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1 Introduction

We present a simple and efficient method to write short codes in vector languages
for solving boundary value problem (BVP) by P;-Lagrange finite element meth-
ods in any space dimension. The objective is not to produce the most efficient
code but to obtain some short, simple, readable, efficient and generic code to
use. Each algorithm of the report may be solved using the toolbox. The follow-
ing codes are written in a vector language and they are easily transposable to a
high number of languages. Full codes including the techniques presented in this
paper have been made available in Matlab/Octave and Python.

In Section [2] the general problems are described and notations are given.
In Section [3] some examples on how to use the toolbox are given, in several
vector languages (Matlab, Octave, Python). In Section [4] the data structures
are presented. In Sections[6] and [7] the discretisations to solve scalar and vector
BVP’s are explained. In Section [§] the performance of the classical assembly
method is given. In Section [0} vectorization is explained. Section [I0] shows
some performance results using the vectorization.

2 Description of the generic problems

The notations of [I2] are employed in this section and extended to the vector
case.

2.1 Scalar boundary value problem

Let Q be a bounded open subset of R?, d > 1. The boundary of  is denoted
by T.
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2.2 Vector BVP 2 DESCRIPTION OF THE GENERIC PROBLEMS

We denote by Lapea, = £ @ H*(Q) — L2?(2) the second order linear
differential operator acting on scalar fields defined, Yu € H2(Q2), by

Lap.eao(t) < div (AVu) +div (bu) + {Vu,e) + apu (2.1)

where A € (L®(2))™4, be (L*(Q))4, ce (L*(2))? and ag € L* () are given
functions and (-, -) is the usual scalar product in R?. We use the same notations
as in the chapter 6 of [12] and we note that we can omit either div (bu) or
{(Vu,cyif b and ¢ are sufficiently regular functions. We keep both terms with
b and ¢ to deal with more boundary conditions. It should be also noted that
it is important to preserve the two terms b and ¢ in the generic formulation to
enable a greater flexibility in the choice of the boundary conditions.

Let I'?, T'® be open subsets of T, possibly empty and f € L?(Q), g” €
HY2(I'P), g% € L>(T'F), a® € L®(T'F) be given data.

A scalar boundary value problem is given by

:5 Scalar BVP
Find u € H%(2) such that

L(u) =f in Q, (2.2)
u =g on I'P, (2.3)
ou

g + afu =gf on I'E, (2.4)

The conormal derivative of u is defined by

O st p g, my — (b, nY (2.5)
a’n,g

The boundary conditions (2.3) and (2.4) are respectively Dirichlet and
Robin boundary conditions. Neumann boundary conditions are particular
Robin boundary conditions with a* = 0.

2.2 Vector boundary value problem

Let m > 1 and H be the m-by-m matrix of second order linear differential
operators defined by

L ()™ — (@)" (2.)
’u’:(ula"'vum) | f:(fl,’fm)d;f%(u)
where .
fo = Haplup), Yae[lm], (2.7)
B=1
with, for all (a, 3) € [1,m]?,
Ha,ﬂ = £Aa,[i’ba,/i,ca,ﬁ’agﬁ (2-8)
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3 EXAMPLES

and A8 e (L®(Q))™x4, b8 e (L*(Q))4, ¢*P e (L*(N2))? and ag’ﬁ e L*(Q)
are given functions. We can also write in matrix form

‘CALl,bl*l,clvl,aé’l ‘CAI,mJ)l,m’cl,m,aévm’ U1
H(u) = : : Sl (29

EAm,l)bmJ’cm,l’aan.l e EAm,m,bm,m’cm,m7ag7w'm' Um

We remark that the H operator for m = 1 is equivalent to the £ operator.

For a € [1,m], we define T2 and I'Z as open subsets of I, possibly empty,
such that TP A T2 = 5. Let f € (L2(Q)™, g2 e HY2(I'D), gF e L*(TH),
alt € L*(TE) be given data.

A wvector boundary value problem is given by

ﬁ Vector BVP
Find u = (u1,...,u,) € (H*(Q))™ such that

H(u) =f in Q, (2.10)
Uy =gP on T2 Va e [1,m], (2.11)

0
anz + afug =g on TE, Ya e [1,m], (2.12)

where the a-th component of the conormal derivative of u is defined
by

MU e v QU o o,B _ /paB
oot S (0 - ). G

The boundary conditions are the Robin boundary conditions and
is the Dirichlet boundary condition. The Neumann boundary condi-
tions are particular Robin boundary conditions with af = 0.

In this problem, we may consider on a given boundary some conditions
which can vary depending on the component. For example we may have a

ou
f/ln'Hl

with uy = gP.In the following of the report we will solve by a P;-Lagrange

finite element method scalar BVP (2.2) to (2.4) and wector BVP (2.10) to
(2.12) without additional restrictive assumption.

Robin boundary condition satisfying

+ af'u; = gF and a Dirichlet one

3 Examples

In this section, most commonly used functions are presented. They will be
explained in details in Sections [6] and []] Then we solve some PDE’s starting
from Poisson problem with mixed boundary conditions up to elasticity problems.

We suppose that the mesh generation software used (either FreeFEM++
or gmsh) enables to label the parts of the boundary of Q. Each part of the
boundary is denoted by ['jgper-
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3.1 First level functions or commonly used functions 3 EXAMPLES

3.1 First level functions or commonly used functions

We briefly describe the main functions that will be used in the sequel.

T, < cerMesHn(FileName) : to define the mesh 7;, by reading a 2d or 3d mesh
from the file FileName.

Th < HyperCuss(d, N) : to define the mesh 7j, as the unit hypercube [0, 1]¢.
There are N points in each direction and the mesh of the hypercube con-
tains N¢ points.

Lop < Loperator(d, A,b,¢c,ap) : to initialize the operator £ in dimension d

given by (2.1)) : Lop < Lap.c.a0-

Hop « Hoperaror(d,m) : to initialize the operator H given by (2.6) veri-
fying Ho s = 0, VY(a, B) € [1,m]*>. Each operator H, g corresponds to
Hop.H(«, 5) and can be initialized by the function Loprraror

PDE <« i~nitPDE(0Op, 7;,) : to initialize a PDE structure fron an operator (ei-
ther L-operator or H-operator) and a mesh. Default boundary conditions
are homogeneous generalized Neumann.

PDE « serBC_PDE(PDE, label, comps, type, g, ar) : to define or modify the
boundary conditions on the boundary I'yape1 on the mesh PDE.7}, for com-
ponents of index comps (in the scalar case comps = 1). For a scalar PDE,
we have for example

e Dirichlet condition : us = g on I'yp, then
PDE « serBC_PDE(PDE, 11,2, *Dirichlet’, g, &)

e generalized Neumann condition : agz =
3

PDE « serBC_PDE(PDE, 12,3, ’Neumann’, g, )

e generalized Robin condition : 0’9“
nHz

PDE « serBC_PDE(PDE, 13,2, *Robin?, g, al)

g on I'19, then

+ afus = g on T3, then

z — SowvePDE(PDE) : to solve by P; Lagrange finite element method the
partial differential equation defined by the structure PDE. This function
returns the solution

3.2 Scalar case
3.2.1 Poisson PDE with mixed boundary conditions in 2D

We first consider the classical 2D Poisson problem with various boundary con-
ditions. The problem to solve is the following

Page 6 Compiled on 2015/06/10 at 07:28:25



3.2 Scalar case 3 EXAMPLES

-

-@'—2D Poisson problem

Find u € H*(Q) such that
—Au = f in QcR? (3.1)
u = 0 only, (3.2)
u = 1 on Ty, (3.3)
ou
= +agu = —0.5 on Iy, (3.4)
Z—Z 0.5 onTy (3.5)

where Q = [0, 1]? and its boundaries are given in Figure
f and apr satisfy:

fl@) = cos(x1+x3) Yz €
ar(z) = 1+23+25 Yz €Q

2D Laplace problem

0 0.2 0.4 0.6 0.8 1
x

(a) Domain and boundaries (b) Result

Figure 1: Laplace2d01 problem

The operator in (3.1) is the Stiffness operator : L1 0,0.

The conormal derivative ai—“c is

ou ou

The algorithm using the toolbox for solving (3.1)-(3.5) is given in Algo-
rithm 3.1} The corresponding Matlab/Octave and Python codes are given in

Listing
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3.2 Scalar case 3 EXAMPLES

Algorithm 3.1 2D Poisson problem

1: T < HyperCusg(2, 50) = Build unit square mesh
2: Dop <« Lorerator(2,1,0,0,0) > Stiffness operator
3: PDE «— nitPDE(Dop, T1)
4: PDE « serBC_PDE(PDE, 1,1, >Dirichlet’, 0., &) >u=0onTI1
5: PDE « setBC_PDE(PDE, 2,1, *Dirichlet’, 1., &¥) >u=1onTy
6: PDE « setTBC_PDE(PDE, 3,1, *Robin’, —0.5, — 1 + z7 + z3) =
% +aru=—050nT43
7: PDE « setBC_PDE(PDE, 4, 1, ’Neumann’, 0.5, ) > % =0.50nTy
8: PDE.f < (z1,z2) — cos(z1 + z2)
9: up < SowePDE(PDE)
A numerical solution for a given mesh is shown on Figure
fprintf(’1. Creating the mesh\n’); 1 print(’1. Creating the mesh’)
d=2;Th-HyperCube(d,50); 2 d=2;Th-HyperCube(d,50)
fprintf(’2. Definition of the BVP\n’); s print(’2. Definition of the BVP’)
LOp=Loperator(d, {1,050 ,1},[],[],[]); 1+ LOp=Loperator(d=d,A=[[1,0],[0,1]])

s PDE=initPDE(LOp,Th); 5 pde=initPDE(LOp,Th)
PDE=setBC_PDE(PDE,1,1,°Dirichlet’,0); s pde=setBC_PDE(pde,1,0,’Dirichlet’,0.,None)
PDE-setBC_PDE(PDE,2,1,’Dirichlet’ ,1); 7 pde-setBC_PDE(pde,2,0,’Dirichlet’,1.,None)
PDE-setBC_PDE(PDE, 3,1, Robin’,—0.5 , ... s pde-setBC_PDE(pde,3,0, Robin’,—0.5,

Q(xl,x2) 1+x1.724x2.°2 ); . lambda x,y: 14+x#2+y#%2)
PDE-setBC_PDE(PDE, 4,1, * Neumann’ ,0.5); 1 pde-setBC_PDE(pde 4,0, Neumann’ ,0.5 ,None)
PDE. f=Q(x,y) cos(x+ty) ; 11 pde.f=lambda x,y: cos(xty)
fprintf(’3. Solving BVP\n’); 1z print(’3. Solving BVP’);
uh=solvePDE (PDE) ; 13 uh=solvePDE(pde)

(a) Matlab/Octave (b) Python

Listing 1: 2D Poisson codes

3.2.2 Poisson PDE with mixed boundary conditions in a 2D dis-

torted domain

We first consider the classical Poisson problem with various boundary conditions
in a 2D distorted domain. The problem to solve is the following

-@’-2D Poisson problem

Find u € H%() such that

—~Au = f in QcR? (3.6)
u = 0 onTYy, (3.7)
u = 1 onTy, (3.8)
0
a—Z+aRu — —0.5 onTs, (3.9)
ou
5, = 05 only (3.10)

where (2 is the unit hypercube transformed by the function

®(z,y) = (202, 2(2y — 1 + cos(2mx)).

The boundaries are given in Figure
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3.2 Scalar case 3 EXAMPLES

f and apr satisty:

fl@) = cos(x1+x3) Y €Q

ar(z) = 1+23+25 Yz €Q

. : i i 20
L6

12

08

04

00

(a) Domain and boundaries (b) Result

Figure 2: Laplace2d01 problem

The operator in (3.6) is the Stiffness operator : Ly 0.0.

The conormal derivative a‘i“ﬁ is
0 0
ﬁ = (AVu,n) — (bu,n) = ai‘

The algorithm using the toolbox for solving (3.6)-(3.10) is given in Algo-
rithm (3.2} The corresponding Matlab/Octave and Python codes are given in

Listing [2|

Algorithm 3.2 2D Poisson problem in a distorted domain

1: Tp < HyperCuege(2,[100, 20], trans = (z,y) — (20z, 2(2y — 1 + cos(27z)))

2: Dop « Lorrraror(2,1,0,0,0) = Stiffness operator
3: PDE «— initPDE(Dop, T1)

4: PDE « serBC_PDE(PDE, 1,1, ’Dirichlet’, 0., &) >u=0o0nTy
5: PDE « serBC_PDE(PDE, 2,1, *Dirichlet’, 1., ) >u=1onTI5
6: PDE « setBC_PDE(PDE, 3,1, *Robin’, —0.5, — 1 + z? + z3) =

% +agru=—-050nT43
7: PDE « serBC_PDE(PDE, 4, 1, *’Neumann’, 0.5, () > % = 0.5 on I'y

8: PDEf «— (:L'1,.’L‘2) — COS(IL‘l + .’132)
9: up, — SowePDE(PDE)

A numerical solution for a given mesh is shown on Figure

3.2.3 2D condenser problem

The problem to solve is the Laplace problem for a condenser.
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3.2 Scalar case

3 EXAMPLES

fprintf(’1. Creating the mesh\n’); 1
trans=Q@(q) [20%q(1,:); ... 2

24(25q(2,:) 1+ cos(2¢pixa(l,:)))]; s
Th=HyperCube(2,{100,20], trans ); a
fprintf(’2. Definition of the BVP\n’); s
Lop=Loperator (2,{1,0;0,1},[],[],[1); s
pde=initPDE (Lop,Th); 7
pde=setBC_PDE(pde,1,1,’Dirichlet’, 0 ); 8
pde=setBC_PDE(pde,2,1,’Dirichlet’, 1 ); 9

pde=setBC_PDE(pde,3,1,’Robin’,—0.5 . 10
@(x1,x2) 14x1.°24x2.°2 ); u

pde-setBC_PDE(pde,4,1,’Neumann’, 0.5 ); 12
pde. f=Q(x,y) cos(x+y) ; 13
fprintf(’3. Solving BVP\n’); 14
uh=solvePDE (pde ); 15

(a) Matlab/Octave

Listing 2: 2D Poisson

print(’1. Creating the mesh’)
trans=lambda q: np.c_[20%q[:,0],

2%(2%q[:,1] =1+np.cos(2xpixq[: ,0]))]
Th=HyperCube(2,[100,20], trans=trans)
print ( 2. Definition of the BVP ’)
LOp=Loperator(d=2,A=[[1,0],[0,1]])
pde=initPDE (LOp, Th)
pde=setBC_PDE(pde, 1,0, Dirichlet’,0.,None)
pde=setBC_PDE(pde,2,0, Dirichlet’,1.,None)
pde-setBC_PDE(pde 3,0, Robin’, —0.5,

lambda x,y: l+x#xk24y*%2)

pde-setBC_PDE(pde 4,0, ’Neumann’ ,0.5,None)
pde. f=lambda x,y: cos(x+ty)
print(’3. Solving BVP’);
uh=solvePDE (pde)

(b) Python

codes with distorted mesh

-

-\@’-2D condenser problem
Find u € H3() such that

—Au

where {2 and its boundaries are gi

Q It
(=1;3) (2;3)
]_'\98 ]_"99
2 —-3) (1; =3)

(a) Domain for the condenser problem

0 in Q c R? (3.11)
0 on Ty, (3.12)
—1 on Tgg, (3.13)
1 on Tyg, (3.14)

ven in Figure [3a

2D condenser problem

(5

(b) Result for the 2D condenser problem

Figure 3: Condenser problem

The problem (

ETD- @1 can be

Page 10
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3.2 Scalar case 3 EXAMPLES

2D condenser problem as a scalar BVP
Find u € H%() such that

D on I'P.

L(u) =f in Q,
g

where IT'® = ¥ (no Robin boundary condition) and

o L:=Ly0,0,, and then the conormal derivative of u is given by

ou ou
— :=<A —<b = —.
o AV = Gun) = =

o f(x):=0

° FD:F1UF98UF99

e gP:=0onTy, and g” := —1 on I'gg and g” := +1 on Tgg

The algorithm using the toolbox for solving (3.11)-(3.14) is the following;:

Algorithm 3.3 2D condenser

1: Th < GETMESH(...) = Load FreeFEM++ mesh
2: Dop < Lorperaror(1,0,0,0) = Stiffness operator
3: PDE « ixitPDE(Dop, Tr)

4: PDE « serBCLaBeL(PDE, *Dirichlet?,1,1,0.) >u=0onTIy
5: PDE « serBCLaBeL(PDE, *Dirichlet?’,99,1,1.) >u =1 on I'gg
6: PDE « serBCLaBeL(PDE, *Dirichlet?, 98,1, —1.) >u = —1 on [og
7: ¢ <« SowePDE(PDE)

We give respectively in Listing [1| and 2] the corresponding Matlab/Octave and
Python codes.

Listing 1: 2D condenser, Mat- Listing 2: 2D condenser, Python

lab/Octave code code
1+ fprintf(’1. Reading of the condenser mesh\n’) 1 print("1. Reading of the condenser mesh")
2 Th=GetMesh2DOpt (’ condenser2D -10.msh’); 2 Th=readFreeFEM (’condenser2D -10.msh’)
s fprintf(’2. Definition of the BVP : 2D condenser‘sn’print("2. Definition of the BVP : 2D condenser")
1+ Lop-Loperator (Th.d,{1,0;0,1},[],[],[]); 1 Lop-Loperator(d-Th.d,A~[[1,None] ,[None, 1]])
5 pde=initPDE(Lop,Th); 5 pde=initPDE (Lop,Th)
s pde=setBC_PDE(pde, 1 ,1,’Dirichlet’,0); s pde=setBC_PDE(pde,1,0,’Dirichlet’ ,0.,None)
7 pde-setBC_PDE(pde,99 ,1,’Dirichlet’  1); 7 pde-setBC_PDE(pde,99,0,’Dirichlet’ ,1.,None)
s pd(‘:saBC:PDE(pdc,QS ,1,’Dirichlet’,—1); s pd(‘:saBC:PDE(pdc,QS,O,’Dirichlet’ ,—1.,None)
o fprintf(’3. Solving BVP\n’) o print("3. Solving BVP")
10 x-solvePDE(pde); 10 x-solvePDE (pde)

The solution for a given mesh is shown on Figure

3.2.4 Stationary convection-diffusion problem in 2D

The 2D problem to solve is the following
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3.2 Scalar case 3 EXAMPLES

-

-@'—2D stationary convection-diffusion problem

Find u € H3() such that
—div(aVu) +{V,Vuy+pBu = f in QcR? (3.15)
u = 4 onlTy, (3.16)
u = —4 only, (3.17)
u = 0 on Fgo ) F21, (318)
an = 0 on Fl U F3 U FlO (319)
on

where Q and its boundaries are given in Figure This problem is well
posed if a(z) > 0 and SB(z) > 0.
We choose o, V', f and f in (2 as :

az) = 0.1+ (z; —0.5)2

V(z) = (—10z2,10z)",

Bx) = 0.01,

f(®) = —200exp(—10((z; — 0.75)% + z3)).

Numerical solution ( 1y = 1117, n,,, = 2074 )

(a) Domain and boundaries (b) Result

Figure 4: 2D stationary convection-diffusion problem

The problem (3.15))-(3.19) can be equivalently expressed as the scalar BVP

22-29 :
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$2D stationary convection-diffusion problem as a scalar
BVP
Find u € H3(2) such that

L(u) =f in Q,

u=gP on I'P,

where
o L:=L,10v,3, and then the conormal derivative of u is given by

ou ou

o FD:FQUF4UF20UF21 andFR:Fluf‘guFlo
e gP:=40onTy and g := —40on Ty and g” := 0 on I'yg Uy
e af* = g :=0onI'F.

The algorithm using the toolbox for solving (3.15)-(3.19) is the following:

Algorithm 3.4 Stationary convection-diffusion problem in 2D

1: Tn < GETMESH(...) > Load FreeFEM++ mesh
2: o« (z,y) — 0.1+ (y — 0.5)(y — 0.5)

3: B« 0.01

4: L < LoPERATOR(2, (g g) ,0, (1%)2}/) ,B)

5: pde « miTPDE(L, Tp) = Set homogeneous ’Neumann’ condition on all boundaries
6: pde «— serBC_ PDE(pde, 2,1, ’Dirichlet’, 4., &¥) >u=4onTl}y
7: pde « serBC_PDE(pde, 4,1, ’Dirichlet’, —4, ¥) >u=—4o0nTly
8: pde « seTBC_PDE(pde, 20,1, ’Dirichlet’, 0, J >u =0 on 'y
9: pde < serBC_ PDE(pde, 21,1, ’Dirichlet’, 0, &) >u =0 on [y

10: pde.f « (z,y) — —200exp(—10(x — 0.75)% + ¢?)
11: & « SowePDE(pde)

We give respectively in Listing [3] and [ the corresponding Matlab/Octave and
Python codes.
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Listing  3:

2D stationary

convection-diffusion, Mat-
lab/Octave code

fprintf(°1.

Reading of the mesh\n’);

Th=GetMesh2DOpt ( > sampleD2d01 -20.msh’ );

fprintf(’2.

Definition of the BVP\n’)

af=Q@(x,y) 0.1+ (y—0.5).%(y—0.5);

Vx=@(x,y) —10xy

=Q(x,y) 10%x;

b—0.01;g2—4;g4——4;

f=Q(x,y) —200.0xexp(—

pde=initPDE (L, Th);
pde=setBC_PDE(pde,2,1,’Dirichlet’,g2);
pde=setBC_PDE(pde ,4,1,’Dirichlet’ g4);
(
(

pde=setBC_PDE

pde,20,1,°Dirichlet’ ,0);

pde=setBC_PDE(pde,21,1,’Dirichlet’ ,0);

pde. f=f;

fprintf(°3.

Solving BVP\n’)

x=solvePDE (pde);

((x—=0.75)."2+4+y.~2)/(0.1));
L—Loperator (Th.d, {af , []:]] , af} [, {Vx,Vy},b):

Listing  4: 2D  stationary
convection-diffusion, Python
code

1 print("1. Reading of the mesh")

2 Th=readFreeFEM ("sampleD2d01-20.msh")
s print("2. Definition of the BVP")

1 af-lambda x,y: 0.1+4(y—0.5)*(y—0.5)

5 Vx=lambda x,y: —10xy;Vy=lambda x,y: 10%x
s b=0.01;g2=4;g4=—4;

7 f-lambda x,y: —200xexp(—((x—0.75)%*2+y*%2)\

s /(0.1));

o Lop=Loperator (d=Th.d,A=[[af ,None| ,[None,af]],
10 c=[Vx,Vy|,a0=b)

11 pde=initPDE (Lop,Th)

12 pde=setBC_PDE(pde,2,0, ’Dirichlet’,g2)

13 pde=setBC_PDE(pde,4,0, ’Dirichlet’, g4)

1+ pde=setBC_PDE(pde,20,0,’Dirichlet’ ,0)

15 pde=setBC_PDE(pde,21,0,’Dirichlet’,0)

16 pde. f=f

17 print("3. Solving BVP")

15 x=solvePDE (pde)

The numerical solution for a given mesh is shown on Figure [Eb|

3.2.5 Stationary convection-diffusion problem in 3D

Let A

Q=

(ra,y4) € R? and C%([Zmin, 2max]) be the right circular cylinder
along z—axis (2 € [Zmin, Zmaz]) With bases the circles of radius r and center

(an Yya, Zm'in) and (an Yya, Zmax)-
Let 2 be the cylinder defined by

Co.0) ([0, 3D\{C{570) ([0, 3])

v Cs 0 _o.7([0,3]) v 6?0,10.7)([07 3D}

We respectively denote by I'1ggg and I'1gg1 the z = 0 and z = 3 bases of (2.
Fl, Flo, F20 and I'91 are respectively the curved surfaces of cylinders C(l0 0) ([0, 3]),

€6 Cl'_0.7([0,3]) and Cly ([0, 3]).
’f‘he domaln Q and its boundaries

(a) Bottom view

are represented in Figure [5

(b) Top view

Figure 5: Mesh for the stationary convection-diffusion problem in 3D

The 3D problem to solve is the following
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-\@'-3D problem : Stationary convection-diffusion
Find u € H%() such that
—div(aVu) +<{V,Vuy+pBu = f inQcR3 (3.20)
Oéa—u + asou = gog on I'gq, (3.21)
on
oz% +anu = go1 on Iy, (3.22)
on
Z—Z = 0 onIV (3.23)

where v = I'yuTlio U000 U I001- This problem is well pOSGd if a(m) >0
and S(z) = 0.
We choose a0 = Q21 = 1, go1 = —g20 = 0.05 ﬁ = 0.01 and :

alz) = 0.7+x3/10,
V(ﬂ?) = (—103)2, 10.731, 101‘3)t7
f(x) = —800exp(—10((z1 —0.65)% + 23 + (3 — 0.5)?))

+800 exp(—10((x; + 0.65)2 + 23 + (23 — 0.5)?)).

u
EQ 147e+01

=0

u
EZ 147e+01
| E

Er? 143e+01

(a) first view (b) second view

Figure 6: Stationary convection-diffusion problem in 3D : numerical solution

The problem (3.20)-(3.23) can be equivalently expressed as the scalar BVP
(2.2)-(2.4) :

553D stationary convection-diffusion problem as a scalar
BVP
Find u € H3() such that

L(u) =f in Q,

0
L + aPu =g* on T'E.
6n5

where
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o L:=La10,v,3, and then the conormal derivative of u is given by

ou ou
Frol AVvu,ny—<{bu,ny = as-.

e I =T UTpuUTy Ul UTg00 U Tipo (and TP = &)
[ ]

R { 0 ,onTyuTieuTligee U0

“ = 1 , on F2O U Fgl

0 , on Iy UT'yg U I'goo U oot
g% =< 005 , onTy,

—0.05 , on FQO

The algorithm using the toolbox for solving (3.20)-(3.23) is the following;:

Algorithm 3.5 sampleD3d01 problem

1:
2:

Tr < ceTMESH(...) > Load FreeFEM++ 3D-mesh
o «— (z,y,2) — 0.7+ 2/10
a 0 0 —10y
: Dop < LoperaTOR(3, [0 o 0,0, 10z |,5)

0 0 « 10z

: PDE «— mnitPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries
. PDE < serBC_PDE(PDE, 20, 1, *Robin?, —0.05, 1)

: PDE « seTrBC_PDE(PDE, 21,1, ’Robin’,0.05, 1.)

