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Abstract

Let G be an isotropic reductive group and X be a projective G-homogeneous variety. Us-
ing results from Bialynicki-Birula, Hesselink and Iversen, Brosnan showed that if G is of inner
type, the motive of X can be expressed as a direct sum of Tate twists of motives of projective
homogeneous varieties for the anisotropic kernel of G. Furthermore, the twists and types of
the varieties appearing in this decomposition are completely determined by the underlying
combinatorics. We provide an efficient algorithm computing these Bialynicki-Birula-Brosnan
motivic decompositions in SageMath, intended both as a tool to study concrete examples
and a source of explicit data for the motivic community.
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1 Introduction

Rost decomposition of the motive of a projective quadric states that given an isotropic smooth
projective n-dimensional quadric Q over a field, its Chow motive M(Q) admits a direct sum
decomposition involving a shift of the motive of the anisotropic quadric associated to Q, and some
Tate motives. Moreover, the shifts appearing in this decomposition are completely determined
by the Witt index of the underlying quadratic form. The question of extending this kind of
motivic decompositions to an arbitrary projective homogeneous variety for isotropic semi-simple
groups, involving motives of projective homogeneous varieties with respect to anisotropic kernels,
has been intensively studied in the last decades.

The first systematic results were obtained by Karpenko [9], who provided explicit motivic
decompositions for projective homogeneous varieties for classical groups, involving the under-
lying algebraic structures. A fundamental step was then achieved by Chernousov, Gille and
Merkurjev, who constructed motivic decompositions for projective homogeneous varieties with a
rational point [4]. Among many other applications, this key result implies notably that projective
homogeneous varieties satisfy Rost nilpotence.

Finally, using results of Bialynicki-Birula, Hesselink and Iversen, Brosnan provides with [2,
Theorem 7.4] explicit motivic decompositions for arbitrary projective homogeneous varieties for
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isotropic semi-simple groups. Given such a group G and a projective G-homogeneous variety X,
it gives a decomposition

M(X) ≃
⊕
w∈W

M(Xw){αw}

of the motive of X, where W is a subset of the Weyl group of G and the Xw’s are projective
homogeneous varieties for the anisotropic kernel of G. Furthermore, the types of these varieties
and the shifts involved in this decomposition are completely determined by the type of the G-
variety X, the anisotropic kernel of G and its Weyl group.

However explicit, these Bialynicki-Birula-Brosnan motivic decompositions can be intractable
by hand for huge Weyl groups (notably for semi-simple groups of exceptional types). This note
aims at providing an efficient algorithm in SageMath performing these decompositions. The
main computational solution consists of substituting to the naive approach of performing a bi-
minimal reduction on all the elements of the Weyl group W of G an efficient algorithm. The key
algorithmic improvement consists of an enumeration of right-minimal representatives through
depth-first search (DFS) on the Cayley graph of W , followed by filtering a set of representatives
for the additional left-minimality condition. In the second part we introduce the needed material
to state Brosnan Theorem: semi-simple algebraic groups over fields and the associated combi-
natorial data, Tits indices, projective homogeneous varieties and motives. We then describe in
sections 3 and 4 the main algorithm, with a complexity analysis. The last two parts are dedi-
cated to the framework required to use our algorithm, and to provide some explicit examples of
motivic decompositions it provides.

2 Background on semi-simple algebraic groups and motives

2.1 Semi-simple algebraic groups and projective homogeneous varieties

Let F be a field and G be a semi-simple algebraic group over F (we refer to [11] and [14] for
general information about semi-simple algebraic groups). Denote by Fsep a separable closure of
F . Given a maximal torus T ⊂ G, denote by Φ(G) the root system of GFsep with respect to TFsep

and by ∆G the associated Dynkin diagram (obtained fixing a Borel subgroup of GFsep containing
TFsep). In the sequel, we often use ∆G as well to denote the set of vertices of the Dynkin diagram
of G, which correspond to simple roots Σ.

In this work, we only consider semi-simple algebraic groups of inner type, that is, the absolute
Galois group Gal(Fsep/F ) of F acts trivially on the Dynkin diagram of G through the ∗-action
[11, §27.A]. Although Bialynicki-Birula-Brosnan motivic decompositions hold in outer type as
well, this case involves corestrictions over various extensions of F ; encoding such data in an
algorithmic input or output seems impractical.

