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ABSTRACT. A finitely generated subgroup I' of a real Lie group G is said to be Diophantine
if there is 8 > 0 such that non-trivial elements in the word ball Br(n) centered at 1 € I" never
approach the identity of G closer than [Br(n)|~?. A Lie group G is said to be Diophantine
if for every k > 1 a random k-tuple in G generates a Diophantine subgroup. Semi-simple Lie
groups are conjectured to be Diophantine but very little is proven in this direction. We give
a characterization of Diophantine nilpotent Lie groups in terms of the ideal of laws of their
Lie algebra. In particular we show that nilpotent Lie groups of class at most 5, or derived
length at most 2, as well as rational nilpotent Lie groups are Diophantine. We also find that
there are non Diophantine nilpotent and solvable (non nilpotent) Lie groups.
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1. INTRODUCTION

Let G be a connected real Lie group, endowed with a left-invariant Riemannian metric d.
We investigate Diophantine properties of finitely generated subgroups of G. If I' = (S) is a
subgroup of G with finite generating set S, we define, for n € N,

dr(n) = min{d(z,1) |z € Br(n), x # 1}
where Br(n) = (SUS~1 U {1})" is the ball of radius n centered at 1 for the word metric
defined by the generating set S. We will say that I' = (S) is S-Diophantine if there exists a
constant ¢ > 0 (depending maybe on I and S and d) such that for all n > 1,
br(n) = e |Br(n)] .

In general, the Diophantine exponent § may depend on the choice of a generating set S.
But if G is nilpotent, then it depends neither on the choice of generating set of I', nor on the
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choice of left-invariant Riemannian metric. So the notion of a S-Diophantine finitely generated
subgroup of G makes sense without mention of a choice of generating set, or metricﬂ This
notion naturally generalizes the classical notion of a Diophantine number in dynamical systems
and number theory: v € R/Z is a Diophantine rotation if and only if the cyclic subgroup it
generates in the torus R/Z is Diophantine in our sense.

We will say that the ambient group G is 8-Diophantine for k-tuples if almost every k-tuple
of elements of G, chosen with respect to the Haar measure of G¥, generates a (-Diophantine
subgroup. We will also say that G is Diophantine for k-tuples if G is S-Diophantine for k-
tuples and some § = (k) > 0. Finally we say that G is Diophantine if for every integer
k > 1 it is Diophantine for k-tuples. We will show that for every k there are Lie groups G
that are Diophantine for k-tuples, but not for (k 4 1)-tuples (see Theorem . However if G
is Diophantine and nilpotent then 5 can always be chosen independently of k (see Theorem

13).

When the ambient group G is a connected abelian Lie group, the behavior of dp(n) depends
on the rational approximations to a set of generators of I'. This case has been much studied in
the past and constitutes a classical chapter of Diophantine approximation. For example, from
Dodson’s generalization [Dod92] of Jarnik’s Theorem [Jar31], it is not difficult to compute the
Hausdorff dimension of the set of S-Diophantine k-tuples in any abelian connected Lie group.

On the other hand, little is known in the non-commutative setting. Gamburd Jakobson and
Sarnak [GJS99| first identified the relevance of the Diophantine property for dense subgroups
of G = SU(2) in their study of the spectral properties of averaging operators on L?(SU(2)) and
the speed of equidistribution of random walks therein. In particular they stressed that although
there is a Gs-dense set of k-tuples in SU(2) which are not Diophantine (this assertion still holds
in any nilpotent Lie group as we will see cf. Prop. , every k-tuple whose matrix entries are
algebraic numbers is a Diophantine tuple. Then it is natural to conjecture (as Gamburd et al.
did in |[GHST09, Conjecture 29]) that almost every k-tuple in the measure-theoretic sense is
Diophantine. Although this remains an open problem, Kaloshin and Rodnianski [KROI| have
shown that almost every k-tuple in SU(2) generates a subgroup I which is weakly Diophantine
in the sense that Br(n) avoids a ball of radius e~ centered at 1 (the genuine Diophantine
property as defined above would require this radius to be much larger, namely bounded below
by some e~C¥™). Similarly the second named author showed in [Brell, Corollary 1.11] (as a
consequence of the uniform Tits alternative) that every k-tuple generating a dense subgroup
of SU(2) satisfies a closely related weak form of the Diophantine property. Finally Bourgain
and Gamburd proved in [BGOS8]| that every (topologically generating) k-tuple in SU(2) whose
matrix entries are algebraic numbers has a spectral gap in L?(SU(2)). Their proof uses the
Diophantine property of these k-tuples in an essential way. Conjecturally almost all, and
perhaps even all, topologically generating k-tuples in SU(2) have a spectral gap (cf. Sarnak’s
spectral gap conjecture [Sar90, p. 58]|).