: PDE.f « (z,y, 2z) — —800 exp(—10(z — 0.65)2 + y* + (z — 0.5)?)

+800 exp(—10(z + 0.65) + 4% + (z — 0.5)?)

: £ < SowePDE(PDE)

We give respectively in Listing || and |§| the corresponding Matlab/Octave

and Python codes.

Listing 5: 3D stationary convection-diffusion, Matlab/Octave code

fprintf(’1. Reading of the mesh\n’);

3 Th=GetMesh3DOpt (’sampleD3d01 -6.mesh’,’format?’, ’medit’);

4+ fprintf(’2. Definition of the BVP\n’)

5 af-Q(x,y,z) 0.7+2/10;%0.1+(y—0.5).%(y—0.5);

s Vx=Q(x,y,z) —10xy;Vy=Q(x,y,z) 10xx;Vz=Q(x,y,z) 10xz;

7 b=0.01;%0.01;92=4;94=—4;

s f=Q(x,y,z) —800.0xexp(—10%((x—0.65).%(x—0.65)+y.xy+(z—0.5).72)) ...
o +800.0xexp(—10%((x+0.65).%(x+0.65)+y.*xy+(z—0.5).72));

10 Lop=Loperator (Th.d,{af  [],[];[],af,[]:[],[],af} [],{Vx,Vy,Vz},b);
11 pde=initPDE(Lop,Th);

12 pde=setBC_PDE(pde,20,1,’Robin’, —0.05 , 1 );

12 pde=setBC_PDE(pde,21,1,’Robin’, 0.05 , 1 );

112 pde. f=f;

15 fprintf(’3. Solving BVP\n’)
16 x=solvePDE (pde);
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Listing 6: 3D stationary convection-diffusion, Python code

1 print("1. Reading of the mesh")

2 Th=readFreeFEM3D ("sampleD3d01-6.mesh")

s print("2. Definition of the BVP")

+ af=lambda x,y,z: 0.7+2z/10

5 Vx-lambda x,y,z: —10xy;Vy-lambda x,y,z: 10%x;Vz-lambda x,y,z: 10xz

¢ f=lambda x,y,z: —800.0xexp(—10%((x—0.65)*x2+yxy+(z—0.5)%%2))+\
800.0%exp(—10%((x+0.65)*x2+yxy+(z—0.5)%%2))

s Lop-Loperator(d—=3,A—[[af ,None,None] ,[None, af ,None| , [ None,None, af]],\

o c=|Vx,Vy,Vz], a0=0.01)

10 pde=PDE(Lop,Th)

11 pde-setBC_PDE(pde,20,0, ’Robin’,—0.05,1)

12 pde=setBC_PDE(pde,21,0, ’Robin’ ,0.05,1)

13 pde. f=f -

14 print("3. Solving BVP")

15 x=solvePDE(pde)

The numerical solution for a more refined mesh is shown on Figure [6]

3.2.6 Laplace problem in [0, 1]¢

The Laplace problem in any d-dimensional domain is considered here, with
various boundary conditions.

Let Q = [0,1]? be the hypercube in RY. The 2¢ faces of this hypercube have
a unique label : Vi € [1,d], faces z; = 0 and x; = 1 are respectively of label
(26 — 1) and 2i.

p

-@’-Laplace problem in [0, 1]¢
Find u € H%() such that

—Au = 0 in QcR% (3.24)
u = 1 on Fl UFQ, (325)

— +5u = 1 on F3 U F4, (326)
n

d
on U a1 Ty,
=3

The problem (3.24)-(3.27) can be equivalently expressed as the scalar BVP
(2:2)-(2.4) :
ﬁLaplace problem in [0,1]? as a scalar BVP

Find u € H%() such that
L(u) =f in Q,
u =g on I'P,
a—u + aPu =g* on I'E,
6n,;

where

o L:=L10,0,0 and then the conormal derivative of u is given by

ou <AVu,n>—<bu,n>=2—Z.

ang '
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o P =T, UTyand TR = [/, Ty; 1 U Ty

=101’1F1UF2

g"
o gR :=1on F3 U F4 and gR :=0on U(ii=3 ngfl ) ng

e afi(x):=1onT3uUTy and a? := 0 on Ug=3 Iyiq uly,

The algorithm using the toolbox for solving (3.24))-(3.27) is the following:

Algorithm 3.6 Laplace equation in [0, 1]¢

1: Tp < HyperCuse(d, N)
2: L « Loperator(d,14,04,04,0) > Stiffness operator
3: pde «— murPDE(L, Tp)
4: pde < seTBC_PDE(pde, 1,1, ’Dirichlet’, 1, &¥)
5: pde « seTBC_PDE(pde, 2,1, Dirichlet’, 1, &)
6: pde « seTBC_PDE(pde, 3,1, ’Robin’, 1,1)
7: pde « seTBC_PDE(pde, 4,1, ’Robin’, 1,1)
8: < SowePDE(pde)
The corresponding Matlab/Octave and Python codes are given in Listing
i fprintf(’1. Set hypercube i print("1. Creating the mesh
mesh\n’); of the hypercube [0,1]"d")

2 d=input(’d=’);
s N=input(’N=’);
1+ Th-HyperCube(d,N);
s fprintf(’2. Definition of
the BVP : %dD
Laplace\n’ ,d)
s A=cell(d,d);
+ for i=1:d, A{i,i}=1;end
« Lop-Loperator(d,A,[] 11, 11) ;
9 pde=initPDE(Lop,Th) ;
1 pde-setBC_PDE(pde,1,1, Dirichlet’,1);
1 pde=setBC_PDE(pde,2,1,’Dirichlet’,—1);
12 pde=setBC_PDE(pde,3,1,’Robin’ 5 ,1);
15 pde—setBC_PDE(pde, 4,1, Robin’ ,5,1);
14 fprintf(’3. Solving BVP\n’)
15 x=solvePDE(pde) ;

(a) Matlab/Octave

d=int (input ("d="))
N=int (input ("N="))
Th-HyperCube(d,N)
print("2. Definition of the
BVP : %dD Laplace"%d)

A=NoneMatrix(d,d)
for i in range(d):

Ali][i]=1
Lop=Loperator (d=d , A-A)
pde=initPDE (Lop,Th)
pde=setBC_PDE(pde, 1,0, ’Dirichlet’,0)
pde=setBC_PDE(pde,2,0, Dirichlet’,1)
pde=setBC_PDE(pde, 3,0, Robin’ ,5,1)
pde-setBC_PDE(pde 4,0, *Robin’ ,5,1)
print("3. Solving BVP")
x=solvePDE (pde)

(b) Python

Listing 3: Codes for Laplace problem in dimension d

It should be noted that in dimension d, the mesh of the hypercube [0,1]?
obtained by the call to the function 7, <« HyrerCusr(d, N) contains n. =
d!(N — 1) d-simplices , N being the number of points in each direction. This
number can be very huge (see Table. So one does not need to be too ambitious
in dimension d > 3 and choose a reasonable N.

N .d 2 3 4 3 6
) 32 384 6144 122880 2949120
10 162 | 4374 | 157464 | 7085880 | 382637520
15 392 | 16464 | 921984 | 64538880 | 2147483647

Table 1: Number of d-simplices in hypercube [0, 1]¢ meshes
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3.2.7 Grad-Shafranov problem

We consider here the 2D Grad-Shafranov problem already tested in [I0] defined

by

-\@’-Grad-ShafranOV problem
Find + € H?(£2) such that

—AYp+agy = f in QcR?, (3.28)
Y

(1;0.5)

(0;0)

(1; —0.5)

(a) Domain (b) Result

Figure 7: Grad-Shafranov problem

The functions ag and f satisfy for all z = (z1,22) € i

aol) = mi
flx) = z2¥+1

The geometry can be described by a parametric function as
z1(t) = +/1+cos(t) Vte]l0,2n],
zo(t) = 0.5 sin(t)
The operator in (3.28) is the following one : Ly .0,q,-

The conormal derivative ;Tw is

L
oY 0
— :=<(A —<b =—.
g~ AV =G = =
The algorithm using the toolbox for solving (3.28)-(3.29) is the following;:

Algorithm 3.7 Grad-Shafranov problem

: Tn < GETMESH(...) > Load FreeFEM-++ mesh
: Dop < Loperator(2,1,0,0,z — 1/z1)

PDE <« mirPDE(Dop, 71)

PDE « serBC_PDE(PDE, 1,1, ’Dirichlet’, 0., &) >u=0o0nTy
PDE.f «—z—x+1

: £ < SowePDE(PDE)
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The solution for a given mesh is shown on Figure

3.3 Vector case
3.3.1 Elasticity problem

General case (d = 2,3)
We consider here Hooke’s law in linear elasticity, under small strain hypothesis
(see for example [7]).
For a sufficiently regular vector field u = (u1,...,uq) : 2 — R% we define
the linearized strain tensor € by

(V(u) + V().

I3
—
S
=

I
N =

We set, € = (611,62272612)t in 2d and € = (611,622763372612,2623,2613)t in 3d,
with €;;(u) = 3 (9“? + auj). Then the Hooke’s law writes

5 =
2 \ Oz ox;

g:(Ce,

where ¢ is the elastic stress tensor and C the elasticity tensor.

The material is supposed to be isotropic. Thus the elasticity tensor C is only
defined by the Lamé parameters A and p, which satisfy A + p > 0. We also set
y=2pu+ A Ford=2ord=3, Cis given by

C= </\112 + 2ully 0) or C— </\]13 +2ul; 0 ) ’
0 ) 3x3 0 IEY P

respectively, where 14 is a d-by-d matrix of ones, and I; the d-by-d identity
matrix.
For dimension d = 2 or d = 3, we have:

oap(u) = 2penpu) + Atr(e(u))das Vo, e [1,d]

The problem to solve is the following

-\@/-Elasticity problem
Find u = H2(Q)" such that

Now, with the following lemma, we obtain that this problem can be rewritten

as the vector BVP defined by (2.10) to (2.12).

Lemma 1. Let H be the d-by-d matriz of the second order linear differential
operators defined in ([2.6) where Hop = Lyas 000, V(a, B) € [1,d]?, with

(AQ’B)/C)Z = ,LL(SQB(SM + Mékﬂ(sla + /\619016165 V(k‘, l) € [[L dHQ (333)
then
H(u) = —divo(u) (3.34)
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and, Yo € [1,d],
ou

anﬂa

= (o(u)m),. (3.35)

The proof is given in appendix [I1.4] So we obtain

-\@/-Elasticity problem with H operator in dimension d = 2
ord=3

Let H be the d-by-d matrix of the second order linear differential opera-
tors defined in (2.6) where V(a, 8) € [1,d]?, Ha,p = Lpo.6,00,0, with

e for d =2,
11_ (7 O 12_ (0 A 2,1 _ 0 wu 22 _ (M 0
A R (RN
e for d = 3,
v 0 0 0 X O 0 0 A
AVl=(0 p 0), AY2=(p 0 0], A=(0 0 0
0 0 u 0 0 0 uw 0 0
0 pu O uw 0 0 0 0 O
A1 =X 0 0], A>2=(0 v 0], A23=(0 0 )],
0 0 0 0 0 u 0 p O
0 0 u 0 0 O w 0 0
AT =10 0 0], A32=(0 0 pul|, A3 =(0 p 0].
A0 O 0 X 0 0 0 v

The elasticity problem (3.30) to (3.32) can be rewritten as :
Find u = (uy,...,u4) € (H2(Q))4 such that

H(u) =f, in Q, (3.36)

=0, on TR =T& vae[l,d] (3.37)

on T2 =TP Vae[1,d]. (3.38)

2D example
For example, in 2d, we want to solve the elasticity problem to
where § and its boundaries are given in Figure |8l We have I'® =TT T2 U T?,
b =14
The material’s properties are given by Young’s modulus £ and Poisson’s
coefficient v. As we use plane strain hypothesis, Lame’s coefficients verify

E Ev
S SR . L A
YT SR s s o S A

The material is rubber so that £ = 21.10°Pa and v = 0.45. We also have
f=z~(0,-1).
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(051) s _(20,1)
r4 Q 2
°
(0; —1) Fl (20; —1)

Figure 8: Domain for the 2D elasticity problem

The algorithm using the toolbox for solving (3.30)-(3.32) is the following;:

Algorithm 3.8 2D elasticity

— = =
N = O

© P TST W

: Th < GETMESH(...) = Load FreeFEM++ mesh
Y Ev

- (1+v)(1—2v)

PR sa
: Hop « IniTHoPERATOR(2, 2)

2,21+ A, 0;0
2,[0, A; 11,0],0
2,0, 43 A, 0],0,
2, [1,0;0,2p +

> oox
o O

( (
(2,1) « LoprraTor(
Hop(1,2) < Loperator(
( (

’

: pde « mutPDE(Hop, Tr)

: pde « seTBC_PDE(pde, 4,1 : 2, ’Dirichlet’,z — 0)
: pde.f «—x — [0,—1]

: £ < SowePDE(pde)

We give respectively in Listing [7] and [8] the corresponding Matlab/Octave

and Python codes.

Listing 7: 2D elasticity, Matlab/Octave code

1 fprintf(’1. Reading of the mesh\n’);

2 Th=GetMesh2DOpt (>bar4-15.msh’ );

fprintf(’2. Definition of the BVP\n’);

E = 21.5e4; nu = 0.45;

mu= E/(2x(1+nu));

lambda = Exnu/((1+nu)%(1—2%nu)):
gamma—=lambda-2+mu;

s Hop=Hoperator (2,2);

+ Hop.H{1,1}~Loperator (2, {gamma, [|;]] ymn} ,[] 1] ,]);
10 Hop.H{l,2}~Loperator (2 ,{[],lambda;mu,[]} ,[],[],[]);
11 Hop.H{2,1}=Loperator (2 ,{[] ,mu;lambda ,[]} ,[],[] ,[]);
12 Hop.H{2,2}~Loperator (2, {mu, [||] ,gamma} ,[] 1] ,[]);
13 % One can also use the preset operator function

1 %  Hop=buildHoperator (2,2, 'name’, ’StiffElas ’, "lambda ’,lambda , 'mu’,mu);
15 pde=initPDE (Hop,Th);

16 pde.f—={0,-1};

17 pde=setBC_PDE(pde,4 ,1:2, ’Dirichlet’ ,{0,0});

15 fprintf(’3. Solving BVP\n’);

19 x-solvePDE (pde);

il

s ’
s ’
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Listing 8: 2D elasticity, Python code

print (’1. Reading of the mesh’)

Th=readFreeFEM ( *bar4 -15.msh’)

print (’2. Definition of the BVP’)

E = 21.5e4; nu = 0.45

mu- E/(2x%(1+4nu))

lam = Esnu/((1+nu)*(1—2%nu))

gam=lam +2+mu

Hop-Hoperator (d=2,m—2)

s Hop.H[0][0]= Loperator(d=2,A=[[gam,None] ,[None ,mu]
10 Hop.H[0][1]=Loperator (d=2,A=[[None,lam | , [mu, None |
11 Hop.H[1]||0]— Loperator(d—2,A—[|None,mu] ,[lam , None |
12 Hop.H[1]|[1]=Loperator(d=2,A=|[mu,None] ,[None, gam |
13 # One can also use the preset operator function
1 #  Hop=StiffElasHoperators(2,lam,mu)

15 pde=initPDE (Hop, Th)

16 pde. f=[0,—1]

17 pde=setBC_PDE(pde,4,[0,1]|,’Dirichlet’ ,[0,0],None)
15 print(’3. Solving BVP?)

15 x=solvePDE(pde, split=True)

@ a4 e o oA oW om e

D
D
1)
D

For a given mesh, its displacement scaled by a factor 10 is shown on Figure
9)

Figure 9: Mesh displacement scaled by a factor 10 for the 2D elasticity problem

3D example

Let Q = [0,5] x [0,1] x [0,1] = R3. The boundary of 2 is made of six faces
and each one has a unique label : 1 to 6 respectively for faces 1 = 0, 1 = 5,
g =0, 29 =1, 3 = 0 and x3 = 1. We represent them in Figure [I0]
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Figure 10: Domain 2 and boundaries for the 3D elasticity problem

We want to solve the elasticity problem (3.30) to with TP = Ty,

I‘N:U12I‘ and f =z — (0,0,—1)",

The algorithm using the toolbox for solving (3.30)-(3.32) is the following;:

Algorithm 3.9 3D elasticity

: Trh < GeTMESsH(...)

. Ev
PA e (A+v)(1—2v)

1

2

3 K oy

4oy — A+ 2p

5: Hop <« Hoperator(3, 3)

6: Hop.H(1,1) « Loperaror(3,[7,0,0;0,,0;0,0,1],0,0

7: Hop.H(1,2) « Loperaror(3, [0, A, 0; u,0,0;0,0,0],0,0,
8: Hop.H(1,3) « Lopreraror(3,[0,0, );0,0,0; 1, 0,0],0,0,
9: Hop.H(2,1) « Loperaror(3, [0, 1, 0; A, 0,0;0,0,0],0,0,
10: Hop.H(2,2) « Loperaror(3, [, 0,0;0,7,0;0,0, u],0,0

11: Hop.H(2,3) « Lorerator(3,[0,0,0;0,0, X; 0, 1, 0],0,0,
12: Hop.H(3,1) « Loreraror(3,[0,0, 4;0,0,0; A, 0,0],0,0,
13: Hop.H(3,2) <« Loperaror(3,[0,0,0;0,0, u;0,,0],0,0,
14: Hop.H(3,3) « Loreraror(3, [y, 0,0;0, 4,0;0,0,v],0,0

15: pde « miTPDE(Hop, 71)

16: pde < seTBC_PDE(pde, 1,1 : 3, ’Dirichlet’,z — 0)
17: pde.f —x — [0,0,—1]

18: & « SowvePDE(pde)

0000000 o
cee2ez2=2Ee

> Load FreeFEM++ mesh

We give respectively in Listings |§| and [10[the corresponding Matlab/Octave and

Python codes.
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Listing 9: 3D elasticity, Matlab/Octave code

1 fprintf(’1. Reading of the mesh\n’);

2 Th=GetMesh3DOpt(’elasticity3D-10.mesh’,’format?’,’medit’);
s fprintf(’2. Definition of the BVP\n’);

4 E = 21.5e4; nu = 0.29;

5 mu- E/(2x(l+nu));

s lambda = Esnu/((1+nu)*(1—2xnu));

7 H=buildHoperator (3,3 ,’name’,’StiffElas’,’lambda’,lambda, ’mu’ mu);
s pde=initPDE(H,Th);

o pde.f={0,0,—-1};

10 pde=setBC_PDE(pde,1 ,1:3, ’Dirichlet’,{0,0,0});

11 fprintf(’3. Solving BVP\n’);

12 x=solvePDE(pde);

Listing 10: 3D elasticity, Python code

1 print(’1. Reading of the mesh’)

2 Th=readFreeFEM3D (’elasticity3D-10.mesh?’)

s print(’2. Definition of the BVP?)

1+ E = 21.5e4; nu = 0.29

5 mu= E/(2%(1+nu))

6 lam = Exnu/((1+nu)*(1—2%nu))

7 gam=lam - 2smu

s Hop=Hoperator (d=3,m=3)

o Hop.H[0][0]=Loperator (d=3,A=[[gam,None , None| ,[None ,mu, None| , [ None , None ,mu] | )

10 Hop.H[0|[1]=Loperator(d=3,A=[|None,lam ,None| ,[mu, None, None| ,|[ None,None ,None|])
11 Hop.H[0][2]=Loperator (d=3,A=[[None,None,lam| , [ None, None,None] ,[mu,None ,None]])
12 Hop .H[1][0]=Loperator (d=3,A=[[None ,mu,None] ,[lam, None, None| ,[None,None ,None]|])
13 Hop .H[1]|[1]|=Loperator (d=3,A=|[mu, None,None] ,[None,gam, None| ,[None ,None ,mu]|)
11 Hop.H[1]|[2]=Loperator (d=3,A=[[None, None,None] ,[None,None,lam] ,[None ,mu, None]])
15 Hop .H[2]|[0]=Loperator (d=3,A=[[None ,None ,mu] ,[None, None,None| ,[lam ,None ,None|])
16 Hop.H|[2]|[1]|=Loperator (d=3,A=|[None,None,None] ,[None,None ,mu| , | None,lam ,None]|]|)
17 Hop.H[2][2]— Loperator (d—3,A—[[mu, None ,None] ,[None ,mu, None| , [ None,None ,gam] | )

18 # One can also use the preset operator function

19 #  Hop=StiffElasHoperators(d,lam,mu)

20 pde=initPDE (Hop, Th)

a1 pde. £=[0,0,—1]

22 pde=setBC_PDE(pde,1,[0,1,2],’Dirichlet”,[0,0,0],None)

23 print(’3. Solving BVP’)

24 x=solvePDE(pde, split=True)

The displacement scaled by a factor 100 for a given mesh is shown on Figure

inil

X-Axis s
0.0 1.0 20 3.0 40 5\3@\&“\“*

s AR

Figure 11: Result for the 3D elasticity problem

3.3.2 Stationary heat with potential flow in 2D

Let T’y be the unit circle, I'1p be the circle with center point (0,0) and radius

0.3. Let I'sg, I'sq, I'so and T'oz be the circles with radius 0.1 and respectively

with center point (0, —0.7), (0,0.7), (—0.7,0) and (0.7,0). The domain < R?

is defined as the inner of I'y and the outer of all other circles (see Figure .
The 2D problem to solve is the following
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Figure 12: Domain and boundaries

-\@’-2D problem : stationary heat with potential flow

Find u € H3() such that
—div(avu) +<{V,Vu)+pfu = 0 in QcR? (3.39)
u = 20=%y on Doy, (3.40)
u = 0 on P22 \ P23, (341)
0
l = 0 on F] () FlO U FQO (342)
on

where  and its boundaries are given in Figure This problem is well
posed if a(z) > 0 and B(z) = 0.
We choose o and  in € as :

alz) = 0.1+ 23
Bz) = 0.01

The potential flow is the velocity field V = V¥ ¢ where the scalar function ¢ is
the velocity potential solution of the BVP

-\@/-Velocity potential in 2D

Find ¢ € H?(2) such that
“Ap = 0inQ, (3.43)
¢ = —20 onTy, (3.44)
¢ = 20 onTs, (3.45)
¢
el 0 onT; UT93 UT 9 (3.46)

Then the potential flow V is solution of
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-\@'-Potential flow in 2D
Find V = (V,V,) e HY(Q) x HY(Q) such that

= V¢ inQ,

For a given mesh, the numerical result for heat  is represented in Figure[I3a]
velocity potential ¢ and potential flow V' are shown on Figure

(a) heat u (b) Velocity potential ¢

(c) Potential low V

Figure 13: Stationary heat with potential flow in 2D

Now we will present two manners of solving these problems using vecFEMP1
codes.

Method 1 : split in three parts
The 2D potential velocity problem (3.43))-(3.46) can be equivalently expressed

as the scalar BVP (2.2)-(2.4) :

We present now to

Page 27 Compiled on 2015/06/10 at 07:28:25



3.3 Vector case 3 EXAMPLES

§2D potential velocity as a scalar BVP

Find ¢ € H?(2) such that
L(g) =f in 0,
u=g? on I'P,
67u + aftu =g on I'f.
6n5

where

o L:=Ly0,0,, and then the conormal derivative of u is given by

ou ou
g AvVu,ny—<{bu,n) = o

o f(x):=0

o« TP = Iy U o

o T =T, UT9; UTs

e gP :=200n 'y, and gP := —20 on I'y;

e g =a®:=00n T and gP := —20 on I'y;

The algorithm using the toolbox for solving (3.43)-(3.46)) is the following:

Algorithm 3.10 Velocity Potential in 2D

1: Dop « LopEerator(L,0,0,0) > Stiffness operator
2: pde « murPDE(Dop, 73)

3: pde « serBCLasEeL(pde, 20, 1, ’Dirichlet’, 20) > u = 20 on Iy
4: pde < seTBCLaBEL(pde, 21,1, >Dirichlet’, —20) > u = —20 on 'y

T4 «— SowePDE(pde)

(@48

Now to compute V, we can write the potential flow problem (3.47) with H-
operators as
Vi 1)
A =B
(v:) -5 ()
where

L0,,05,05,1 0 ) (ﬁ@ 0,(1,0)%,1 0 >
A= 2,02,02, and B = 2,02,(1,0)%,
( 0 L0,,05,0,,1 0 L0,,05,(0,1)*,0

The algorithm using the toolbox for solving this problem is the following:

Page 28 Compiled on 2015/06,/10 at 07:28:25



3.3 Vector case 3 EXAMPLES

Algorithm 3.11 Potential flow in 2D

: Aop < IniTHOPERATOR(2, 2)
: Aop.H(1,1) « Lopreraror(2,02,0,0,1)
: Aop.H (2,2) < Loprerator(2,02,0,0,1)
: Bop < IniTHOPERATOR(2, 2)

5: Bop.H(1,1) <« LopPeraTor(2, 02,0, <

O

1

0)0

—= O
\/\/

6: Bop.H(2,2) « LoperaTor(2,02,0, ( ,0)

7: A «— HAssemBLyP1_Op1V3(Aop, Tr)
8: B « HAssemByP1l Op1V3(Bop, 7h)

9: b—B (:¢)
¢

10: V « Sowe(A,b) = Solve the linear system AV =b

Finally, the stationary heat BVP (3.39)-(3.42)) can be equivalently expressed as

the scalar BVP ([2.2))-(2.4) :

552D stationary heat as a scalar BVP
Find u € H%() such that

where

and then the conormal derivative of u is given by

o L:=L
o
(5

0) ’
,0,V.B
(67

ou 6u

f=0
o I'P =Ty UTs Uy
e ' =17 ul'ipully
e gP(z,y) := 20y on Iy, and g” := 0 on T'ay U a3
e gft:=0and a :=0on I'F
The algorithm using the toolbox for solving — is the following:

Algorithm 3.12 Stationary heat in 2D

e
1: Lop « LOPERATOR(

0

: pde « mirPDE(Lop, Tr)
pde « seTBCLaBEL(pde, 21,1, ’Dirichlet’, z — 20x3)
pde « serBCLaseL(pde, 22,1, °Dirichlet’, 0)

pde < seTBCLaBEL(pde, 23,1, >Dirichlet’, 0)

: u < SowrePDE(pde)

707V76)

BRI ANl
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We give respectively in Listing and the corresponding Matlab/Octave and
Python codes.