A projective G-homogeneous variety X is a G-variety, which is isomorphic over a separable
closure of F to a quotient of G by a parabolic subgroup. As explained in [1] or [13], there
is a bijection between the subsets of the set of vertices of the Dynkin diagram of G, and the
isomorphism classes of projective G-homogeneous varieties. We will say that a projective G-
homogeneous variety associated to a subset Θ of ∆G is of type Θ, and often write it XΘ,G.

Remark 2.1. There are two opposite conventions for the type of the projective homogeneous
variety (see [5] and [16]). For clarity, we stick for now and until the last section with Tits
convention used by Brosnan, so that the subset associated with the Borel variety of G is the
empty set. As explained later, our algorithm allows inputs with both conventions.

Since G is of inner type, the Galois action on its Dynkin diagram is trivial. Consequently, G
is isomorphic to a direct product

∏n
i=1Gi of absolutely simple groups, whose Dynkin diagrams

are the connected components of ∆G. Any projective homogeneous variety XΘ,G is therefore
isomorphic to a product XΘ,G ≃

∏n
i=1XΘi,Gi , where the Θi’s are the respective subsets of the
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Dynkin diagrams ∆G1 ,...,∆Gn which cover Θ. As for splitting off the motive of a projective
homogeneous variety, in our case, it is enough to work with absolutely simple algebraic groups.

(An) r r r · · · r r r
1 2 3 n−2 n−1 n

(E6) r r rr r r
1 3 4 5 6

2

(Bn) r r r · · · r r > r
1 2 3 n−2 n−1 n

(E7) r r r rr r r
7 6 5 4 3 1

2

(Cn) r r r · · · r r < r
1 2 3 n−2 n−1 n

(E8) r r r r rr r r
8 7 6 5 4 3 1

2

(Dn) r r r · · · r r��
ZZ

r
r1 2 3 n−3

n−2

n

n−1

(F4) r r> r r
1 2 3 4

(G2) r< r
1 2

Table 1: Connected Dynkin diagrams, with simple roots numbered

2.2 Anisotropic kernels and Tits indexes

Let G be a semi-simple algebraic group over F . The rank of G is the dimension of a maximal
split torus. A semi-simple algebraic group is isotropic if it contains a non-trivial split torus, and
anisotropic otherwise.

Definition 2.2. Let G be a semi-simple group and T0 ⊂ G be a maximal split torus. The
derived group of the centralizer of T0 in G is the anisotropic kernel of G, denoted by Gan.

The anisotropic kernel of G is an anisotropic semi-simple algebraic group, which does not
depend on the choice of a maximal split torus [10, Prop. 1.9].

The Tits index is a fundamental invariant used in the classification of semi-simple groups to
encode their isotropy. Given a semi-simple algebraic group G, it consists of the Dynkin diagram
∆G, endowed with a fixed subset of vertices Θ0 called distinguished vertices. A vertex i ∈ ∆G

belongs to Θ0 if the associated simple root is orthogonal to a maximal torus. Note that following
our convention, projective homogeneous varieties of type Θ have a rational point if and only if
Θ0 ⊂ Θ (see [16] for the complete list of the Tits indices over fields).

Note that if Gan is the anisotropic kernel of G, its Dynkin diagram ∆Gan is obtained from
∆G by removing the vertices which are not distinguished. The Tits index of G is denoted by
Tits(G) or (∆G,Θ0) depending on the context, and is represented by the Dynkin diagram of G,
on which the vertices not contained in Θ0 are circled.

Example 2.3. Let n be an integer and q be a non-degenerate 2n-dimensional quadratic form
over F , with trivial discriminant. Assuming q is of Witt index k, denote by qan its anisotropic
part and write q = kH ⊥ qan. The orthogonal group SO(q) is of type Dn and its anisotropic
kernel is isomorphic to the special orthogonal group of qan. The distinguished vertices of ∆SO(q)

are k + 1, k + 2, ..., n so that Tits(SO(q)) is represented as follows.

r r r r · · · r r r r r · · · r r r r r
r�

�

Z
Z

f f f f f f1 2 3 4 k-1 k

SO(qan)

2.3 Weyl groups, double cosets and minimal coset representatives

Denote by W the Weyl group corresponding to a maximal torus T in G. It is generated by the
reflections sα associated with the simple roots α ∈ Σ. Given a subset Θ of Σ, we denote by RΘ
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the set of roots generated by Θ and by WΘ the subgroup generated by the reflections sα with
α ∈ Θ. It is the Weyl group of the root system generated by Θ.

