` 1w
i : integer in v1, dw

Output :

Kg : d` 1-by-pd` 1q-by-nme array.

1: Function Kg Ð KgP1_OptV3_gduv( Th, f,G, i)
2: fffh Ð fpTh.qq, fme Ð fffhpTh.meq
3: fffs Ð sumpfme, 1q
4: for αÐ 1 to d` 1 do
5: for β Ð 1 to d` 1 do

6: Kgp:, α, βq Ð
d!

pd` 2q!
.˚.˚.˚ Th.vols .˚.˚.˚GGGp:, β, iq .˚.˚.˚ pfffs `̀̀ fmepα, :qq

7: end for
8: end for
9: end Function

9.3.4 Vectorized calculation of Kudvpf, iq

From Section 6.4.5, Formula (6.46), we have on a mesh element Tk and @pα, βq P
v1, d` 1w2

pDeudvpTk, f, iqqα,β «
d!|Tk|

pd` 2q!
pfffspkq `̀̀ fmepβ, kqq ˆGpk, α, iq

From (9.3), we have

pKduvpf, iqqk,α,β “ pD
e
udvpTk, f, iqqα,β , @k P v1,nmew, @pα, βq P v1, d` 1w2.

One can vectorize this formula by

pKudvpf, iqq:,α,β «
d!

pd` 2q!
.˚.˚.˚ Th.vols .˚.˚.˚Gp:, α, iq .˚.˚.˚ pfffs `̀̀ fmepβ, :qq (9.9)

and we write the complete function KgP1_OptV3_gudv given in Algorithm 9.12.
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Algorithm 9.12 Function KgP1_OptV3_gudv : add computation of Dpu, vq “ fu Bv
Bxi

to Kg 3d array

Input :

Th : mesh structure associated to Ωh (see section 4)
f : function
G : gradients arrays (nme-by-pd` 1q-by-d)

Gpk, α, :q “ ∇ϕkαpqq, @α P v1, d` 1w
i : integer in v1, dw

Output :

Kg : pd` 1q-by-pd` 1q-by-nme array.

1: Function Kg Ð KgP1_OptV3_gudv( Th, f,G, i)
2: fffh Ð fpTh.qq, fme Ð fffhpTh.meq
3: fffs Ð sumpfme, 1q
4: for αÐ 1 to d` 1 do
5: for β Ð 1 to d` 1 do

6: Kgp:, α, βq Ð
d!

pd` 2q!
.˚.˚.˚ Th.vols .˚.˚.˚GGGp:, α, iq .˚.˚.˚ pfffs `̀̀ fmepβ, :qq

7: end for
8: end for
9: end Function

9.4 OptV3 algorithm for H operator

We just have to replace in HAssemblyP1_base (see Algorithm 7.2) the call to
DAssemblyP1_base by a call to DAssemblyP1_OptV3 to obtain the function
HAssemblyP1_OptV3 given in Algorithm 9.13.

Algorithm 9.13 Function HAssemblyP1_OptV3 - Matrix H assembly

Input :
Th : mesh structure associated to Ωh (see section 4)
Hop : Hoperator structure (see section 4)
Output :
H : ndof -by-ndof sparse matrix. ndof “ H.mˆ Th.nq

1: Function HÐ HAssemblyP1_OptV3(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq

3: HÐ Sparsepndof , ndofq

4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: for αÐ 1 to Hop.m do
6: I Ð v1, Th.nqw ` pα´ 1qTh.nq

7: for β Ð 1 to Hop.m do Ź Set block matrix pα, βq

8: J Ð v1, Th.nqw ` pβ ´ 1qTh.nq

9: HpI,J q Ð DAssemblyP1_OptV3pTh,Hop.Hpα, βqq
10: end for
11: end for
12: end Function

We propose in Algorithm 9.14, a modi�ed version less memory consuming.
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Algorithm 9.14 Function HAssemblyP1_OptV3 - Matrix H assembly (less
memory consuming version)

Input :
Th : mesh structure associated to Ωh (see section 4)
Hop : Hoperator structure (see section 4)
Output :
H : ndof -by-ndof sparse matrix. ndof “ Hop.mˆ Th.nq

1: Function HÐ HAssemblyP1_OptV3(Th,Hop)
2: ndof Ð Hop.m ˚ Th.nq

3: HÐ Sparsepndof , ndofq

4: GÐ GradientsVecpTh.q, Th.me, Th.volsq
5: rIg, Jgs Ð IgJgP1_OptV3pd,nme,meq
6: for αÐ 1 to Hop.m do
7: IÐ Ig ` pα´ 1qTh.nq

8: for β Ð 1 to Hop.m do
9: JÐ Jg ` pβ ´ 1qTh.nq

10: KÐ KgP1_OptV3pTh,Hop.Hpα, βq,Gq
11: HÐ H` SparsepIp:q, Jp:q,Kp:q, ndof , ndofq

12: end for
13: end for
14: end Function

10 Algorithm performance

The di�erent benchmarks have been achieved on our reference machine gpu-
creos1.

Techniques and algorithms presented in this report have been implemented
under Matlab/Octave and Python and are referenced under the name vecFEMP1Light.

10.1 Comparison with other assembly codes

Here we compare vecFEMP1 codes with those given in [3] and referenced under
the name OptFEMP1. The latter are dedicated to the calculation of speci�c
matrices : mass , weighted mass, sti�ness and elastic sti�ness matrices in space
dimension 2 or 3. For each one of these matrices, we will use three di�erent
techniques implemented in OptFEMP1 to carry out the assembly. Those will be
referred as the versions OptV1, OptV2 and OptV3. They are described in details
in [3].

We now compare times calculations of these three versions of OptFEMP1 with
the OptV3 version of vecFEMP1 for the sti�ness and elastic sti�ness matrices in
space dimension 2 and 3.

