DIMENSION BOUND FOR BADLY APPROXIMABLE
GRIDS

SEONHEE LIM, NICOLAS DE SAXCE, AND URI SHAPIRA

ABSTRACT. We show that there exists a subset of full Lebesgue measure
V < R" such that for every € > 0 there exists § > 0 such that for any
v € V the dimension of the set of vectors w satisfying

liminf k" (kv — w) > €
k—o0

(where (-) denotes the distance from the nearest integer), is bounded
above by n — §. This result is obtained as a corollary of a discussion
in homogeneous dynamics and the main tool in the proof is a relative
version of the principle of uniqueness of measures with maximal entropy.

1. THE MAIN RESULT AND ITS APPLICATIONS

1.1. Geometry of numbers. A general theme in the geometry of num-
bers is to fix a domain S < R? and study the intersection of it with sets
possessing an algebraic structure such as lattices or their cosets. One is
usually interested in bounding the cardinality of such an intersection and
this will be the case in our discussion as well. We begin by describing the
domains we will consider and which we refer to as spikes. Throughout, we
fix a dimension d > 2 and a diagonal flow

a; = diag (eclt, e ecdt) :

where ¢; are fixed non-zero numbers such that );c¢; = 0. Given a bounded
open set O < RY, we define the positive! spike of O with respect to a; to be
the set

(1.1) S*(ar,0) = SH(O) € | Ja 0.

t>0

As ay will be fixed throughout our discussion we omit it from the notation.
The space of unimodular lattices (i.e. of covolume 1) in R¢ will be denoted
by X. By a unimodular grid y in R?, we mean a coset & + w of a lattice
z € X where w € R?. We denote by Y the space of unimodular grids in R¢
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10One could work with two-sided spikes taking the union over ¢ € R in (1.1) but our
results are stronger as the domain decreases so we will concentrate on the one-sided case.
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FIGURE 1. Spikes for a; = diag (e’,e™") of a ball around 0,
a half-ball around 0, a ball around (3,2)

and by 7w : Y — X the natural projection. Note that for z € X, the fiber
771 (z) is simply the torus R?/z. For 2 € X and an open set O < R?, we set

Fs+0) o {y eY :ynST(O)is ﬁnite} ;
def _
(1.2) FS+(O)(33) = Fg+oynm 1(x)

Our main result, Theorem 1.3 below, says that under a mild dynamical
assumption on the forward a;-orbit of z, the set Fg+()(z) cannot have
maximal Hausdorff dimension in 7=!(x). Let us introduce this dynamical

assumption. The standard action of Gy def SL4(R) on R? induces a transitive
action of Gy on X, and since for 29 = Z% we have Stabzg = Go(Z), we may
identify X ~ Go/Go(Z). This endows X with a smooth manifold structure
and with a unique Gg-invariant Borel probability measure, which we denote
by mx.

For a locally compact second countable Hausdorff space Z we will denote
by Z(Z) the space of Borel probability measures on Z and endow it with
the weak™ topology by identifying &?(Z) with a subset of the unit sphere
in the dual of Cy(Z). For p e P(Z) and f € Cy(X) we alternate between
the notations p(f) and § fdu. We will denote by 6, € Z(Z) the Dirac
probability measure at z. If a map g : Z — Z is fixed we denote for z € Z

and T € Z, 67 « + Z;TF:_Ol gi- € Z(Z). Note that by the Banach-Alaoglu
theorem {ap : a€[0,1],ue P(Z)} is compact in the weak* topology and
thus for any z € Z, the sequence 6! € Z(Z) has accumulation points of the
form ap with a € [0,1] and p € Z(Z). The following is concerned with the
situation where 6 can accumulate on a probability measure. Throughout

we use the notation 6. for the transformation a = a; : X — X.

Definition 1.1 (Heavy lattice).
(1) A lattice z € X is called heavy (for a; in positive time) if

{67 :Tez,}" nP(X)+ 2,

where F“ is the set of accumulation points of F.
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(2) We fix once and for all a sequence of compactly supported functions
¥ € Ce(X) such that 0 < ¢ < 1, and +; (1) is an increasing
sequence of compact sets that covers X. Given a sequence of non-
negative numbers n; — 0, we define

2(X, (1)) © {ue P(X) Vi, (i) =1 -}

(3) Given a sequence of non-negative numbers 7; — 0, we define

H(n) {x eX {67 :Tez} n 2(X,(n)) # @}
As the following lemma shows, any heavy lattice belongs to some H ().
The point in defining & (X, (n;)) and H(n;) is that our results about heavy
lattices will be uniform on #(n;).

Lemma 1.2.

(1) 2(X) = U P(X, (ni)) where the union is taken over all sequences
of non-negative numbers n; — 0.

(2) The set of heavy lattices equals | JH(n;) where the union is taken
over all sequences of non-negative numbers n; — 0.

(8) (X, (n;)) is compact .

Proof. (1). For pe Z(X), ue 2(X,(n;)) for n; defy w(1;). Note that

n; — 0 because 1), 1(1) is an increasing cover of X.

(2). Let 2 be a heavy lattice and let p e {61 : T e Z*}" n 2(X). By part
(1) we Z(X, (n;)) for some sequence (n;). By definition we then have that
T e %(771)

(3). Let i € Z(X, (1:)) be a sequence and let u be a weak™ accumulation
point of it. For each i we have u(X) > p(1;) = limy, p, (¢;) = 1—n;. Letting
i — o0 we obtain u(X) =1 and u(t;) = 1 —n; so that p e Z(X,(n;)) by
definition. O

Our main result is as follows. Here, dimgy denotes Hausdorff dimension
with respect to the Euclidean metric on 7~ !(z) ~ R%/x.

Theorem 1.3 (Heavy lattices have few bad grids). For any bounded open
set O c RY, if x is heavy (for as in positive time), then

dimg FS*(O) (z) < d.
In fact, for a given n; — 0, there exists 6 = §(O, (n;)) > 0 such that for any
x € H(m),
dimH FS+(O) (37) <d-—9.
By Lemma 1.2(2), results stated for lattices in H(n;) for arbitrary (n;)
automatically hold for heavy lattices. Thus, the second part of Theorem 1.3

implies the first and demonstrates the uniformity gained by exhausting the
set of heavy lattices by the sets H(n;). The following corollary shows that
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this uniformity survives if one is only interested in an almost sure statement
with respect to the smooth measure mx.

Corollary 1.4 (Random lattices have few bad grids). For any bounded
open set O c R, there exists 6 > 0 such that for mx-almost any lattice x,
dimpy FS+(O)(CL‘) <d-—0.