Remark 2.4. Given a semi-simple group G, the simple roots attached to the subset Θ0 of
distinguished vertices in ∆G is a set of simple roots for the anisotropic kernel of G.

The length ℓ(w) of an element w ∈ W is the minimal number of elements in an expression
w = sα1 ...sαk

of w, as a product of reflections with respect to the simple roots.

Proposition 2.5 ([2, Ex. 7.1],[8]). Let G be a semi-simple group. Denoting W the Weyl group
of G and Σ a system of simple roots for G, the following holds :

1. Any double coset in WI\W/WJ given by two subsets I, J ⊂ Σ contains a unique element
of minimal length (with respect to Σ).

2. A w in such double coset is minimal if it satisfies one of the following equivalent conditions:

(a) ℓ(wsα) = ℓ(w) + 1 for α ∈ J and ℓ(sαw) = ℓ(w) + 1 for α ∈ I.

(b) wα > 0 for α ∈ J and w−1α > 0 for α ∈ I.

Picking minimal length elements for each double coset yields the canonical set of minimal
length coset representatives for WI\W/WJ .

2.4 Motives and Bialynicki-Birula-Brosnan decompositions

2.4.1 Statement of Brosnan Theorem

Our main reference with regards to construction and basic properties of Chow groups and motives
is [7]. In this note, we work over the category CM(F,Z) of Chow motives with integral coefficients,
constructed from the category of correspondences by additive and pseudo-abelian completion.
Following standard notation, we denote by Z{i} with i ∈ Z the Tate motives, that is, the Tate
twists of the motive of the base field. Unfolding Brosnan’s result for groups of inner type reads
as follows.

Theorem 2.6 ([2, Theorem 7.4]). Let G be a semi-simple algebraic group of inner type and
Θ ⊂ ∆G be a subset of the vertices of its Dynkin diagram. Denote by (∆G,Θ0) its Tits index
and by W the set of minimal length coset representatives for WΘ0\W/WΘ. Then we have

M(XΘ,G) ≃
⊕
w∈W

M(XΘw,Gan){ℓ(w)}

in CM(F,Z), where for w ∈ W, Θw = {α ∈ Θ0, w
−1α ∈ RΘ}.

Remark 2.7. In the full version of his result, Brosnan allows to replace Θ0 by an arbitrary subset
I ⊂ ∆G containing Θ0. We stick in this note to the case where I = Θ0 for input simplicity, and
as it leads to the finest motivic decompositions.

2.4.2 The case of split G

Even though Bialynicki-Birula-Brosnan motivic decompositions handle split semi-simple alge-
braic groups, complete motivic decompositions were already known in this case, by [12]. Let G
be a split semi-simple algebraic group and XΘ,G be a projective G-homogeneous variety. As the
anisotropic kernel of G is here trivial, WΘ0 is trivial as well so that Theorem 2.6 gives

M(XΘ,G) ≃
⊕

w∈WΘ

Z{ℓ(w)},
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where WΘ denotes the set of minimal representatives for the right cosets W/WΘ. Consider now
the three polynomials

PW (t) =
∑
w∈W

tℓ(w), PWΘ(t) =
∑

w∈WΘ

tℓ(w) and PWΘ
(t) =

∑
w∈WΘ

tℓ(w).

The coefficients of PWΘ determine the above motivic decomposition of XΘ,G. Since an element
w ∈ W uniquely decomposes as a product w = u · v, with u ∈ WΘ and v ∈ WΘ, we also get

PWΘ(t) =
PW (t)

PWΘ
(t)

.