IThe left-invariant assumption is just for convenience, because any two Riemannian metrics on G are
comparable in a neighborhood of the identity; however it is important that the metric be Riemannian. Allow-
ing the metric to be sub-Riemannian could affect the Diophantine exponents, yet not the property of being
Diophantine.
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Recently P. Varju [Varl2| tackled a similar problem for the group of affine transformations
of the line, the {ax + b} group, and showed that in a certain one-parameter family of 2-tuples
in this group, almost every 2-tuple is Diophantine.

In this paper we investigate Diophantine properties of finitely generated subgroups of nilpo-
tent and solvable Lie groups. Perhaps the main surprise in our findings is that, in sharp
contrast with the abelian case, not every solvable or nilpotent real Lie group is Diophantine.
We exhibit examples of connected nilpotent Lie groups G of nilpotency class 6 and higher, and
of non-nilpotent connected solvable Lie groups G of derived length 3 and higher, which are not
Diophantine. And indeed in those examples one can find, for every k > 3, a sequence of words
wy, in k-letters, which are not laws of G, but behave like almost laws (see §5.4) inasmuch as
for any fixed compact set K in G¥, w,(K) — 1 with arbitrarily fast speed as the length of
the word [(w,,) tends to +o00. To put it briefly, the bad behavior of Liouville numbers with
respect to Diophantine approximation by rationals can be replicated to build real Lie algebras
exhibiting this bad behavior. Of course such Lie algebras are not defined over Q.

If g is a Lie algebra of step s, we define the ideal of laws on k letters Ly, 5(g) of g as the set of
all elements of the free step s nilpotent Lie algebra on k generators Fj, ; that are identically zero
when evaluated on k-tuples of elements of g. We show that the property of being Diophantine
for a connected s-step nilpotent Lie group G is intimately related to the way the ideal of laws
on k letters Ly, s(g) of the Lie algebra g of G sits in the free s-step nilpotent Lie algebra Fj s
on k generators. Although Fj, s is naturally defined over Q, the ideal of laws Ly 5(g) may not
be and we have a natural epimorphism of real Lie algebras:

A fk,s/ﬁk,s(g)Q — ]:k,s/‘ck,s(g)

where L}, (g)q is the real vector space spanned by Ly s(g) N Frs(Q). It is the Diophantine
properties of the kernel of A viewed as a real subspace of Fj, s/ L s(g)q which determines the
Diophantine properties of G as a Lie group. In brief, a real subspace of a real vector space
defined over Q is said to be Diophantine if integer points outside it cannot be too close to
it (see Definition below). It turns out that if s < 5, then £y 4(g) is always defined over
Q regardless of g, and hence Diophantine. Recall that there is a continuous family of non-
isomorphic 2-step nilpotent Lie algebras, so g may not be defined over Q or over a number
field and still give rise to a Diophantine Lie group. Similarly if G is metabelian (i.e. if Ly s
contains the ideal generated by all double commutators [[z,y], [z, w]]), then L s(g) is again
defined over Q, regardless of s and of g (see Theorem below). This follows from a study
(made in the appendix) of the multiplicities of the irreducible SLj-submodules of Ly s(g),
where SLj acts by substitution of the variables.

We now summarize the above discussion and state our results. See Section [3| for precise
definitions and notation. The nilpotent real Lie groups considered in this paper will always
be endowed with a left-invariant Riemannian metric.

Theorem 1.1. Let G be a connected nilpotent Lie group with Lie algebra g. For any integer
k > 1, the following are equivalent.
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(1) G is Diophantine for k-tuples.
(2) The ideal of laws on k letters of g, Ly s(g), is a Diophantine subspace of the free s-step
nilpotent Lie algebra on k generators Fi s.

It may seem surprising at first glance that this criterion for diophantinity is given only in
terms of Lie algebra laws as opposed to group laws. However, as is well-known, nilpotent Lie
groups are best analyzed through their Lie algebra and there is a simple relation between word
maps in G and bracket maps in g (see Lemma below).