Listing 11: Stationary heat with potential flow in 2D, Matlab/Octave
code (method 1)

1
> fprintf(’1. Reading of the mesh\n’);

s Th-GetMesh2DOpt(’FlowVelocity2D01 -50.msh’);

4+ fprintf(’2.a) Definition of a 2D velocity potential BVP\n’);
+ Lop-Loperator(Th.d, {1, 15111} ,[1, (1,11

s pde—initPDE (Lop,Th);

7 pde=setBC_PDE(pde,20,1,’Dirichlet’ ,20);

s pde=setBC_PDE(pde,21,1,’Dirichlet’,—20);

o fprintf(’2.b) Solving 2D velocity potential BVP\n’)

10 phi=solvePDE (pde);

11 fprintf(’3) Setting/Solving 2D velocity field problem\n’);
12 m=2;

13 Hop=Hoperator (d,m);

12 Hop.H{1,1}=Loperator (d,[],[],[].1):

i+ Hop.H{2,2}—Loperator (d,[| [] ,[] 1)

16 Bop=Hoperator (d,m);

17 Bop.H{1,1}=Loperator (d,[],[],{1;0},[]);
1w Bop.H{2,2}=Loperator (d,[],[],{0;1},[]);

10 A=HAssemblyP1_OptV3(Th,Hop);

20 B=HAssemblyP1_ OptV3(Th,Bop);

21 U=A\(B#[phi;phi]);

V=splitSol (U,2,Th.nq);

23 fprintf(’4.a) Definition of a 2D stationary heat BVP with potential flow\n’);
20 af=Q(x,y) 0.1+y."2;

s Dop Loperator (Th.d, {af ,[1;[] , af},[], {V{1}.V{2}},0.01);

26 pdeHeat=initPDE (Dop,Th);

27 pdeHeat=setBC_PDE(pdeHeat,21,1,’Dirichlet’, @Q(x,y) 20*y );

2s  pdeHeat-setBC_PDE(pdeHeat ,22,1,’Dirichlet’, 0 );

2 pdeHeat=setBC_PDE(pdeHeat 23,1, Dirichlet’, 0 );

so fprintf(’4.b) Solving 2D stationary heat BVP with potential flow\n’);
u-solvePDE (pdeHeat ) ;

©

Listing 12: Stationary heat with potential flow in 2D, Python code
(method 1)

1 d=2

2 print(’1. Reading of the mesh?)

s Th=readFreeFEM ("FlowVelocity2D01-50.msh")

4+ print("2.a) Definition of a 2D velocity potential BVP")
5 Lop=Loperator (d=Th.d,A=[[1,None] ,[None,1]])

¢ pde=initPDE (Lop,Th);

7 pde=setBC_PDE(pde,20,1,"Dirichlet",20,None);

s pde=setBC_PDE(pde,21,1,"Dirichlet"”,—20,None);

o print("2.b) Solving 2D velocity potential BVP")

10 phi=solvePDE(pde)

11 print("3. Setting/Solving 2D velocity field problem")
12 Hop=Hoperator (d=2,m=2)

13 Hop.H[0][0]=Loperator (d=d,a0=1)

11 Hop.H[1][1]|=Loperator(d=d,a0=1)

15 Bop=Hoperator (d=2,m=2)

16 Bop.H[0][0]— Loperator (d-d,c—[1,0])

17 Bop.H[1][1]=Loperator(d=d,c=[0,1])

15 A=HAssemblyP1 OptV3(Th,Hop,1)

19 B-HAssemblyP1 OptV3(Th,Bop,1)

20 b=Bsnp.hstack ([phi,phi])

21 U=spsolve (A,b)

22 Ve=splitSol(U,2,Th.nq)

23 print(’4.a) Definition of a 2D stationary heat BVP with potential flow?)
24 af=lambda x,y: 0.1+4+y*x2;

25 Lop—Loperator(d-Th.d,A—[|af ,None] ,[None, af|] ,c=[V[0] ,V[1]] ,a0=0.01);
26 pdeHeat=initPDE (Lop,Th)

27 pdeHeat=setBC_PDE(pdeHeat,21,0,’Dirichlet’, lambda x,y: 20%y )
25 pdeHeat=setBC_PDE(pdeHeat,22,0,’Dirichlet’, 0)
20 pdeHeat=setBC_PDE(pdeHeat ,23,0,’Dirichlet’, 0)

so print(’4.b) Solving 2D stationary heat PDE with potential flow’)
31 u=solvePDE(pdeHeat )

Method 2 : have fun with H-operators
We can merged velocity potential BVP
obtain the new BVP

and potential flow to
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-\@/-Velocity potential and potential flow in 2D

Find ¢ € H?(Q2) and V = (V1,V3) € H(Q) x H(Q) such that

oV, 0V, _ .

- <(?J,‘ e ay) = 0 in Q, (348)
0¢ :

V- w = 0 in Q, (3.49)
0¢ :

Vo — il 0 in 9, (3.50)

¢ = =20 on Ty, (3.51)

¢ = 20 on I'y, (3.52)

gﬁ = 0 on Fl ) Fgg ) FQQ (353)

We can also replace (3.48) by —A¢ = 0.

¢
Let w = [ V1], the previous problem (3.48)-(3.53) can be equivalently
Vs

expressed as the vector BVP (2.10))-(2.12) :
g Vector BVP

Find w = (wy, w2, w3) € (H3(22))3 such that
Hw) =f in Q, (3.54)
we =g on T2, Vae [1,3], (3.55)
cw + afw,, =g" on T2 vVae[l,3], (3.56)
6nHQ

where T'E = T2 = ¢ for all a € {2,3} (no boundary conditions on V1 and
Vg) and

e H is the 3-by-3 operator defined by

0 Lo, —e100 L0,—e500
H=|Loo-e,0 L0001 0
L0,0,—e5,0 0 L0,0,0,1

its conormal derivative are given by

owq ows ows
3 =0, p = wany, = = w3ny,
L P NHq o 0N, 5
(7’“)1 —0 61[)2 -0 (’)\’U)g 0
- Y 9
(371';.[21 877/7.[2 2 (?nHQ 3
8w1 —0 (3'w2 . (3w3
A - Y (3 - Y a -
ONH3 UMM 3,2 N33
So we obtain
N 3 R
oW g ow ¢
E) s =V = (3.57)
(’}’I’LH1 a1 (?ﬂHl o on
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and
ow _ ow

From (3.58)), we cannot impose boundary conditions on components 2 and
3.

o f:=0

FID = FQO U F21 and F{% = Fl U FIO ) FQQ U F23

ng := 20 on I'yg, and ng = =20 on I'y;
e gl =alt:=00onTF

The solution of this vector BVP is given on lines [3] to [I3] of Algorithm [3.

Algorithm 3.13 Stationary heat with potential velocity problem (method 2)

1:

ooy

: Hop < Hoperator(2, 3)

17:

18:
19:
20:
21:
22:

© PN Gd W

Tr < ceTMESH(...) = Load FreeFEM-++ mesh

: Hop.H(1,2) « Loperaror(02, —e1,0,0)
Hop.H(1,3) < Lopreraror(Qz, —e2,0,0)
Hop.H(2,1) < Loprerator(Q2,0,—e1,0)
Hop.H(2,2) < LOPERATOR(@Q,O 0,1)
Hop.H(3,1) < Lopreraror(Qz,0, —ez,0)

: Hop.H(3,3) « Loperartor(02,0,0,1)
: PDEflow «— mnirPDE(Hop, 71)

11:
12:
13:
14:
15:
16:

PDEflow « serBC_ PDE(PDEflow, 20, 1, >Dirichlet’, 20., &¥)
PDEflow <« serBC PDE(PDEflow, 21, 1, °Dirichlet’, —20., &)
[#,V1,V3] « SowePDE(PDEflow)

a«— (z,y) — 0.1+ 92

g21 < (z,y) — 20y

B« 0.01

Dop < LoPERATOR( ((3 g) ,0, <51) ,B8)
2

PDE « mirPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries

PDE « serBC_ PDE(PDE, 21,1, °Dirichlet’, g21, &) >u=4onTIy
PDE « serBC_PDE(PDE, 22,1, ’Dirichlet’, 0, &) >u=—4o0nTly
PDE « serBC_PDE(PDE, 23,1, °Dirichlet’,0, J >u =0 on 'y
u < SowePDE(PDE)

We give respectively in Listing [13| and [14] the corresponding Matlab/Octave

and Python codes.
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Listing 13: Stationary heat with potential flow in 2D, Matlab/Octave
code (method 2)

1
2 d=2;
s fprintf(’1. Reading of the mesh \n’);

1 Th=GetMesh2DOpt (’FlowVelocity2D01 -50.msh’);

5 fprintf(’2. Setting 2D potential velocity/flow BVP\n’);
s Hop—Hoperator(d,3);

7 Hop.H{1,2}=Loperator(d,[],{ —1,0},[],[])
+ Bop B{1 3} ~Loperator(d, 11 {0, 11111
9

H
H
3

Hop H{2,1} - Loperator (d,[] [} ,{ —1,0} ])
10 Hop.H{2,2}=Loperator(d,[],[],[].1):
i Hop.H{3,1}=Loperator(d.[] 11,10, ~ 1} ,[]):
i+ Hop.H{3,3}—Loperator(d. ] {111 :1):

13 pdeFlow=initPDE (Hop, Th);

11 pdeFlow=setBC_PDE(pdeFlow,20,1,’Dirichlet’ ,20);

15 pdeFlow=setBC_PDE(pdeFlow,21,1,’Dirichlet’,—20);

16 fprintf(’3. Solving 2D potential velocity/flow BVP\n’)

17 U=solvePDE (pdeFlow, ’split’, true);

1s fprintf(’4. Setting 2D stationary heat BVP with potential flow\n’);
10 af=Q(x,y) 0.1+y."2;

20 Dop=Loperator (Th.d,{af ,[];[],af},[],{U{2},U{3}},0.01);

21 pdeHeat=initPDE (Dop,Th);

22 pdeHeat=setBC PDE(pdeHeat,21,1,’Dirichlet’, @(x,y) 20xy );

;s pdeHeat=setBC_PDE(pdeHeat,22,1, ’Dirichlet’, 0 );

21 pdeHeat=setBC_PDE(pdeHeat,23,1,’Dirichlet’, 0 );

25 fprintf(°5. Solving 2D stationary heat BVP with potential flow\n’);
26 x=solvePDE (pdeHeat );

Listing 14: Stationary heat with potential flow in 2D, Python code
(method 2)

1
2 d—2;m-3;

s print(’1. Reading of the mesh’)

4+ Th=readFreeFEM ("FlowVelocity2D01-50.msh")

s print("2. Setting 2D potential velocity/flow BVP")

¢ Hop=Hoperator (d=2,m=3)

+ #Hop.H[0][0]=Loperator (d=d,A=[[1,None],[None,1]])

s Hop.H[0]||1]— Loperator(d-d,b—|—1,None])

9 Hop.H[0][2]=Loperator (d=d,b=[None, —1])

10 Hop.H[1][0]=Loperator (d=d,c=[—1,None|)

11 Hop.H[1]|1]|=Loperator(d=d,a0=1)

12 Hop.H[2][0]=Loperator (d=d, c=[None, —1])

13 Hop.H[2][2]|=Loperator (d=d,a0=1)

14 pdeFlow=initPDE (Hop,Th);

15 pdeFlow=setBC PDE(pdeFlow ,20,1,"Dirichlet",20,None);

16 pdeFlow=setBC_PDE(pdeFlow,21,1,"Dirichlet",—20,None);

17 print("3. Solving 2D potential velocity/flow BVP")

15 U=solvePDE(pdeFlow, split=True)

19 print(’4. Setting 2D stationary heat BVP with potential flow’)
20 af=lambda x,y: 0.14+y*x2;

21 Lop=Loperator (d=Th.d,A=|[[af ,None] ,[None, af]],c=[U[1] ,U[2]],a0=0.01);
22 pdeHeat=initPDE (Lop,Th)

23 pdeHeat=setBC_PDE(pdeHeat,21,0,’Dirichlet’, lambda x,y: 20%y )
24 pdeHeat-setBC_PDE(pdeHeat ,22,0,’Dirichlet’, 0)

25 pdeHeat=setBC PDE(pdeHeat,23,0, ’Dirichlet’, 0)
26 print(’5. Solving 2D stationary heat PDE with potential flow’)
21 u-solvePDE(pdeHeat)

3.3.3 Stationary heat with potential flow in 3D

Let Q < R? be the cylinder given in Figure [14]

The bottom and top faces of the cylinder are respectively I'1 9o UI'1020 U 1021
and FQOOO ) F2020 U F2021. The hole surface is FlO v Fll \ F31 where Flg \ Pll
is the cylinder part and I's; the plane part.

The 3D problem to solve is the following
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(a) Bottom face (b) Top face

Figure 14: Stationary heat with potential flow : 3d mesh

-

-\@’-3D problem : stationary heat with potential flow
Find u € H3() such that

— = 0 otherwise 3.62

on

—div(evVu) +{V,Vuy+Bu = 0 in QcR? (3.59)
u = 30 on I'ip20 U 2020, (3.60)
u = 105\z—1|>0.5 on I'yg, (3.61)
ou
(3.62)

where 2 and its boundaries are given in Figure This problem is well
posed if a(z) > 0 and SB(z) > 0.
We choose o and § in  as :

alz) = 1,
B(x) = 0.01

The potential flow is the velocity field V = V ¢ where the scalar function ¢ is
the velocity potential solution of the PDE :

-@’-Velocity potential in 3d

Find ¢ € H2(Q2) such that
—A¢ = 0 inQ, (3.63)
¢ = 1 on I'io21 v I'2001, (3.64)
(,ZS = —1 on F1020 U PQOQO, (365)
g—i = 0 otherwise (3.66)

To solve problem ([3.59)-(3.62), we need to compute the velocity field V.. For
that we can rewrite the potential flow problem (3.63))-(3.66), by introducing
V = (V1,V,,V3) as unknowns :
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-\@/-Velocity potential and velocity field in 3d

Find ¢ € H2(Q) and V € H(Q)® such that
_ (5;;1 N aaVyQ i a@‘f’) - 0 am (3.67)
V- % = 0 inQ, (3.68)
V,— % = 0 inQ, (3.69)
Vs — g—f = 0inQ, (3.70)
with boundary conditions to (B3.66).

We can also replace (3.67) by —A¢ = 0.

¢
Let w = “;1 , the previous PDE can be written as a vector boundary
2
Vs
value problem (see section where the H-operator is given by
H(w) =0 (3.71)
with
Hi1 =0, Hio2=L0—e 00 Hiz3=L0 €00 Hia=L0 €500
(3.72)
Ho1 = L00,—e,,0, H22=Looo1, H23=0, Hoa =0, (3.73)
Hs1 = L0,0,—e.,0, Hz2 =0, H3zz = L0,00,1, Hsa =0, (3.74)
Ha1 = Loo,—e5,0, Hap =0, Hyz =0, Haa= L0001,
(3.75)

and e; = (1,0,0)%, e2 = (0,1,0)%, e3 = (0,0,1)*.
The conormal derivatives are given by

f}'wl (7'w1 (9’11)1 f}'wl
3 = 0’ 3 = 07 p = 07 3 = 0’
NHy L P N3, Ny 1
Owg (7’!1)2 (?’Il)g 6w2
! = Vlnla F) = 07 ) = 07 F) = Oa
L NH 0 N5 5 Ny 5
8w3 8’&)3 6'w3 8w3
on = Vone, on =0, on =0, on =0
Hi,s Ha,s3 UTVH 3 3 Ha,sz
6w4 8w4 6w4 8w4
a = V3n3a a = 0, 47 — = 07 7& = O’
LR N, 4 0Ny 4 L

So we obtain

O e Vo = (T, .16

1,a
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and
4

ow,, 4 ow,, - ow,
D 2 = P > B 0. (3.77)

a=1 .0 a=1

From (3.77), we cannot impose boundary conditions on components 2 to 4.
Thus, with notation of section we have Y =T} = T'Y =T with ¢ =
N _ N _ 0
93 = 94 .

To take into account boundary conditions (3.64) to (3.66), we set I'P =
FJ{[O2O U I'1021 U T'a020 U 2021, F{V = F\FlD and gl = 6F1020UF2020 - 5F1021 Ul'2021
91 = 0.

The solution of this vector boundary value problem is given in lines [3] to [13]
of Algorithm [3.14] A representation of velocity potential ¢ and potential flow
V is given in Figure

(a) ¢ and V : first view (b) ¢ and V : second view

Figure 15: HeatAndFlow Velocity3d01 problem

The operator in 1} is given by La10,v,8. The conormal derivative aan—“L is

ou ou
pr AV u,ny—<{bu,ny = as-.

The algorithm using the toolbox for solving (3.67))-(3.70) is the following;:
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Algorithm 3.14 Stationary heat with potential velocity problem

1:

© 0 O Ut AW

17:

18:
19:
20:
21:
22:

Tr < ceTMESH(...) = Load FreeFEM++ mesh

1 0 0

L el «— 0,62<— 1,63<— 0
0 0 1

: Hop < HopreraTor(3,4)

: Hop.H(1,2) « Lopreraror(Q3, —e1,0,0)

: Hop.H(1, 3) « Loreraror(0s, —ez,0,0)

: Hop.H(1,4) < Loprerator(Q3, —e3,0,0)

: Hop.H(2,1) « Loprerator(Q3,0, —e1,0), Hop.H(2,2) <« Lorerator(Q03,0,0,1)

: Hop.H(3,1) « Loreraror(03,0, —e2,0), Hop.H(3,3) < Loreraror(0s,0,0,1)

: Hop.H(4,1) < Loprerator(Qs3,0, —es,0), Hop.H(4,4) < Loperaror(0s3,0,0,1)

: PDEflow < mirPDE(Hop, 71)
11:
12:
13:
14:
15:
16:

PDEflow « serBC_PDE(PDEflow, 20, 1, Dirichlet’, 20., )
PDEflow « serBC_ PDE(PDEflow, 21, 1, ’Dirichlet’, —20., &)
[#,V1,V2,V3] « SowvePDE(PDEflow)

a«— (z,y,2) — 1

g20 < (x,y,2) —> 30, gio « (z,y,2) —> 10* (|]z — 1] > 0.5)
5« 0.01

a 0 0 Vi
Dop « Loprerator(| 0 o 0,0, V2]|,B)
0 0 (6% V3
PDE « mirPDE(Dop, 7Tr) = Set homogeneous ’Neumann’ condition on all boundaries

PDE « serBC PDE(PDE, 1020, 1, ’Dirichlet’, g0, &)
PDE « serBC_PDE(PDE, 2022, 1, ’Dirichlet’, g20, &)
PDE « serBC_PDE(PDE, 10,1, °Dirichlet’, gi0, &)

u — SowePDE(PDE)

The numerical solution for a given mesh is shown on Figure

(b) us solution with streamline : second

(a) us solution with streamline : first viewview

Figure 16: HeatAndFlowVelocity3d01 problem
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3.3.4 Biharmonic problems

The biharmonic equation is the fourth-order partial PDE given by

Ay =f (3.78)
d d 4
where A%y = A(Au) = 2 Z an
The boundary COIldl n I' can be

e Clamped Plate (CP) or pure Dirichlet type:

ou
u=-o-=9 (3.79)

o Simply Supported Plate (SSP) or Navier type :
u=Au=g (3.80)

e Pure Hinged Plate or Stelov type :

u:Au—(l—U)KZ—u:g (3.81)
e Cahn-Hilliard (CH) type
ou  0Au

Link with ?-operator and boundary conditions
Classically the fourth-order PDE (3.78) is converted to the two second-order
PDE

—Au = w (3.83)
—Av = f (3.84)

These two equations can be equivalently written as

/ (u> - @ or k (u) - (?) (3.85)

where G and K are the H-operators defined by

0 EHOOO) (Eﬂooo 5@001)
= d K= (100 £o00 3.86
g <£H70,070 L0,0,0,—1 an L0000 L1000 (3.86)

Let w = (u,v). From (3.85), the components of the conormal derivative of
w defined in (2.13) are given by

2

2
def Z 6w/3 _ Z <A1’6V’IU5,TL>—<I)1”BU,87”>
B=1

6n,cm

6n;¢1

= <]Iv'w1,n> ={(Vu,n)y
ou ow

- i (3.87)
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and
ow 2 owg 2
def d = <A2*ﬂ Vwg,ny— <b2’ﬁuﬂ,n>
onic, = onic, 1;1 )
= ({IVwsy,ny=<{Vov,n)
- (3.88)
on  Ong,

Clamped plate problem
In this part, we take examples of the thesis of T. Gerasimov [§] (page 138).
Let d =2, Q= [-1,6] x [-1,1] = R? and

f:=exp(—100((z + 0.75)* + (y — 0.75)%)).

-\@’-Clamped plate problem
Find w such that

A%y =f inQcR?, d=2

U =0, onT (3.89)
a—u =0. onT
om

Let v = —Auwu. Then the problem (3.89) can be equivalently written as the
split problem (|3.90)).

N

-@-Clamped plate split problem

Find u and v such that
v = —Au, in
—Av =f, in
U =0, onT (3.90)
?u =0. onT
on

Using the operator G defined in (3.86) and its conormal derivatives (3.87)-
(13.88), we can write the vector BVP associated with (3.90) as

Vector BVP for clamped plate problem (3.90) with G
operator
Find w = (wy,w2) € (H2(Q))? such that
Glw) = (g) in 0,
w, =0 onTP =T (s0o T =)
w R _ D _
ﬁng2_0 only =T (so I'y =)
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Remark 2. We cannot use the operator K defined in (3.86|) due to a boundary

ow ou
= — and we cannot set a Dirichlet condition

condition trouble. Indeed =
ni, on

wy =0 on T'P =T with a Neumann condition =0onTH=T.

nK,

The domain 2 could be generated with the HvrerCusr function :
T, < HyperCusre(2, [70,20],2 — (=1 + 7z1, —1 + 2z5)).

In Figure we represent, () and its boundary I' =Ty u Ty U T3 U Ty.

Q=[-1,6] x [~1,1]

Figure 17: Mesh from HvrerCusr(2, [70,20],2 — (=1 + 721, —1 + 2x2))

The algorithm using the toolbox to solve this vector BVP is the following:

Algorithm 3.15 Clamped plate problem
: Trh < HyperCusg(2,[70,20],z — (—1+ 721, —1 + 2x2))
d«—2, me2
: Hop <« Horrraror(2,2)
: Hop.H(1,2) < LopreraTor(2,15,0,0,0)
: Hop.H(2,1) « LoperaTor(2,12,0,0,0)
: Hop.H(2,2) « Loreraror(2,02,0,0,—1)
: pde « mirPDE(Hop, Tr)
exp(—100((z1 + 0.75)% + (x2 — 0.75)2))>
0

\]CDCH%OO!\??—‘

o]

: pdef —x —

9: for i < 1 to pde.nlab do

10:  pde < seTBC_PDE(pde, pde.labels(z), 1, ’Dirichlet’, 0., &)
11: end for

12: X <« SowePDE(PDE)

We give in Listings [15] and [16] the corresponding Matlab/Octave and Python
codes.
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©

Listing 15: 2D clamped plate,

Matlab/Octave code

d=2;m=2;

fprintf(’1. Reading of the
mesh\n?);

Th=HyperCube(d ,50[7 ,2],
@(q) [7xq(1,:) —152%q(2,:) —1]);
fprintf(°2. Definition of
the BVP\n’)
Hop=Hoperator (d,m) ;
Hop.H{1,2}=Loperator(d,{1,0;0,1},
Hop.H{2,1}=Loperator(d,{1,0;0,1},
Hop.H{2 2} - Loperator (d,[] (] 1], ~ 1
pde—initPDE (Hop,Th) ;
pde. f={@Q(x,y)exp(—100%((x+0.75).~2
+(y—0.75).72)) ,0};
for i-—1:pde.nlab
pde=setBC_PDE(pde, pde.labels (i) ,1,
’Dirichlet’,0);

|
I

5

end
fprintf(’3. Solving BVP\n’)
WesolvePDE (pde , *split’ ,true);

14

Listing 16: 2D

Python code
d=2;m=2;
print (’1. Reading of the
mesh’);
Th=HyperCube(d,[20%7,20%2], trans=lambda
q:np.c_[Txq[:,0] —=1,2xq[:,1] —1])
print (’2. Definition of the
BVP’)
Hop=Hoperator (d=2,m=2)
Hop.H|0|[1]~ Loperator(d—2,
A=[[1,None] ,[None,1]])
Hop.H[1][0]= Loperator (d=2,
A=|[[1,None| ,|[None,1]])
Hop.H[1][1]|=Loperator(d=2,a0=-1)
pde=initPDE (Hop,Th)
pde. f=[lambda
x,y:exp(—100+((x+0.75)*x2
+(y—0.75)*x2)) ,0]
for | in pde.labels:

clamped plate,

pde=setBC_PDE(pde,1,0,’Dirichlet’,0,None)

print (’3. Solving BVP?)
x=solvePDE (pde, split=True)

The numerical solution for a given mesh is shown on Figure

-9,74e-08

e

-

-0,005

-0,00899

(a) u solution

v

-0.002
H\H‘\H

0
L] \‘H,

0,00474

(b) v solution

Figure 18: Clamped plate problem
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4 DATA STRUCTURES

4 Data structures

In this section several data structures are defined. Each structure makes the
algorithms shorter and easier to read. First the Mesh structure allows to describe
the mesh of a domain Q — R¢ made of d-simplices . Then the boundary mesh
data structure is presented which allows to store and identify distinct parts of
the boundary mesh. After that we define the structures associated with the
boundary conditions and with the operators £ and H. Finally we explain the
PDE structure which allows to completely describe the BVP.

4.1 Structure for meshes

We suppose that € is equipped with a mesh 7, (locally conforming) where its
elements are d-simplices . We denote by {2, the union of the elements belonging
to the mesh, Q) = UKGT}L K, and by I'y, its boundary, 'y, = 0€y,.