Now by the Chevalley-Solomon formula, PW and PWΘ
are completely determined by the underly-

ing combinatorial data (see [3]) and are available in SageMath via W.degrees(). Our algorithm
thus forks and bypasses Weyl group enumeration in this situation for a much faster division of
polynomials with integral coefficients.

3 The Algorithm

3.1 Overview

The algorithm takes as input:

• a Dynkin type (e.g. E6, B4),

• a subset Θ0 ⊆ {1, . . . , r} (Tits index),

• a subset Θ ⊆ {1, . . . , r} (projective homogeneous variety type),

and produces as output the full list of terms in the decomposition of Theorem 2.6, aggregated
by motivic isomorphism class.

The algorithm proceeds in three main stages:

1. Enumeration of WΘ: compute the set of right-minimal representatives.

2. Filtering for WΘ0\W/WΘ: retain those that are also left-minimal for WΘ0 .

3. Aggregation: for each w ∈ WΘ0\W/WΘ, compute Θw, ℓ(w), and aggregate by motivic
contribution.

3.2 Enumeration of right-minimal representatives

The set WΘ of right-minimal representatives is computed by a depth-first enumeration (DFS) of
the Cayley graph of W , starting from id. Recall that the Cayley graph has the elements of W as
vertices, with an edge between w and si ·w for each simple generator si. Since ℓ(wsj) = ℓ(w)±1
for any simple reflection sj (length changes by ±1 at each step), the Cayley graph is graded by
length, and edges can only go up or down by one level.

The enumeration maintains a stack q of elements to process and a set seen of already-
discovered elements, both initialized to {id}. At each step, an element w is popped from the
stack, and for each simple generator si, the product si · w is immediately reduced to its right-
minimal representative via ReduceRight. If this representative has not been seen before, it is
added to both seen and the stack.

Algorithm 3.1 (Enumeration of WΘ).
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1 Input: Weyl group W, generators s_1 ,...,s_r , parabolic subset Θ
2 Output: list of all right -minimal representatives WΘ

3

4 function ReduceRight(w, Θ):
5 repeat
6 for each j in Θ:
7 if length(w * s_j) < length(w):
8 w := w * s_j
9 until no change

10 return w
11

12 queue := [identity]
13 seen := {identity}
14 while queue is not empty:
15 w := pop(queue)
16 for each i in {1,...,r}:
17 w’ := ReduceRight(s_i * w, Θ)
18 if w’ not in seen:
19 add w’ to seen and to queue
20 return seen

The termination of ReduceRight is immediate: as soon as no generator sj with j ∈ Θ
decreases the length, the element is guaranteed to be the unique minimum of its coset wWΘ. The
outer DFS terminates when the queue empties, which happens after at most |WΘ| iterations. The
key point is that as soon as the queue is empty, seen contains all elements of WΘ. This follows
from the uniqueness of the minimal representative in each right coset: if ReduceRight(si · w)
is already in seen for all i and all w ∈ seen, then by induction on word length, every element of
WΘ is already in seen.

3.3 The bi-minimality filter

The key algorithmic improvement over a naive approach is the following observation. Since every
minimal element w in a double coset WΘ0\W/WΘ can be written as w = a · b · c with a ∈ WΘ0 ,
c ∈ WΘ, and ℓ(w) = ℓ(a) + ℓ(b) + ℓ(c), b · c is right-minimal in bWΘ, and a · b is left-minimal in
WΘ0b. It therefore suffices to filter WΘ for the additional left-minimality condition, rather than
performing a full iterative bi-minimal reduction on arbitrary elements of W .

The algorithm offers two different implementations of this test, relying on the equivalent
conditions of Proposition 2.5, selectable at runtime. Neither implementation dominates the
other in general: either can give better performance depending on the group type and Θ0.

Length-based test (a). For each i ∈ Θ0, compute ℓ(siw) and compare with ℓ(w). This is
straightforward and relies only on the length function of W .

Root-based test (b). The equivalent condition is: w−1(αi) > 0 for all i ∈ Θ0. This avoids
computing the length of the siw.