The proof of Theorem relies on a Borel-Cantelli argument (analogous to the classical
one showing that almost every real number is Diophantine and to the one used by Kaloshin-
Rodnianski [KR0I]) and sub-level sets estimates for polynomial maps, originating in the work
of Remez (see Theorem 2.8)) and related to the (C, a)-good functions of Kleinbock and Margulis
[KMOS].

This criterion immediately settles the case of nilpotent Lie groups whose Lie algebra has
rational (or even algebraic) structure constants:

Corollary 1.2. If G is a connected rational nilpotent Lie group, then it is Diophantine.

Combining Theorem [I.1] with a study of the structure of fully invariant ideals of the free
Lie algebra on k letters, we are also able to construct examples of non-Diophantine nilpotent
Lie groups, and to show that such groups must have nilpotency step at least 6:

Theorem 1.3. Fiz an integer k > 3 (resp. k = 2). Then, all connected nilpotent Lie groups of
step s <5 (resp. s < 6) are Diophantine for k-tuples, but for all integers s > 5 (resp. s > 6),
there exists a connected nilpotent Lie group of step s that is not Diophantine for k-tuples.

The numbers s = 6 and s = 5 appear here for the following reason: the free s-step nilpotent
Lie algebra on k letters F s admits multiplicity as an SLi-module if and only if s > 6 when
k > 3 and if and only if s > 7 when k = 2. See Theorem [A:2] The existence of multiplicity
allows to construct fully invariant ideals of Fj, ¢ which are not Diophantine, hence giving rise
to non-Diophantine Lie groups via Theorem [I.1]

The decomposition of F}, 5 into irreducible SLj-modules has been very much studied in the
literature on free Lie algebras starting with Witt [Wit37] and Klyachko [KIj74]. See [Reu93|
for a book treatment. We survey some of these results in the appendix. In particular, we
recall a relatively recent formula due to Kraskiewicz and Weyman [KWO01], which allows one
to compute the multiplicity of any given irreducible submodule of F},  in terms of its Young
diagram. Together with Theorem [I.] this allows us to show the following:

Theorem 1.4. For every integer k > 1, there exists a connected (nilpotent) Lie group, which
is Diophantine for k-tuples, but not for (k + 1)-tuples.

We also give two other applications of Theorem [I.1} The first one concerns connected
nilpotent Lie groups that are metabelian, i.e. solvable of derived length 2:
Theorem 1.5. Every metabelian connected nilpotent Lie group is Diophantine.

Again the point here is the fact that the free metabelian Lie algebra is multiplicity-free as
an SLi-module (see Lemma [A.9). The second application is a construction of a solvable
non-nilpotent non-Diophantine Lie group:
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Proposition 1.6. There exists a connected solvable non-nilpotent Lie group that is not Dio-
phantine.

For a nilpotent Lie group with Lie algebra g set d; = dim g(i)/g(”l), where g is the
i-th term of the central descending series. The next statement clarifies what happens to a
topologically generic tuple in Diophantine and non Diophantine nilpotent Lie groups.

Theorem 1.7. Let G be a connected s-step nilpotent Lie group.

(1) Regardless of whether G is Diophantine or not, if k > dy, then there is a Gs-dense set
of k-tuples in G* which are not Diophantine.

(2) If G is non-Diophantine for k-tuples, then there is a proper closed algebraic subvariety
of G* outside of which every k-tuple is non-Diophantine. In particular there is an open
dense subset of G* made of non-Diophantine tuples.

Finally we study the dependence in k, the size of the k-tuple and prove the following (see
$2).
Theorem 1.8. Let G be a connected s-step nilpotent Lie group.
(1) G is Diophantine if and only if it is Diophantine for s-tuples.
(2) If G is Diophantine, and By is the infimum of the > 0 such that G is 3-Diophantine
on k-tuples, chs < liminf 8 <limsup fr < s as k — +00.

The lower bound on liminf 8 follows from a simple pigeonhole argument (analogous to
Dirichlet’s principle in Diophantine approximation), while the upper-bound on lim sup Sy, relies
on Theorem and the sharp Remez-type inequality derived in Theorem together with a
study of Ly, s(g) as k grows.

Remark 1.9. From this theorem, we see that the exponent § seems to carry some interesting
information on the group G. It is reassuring that it does not degenerate to either 0 or +00 as
k grows. More importantly it makes much sense to try to determine the critical 8 > 0 below
which almost no k-tuple is Diophantine and above which almost all are. The work of Kleinbock
and Margulis [KM98] is much relevant here. For example in the case of the Heisenberg groups,
a simple application of [KM98| yields the exact value of critical 8 for each k. We plan to tackle
this problem in a future paper.