10.1.1 Assembly of the sti�ness matrix in dimension d “ 2 or 3

The nq-by-nq sti�ness matrix S is de�ned by

Si,j “
ż

Ωh

x∇ϕj ,∇ϕiy dq, @pi, jq P t1, ...,nqu
2. (10.1)
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To assemble this matrix with OptFEMP1 codes we use the dedicated functions

SÐ AssemblyStiffP1<version>pThq

where <version> is either the version OptV1, OptV2 or OptV3. With vecFEMP1,
we use the generic function

SÐ DAssemblyP1_OptV3pTh,Lq

where L “ LId,000d,000d,0.
The computational costs to assemble this matrix compared to ndof “ nq for

each previous function are represented in Figure 1 and Figure 2 respectively for
the dimension d “ 2 and d “ 3. The detailed results are given in Table 1 and 2.
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Figure 1: 2d sti�ness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom).
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Figure 2: 3d sti�ness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom).

10.1.2 Assembly of the sti�ness elasticity matrix in dimension d “ 2
or 3

Here we consider su�ciently regular vector �elds uuu “ pu1, . . . , udq : Ω Ñ Rd,
with the associated discrete space pX1

hq
d, d “ 2 or 3 (i.e. m “ d in that case).

We consider the elastic sti�ness matrix arising in linear elasticity when
Hooke's law is used and the material is isotropic, under small strain hypothesis
(see for example [7]). This sparse matrix K is de�ned by

Kl,n “
ż

Ωh

εεεtpψψψnqCεεεpψψψlqdq, @pl, nq P v1,ndofw
2, (10.2)

where ψψψdpα´1q`i “ ϕieeeα, @pα, iq P v1, dw ˆ v1,nqw, and εεε is the linearized strain
tensor given by

εεεpuuuq “
1

2

`

∇∇∇puuuq `∇∇∇tpuuuq
˘

,

with εεε “ pε11, ε22, 2ε12q
t in 2D and εεε “ pε11, ε22, ε33, 2ε12, 2ε23, 2ε13q

t in 3D,

with εijpuuuq “
1
2

´

Bui
Bxj

`
Buj
Bxi

¯

. The elasticity tensor C depends on the Lamé
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Sti�Assembling2DP1 - Matlab Sti�Assembling2DP1 - Octave

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.080 (s)

x 1

.093 (s)
x 1.16

.874 (s)
x 10.9

.160 (s)
x 1.99

111036
.307 (s)

x 1

.305 (s)
x .993

3.04 (s)
x 9.90

.420 (s)
x 1.37

248818
.627 (s)

x 1

.361 (s)
x .576

6.64 (s)
x 10.6

.569 (s)
x .908

449492
.753 (s)

x 1

.764 (s)
x 1.01

11.9 (s)
x 15.7

.834 (s)
x 1.11

684162
.910 (s)

x 1

1.28 (s)
x 1.41

18.2 (s)
x 20.0

1.53 (s)
x 1.68

1011010
1.37 (s)

x 1

1.70 (s)
x 1.24

27.0 (s)
x 19.7

2.15 (s)
x 1.57

1376630
1.9 (s)

x 1

2.31 (s)
x 1.22

37.3 (s)
x 19.6

2.71 (s)
x 1.42

1767840
2.77 (s)

x 1

3.06 (s)
x 1.11

47.1 (s)
x 17.0

3.71 (s)
x 1.34

2250578
3.36 (s)

x 1

3.42 (s)
x 1.02

59.2 (s)
x 17.6

4.89 (s)
x 1.46

2798256
4.26 (s)

x 1

4.65 (s)
x 1.09

74.5 (s)
x 17.5

5.97 (s)
x 1.40

3337702
5.17 (s)

x 1

5.38 (s)
x 1.04

87.8 (s)
x 17.0

7.31 (s)
x 1.41

3952402
6.06 (s)

x 1

6.68 (s)
x 1.10

104 (s)
x 17.2

8.03 (s)
x 1.32

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.046 (s)

x 1

.018 (s)
x .399

2.30 (s)
x 50.0

.085 (s)
x 1.84

111036
.073 (s)

x 1

.072 (s)
x .985

9.04 (s)
x 123

.102 (s)
x 1.38

248818
.200 (s)

x 1

.202 (s)
x 1.01

20.2 (s)
x 101

.257 (s)
x 1.29

449492
.370 (s)

x 1

.460 (s)
x 1.24

36.6 (s)
x 98.9

.566 (s)
x 1.53

684162
.574 (s)

x 1

.739 (s)
x 1.29

55.5 (s)
x 96.8

.891 (s)
x 1.55

1011010
.844 (s)

x 1

1.12 (s)
x 1.32

82.1 (s)
x 97.2

1.39 (s)
x 1.64

1376630
1.16 (s)

x 1

1.56 (s)
x 1.34

112 (s)
x 96.3

1.94 (s)
x 1.68

1767840
1.51 (s)

x 1

2.03 (s)
x 1.35

142 (s)
x 94.0

2.54 (s)
x 1.68

2250578
1.93 (s)

x 1

2.58 (s)
x 1.33

182 (s)
x 94.4

3.22 (s)
x 1.67

2798256
2.42 (s)

x 1

3.23 (s)
x 1.34

227 (s)
x 94.0

4.18 (s)
x 1.73

3337702
2.86 (s)

x 1

3.88 (s)
x 1.36

272 (s)
x 95.0

4.90 (s)
x 1.71

3952402
3.41 (s)

x 1

4.63 (s)
x 1.36

321 (s)
x 94.2

5.88 (s)
x 1.73

Sti�Assembling2DP1 - Python

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.061 (s)

x 1

.029 (s)
x .467

.921 (s)
x 15.0

.030 (s)
x .496

111036
.099 (s)

x 1

.131 (s)
x 1.33

3.40 (s)
x 34.3

.137 (s)
x 1.38

248818
.240 (s)

x 1

.312 (s)
x 1.30

7.62 (s)
x 31.7

.347 (s)
x 1.45

449492
0.45 (s)

x 1

.585 (s)
x 1.30

13.8 (s)
x 30.6

.650 (s)
x 1.44

684162
.713 (s)

x 1

.937 (s)
x 1.31

21 (s)
x 29.4

1.06 (s)
x 1.48

1011010
1.10 (s)

x 1

1.45 (s)
x 1.32

30.8 (s)
x 28.1

1.62 (s)
x 1.47

1376630
1.52 (s)

x 1

2.00 (s)
x 1.32

41.8 (s)
x 27.5

2.22 (s)
x 1.46

1767840
1.94 (s)

