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The class of problems under consideration

Equation under consideration :

) bounded domain of RY
—div(AVu)+b -Vu+cu=f + boundary conditions

A square matrix of size N x [N symmetric (or hermitian) positive and definite.
A=A" Az >0 Va0

b vector of R (or C")

C constant

> model |d problem:

—u" = f in Q= (0,1)
u(0) =u(l) =0



Famous numerical methods

Vfinite difference methods

advantage: easy implementation
drawback: regular mesh

v finite element methods (based on a variational formulation)

advantage: very powerful theory for variational problem
drawbacks:

- application to non variational problem (hyperbolic)

- lack of conservativity

v spectral methods

advantage: super-algebraically convergence
drawback: the domain has to be regular



Outlook of the lecture

v“Chapter |:the continuous model problem

v Chapter 2: Construction and analysis of finite difference and finite volume

methods for the numerical resolution of the one dimensional model problem

v Chapter 3:a finite volume method for the resolution of the 2d model

problem

+ 3 tutorial classes (theoretical and pratical parts)



I ntroduction
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v books
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Evaluation

v Exam in november

v 3 tutorials (individual reports and codes to send before November |5)



1-Outlook of the first chapter

The continuous model problem

| Basic concepts of functional analysis

|.1the space LP(Q2)

1.2 the space D(Q2), D(Q) and the space of distributions D’ ()
|.3 the Sobolev space H™({2)

| .4 Lax-Milgram Lemma

2 Application to our model problem

3 Properties of the solution

2.1 Elliptic regularity
2.2 Maximum principle



| -Outlook of the second chapter

Construction and analysis of Finite difference and finite volume methods for
the numerical resolution of the one dimensional model problem

| Construction of the finite difference scheme and the finite volume scheme

|.1 Finite difference scheme
[.1.1 The mesh
|.1.2 Principle of the method
|.1.3 Matricial version

|.2 Finite volume scheme
|.2.1 The mesh
|.2.2 Principle of the method
|.2.3 Matricial version

2 Existence and uniqueness the finite difference the finite volume methods

2.1 General methodology
2.2 Finite difference method
2.3 Finite volume method

2.3.1 A discrete variational formulation
2.3.2 Existence and uniqueness result
2.3.3 matricial version



| -Outlook of the second chapter

Construction and analysis of Finite difference and finite volume methods for
the numerical resolution of the one dimensional model problem

3 Properties of the approximate solution
3.1 The finite difference method

3.2 The finite volume method

|.2.1 Conservatively of the flux
|.2.2 Maximum principle

4 Convergence analysis

4-| Finite difference method

4.1.1 Consistency error
4.1.2 A stability result
4.1.3 Convergence result

4.7 Finite volume method

4.2.1 Two ‘projection’ operators
4.2.2 Consistency error for the flux
4.2.3 A stability result

4.2.4 Convergence result



The finite volume mesh and dual mesh

L1 /2 L3 /2 Lj—1/2 Ljt1/2 LN—-1/2 LN+1/2
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Ty =|xj—1/2 Tj41/2] N segments 7, (1 < j < N)

ZEj CTj :130:3:‘1/2 $N-|-1:37N+1/2
Dj1j2 = [z xj41]

Tiv1/2 € Djgayo

N
{Tj}j:1 primal mesh

N
{Dj—l—l/Q}j:O dual mesh

N + 1lpointsz;, 1,2 (0<j<N)
N + Isegments D; 1 1,50(0 < j < N)
N +2pointsz; (0 < j < N +1)
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The finite volume mesh and dual mesh

2-a The mesh and the dual mesh

L1 /2 L3 /2 Lj—1/2 Ljt1/2 LN—-1/2 LN+1/2
03 e I ¢ I e I e I e I e % 1

o I L9 €L 4 Lj+1 IN TN4+1
D12 D39 Dji1y Dyy1/2

v The segments /; do not have the same size (non uniform mesh)

v The point z; is not necessarily the middle of 7

Notation
[Tl = 254012 — 21/ sizeof 1)
h := max |71}
° | 1:
’Dj+1/2| =Tj4+1 — Iy sizeof D; 1,0 ic|1lin]
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Discrete gradient and discrete divergence operators
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v' The discret gradient operator:
RN+2 N RN—I—l

Vigg — Ui
v = (j)je0:N41] > (9V)j11)2 1= : - je[0:N]
v The discret divergence operator:

RN+TL s RV

vV = (Uj—l/Q)jE[O:N] — (dV)j =



Projections operators
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