The paper is organized as follows. After giving the general setting of our work and some
preliminary lemmas in Section [2] we prove Theorem [I.1]in Section [3] Section [4]is devoted to
the study of fully invariant ideals of the free Lie algebra and to the proof of Theorem [I.3] This
section makes use of some computations on the free Lie algebra given in the appendix. The
last section contains the proofs of Theorems [I.4][T.7 and [I.§] and further remarks.
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2. PRELIMINARIES

2.1. Nilpotent Lie groups. We briefly review some elementary theory of nilpotent Lie
groups. Proofs of all the results mentioned below may be found in [CG90, Chapter 1|. Let g
be a Lie algebra over R. The descending central series of g is defined inductively by

g =g, gV = [g, V] = spang {[X, Y] : X € g,V € gV}

The algebra g is said to be nilpotent if gi*t1) = 0 for some s € N. If s is the smallest integer
such that, g(s“) = 0, then g is said to be nilpotent of step (or class) s.

A connected Lie group G is called nilpotent if its Lie algebra is nilpotent, or equivalently,
if it is nilpotent as a group. We have the following basic result (see [CG90, Theorem 1.2.1]).

Proposition 2.1. Let G be a connected simply connected nilpotent Lie group with Lie algebra
g. Then, the exponential map exp : g — G is a diffeomorphism.

As a consequence, every connected simply connected nilpotent Lie group G can be diffeo-
morphically identified with its Lie algebra g. The product operation on G ~ (g,*) is then
given explicitly by the Campbell-Baker-Hausdorff formula:

For all XY € g,

X5y =% =) 3 (Zlfzﬁ'”p 2 )‘ (ad X)P (ad V)@ ... . (ad X)P" (ad Y)Y,
=

(If ¢, = 0, the term in the sum ends with ... (ad X)P»~!1X instead of (ad X)Pr(adY ) ~1Y;
of course, if g, > 1, or if g, = 0 and p,, > 1, then the term is zero.)

If G is nilpotent of step s, this sum is finite: only commutators of length < s may be nonzero.
For example, for nilpotent groups of step 2, the Campbell-Baker-Hausdorff formula reads

1
X*Y:X—I—Y-i-i[X,Y]
and for nilpotent groups of step 3

X4V = X+ Y + S[X, V] 4 = [X, [X, Y]] + —[V, [V, X]].

1

2 12 12

From now on, whenever we are considering a connected simply connected nilpotent Lie group
G we realize it as the algebra g = Lie(G) equipped with the multiplication * given by the
Campbell-Baker-Hausdorff formula. The identity element of G will therefore be denoted by 0.
Also, if g is a nilpotent Lie algebra, we will denote by (g, ) the corresponding connected
simply connected nilpotent Lie group.
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2.2. Word maps on nilpotent Lie groups. Let F} be the free non-abelian group on k
letters x1,...,z. For any group G, any word w € F} induces a map

waq - Gk — G
g=(91,--,9n) — w(g)
where w(g) is the element of G' one gets by substituting g; for ; in w. A word map w on
k letters on G is a map that can be obtained in this way: w = wg for some w € Fj. For

Lie groups, word maps are smooth, and we will see in this subsection that for nilpotent Lie
groups, they are polynomial maps of degree bounded by the nilpotency step of G.

Definition 2.2. Let V and W be two finite dimensional vector spaces. A map f:V — W is
said to be polynomial of degree at most d if it is a polynomial map of degree at most d when
expressed in some (or any) bases for V and W.

In the following lemma, G = (g, *) is endowed with the vector space structure coming from
the Lie algebra g.

Lemma 2.3. Let G be a connected simply connected Lie group, nilpotent of step s. For any
word w € Fy,, the map wg : G*¥ — G is a polynomial map of degree at most s.

Proof. The map (X,Y) — [X,Y] is bilinear, and therefore any map of the form
(X17"'7Xk’)’_>[Xila[X’L'Qa"'7[X’L' X]H

s—1) ls

is polynomial of degree at most s. Now, from the Campbell-Baker-Hausdorff formula, one sees
that the word map wg can be expressed as a linear combination of such brackets, and this
proves the lemma. 0

Definition 2.4 (Length of a word map). For w a word map on k letters on G, set
l(w) := min{l(w); w € Fj, and wg = w}
and call it the length of w. Here [(w) denotes the length of the word w.