Proof. By the ergodicity of the action of a; on X, for almost any x, 5% AR
myx which trivially implies mx € {02 : T > O}w. By Lemma 1.2(1), mx €
P (X, (n;)) for a suitable sequence (7;). Thus by definition x € H(n;). The
result then follows from Theorem 1.3. O

1.2. An application to Diophantine approximation. For a vector v
R™, we are interested in the behaviour of the sequence

{kvmodZ" ; ke N} c R"/Z".

If v does not belong to a rational subspace, this sequence is dense and even
equidistributed so that for any target w € R™, we have that infy>1{(kv—w) =
0, where (t) denotes the distance from ¢ to Z™. A more subtle question is
whether lim infy_,, ¢ (k){kv — w) = 0 for some prescribed function ¢ /'
on N. One may visualize this as a shrinking target problem where one asks if
for any € > 0 and for arbitrarily large k, the point kv mod Z" on the n-torus
is inside the ball of radius (k) 'e centered at w (which is the shrinking
target). The case that we consider here is (k) = k™. We call w e-bad for
v if

(1.3) h;?iio%f Vv — w) > e,

and denote
Bad‘(v) def {weR":wis ebad for v},
Bad(v) ' | | Bad*(v).
e>0

Our main application is the following.

Theorem 1.5. For any ¢ > 0 there exists § > 0 such that for Lebesgue
almost every v € R"™, dimy Bad(v) <n — 4.

To put this in context we mention that it follows from | ] that for
any v € R", dimy Bad(v) = n. Later, it was shown in | ] that Bad(v)
is a winning set.

Note also that the conclusion of the theorem cannot hold for every v € R™.
Indeed, if v lies in a rational subspace, then for small enough ¢, the set
Bad®(v) has non-empty interior and thus obviously has dimension n. It is
clear that when the vector v is rational, it is in particular singular, i.e. for
any § > 0, there exists Ts such that for any T' > Ty, there exists k < T such
that TV/"(kv) < 6.



DIMENSION BOUND FOR BADLY APPROXIMABLE GRIDS 5

On the other hand, in Section 6 we construct non-singular vectors which
violate the conclusion of the theorem and satisfy dimy Bad(v) = n for a
positive e.

As we will see in Section 4, Theorem 1.5 holds not only for almost every
v, but for any heavy vector v (although the constant § in Theorem 1.5 might
depend on v), see Definition 5.1 and Theorem 5.3. It follows from [ ]
that for non-singular vectors A (Bad(v)) = 0, where A is the Lebesgue mea-
sure on R™. Thus the above theorem is an upgrade of the result in [ ]
just mentioned under the stronger assumption of heaviness. We refer the
reader to Section 4 for other examples of applications of Theorem 1.3, such
as Diophantine approximation of affine subspaces of R™.

1.3. Outline of the proof of Theorem 1.3. We briefly describe our strat-
egy for the proof of the first part of Theorem 1.3 which is similar in spirit
to the idea given in [ , Remark 2.2] and which could be described in a
nutshell as rigidity of measures with maximal entropy. Assuming by way of
contradiction that dim Fg+y(7) = d for a heavy lattice x, we construct a
sequence of probability measures puj defined by taking the uniform measures
vk on large finite sets S, = Fg+(0)(z) < 77 1(x) and averaging them along
the aj-orbit; yy, = ny " S, (a1)Lvg, for a suitable ny (defined in the proof
of Proposition 2.3). The heaviness assumption allows us to take a weak-*
limit @ of uy that is a probability measure on Y and moreover, the max-
imal dimension assumption translates into the maximality of the relative
entropy of u with respect to ap relative to the factor X. We then prove that
maximality of the relative entropy implies invariance of y under the whole
subgroup of translations in R%. This leads us to a contradiction because by
construction, y is supported on the accumulation points of forward as-orbits
of the points in Fg+ ) and in particular, must be supported in the closed
as-invariant set {yeY : Oeyor VteR, a;-yn O = }.

1.4. Plan of the paper. Apart from this introduction, this paper consists
of five parts. In Section 2, we show that a set of large dimension in the
space of grids, contained in a single fiber, can be used to construct an a;-
invariant measure on Y with large entropy with respect to the factor X.
Then, in Section 3, we study a;-invariant measures with maximal relative
entropy with respect to X; using work of Einsiedler and Lindenstrauss, we
show that they are invariant under the unstable horospherical subgroup U+
associated to a;. In Section 4, using the two previous sections, we finish
the proof of Theorem 1.3, before explaining the applications to Diophantine
approximation in Section 5. We conclude the paper with Section 6, detailing
the construction of some lattices with non-divergent a;-orbits that do not
satisfy the conclusion of Theorem 1.3.
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2. MEASURES WITH LARGE ENTROPY

Given a heavy lattice = for a; and a set S = 7~ 1(x) of grids lying above
x, we explain how to construct a measure p on Y with large entropy relative
to the factor X, which is supported in the closure of the forward orbit of S
under the diagonal flow a;.

2.1. Action on the space of grids. Just like for the space X of lattices
in R?%, one can view the space Y of unimodular grids as a homogeneous
space. Indeed, the natural action on R? of the group G = ASLg(R) of
area-preserving affine transformations induces a transitive action on Y, with
Stabyy = G(Z) if yo = Z¢, so that Y ~ G/G(Z) has a natural smooth
manifold structure, and carries a unique G-invariant probability measure
my.

We denote by U the unipotent radical of G, which consists of all trans-
lations on RY. It is clear that U acts simply transitively on R?. One natu-
rally identifies Gy = SLg4(R) with G/U, and then, the canonical projection
m:Y — X intertwines the actions of G and Gy on Y and X, respectively,
in the sense that for any g € G and y € Y,

m(g-y) =g-7(y),
where g denotes the projection of g to Gy ~ G/U. Clearly, if y is a grid with
underlying lattice x, then

It is sometimes convenient to view G as a subgroup of SLg.1(R) by

G:{(é ﬁ‘) A e SLy(R), ueRd},

in which case the unipotent radical is U = {(Iéi 11‘) TuE Rd}.

Recall that a; = diag (eclt, cee ecdt) is a one-parameter diagonal subgroup
in Go = SL4(R). We take a lift of this one-parameter group to G < SLg,1(R)
given by (aoi (1)) and by abuse of notation we denote it again by a;. It will
be convenient to normalize the flow a; so that
(2.1) max ¢; = 1.

1<i<d

We let a % a1 be the time-one map for the diagonal flow and denote by G

the unstable horospherical subgroup for a in G, i.e.
G+d§f{geG | atgat_l—>east—>—oo}.