The following data structure is associated to the mesh 7T, and employs many
notations already used in FreeFEM++ (see [9] [10]).

EgMesh structure associated to 7},
d : integer
space dimension
T, : integer
number of vertices
Nme : integer
number of elements (d-simplices )
npe : integer
number of boundary elements ((d—1)-simplices )
q :  d-by-nq array of reals
array of vertices coordinates
me : (d+1)-by-nye array of integers
connectivity array for mesh elements
be :  d-by-np. array of integers
connectivity array for boundary elements
bel : 1-by-np. array of integers
array of boundary elements labels
vols : 1-by-nye array of reals
array of mesh elements volumes

More precisely

e q(v,j) is the v-th coordinate of the j-th vertex, v € {l,...,d}, j €
{1,...,n4}. The j-th vertex will be also denoted by ¢/ = q(:, 5).

e me(f, k) is the storage index of the -th vertex of the k-th element (d-
simplex ), in the array ¢, for 8 € {1,....,d + 1} and k € {1,...,npe}. So
q(:, me(B, k)) represents the coordinates of the S-th vertex of the k-th
mesh element.

e be(,1) is the storage index of the S-th vertex of the I-th boundary element
((d—1)-simplex ), in the array ¢, for 8 € {1,...,d} and [ € {1,... ,npe}.
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So q(:,be(p,1)) represents the coordinates of the S-th vertex of the [-th
boundary element.

e vols(k) is the volume of the k-th d-simplex .
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See in Section [I1.I] an example of the mesh data structure for a ring.

4.2 Structure for boundary meshes

In this section we define a boundary mesh data structure which allows to easily
differentiate parts of the boundary mesh. This will be very useful to clearly
identify the Dirichlet and Robin boundaries in scalar and vector BVP’s and
also to simplify the contributions of boundary conditions.

Let X5, be a non-empty part of I'y, = 0€0;, extracted from 7,. The boundary
mesh Y, is defined by its n, vertices " € R% r € [1,n4]. Its nye faces or
boundary elements are (d—1)-simplices extracted from mesh elements of 7j.
They are given by the connectivity array me such that q™¢(®*) is the a-th
vertex of the k-th boundary element. We denote by Zs,, the ordered subset of
[1, Ts.1nq] such that #Is, = ¥),.n4 and

Vre[l,ng] Xpq" = ﬁ.quh’ where i = Ty, (7). (4.1)

The boundary mesh data structure associated to Y; and extracted from 7Ty, is
given by

ﬁBoundary mesh structure associated to >, c ',
d : integer
dimension of d-simplices : d = Tp.d—1
ng : integer
number of vertices
e :  integer
number of boundary elements (d-simplices )
q ¢ (d+1)-by-nq array of reals
array of vertices coordinates
me : (d+1)-by-nmye array of integers
connectivity array for boundary mesh elements
vols 1 1-by-ny,e array of reals
array of d-simplices volumes
toGlobal : 1-by-ng array of integers
Tr-q(:, toGlobal) = q
nqGlobal : integer (7.nq)
nqGlobal= Tp.nq
label : value of labels(l)

More precisely

e q(v,j) is the v-th coordinate of the j-th vertex, v € {1,_. .,d+1}, 5 €
{1,...,n4}. The j-th vertex will be also denoted by ¢/, ¢ € R7»-4.

e me(f, k) is the storage index of the -th vertex of the k-th element (d-
simplex ), in the array g, for € {1,...,d + 1} and k€ {1,..., e}

e vol(k) is the k-th d-simplex volume.
Now we explain how this structure can be initialized from a mesh structure

Th.
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Let labels be the ordered set of unique boundary labels of 7. bel, nj,, be
its cardinality and, for any i € labels, I'} be the union of boundary elements of

label i. So we have
Njab
T, = U ]-—‘Zabels(l) _ U 1—\2
=1 i€labels

The Algorithm [4.1] gives the function BuiLbBounxparyMesn which creates the
boundary mesh structure associated to ¥j, = I';2*¢! where Label € labels .

Algorithm 4.1 function BuiLbBounparRyMEsH

Input :

T : a mesh structure of Q)

Label : an integer as a label of a mesh boundary
Output :

¥, ¢ the boundary mesh structure of I'}2*eL.

1: Function X; <« BuipBounparyMEesH(Tp, Label)
2 Yhd«—Tpd-1

3 Yn.label « Label

4: I« Finp(Tn.bel = Label)

5:  BE « Tn.be(:, I)

6 indQ < Unique(BE)

7 3h.q < Tn-q(:, indQ)

8:  Yp.nq < Lenctu(indQ)

9:  J«07;.n,; J(indQ) < 1 : LencTa(indQ)

10:  Xy.me < J(BE)

11:  Yp.nme <« Size(Tp. me, 2)

12: Yh.toGlobal « indQ

13: 31.nqGlobal « Th.nq

14:  Xy.vols < CompuTEVOLVEC(Zh.d, Xh.q, Xn.me)
15: end Function

The Algorithm [TT.T]defines the function BuiLbBounparyMesues which creates

a 1-by-n,p array By of boundary mesh structures. For any [ € [1,n.p], Br(l)

is the boundary mesh structure of I‘thels(l),

Algorithm 4.2 function BuiL.bBouNDARYMESHES

Input :
Tr  : a mesh structure of Q2
Output :
Bn, : 1-by-nj.p, array of boundary mesh structures.

1: Function B « BuiLbBounparyMesues(7Tr)

2 labels <« UniQuE(Th.bel)

3: nlab « Lenctu(labels)

4:  for [ < 1 to nlab do

5 B (1) < BuibBounparyMEesH( Ty, labels(l))
6 end for
7: end Function
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Let [ in [1,n,5]. To simplify the notation (4.1) for ¥;, = I‘Zlbels(l), we set
T = Ty - So I; s given by By, (1).toGlobal < [1, T.1n4]. We also denote by
h

ng ; the cardinality of 7, and thus ng ;, = B (1).ng. Finally (4.1) becomes
Vre[lng,], j=2Z(r) with By(l).q" = T’ (4.2)

See in Section [11.2] an example of the boundary mesh data structure.

4.3 Structure for boundary conditions

In the vector case, for all « € [1,m], the discrete Dirichlet and Robin boundaries
F,?)a and Fﬁa are parts of I';, and respectively denoted by Fﬁa and F}Iia. Let

722 and Z'%% be the subsets of [1,n1.p,] (possibly empty) such that

labels labels

labels(l labels(l
rP.= | o0, i, = |J ot (4.3)

lezlP« lezite

labels labels

For the vector BVP problem, the Dirichlet boundary conditions (2.11)) can be
written on I';, as
u, = g2 on I‘f’a, Va e [1,m].

Using notations (4.3), we can also write equivalently

o = g2 on 10 e e ya e [1,m]. (4.4)

labels>

To store all these Dirichlet boundary conditions, we choose to represent them
as a m-by-ny,, array, named bclD, of one-field structures g such that

D . D,
9o |Fl},(,lbds<l)’ ifle Ilabels

belD(a, 1).g « { otherwise

In the same way, the Robin boundary conditions (2.12)) of the vector BVP
problem can be written on I'y, as

ou
a’n/;.[a

+afuq =g on T Vie Il Vae[lLm]  (45)
and we choose to represent them by an m-by-n),;, array, named bclR, of two-field
structures with fields g and ar such that

R : R,
belR(a, 1).g « { géwrl:m”h 1€ Lyghers

otherwise

and R
R : a
belR(«, 1).ar «— G pjptets®)s itle I{“bels
%) otherwise
In the scalar case, the Dirichlet and Robin boundaries I'? and I'"? are parts
of I';, and respectively denoted by FE and I‘f. Let Igbels and Iﬁbels be the
subsets of [1,njap] such that

labels(l labels(l
rp = |J o0, = | ot (4.6)

D R
€T g LSAR

To describe the boundary conditions, one can use the previous arrays belD and
belR with m = 1.
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4.4 Structure for operators

4.4.1 Scalar operators

L= Lapea, given in (2.1) is defined by

gLoperator data structure
d : dimension of the operator
A : d-by-d array of functions 2 — R
b : 1-by-d array of functions 2 — R
® . 1-by-d array of functions 2 — R
a0 :  function 2 - R
order : integer
order of the operator (0 < order < 2)

Using the function Loperaror defined in Algorithm we can easily create
a Loperator structure associated to a L-operator. For example

o the Mass operator in dimension d is defined by Lo,, ,;,0,,04,1, SO

LMass « LOPERATOR(d, Ogxd,04,04, 1).

o the Stiffness operator in dimension d is defined by Ly, , 0,040, SO

LStiff « Loeeraror(d, Igxq,04,04,0).

Algorithm 4.3 function LoperaTor

Input :
d : dspace dimension of Q c R?,
A . d-by-d matrix of functions 2 — R,
b : 1-by-d vector of functions 2 — R,
¢ : 1-by-d vector of functions 2 — R,
ag : function Q - R
Output :
L : Loperator structure associated with the L£-operator L p.c a,-
1: Function L «— Loreraror(d, A, b, ¢, ao)
2 Ld«d
3 LA« A
4: Lb<bd
5 L.cec¢
6 L.a0 < ag
7 if A #* Ogxq then
8 L.order « 2
9: else
10: if b#£ O, or ¢ # O,4 then
11: L.order « 1
12: else
13: L.order < 0
14: end if
15:  end if

16: end Function
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The discretisation of this operator by a P;-Lagrange finite element method on
Qy, is given by

ngdata or Ldata structure

d : dimension

A : d-by-d arrays of Fdata
b

c

1-by-d arrays of Fdata
1-by-d arrays of Fdata

a0 : Fdata

where Fdata denotes the P;-Lagrange finite element approximation of a func-
tion f : 0 — R on §y, such that Fdata(i) = f(q"), Vi € [1,n4]. To initialize a
Ddata structure from a mesh we can use Algorithm

Algorithm 4.4 function seTDpaTa

Input :

D : Doperator structure.

M; Ty mesh structure (see Section ) or B, boundary mesh structure
Output :

Dy : Ddata structure.

1: Function Dy, « serDpara(D, M},)
2 Dnd <« Dud
3: fori<«1toD.ddo
4 for j — 1 to D.d do
Duw.A(7,j) <« serFpata(D.A(4,5), Mp)

[$48

6: end for

7: Dy.b(7) < serFpata(D.b(i), Mp)
8: Du.c(?) « serFpara(D.c(i), Mp)
9:  end for

10:  Dy.a0 < serFpara(D.a0, Mp,)
11: end Function

Algorithm 4.5 function seTFpaTa

Input :

f :  function from 2 or T" to R.

Mj, Ty mesh structure (see Section ) or B, boundary mesh structure
Output :

frn + R%a vector such that f,(i) = f(My.q").

1: Function fj, < serFoara(f, My)
for i < 1 to ./\/lh.ng do
fr(t) = f(Mn.q")

end for

BN o

end Function

We can easily obtain the local data associated to the k-th mesh element (see

Algorithm
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Algorithm 4.6 function errl.ocFpara

Input :
frn: Fdata: 1-by-nq array of doubles.
Tr. : mesh structure associated to €, (see section b
k :  index of a mesh element
Output :
fL : Local Fdata. 1-by-(d + 1) array of doubles

1: Function fL « gerLocFoara(fh, Th, k)
2: fL <« fn(Th-me(:, k))

3: end Function

4.4.2 Vector operators

The operator H used in (2.6) is defined by the Hoperator structure

g Hoperator structure

d : space dimension
m : operator dimension (m in definition (2.6))
H : mby-m array of Loperator

The initialization of a Hoperator structure to the zero H operator is given
in Algorithm

Algorithm 4.7 function HorrraToRr

Input :
d : dspace dimension of Q ¢ R¢,
m : operator dimension
Output :
Hop : Hopoperator structure corresponding to
the zero H operator

: Function Hop <« Horeraror(d, m)
Hop.d < d
Hop.m <« m
for i — 1 tom do
for j — 1 tom do
Hop.H(i,j5) « &
end for
end for
end Function

For example, the operator H given by

H = (‘cﬂdxd70d70d~,1 £©dxd70d70d~,—1>
0 L1444,04,04.0

can be initialized with
1: Hop « HoprraTOR(d, 2)
2: Hop.H(1,1) <« Lorrraror(d, Lixd, 04,04, 1)
3: Hop.H(1,2) < Loperaror(d, Qgxad,04,0q, —1)
4: Hop.H(2,2) < Lopreraror(d, Lixd,04q,04,0)
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4.5 Structure for PDE’s

The PDE structure which contains all the data necessary to solve a scalar or
vector BVP is now described here

gPDE structure
d . integer
space dimension
m : integer
operator dimension (1 for £ operator)
op :  operator
L operator or H operator
f ¢ 1-by-m array of functions
T :  mesh structure
B, :  1-by-nlab array of boundary mesh structures
labels : 1-by-nlab array of integers
Boundary mesh labels
nlab  : integer
number of boundary labels
bclR  : m-by-nlab array of BCrobin structures
bclD : m-by-nlab array of BCdirichlet structures

The Algorithm defines the function mwiTPDE which initializes a PDE
structure pde from an operator and a mesh. In this version default boundary
conditions when they exist are homogeneous Neumann. The function setBC_PDE
in the Algorithm [£.9]allows to modify boundary conditions and to choose Dirich-
let, Neumann or Robin ones.

For the moment we use the function SowvePDE as a black box. This function
allows to solve by Pj;-Lagrange finite element method the partial differential
equation contained in a PDE structure on a given mesh structure. The goal of
Sections [6] and [7] is to introduce a generic version of this function.
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Algorithm 4.8 function mitPDE

Input :
Op : operator structure (see Section ) such that Op.d = Ty.d
Tr : mesh structure associated to €y, (see Section
Output :
pde : a PDE structure. All boundary conditions are set by default to

homogeneous Neumann boundary conditions.
Fields are d, m, op, f, Th, Bh, labels, nlab, bclD, belR.
1: Function ppE < initPDE(Op, Tr)
2:  pde.d « 7.d; pde.m <« Op.m
3:  pde.op < Op
4:  pde.f < Opae.m
5 pde.Tn < T
6:  pde.By « BuioBounparyMesues(7r)
7:  pde.labels « Unique(Th.bel)
8:  pde.nlab <« Lengru(pde.labels)
9: for ¢« 1to pde.m do
10: for | — 1 to pde.nlab do

11: pde.bclR(i,1).g — &
12: pde.bclR(4,1).ar — ¥
13: pde.bclD(i,1l).g — &
14: end for

15: end for
16: end Function

Algorithm 4.9 function setBC_PDE

Input :
pde :  a PDE structure
label : label of the boundary (in pde.labels)
o :  index
type :  string for the name of the boundary condition. It can be
"Dirichlet", "Neumann" or "Robin"
g :  function I' - R corresponding to the source term in Dirichlet,
Neumann or Robin boundary conditions
ar :  function I' - R corresponding to the weight function in the
Robin boundary condition
Output :
pde : the modified PDE structure

1: Function ppE < serBC_PDE(pde, label, ¢, type, g, ar)

2: | < Finp(pde.labels = label)

3:  if type is "Dirichlet" then

4: pde.bclD(a,l).g < g

5. end if

6:  if type is "Robin" then

7: pde.bclR(a, l).g <— g, pde.bclR(q,l).ar « ar,
8: end if

9:  if type is "Neumann" then

10: pde.bclR(a,1l).g <— g, pde.bclR(a,l).ar — &,

11: end if
12: end Function
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5 Finite Element Approximation

We first recall some notations and results on Sobolev spaces. We define here
some finite dimensional spaces which will be used in the sequel.

5.1 Sobolev spaces

The Sobolev space H!(2) is set by

HY(Q) = {U e L2(Q) | jv

e L*(), Vie [[1,d]} (5.1)

Zq

This space is a Banach space with respect to the norm

d 5 1/2
— (| 10)2dq + J Y |2dq 5.2
(LII I NES (5.2

Theorem 3. Suppose that Q2 has a Lipschitz boundary. Then there exists a
constant C' such that

v

||U”2L2(aﬂ) < C oz vl ). Vv e H(Q) (5.3)

We will use the notation H}(Q2) to denote the subset of H!(Q), consisting of
functions whose trace on 052 is zero, that is

H{(Q) = {ve H'(Q) | vjpq = 0in L*(0Q)} (5.4)

Let ¥ be a Lipschitz continuous subset of the boundary 052. The space H'/2(X)
is characterized by
H'2() = {vx | ve H(Q)}. (5.5)

Let g € HY?(X), we define the space H} (), which is not a vector space,
to characterize functions which satisfy a Dirichlet boundary condition on ¥ as

follows
H) (Q) = {v e HY(Q) | vy = g}. (5.6)

5.2 [P;-Lagrange finite elements on meshes

Let 7, be an unstructured simplicial mesh of Q defined in and Q =
UKeTh K. Let Py, kK = 0, be the space of polynomials of degree less than or
equal to k in the variables x1,...,x4. We set

H""(Q) = {veC®(W), vxePy, VK €Ty} (5.7)

which will be called the space of Pi-Lagrange finite elements.

We set {Th-9i}ic[1,7; n,] @S the Pi-Lagrange basis functions on 7;, and when
there is no ambiguity we set ¢; = Th.;, ng = Tp.ng, ... Then, for all u; €
HY"(Qy,), we have

up = Zq: un(q')pi (5.8)
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For all up, = (up 1, ..., unm)t € (HY"(Q4))™ we have
g
Z U1,iPi
Up,1 i=1 m ng m
up=| 1 |= : =D D taiti | €a = D unaea  (59)
Wh.m ng a=1 \i=1 a=1
i
i=1

where, Vo € [1,m], u, € R" are defined Vi € [1,n4] by %a,; = un,o(7h.q") and
e, is the a—th vector of the canonical basis of R™. We also obtain

Span (Hl’h(Qh)m> — {piea | i€ [1,ng], a € [1,m]} (5.10)

Let 7, be the P;-Lagrange interpolation operator valued in the finite element
space H"(Q;,) given by

mp(v) = Zq v(q) s, Yvel(Qn). (5.11)

5.3 [P;-Lagrange finite elements on boundary meshes

Let ¥j, < ', be a boundary mesh deduced from 7, and defined in[£:2] We denote
by HY"(%;) the space spanned by the classical P;-Lagrange basis functions
acting on ¥, and denoted by (X4.¢;)re[1,5,.n,]- Then, for all g, € HYM(2), we
have

Eh,.nq
gn =Y, gn(@)Znor (5.12)
r=1
With definition (4.1) of Zs, , the function g, € H"(Q;,) defined by
Jh = Z 9n (") Th-pi (5.13)
iEIZ;L

is the P;-Lagrange discrete extension to zero of function g and we have

Vre[l,2,ng] Zn.or = Th.@; where i = Iy, (1). (5.14)

Using usual trace operator s, acting on ,, we have, Yuy, € HY(Qy,), vs,, (un) €
Hl’h(zh) and

you(un) = Y un(Sha) S (5.15)
re[1,X5.nq]
Now, we can define the space H;’hffzh (1) where g, € HY(Z,) by
Hp"s () = {un € HY"(Q) | s, (un) = gn} (5.16)
If gn, # ?,hH;;ffEh (Q,) is not a vector space. Furthermore, from (4.1)), we have
Yuy € Hg;l,Zh (Qh)
un = Y un(Tod) i + Y. 9(Thd)Thopi (5.17)
ieIgh ieIgh
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6 From the scalar BVP to its matrix representa-
tion

In this section the basic technique for solving the scalar BVP (2.2)-(2.4) by
P, -Lagrange finite element method is presented. To do so, ones needs to obtain
the linear system coming from the discretization of the variational formulation
associated with the scalar BVP. The assembly of the matrix associated to the
L operator and the computation of the right-hand side are detailed. Then we
describe how to take into account the boundary conditions. Finally the linear
system is solved.

6.1 Variational formulation

The first step is to obtain the variational formulation of the BVP (2.2)-(2.4).
For that we multiply (2.2) by a test function v € H'(2) and by integration
on ) we obtain

J L(u)vdq = — J div (AV u) vdq+f div (bu) vdq+f e,V u)y vdq+f apuvdq
Q Q Q Q Q 6.1)

We apply the following theorem on the first two integrals

EgTheorem : Green Formula [12, Page 11]
If w e H(div;Q) = {w e (12(Q)" | divwe L?(Q)} and v e H'(Q) then

L vdivudq = — L (u, Vuydq + L {u,nyvdo. (6.2)

So we have

—f div(AVu)vdq = f <AVu,Vv>dq—f (AVu,nyvdo, (6.3)
Q Q r
div (bu)vdq = - J (bu, V vy dq + f (bu,n) vdo. (6.4)
Q Q r

Let Dz = Dapc.a, be the first order bilinear differential operator acting on
scalar fields associated to the £ operator defined V(u,v) € (H}(Q2))? by

Dr(u,v) ={AVu,Vovy— (ub,Vvy—viVu,cy) + aguv. (6.5)
Let a—u be the conormal derivative of u defined by
ne
ou
— ={Avun)—<{bu,n) (6.6)
8n5

So using (6.3) and (6.4) gives

J L(u)vdq = f Dr(u,v)dq — ou vdo, YveH Q) (6.7)
Q Q r ong

The variational formulation associated to the scalar boundary value problem

£2)-@3) is given by
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-\@/-Variational formulation
Find u € H;D)FD (Q2) such that
Ag(u,v) = Flv) Yo HY po(Q) (6.5)
where
Ar(u,v) = Dr(u,v)dq + f auvdo (6.9)
Q IR
F(v) = fodq + f g"vdo (6.10)
Q IR

By the extension theorem, if g© € HY/2(I'?), there exists R” € H'(Q) such
that ypo (RP) = ¢gP where ypp is the trace operator acting on I'P. We set w =
uw — RP. Then the previous variational formulation can be written equivalently
as

g 7 . . . . . .
-@-Varlatlonal formulation with an extension function R”

Find w € H 1., () such that

Ar(w,v) = F(v) — Az(RP,v) Yo e Hj () (6.11)

6.2 Discrete variational formulation

The discretisation of the variational formulation is given by

-@’-Discrete variational formulation
Find uy € H;,;’ o (£25) such that
h ' h
h
A%(Uh,’l)h) = Fh(vh) V’Uh € Hé,FhD (Qh) (612)
where
Al (up,vn) = D (up, v )dq + f alupvndo (6.13)
Qn rg
Fhop) = fopdq + f gtopdo (6.14)
Qn e

Let RP € HY"(Qy,) be the discrete extension by zero of g” defined by

| o _ [ ¢P) itqeTP,
vie [Tl R = { 97 B el (6.15)

Then the discretisation of the variational formulation with an extension function

(6.11) is given by
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‘o‘Discrete variational formulation with an extension
function R}
Find wy, € HY", (Q,) such that

o,rP

A’Z(wh,vh) = ]:h(vh) = AZ(R;?,’U}Z) Yup, € Hé:?}D Q) (6.16)

The discrete space variational formulations (6.12)) and (6.16) are equivalent
with up, = wy, + RE

6.3 Matrix representation of the variational formulation :
the scalar case

In this section, we set nq = Tp.nq, ¢° = T.q" and @; = Tj.;.
Let Zp the set defined by

Ip = {Z e [1ng] | e@} (6.17)

and 7§, its complement in [[1,n4].
Let RP € H"(€,) be the discrete extension by zero of g” such that RP(q?) =
gP(d"), Vi € Ip, and RP(q') = 0, Vi € Z§. By bilinearity of A% and linearity
of F" the variational formulation (6.16) is equivalent to find wy, € Hé:’lﬁg (Qn)
such that

Al (wn, :) = F* (i) = AL(RY, 1), Vi€ Th (6.18)
We set u, w and R as three vectors of R such that

g
Un = Z“M‘ = Z ujp; + Z 9" (d)ej,
j=1

JETS, J€Ip

Ng

wh = Y Wiy = > wip;,
j=1 JETS
Ng

D _ D3\

Ry = ZRJ% = Z g~ (d’)ep;j.
j=1 jGZD

where uy, is solution of (6.12) and wj, is solution of (6.16). We note that uj, =
wy, + RP and u = w + R. By construction we have

D s . .
_J 9o ifjelp
R; = { 0 otherwise. (6.19)

By bilinearity of A% and linearity of 7", the variational formulation (6.12)
is equivalent to

N

-@-Matrix representation of the discrete variational for-
6.12])

mulation
Find u € R™e such that

Z A'Z(Spja%)“j = -Fh((pi)ﬂ Vi EIB? (6'20)

w, = g¢°(q%), Vielp. (6.21)

J
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and (6.16| is equivalent to

s N

N

-@-Matrix representation of the discrete variational for-
mulation with an extension function (6.16)
Find (w;);jeze such that, Vie Zp,

Z A(ej piyw; = F'(pi) - Z AL (pj,0)R;.  (6.22)
JELH Jj€Ip

We now explain how to obtain the vector u (i.e the solution up, of (6.12) with

Nq
un = . ujp;). The ng-by-nq matrix A* and the vector b* € R" are defined
j=1

V(i,j) € [1,nq]* by
A%‘C,j = AL (¢j,0i), (6.23)
b7 = F'(pi). (6.24)

More precisely, using (6.13)) we have (4, j) € [1,n4]>

Af; = | Drlej pi)dq + f apjpido (6.25)

Qn I

Similarly using (6.14) we have Vi € [1,1n4]

o f " pido (6.26)
Qp FE

To make the computations of A* and b* easier, they are split in inner and Robin
parts. So we denote by D the ny-by-n, matrix and by b/ the vector of R
which correspond to the inner parts of (6.25) and (6.26)) and verify

D7, = L Dr(pj, pi)dq (6.27)
h

b/ = _ fiida (6.28)

For the terms corresponding to the Robin boundary condition we define a
ng-by-n, matrix denoted by Bf and a vector of R"s denoted by b® such that

ij = f af'pipido (6.29)
oy
bt = f g% pido. (6.30)
oy
Finally we have
Af =DF + BR (6.31)
b* =b’ + b (6.32)

We will see later in Sections [6.4] [6.5] and [6.6.1 how to calculate these terms.
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The Dirichlet terms will be treated in Qection [6.6.2] and allow to define the
sets Zp and 77, and the extension R.