Lemma 2.5 (Group of word maps). The set Fj, ¢ of word maps on k letters on a group G
has a natural group structure, and we have the following properties:
(1) The group Fy g is finitely generated.
(2) If G is a nilpotent group of step s, then so is Fy g.
(3) If G is a connected Lie group, then, for almost every k-tuple g = (g1, g2, - - ., gx) € G¥,
the subgroup 'y generated by the subset {g1,g2,..., gk} is isomorphic to F, q.

Proof. Let Fj, be the abstract free group on k letters z1,...,x;. The group structure on Fy ¢
is uniquely defined by the fact that the surjective map
P Fk — Fk,G
w = wqg
is a group homomorphism. Items (1) and (2) are clear. To justify (3) note that if w ¢ ker ®,

then the set of g € GF such that w(g) = 0 is a proper analytic subvariety of G*, and hence
has zero Lebesgue measure. They are only countably many such w’s, so we see that for almost
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every k-tuple g € G*, the unique group homomorphism g : F, — I's mapping x; to g; for
i € {1,...,k} has kernel exactly ker ®. Hence I'g is isomorphic to Fj, ¢. O

Recall (cf. [Bas72, [Gui73, Pan83|) that every finitely generated s-step nilpotent group
I' = (S) has polynomial growth, and more precisely there is an integer 7(I') € N independent
of the generating set S such that |Br(n)| ~ ¢g - n™() for some constant cg > 0. The growth
exponent 7(I") is given by the Bass-Guivarc’h formula:

(1) F(T) = 3 k- rk(T /L),
k=1

where the T®)’s are the terms of the central descending series of I' and rk the (torsion-free)
rank of the corresponding abelian group. We conclude:

Corollary 2.6 (Generic growth for a random subgroup). Let 7 be the growth exponent of
the finitely generated group Fy . Then, for almost every g € G*, the group g has growth
exponent Tk.

2.3. Estimates on polynomial maps. The purpose of this paragraph is to derive the el-
ementary estimates on the measure of the set of points on which a polynomial takes small
values.

Let B be a convex subset of R™, and f : B — R a real-valued polynomial function of degree
at most d. For e > 0, we set Z, g(f) := {z € B;|f(x)| < €}. Then, from Brudnyi-Ganzburg
[GBT73], we have the following:

Theorem 2.7 (Remez-type inequality).

1+ (1—|Zes(f)/|B)*
su )| <e-T ’ T
suplf@)l < e T <1 . rze,B<f>|/rB|>n>

where Ty is the d-th Chebyshev polynomial of the first kind.

Here | B| denotes the Lebesgue measure of B in R™. It is well-known that those Remez-type
inequalities imply the following estimate; we recall the proof for convenience of the reader.

Proposition 2.8 (Sublevel set estimate). Fiz ni,ng,d € N*. For any polynomial map f :
R" — R"™ of degree at most d and any convex subset of B of R, one has:
1

@) (o€ B /@) <} <d-m (W,B) 5],
e |l = sup,cp LS, and 1) 1= masisicon 50 (0) = (102 o o)

Proof. Clearly we may assume that no = 1. Then the estimate follows immediately from the
above Remez-type inequality after verifying the following two simple facts: first, for every
1

n e [07 1]7 % < 2%7 and second, Td($> = %((I‘ - Vx2_1)d + (HJ + Vm2_1)d) <
1= (1)
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3(2% + )24 < 2929 if 2 > 1. The first calculus fact can be seen as follows: using the change

1
of variable z = (1 — )1, the desired inequality is equivalent to 2 < 2n;/(1 — 2™), hence

to (14 2)372> < 2ny. Since z € [0,1) and 372 = 142 +...+ 2™, the inequality follows.
U

Remark 2.9. The above bound goes back to Remez [Rem36|. See [Gan00] for some historical
discussion and related references. We thank P. Varji for providing these references. Note
that the exponent é is independent of the dimensions n; and ns. This can be compared to
[KMO98, §3] and [KT07, Lemma §3.4], where a similar bound, albeit with a worse exponent
le1 is derived. The fact that the exponent is independent of n; will be important in the proof

of Theorem [[.8

3. A CHARACTERIZATION OF DIOPHANTINE NILPOTENT LIE GROUPS

3.1. The Borel-Cantelli Lemma and condition (PUB). Let G = (g, *) be a connected
simply connected nilpotent Lie group, endowed with a left-invariant Riemannian metric. De-
note n = dim G and s the nilpotency step of G. Throughout we identify G with its Lie algebra
g via the exponential map. Then Lebesgue measure on g coincides with Haar measure on G.
In the following, we fix a basis of g and the associated norm ||z| := max{|z;|} on g.