We let U ¥ U7 A G+ so that if J* ={ie{l,...,d}|¢; > 0}, then we have
U+={(Iod 1{), u = t(ul,...,ud)eRdWithui=0Vi¢J+},

On U, we will use the Euclidean distance dg inherited from R?. This
metric induces a metric, still denoted by dg, on the fiber 771 (z) ~ R?/x of
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all grids lying above x € X. Given a grid y, we define the fiber injectivity
radius at y to be the maximal number r, > 0 such that the orbit map

u — uy is injective on the open ball ngjE (0) of radius 2r, in U for the

Euclidean metric dg, therefore isometric on BrUy’dE (0). Note that the fiber
injectivity radius is constant along the fiber and is bounded away from zero
on compact sets in Y.

On U™, we will also make use of another metric, or rather, quasi-metric,
more adapted to the action of a;. We define the quasi-norm associated to a
by |ulq = max;c s+ |uj|V/%. The function on U x U+, given by dy(u,v) =
|u—v|, is a quasi-metric: it is symmetric, positive definite, and satisfies, for
some constant C depending on the ¢;, for all u,v,w in U™,

do(u, w) < C(dg(u,v) + do(v,w)).

The ball Bgﬁ’d“ (u) of radius § around u for d, is simply the set of v e U*
such that dg(u,v) < 6.

Remark 2.1. We observe two things:
(1) A ball B5U+’d“ in U™ is simply a box with side-lengths 2§%, j € J*
with respect to dg.

(2) The action of a; on U™ is a dilation by a factor of e for the quasi-
metric d,; that is, for all u,v in U and t € R, we have

(2.2) da(asu, av) = e'dq(u,v),

We let W, be the image of y under the action of Bgf’dE. We call W

the injective unstable leaf at y in the fiber. By definition of ry, the orbit map
identifies (Bf{r’dE,dE) and (I/VyJr ,dg) isometrically. Of course, the quasi-
metric d, on U™ also induces a quasi-metric on I/VyJr , which we again denote
by ds. Since we will use both distances dg and d, on WJ (which are far
from being equivalent if ¢; < 1 for some j € J*), we will indicate the metric
in the superscript when necessary.

2.2. Dimensions. Let X be a space endowed with a quasi-metric d. For a
bounded subset S < X we will consider its lower Minkowski dimension (or
lower box dimension) dim,;S for the quasi-metric d, defined by
dim,S def lim inf 7log Nd(f’ 9)
5—0 log 5

where Ny(S,d) is the maximal cardinality of a J-separated subset of S
for the quasi-metric d. If S is unbounded, we let dim;S = sup{dim,;S n
K ; K compact}.

In particular, for a set S < W; , we will consider its lower Minkowski
dimensions

dim,S € dimg, S, dim)S E dimg, S

for the quasi-metric d, and the Euclidean metric dg, respectively. We will
also consider the Hausdorff dimension dimpy S, always defined with respect
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to the Euclidean metric. We refer the reader to | | for general properties
of Minkowski or Hausdorff dimensions, such as the inequality
dim,,;S > dimg S.

We introduce dim, in order to relate dimension dim,; to entropy, and
further to Hausdorff dimension. The following simple observation gives a
relation between dim,,S and dim,S. Let

haz Z C;.

eJt

Lemma 2.2. We have dim,U" = h,, and moreover, for any set S < U™,
dim,S > dim,;S + hy —dimU ™.

Proof. A §-ball for d, is a Euclidean box with side lengths 26, so that
any bounded set in U* can be covered by O(6~"4) balls of radius § for d,,.
Conversely, for volume reasons, one needs at least O(6~"4) §-balls for d, to
cover any non-empty open set in U™'. This shows the first equality.

For the general inequality, let u = dimU™". Each d,-ball of radius § can
be covered by at most §"¢~% boxes of side lengths 2 § which in turn can
be covered by the same number of Euclidean balls (up to a multiplicative
constant, say C'). Thus Ny, (S5,9) > C’éha_“NdE(S, 0). Taking logarithms,
dividing by log1/d, and taking § — 0 gives the result. O

2.3. Constructing a measure of large entropy. We refer the reader to
[ , §2.2] for the definition of relative entropy with respect to an infinite
countably generated o-algebra ; in particular, if P is any countable partition
of Y, then H,(P|X) will denote the relative entropy of P with respect to the
o-algebra 7! (Bx), i.e. the inverse image under 7 of the Borel o-algebra By
on X. Finally, h,(a|X) denotes the relative entropy of the transformation
a=a;:Y — Y for the measure u (relative to X), i.e.

1
hyu(alX) def sup inf —H, (P(q)\X),
P g€t g
where the supremum runs over countable partitions P with H,(P|X) < oo,
and P@ — \/g:_& a~"P denotes the join of the preimages a~*P. We can

now state the main result of this section. The reader might benefit from
reviewing Definition 1.1 first.

Proposition 2.3 (Lower bound on the entropy). Let x be a lattice in H(n;)
for some sequence m; — 0 and let y € 7~ (z). Furthermore, let
ple{oy i TeZ}” n 2(X, (n)-
For any S W;, where W; c mY(z) is the injective unstable leaf at y in
the fiber, there exists an a-invariant p € P(Y') satisfying:
(1) mep =,
(2) Supp p = (Ngez+ Usss arS,
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(3) hu(a|X) = dim,S > dim;S + hy —dimU™*.
Furthermore, if P is any finite partition of Y satisfying:
o P contains an atom Py of the form n=1(PY), where X ~ P has
compact closure and ;| po = 0 for some i (y; is as in Definition 1.1).

e VP e P~ {Py}, diamP < r, with r € (0, %) such that any dg-ball
of radius 3r has Fuclidean diameter smaller than the fiber injectivity
radius on Y \ Py,

e VPeP, u(dP) =0,
then, for all ¢ > 1, %HM(P(‘]”X) > dim,S — Dmn;, where D is a constant
depending only on the c;’s and the dimension d.

The proof of Proposition 2.3 will follow the strategy used to derive the
variational principle for the topological entropy, as in | , 85.3.3], but
there is a slight complication here, because the space Y of grids is not
compact. To solve this problem, we will need Lemma 2.4 below, which is
inspired by | , Lemma 4.5].