From we obtain that the restriction of w to Z% indices w(Z%) is
solution of

Find z such that A*(ZY),Z¢)x = b“(Z%) — AX(Z%,Tp)R(Ip) (6.33)

where AL (Z,J) is the submatrix of A¥ obtained by deleting Z¢ rows and J°
columns. By construction of R, (6.34) is equivalent to

A(Th, Ip )z = b5 (T) — AS(Th, )R (6.34)

In Algorithm [6.1] the successive steps to obtain the vector u = w + R are given.

Algorithm 6.1 Steps for solving the Scalar Boundary Value Problem

: Assembly of the matrix D

: Computation of b%

: Computation of Robin contributions : B and b®

: Computation of Dirichlet contributions : Zp, 75, and R.
D b5 b +b"

A* «— D +BF

w(Zp) «— Sown(A%(Ip,T5),b(Th) — A“(ZH,Ip)R(In))
’U,(ID) <« R(ID)

—

Now we focus on the lines 1] to [ in the Algorithm

6.4 Matrix assembly : the classical approach

This section deals with the assembly of the matrix D defined by (6.27). We
first remind the reader unused to finite element methods of the usual way to
assemble the matrix D* given in the Algorithm

We have for any (i, j) € [1,n4]?

Nme

Df; = Z J . Dr(pj,pi)dq
k=17T

The Algorithm corresponds to the naive implementation of D computa-
tion using previous formula. We may interchange loops which is done in Algo-

rithm [6.3]

Algorithm 6.2 Naive finite element assem- Algorithm 6.3 Naive finite element assembly

bly algorithm algorithm : loop interchange
1: DF <0 1: DF <0
2: for i < 1 to nq do 2: for k < 1 to nme do
3: for j < 1tong do 3: for i« 1tony do
4: for k <— 1 to nye do 4 for j <— 1 to nq do
5: Dﬁj — ij + ST’C DC(SDjv Sol)dq 5: ]D)ff]' <« Dﬁj + STk DC(ij Wb)dq
6: end for 6: end for
7: end for 7 end for
8: end for 8: end for
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By property of the supports of the functions ¢;, we have
T* < supp(p;) iff ¢ is a vertex of T*.

We derive that ¢; = 0 on T% iff i ¢ me(:,k) which allows us to write the

Algorithm [6.4]
We recall that the P;-Lagrange basis functions on a d-simplex K are the
barycentric coordinates (Aa)ae[1,a+1]- We introduce the (d + 1)-by-(d + 1) ele-

ment matrix D®*(K), associated to D* on the d-simplex K and defined by
DY) = | Delrada)@da Vap)eLd+ 1P (639)
K

On K = T*, we have A\, = Pme(a,k)s Ya € [1,d+1]. Now we can write the
Algorithm [6.5] using these element matrices.

Algorithm 6.5 Classical finite element as-
Algorithm 6.4 Classical finite element as- sembly algorithm with element matrices

sembly algorithm 1: DE «—0
1: D <0 2: for k <— 1 to nye do
2: for k < 1 to nye do 3: E « ]D)E’L(Tk)
3: fora<—1ltod+1do 4 fora —1tod+1do
4 1 «— me(a, k) 5: 1 «— me(a, k)
5 for —1tod+1do 6: for —1tod+1do
6 Jj < me(B, k) 7 Jj < me(B, k)
7 Dﬁj <—D£j +ST’€ De(pj,i)dq 8 ID)ﬁ- <—[D)L +Eq,
8 end for 9: end for
9 end for 10: end for
10: end for 11: end for

We also have the classical theorem (see for example [11].

Theorem 4. Let K be a d-simplex and (\;i(q))ie[1,a+17 be the barycentric co-
ordinates of the point q € K, then for every n; € N, i € [1,d + 1], we have

d+1

d+1 d! H ni!
J H A (a)dq = | K |—S5—. (6.36)
(d+ Z n;)!

where | K| is the volume of K.

Remark 5. For any o € [1,d+ 1] as A\, is a polynomial of degree 1 on K,
its derwatives are constant on K and we set )\fﬂ» = (32 K Vi € [1,d]. In the
appendiz a method for computing these derivatives is proposed and two
algorithms are given to compute them : the first one is local (Algorithm

and the second one is vectorized (Algorithm .

To complete the writing, the element matrices D®*(T}) defined by (6.35])
should be computed. This is the goal of Sections [6.4.1] to [6.4.6]

In the sequel we set nq = 7.10q, @i = Th-@s, q’ = Tn.q*, me = Tp,. me and so
on.
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6.4.1 Splitting of the operator D,

Using (6.5) and ( , we obtain
d
e, [l a)\ﬁ 6/\ B J‘
a Z]ZJA’% 2 1 Z b3, Yo

A
ZJ cia—ﬁAaqurf aoAaAsdq.
VK 0w; K

Let (i,5) € [1,d]? and g € L*(f2), we define the four (d + 1)-by-(d + 1) ma-

trices D¢, (K, g), D,,4, (K, 9,4, ), DS, (K, g,i) and DS, (K,g,1) by V(c,B) €

[1,d+1]?
D59y = | aaroda (637
. - 0Ag OAa
(DdudU(K;ga7’7]))a7ﬂ = jK axj a,’L’Z (6-38)
c . 6 8
( duv(Kagvz))a”B = a A dq (639)
0
( udv(K g, ))Q)/B :f a A,qu (640)
Then, the element matrix D**(K) can be written as
d d
Deﬁ Z 2 dudv K Al]v yJ ZD“d” K bzvl
im1j=1
d
Z du'u K clv +]D) (K7 aO) (641)

Thereafter we approximate the function g by its P;-Lagrange interpolation
gh = Thg :

Ng

gn =Y. gipi, where g; = g(q').
1=1

We have on a mesh element K = T},

d+1
= > an(e), Yae K (6.42)

where Vi € [1,d + 1], \; = ¢; and §; = ¢; with ¢ = me(l, k).
d+1

We also set g° = Z Ji-
I=1
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6.4.2 Computation of the element matrix D¢, (K, g)

From (6.37) and (6.42)), we have

(D5, (K, 9)),0 5 = fK 9(@As(@Aa(@)dq ~ jK an(@As(@Aa(a)da

d+1

~ l; ai L () As(a)Aa(q)dg.

Formula (6.36) gives
Lemma 6. We have
. d'|K‘ ~ ~ d+1 ~
(D5, (K, 9)) 05 = m(l + 00,8)(Ga + G5 + Z q)- (6.43)

=1
This approzimation (6.43) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g = gi is constant on K we obtain

d| K|
D¢ (K = —— (14 b4 .
(D5, ( 79))a,B (d+2)'( + ﬂ)gK
The Algorithm describes the function DELemP1 cuv which computes
the element matrix.

Algorithm 6.6 function DELemP1_cuv. Computation of the element matrix

D%, (K, 9) -
Input :
d : dimension of the simplex K,
vol : K volume,
g ¢ 1-by-(d + 1) array of g values on K vertices,
Output :
D¢ : (d+ 1)-by-(d + 1) matrix corresponding to D¢, (K, g) given by formula .
1: Function D° <« DELEmP1_cuv( d,vol, g)
2: g% <« sum(g)
3 for a — 1tod+1do
4 for <—1tod+1do
5 D (0, B) — g (1 + da.s) # vol x (° + §(a) +§(8))
6 end for
7 end for
8: end Function

6.4.3 Computation of the element matrix DS, , (K, g,1,J)

Due to the properties of Ag given in remark [5| and using an interpolation of g

as in (6.42)), we obtain
YN
D0 (K, 9110 5)) 0 5 = 728
(Duan (K 9,%,5)) 0 5 LQ(Q) 22, (Q)azj

d+1
”)\f,i Af{j Z 17l f Ai(q)dq.
=1 K

(a)dq

Formula (6.36) gives
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Lemma 7. We have

d+1
D K,q,1,3 ~ d|K‘ 6.44
( dud'u( ,9717]))a, (d+1' az ,] Zgl ( - )

This approzimation (6.44) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g = gi is constant on K we obtain
(Dzudv(Kvga ivj))a,ﬂ = |K|)‘£¢(,z Aéﬁ] IK -

The Algorithm [6.7] describes the function DELeMP1 cpupv which computes
the element matrix.

Algorithm 6.7 function DELemP1_cpupv. Computation of the element matrix
]D)fiudv (K’ g, 7;7 j)

Input :
d :  dimension of the simplex K,
vol : mesh element volume |K]|,
g : 1-by-(d + 1) array of g values on K vertices,
ij o in[1d),
G :  gradients arrays (d-by-(d + 1)) on a mesh element K
G(i,a) = /\az7 Vae [1,d+ 1]
Output :
D¢ :  (d+ 1)-by-(d + 1) matrix DY, ,, (K, g,4,7) given by formulam
1: Function D° <« DELemP1_cpupv( d,vol,g,1,j,G)
2: §° < sum(g)
3 for a — 1tod+1do
4 forﬁeltodJrldo
5: D*(a, B) « <d+1), xvol * §° * G(4, B) * G(i, )
6 end for
7 end for
8: end Function

6.4.4 Computation of the element matrix Dj, (K, g,?)

Due to the properties of A, given in remark [5| and using the interpolation of g
as in (6.42)), we obtain

(DunK.0:)as = | 9@ 52 (@Al

d+1
Y 3 | M@l
=1 K

Formula (6.36) gives

Lemma 8.

d
K, d|K]| L \K 3 6.45
( duv( g,t )) ﬂ (d+2 61 +Zgl ( )

This approzimation (6.45) is exact if g is a polynomial of degree 1 or 0 on K.
Furthermore, if g = gi is constant on K we obtain

e . d'|K| K
(DG (K 9,9)) .5 = W)‘ﬁ,igl('
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The Algorithm [6.§] describes the function DELemP1_cpuv which computes
the element matrix.

Algorithm 6.8 Function DELemMP1 cpuv. Computation of the element matrix
DS, (K, g,%) on a d-simplex K.

Input :
d :  dimension of the simplex K,
vol : mesh element volume |K]|,
g : 1-by-(d 4+ 1) array of g values on K vertices,
i ¢ index € [1,d],
G : d-by-(d + 1) array of gradients on the mesh element K
G(i,a) = \E, Vae[l,d+1]
Output :
D¢ :  (d+ 1)-by-(d + 1) matrix D¢, (K, g,i) given by (6.45).
1: Function D° < DELEMP1_apuv( d,vol, g,i,G)
2: s < sum(g)
3 fora—1tod+1do
4: for <—1tod+1do
1 ~ ~ .
5: D°(cv, B) « ﬁ xvol % (gs + g(a)) * G (3, B)
6 end for
7 end for
8: end Function

6.4.5 Computation of the element matrix D¢, (K, g,1)

udv

Let i € [1,d], g € L*(Q). Due to the properties of A\, given in remark [5| and
using the interpolation of g (6.42), we obtain

(Dyan(K,9,1) 0.5 = L{ g(a)As(a) ?aj;j (a)dq

d+1
AN g f N(a)As (a)da.
=1 K

Formula (6.36) gives
Lemma 9. s
; . d!|K]| G
(Dhay (K, 9,1)) 5., ~ m%&(% + Z gi)- (6.46)
’ =1

This approzimation compute exact if g is polynomial of degree 1 or 0 on K.
Furthermore, if g = gi is constant on K we obtain

. AK| x
D¢, (K = LK gk
( udv( 7972))0(“3 (d+1)' a,ng

The Algorithm [6.9] describes the function DELemP1_cupv which computes
the element matrix.
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Algorithm 6.9 Function DELEMP1 cubpv. Computation of the element matrix
D¢ ,, (K, g,4) on a mesh element K.
Input :
d : dimension of the simplex K,
vol : mesh element volume |K]|,
g : 1-by-(d + 1) array of g values on K vertices,
i in [1,d],
G d-by-(d + 1) array of gradients on the mesh element K
G(i,a) = \E, Vae[l,d+1]
Output :
D¢ :  (d+1)-by-(d+ 1) matrix D¢, (K, g,1) given by
Function D¢ « DELeEMP1_cupv( d,vol,g,i,G)

1:
2 gs < sum(g)
3: fora—1tod+1do
4 for —1tod+1do
D (0, B) « g2, * vol % (3. + §(8)) * G, )
end for
7:  end for
8: end Function

(@48

<@

6.4.6 Computation of the element matrix D**(K)

Using and the previous functions, the Algorithm specifies the func-
tion DELemP1 which computes the element matrix D*#(K). We can notice that
the gradients of P;-Lagrange local functions are not computed if the order of
the operator L is zero (i.e. if A, b and ¢ are zero).

Algorithm 6.10 function DELEMP 1

Input :
Tr : mesh structure associated to Q, (see Section
Ly : discretized £ operator,
k :  index of the k-th mesh element K = Ty,
Output :
D¢ : (d+ 1)-by-(d + 1) matrix with d = Tj.d.

1: Function D® « DELemP1( Ty, Ly, k)

2:  vol « Tp.vols(k)

3 D® « DELemP1 cuv(d, vol, cerLocFpara(Ly.a0, T, k))

4 if Lp.order > 0 then

5: G — Grabients(d, Tn.q(:, Tn. me(:, k)), vol)

6 for i — 1 to d do

7 for j < 1 to ddo

8 D¢ « D°+DELEMP1_Gpupv(d, vol, cerLocFpata(Ly.A(L, 5), Thy k), 1, J, G)
9

: end for
10: D¢ « D® — DELemP1  cupv(d, vol, cerLocFpara(Ly.b(4), Tn, k), i, G)
11: D® « D° + DELemP1_apuv(d, vol, cerLocFpara(Ly.c(i), Tn, k), 1, G)
12: end for
13:  end if

14: end Function
SEE ALsO : DELEMP1_Guv, Alg.[6.6- DELEMP1_apupv, Alg.[.7]- DELEMP1_Gupv,

Alg.[6.9]- DELeMP1_cGpuv, Alg.[6.8]- GrapIenTs, Alg. - GeETLOoCFDATA, Alg.
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6.4.7 Assembly of the matrix D*

From classical Algorithm we can write the function DAssemBiyP1 Base
given in Algorithm which computes the matrix D* defined by (6.27)).

Algorithm 6.11 Function DAsseusiyP1 Base. Matrix DX assembly

Input :
Tr : mesh structure associated to € (see Section
L : Loperator structure (see Section

Output :
D :  Th.ng-by-Th.ng sparse matrix.

1: Function D* — DAssemBLyP1_ase(Th, £)
2 DF « Sparse(Th.ng, Th-ng)

3: Ly < setDpara(L, Tr)

4 for k <— 1 to 7;,.nme do

5: D¢ « DELeMP1(Th, Li, k)

6 for o — 1to 7,.d+1do

7 s «— Th.me(a, k)

8 for 3 —1to T,.d+1do

9 t «— Tp.me(B, k)

10 D%, < D5, + DS 4
11: end for

12: end for

13: end for

14: end Function

We can use this function to compute, for example,

e the computation of the Mass matrix M associated to the operator Lp,0,1
is given in Algorithm [6.12

Algorithm 6.12 Computation of the Mass matrix M in dimension d

1: LMass < LoperaToRr(d, Q4xa,0q,04,1)
2: M« DAssemBLyP1  Base(7,LMass)

e the computation of the Stiffness matrix S associated to the operator
L10,0,0 is given in Algorithm

Algorithm 6.13 Computation of the Stiffness matrix S

1: LStiff « LoperaTor(d,lgxq,04,04,0)
2: S <« DAssemBLyP1  Base(7p,LStiff)

As the function DAssemeryP1_Base achieves the first line of the Algorithm
the computation of b/ defined by ([6.28) needs to be done now.
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6.5 Computation of the vector b’

To compute the vector defined in (6.28), we use the Pi-Lagrange interpolate
mr(f) of f (see (5.11))) and we set f € R™ as the vector defined by f; = f(q*),
Vi e [1,n4]. Then we obtain

bzf= f@idq%f

Qp Qp

mh(f)eida = > fjJ ;i da.
j=1

Qp,

So if we set M as the Mass matrix of dimension n4-by-nq defined by M, ; =
$a, #ipidd then we have

b ~ Mf.

The computation is summarized in the function RHS in the Algorithm

Algorithm 6.14 RHS function: P;-Lagrange approximation of the right-hand

side b/ defined by

Input :
Trn : mesh structure associated to Qj, (see Section
f : function from Q2 to K

Output :
b/ :  vector of dimension ngor = Th-ng

1: Function b’ « RHS(Ts, f)
2:  DMass « Loperator(T.d,0,0,0,1)

3: M« DAssemBLYP1 Base(7h, DMass) = see Algorithm
4: bF — M # serFoara(f, Tr) = see Algorithm

5: end Function

Now the first two lines of the Algorithm [6.1] have been explained. We now
look at the remaining lines which contain the contributions of the boundary
conditions.

6.6 Boundary conditions

As seen in Algorithm [6.1] we need to compute the contributions of the boundary
conditions.

e (Generalized Robin boundary condition : it means to define the vector b%

and matrix B respectively given by (6.30) and (6.29),

e Dirichlet boundary condition : it means to define the sets Z7p, Zf, and the
vector R respectively set in Section

6.6.1 Robin boundary conditions

From formula (4.6, the discrete generalized Robin boundary is given by

1—\5 _ U Filabels(l).

R
€7 et

Page 66 Compiled on 2015/06/10 at 07:28:25



6.6 Boundary conditions 6 SCALAR BVP

As seen in Algorithm [6.I] we must compute the contributions of generalized
Robin boundary conditions given by the vector b® € R" and the ng-by-n,

matrix A respectively defined in (6.30) and (6.29).

We first explain how to compute the vector b" € R7»"4_ For that, we set,

for L e IF, ., ¢' as the restriction of g® to I‘Labels(l) given by g' = bclR(1,1).g.
So we obtain
R _ L.
bi - Z Llabelﬁ(l) g #ida.
S E A
We set, VI e ZF, ., bl € R7»"a as the vector verifying Vi € [1,n4]]
1 _ .
e e (6.47)
h
and then
b= b (6.48)
leZk

labels

From notations of Section the data structure associated to I‘Zlbels(l)

is given by By (l). Let I € I, and ng, = Bj(l).ng. We suppose that ¢' €
HY/2(1labels()) So the Py-Lagrange interpolation of ¢!, defined in (5.12)), is given
by

nqwl

g;z(q) = 2 gl(Bh(Z)qr)Bh(l)(Pr(q), Vqe ]-—\ilabels(l).
r=1

Then the P1-Lagrange approximation of bf"l is

Nq

Bx Do G | Buo) % Tpi(da (649
r=1 h

From (4.2) and P;-Lagrange basis function properties, we deduce that if i ¢ Z;

then 7p.0; = 0 on I‘ﬁlabds(l) and thus b! = 0. Otherwise, there exist s € [1,nq ]

such that ¢ = Z;(s). So we obtain

[ Tlabels(®) 0 ifi¢1;

on Ly, 771“"1’:{ Bu(l)-ps ifie T, withi=Ty(s). (6.50)

Now we set M as the ng -by-ng , boundary Mass matriz associated to Fﬁlabds(l)

defined by
Mlm = fFlabelS(” B (1).or x Br(l).0sdq ¥(r,s) € [[1,nq7l]}2. (6.51)
h

Let g' € R" such that gl = ¢'(By(1).q"), ¥r € [1,nq,]. Then from (6.51), we
have . L
bL(s) ~ (M'g')s Vse[lng,]

b = 0 Vi € [1,n]\Z.

So in vector form, we obtain

! ~ 1,1
L) o @32
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As I‘Zabel‘g(l) is a mesh of (d—1)-simplices in R%, one could compute the matrix
M! with the DAssempLyP1_pase function given in Algorithm A complete
algorithm to calculate b is given in the Algorithm

Algorithm 6.15 Vector b® assembly

: LMass < LoperaTor(7h.d, Q4xd, 04,04, 1)
;b — 0,
: for [ € Zj;p.s do
g' «— serFpara(pde.belR(1).g, pde.Br (1))
M’ «— DAssemBLyP1_Base(Br (1), LMass)
Z; <« Br(l).toGlobal
b (Th) — b (Ti) + M # ¢
end for

I R N > vy

As a second step we explain how to compute the matrix B®. Let [ € Illzbels

and a' be the restriction of a® to Filabds(l) given by a' = bclR(1,l).ar. Let B!

B! be the nq-by-n, matrix defined by
B, = JFMU) a'(a) x Th-pj(a) x Th-pi(a)da, V(i j) € [1,nq]*
h

Then, we have

B = > Bi,

R
€T ghets

Using (6.50), if ¢ ¢ Z; and j ¢ Z, we have ]B%é,j = 0. Otherwise, there exists
(r,5) € [1,nq,]* such that i = Zy(r) and j = Z;(s). So we obtain

Bi’j - J‘labple(l) al(q) x Bh(l)(ps(q) X Bh(l)so”‘(q)dq
labels

We define the ng ,-by-ng ;, boundary weighted Mass matriz by

W = [ oy @@ < Bull@) x Bill)prada (659

and then we obtain

Bl 0 1fZ¢Il andje;él'l,
ij

W. . otherwise, with i = Z;(r) and j = Z;(s). (6.54)

Each matrix W' can be approximated by using the DAssempyP1 _Base function
(see Algorithm [6.11]) and then we compute a P;-Lagrange approximation of B
by using Algorithm [6.16]

Algorithm 6.16 Matrix B assembly
s d<«— Tpd
B~ 0
: for l e I, do
LMassW <« Loperator(d, Qgxd, 04,04, bcl(l).ar)
W' — DAssemBLyP1_pass(Br (1), LMassW)
Z; < Br(l).toGlobal
BE(T,, 1)) — BR (T, T)) + W!
end for

I BRI N Rl > v
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A complete algorithm to calculate Bf and b7 is given in Algorithm in
the function RosinBC.

Algorithm 6.17 function RosinBC (scalar version) : computation of the %
vector and the B matrix

Input :
pde : a PDE structure o see paragraph
Output :
bt . vector of dimension ng.s = pde. 7} .1, defined by

B® : ngop-by-nger matrix defined by (6.29).

1: Function [B?, b"] < RosinBC(pde)

2:  Ddot <« pde.Tp.ng, d < pde.d

3: b —0n,,

4. BF — Onyysxnger o sparse matrix
5:  DMass « Loprerator(d, Ogxd, 04,04, 1)

6 for | < 1 to pde.nj,p do > loop over boundary meshes
7 Z; < pde.Br(1).toGlobal

8 if pde.bclR(1,1).g # & then

9: M « DAssumpiyP1_saswe(pde.Bp (1), DMass)
10: g' < setFpara(pde.belR(l).g, pde.By (1))
11: bR(Il) <—bR(Il) +Ml *gl
12: end if
13: if pde.bclR(1,!1).ar # ¢ then
14: DMassR « Lorperaror(pde.d, 0,0,0, pde.bclR(l).ar)
15: W' « DAssempriyP1_Base(pde.By (1), DMassR)
16: BE(T,, 7)) — BR(T,,T) + W
17: end if

18: end for

19: end Function
SEE ALSO : DAssemBLYP1_Bask, Alg.[6.11]- serFpara, Alg.[L.5]- LoperaTOR, Alg. [A

6.6.2 Dirichlet boundary conditions

As explained in Section [6.3 and Algorithm [6.1] taking into account Dirichlet
boundary conditions requires to compute the sets Zp and 77, as well as the
discrete extension by zero of g” given by the vector R.

Using the notations of Sections [4.2] and .3 we have

1—‘}5) _ U I‘zabels(l).
lezp,

labels

D to I—‘Zabels(l)

Let ¢! be the restriction of g given by g = bclD(1,1).g. Then we

obtain
Ip = U 7,
lezlabels
Ip = [Ling]\Ip
and
RIL(’I") = gl(Bh(l) ) VieT labels’ Vre ﬂl’Bh(l)‘nq)ﬂ7

RZ‘ = 0, VZ’EICD
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This is the object of the Algorithm [6.18| and it completes the writing of the
Algorithm [6.1] which is detailed is the next section.

Algorithm 6.18 function DiricuLeTBC (scalar version)

Input :
pde : a PDE structure
Output :
Ip : Ip= {z € [1,ngof] | o' € I’iD} with nget = pde.7p.nq
Z¢ : complement of Zp in [1,n4of]
R . vector of dimension nges defined by (6.19).

1: Function [Zp,Z3, R] < DiricuLerBC(pde)

Ndof < pde.Th.ng

3: R0y,

4: Ip — J

5 for [ — 1 to pde.nj,, do = loop over boundary meshes
6 if pde.bclD(l).g # & then = Dirichlet boundary condition
7 Z; < pde.By(l).toGlobal
8
9

R(Z;) < serFoara(pde.belD(1).g, pde.Br (1))
H ID <« ID | Il
10: end if
11:  end for
122 I3 <« [1,n40t]\Zp
13: end Function

6.7 Construction and solution of the linear system

From Algorithm [6.1] and using Algorithms [6.17] to [6.18] the function SowePDE
in the Algorithm [6.19] creates and solves the linear system associated to the
scalar boundary value problem (2.2)) to (2.4) described in a PDE structure.

Algorithm 6.19 function SorvePDE : construction and solution of a scalar BVP

Input :

pde : a PDE structure o see paragraph
Output :

u : vector of dimension ngor = pde.7p.ng.