x 1

2.56 (s)
x 1.32

54.1 (s)
x 27.9

2.87 (s)
x 1.48

2250578
2.54 (s)

x 1

3.38 (s)
x 1.33

68.7 (s)
x 27.1

3.71 (s)
x 1.46

2798256
3.12 (s)

x 1

4.16 (s)
x 1.33

85.5 (s)
x 27.5

4.56 (s)
x 1.46

3337702
3.74 (s)

x 1

4.98 (s)
x 1.33

102 (s)
x 27.1

5.70 (s)
x 1.52

3952402
4.41 (s)

x 1

5.86 (s)
x 1.33

121 (s)
x 27.3

6.48 (s)
x 1.47

Table 1: 2d sti�ness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom) giving time in seconds (top value)
and speedup (bottom value). The speedup reference is OptFEMP1 OptV2 version.
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Sti�Assembling3DP1 - Matlab Sti�Assembling3DP1 - Octave

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.175 (s)

x 1

.190 (s)
x 1.08

1.65 (s)
x 9.42

.183 (s)
x 1.04

80607
.352 (s)

x 1

.408 (s)
x 1.16

4.24 (s)
x 12.0

.598 (s)
x 1.70

148076
.391 (s)

x 1

.480 (s)
x 1.23

7.55 (s)
x 19.3

.816 (s)
x 2.09

228933
.635 (s)

x 1

.827 (s)
x 1.30

11.1 (s)
x 17.5

1.01 (s)
x 1.59

617073
1.78 (s)

x 1

2.32 (s)
x 1.31

30.1 (s)
x 16.9

2.78 (s)
x 1.56

1163783
4.31 (s)

x 1

4.50 (s)
x 1.04

56.2 (s)
x 13.0

4.72 (s)
x 1.09

1768111
5.71 (s)

x 1

6.41 (s)
x 1.12

85.4 (s)
x 15.0

7.23 (s)
x 1.27

3411040
11.2 (s)

x 1

11.8 (s)
x 1.05

165 (s)
x 14.6

14.1 (s)
x 1.26

5493207
18.8 (s)

x 1

21.0 (s)
x 1.11

264 (s)
x 14.0

23.7 (s)
x 1.26

8309931
29.4 (s)

x 1

32.1 (s)
x 1.09

399 (s)
x 13.6

37.5 (s)
x 1.28

1.035E7
37.0 (s)

x 1

39.2 (s)
x 1.06

500 (s)
x 13.5

47.5 (s)
x 1.28

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.059 (s)

x 1

.059 (s)
x 1.00

9.95 (s)
x 169

.065 (s)
x 1.10

80607
0.16 (s)

x 1

.157 (s)
x .981

27.5 (s)
x 172

.167 (s)
x 1.04

148076
.342 (s)

x 1

.337 (s)
x .985

50.5 (s)
x 148

.342 (s)
x .999

228933
.558 (s)

x 1

.554 (s)
x .993

78.3 (s)
x 140

.556 (s)
x .996

617073
1.63 (s)

x 1

1.63 (s)
x 1.00

211 (s)
x 129

1.71 (s)
x 1.05

1163783
3.18 (s)

x 1

3.20 (s)
x 1.01

396 (s)
x 125

3.51 (s)
x 1.11

1768111
4.91 (s)

x 1

5.20 (s)
x 1.06

603 (s)
x 123

5.51 (s)
x 1.12

3411040
9.79 (s)

x 1

11.0 (s)
x 1.12

1159 (s)
x 118

11.8 (s)
x 1.2

5493207
17.2 (s)

x 1

18.8 (s)
x 1.10

1818 (s)
x 106

22.5 (s)
x 1.31

8309931
27.3 (s)

x 1

30.6 (s)
x 1.12

2829 (s)
x 104

35.1 (s)
x 1.29

1.035E7
34.4 (s)

x 1

38.1 (s)
x 1.11

3523 (s)
x 102

45.4 (s)
x 1.32

Sti�Assembling3DP1 - Python

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.046 (s)

x 1

.050 (s)
x 1.10

1.80 (s)
x 39.2

.063 (s)
x 1.37

80607
.138 (s)

x 1

.155 (s)
x 1.12

4.77 (s)
x 34.6

.213 (s)
x 1.54

148076
0.27 (s)

x 1

.332 (s)
x 1.23

8.78 (s)
x 32.5

.466 (s)
x 1.73

228933
.441 (s)

x 1

.536 (s)
x 1.22

13.5 (s)
x 30.6

.745 (s)
x 1.69

617073
1.42 (s)

x 1

1.61 (s)
x 1.13

36.4 (s)
x 25.7

2.36 (s)
x 1.66

1163783
2.90 (s)

x 1

3.06 (s)
x 1.06

68.5 (s)
x 23.7

4.42 (s)
x 1.53

1768111
4.69 (s)

x 1

4.71 (s)
x 1.01

104 (s)
x 22.3

7.09 (s)
x 1.51

3411040
9.95 (s)

x 1

9.41 (s)
x .946

202 (s)
x 20.3

13.6 (s)
x 1.36

5493207
17.5 (s)

x 1

16.1 (s)
x .922

326 (s)
x 18.6

24.0 (s)
x 1.37

8309931
27.8 (s)

x 1

25.2 (s)
x .907

494 (s)
x 17.8

35.0 (s)
x 1.26

1.035E7
35.7 (s)

x 1

32.1 (s)
x .898

617 (s)
x 17.3

44.3 (s)
x 1.24

Table 2: 3d sti�ness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1Light (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 OptV2
version.
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parameters λ and µ satisfying λ` µ ą 0, and possibly variable in Ω. For d “ 2
or d “ 3, the matrix C is given by

C “
ˆ

λ12 ` 2µI2 O2ˆ1

O1ˆ2 µ

˙

3ˆ3

, C “
ˆ

λ13 ` 2µI3 O3ˆ3

O3ˆ3 µI3

˙

6ˆ6

.