Lemma 2.4. Let P) < X be such that X ~ P has compact closure. Set
Py = 77 YPY) and fir 0 < r < 1 such that any d,-ball of radius 3r has
Euclidean diameter smaller than the fiber injectivity radius on'Y ~\ Py. Let
YyEY N Py and set I = {t € Z* | ayy € Py }. For any non-negative integer
T, let

Eyr={zeW/] |Vte{l,..., T} NI, dg(ay,arz) <7}

Then one can cover Eyr by CePUNL-TH g palls of radius o7 = re T,

where C' is a constant depending on y, r and a, and D is a constant de-

pending on a and the dimension d. In particular, they are independent of
T.

Proof. Before we start the proof, we make the following observation: for

y', 2" ¢ Py in the same fiber, the intersection BY v'de (y') "W is contained

. Wide . . .
in B, #" 7 (2") for some 2" € W since the Euclidean distance dg on the

fiber Uy’ = 7! (n(y’)) restricts to a Euclidean distance on the injective
unstable leaf at z’. Moreover, since » < 1 and by (2.1), Euclidean r-balls
are contained in d,-balls and so we conclude that

+
(2.3) BUY s () n W < By ().
We prove the lemma by induction on T
T =0: By (1) of Remark 2.1, the number of balls of radius §y = r for the
metric dg needed to cover W; is bounded by a integer constant C' depending
on a, r and y, so that the lemma holds in this case.
T — 1 — T: Choose D such that any d,-ball of radius § on U™ can be covered
by eP d,-balls of radius d/e. Assume for clarity that e” is an integer. By the

induction hypothesis, E, 7_1 can be covered by Np_q 4t cePln {1, T-1}]

d,-balls of radius ép_; = re T+1.
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If T e I, we simply cover each dr_q-ball in VVyJr by e balls of radius

o7 = re” T for d,, and get a cover E, 7 with cardinality Ny = ePNp_q by
d,-balls.
If T ¢ I, we need to cover Eyr by Ny = Nr_1 dg-balls of radius dr.

N
Denote the above cover of E,r_; by {BWy ’d“(zi);i =1,...,Npr_1}. As

dr—1
n
Eyr < Eyr_1, the set {E,1 n Bg:y_l’d“(zi);i =1,...,Np_1} covers E, .
We claim that for each z;, there exists some p; with

Wy da Wi da
Eyr 0 By ! " (2) = By 2" (pi),
so that E, 7 is actually covered by {ng’d“ (pi)} i.e. by Np = Np_q dg-balls
of radius d7. Observe that

Z+7dll - ;7da
Byr o B 9(2) < apt (BYrv45 (ay) o ag B ()

By our choice of r, the fact that ary ¢ P, (and hence arz ¢ Py) and (2.2),
the map ar scales d, by a factor of el and we conclude that

+ da
(24)  arB) % (2) 0 BYT95 (apy) = Bey T (arz) A BYTVE (agy)

which is contained in a single d4-ball of radius r by the observation (2.3)
+
(with 2" = arz,y’ = ary). Thus E, 7 N Bgi {d“(z) is contained in a single
da-ball of radius re~T. This concludes the inductive step.
([

Now we can prove Proposition 2.3.

Proof of Proposition 2.3. The assumption that ;¥ € {5IT :Te Z+}wm@(X, (n:))
means that we may fix an increasing sequence of integers (ny) such that

ne—1
def 1 *
S D bane o 1 € P(X, ().
i n=0
Then, for each k > 1, let S be a maximal pg-separated subset of S, for

. def _ def
the metric d,, where p, = e ™. Let v, =

‘S—lﬂ 2.yes, Oy be the normalized
counting measure on Si and
-1
def 1 " n
B = — Gy Vi
n
n=0
Since m : Y — X is proper, and the measures myup = ug converge to a
probability measure p on X, we conclude that the sequence of measures
(pr) is tight, i.e. that any weak-* converging subsequence of it converges to a
probability measure. Extracting a subsequence if necessary, we may assume
without loss of generality that (ug) converges weak-* to some probability
measure, which we denote by . By continuity of 7, we obtain

Ty lb = Ty liin,uk = liin,ug = MO
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which is the item (1) in the proposition.

By construction, Supp p is contained in the set of accumulation points of
the forward orbit of S under (a;) which establishes item (2) in the proposi-
tion.

The right inequality in item (3) follows directly from Lemma 2.2. For

simplicity of notation, let 3 def dim,.S, so that

log |S
(2.5) limnf 1% S 5
k—00 Nk
To prove that p also satisfies the the left inequality in item (3) of the propo-
sition saying that h,(a|X) = B we proceed as follows. Given i we construct
a partition P of Y for which

1
(2.6) el (P@|X) > 8 — D,
where D is as in Lemma 2.4. This implies that
1
hu(alX) = hy, (a, P|X) = lim - H,(P?Y|X) = 8 — Dn;,
7 q

and letting i — o0 we obtain the desired inequality h,(a|X) > 5.

To this end fix ig and consider = 7;,. Choose a set P} < X such
that X \ PY is compact, u’(0P}) = 0, and such that wi0|pooo = 0. Since
e 2(X, (n;)) it follows that u°(PY) < n;, = n and in turn, Py, = 7~ 1(PY)
satisfies pu(Py) < 1 and pu(0Py) = 0. Since (ug) converges to p, we have for
any y € 7 1(x), with I = {t € Z* | a4y € Py} (note that I depends only on

$)7

1
(2.7) limsup —[I n{1,...,nx}| < 7.
ng

T—o0

Then, let r € (0,3) be as in Lemma 2.4 and complement P, to a finite
partition P = {Py, P1, ..., P;} of Y such that for every atom P; # P, and
every r € X, the Euclidean diameter of P; n m~!(z) is at most r, and such
that for each P € P, u(0P) = 0, where 0P denotes the boundary of P. To
build such P, observe that around each point z in Y\ Py, there exists a ball

B, around z in Y such that u(0B,) = 0, and
(2.8) Vo e X, diamg(B, nn(z)) <7

A finite cover of Y ~\ Py by such balls generates the desired partition by a
simple disjointification procedure.

For ¢ = 1, let P@ = \/g;é a PP. For ny large, write the Euclidean
division of ny — 1 by ¢

nk—l:qn'—f-s, WithsE{O,--wq_l}-
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By subadditivity of the entropy with respect to the partition, for each p €
{Ow"aq__lh

H,, (P")|X) < Hopy (PD|X) + Hypra, (PP)X) + ...
+ Hypignty, (P9|X) + 2¢log |P].