1: Function u < SowePDE(pde)
2:  DF «— DAsseupiyP1_sase(pde.Tr, pde.op)
3: b’ — RHS(pde. Ty, pde.f)
4:  [b%,B"] < RoBinBC(pde)
5. [Zp,ZI%,R] < DiricuLerBC(pde)
6:  b° b +b"

7. A <D+ B
S w(TH) — Sowve(AL(TH, T5),b(T5) — A (5, In)R(Tp))
9:  u(Zp) < R(Zp)
10: end Function
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7 From the vector BVP to its matrix representa-
tion

In this section we explain how to create the linear system associated to the vector
BVP (2.10)-(2.12) using a Py-Lagrange finite element method. The method is
similar to the one used to solve the scalar BVP (see section |§[)

7.1 Variational formulation

Let v = (v1,...,v,) € (H'())™ a test function and a € [1,m]. We multiply
the a-th equation of (2.10) by v, then integrate on € to obtain

gl L Ha,p(up)vadq = L favadq (7.1)

As H, s is a L-operator, we use (6.7) to obtain V3 € [1,m]

J Ha,p(ug)vadq = J Dy, 5 (ug,v4)dq — J v, do, (7.2)
Q Q r

Mo p

where Dy, , is given by (6.5) with £ = H, . Then (7.1) becomes

Z f Dy, 4 (up,v4)dq — 2 J. B yodo = J favadq. (7.3)
p=1Y0 19T 5”Ha,g Q

Classically to take into account the Dirichlet boundary condition we take v, €
Hé o> S0 from (7.3) we obtain

Z J DH@,ﬁ (“ﬁa'va)dq_J
p=179 r

From boundary conditions (2.12)), we obtain Ya € [1,m]

m

6u5

v,do = J favadq.
Q

& =1 O, 4

ZJ Dy, , (uﬁ,va)dq—&-f aPuvodo :f gfvada-i-f favodq. (7.4)
U re IR Q

Summing these equations on « gives

m m m
Z Z J DHa,ﬁ (uﬁvva)dQ"' 2 f aguavada
a=1p4=1"9 a=1JTE

= Z LR gPv,do + Z J.Q favadq. (7.5)
a=1 @ a=1

We can easily prove that (7.5) is equivalent to (7.4) : a simple sum on « of
(7.4) gives (7.5) and, reciprocally, if we choose in (7.5) v such that vg = 0,

Vg € [1, m]\« then we obtain (7.4).
Then from (|7.5]), we obtain the variational formulation for the vector BVP

(2.10)-(2.12) given by
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-\@/-Variational formulation for the vector BVP
Find u e H;P»FP X ... X H;DFD such that
Ay (u,v) = F(v) Ve Hé,rlD X ...x Hypo (7.6)
where
Ay (u,v) = J Dy (u,v)dq + Z J afuv,do (7.7
Q a=1 Fg
Fo) = | Godat ), | olvado (7.8)
Q a=1 Fg
where o
Dy(u,v) = Y. Y Dy, ,(up,va) (7.9)
a=1p8=1

By an extension theorem, Yo € [1,m], if g2 € H/2(T'?), there exists RY €
H!(Q) such that ypo(RY) = g2. We set R = (RP,...,RP) e (H'(Q))™
and w = u — RP. Then the previous variational formulation can be written
equivalently as

N

-@-Variational formulation for the wvector BVP with an

extension function

Find w € HSFD X ... X H&FD such that
1

T m

Ay (w,v) = F(v) — Ay (RP,v) Yo e H&FID X ...x Hyprp (7.10)

7.2 Discrete Variational formulation

Using the notations of Section the discretisation of the variational formula-
tion (7.6) is given by

-@/-Discrete variational formulation
Find uj, = (uhl,...,uhm)eHl’g b X ...X Hlff » such that
’ ’ 918 h 1 e moLhm
h _ Th 1,h 1,h
A3 (up,vp) = F'(vp), Yoy € HO,FE,I X ... X HO,FhD,m (7.11)
where
m
AL (up,vp) = Dy (un,vn)dq + Z J allup, g odo (7.12)
Qp a=1 Fﬁa
m
Frow) = | Gowdat Y, [ gonado (7.13)
Qn a=1 Fﬁa

Let Ry = (RY,,...,R}),) € (HY"(Q))™ where, for all a € [1,m], R}, is
the discrete extension by zero of g2 defined in (6.15). Then, the discretisation
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of the variational formulation ([7.10) is given by

N

-@-Discrete variational formulation with an extension
function
. 1,h 1,h
Find wy, € Ho,rgl X ... X HO,F},im such that

O,Ff’m

AL (wy,vp) = F'(v,)— AL (RP vp,), Yo, € Hé:?& x...oxHEM D (7.14)

Obviously, we have u;, = wy, + Rf.

7.3 Matrix representation of the discrete variational for-
mulation : the vector case

In this section, we set nq = Tp.nq, q° = Tn.q", pi = Th-@; and ngof = M X 1.
For all a € [1,m]), let Zp ,, be the set defined by

Tpao = {z e[1,ng] | d' e rﬁa} (7.15)

and Zp, , its complement in [1,nq]. We denote by N, the cardinality of Zp, .

Using notations of (5.9) and (5.10) we have :

1,h 1,h
oLet'u,h=(uh’l,...,uh’m)eHgD o X xHY p
1ok k1 homo L hm

(7.11). We denote by U = (u',...,u™)! the block vector in R™wf such
that, Yy € [1,m], u* € R% with, Vi € [1,n4], ! = up ,(q"). From (5.9),
we can write uy, using U :

m m Ng
— — H
up = Z Up, €y = Z u; ;| ey
pu=1 1

pn=1 \i=

the solution of

One can also note that

Ve [1,ml, VieZIp,, ut = g2, ()

7

and thus _
unp = Y, uleit ) gnu(d)en (7.16)
i€Tf, , i€Ip
e Let wy, = (Wp1,...,Whm) € Hé:gijl X ... X H(l)l}i}D be the solution of

(7.14). We denote by W = (w!,...,w™)! the block vector in R"f such
that, Vu € [1,m], w* € R" with w!' = wy, ,(q*), Vi € [1,n4]. From (5.9),
we can write wy, in function of W :

m m Ng
wy = ) Wy e, = Y, ( w?%) ey
pn=1 pn=1 \i=1
One can also note that
Ve [1,m], VieIp,, w!=0

(3
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and thus
wp = Z wiﬂpz (717)
ielfj’“
We also obtain
1,h 1,h - c
Span (HO,FR1 X ... % HO’FE,m) = {piey | yell,m], ieIf } (7.18)

o Let Ry = (R,...,Rp,,) e (H""(Qy))™ where, for all u € [1,m], Rﬂﬂ
is the discrete extension by zero of gf defined in . We denote by
R = (R',...,R™)" the block vector in R™e° such that, Yu € [1,m],
R" € R with, for all j € [1,n4],

4 D) ifjel
Mo 7\ — gﬂ (q ) By € D,y
RJ Ryu(a’) { 0 otherwise (7.19)

As we have u;, = wy, +RhD , with these notations, one can write equivalently this
equation in the vector form U = W + R.
In the discrete variational formulation (7.14) v, € H:", x ... x H*"

orp, orp..
so, from (7.18)), bilinearity of A;L{ and linearity of F", the discrete variational
formulations ([7.11]) and (7.14]) are equivalent to

Al (un, piey) = F'(piey), Yy e [Lm], Vie I (7.20)
and
Al (wh, pie,) = F'(pie,) — A} (RE  piey), Yy e [Lm], VieIs (7.21)

To explicitly write the linear system associated to (7.20) or (|7.21), we intro-
duce the ngoe-by-ngor block matrix A partitioned in m? blocks defined by
Al,l Al,m
A= : : (7.22)
Am,l Am,m

where each block A" is the ny-by-n, matrix given by
Al = A (pjen piey) V(i d) € [1,nq]". (7.23)
Using (7.12)) with (7.9) gives

NgE

h
Az (pjeu, piey) = Z
18=1"n

f a};@j&u,a‘»@i(smada
19Tf

@

J DH(,,B (Spj(;u,ﬁ, Sﬁia'y,a)dq

«

_l’_
NgE

e

So we obtain V(i, j) € [1,n4]?

AZ’J.“ = . Dy, , (@i, 0i)dq + 6, ~ LR afgojapida (7.24)
h R,y
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We also denote by b = (bl, ...,b™)! the block vector in R™*"a defined by
bi+(Fy,1)nq = b;y = ]:h(@iefy) (725)

Using ([7.13)), we have

m
Qoze'y Z fa(Pi(Sv,adq + Z J‘PR gf‘pi(s'y,ado'
a=1 h,a

Qp,

and we obtain Vi € [[1,nq4]

b/ = | frpida+ f 95 pido (7.26)
Qp }IL%JY
By the bilinearity of A?_[, we have Vv e [1,m], Vi € [1,nq4],

A Uha 76'\/ Z uh,ue/u‘vpie’y)

and
ng ng

h h ,
Ay (un ey, piey) = Z ul Az (pje,, piey) = Z Al

j=1 j=1
So we have,

m

AL (up, pies) = <Z A7 “u“) (AU), 4 (y—1)n, -

Using ([7.20)), the matrix form of the discrete variational formulation (7.11)) is

-\@/-Matrix form of discrete variational formulation
Find U € R™f such that Vv € [1,m]

(AU)H- (y—=1)nq = bi+(’yfl)nqa Vie IE,{ (727)
@it (y—1yng = I (@), VieIp,. (7.28)

Asuy = w, + RP and U = W + R, using (7.21)), the matrix form of the
dlscrete variational formulatlon 7.14)) is

‘©o“Matrix form of discrete variational formulation w1th
an extension function
Find W € R™°f such that Vv € [1,m]

(AW),
W)

= bi+(7,1) (AR)74+(’Y 1n Vi e IB,,Y (729)
—0 VieIp.. (7.30)

+(y—=1)ngq

i+(y—1)ng

To solve this problem, we define Zp as the subset of [1,n40¢] such that

Ip=|J{l+(a—1)ng, VieTp,} (7.31)
a=1
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and ZY, its complement. We set N = #I}, = Z N,.

a=1
We denote by W(Z$,) the restriction of W to Z¢, indices such that W(Z¢,) =
(W' (Z5 1), ..., w™(Zp,,))" € RY and A(Z%,Z5) the N-by-N block matrix,
submatrix of A obtained by deleting Zp rows and columns such that

AVNTH, TR || A (TR T )

AZ%,Ip) =

Am)l(IB,m’IB,l) R Am’m(z—g,m71€),m)

Each block Aa ﬁ(I,% Q,ID ) is then a N,-by-Ng matrix.
From , we deduce the linear system equivalent to the discrete
Varlatlonal formulatlon with an extension function ([7.14]) :

“o¢Linear system of discrete variational formulation Wlth

an extension function
Find W e R?dt such that

A5, Ip)W(Tp) =d(Ip) (7.32)
W(Zp) = 0. (7.33)

where d = b — AR € R%dof

We can note that U(Zp) = R(Zp) and U(Z%) = W(ZG).

As in the scalar case to ease the computation of A and b, they are split using
respectively and . These decompositions come from the contribu-
tion without boundary condition and Robin boundary condition contribution.

For the terms without boundary conditions, we set H as the ngos-by-ngof
block matrix where each block H”* is of order n, with V(i, j) € [1,n4]?

)Y = f Dr (i 01)da (7.34)

b/ is the vector composed of m blocks where each block b7 is of dimension ng
with Vi e [1,n4]

/7 = | frpida. (7.35)
Qh

Finally for the terms corresponding to Robin boundary condition the block
diagonal matrix B of dimension ngo¢-by-nqe is first defined with its y-th diagonal
block B” given by

B = diagB',...,B™), with B}, = f allpjpido, (i, j) € [1,Tnng]* (7.36)
FR

hyy

where each diagonal block B”, v € [1,m], is a Tj.nq-by-7;.nq matrix. The block
vector b is defined as follows

b = L . 93 pido (7.37)
h,y
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Using all these notations we obtain
A = H+B (7.38)
b = b +b% (7.39)
We give in Algorithm the successive steps to obtain vector U = W + R.

Algorithm 7.1 Steps for solving the Vector Boundary Value Problem

: Assembly of the matrix H

: Computation of b¥

: Computation of generelized Robin contributions : B and b"
: Computation of Dirichlet contributions : Zp, TG and R.
cbe—b +b"

c:A—H+B

:b—b—AR

: UZDH) <« Sowe(A(Z5H,Z5),b(Z%))

: U(ID) <~ R(ID)

Lines [1] to [ in Algorithm [7.1] are now detailed.

7.4 Matrix assembly

In this section we focus on the assembly of H defined in ((7.34). As #H., s is an £-
operator we can compute the ng-by-n, matrix H”"* using the DAssembryP1_Base
function from Algorithm [6.17] :

H"* DASSEMBLYPl_BASE('ﬁL, ’H%#)

So using the Hoperator structure from section [£.4.2] we obtain the simple Al-
gorithm [7.2] to approximate H.

Algorithm 7.2

Input :
Th :  mesh structure associated to Q, (see Section
Hop : Hoperator structure (see Section
Output :
H : ngor-by-ngor sparse matrix. ngor = H.m x 714
1: Function H « HAssemByP1  Base(7y, Hop)
2:  Ngor < Hop.m * Tj.ng
3:  H <« SparsE(Ddof, Ndof)
4:  for a < 1 to Hop.m do
5: Z<—[1,Thng] + (o — 1)Tn.nqg
6: for § < 1 to Hop.m do
7. J — [[177—;1.11(1}] + (ﬁ — 1)771.11(1
8: H(Z,J) <« DAssemBrLyP1_Base(7s, Hop.H(a, §))
9: end for

10: end for
11: end Function

As the first line in Algorithm [7.1] is performed using the function HAssem-
BLYP1 BAsE, NOwW we go to the next one : the computation of bf defined by
(16.28))
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7.5 Computation of the right-hand side b

The block vector bf € Rt is given in (7.35) where f = (f1,..., fm) € (L2(Q))™
is the source term in the vector BVP (2.10). We choose to interpolate f. by
its IP;-Lagrange interpolate 7 (f+) (see (5.11)) and we denote by F” € R™ the
vector defined by F} = f.(q%), Vi € [1,n4]. As in Section we obtain

!
b7 = J frpida~ ). F}f pipidd
Qpn j=1 Qp

Using M as the nq-by-nq Mass matrix on €2, defined in Section we obtain
b~ MEFY

Thus we modify the function RHS of Algorithm to take into account the
vector case (m > 1). This new version, compatible with the scalar case (m = 1),
is given in Algorithm [7.3]

Algorithm 7.3 function RS : P;-Lagrange approximation of the right-hand
side b/ given by
Input :

f : 1-by-m array of functions from Q2 to R.

Vo€ [1,m], f(«) is the function f,.

Tr. €y mesh structure (see Section
Output :

bf . Rvaot vector defined in with ngor = m x Tp.ng

1: Function b — RHS(T, f)

2:  LMass « Loreraror(7x.d,0,0,0,1)
3: M« DAssemBLYP1_Base(7h,LMass)
4: bf «— Ondof

5. T <« [1,Th-nqg]

6 for a < 1 to m do

7 b (Z) — M # serFoara(f(a), Tr)

8 Z—T+Thng

9: end for

10: end Function

The first two lines of Algorithm are done. Now we study the three
following ones which correspond to the contributions of the different boundary
conditions.

7.6 Boundary conditions
Now, as seen in Algorithm [7.I] we must compute the contributions of

e Generalized Robin boundary condition : vector b® and matrix B respec-

tively given by (7.37) and (7.36)),

e Dirichlet boundary condition : the sets Zp, ZY,, defined by (7.31) and the
vector R given in section
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7.6.1 Generalized vector Robin boundary conditions

In the equation ([2.12)) of the vector BVP, we have imposed the generalized vector
Robin boundary conditions on I'Z, Va € [1,m]. We defined the corresponding

contributions B and b respectively in (7.36) and (7.37).
We first explain how to compute the block vector b, In (4.3), we have set

labels() Lt o e [1,m], using notations of Sections and

R _
Fh,a = UZGI;Z,;E‘L L
we set, for [ € 1&&37 g™! as the restriction of g% to Fﬁlabds(” also given by
g% = bclR(«, 1).g. Then we have

R _ a,l .
b;"" = 2 _Lza,hazs(z) 9" pida, Vie [[17 nqﬂ.
h

lezto

labels

For all [ in 5%, | we set b*! € R7»1a as the vector defined by

labels>

l l
bt = ol dg.
g Flabels(L)g widq

h

and then

b= M bl

R,
leIlabels

As in the scalar case described in section [6.6.1, we denote by G*! € Rt the
vector defined by

Gyl =g (Bu(l)-q"), Vre[lng,]

Using the boundary mass matrix defined in (6.51]), we obtain the P;-Lagrange
interpolation of b given by

a,l «
b3t~ M'G*! bt (a1, ~ MG
ol “1b = 0
bIlc = 0. i +(a—1)ng .

2

(7.40)

We can note that M! matrix does not depend on «.
We now explain the computation of the nges-by-ngos block dia;lonal matrix

B = diag(]Bl, ...,B™). Let « € [1,m], using notations of Sections [4.3| and

R,a R sl R labels(l) .
we set, for [ € Z,; ., a®' as the restriction of a; to I', also given by

a®! = bel(a, 1).ar. Let B*! be the ny-by-n, matrix defined by
B = [ €7@ % Ty (@) % Taspi(ada, ViG.5) € [l
h

So we obtain

B® = Z ]B(x,l

€T gpers

Using (6.50), if i ¢ Z; and j ¢ Z; we have ]B?j = 0. Otherwise, there exists
(r,s) € [1,nq ,]? such that i = Z;(r) and j = Z;(s) and we obtain

B?’}l - Jflabels(l) a*(a) x Bu(l)-¢s(a) x Bi(l)-¢r(a)dq
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Let [ € %% and Wl the ng ;-by-ng , boundary weighted Mass matriz defined

labels

for all (r,s) € [1,nq,]* by

Wt = [y 0@ % Bullhala) x Bullpla)da (740
h

Then we obtain

a,l 0 1f’L¢Il andj¢Il,
Bij = { Wl otherwise, with i = Z;(r) and j = Z;(s). (7.42)
Each matrix W®! can be approximated using DAssempLyP1_pase function
(in Algorithm [6.11]) and then a P;-Lagrange approximation of B is computed
using Algorithm [7.4]

Algorithm 7.4 function RoewBC (vector version)

Input :
pde : a PDE structure.

Output :
b . vector of dimension ngor = pde.m x pde.Tj,.ng
B : ngor-by-naor matrix (see (7.36))

1: Function [B,b"] « RoriwBC(pde)

2:  m < pde.m, nq < pde.T.ng, d < pde.d
3: Ndof <— M X Ng,

4 b — On g0

5: B« Onypxngos > sparse matrix
6: LMass « LopreraTor(d, Qgxd,04,04,1)

7 for | — 1 to pde.nj,p, do

8 M! — DAssemBLyP1  Base(pde.By (1), LMass)
9

for a < 1 to m do = Contributions on I'YY |
10: It < pde.Bi(l).toGlobal + (o — 1)ng ’
11: if pde.bclR(a,1).g # & then
12: g' < serFpara(pde.bclR(a, 1).g, pde.By (1))
13: b (Z) < b (ZP) + M x g
14: end if
15: if pde.bclR(,!).ar # & then
16: LMassR « LoperaTor(d, Qaxa, 04,04, pde.bcl(a, 1).ar)
17: W DAssemsLyP1 ass(pde.By (1), LMassR)
18: B(Z3,I7) « B(Z9, I) + W
19: end if
20: end for

21: end for
22: end Function

7.6.2 Dirichlet boundary conditions

Finally for the Dirichlet boundary conditions, we modify the scalar version of the
function DiricaLETBC - see Algorithm - building the subset Zp of [1,n4of]
defined in (7.31), its complement Z§, and the block vector R defined in (7.19).
The vector version of this function is given in Algorithm
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Algorithm 7.5 function DiricuLeTBC (vector version)

Input :
pde : a PDE structure.
Output :
RP : wvector of dimension ngof = pde.m x pde.T;.nq (see (7.19))
Ip : defined in (7.31)
Z45 : complement of Zp in [1, ngof]-
1: Function [Zp,Z%, R”] « DricuLerBC(pde)
2: Ndof < pde.m x pde.Th.nq

33 RP < 0n,,

4: Ip—

5: for | < 1 to pde.nj,p, do

6: for a < 1 to pde.m do

7 if pde.bclD(a,1).g # & then = Dirichlet boundary condition
8: T « pde.Bp(1).toGlobal + (a — 1)nq

9: RP(T) « swrkpara(pde.bel(a, 1).g, pde. By (1))
10: Ip<~Ipul

11: end if

12: end for

13:  end for

14: S — [1,na0t |\ o

15: end Function

7.7 Construction and solution of the linear system

Using previous functions, we can easily modify the function SowrPDE acting
on L-operators from Algorithm to obtain the function SowrePDE acting
also on H-operators given in Algorithm

Algorithm 7.6 function SowvePDE : solution of a scalar or vector BVP

Input :
pde : a PDE structure.
Output :
U : vector of dimension nqor = m x Tp.1g.

1: Function U « SowePDE(pde)

2: Ndot < pde.m x pde.7p.nq

3 A — HAssemBLYP1_Base(pde. Ty, pde.Op)
4:  F9 — RHS(pde. T, pde.f)

5. [M®, FR] — RosinBC(pde)

6: A« A+MF

7. F < F?+F"

8 [RD,ID,I%] « DiricuLeTBC(pde)
99 F<—F—AxRP

10 U <« Ony,,

11:  UIp) <« Sowe(A(I5,ID), F(ZH))
122 U(Ip) < RP(Ip)

13: end Function
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8 Performances of the classical or simplistic ap-
proach

We look at the performance of the algorithms implemented under Matlab[R2014b]/Octave[3.8.1]
[4] and Python[3.4.0] [5] comparing with the one of FreeFEM++. Our reference
machine is ....

More precisely, for a given BVP and for a given language, the time (in
seconds) of construction of the linear system (assembly + right-hand side +
boundary conditions - lines [3]to [8in Algorithm and the solution time (lines
|§| to [12[in Algorithm are given.

We may note that FreeFEM++ does not use an extension technique to
take into account Dirichlet boundary conditions but a method enforcing on the
Dirichlet rows of the matrix a very high value (e.g. tgv = le + 30) on the
diagonal term (which makes negligible the remaining terms of the row) and on
the Dirichlet rows of the right-hand side tgv x g”(q).

The first result given in Table [1| corresponds to the computational times
for the 2D stationary convection-diffusion problem given in Section [3.2.4] for
different mesh sizes. The second one, given in Table 2] is for the 3D linear
elasticity problem given in Section [3.3.1

Matlab Octave Python FreeFEM++
= = = =

T I - N I S
2448 23.132 0.022 44.350  0.010 7.643 0.012 | 0.082 0.002
6456 62.699  0.080 | 119.240 0.027 | 20.556  0.030 | 0.085 0.003
12205 121.701  0.079 | 229.142 0.056 | 38.997 0.061 | 0.162 0.004
25253 267.526  0.256 | 494.841 0.135 | 80.877 0.137 | 0.339 0.009
55996 642.744 0.576 | 1197.113 0.348 | 179.201 0.357 | 0.754 0.023
98712 || 1434.475 0.868 | 2555.707 0.725 | 317.546 0.742 | 1.351 0.064
118216 || 1602.288 1.424 | 3397.917 0.918 | 379.764 0.942 | 1.621 0.079

Table 1: Comparison of BVP solving : 2D stationary convection-diffusion prob-
lem - Matlab with base assembling and classic solve, Octave with base as-
sembling and classic solve, Python with base assembling and classic solve,
FreeFEM++ with base assembling and sparsesolver solve.

We see the poor performance of the codes for the construction of the linear
system. This is mainly due to the current assembly algorithm which is not
convenient for the sparse storage format (CSR) in the codes. We may note from
Table 1] a better Python performance compared with Matlab/Octave because
assembly is first made with LIL sparse matrices which are then converted to
CSR format.

In the following, we explain how to write better assembly algorithms to
obtain computational times similar to the ones of FreeFEM++.
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Matlab Octave Python FreeFEM++
= B n B
N N N N
g = § = g = I =
S L g L N £ & L
£ 3 £ 3 £ 3 £ S
Ndof % % % 2 % o % @

208 20.352  0.018 | 39.974  0.006 | 16.447 0.008 | 0.067 0.023
756 91.260  0.070 | 182.602 0.046 | 92.118 0.049 | 0.134 0.068
1856 || 251.202 0.301 | 500.730 0.197 | 337.883  0.234 | 0.371 0.251
4961 734.156  1.063 | 1468.289 1.926 | 1640.140 1.959 | 1.180 1.034
10388 || 1594.150 3.480 | 3279.344 8.192 | 6032.708 11.114 | 2.380 2.982

Table 2: Comparison of BVP solving : 3D linear elasticity problem - Matlab
with base assembling and classic solve, Octave with base assembling and
classic solve, Python with base assembling and classic solve, FreeFEM++
with base assembling and CG solve,

9 Vectorization

The main drawback of the classical approach is the matrix assembly cost. In the
following the assembly performance is enhanced while keeping the same code
structure.

9.1 Non-vectorized 3d algorithm : 3d OptV1 version

In this part we consider the finite element assembly of a generic nges-by-nqof
sparse matrix M with its corresponding (d + 1)-by-(d + 1) local matrix E;, (also
denoted by E(T}) when referring to a specific element Tj). An element of E(T})
is denoted by eZﬁ. We also define the two (d + 1)-by-(d + 1) matrices I}, and
Jx such that V(a, ) € [1,d + 1]

Ix(a, B) = me(a, k) and Jx (e, B) = me(S, k).

In Algorithm we recall the classical finite element assembly method to
calculate M using the ElemMat function which returns Eg, see also Section [6.4]

Algorithm 9.1 Classical assembly - base version

1: M« Onys xngos > Sparse matrix
2: for k < 1 to nyme do
3:  Ey < ElemMat(vol(k),...)
fora —1tod+1do
i «— me(a, k)
for 5 —1tod+1do
Jj < me(B, k)
M ; — Mi; + Ex(a, B)
end for
10: end for
11: end for

LI

IThe functions and operators used in the algorithms are given in Appendix
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In these algorithms the ngog-by-ngor sparse matrix M is first declared then
each contribution of an element T} is added to the matrix M. The inefficiency
of the base version is mainly due to repeated element insertions in the sparse
structure and to some dynamic reallocation troubles that may also occur. Due
to the sparse storage of M these successive operations are very expensive.

To enhance the performance of the assembly algorithms in vector languages
we compute and store all elementary contributions and use them to generate
the sparse matrix M. This is the purpose of the first optimized algorithm using
3d arrays shown in Algorithm This optimized version (named 8d - OptV1)
is non-vectorized and based on the use of the sparse function as follows:

M «— sparse(Ig, Jg,Kg,m,n)

This command returns a m xn sparse matrix M such that M(Ig(k),Jg(k)) <
Kg(k). The vectors Ig, Jg and Kg have the same length. The zero elements of
Kg are not taken into account and the elements of Kg having the same indices
in Ig and Jg are summed.

Here are examples of the sparse function in vector languages

e Python (scipy.sparse module) :
M=sparse.<format>_matrix((Kg, (Ig,Jg)) ,shape=(m,n))
where <format> is the sparse matrix format (e.g. csc, csr, 1il, ...),

e Matlab : M=sparse(Ig,Jg,Kg,m,n), only csc format,
e Octave : M=sparse(Ig,Jg,Kg,m,n), only csc format,
e Scilab : M=sparse([Ig,Jgl,Kg, [m,n]), only row-by-row format.