Formula (10.2) is related to the Hooke's law

σσσ “ Cεεε,

where σσσ is the elastic stress tensor.
To assemble elastic sti�ness matrix K with OptFEMP1 codes we use the ded-

icated functions

KÐ AssemblyStiffElasP1<version>pThq

where <version> is either the version OptV1, OptV2 or OptV3. With vecFEMP1,
we use the generic function

KÐ HAssemblyP1_OptV3pTh,Hq

where H is given in Section 3.3.1 Lemma 1.
The computational costs to assemble this matrix compared to ndof “ dnq

for each previous function are represented in Figure 3 and Figure 4 respectively
for the dimension d “ 2 and d “ 3. The detailed results are given in Table 3
and 4.
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Figure 3: 2d sti�ness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom).
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Figure 4: 3d sti�ness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom).
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Sti�ElasAssembling2DP1 - Matlab Sti�ElasAssembling2DP1 - Octave

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.299 (s)

x 1

.306 (s)
x 1.03

1.63 (s)
x 5.45

.266 (s)
x .890

111036
.557 (s)

x 1

.755 (s)
x 1.35

5.87 (s)
x 10.5

1.01 (s)
x 1.82

248818
1.29 (s)

x 1

1.75 (s)
x 1.36

13.1 (s)
x 10.2

2.26 (s)
x 1.76

449492
2.65 (s)

x 1

2.99 (s)
x 1.13

24.0 (s)
x 9.05

3.22 (s)
x 1.22

684162
4.30 (s)

x 1

5.16 (s)
x 1.20

36.2 (s)
x 8.41

4.77 (s)
x 1.11

1011010
6.27 (s)

x 1

7.44 (s)
x 1.19

53.6 (s)
x 8.55

7.03 (s)
x 1.12

1376630
8.18 (s)

x 1

10.1 (s)
x 1.23

73.1 (s)
x 8.93

9.73 (s)
x 1.19

1767840
10.7 (s)

x 1

12.5 (s)
x 1.17

93.8 (s)
x 8.73

14.6 (s)
x 1.36

2250578
14.1 (s)

x 1

18.9 (s)
x 1.34

119 (s)
x 8.47

17.7 (s)
x 1.26

2798256
17.3 (s)

x 1

20.8 (s)
x 1.20

149 (s)
x 8.61

20.7 (s)
x 1.19

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.090 (s)

x 1

.139 (s)
x 1.56

4.96 (s)
x 55.4

.203 (s)
x 2.27

111036
0.39 (s)

x 1

.388 (s)
x .994

19.6 (s)
x 50.2

.356 (s)
x .912

248818
.892 (s)

x 1

.922 (s)
x 1.03

43.8 (s)
x 49.1

.900 (s)
x 1.01

449492
1.63 (s)

x 1

1.99 (s)
x 1.22

79 (s)
x 48.5

2.04 (s)
x 1.25

684162
2.51 (s)

x 1

3.26 (s)
x 1.30

120 (s)
x 48.0

3.5 (s)
x 1.39

1011010
3.76 (s)

x 1

4.87 (s)
x 1.30

178 (s)
x 47.3

5.41 (s)
x 1.44

1376630
5.14 (s)

x 1

6.83 (s)
x 1.33

243 (s)
x 47.2

7.53 (s)
x 1.47

1767840
6.61 (s)

x 1

8.85 (s)
x 1.34

312 (s)
x 47.2

9.84 (s)
x 1.49

2250578
8.51 (s)

x 1

11.3 (s)
x 1.32

397 (s)
x 46.7

12.6 (s)
x 1.48

2798256
10.8 (s)

x 1

14.1 (s)
x 1.30

492 (s)
x 45.5

16.4 (s)
x 1.52

Sti�ElasAssembling2DP1 - Python

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

28042
.137 (s)

x 1

.128 (s)
x .938

2.83 (s)
x 20.7

.097 (s)
x .705

111036
.418 (s)

x 1

.412 (s)
x .986

11 (s)
x 26.4

.441 (s)
x 1.06

248818
1.03 (s)

x 1

.988 (s)
x .954

24.5 (s)
x 23.7

1.11 (s)
x 1.07

449492
1.90 (s)

x 1

1.80 (s)
x .948

44.2 (s)
x 23.2

2.05 (s)
x 1.08

684162
2.99 (s)

x 1

2.75 (s)
x .922

67.2 (s)
x 22.5

3.42 (s)
x 1.14

1011010
4.40 (s)

x 1

4.14 (s)
x .940

99.4 (s)
x 22.6

5.43 (s)
x 1.23

1376630
6.13 (s)

x 1

5.65 (s)
x .921

135 (s)
x 22.1

7.94 (s)
x 1.29

1767840
7.98 (s)

x 1

7.22 (s)
x .905

174 (s)
x 21.8

9.61 (s)
x 1.20

2250578
10.2 (s)

x 1

9.31 (s)
x .913

221 (s)
x 21.7

12.1 (s)
x 1.19

2798256
12.7 (s)

x 1

11.7 (s)
x .920

275 (s)
x 21.7

15.1 (s)
x 1.19

Table 3: 2d sti�ness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 OptV2

version.
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Sti�ElasAssembling3DP1 - Matlab Sti�ElasAssembling3DP1 - Octave

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.732 (s)

x 1

.891 (s)
x 1.22

4.33 (s)
x 5.92

.939 (s)
x 1.28

80607
1.67 (s)

x 1

2.00 (s)
x 1.20

11.8 (s)
x 7.07

3.47 (s)
x 2.07

148076
3.22 (s)

x 1

4.29 (s)
x 1.33

21.5 (s)
x 6.67

5.93 (s)
x 1.84

228933
5.47 (s)

x 1

6.67 (s)
x 1.22

33.7 (s)
x 6.17

8.53 (s)
x 1.56

617073
15.3 (s)

x 1

20.1 (s)
x 1.32

91.2 (s)
x 5.98

19.7 (s)
x 1.29

1163783
29.1 (s)

x 1

37.6 (s)
x 1.29

172 (s)
x 5.90

36.3 (s)
x 1.25

1768111
43.8 (s)

x 1

57.0 (s)
x 1.30

259 (s)
x 5.91

57.4 (s)
x 1.31

2229968
57.3 (s)

x 1

68.1 (s)
x 1.19

333 (s)
x 5.81

71.2 (s)
x 1.24

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.539 (s)