Summing those inequalities for p = 0,...,¢ — 1, and using the fact that
entropy is a concave function of the measure, we obtain

ni—1
qHy, (P(nk)|X) < Z Hony, (P(q)|X) + 2(]2 10g|7)|
n=0

< npH,, (P(q)|X) + 2¢° log | P|

and therefore

1

1 2qlog|P|
2. ~H,, (PY|X) > e
(29) S, (PO1X) >

H,y, (P X) -
k

Now since vy is supported on a single atom of the o-algebra 7~!(Byx), we
have H,, (P")|X) = H,, (P™)). Moreover, we claim that

(2.10) Hy, (P™)) = log |Sy| — DI n {1,...,n}| — D —log C,

where C, D are the constants given by Lemma 2.4. To see this, it suffices to
show that an atom of P(™) contains at most CePUIN{Lni}l+1) points of
Sk = Supp v,. This follows from Lemma 2.4. Indeed, Equation (2.8) implies
that if P is any non-empty atom of P fixing any y € P,

Sk P =Sk 0 [Ylpew S Eynyp—1
can be covered by CePIN{Lnidl+1) ;many re~" balls for d,. Since Sy is
pr = e~ "k-separated with respect to d, and r < %, we get

Going back to (2.9), we find
1 (9) 1 1 _ _D—1 — 92421
qHMc POIX) = nk( 0g|Sk|— DI n{1,...,ng}|—D—log C —2¢*log |P|).

Now the atoms of P — and hence of P9 — satisfy ;(0P) = 0, so we may let
k go to infinity to obtain equation (2.6) using (2.5) and (2.7).

Finally the second part of the proposition regarding partitions satisfying
the bullet-requirements follows by reviewing the proof of (2.6) and noting
that the only properties of the constructed partition P we used are those in
the bullet list. (|
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3. MAXIMAL ENTROPY AND INVARIANCE

In this section we recall some concepts and results from | ] and explain
how they imply the following proposition, which is essential for the proof of
Theorem 1.3.

Proposition 3.1 (Maximal entropy implies U-invariance). Let pu be an a-
invariant probability measure on Y. Then

hu(alX) < hq
with equality if and only if p is U-invariant.

To prove Proposition 3.1 we relate the “dynamical” relative entropy hy,(a|X)
to some relative “static” entropy H,,(A1|.A2) where the A; are countably gen-
erated o-algebras that encode the dynamics. For definitions and elementary
properties of relative entropies of o-algebras we refer the reader to [ ,
Chapter 2].

Definition 3.2 (7.25. of | ). Let G~ def {9€ G |atga;* — east — o}
be the stable horospherical subgroup associated to a and let U~ = U n G™.
Let 4 be an a-invariant measure on Y and U < G~ a closed a-normalized
subgroup.

(1) We say that a countably generated o-algebra A is subordinate to U
(mod p) if for p-a.e. y, there exists 6 > 0 such that

Bf -y [ylac Bf -y
(2) We say that A is a-descending if a7t A < A.

Theorem 3.3 (Einsiedler-Lindenstrauss). Let u be an a-invariant probabil-
ity measure on Y. If A is a countably generated sub-o-algebra of the Borel
o-algebra which is a-descending and U~ -subordinate then H,(Ala"1A) < h,
with equality if and only if p is U™ -invariant.

Proof. By considering the ergodic decomposition one sees that it is enough to
prove the theorem in the case p is ergodic. Under the ergodicity assumption
the statement follows directly from combining | , Proposition 7.34] and
[ , Theorem 7.9]. O

The following lemma furnishes the link between the relative dynamical
entropy h,(a|X) and the relative entropy H,(Ai|A2) for suitable A;. If P
is a partition of Y, we write for any integer m,

o0
P = \/ a " P.
k=m
Recall also that a partition P is said to be a two-sided generator for a
with respect to an a-invariant probability measure if the Borel o-algebra is
generated up to null sets by the union of all partitions \/™ a FP,m = 1.
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Lemma 3.4. Assume that i is an a-invariant probability measure on'Y and
P is a countable partition that is a two-sided generator for a with respect to
w. Let A be the o-algebra generated by PP v w1 (Bx). Then

hu(alX) = H,(Ala tA).

Proof. Let P be a countable partition that is a two-sided generator for a.
By | , Proposition 2.19 and Theorem 2.20], writing C for 7=!(Bx), we
have
hy(alX) = H,(P|P° v C) = H,(Py° v C|PY° v C).
Since C is a-invariant, we indeed find
hu(alX) = Hu(A|a_1A).
(]

We now prove Proposition 3.1 by constructing (almost by citation) a two-
sided generator P for a modulo p with the property that P v 71 (By) is
U~ -subordinate, and then the statement follows by combining Theorem 3.3
with Lemma 3.4.

Proof of Proposition 3.1. Writing the ergodic decomposition y = SWZ du(y),
we have

ulalX) = [ s (alX) du(o).

so it is enough to prove the proposition for u ergodic.

We can then use | , Proposition 7.44] to obtain a countable partition
P that is a generator for a mod p, and such that Py is a-descending and
subordinate to G~. Let

c¥ r1(By) and A cyPE.
Then A is clearly countably generated and a-descending, and we claim that
it is also U -subordinate. Indeed, since [y]c = 7~ (w({y})) is equal to the
orbit of y under the unipotent radical U, we get [y]4 =U -y n [y]pgo. But
P§° is subordinate to G, and for § > 0,

(3.1) Bg{_-ycBg_-me-y and Bg_l-me-ycBg__l'y,
for some constant 9; depending on § and y, because G-y Uy = U~ y. This
shows that, for almost every y, for some § > 0,

By -yc[ylac Bi-y,

i.e. that A is subordinate to U~.

By Lemma 3.4 we have h,(a|X) = H,(Ala~A), and so Theorem 3.3
shows that h,(a|X) < h, with equality if and only if x4 is U~ -invariant.
Moreover, if hy(a|X) = hq then

hu(a™HX) = hy(a|X) = hg = hg-1,
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where the last equality follows from the fact that Z;l:l c; = 0. We then

apply the same reasoning to a~! and find that y is also U*-invariant. This
completes the proof since U is generated by Ut and U™, because we assume
that for any 1 < j <d, ¢; # 0.

O

4. PROOF OF THE MAIN THEOREM

Using the results of the preceding two sections, we now state and prove
Theorem 4.2, which is the main result of this article. We deduce Theorem
1.3 as a corollary.

4.1. O-avoiding grids. Before we can state the more precise version of
Theorem 1.3 that we will derive here, we need to set up some notation.

For a bounded open set @ < R? and a heavy lattice x, our goal is to
bound the dimension of the set

Fs+(0) () = {3/ € 7_1(@ sy 0 (Uis0a—O) is ﬁnite} .
For an interval I < R, let
E® ={yeY :yn (UeraO0) =} ={yeY :Vtel,ayn O =2}
and
E®(z) = EY nn ().