3.4 Computation of Θw and aggregation

For each minimal representative w of a double coset in WΘ0\W/WΘ, the subset Θw ⊆ Θ0 is
determined by the condition w−1(αi) ∈ RΘ. The reasoning for the split case (Section 2.4.2)
implies that the rank of w, defined as

abs_rank(w) =
|WΘ0 |
|WΘw |

,

6



determines the absolute rank of the motive of XΘw,G, that is, the number of Tate motives in the
complete motivic decomposition of M(XΘw,G) over a separable closure. It thus measures the
size of the motivic summand contributed by w, and serves as a final consistency check.

Contributions are aggregated by triples (Θw, ℓ(w), rank(w)): all minimal representatives shar-
ing the same triple are grouped, and their count gives the multiplicity.

3.5 Consistency checks

Two consistency checks are built into the algorithm:

1. The two implementations of the left-minimality test (length-based and root-based) are
mathematically equivalent and can be run in parallel to cross-validate the output.

2. The sum of the abstract ranks of all motivic summands in the output decomposition,
denoted covered_tate, must equal target_tate = |W |/|WΘ| = PW (1)/PWΘ

(1), which is
the absolute rank of the motive M(XΘ,G). This quantity is computed directly as a ratio
of two integers, without requiring the full polynomial quotient of §2.4.2.

3.6 Tate trace mode

Let G be a semi-simple algebraic group over F and X be a projective homogeneous G-variety.
Following [6], the integral Tate trace Tr(X) of X is defined as a maximal pure Tate summand
of M(X) ∈ CM(F,Z). The p-local versions of these Tate traces allow to completely classify
motives arising from projective homogeneous varieties with finite coefficients [6, Theorem 4.3].
Under some assumptions we now explain, the Bialynicki-Birula-Brosnan motivic decompositions
(Theorem 2.6) determine the integral Tate traces.

In this subsection we assume G satisfies the following property: any projective G-homogeneous
variety has a rational point if and only if it has a 0-cycle of degree 1. This condition is known
to hold in many cases, including spinor and orthogonal groups of quadratic forms, special and
projective linear groups of central simple algebras. It holds in general over number fields, while
the question for arbitrary fields remains open (we refer the reader to [15] for more details).

Consider now a motivic decomposition arising from Theorem 2.6 :

M(XΘ,G) ≃
⊕
w∈W

M(XΘw,Gan){ℓ(w)}.

Our choice for this statement of fixing I = Σ0 in [2, Theorem 7.4] implies that this decomposition
involves projective homogeneous varieties for the anisotropic kernel of G. In particular, the
integral Tate trace of X can be recovered directly from this decomposition, thanks to the following
well-known integral version of [6, Lemma 2.2].

Lemma 3.2. Let X be a projective homogeneous variety. The following are equivalent :

(i) X has a zero-cycle of degree 1;

(ii) M(X) ∈ CM(F,Z) contains a summand isomorphic to Z{0};

(iii) M(X) ∈ CM(F,Z) contains a summand isomorphic to Z{k}, for some k ∈ Z.

Proof. (i) ⇒ (ii) is well-known and (ii) ⇒ (iii) is obvious. As for (iii) ⇒ (i), a direct summand
Z{k} of M(X) yields two correspondences α : Z{k} ⇝ X and β : X ⇝ Z{k} defining the
summand. From the definition of the composition of correspondences, the intersection of their
pull-backs to CH(Spec(F )×X × Spec(F )) is a zero-cycle of degree 1.
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The previous lemma asserts that under our assumptions, a direct summand M(XΘw,Gan){ℓ(w)}
involved in the above motivic decomposition has non-trivial Tate trace if and only if the variety
XΘw,Gan has a rational point. It follows that it can only happen here if Θw = Θ0 and then,
M(XΘw,Gan){ℓ(w)} is simply the Tate motive Z{ℓ(w)}.

The Tate trace mode hence performs the main algorithm for Bialynicki-Birula-Brosnan mo-
tivic decompositions, retaining only summands associated with minimal representatives w for
double cosets of WΘ0\W/WΘ such that Θw = Θ0. Rather than computing Θw explicitly for each
w and then checking whether Θw = Θ0, the algorithm tests this condition directly by checking
w−1(αi) ∈ RΘ for each i ∈ Θ0 in turn, stopping at the first failure. Elements passing this test are
then aggregated by Tate twist ℓ(w), yielding the multiplicity of the pure Tate summand Z{ℓ(w)}
in the Tate trace of M(XΘ,G).