x 1

.446 (s)
x .826

13.6 (s)
x 25.2

.453 (s)
x .840

80607
1.35 (s)

x 1

1.27 (s)
x .935

36.6 (s)
x 27.1

1.25 (s)
x .922

148076
2.53 (s)

x 1

2.39 (s)
x .946

67.4 (s)
x 26.6

2.44 (s)
x .963

228933
3.98 (s)

x 1

3.82 (s)
x .958

104 (s)
x 26.0

3.99 (s)
x 1.00

617073
11.1 (s)

x 1

11.1 (s)
x 1.00

282 (s)
x 25.5

12.6 (s)
x 1.14

1163783
21.1 (s)

x 1

22.5 (s)
x 1.06

532 (s)
x 25.2

26.1 (s)
x 1.24

1768111
32.2 (s)

x 1

36.2 (s)
x 1.12

806 (s)
x 25

42.0 (s)
x 1.30

2229968
40.7 (s)

x 1

47.3 (s)
x 1.16

1014 (s)
x 24.9

54.7 (s)
x 1.34

Sti�ElasAssembling3DP1 - Python

ndof
OptFEMP1

OptV2
OptFEMP1

OptV3
OptFEMP1

OptV1
vecFEMP1

OptV3

29497
.429 (s)

x 1

.446 (s)
x 1.04

7.94 (s)
x 18.5

.468 (s)
x 1.09

80607
1.09 (s)

x 1

1.17 (s)
x 1.07

21.5 (s)
x 19.7

1.52 (s)
x 1.39

148076
2.20 (s)

x 1

2.47 (s)
x 1.12

39.3 (s)
x 17.9

3.15 (s)
x 1.43

228933
3.52 (s)

x 1

3.90 (s)
x 1.11

60.9 (s)
x 17.3

5.01 (s)
x 1.42

617073
10.2 (s)

x 1

10.7 (s)
x 1.05

164 (s)
x 16.1

16.3 (s)
x 1.59

1163783
21.3 (s)

x 1

20.2 (s)
x .949

310 (s)
x 14.5

31.1 (s)
x 1.46

1768111
34.9 (s)

x 1

30.8 (s)
x .883

470 (s)
x 13.5

48.8 (s)
x 1.40

2229968
45.8 (s)

x 1

38.9 (s)
x .849

595 (s)
x 13.0

60.5 (s)
x 1.32

Table 4: 3d sti�ness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 OptV2

version.
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10.2 BVP benchmarking

In this section we evaluate the performance of the toolbox vecFEMP1 in Matlab
(Release 2014b), Octave (3.8.1) and Python (3.4.0) on our reference machine
gpucreos1. In each language we will give times in seconds to assemble the
linear system and to solve it. We use the most generic solution function in each
language : \ in Matlab/Octave and the function spsolve in SciPy for Python.

10.2.1 2D stationary convection-di�usion benchmark

We solve the BVP given in Section 3.2.4. given in Table 5.

Matlab Octave Python FreeFEM++

ndof S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

25253 .375 .376 .157 .161 .183 .133 .375 .009
98712 1.14 1.09 .469 .714 0.82 0.72 1.35 .063
226226 2.25 2.25 1.34 2.08 1.95 2.08 3.15 .161
393202 3.28 3.98 2.55 4.49 3.52 4.56 5.46 .292
605547 5.36 6.27 4.10 8.65 5.52 8.90 8.45 .463
878642 7.95 9.74 5.97 15.4 8.02 15.9 12.2 .691
1190916 10.6 15.1 8.21 26.8 11 27.6 16.8 .961

Table 5: Comparison of BVP solving : 2D stationary convection-di�usion -
Matlab with OptV3 assembling and classic solve, Octave with OptV3 assem-
bling and classic solve, Python with OptV3 assembling and classic solve,
FreeFEM++ with OptV3 assembling and sparsesolver solve,

10.2.2 3D stationary convection-di�usion benchmark

We solve the BVP given in Section 3.2.5. given in Table 6.

10.2.3 2D linear elasticity benchmark

We solve the BVP given in Section 3.3.1 using Algorithm 3.8. The computa-
tional times are given in Table 7.

10.2.4 3D linear elasticity benchmark

We solve the BVP given in Section 3.3.1 using Algorithm 3.9. The computa-
tional times are given in Table 8.
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Matlab Octave Python FreeFEM++

ndof S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

9610 .534 .807 .218 .988 .253 .508 1.09 .610
68137 2.63 8.71 1.92 10.6 2.66 5.42 8.41 7.63
222768 9.75 45.7 6.91 59.7 9.60 31.1 29.0 35.7
497673 25.2 111 16.9 138 21.4 77.4 64.1 81.1
974856 46.8 243 39.5 347 42.8 184 142 210

Table 6: Comparison of BVP solving : 3D stationary convection-di�usion -
Matlab with OptV3 assembling and bicgstab solve, Octave with OptV3 assem-
bling and bicgstab solve, Python with OptV3 assembling and bicgstab solve,
FreeFEM++ with OptV3 assembling and GMRES solve,

Matlab Octave Python FreeFEM++

ndof S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

51102 .547 0.3 .192 .237 .233 .676 .740 .040
202202 2.18 1.02 .695 1.28 1.07 4.56 2.96 .181
453302 4.08 2.19 1.76 3.41 2.47 15.1 6.79 .447
804402 6.79 3.83 3.45 6.84 4.70 45.0 11.9 .809
1255502 10.8 5.85 5.61 12.3 7.52 87.7 18.5 1.61

Table 7: Comparison of BVP solving : 2D linear elasticity - Matlab with OptV3

assembling and classic solve, Octave with OptV3 assembling and classic

solve, Python with OptV3 assembling and spLU solve, FreeFEM++ with OptV3

assembling and sparsesolver solve,

Page 105 Compiled on 2015/06/10 at 07:28:25



11 APPENDIX

Matlab Octave Python FreeFEM++

ndof S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

S
ys
te
m
(s
)

S
ol
ve
(s
)

14883 .892 1.63 .363 2.93 .386 1.63 1.08 1.03
107163 7.33 32.0 2.34 43.5 4.06 22.7 8.58 17.3
348843 19.2 113 10.4 210 16.1 114 29.5 84.9
811923 47.1 342 25.9 663 39.2 372 69.3 266

Table 8: Comparison of BVP solving : 3D linear elasticity - Matlab with OptV3

assembling and pcg solve, Octave with OptV3 assembling and pcg solve, Python
with OptV3 assembling and minres solve, FreeFEM++ with OptV3 assembling
and CG solve.