It is more natural from the dynamical point of view to work with Eﬂ({? than
with Fg+ o) because it is a;-invariant and closed. However, we insist on
working with finite intersections instead of empty intersection to obtain
lim inf statements in our applications rather than inf. Note that for a vector
v e R, either a;v — o0 or v; = 0 for all i € JT in which case a;v — 0. Since
all ¢; are non-zero and O is bounded, we deduce that

(4.1)  Fgro)(x) U E[C;OO)(JJ) v{yer H(z):Jvey,VieJT, v =0}.
r=0

Since
(42) dimg{yer Nz): ey VieJ v, =0} =d—|JT|<d-1,

we will focus on bounding the dimension of each E[? ) (). Finally, a nice

feature of the set E[(ZOO)

verified by the reader.

is the following simple observation which can be

Lemma 4.1. Let y € E[? ) and suppose z is an accumulation point of the

forward orbit {a;y},.,. Then z € Eﬂg. In particular, any measure p obtained
by averaging along the forward trajectory of y is supported in Ey .

We are now in a position to state and prove our main results.
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Theorem 4.2 (Heavy lattices have few bad grids). Fiz a sequence n; — 0,
and a bounded open set @ in R:. Then, there exists 6 > 0 such that for any
r >0 and any x € H(n;),

Proof of Theorem 1.3. Using (4.1) and (4.2), the theorem follows at once
from Theorem 4.2, because E[? ) is increasing in r. Note that as opposed
to dim,,, the Hausdorff dimension of a countable union of sets is bounded
above by any bound on the individual dimensions, hence our passage to

Hausdorff dimension (see also Remark 4.3 below). (]

Remark 4.3. The set Fg+ (o) () is dense is 77! (x), so that dim , Fg+ oy (z) =
d. But its Hausdorff dimension is strictly less than d.

Proof of Theorem 4.2. Fix ¢ > 0. We argue by contradiction and assume
the following:

1
(4.3) Vm =1, Iry, > 0,32, € H(n;) - diimME[?m’oo)(xm) >d— g

We may further assume that r,, — 00 as m — o0. Fix a smaller open set O’
whose closure is in O. Set v = dimU™*.

Claim 1. For any large enough m, there exists a grid y, € © ' (zm) such
that the injective unstable leaf W;;n satisfies

dim,, (W;m N E[?:,L,oo)) >u— —.

Recall that U= = U NG~ =Un{ge G| asga;' — e ast — w}. For
any grid y € Y, any v € U~ of norm < 1 and ¢ > 0, the two grids a;y and
azvy differ by a translation in the direction of U~ which is of norm < e™¢,
where o = min {|¢;| : i € J7} > 0. We deduce that if a;y n O = @ and ¢t is
large enough, then a;vy N @' = @. In particular, for large enough m and

and all v € U™ of norm < 1, we have vE[(?ﬂm’oo) c E[(g;m). For such m and
for any y,, € E[(zm )’
/ 1
. O . _
dim,, (WJM N E[rm,oo)) +dimU™ > d— g

Since ¢; # 0 for all ¢ , d — dim U~ = u and Claim 1 follows.
The first part of Proposition 2.3 yields an a-invariant probability measure

Ly, With

(1) Tapim € 2(X, (mi)).

(2) Supp pm < ES" (by Proposition 2.3 and Lemma 4.1)

(3) Pu(alX) = ha — 5.
Lemma 1.2(3) says that &2(X, (7;)) is compact. Together with the fact
that @ : ¥ — X is proper, after taking a subsequence of p,,, we may
assume that p,, converges to some a-invariant probability measure p such
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that m.p € P(X, (1;)). Since Supp pm < ES and EY" is closed, we conclude
that p is supported in E]fg ". Our next goal is to show the following.
Claim 2. The measure u is U-invariant.

To prove Claim 2 we apply the second part of Proposition 2.3 to the
measures [, simultaneously in the following manner. Fix ig and let n = n;,.
Let P be a finite partition of Y satisfying:

e P contains a single unbounded atom P, and it is of the form 7=1(P2),
where 9;,[pg =0 (1; is as in Definition 1.1).

o VP e P~ {Py}, diam P < r, with r € (0, 3) such that any d,-ball of
radius 37 has Euclidean diameter smaller than the fiber injectivity
radius on Y \ Py,

e VP eP, v(dP) =0 for v e {u, m : me N}.

A similar partition was built in the proof of Proposition 2.3. The only
difference here is that in the third bullet here we demand that the boundaries
of the atoms of P will be simultaneous null sets for more than one measure.
Since we are only requiring this for a countable collection of measures this
is easily achieved.

From the second part of Proposition 2.3 we deduce that for any m, for all
q=1,

1 1
(4.4) 5H#m (PDI|X) = h, — — = Dnjy.

Since the boundary of the atoms of P(@ are u-null, we can pass to the limit
as m — o0 in (4.4) and deduce that for any ¢, %HH(P(‘I”X) > hq — Dnj,.
Taking ¢ — o and 79 — o we deduce that

hu(a|X) = lim 1JLIM(P(‘IHX) > hg.
q

By Proposition 3.1 we deduce that equality holds and that p is U-invariant,
as claimed.

We arrive at the desired contradiction because p is supported in E9"
which cannot contain a full fiber: given a lattice x, the grids of x which
contain points in O’ cannot be in EY " O

5. DIOPHANTINE APPROXIMATION

In this section we prove Theorem 1.5, which, in fact, will follow from
a sharper result in the spirit of Theorem 4.2. We also reformulate and
generalize the result in terms of approximation of affine subspaces of R by
integer points.

5.1. Inhomogeneous Diophantine approximation of vectors in R".

Fix a dimension n > 1 and let d &+ 1. For clarity of exposition, we start

with the diagonal flow a; = diag (', ..., €', e™™). Recall that given a vector
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v e R", we let
Bad(v) = {w eR" : 1i]£ninf Y kv — w) = e} .
—00
Given a vector v € R" we let x, def (Iél 11’) xg € X, where xg denotes the
identity coset, which represents the standard lattice Z¢. The Diophantine
properties of the vector v are usually captured by the dynamics of the lattice

x,. For example, singularity of v is equivalent to the divergence of the orbit
(atxy)t=0- In analogy with Definition 1.1 we make the following.

Definition 5.1. A vector v € R™ is said to be heavy if the lattice x, is heavy
according to Definition 1.1.

A nice exercise is the following characterization of heaviness of a number
«a € R in terms of the continued fraction expansion of a.