4 Complexity Analysis

4.1 Enumeration of WΘ

The DFS enumeration of WΘ via the Cayley graph of W finds each element of WΘ exactly once,
via the test w’ not in seen. The cost per element is dominated by the call to ReduceRight,
which performs at most |Θ| · h length comparisons, where h is the Coxeter number of W . Since
|WΘ| = |W |/|WΘ|, the total time cost of the enumeration is O(|W | · r · |Θ| · h/|WΘ|), where r
is the rank of W . The set seen must store all discovered elements simultaneously, which can
become significant for large groups. The optional –words flag controls whether sample reduced
words are retained in the output; disabling it (default run) reduces the memory footprint.

4.2 Filtering for bi-minimality

The left-minimality filter applies one of the two equivalent tests of Proposition 2.5 to each element
of WΘ, performing at most |Θ0| operations per element, with a short-circuit at the first failure.
The total filtering cost is dominated by the enumeration cost of the previous step.

4.3 Comparison with naive bi-minimal reduction

The naive approach of performing bi-minimal reduction on all elements of W costs O(|W |·r·h) up
to factors depending on |Θ| and |Θ0|, which is a factor of |WΘ| worse than the present algorithm.
The improvement is significant: for example, if G has type E8 and Θ = {1, 2, 3, 4, 5, 6, 7}, then
|WΘ| = |W (E7)| = 2903 040, reducing the enumeration cost by a factor of nearly three million.
More generally, the complexity of the present algorithm is naturally calibrated to the size of the
motive investigated itself, as |WΘ| = |W |/|WΘ| is precisely the absolute rank of M(XΘ,G).

5 Implementation in SageMath

5.1 Software environment

The algorithm is implemented as a SageMath version 9.5 script (BBBdec.py). SageMath provides
the required algebraic primitives: Cartan types (CartanType), root systems and root lattices
(RootSystem, root_lattice()), Weyl groups and their elements (WeylGroup, simple_reflection,
length, reduced_word), and polynomial arithmetic (PolynomialRing, quo_rem). Weyl group el-
ements are represented by their reduced words. SageMath’s built-in length() and w.action(alpha)
methods compute the length of a Weyl group element and their actions on a root α.
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5.2 Availability

The SageMath script BBBdec.py is available on the following webpage, displaying several exam-
ples: https://www.math.univ-paris13.fr/~declercq/BBBdec.html

5.3 Command-line interface

The script exposes a command-line interface with the following main parameters:

Flag Meaning

–dynkin TYPE Dynkin type of G (e.g. A4, D5, E6)
–Sigma0 LIST Comma-separated vertices of Θ0 (anisotropic kernel)
–J LIST Comma-separated vertices of Θ (type of the variety)
–Sigma0comp LIST Complement of Sigma0 (alternative input)
–Jcomp LIST Complement of J (alternative input)
–tatetrace Compute Tate trace only
–use-root-test Use root-based left-minimality test
–progress Print progress during enumeration

6 Explicit examples

From now on to simplify notation, we switch to the opposite of Tits convention for the types
of projective homogeneous varieties and Θ0 (see Remark 2.1). With this new convention, for
instance, the Borel variety of a semi-simple group G is of type ∆G, or the projective quadric
associated with a quadratic form is of type 1 (and not of type ∆SO(q)\{1}). Note that the output
of BBBdec.py uses this convention, and we input with this convention as well using Jcomp.

Example 6.1 ([2, Example 7.6]). Let q be a 12-dimensional non-degenerate quadratic form
over F of Witt index 1 with anisotropic part qan (so that ∆SO(qan) = Θ0 = ∆SO(q) \ {1}).
The orthogonal Grassmannian variety X(2; q) of isotropic planes with respect to q is projective
SO(q)-homogeneous of type {2}. Running BBBdec.py with –words displays the set of minimal
representatives for double cosets. To avoid enumerating the whole Θ0 we input its complement
Sigma0comp and we input the subset {2} with Jcomp.