11 Appendix

11.1 Example of mesh data structure for a ring mesh

For example, we give in Figure 1 a ring mesh with 36 vertices, 48 mesh elements
and 24 boundary elements. The data structure associated to the mesh is denoted
by Th and veri�es

Th.nq “ 36, Th.nme “ 48, Th.nbe “ 24,

Th.q “
´1.000 ´0.668 ´0.866 . . . 0.433 0.433 0.500

0.000 0.146 0.500 . . . 0.250 ´0.250 ´0.000

¨

˝

˛

‚

1 2 3 34 35 36

Th.me “

33 35 35 31 30 . . . 25 32 32 33 31

31 33 30 33 26 . . . 20 25 34 32 25

32 36 33 26 33 . . . 28 28 36 36 32

¨

˚

˚

˝

˛

‹

‹

‚

1 2 3 4 5 44 45 46 47 48

Th.be “
36 35 29 22 16 . . . 9 3 31 25 20

35 29 22 16 10 . . . 3 1 25 20 15

¨

˝

˛

‚

1 2 3 4 5 20 21 22 23 24

Th.bel “ 10 10 10 10 10 . . . 2 2 1 1 1

ˆ ˙

1 2 3 4 5 20 21 22 23 24

11.2 Example of boundary mesh data structure

On the example of Figure 1 we have lab “ r1, 2, 3, 4, 10s and for example if we
consider the �fth boundary of label 10 (labp5q “ 10), we have Bhp5q.nq “ 12,
Bhp5q.nme “ 12, Bhp5q.label “ 10.
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Figure 1: Coarse ring mesh
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Bhp5q.q “
´0.500 ´0.433 ´0.433 . . . 0.433 0.433 0.500

´0.000 0.250 ´0.250 . . . 0.250 ´0.250 ´0.000

¨

˝

˛

‚

1 2 3 10 11 12

Bhp5q.me “
12 11 9 7 5 3 1 2 4 6 8 10

11 9 7 5 3 1 2 4 6 8 10 12

¨

˝

˛

‚

1 2 3 4 5 6 7 8 9 10 11 12

Bhp5q.toGlobal “ 4 7 10 13 16 19 22 27 29 34 35 36

ˆ ˙

1 2 3 4 5 6 7 8 9 10 11 12

11.3 BuildBoundaryMeshes function

Algorithm 11.1 function BuildBoundaryMeshes

Input :
Th : a mesh structure of Ω
Output :
Bh : 1-by-nlab array of boundary mesh structures.

1: Function Bh Ð BuildBoundaryMeshes(Th)
2: labelsÐ UniquepTh.belq
3: nlabÐ Lengthplabelsq

4: for lÐ 1 to nlab do
5: Bhplq Ð BuildBoundaryMeshpTh, labelsplqq
6: end for
7: end Function

11.4 Elasticity in Rd

11.4.1 Mathematical notations

We want to prove (3.34) of Lemma 1. We can write (3.30) as

´pdiv σpuuuqqi “ fi, @i P v1, dw, in Ω (11.1)

We have

pdiv σpuuuqqi “ p2µεijpuuuqq,j ` pλεkkpuuuqq,i

“

d
ÿ

j“1

B

Bxj
p2µεijpuuuqq `

B

Bxi

˜

λ
d
ÿ

k“1

εkkpuuuq

¸

and

εijpuuuq “
1

2

ˆ

Buuui
Bxj

`
Buuuj
Bxi

˙
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So we obtain

pdiv σpuuuqqi “

d
ÿ

j“1

B

Bxj

ˆ

µ

ˆ

Buuui
Bxj

`
Buuuj
Bxi

˙˙

`
B

Bxi

˜

λ
d
ÿ

j“1

Buj
Bxj

¸

“

d
ÿ

j“1

"

B

Bxj

ˆ

µ
Buuui
Bxj

˙

`
B

Bxj

ˆ

µ
Buuuj
Bxi

˙*

`

d
ÿ

j“1

B

Bxi

ˆ

λ
Buuuj
Bxj

˙

“

d
ÿ

k“1

B

Bxk

ˆ

µ
Buuui
Bxk

˙

`

d
ÿ

j“1

B

Bxj

ˆ

µ
Buuuj
Bxi

˙

`

d
ÿ

j“1

B

Bxi

ˆ

λ
Buuuj
Bxj

˙

“

d
ÿ

j“1

#

d
ÿ

k“1

B

Bxk

ˆ

µ
Buuuj
Bxk

˙

δij `
B

Bxj

ˆ

µ
Buuuj
Bxi

˙

+

`

d
ÿ

j“1

B

Bxi

ˆ

λ
Buuuj
Bxj

˙

So, from (2.10) and (11.1) we want @i P v1, dw

pHpuuuqqi “
d
ÿ

j“1

Hi,jpuuujq “ pdiv σpuuuqqi.

and by identi�cation, we obtain @i P v1, dw

Hi,jpuuujq “
B

Bxj

ˆ

µ
Buuuj
Bxi

˙

`
B

Bxi

ˆ

λ
Buuuj
Bxj

˙

`

d
ÿ

k“1

B

Bxk

ˆ

µ
Buuuj
Bxk

˙

δij

and then Hi,j :“ LAi,j ,000,000,0 with

pAi,jqk,l “ µδk,lδi,j ` µδk,jδl,i ` λδk,iδl,j , @pk, lq P v1, dw
2,

With these notations, we can rewrite the elasticity problem (11.1) as

d
ÿ

j“1

divpAi,j ∇uuujq ` fi “ 0, @i P v1, dw, in Ω (11.2)