In compiled languages, there are some libraries with such functions. For exam-
ple, in C language one can use the SuiteSparse [6] developed by T. Davis. With
a Nvidia GPU, one can use the Thrust [2] and Cusp [I] libraries for vectorization
and sparse computations respectively.

The idea is to store all the element matrices E; and the global indices I, Jx
into tridimensional arrays for creating M using the sparse function.

So to build the 3d 0ptV1 algorithm, we define the ny,e-by-(d + 1)-by-(d + 1)
3d arrays Kg, I, and J4 by, Vk € [1, nme],

Kg(k,:,:) = Eg, Ig(k,:,:) =1, and J4(k,:,:) = Jg. (9.1)

We also denote by EremMarCoump the function which returns the (a, 8) entry
of the matrix E;. With these notations, we obtain a preliminary version of a
3d - OptV1 given in Algorithm The operator (:) in the algorithm allows to
convert 3d arrays to Id arrays.
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Algorithm 9.2 3d-0ptV1 algorithm : preliminary version

1: Iy <= Onpox(d+1) x (d+1) B> 3d array contiguous in memory
2: Jg Oﬂn|e><(d+1)><(d+l> D> 3d array contiguous in memory
3 Ky « ®nme x (d+1)x (d+1) D> 3d array contiguous in memory
4: for k < 1 to nye do I> Loop over mesh elements
5: fora<—1tod+1do B> Loop over local nodes
6: for 5 —1tod+1do B> Loop over local nodes
7 Kgy(k, o, B) « ELemMarCowmp(a, 8, vol(k),...)

8: I, (k, a, B) < me(a, k)

9: "Hg(k>avﬁ) (_me(ﬂvk)
10: end for
11:  end for
12: end for

13: M« sparse(Iy(:),Jg(:), Kg(:), ndot, Ndot)

The computations of the 3d-arrays 1, J, and K, are represented on Figure

Figure 1: 3d OptV1 algorithm

In [3] we show that a similar OptV1 algorithm is more efficient than the
classical algorithm.

However, the 3d - OptV1 algorithm still uses a loop over elements. To improve
the efficiency of this algorithm on vector languages, we propose in Section [9.2] a
3d optimized version, in a fully vectorized form called OptV3 version.

9.2 3d vectorized algorithm : OptV3 version

In a first time we note in Algorithm [9:2]that it is very easy to permute local loops
(o and B) with the loop over mesh elements. This is the goal of Algorithm 9.3
The principle is represented on Figure [2}
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Algorithm 9.3 3d OptV1 version : loop interchange

1: Iy <= Onpox(d+1) x (d+1) B> 3d array contiguous in memory
2: Jg Onmex(d+1)><(d+1) D> 3d array contiguous in memory
3 Ky « ®nme><(d+1)><(d+1) D> 3d array contiguous in memory
4: fora«—1tod+1do B> Loop over local nodes
5: for —1tod+1do > Loop over local nodes
6: for k < 1 to nme do I> Loop over mesh elements
7 Kgy(k, o, B) « ELemMarCowmp(a, 8, vol(k),...)

8: Iy(k, o, B) <« me(a, k)

9: Jg(k,a,/g’) (_me(ﬁak)

10: end for

11:  end for

12: end for

13: M « sparse(Iy(:),Jg(:), Kg(:), Ndot, Ndot)

A/

AN
N/ [/ K]

"i, \\\\\‘\ ~=
R

i

Figure 2: Insertion of («, ) entry of all element matrices contributions in global
arrays

The loop over the mesh elements is to be vectorized. It is easier for the
3d-arrays I; and J, :

Iy(:, @, B) < me(a,:) and Jy(:, o, B) < me(f,:)

All the difficulty lies in the vectorization of the computation of the 3d-arrays K.
We will see that there exists a solution and their vectorization will be described
in Section [9.3] For the moment we suppose that function EremMarVec already
exists and allows for a given (o, ) to return the whole contributions of all
element matrices. Then Algorithm [9.4]is obtained.

Page 86 Compiled on 2015/06/10 at 07:28:25



9.3 OptV3 algorithm for L operator

9 VECTORIZATION

Algorithm 9.4 Generic 0ptV3 algorithm (memory consuming)

1: Hg — (Dnmcx(d+1)><(d+1)»

2t Jg < Onpex(d+1)x(d+1)

3: Kg <= Onpex(d+1)x(d+1)

4: for a — 1tod+1do

5 for 5 —1tod+1do

6: Ky(:, @, 8) < ELEMmMarVEc(a, B, vol,. . .)
7 Iy(:, e, B) < me(a,:)

8: Jg(:7a7/8) Hme(ﬂa :)

9: end for

10: end for

11: M« sparse(I4(:), Jg(:), Kg(:), Ndof, Ndof)

I> Loop over local nodes
> Loop over local nodes

> Vectorized element matrix

A lower memory consuming algorithm (but mostly less efficient) can be
deduced from the previous one by summing nﬁfe sparse matrices of dimension
ngof-by-ngor generated for each o and . This is the goal of Algorithm

Algorithm 9.5 Generic 0ptV3 algorithm (less memory consuming)

Lo M« Ongopxngor
: fora<—1tod+1do
for 5 —1tod+1do

end for

end for

> zeros sparse matrix
> Loop over local nodes

> Loop over local nodes

M «— M + sparse(me(a, :), me(B, :), ELEMMarVEc(a, 8, vol, . . .), Ddof, Ndot )

Now we apply the technique and adapt it to assemble the matrices associated

to operators £ and H.

9.3 OptV3 algorithm for £ operator

As we have just seen the vectorized computation of I, and J, 3d-arrays is very
simple. In Algorithm the function IcJeP1 OprV3 is given for computing

these two arrays.

Algorithm 9.6 Function [cJeP1 OpTV3

Input :
d .
me :
Output :
I, ¢ nme-by-(d+ 1)-by-(d + 1) 3d-array,
Jg ¢  nme-by-(d + 1)-by-(d + 1) 3d-array,
1: Function [Ig,J,] < IcJeP1l OprV3( d, me)
2 fora —1tod+1do
3 for <—1tod+1do
4 I;(:, @, B) < me(ay,:)
5: JQ(:7a75) <7II1€(B7Z)
6 end for
7 end for
8: end Function
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The 3d-array K, associated to the £ operator is defined by
(Ky), = D“*(T}), Yk € [1,1me]

where D®% is the (d + 1)-by-(d + 1) matrix defined in (6.35). To vectorize the
computation of K, we use the splitting of D operator seen in Section@ Let
f be a function defined in Q, (i, 5) € [1,d] and Ky, (), Kauao (f5,7), Kuao ([, 1)
and Ky, (f,4) the nye x (d + 1) x (d 4+ 1) 3d-arrays defined with tensor notation
and for all k € [1,nye] by

(Km)(f))k - Dm;(Tka f)7 (Kdudv(f7 i»j))k = Dgudv(Tk’ f’ ivj)v (92)
(Kudv (f))k = Dudv (Tk7 f7 i)) (Kduv(f7 l))k = ]D)guv (Tk7 f7 l) (93)

Then using [6.41] we obtain

d
Z Kdudv( ,Jvzaj

M&
H'M&

(Kg) udv
1=17=1
d
+ Z Kdu’u cl7 + (KUU(G’O))k
=1
and so
d d d d
= Z Z Kdudv(Ai,jyiyj) - Z Kudv(bi; Z) + Z Kduv(ciai) + KUU(G/O) (94)
i=17=1 =1 =1

We obtain the Algorithm in which the functions KeP1_OpTV3 cuv,
KeP1 OpTV3 @pupv, KaP1l OprV3 cpuv and KaP1 OprV3 cupv need to
be described. This is the object of the following sections.

Algorithm 9.7 Function KaP1 OptV3
Input :

Tr  : mesh structure associated to Q (see section
L : Loperator structure (see section b
G : gradients array (nme-by-(d + 1)-by-d)
Gk, ,:) = V ok (q), Vae [1,d + 1]
Output :
Kg ¢ Dme-by-(d+ 1)-by-(d + 1) 3d-array
1: Function Ky « KeP1_Op1V3( Tp, L,G)
2: Ky« KaP1 OprV3 auv(Th, L.a0)
3: fori«<1to 7,.ddo
4: for j < 1 to 7x.d do
5: Ky « Ky + KaP1_ OprV3 apupv(Th, L.A(4,7),G, 1, j)
6: end for
7: Ky — Ky —KeP1_OprV3_aupv(Th, L£.0(1),G, 1)
8: Ky — Ky + KeP1 OprV3  apuv(Th, L.c(i),G, i)

9: end for
10: end Function

Then we define the vectorized function GrapientVec, given in Algorithm [T1.3]
It returns the 3d-array G of dimension n,e-by-(d + 1)-by-d containing the gra-
dients of all P;-Lagrange local basis functions. Using the previous functions the
Algorithm [9.4)is converted to the Algorithm
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Algorithm 9.8 Function DAssemBLYP1 OpTV3

Input :
Tr : mesh structure associated to €2 (see section
L 1 Loperator structure (see section
G : 3d-array given by function GRADIENTSVEC or empty
(useful for H operator)
Output :
D% :  nges-by-ngor sparse matrix with ngor = 7p.nq.

1: Function D « DAssemyP1_OprV3( Ty, £, G)

2: (I, J4] < IeJeP1 OpTV3(d, Th-Nime, Th. me)
3:  if G = then

4: G < GrapienTsVEC(Tr.q, Tr. me, Tr.vols)
5: end if

6: Ky« KaeP1l_OptV3(Th, L,G)
7: DF — sparse(ly(:), J5 (1), Ky (2), Ndof, Ndof)
8: end Function

To end this section, it only remains to vectorize the splitting functions of
the operator.

Let f be a function from Q to R. In the following sections, we denote by
f the 1-by-n, array containing function f values on mesh vertices such that

f(i) = f(q'). We denote by f the (d + 1)-by-n,. array such that f,.(a, k) =
d+1

f(me(a, k)) and f* the 1-by-ny,e array such that f°(k) = Z fime(a, k). We can
a=1
easily compute these arrays in a vectorized form :

fme < f(me), f° — sum(fme, 1). (9.5)

We also denote by G the npye-by-(d + 1)-by-d 3d-array defined, Vk € [1, nme],
Va e [1,d + 1], by
G(k,a,:) = V @me(a,k)s on Tk. (9.6)

9.3.1 Vectorized calculation of K, (f)

From Section |6.4.2} Formula (6.43) and from notations (9.5)), we have on a mesh
element T}, and V(«, 3) € [1,d + 1]

[T
(d+3)!

(Do (T f))a s = (1+00,8)(f7(K) + fme(, k) + fine (8, K))-

From , we have
(Kuv(f))ha,g = (Div(Tka f))a,ﬁa Vk € [[ane]]v V(Oé,ﬂ) € [[Ld + ]‘HZ

We represent in Figure [3| the 3d OptV1 and OptV3 versions for the compu-
tation of K.
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Figure 3: Left : classical insertion of a local matrix in the 3d-array K,. Right :
OptV3 version

We obtain the vectorized computation of (K. (f)). Bt

(D) > TS ool (£ 4 1) + 0 (5,9)

and we write the complete function KeP1 OptVv3 cuv in Algorithm

Algorithm 9.9 Function KeP1 OptV3 cuv : computation of Ky, (f)

Input :
Trn : mesh structure associated to Qy, (see section
f : function from Q to R.
Output :
K : (d+1)-by-(d+ 1)-by-nme array corresponding to Kuy.(f)
1: Function K <« KcP1 OprV3 cuv( T, f)
2: f < f(Th-q) > f : 1-by-nq array
3 fine < f(Th.me) > fme : (d + 1)-by-nme array
4 f° < sum(fme, 1) > f° : 1-by-nme array
5 fora«—1tod+1do
6: for —1tod+1do
| __
7 K(,a,8) « PAFO==8)) o ol s (F° + (0 2) + Eme (3, )
(d+3)!
8 end for
9 end for
10: end Function
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9.3.2 Vectorized calculation of Kgyq4,(f,1,7)

From Section [6.4.3] Formula (6.44), we have on a mesh element T and V(c, 8) €
[1,d+1]?

[Ty |
(d+1)!

(Dguds(T: 954, 5)) a5 ~ fP (k) x G(k, i, i) x G(k, B, )

From (9.2)), we have
(Kdudv(fa ivj))k,a,ﬁ = ( Zudv(Tkv f»iﬂj))a,ﬁ ’ Vk e [aneﬂv V(a, 6) € [Ld + 1ﬂ2'
One can vectorize this formula by

d!
(Kaudo(f17,7)). 0.5 * a1 4 Tpvols x G(:,,0) x G(:, 8,7) .+ f° (9.7)

and we write the complete function KeP1 OprV3 apupv given in Algorithm

Algorithm 9.10 Function KeP1 OpTV3_ cDUDV : : computation of Kyydo, (f, 1%, J)

Input :
Trn : mesh structure associated to Q, (see section
f : function from 2 to R.
G : gradients arrays (nme-by-(d + 1)-by-d)
G(kz Q, :) = V‘pme(a,k) (q)z Vq €Ty, Va e [[17 d+ 1]]
i :  integer in [1,d]
j :  integer in [1,d]
Output :
K : (d+ 1)-by-(d + 1)-by-nme array corresponding t0 Kgydv (f,%,J)-

1: Function K« KeP1_OprV3_cpunv( Ta,9,G,1, )

2. f < f(Th.q) > f : 1-by-nq array
3 fme < f(Th.me) > fme @ (d + 1)-by-nme array
4 f° — sum(fme, 1) > f° : 1-by-nme array
5 fora«—1ltod+1do

6 forﬁ&1t0d+1ldo

7 K(:, a, B) « ﬁ & Tpovols ok G, a,1) % G(:, 8, 7) % f°

8 end for

9: end for

10: end Function

9.3.3 Vectorized calculation of K, (f,1)

From Section [6.4.4] formula (6.45), we have on a mesh element T} Y(o, () €
[1,d+1]?

d!|T|
(d+2)!

(DZuv(T]mgﬂ Z))a,ﬁ x (fs(k) + fme(Oé, k)) X G(kv ﬂa Z)

From ({9.3) we have
Kauo (£, )k = Oun(Tes £1)) a5 VE € [1nme], ¥(a, B) € [1,d + 1]*.
One can vectorize this formula by

(Kauo (f11). 05 = (d:l_'2)' a Tpovols x G(:, B,4) o+ (f° + Te(a,2))  (9.8)

and we write the complete function KeP1_ Op1V3_cpuv given in Algorithm[9.11
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Algorithm 9.11 Function KeP1 OpTV3 cpuv : add computation of D(u,v) = f%v
to K,y 3d array /

Input :

Trn : mesh structure associated to € (see section
f : function
G : gradients arrays (nme-by-(d + 1)-by-d)
Gk, a,5) = V ok(a), Yae [1,d + 1]
i :  integer in [1,d]
QOutput :
Ky : d+ 1-by-(d 4+ 1)-by-nme array.

1: Function K, <« KeP1_ Op1V3_cpuv( T, f,G,1)

2: fh(_f(ﬁl'q)u fme‘_fh(,ﬁz'me)

3: f° «— sum(fime, 1)

4: fora<«—1tod+1do

5: forﬁ<—1tod+1c'lo

6: K, (:a, 8) ﬁ  Thovols 4 G, B,1) % (F* + Fme(a, )
7: end for

8: end for

9:

end Function

9.3.4 Vectorized calculation of K, 4,(f,?)

From Section |6.4.5] Formula (6.46]), we have on a mesh element T}, and V(«, ) €
[1,d+1]?

(Bl (T )y = (5 (1) + B (5. 1)) % Gl )

From ({9.3)), we have
(Kduv(gﬁi))k’a,ﬁ = (]D)Zdv(Tk7 fvi))a’ﬁ ’ Vk € [[aneﬂ7 V(Oé,ﬁ) € HL d + 1]]2

One can vectorize this formula by

(Ko (£,0)), 5 (djl-'zy o Tovols o G,y ) o (fF 4 Enc(B,5) (9.9)

and we write the complete function KaP1 OpTV3 cupv given in Algorithm
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Algorithm 9.12 Function KeP1 OptV3_ cupv : add computation of D(u,v) = fu%
to K, 3d array

Input :
Trn : mesh structure associated to € (see section
f : function
G : gradients arrays (nme-by-(d + 1)-by-d)
G(k,a,:) = V ¢k (q), Yae [1,d+1]
i :  integer in [1,d]
QOutput :
Ky :  (d+ 1)-by-(d+ 1)-by-nme array.

1: Function K, < KeP1_Op1V3_cupv( Ty, f,G,1)

2: fh(_f(ﬁl'q)u fme‘_fh(,ﬁz'me)

3: f° <« sum(fime, 1)

4: fora<«—1tod+1do

5: forﬁ<—1tod+1c'lo

6: K, (:a, 8) ﬁ  Thovols # G, 0,1) # (F° + Fune(B, )
7: end for

8: end for

9:

end Function

9.4 OptV3 algorithm for H operator

We just have to replace in HAssemBLyP1_pase (see Algorithm [7.2) the call to
DAssemBiyP1 Base by a call to DAssemeivP1 OpTV3 to obtain the function
HAssemBiyP1  OpTV3 given in Algorithm

Algorithm 9.13 Function HAssemsiyP1 OprV3 - Matrix H assembly
Input :

T :  mesh structure associated to €2 (see section
Hop : Hoperator structure (see section D
Output :

H : ngor-by-ngor sparse matrix. ngor = H.m x 714

1: Function H « HAssemByP1 OprV3(7r, Hop)

2:  Ngor < Hop.m * Tjp.ng

3 H « SPARSE(Ddof, Ndof )

4: G « GrapientsVec(Th.q, Th. me, Tp.vols)

5. for a «<— 1 to Hop.m do

6 Z«—[1,Thng] + (0 — 1)Th.nqg

7 for 8 < 1 to Hop.m do = Set block matrix («, 3)
8 J —[1,Thng] + (8 — 1)Th.ngq

9 H(Z,J) < DAssemBLyP1_OptV3(Th, Hop.H(e, 8))
10: end for

11:  end for

12: end Function

We propose in Algorithm a modified version less memory consuming.
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Algorithm 9.14 Function HAssemsiyP1_ OprV3 - Matrix H assembly (less
memory consuming version)

Input :
T :  mesh structure associated to €2, (see section
Hop : Hoperator structure (see section

Output :
H : ngor-by-ngor sparse matrix. ngor = Hop.m x 7p,.nq

1: Function H « HAssemByP1  OprV3(7h, Hop)
2:  Ngor < Hop.m * Tp.ng

3 H « SPARSE(Ddof, Ndof )

4: G <« GrapientsVec(Th.q, Th. me, Tp.vols)

5. [Ig,Jg] < IcJaP1_OpPrV3(d, nme, me)

6 for a < 1 to Hop.m do

7 I—1T4+ (a—1)Th.ng

8 for 5 < 1 to Hop.m do

9 T Ty + (8- 1)Tang

10: K « KaP1_OprV3(Ts,Hop.H(a, 8),G)
11: H «— H + Sparse(1(:), J(:), K(:), ndof, Ndor)
12: end for

13: end for
14: end Function

10 Algorithm performance

The different benchmarks have been achieved on our reference machine gpu-
creosl.

Techniques and algorithms presented in this report have been implemented
under Matlab/Octave and Python and are referenced under the name vecFEMP1Light.

10.1 Comparison with other assembly codes

Here we compare vecFEMP1 codes with those given in [3] and referenced under
the name OptFEMP1. The latter are dedicated to the calculation of specific
matrices : mass , weighted mass, stiffness and elastic stiffness matrices in space
dimension 2 or 3. For each one of these matrices, we will use three different
techniques implemented in OptFEMP1 to carry out the assembly. Those will be
referred as the versions OptV1, OptV2 and OptV3. They are described in details
in [3].

We now compare times calculations of these three versions of OptFEMP1 with
the 0ptV3 version of vecFEMP1 for the stiffness and elastic stiffness matrices in
space dimension 2 and 3.

10.1.1 Assembly of the stiffness matrix in dimension d = 2 or 3

The n4-by-ng stiffness matrix S is defined by

S, ; = L (VorVodda, (i,5) € {1,.ng). (10.1)
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To assemble this matrix with OptFEMP1 codes we use the dedicated functions
S «— ASSEMBLYSTIFFPI<VERSION>(77L)

where <version> is either the version OptV1, OptV2 or OptV3. With vecFEMP1,
we use the generic function

S « DASSEMBLYPlioPTV:%(E, ﬁ)

where £ = ﬁ]]d70d70d)0.

The computational costs to assemble this matrix compared to nqor = nq for
each previous function are represented in Figure T[] and Figure 2] respectively for
the dimension d = 2 and d = 3. The detailed results are given in Table [T] and

Assembling Stiff matrice (2d) - Matlab (2014b) Assembling Stiff matrice (2d) - Octave (3.8.1)
T T T T

—— OptFEMP1(OptV2) —o— OptFEMP1(OptV2)
—— OptFEMP1(OptV3) —— OptFEMP1(OptV3) -
—&— OptFEMP1(OptV1) —&— OptFEMP1(OptV1)

( )

—w—vecFEMP1(OptV3
----- O(n)

—— vecFEMP1(OptV3) e j 102k

)

CPU times(s

n = Ngey n=ngy

Assembling Stiff matrice (2d) - Python (3.4.0)
T T

—o— OptFEMP1(OptV2)
—%— OptFEMP1(OptV3)
—&— OptFEMP1(OptV1)
|| —o— vecFEMP1(OptV3)

----- On)

CPU times(s)

2
104 105 10° 107
"=

Figure 1: 2d stiffness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom).
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. Assembling Stiff matrice (3d) - Matlab (2014b) . Assembling Stiff matrice (3d) - Octave (3.8.1)
10 T T T 10 T T T
—— OptFEMP1(OptV2) o —4— OptFEMP1(OptV2)
3 OptFEMP1(OptV3) d —#—OptFEMP1(OptV3)|

( )
—&— OptFEMP1(OptV1) —&— OptFEMP1(OptV1)
( )

—— vecFEMP1(OptV3) F | —9—vecFEMP1(OptV3

e O(n)

CPU times(s)

Assembling Stiff matrice (3d) - Python (3.4.0)
T T T

—o— OptFEMP1(OptV2)
—— OptFENP1(OptV3)
—a— OptFEMP1(OptV1)
—— vecFEMP1(OptV3)

Figure 2: 3d stiffness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom).

10.1.2 Assembly of the stiffness elasticity matrix in dimension d = 2
or 3

Here we consider sufficiently regular vector fields u = (u1,...,uq) : Q — R%,
with the associated discrete space (X})?%, d =2 or 3 (i.e. m = d in that case).