sage BBBdec.py \
--dynkin=D6 --Sigma0comp =1 --Jcomp=2 --words

=== Bialynicki -Birula -Brosnan decomposition (Brosnan Thm. 7.4) ===
dynkin=[’D’, 6], Sigma0 =[2, 3, 4, 5, 6], J=[1, 3, 4, 5, 6]

=== AGGREGATED TERMS ===
mult =1| Levi_type=D5 | Jwcomp =[2] | twist =0 |sample_w =1
mult =1| Levi_type=D5 | Jwcomp =[3] | twist =2 |sample_w=s1*s2
mult =1| Levi_type=D5 | Jwcomp =[2] | twist =9 |sample_w=s1*s2*s3*s4*s6*s5*s4*s3*s2

=== STATS ===
covered_tate: 60
target_tate: 60

We thus get the motivic decomposition

M(X(2; q)) ≃ M(X){0} ⊕M(Y ){2} ⊕M(X){9}

where X and Y are as follows : as the vertex labelled [2] in ∆SO(q) corresponds to vertex 1 of
∆SO(qan), X = X1,SO(qan) is the projective quadric associated with the anisotropic part of q. In
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the same way, the variety Y corresponds to the vertex labelled [3] in ∆SO(q), hence Y = X2,SO(qan)

is the variety of isotropic planes X(2; qan) with respect to qan. These motivic summands are re-
spectively associated with the Weyl group elements id, s1s2 and s1s2s3s4s6s5s4s3s2.

Example 6.2 (Tate trace mode). Let G be a semi-simple group of type E6, with Θ0 = ∆G\{1, 6}.

r r r r rrf f
The anisotropic kernel Gan of G is of type D4, and the variety
X{1,6},G associated with the subset Θ = {1, 6} of ∆G has a
non-trivial Tate trace, since Θ is circled in the Tits index of G.

sage BBBdec.py \
--dynkin=E6 --Sigma0comp =1,6 --Jcomp=1,6 --tatetrace

=== TATE TRACE ===
mult=1 | twist=0 | contrib =1
mult=2 | twist=8 | contrib =2
mult=2 | twist =16 | contrib =2
mult=1 | twist =24 | contrib =1

Hence Tr(X{1,6},G) = Z{0} ⊕ Z{8}⊕2 ⊕ Z{16}⊕2 ⊕ Z{24}

Example 6.3 (Type E8). Let G be a semi-simple group of type E8, with Θ0 = ∆G \ {1}.

r r r r r r rr f
The anisotropic kernel Gan of G is of type D7. Consider the
variety X8,G associated with the 8th vertex of ∆G. Note that
as |W (G)| = 696729600, a brute-force bi-minimal reduction to
compute the decomposition of M(X8,G) is not reasonable.

sage BBBdec.py \
--dynkin=E8 --Sigma0comp =1 --Jcomp=8 --use -root -test

=== Bialynicki -Birula -Brosnan decomposition (Brosnan Thm. 7.4) ===
dynkin=[’E’, 8], Sigma0 =[2, 3, 4, 5, 6, 7, 8], J=[1, 2, 3, 4, 5, 6, 7]

=== AGGREGATED TERMS ===
mult =1| Levi_type=D7 | Jwcomp =[8] | twist =0 | abs_rank =14 | contrib =14
mult =1| Levi_type=D7 | Jwcomp =[2] | twist =7 | abs_rank =64 | contrib =64
mult =1| Levi_type=D7 | Jwcomp =[7] | twist =18 | abs_rank =84 | contrib =84
mult =1| Levi_type=D7 | Jwcomp =[3] | twist =29 | abs_rank =64 | contrib =64
mult =1| Levi_type=D7 | Jwcomp =[8] | twist =45 | abs_rank =14 | contrib =14

=== STATS ===
total_W: 696729600
WI_order: 322560
WJ_order: 2903040
WJ_reps: 240
bimin_reps: 5
aggregated_classes: 5
covered_tate: 240
target_tate: 240

This computation takes approximately 250 seconds on a standard computer. Translating Jwcomp
indices to vertices of ∆Gan , we get:

M(X8,G) ≃ M(X1,Gan){0}⊕M(X6,Gan){7}⊕M(X2,Gan){18}⊕M(X7,Gan){29}⊕M(X1,Gan){45}
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