In dimension d “ 2, (11.2) becomes

div

ˆˆ

γ 0
0 µ

˙

∇uuu1

˙

` div

ˆˆ

0 λ
µ 0

˙

∇uuu2

˙

` f1 “ 0, (11.3)

div

ˆˆ

0 µ
λ 0

˙

∇uuu1

˙

` div

ˆˆ

µ 0
0 γ

˙

∇uuu2

˙

` f2 “ 0, (11.4)

and in dimension d “ 3

div

¨

˝

¨

˝

γ 0 0
0 µ 0
0 0 µ

˛

‚∇uuu1

˛

‚` div

¨

˝

¨

˝

0 λ 0
µ 0 0
0 0 0

˛

‚∇uuu2

˛

‚` div

¨

˝

¨

˝

0 0 λ
0 0 0
µ 0 0

˛

‚∇uuu3

˛

‚` f1 “ 0, (11.5)

div

¨

˝

¨

˝

0 µ 0
λ 0 0
0 0 0

˛

‚∇uuu1

˛

‚` div

¨

˝

¨

˝

µ 0 0
0 γ 0
0 0 µ

˛

‚∇uuu2

˛

‚` div

¨

˝

¨

˝

0 0 0
0 0 λ
0 µ 0

˛

‚∇uuu3

˛

‚` f2 “ 0, (11.6)

div

¨

˝

¨

˝

0 0 µ
0 0 0
λ 0 0

˛

‚∇uuu1

˛

‚` div

¨

˝

¨

˝

0 0 0
0 0 µ
0 λ 0

˛

‚∇uuu2

˛

‚` div

¨

˝

¨

˝

µ 0 0
0 µ 0
0 0 γ

˛

‚∇uuu3

˛

‚` f3 “ 0, (11.7)
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11.4.2 Boundary conditions

We want to prove (3.35) of Lemma 1. We set
Buuuj
BnHi,j

:“
Buuuj
Bni,j

and, by de�nition

of Hi,j operators, we obtain on Γ

d
ÿ

j“1

Buuuj
Bni,j

“
@

Ai,i∇uuui,nnn
D

`

d
ÿ

j“1
j‰i

@

Ai,j ∇uuuj ,nnn
D

But we have

@

Ai,i∇uuui,nnn
D

“

d
ÿ

k“1

d
ÿ

l“1

Ai,ik,l
Buuuj
Bxl

nnnk

“

d
ÿ

k“1

d
ÿ

l“1

pµδk,l ` pλ` µqδk,iδl,iq
Buuui
Bxl

nnnk

“ µ
d
ÿ

k“1

Buuui
Bxk

nnnk ` pλ` µq
Buuui
Bxi

and, for j ‰ i

@

Ai,j ∇uuuj ,nnn
D

“

d
ÿ

k“1

d
ÿ

l“1

Ai,jk,l
Buuuj
Bxl

nnnk

“

d
ÿ

k“1

d
ÿ

l“1

pλδk,iδl,j ` µδk,jδl,iq
Buuuj
Bxl

nnnk

“ λ
Buuuj
Bxj

nnni ` µ
Buuuj
Bxi

nnnj .

So we obtain
d
ÿ

j“1

Buuuj
Bni,j

“

d
ÿ

j“1
j‰i

ˆ

λ
Buuuj
Bxj

nnni ` µ
Buuuj
Bxi

nnnj

˙

` µ
d
ÿ

k“1

Buuui
Bxk

nnnk ` pλ` µq
Buuui
Bxi

nnni (11.8)

In linear elasticity boundary conditions can be expressed as Dirichlet or as
pσp~uqnnnqi “ g for example. We have

pσp~uqnnnqi “

d
ÿ

j“1

σi,jpuuuqnnnj

with

σi,jpuuuq “ 2µεi,jpuuuq ` λδi,j

d
ÿ

k“1

εk,kpuuuq and εi,jpuuuq “
1

2

ˆ

Buuuj
Bxi

`
Buuui
Bxj

˙

So we have with σi,jpuuuq “ 2µεi,jpuuuq ` λδi,j
řd
k“1 εk,kpuuuq

pσp~uqnnnqi “ σi,ipuuuqnnni `
d
ÿ

j“1
j‰i

σi,jpuuuqnnnj

“

˜

2µεi,ipuuuq ` λ
d
ÿ

k“1

εk,kpuuuq

¸

nnni `
d
ÿ

j“1
j‰i

2µεi,jpuuuqnnnj
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We also have εi,jpuuuq “
1
2

´

Buuuj
Bxi

` Buuui
Bxj

¯

and then

pσp~uqnnnqi “

d
ÿ

j“1
j‰i

µ

ˆ

Buuuj
Bxi

`
Buuui
Bxj

˙

nnnj `

˜

2µ
Buuui
Bxi

` λ
d
ÿ

k“1

Buuuk
Bxk

¸

nnni

“

d
ÿ

j“1
j‰i

µ
Buuuj
Bxi

nnnj `
d
ÿ

j“1
j‰i

µ
Buuui
Bxj

nnnj ` λ
d
ÿ

k“1
k‰i

Buuuk
Bxk

nnni ` pλ` 2µq
Buuui
Bxi

nnni

“

d
ÿ

j“1
j‰i

ˆ

µ
Buuuj
Bxi

nnnj ` λ
Buuuj
Bxj

nnni

˙

`

d
ÿ

j“1

µ
Buuui
Bxj

nnnj ` pλ` µq
Buuui
Bxi

nnni.

So we have proved that

pσp~uqnnnqi “
d
ÿ

j“1

Buuuj
Bni,j

, @i P v1, dw (11.9)

11.5 Computation of the barycentric coordinates

Let Tk be a d-simplex in Rd of vertices q0, . . . , qd and T̂ be the reference d-
simplex with q̂0, . . . , q̂d such that q̂0 “ 000d and q̂i “ eeei, @i P v1, dw.

We denote by Fk the bijection from T̂ to Tk de�ned by q “ Fkpq̂q “ Bkq̂`q0

where Bk P MdpRq is such that, for all i P v1, dw, the i-th column is equal to
qi ´ q0.

The barycentric coordinates of q̂ “ px̂1, . . . , x̂dq P T̂ are given by λ̂0 “

1´
řd
i“1 x̂i and λ̂k “ x̂i, @i P v1, dw.