We consider the elastic stiffness matrix arising in linear elasticity when
Hooke’s law is used and the material is isotropic, under small strain hypothesis
(see for example [7]). This sparse matrix K is defined by

Ky =L e () Ce(¥y)dq, Y(I,n) € [1,n40¢]° (10.2)

where Ygq_1)+i = pi€a, ¥(a, i) € [1,d] x [1,n4], and € is the linearized strain

tensor given by
1

e(w) = 5 (V(w) + V'),
with € = (611,622,2612)t in 2D and € = (611,622,633,2612,2623,2613)t in 3D,
with €;;(u) = % (g;“ + %) The elasticity tensor C depends on the Lamé
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StiffAssembling2DP1 - Matlab StiffAssembling2DP1 - Octave

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1 OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1

"dof OptV2 OptV3 OptV1 OptV3 "dof OptV2 OptV3 OptV1 OptV3
080 (s) | -008 (s) | .874 (s) | -160 (s) 1046 (s) | 018 (s) | 2.30 (s) | .085 (s)

28042 x 1 x 1.16 x 10.9 x 1.99 28042 x 1 x .399 x 50.0 x 1.84
807 (s) | 305 (s) | 8.04 (s) | .420 (s) 073 (s) | 072 (s) | 9.04 (s) | -102 (s)

111036 x 1 x .993 x 9.90 x 1.37 111036 x 1 x .985 x 123 x 1.38
627 (s) | 361 (s) | 6.64 (s) | 560 (s) 300 (s) | 202 (s) | 20.2 (s) | -257 ()

248818 x 1 x .576 x 10.6 x .908 248818 x 1 x 1.01 x 101 x 1.29
753 (s) | 764 () | 11.9 (s) | 834 (s) 870 (s) | 460 (s) | 86.6 (s) | -566 (s)

449492 x 1 x 1.01 x 15.7 x 1.11 449492 x 1 x 1.24 x 98.9 x 1.53
910 (s) 1.28 (s) 18.2 (s) 1.53 (s) 574 (s) 739 (s) 55.5 (s) 891 (s)

684162 x 1 x 1.41 x 20.0 x 1.68 684162 x 1 x 1.29 x 96.8 x 1.55
1.37 (s) 1.70 (s) 27.0 (s) 2.15 (s) 844 (s) 112 (s) 82.1 (s) 1.39 (s)

1011010 x 1 x 1.24 x 19.7 x 1.57 1011010 x 1 x 1.32 x 97.2 x 1.64
1.9 (s) 331 (s) | 373 (s) | 2.71 (s) 1.16 (s) | 1.56 (s) 112 (s) 1.94 (s)

1376630 x 1 x 1.22 x 19.6 x 1.42 1376630 x 1 x 1.34 x 96.3 x 1.68
377 (s) | 8.06 (s) | 471 (s) | 3.71 (5) 151 (s) | 2.08 (s) 142 (s) 354 (s)

1767840 x 1 x 1.11 x 17.0 x 1.34 1767840 x 1 x 1.36 x 94.0 x 1.68
386 (s) | 3.42 (s) | 592 (s) | 4.89 (5) 193 (s) | 2.58 (s) 182 (s) 3.22 (s)

2250578 x 1 x 1.02 x 17.6 x 1.46 2250578 x 1 x 1.33 x 94.4 x 1.87
1.26 (s) | 4.65 (s) | 745 (s) | 5.97 (5) 2.42 (s) | 3.23 (s) 337 (s) 1.18 (s)

2798256 x 1 x 1.09 x 17.5 x 1.40 2798256 x 1 x 1.34 x 94.0 x 1.73
5.17 (s) | 538 (s) | 878 (s) | 731 (s) 2.86 (s) | 3.88 (s) 272 (s) 2.90 (s)

3337702 x 1 x 1.04 x 17.0 x 1.41 3337702 x 1 x 1.36 x 95.0 x 1.71
6.06 (s) 6.68 (s) 104 (s) 8.03 (s) 3.41 (s) 4.63 (s) 321 (s) 5.88 (s)

3952402 x 1 x 1.10 x 17.2 x 1.32 3952402 x 1 x 1.36 x 94.2 x 1.73

StiffAssembling2DP1 - Python

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1
‘ "dof H OptV2 ‘ OptV3 ‘ OptV1 ‘ OptV3 ‘
s || P | D | PO |
e R P S
avsis || P00 | SEET TR OO
savier || OB [T RO | @
e | R R P S
wnow || 0P [ LB O GTE O
w0 || PO IO R G 0
rorsao || T8 [ 2R SO0
w0 || TR0 | BB SO [PAD
srosase || TR0 | AR [0 [ 1RO
e | el sl Il P
sovpacn || T | SR O AL [T

Table 1: 2d stiffness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab (top
left), Octave (top right) and Python (bottom) giving time in seconds (top value)
and speedup (bottom value). The speedup reference is OptFEMP1 OptV2 version.
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StiffAssembling3DP1 - Matlab

StiffAssembling3DP1 - Octave

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1 OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1
"do f H OptVv2 ‘ OptV3 ‘ OptV1 ‘ OptV3 ‘ ‘ "dof H OptV2 ‘ OptV3 ‘ OptV1 ‘ OptV3 ‘
|l I I R e I vl Il Il i
|l B A Il I ol B el Pl I A R I
asore || U1 | ANE | RS | Ve sore || PR | T ] Ve | e
228033 SRR S 228933 R TR | Y | Y%
swrors || M 1 2RE | ke | e srrors || PO | NG | ke | e
uesrss || SN ] NS | e | he uesrss || PR [ R | ) | LY
vesin || P S T RLS [ NS resin || P RS LY
savtoso || A | BT | Tl | xise savoso || P00 | B 1 e | Y
saopor || NE ) =D | TLE | A saoszor || IO | REE | ke | eAr
ssogoar || WA | T | Ve | s ssoooar || FTE) | T | e | s
vosser || TR0 [ | T | N vosser || M [ O] PR | e
StiffAssembling3DP1 - Python

| raor || Boevs | ova | Bevs | omevs |

ot [ P00 [ [ [ W

sosor || M | Y | VAl | Yie

el | e e S

228933 S R RS

srrors || MO LN D | as | e

uesrss || 20 | P06 | Tma | s

wesin || PO ] RN | Vs | e

satroso || 0 | O | Vhes | viar

saoszor || 0| M | W | Cxvar

ssoooa1 || TR | AL | VWS | ola

vosser || B[O WY | i

Table 2: 3d stiffness matrix : comparison between OptFEMP1 (OptV1, OptV2
and OptV3 versions) and vecFEMP1Light (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 0ptVv2
version.
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10.1 Comparison 10 ALGORITHM PERFORMANCE

parameters A and p satisfying A + g > 0, and possibly variable in . For d = 2
or d = 3, the matrix C is given by

C- <>\]12 + 2uly (D2><1) C— (>\113 + 2ull3 ‘D3x3)
O1x2 B )y’ Osx3 pls )6

Formula ((10.2) is related to the Hooke’s law

a = Ce,

where g is the elastic stress tensor.
To assemble elastic stiffness matrix K with OptFEMP1 codes we use the ded-
icated functions

K« ASSEMBLYSTIFFELASPl<VERSION>(771)

where <vEersion> is either the version OptV1, OptV2 or OptV3. With vecFEMP1,
we use the generic function

K « HAssempiyP1_OpTV3(Th, H)

where H is given in Section Lemma

The computational costs to assemble this matrix compared to ngof = dng
for each previous function are represented in Figure 3] and Figure [ respectively
for the dimension d = 2 and d = 3. The detailed results are given in Table
and [
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CPU times(s)

10.1 Comparison

10 ALGORITHM PERFORMANCE

Assembling StiffElas matrice (2d) - Matlab (2014b)

Assembling StiffElas matrice (2d) - Octave (3.8.1)

10° 10°
—o— OptFEMP1(OptV2) —4— OptFEMP1(OptV2) ek
—— OptFEMP1(OptV3) —— OptFEMP1(OptV3) '
—&— OptFEMP1(OptV1) —a— OptFEMP1(OptV1)
—— vecFEMP1(OptV3) —§— vecFEMP1(OptV3) |
102
10'E
100F
101 . . 102 . .
104 10° 108 107 104 109 108 107

n=Ngoy

CPU times(s)

N = Tos

Assembling StiffElas matrice (2d) - Python (3.4.0)
T T

102F

—6— OptFEMP1(OptV2)

~—%— OptFEMP1(OptV3) e
) -
)

—a— OptFEMP1(OptV1
—— vecFENP1(OptV3
----- o)

102
104

105 10° 107
n =g

Figure 3: 2d stiffness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom).
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CPU times(s)

10.1 Comparison

10 ALGORITHM PERFORMANCE

Assembling StiffElas matrice (3d) - Matlab (2014b)

Assembling StiffElas matrice (3d) - Octave (3.8.1)

10° 104
—4— OptFEMP1(OptV2) —o— OptFEMP1(OptV2)
—— OptFEMP1(OptV3) - —— OptFEMP1(OptV3)
—&— OptFEMP1(OptV1) - —a— OptFEMP1(OptV1)
—%g— vecFEMP1(OptV3) 5 || —F—vecFEMP1(OptV3) -
e O(n) 10 < 9
102 E
10'E 3
10°F 3
100 F E
107! L L 107 I 1
104 10° 108 107 104 109 108 107
n=ny n =Ny
. Assembling StiffElas matrice (3d) - Python (3.4.0)
10 T T
—6— OptFEMP1(OptV2) -
—%— OptFEMP1(OptV3)
—&— OptFEMP1(OptV1)
—9— vecFEMP1(OptV3)
102 L o E
Z 10t 1
=]
B
$]
10°0F E
107 : :
104 10° 10° 107

n =gy

Figure 4: 3d stiffness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom).

Page 101

Compiled on 2015/06/10 at 07:28:25



10.1 Comparison 10 ALGORITHM PERFORMANCE

StiffElasAssembling2DP1 - Matlab StiffElasAssembling2DP1 - Octave
OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1 OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1
‘ "dof H OptV2 ‘ OptV3 ‘ OptV1 ‘ OptV3 ‘ ‘ "dof H OptV2 ‘ OptV3 ‘ OptV1 ‘ OptV3 ‘

asoaz || 0 | N | ek | s asoaz || 0 |G | e | ez
| I I S RS tose || 0 | St | ses | xeis
assis || P50 | NTR | e | e zassis || S0 | e | a | xver
asoans || 200 | PN D | %vsd | Coia aoann || MO0 | MO0 | Pan | i
osaroz || 50 | D | vea | Niar osaez || "5 1 0N | Vaee | xuee
wowowo || 5T | TR | ee | | I S S
| e I S T R wrooso || VA ) O | Sars | erar
wrersao || 07 ) RN | ers | rvse wersao || OS5 | NG | rars | Cevss
asosts || M | NN | e | i azs0s7s || MU | LT | Taer | xvas
mosase || P | RS | Ve | Ll zroszse || 0 | N | Vaee | xver

StiffElasAssembling2DP1 - Python

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1
‘ "dof H OptV2 OptV3 ‘ OptV1 ‘ OptV3 ‘
0 R
s || TR0 [ AR | T A
T e I Sl Il B
T I S Al S
e el Il Sl S
TRl I Rl Il IS
T R R S
rorsio || TR | A A 7D
s || D2 [ TG | LT[
T Il ISl I S

Table 3: 2d stiffness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 OptV2
version.
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StiffElasAssembling3DP1 - Matlab

StiffElasAssembling3DP1 - Octave

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1 OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1
‘ "do f H OptVv2 OptV3 ‘ OptV1 ‘ OptV3 ‘ ‘ "dof H OptV2 ‘ OptV3 ‘ OptV1 OptV3 ‘
w20 |l el | o | [ e R0 | e | e [
sosor || MW 1 A0 | Nre | e sosor || 0 | W | ws | e
asore || TR | 1L | s | e usore || 250 | BED | e | Caess
2am0zs || BT ST | Ny | L zemozs || OO | AR | Ve | i
owrora || RO 1 2 | xees | i srrors || PO | Nk | Tase | ks
| I B B S e uesrss || PO [ G | Ve | el
vesin || RO TN | e | xiar R T B e o B
2220008 || T2 | TLD | TR | NI 2220008 || 4070 | TID | NS | AL
StiffElasAssembling3DP1 - Python

OptFEMP1 OptFEMP1 OptFEMP1 vecFEMP1

‘ "dof H OptVv2 OptV3 ‘ OptV1 ‘ OptVv3 ‘

20107 || M0 e | Ve | She

sosor || MV L T | ey | s

wsors || 20O | NS L NES | e

228933 B2 [ 390 () ] 600 () | B0L (e

srrors || 02 1 T | Kier | aiss

vesrss || A0 ] e | e | x e

1768111 34;91(5) 33'15‘? 4,(7?3(.? 45?.{?

2220068 || 05 | NS | Ve | ia

Table 4: 3d stiffness elasticity matrix : comparison between OptFEMP1 (OptV1,
OptV2 and OptV3 versions) and vecFEMP1 (OptV3 version) toolboxes in Matlab
(top left), Octave (top right) and Python (bottom) giving time in seconds (top
value) and speedup (bottom value). The speedup reference is OptFEMP1 OptV2

version.
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10.2 BVP benchmarking 10 ALGORITHM PERFORMANCE

10.2 BVP benchmarking

In this section we evaluate the performance of the toolbox vecFEMP1 in Matlab
(Release 2014b), Octave (3.8.1) and Python (3.4.0) on our reference machine
gpucreosl. In each language we will give times in seconds to assemble the
linear system and to solve it. We use the most generic solution function in each
language : \ in Matlab/Octave and the function spsolve in SciPy for Python.

10.2.1 2D stationary convection-diffusion benchmark

We solve the BVP given in Section given in Table

Matlab Octave Python FreeFEM++
= = = =

N —~ N N —~ N —~
g F L 5 |E 5 |E F
) el @« el @« &« e X

Ndof

98712 1.14 1.09 .469 .714 0.82 0.72 1.35 .063
226226 2.25 2.25 1.34 2
393202 3.28 3.98 2.55 4.49 3.52 4.56 5.46 292
605547 5.36 6.27 4.10 8.65 5.52 8.90 8.45 463
878642 7.95 9.74 5.97 154 8.02 15.9 12.2 .691
1190916 10.6 15.1 8.21 26.8 11 27.6 16.8 .961

=

o
<

25253 375 376 157 161 183 133 375 .009
08

Table 5: Comparison of BVP solving : 2D stationary convection-diffusion -
Matlab with OptV3 assembling and classic solve, Octave with OptV3 assem-
bling and classic solve, Python with OptV3 assembling and classic solve,
FreeFEM++ with OptV3 assembling and sparsesolver solve,

10.2.2 3D stationary convection-diffusion benchmark

We solve the BVP given in Section [3.2.5 given in Table [6]

10.2.3 2D linear elasticity benchmark

We solve the BVP given in Section using Algorithm [3.8] The computa-
tional times are given in Table [7}

10.2.4 3D linear elasticity benchmark

We solve the BVP given in Section [3.3.1] using Algorithm [3.9] The computa-
tional times are given in Table
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Matlab Octave Python FreeFEM++
) ) ) )
N N 2 —~ 2 —~
g g §g T & 5
£ g g 5 1L 3
@ @ @ @ @ @

2 2
£ £
ndof (QO (QO
9610 034 807 218 988 253 508 1.09 .610
8.71 10.6
45.7 99.7

68137 2.63 1.92 2.66 5.42 8.41 7.63
222768 9.75 6.91 9.60 31.1 29.0 35.7
497673 25.2 111 16.9 138 214 774 64.1 81.1
974856 46.8 243 39.5 347 42.8 184 142 210

Table 6: Comparison of BVP solving : 3D stationary convection-diffusion -
Matlab with OptV3 assembling and bicgstab solve, Octave with OptV3 assem-
bling and bicgstab solve, Python with OptV3 assembling and bicgstab solve,
FreeFEM++ with OptV3 assembling and GMRES solve,

Matlab Octave Python FreeFEM++
O & & @
S 2 g 2 S N g 2
" L s N s N ;% L
%) ~ ~ ~ ~
5 5 e S e § e &

Ndof
51102 547 0.3 .192 237 233 .676 .740 .040
202202 2.18 1.02 .695 1.28 1.07 4.56 2.96 181
453302 4.08 2.19 1.76 3.41 2.47 15.1 6.79 447
804402 6.79 3.83 3.45 6.84 4.70 45.0 11.9 .809
1255502 10.8 5.85 5.61 12.3 7.52 87.7 18.5 1.61

Table 7: Comparison of BVP solving : 2D linear elasticity - Matlab with OptV3
assembling and classic solve, Octave with OptV3 assembling and classic
solve, Python with OptV3 assembling and spLU solve, FreeFEM++ with OptV3
assembling and sparsesolver solve,
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Matlab Octave Python FreeFEM++
= = = =
N N N N
g 2| g 2| F = |8 2
" 2 3 2 " 2 9 N
£ 3 £ 3 £ 3 £ 3
Naof || @ % 2 % 2 % % %
14883 .892 1.63 363 293 .386 1.63 1.08 1.03
107163 7.33 32.0 2.34 43.5 4.06 22.7 8.58 17.3
348843 19.2 113 10.4 210 16.1 114 29.5 84.9
811923 471 342 25.9 663 39.2 372 69.3 266

Table 8: Comparison of BVP solving : 3D linear elasticity - Matlab with OptV3
assembling and pcg solve, Octave with OptV3 assembling and pcg solve, Python
with OptV3 assembling and minres solve, FreeFEM++ with OptV3 assembling
and CG solve.

11 Appendix

11.1 Example of mesh data structure for a ring mesh

For example, we give in Figure[I]a ring mesh with 36 vertices, 48 mesh elements
and 24 boundary elements. The data structure associated to the mesh is denoted

by T and verifies

Thng = 36, Thime = 48, Tp.npe = 24,

1 2 3 34 35 36
T o —1.000 —0.668 —0.866 ... 0.433 0.433  0.500
4= 0.000 0.146 0.500 ... 0.250 —0.250 —0.000
1 2 3 4 5 44 45 46 47 48
33 35 35 31 30 ... 25 32 32 33 31
Th.me = 31 33 30 33 26 ... 20 25 34 32 25
32 36 33 26 33 ... 28 28 36 36 32
1 2 3 4 5 20 21 22 23 24
36 35 29 22 16 ... 9 3 31 25 20
Th.be =
35 29 22 16 10 ... 3 1 25 20 15
1 2 3 4 5 20 21 22 23 24
Thn.bel = < 10 10 10 10 10 ... 2 2 1 1 1

11.2 Example of boundary mesh data structure

On the example of Figure [1| we have lab = [1,2,3,4,10] and for example if we
consider the fifth boundary of label 10 (lab(5) = 10), we have By(5).nq = 12,
By (5).nme = 12, By, (5).label = 10.
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Mesh with ng=: 36 nme=48

24 —0

\ / :

/ ° | & a5\

i \/\
| L] \\

zl

/ \

/ / venex umby
boundary element number ﬂ
mesh element number

Figure 1: Coarse ring mesh
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1 2 3 10 11 12
Bu(5).q —0.500 —0.433 —0.433 ... 0433 0433 0.500
B2 —0.000 0.250 -0.250 ... 0.250 -0.250 -0.000
1 2 3 4 5 6 7 8 9 10 11 12

1211 975 312 46 8 10

Bh(5).me=
11 9 7531246 8 10 12

1 2 3 4 5 6 7 8 9 10 11 12

Bh(5).t0G10balz( 4 7 10 13 16 19 22 27 29 34 35 36 )

11.3 BuildBoundaryMeshes function

Algorithm 11.1 function BuipBounparyMEesues

Input :
Tn  : a mesh structure of Q2
Output :
By, :  1-by-nj, array of boundary mesh structures.

1: Function Bj < BuioBounparyMesues(7p)

2 labels <« Unique(Th.bel)

3: nlab « LengtH(labels)

4:  for [ < 1 to nlab do

5 B (1) < BuioBounparyMesu(7T, labels(l))
6 end for
7: end Function

11.4 Elasticity in R?
11.4.1 Mathematical notations

We want to prove (3.34) of Lemmal[l] We can write (3.30) as

—(divo(u)); = fi, Vie[l,d], in Q (11.1)
We have
(divo(u)); = (2ue;(u)),; + (Aerr(u)) s
d 5 P d
= Z 67 (QMGij(u)) + 87 ()\ Z ekk(u)>
j=1""7 ¢ k=1
and

1 é’uz 6uj
€uu) =3 (axj * 6:17)
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So we obtain

(divo(), = Zi(ﬂ(?ﬁj *?Z)) * o (Aiaz)

k=1 g 1 i =1
d (d d
0 (9u]> 0 < é’uj> 0 ( 8uj>
= S = | 0ij + 53— + A—
j; {,;1 da, < oxy ) T o, Mo ; ox; \ 0z

So, from (2.10) and (11.1) we want Vi € [1,d]

d
(H(w); = Y| Hij(u;) = (divo(w));.

j=1

and by identification, we obtain Vi € 1, d]

Hij(uj) = o, (ua%) + o (Aaxj) + ) Ere (Maxk> 0ij

and then H; ; := EAi,jp,o’O with

(A™)y1 = bk 10i ; + 1k j01i + Nog i614, V(k,1) € [1,d]?,

With these notations, we can rewrite the elasticity problem (11.1) as

d
D div(A™ Vu,) + fi =0, Vie[1,d], in Q (11.2)

j=1

In dimension d = 2, ({11.2)) becomes

div ((g 2) Vu1> + div <(2 8‘) Vu2> +f = 0, (11.3)
div ((())\ g) VU1> + div ((g 2) Vu2> +f = 0, (11.4)

and in dimension d = 3

0 0
0 |Vuy | +div m
m 0

0 0 0

0|vus |+div|{ [0 0 0|vus |+ = 0, (11.5)
0 w0

0 n 0 0 0
0|Vu | +div 0 0 |Vuy | +div 00
0 0 0 n
o 0 w0
0|Vuy |+ div 0 Vus | +div 0 pu
0 0 0 0
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11.4.2 Boundary conditions

We want to prove of Lemma We set = a"’ - = ;TLL’J and, by definition
of H; ; operators, we obtain on I
d ow: . d .
Z L = (AYvVu,n)+ Y (AY Vu;n)
But we have
iy ii O
(A" Vuin) = Z ZAk,lg
k=11=1
d d ou
= 2 Z (,U,(Sk’l + ()\ + u)ék,iél,i) a—lnk
k=11=1 Tl
d , ow:
= —ng+ (A + :
Mgla s ( M)azz
and, for j #1
<Aw V'u,j,n> = Z ZA’“’JI{TEZ”’C
k=11=1
d d ous
= Z Z (AOg,i01,5 + 10k 501.4) Tjnk
k=11=1 T
ou ou;
= 2\Zip, In,.
5:17] + ’U/al’z nJ
So we obtain
d
ou; ou; ou ou;
=N (2 Bip,; 4+ S el At p)in; (118
iy Z( ) +u2 Ut () e (119
J#i

In linear elasticity boundary conditions can be expressed as Dirichlet or as
(o(@)n); = g for example. We have

d
(o(@)n); = Zai,j(u)nj

with

d
1 /ou ou;
O','J(’U,) = Quem(u) + Ad; 5 Z ek,k(u) and ei,j(u) = 3 ((}x] + (31‘)
k=1 ¢ J
So we have with oy ;(u) = 2ue; ; () + A Y0 ep(w)
d
(o(im); = oii(wm;+ Y, 0i;(un;

j=1
e

d d
(2/16z i Z ) n; + Z 2/161"]‘ (’U,)’I'I,J

j=1
J#i
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We also have ¢; j(u) = % (auj + a"i) and then

é’:ci 67‘]
d ou;  ou; ou; d ouy,
— i _ ] 7 ) 2 /Wy )\ YOk i
(o(@n) j;,u <0xi * 8mj) it ( M@xi * kz::l axk> "
J#i
d d d
ou; ou; ouy, ou;
= —n, —n; + A —n; + (A +2u)=—mn;
Z M&min] + Z uaxjn] + Z a%kn + (A + u)axin
Jj=1 Jj=1 k=1
J#i VES) k+#i
— Zd] U, 4 A2 +Zd] ot + (A + )%n-
T L\ Mg, T Yo ) T Lty M ow
j=1 j=1
J#i
So we have proved that
4 ou;
(o(@)m); :j; an:j’ Vie[1,d] (11.9)
11.5 Computation of the barycentric coordinates
Let T}, be a d-simplex in R¢ of vertices ¢°,...,q% and T be the reference d-

simplex with °,...,q% such that ¢° = 04 and §* = e;, Vi € [1,d].
We denote by F}, the bijection from T to T}, defined by q = F¢(q) = Brq+q"
where By, € M4 (R) is such that, for all ¢ € [1,d], the i-th column is equal to

qz _ qO'

The barycentric coordinates of § = (&1,...,%4) € T are given by 5\0 _
1- Zg=1 T; and Ay = &;, Vi € [[l,d]],
The barycentric coordinates of q = (x1,...,z4) € T} are given by Mg ;(q) =

Ai o F;'(q) and we have

V Mi(a) = B 'WA(@), Vi€ [0,d] (11.10)
~ 71 ~
with VAo(§) = [ ... |, Vi = e;, Vi € [1,d]. We may note that gradients are
-1
constant.
By setting
-1 1 0 0
- A . s -1 0 1
G = (Vo, . V) = ]
: 0
-1 0 0 1

computing the gradients of barycentric coordinates is equivalent to solve (d + 1)
linear systems which writes under matrix form

B.Gy = G (11.11)
where Gy, = (V Aro(Q), -, VAa(q)) € Maqasi(R).
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Algorithm 11.2 Gradient of basis functions on a d-simplex in dimension d.

Input :

q : d-by-(d+ 1) array, q(:,4) is the i-th vertex of the d-simplex
Output :

G : gradient array (d-by-(d + 1))

G(;,a) =V Aa(q), Vae[l,d+ 1]
Function G < Grapients(q)

Grad <« [—14,Laxa] & Contains gradients of A;
B«—q(52:d+ 1) —1g%q(;,1)"
G — wv(B) * Grad

end Function

For each d-simplex in the mesh, there are (d + 1) gradients to be computed
which gives (d + 1)ny,e vectors of dimension d to be computed.

To vectorize the computation of all the gradients, we need to rewrite in
an equivalent form the n,. equations in an only one big sparse block-
diagonal linear system where each diagonal block is of dimension d-by-d :

B, O ... O Gy G
. GQ G
O ~ . - (11.12)
: .0 :
0O ... O B, /y.n Grne/ Nx(at1) G/ N

with N = d X npe.

Algorithm 11.3 Vectorized computation of the gradients of basis functions in dimension d

Input :

q ¢ d-by-nq array

me : (d+ 1)-by-nme connectivity array
Output :

G : gradient array (nme-by-(d + 1)-by-d)

G(k,a,:) = Vk(q), Va e [1,d + 1]
Function G « GrapientVEec(q, me)

K « zrros(d, d, Nme), I < zEROS(d, d,ime), J <« zEROS(d, d, Nime)

ii —d#*[0: (nme — 1)]

for i — 1 to ddo

for j «— 1to ddo

K(i, %) < qlime(j + 1,:)) — q(i, me(1,))
I(i,4,:) < ii+ 7, J(4,4,:) < ii +4

end for
end for
S «— sparse(I(:), J(:), K(:),d # me, d * Dime)
R <« zerOs(dnme, d + 1) > Build RHS
G « [—ones(d, 1), eve(d)]
ii«—1:d

for k < 1 to nme do
R(ii,:) « G, ii —ii+d
end for
G <« sowe(S,R)
G « resHaPE() = A finir...
end Function
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12 Vectorized algorithmic language

In computer science, vector languages (also known as array programming or
multidimensional languages) are often used in scientific and engineering compu-
tations. They generalize the operations on scalars to higher dimensional arrays,
matrices and vectors : such operations are named vectorized operations. We
provide below some common functions and operators of the vectorized algorith-

mic language used in this article, which is close to Matlab/Octave.

A—B Assignment

AxB matrix multiplication,

A xB element-wise multiplication,

A./B element-wise division,

A() all the elements of A, regarded as a single column.

[,]
;]

Horizontal concatenation,
Vertical concatenation,

A, J) J-th column of A

A(I,:) I-th row of A

sum(A, dim) sums along the dimension dim.

Loxn m-by-n array or sparse matrix of ones.

Omxn m-by-n array or sparse matrix of zeros.

a=b boolean for testing if a is equal to b.

Unique(1) returns the unique values of I after sorting.
Leneta(A)  returns the maximum size of A over each dimension.
Srze(A) size of A in each dimension.

FIND(I)

List of Algorithms

3.1 2D Poisson problem| . . . ... ... ... ... . 0000,
[3.2 2D Poisson problem in a distorted domain|. . . . ... ... ...

3.4 Stationary convection-diffusion problem in 2D|. . . . . . ... ..
3.5 sampleD3dO1 problem| . . . . .. ... 0o o000
3.6 Laplace equation in [0, 1]
[3.7  Grad-Shafranov problem| . . . . . .. ... ... . ... ......
[3.8 2D elasticity]. . . . ... ... .. oo
39 3Delasticity]. . . . . .. ... ...
13.10 Velocity Potential in 2D . . . . .. . ... ... ... ...
BIT Potential flow in 2D] . . . . . . . .. ... ...
[3.12 Stationary heat in 2D} . . . . ..o L0000 0000000
E’).13 Stationary heat with potential velocity problem (method 2)| . . .
[3.14 Stationary heat with potential velocity problem| . . . . . . . . ..
13.15 Clamped plate problem| . . . .. .. ... ... ... ... ....
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[ 61
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