Exercise 5.2. Show that a number a = [ag; a1, a9, .. .| is heavy if and only
if o
Vd > 0 de > 0 such that l%glo%f N ];1 max {log ea, 0} < 6.
We prove the following result, which will easily imply Theorem 1.5.

Theorem 5.3 (Heavy vectors have few badly approximable points). If
v € R™ is heavy then for any e > 0, dimy(Bad®(v)) < n. In fact, if
1n; — 0 is a sequence of non-negative numbers, then for any € > 0 there
exists 6 = O(e,(n;)) > 0 such that for any v € R™ for which x, € H(n;),
dimy(Bad(v)) <n —90.

Proof. We write vectors in RY = R™ x R as w, (%) with w e R",s € R.
Let (n;) be as in the statement and let v € R™ be such that x, € H(n;). Let

e>0andlet O {ws eR?: s€(0,1), |w| < §}. Note that
(5.1) SHO) = {ws L5 > 1,8V < %} v O.

We know by Theorem 1.3 that there exists 6 = d(e, (n;)) > 0 such that
dimpy Fg+(0)(7y) < d — 0. We will show that for any w € Bad(v) and for
any s € [0,1], the grid z, — ws belongs to Fg+()(7y). This will finish the
proof.

To this end, let w € Bad®(v) and s € [0, 1]. Note that

m+kv—w\ - .
xv—wS=U{( ks >.meZ}.

keZ

We call k the layer parameter of { s_ w) T E Z"} . Note that the

set of vectors in each layer is discrete. Therefore if we suppose that x, — ws
intersects S*(O) in infinitely many points, then we conclude that S*(O)
must contain points in arbitrarily high layers (i.e. with k arbitrarily large).
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In particular, the description of S (Q) given in (5.1) implies that there exist
arbitrarily large k£ > 0 and vectors m € Z™ such that

(k — )Y + kv — w| < g

In particular, lim infj,_,o k*/"(kv—w) < € and so w ¢ Bad®(v) contradicting
our assumption. We deduce that # {x, —ws n ST(0)} < w0, i.e. z, —ws €
Fg+(o)(zv) as claimed. O

As a corollary, we now derive Theorem 1.5 from the introduction, which
we recall here for convenience.

Corollary 5.4. For any € > 0, there exists 6 > 0 such that for almost every
v e R", dimy Bad(v) <n — 9.

Proof. The proof is similar to the proof of Corollary 1.4. It is well known
that

*
Q= {veR":éfv W—wmx}

has full Lebesgue measure (see for example | | which covers also
the weighted case). Using Lemma 1.2(1) we choose (7;) so that mx €

P(X,(n;)). We then have by definition that {z,:ve Q} < H(n;). The
theorem thus follows from Theorem 5.3. O

Theorem 5.3 can be generalized in several ways, using Theorem 4.2 for
more general flows (a;). For example, if (i1,...,4,) is an n-tuple of real
numbers such that

Ve, ige (0,1) and ) i =1,
(=1

U1
we can define, for any vector v = | : | e R",
Un
w1
def . e i
Bad{; ;(v) =w= | : [eR" : Ve, hgr_l)gf k' (kve —we) = € ¢,
wy,
and
Bad;,  ;,)(v) = U Badfihm’in)(v).
e>0
It is known (see for example | , , |) that for any v €

R™, dimy Bad;, .. ;,)(v) = n. Theorem 4.2 applied with the flow a; =
diag (eilt, ... ent e_t) yields the following.

Theorem 5.5 (Heavy vectors for weighted approximation). Let v € R™ be
heavy for a; = diag (e“t, ..., ent e*t). Then, for all € > 0,

dimp Badf;, ; ,(v) <n.
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Moreover, for any € > 0, there exists > 0 such that for a.e. ve R™,
dimg Bad{; ; (v) <n—0.

Being very similar to that of Theorem 5.3, the proof of Theorem 5.5 is
left to the reader.

5.2. Approximation of affine subspaces. We obtain another natural
generalization of Theorem 5.3 by replacing the vector v with a matrix. We
choose to present this generalization in a projective manner, i.e. in the
context of Diophantine approximation of affine subspaces of R? by points
in Z%, which is not common but which we find very natural. The case of
Theorem 5.3 corresponding to the subspace being a line (see Remark 5.6).

Let Grass(¥, d) be the Grassmannian of /-dimensional linear subspaces of
R%. Recall that by Minkowski’s first theorem on convex bodies, for every
Wp € Grass({,d), the inequality

d(k, Wo) < 2% - || 77

has infinitely many solutions k € Z¢, where |k|| denotes the Euclidean norm
of k. It is therefore natural to say that an affine subspace W of dimension
¢ in R is e-badly approzimable if it satisfies

lim inf k|77 d(k, W) > .
k—o0
kezd

Let Grassa(¢,d) denote the Grassmannian of ¢-dimensional affine sub-
spaces of R? and 7 : Grassa(f,d) — Grass({,d) the natural projection,
mapping an affine subspace to its linear part. For a linear subspace Wy €
Grass(¢,d) of R?, we want to study the set

Badj ,(Wo) “ { W e n~!(Wo) | liminf |K|77d(k, W) > e
’ —00
keZ<

of e-badly approximable affine subspaces W < R¢ with linear part Wy. It is
known that [ ]
dimH(Bad&d(Wo)) = d — f,

where Bad,4(Wo) < |, Badj 4(Wo).

e>0
Remark 5.6. Let n = d — 1. For v € R, consider the line W, € R% spanned
by the vector v = (i) € R% Then a vector w € R is in Bad(v) if and

only if @ + Wy is a badly approximable line in R%, so that the setting of
the previous subsection corresponds to Diophantine approximation of lines
in R%.

Theorem 5.7 (Approximation of affine subspaces). For all € > 0, there
exists 6 > 0 such that for almost every Wy € Grass(¢, d),

dimy Badj 4(Wo) <d — £ — 6.
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Proof. Since the proof is very similar to that of Theorem 5.3, we keep it
terse. We apply Theorem 4.2 with flow

. t t —4 -
a; = diag (e yeea,€,e a1 e dfé’).
Let Wy € Grass(¢,d), and choose gw, € Go = SLg(R) such that gy, - Wy =
Span(ey,...,es). For almost every Wy, the orbit (a;gw,Z%)i>0 equidis-
tributes in X | | (note that this property does not depend on our

choice of gw,). Taking O = B to be the open ball of radius /2 in RY,
Theorem 4.2 shows that there exists § > 0 such that for almost every Wy,

dimg FS+(B%)<9WOZd) <d-0.
Assume now that W is an affine subspace with linear part W), and choose
gw € G = ASL4(R) such that gy - W = Span(ey,...,es) (as an affine
subspace). It is a simple computation to check that if W e Badj ,(Wo),
then the grid gwZ? lies in F S+ ( Be)(gWOZd), independently of our choice

2
of gw. The above bound on the Hausdorff dimension of Fg+( Be)(gWOZd)
2

therefore implies

dim g Badzd(Wo) <d-—{-—0.