The barycentric coordinates of q “ px1, . . . , xdq P Tk are given by λk,ipqq “

λ̂i ˝ F´1
k pqq and we have

∇λk,ipqq “ B´tk ∇̂λ̂ipq̂q, @i P v0, dw (11.10)

with ∇̂λ̂0pq̂q “

¨

˝

´1
. . .
´1

˛

‚, ∇̂λ̂i “ eeei, @i P v1, dw. We may note that gradients are

constant.
By setting

Ĝ “
`

∇̂λ̂0, . . . , ∇̂λ̂d
˘

“

¨

˚

˚

˚

˚

˝

´1 1 0 . . . 0

´1 0 1
. . .

...
...

...
. . .

. . . 0
´1 0 . . . 0 1

˛

‹

‹

‹

‹

‚

computing the gradients of barycentric coordinates is equivalent to solve pd` 1q
linear systems which writes under matrix form

BtkGk “ Ĝ (11.11)

where Gk “
`

∇λk,0pqq, . . . , ∇λk,dpqq
˘

PMd,d`1pRq.
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Algorithm 11.2 Gradient of basis functions on a d-simplex in dimension d.

Input :

q : d-by-pd` 1q array, qp:, iq is the i-th vertex of the d-simplex

Output :

GGG : gradient array (d-by-pd` 1q)
GGGp:, αq “ ∇λαpqq, @α P v1, d` 1w

Function GGGÐ Gradients(q)
GradÐ r´111d, Idˆds Ź Contains gradients of λ̂i
BÐ qp:, 2 : d` 1qt ´ 111d ˚ qp:, 1q

t

GGGÐ invpBq ˚ Grad
end Function

For each d-simplex in the mesh, there are pd` 1q gradients to be computed
which gives pd` 1qnme vectors of dimension d to be computed.

To vectorize the computation of all the gradients, we need to rewrite in
an equivalent form the nme equations (11.11) in an only one big sparse block-
diagonal linear system where each diagonal block is of dimension d-by-d :

¨

˚

˚

˚

˚

˝

Bt1 O . . . O

O
. . .

. . .
...

...
. . .

. . . O
O . . . O Btnme

˛

‹

‹

‹

‹

‚

NˆN

¨

˚

˚

˚

˝

G1

G2

...
Gnme

˛

‹

‹

‹

‚

Nˆpd`1q

“

¨

˚

˚

˚

˝

Ĝ
Ĝ
...

Ĝ

˛

‹

‹

‹

‚

Nˆpd`1q

(11.12)

with N “ dˆ nme.

Algorithm 11.3 Vectorized computation of the gradients of basis functions in dimension d

Input :

q : d-by-nq array
me : pd` 1q-by-nme connectivity array

Output :

G : gradient array (nme-by-pd` 1q-by-d)
Gpk, α, :q “ ∇ϕkαpqq, @α P v1, d` 1w

Function GGGÐ GradientVec(q,me)
KÐ zerospd, d, nmeq, IÐ zerospd, d, nmeq, JÐ zerospd, d, nmeq

iiÐ d ˚ r0 : pnme ´ 1qs
for iÐ 1 to d do
for j Ð 1 to d do

Kpi, j, :q Ð qpi,mepj ` 1, :qq ´ qpi,mep1, :qq
Ipi, j, :q Ð ii` j, Jpi, j, :q Ð ii` i

end for
end for
SÐ sparsepIp:q, Jp:q,Kp:q, d ˚ nme, d ˚ nmeq

RÐ zerospdnme, d` 1q Ź Build RHS

ĜÐ r´onespd, 1q, eyepdqs
iiÐ 1 : d
for k Ð 1 to nme do

Rpii, :q Ð Ĝ, iiÐ ii` d
end for
GÐ solvepS,Rq
GÐ reshapepq Ź A �nir...

end Function
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12 Vectorized algorithmic language

In computer science, vector languages (also known as array programming or
multidimensional languages) are often used in scienti�c and engineering compu-
tations. They generalize the operations on scalars to higher dimensional arrays,
matrices and vectors : such operations are named vectorized operations. We
provide below some common functions and operators of the vectorized algorith-
mic language used in this article, which is close to Matlab/Octave.

AÐ B Assignment
A ˚ B matrix multiplication,
A. ˚ B element-wise multiplication,
A.{B element-wise division,
Ap:q all the elements of A, regarded as a single column.
r, s Horizontal concatenation,
r; s Vertical concatenation,
Ap:, Jq J-th column of A
ApI, :q I-th row of A
sumpA, dimq sums along the dimension dim.
1mˆn m-by-n array or sparse matrix of ones.
Omˆn m-by-n array or sparse matrix of zeros.
a ” b boolean for testing if a is equal to b.
UniquepIq returns the unique values of I after sorting.
LengthpAq returns the maximum size of A over each dimension.
SizepAq size of A in each dimension.
FindpIq

List of Algorithms

3.1 2D Poisson problem . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 2D Poisson problem in a distorted domain . . . . . . . . . . . . . 9
3.3 2D condenser . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
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3.5 sampleD3d01 problem . . . . . . . . . . . . . . . . . . . . . . . . 16
3.6 Laplace equation in r0, 1sd . . . . . . . . . . . . . . . . . . . . . 18
3.7 Grad-Shafranov problem . . . . . . . . . . . . . . . . . . . . . . . 19
3.8 2D elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.9 3D elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.10 Velocity Potential in 2D . . . . . . . . . . . . . . . . . . . . . . . 28
3.11 Potential �ow in 2D . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.12 Stationary heat in 2D . . . . . . . . . . . . . . . . . . . . . . . . 29
3.13 Stationary heat with potential velocity problem (method 2) . . . 32
3.14 Stationary heat with potential velocity problem . . . . . . . . . . 37
3.15 Clamped plate problem . . . . . . . . . . . . . . . . . . . . . . . 40
4.1 function BuildBoundaryMesh . . . . . . . . . . . . . . . . . . . . . 45
4.2 function BuildBoundaryMeshes . . . . . . . . . . . . . . . . . . . 45
4.3 function Loperator . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.4 function setDdata . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.5 function setFdata . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.6 function getLocFdata . . . . . . . . . . . . . . . . . . . . . . . . . 49
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
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