O

6. EXAMPLES

In this section, to justify the necessity of some non-escape-of-mass as-
sumption on z in Theorem 4.2, we construct non-singular lattices in R?
with lots of bad grids: x with non-divergent orbits but for which there ex-
ists € > 0 such that Fg+ () has full Hausdorff dimension in 7 1(x) for a
suitable choice of O.

Proposition 6.1 (Lattices with lots of bad grids). There ezists a non-
singular unimodular lattice x and an open bounded set O such that

dimH FS*(O) (:C) = 2.
Fix a lattice x in R?, assume A;(z) > 15, where A (z) denotes the shortest
non-zero vector in x with respect to the supremum norm, which we denote

by | - [, and let E = {t > 0 | Aj(a4z) > 15}. Assume that E can be written
as a disjoint union of closed intervals

FE = [Sl,tl] U [82,152] U...

where the reals s1,ss2,... and t1,%9,... are defined inductively by s; = 0,
and, for ¢ > 1,

1 1
t; = inf {t > 5 | A1(arx) < 10}, and 8,11 = inf{s >t | AM(agx) = 10}.

. U1 .
Now, for each i, choose a non-zero vector v = (v > in x such that
2

A1(ag;z) = [lag;v||. One readily checks the following
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10 \
P

FIGURE 2. av, for t € (t;, 8i+1)

(1) Vte (ti,sit1), Ailawx) = |law|

(2) elilvy] = e Si+1|vg] < % and e tijvg| = eSitl|y| = 1—10,

using the fact that in dimension 2, if |a;v| < 1 (and v is primitive), then
A (agz) = ||law]| (see Figure 2).

From the fact that a;;v has norm % and makes an angle of at least 7
with the first coordinate axis, we see that the translates of the line Ra;,v by
vectors of a;,x intersect the horizontal axis in a discrete subgroup ¢;Z, with
¢; € [5,50]. Let

B, ={yeR | d(y,e "4Z) > 27"}
def

For a grid y, we let o(y) = min{|v|; v € y} denote the norm of the shortest
vector in y. We claim that

(6.1) Yy e Bi, Vt e [ti, sis1], o <at <x + (g))) > 1.

To see this, observe that if v € B;, then the box

eti’y ot U2 ot U2
+ =Ll x |—e =T —=
( 0 [ ] € U1 © (%1

around ay, <g> does not intersect as,x (see Figure 3).
Therefore, if ¢ € [t;, s;+1], then the box around the origin

—t: —t. 4.4V 4 U9 IS O R S V)
[_et tz’et tz] X | —e t; t77e ti—t 7= > [_1’ 1] x | —e t; SH’I*,@ ti—Si41 4
U1 U1 U1 U1

—[-1,1] x [-1,1].

This proves our claim.

To prove Proposition 6.1, we use the following elementary Hausdorff di-
mension estimate.

Lemma 6.2. With the above notation, suppose lim;_,o, &% = 00. Then

71

=1
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Ra,v

e—2ti v2
o

t.
ag; v € lBi

/ / <0 20;

FIGURE 3. Translates of Ray,v, € B;, and the box around eliy

Proof. By the mass distribution principle [ , §4.2 page 60], it suffices to
construct on B = () B;, for ¢ > 0 arbitrarily small, a probability measure p
satisfying, for all x and all » > 0 sufficiently small,

pu(B(x,r)) < 7'~

For this, we define 1 to be the Lebesgue measure on each interval of B;
included in [0, 1], normalized to be a probability measure. Let N; be the
number of intervals of B; included in [0, 1]. Within bounded multiplicative
constants, we have

el

XZX

Then, we let ua be the probability measure compatible with p; (in the
sense that the po-mass of a Bi-interval is equal to its pi-mass) and equal to
the appropriately normalized Lebesgue measure on each Bs-interval. The
number of Bs-intervals inside a B interval is

e_tlﬁl

Ny = = el2711,
67t2£2

t1

N1 e

Iterating this procedure, we obtain a sequence of probability measures pu,
supported on (), B; ; then, we let p be a weak-* limit of the sequence
(). Note that, by our construction, if I is a B;-interval then for all n > 1,
(1) = pin(1).

For r > 0 sufficiently small, find i such that e7t-1¢;,_; > r > e~%/;. Since
Bi-intervals are separated by a distance e*i/;, the number of B;-intervals
intersecting B(z,r) is at most — 7 = refi, and the p-mass of a B;-interval
is = (N1...N;)~! < Cle', where C is some positive constant independent
of 7, so that

w(B(z,r)) < refiCte™ < rCv.



24 SEONHEE LIM, NICOLAS DE SAXCE7 AND URI SHAPIRA

4
ti—1

Using that 7 « e *-1 and that lim = 0, we find that, given any € > 0,
. . ilog C
for i large enough (i.e. r small enough), C* = e~ ' %i-1 < r~¢ Thus, for

sufficiently small » > 0 (depending on €

p(B(x,r)) < 7'~

We can now derive Proposition 6.1.

Proof of Proposition 6.1. Let o € [0,1] be an irrational number with con-
tinued fraction expansion « = [ny,na, ... | such that limn; = oo, and set

o 1 « 2
:L‘—(O 1>Z.

The set E = {t = 0 | Ai(awz) = 1—10} can be written as a union of disjoint
intervals

E = [Sl,tl] ) [82,752] ...
and for some constant C', for all ¢, t;—s; < C, and lim ’% = 00. By Lemma 6.2,

the set B = (");5, B; has Hausdorff dimension 1. Moreover, by (6.1), for any
v € B, for all ¢ not in any interval [s;, ¢;],

(e ()

Since the intervals [s;, ;] are disjoint and have length at most C, we find
that for all v € B and all ¢t = 0,

(oo ()=

This shows that for O being the %efc—ball around the origin with respect
to the sup-norm, we have that the image of the set B x [—1,1] in the torus
R?/x is contained in Fg+ (o) (z) (note that translating in the stable direction
does not affect the asymptotic properties of the a;-orbit), which implies in
particular that

dimH FS*(O) (:C) = 2.
(]
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