Definition 3.1. (Polynomial Uniform lower Bound) We will say that the group G satisfies
condition (PUB) for words in k letters - or simply (PUBy) - if there exist constants Cy > 0
and Ay > 0 such that

(PUBy) Yw € Fi.q, ( sup Hw(g)”) > Oy - I(w) ™.
gEBGk(O,l)

This condition ensures that no word map contracts too much the unit ball of G¥. In other

terms, it is a polynomial uniform lower bound on the size of word maps, whence the chosen
abbreviation (PUB).

Proposition 3.2. Let G be a connected simply connected nilpotent Lie group. Then G is
Diophantine for words on k letters if and only if it satisfies condition (PUB) for words on k
letters. In short,

Diophantine, <= (PUBy).

Proof. We start by the implication (=) and prove the contrapositive. If G does not satisfy
(PUBg), then there is a sequence of words wy, in Fj whose associated word maps on G are
nontrivial and satisfy [|wn(g)| < 1l(w,)™" for all g € Bgk(0,1). However the level sets
w;; 1 ({0}) are proper subsets of zero Haar measure in G¥. The complement of the union of all
these sets therefore has full measure in G¥. No k-tuple in this complement is Diophantine,
hence G is not Diophantine on k letters.
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Now we turn to the converse («<). It is based on the Borel-Cantelli lemma. For a word map
won G,and R> 1,8 > 0, set

Eu(8) = {& € Box(0.B) : |lw(@)l| < [Br, ()"}

Recall that 74 := 7(I'g) is the growth exponent of I'g for a random g (i.e. |Br,(n)| ~ cxny,
see Corollary , that s is the nilpotency class of G and that Ay is the exponent appearing
in the above definition of (PUBy). We will show that if § > s + % one has

Z |Ew(B)] < 0.

WEFk,G

In view of the Borel-Cantelli Lemma, this is enough to conclude that G is Diophantine for &
letters. By Lemma[2.3|we know that if w is a word map on G, then it is polynomial of degree at
most s. Therefore, if it is nontrivial, we may apply Proposition [2| with f = w, B = Bgx (0, R)
and € = %{(w) "™ > 0 to get, assuming (PUBy)

I(w)~TkP —TpB+AL

1

3 B < (SE00) i),
lwllB

where the implied constants depend only on G, R and k. Therefore

S E@I< S iw)

weFy, ¢ wEFk g

We now split this infinite sum in annuli {w € Fj ;2™ < l(w) < 2™} noting that the size
of each annulus is bounded above by the size of the ball of radius 2™ in F}, ¢ and hence is a
O(2™). It follows that the series converges for every 8 > s + ‘3—: as desired. O

Remark 3.3. The proof shows that condition (PUBy) with exponent Ay implies that G is
Diophantine for words in k letters, with exponent s+ Ay /7. We will show later that the number
Ay can always be bounded above independently of k. As a consequence (see Proposition ,
for every 8 > s, every Diophantine s-step nilpotent Lie group is S-Diophantine on k letters if
k is large enough.

Remark 3.4. If G = R? then word maps are of the form (z1,...,z) — Zle n;x;, with
n; € Z, so condition (PUB) is clearly satisfied. More generally, one can see, e.g. using the
Campbell-Baker-Hausdorff formula, that word maps on rational nilpotent Lie groups have
integer coefficients in an appropriate basis, so those groups certainly satisfy (PUB), and hence
are Diophantine. This will also follow from the detailed analysis of condition (PUB) that we
describe in

3.2. An example: 2-step nilpotent groups. In order to motivate the discussion of the next
paragraph, we start by studying the case of 2-step nilpotent groups. We will show that all of
them satisfy condition (PUB) and hence are Diophantine. Note that this is not a particular
case of Remark above, as there exist non-rational nilpotent Lie groups of step two (see
Raghunathan, [Rag72, Remark 2.14, page 38]).
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Let G = (g, *) be a connected simply connected nilpotent Lie group of step 2, and let k£ € N.
As Fj, ¢ is nilpotent of step 2, by [MKS76, §5.1], any word map w € F, ¢ has a representative
of the form

(4) w=[]a I [l

i=1  1<i<j<k

We will show that |w||p := SUDgeB,. (0,1) lw(g)|| admits a uniform lower bound when w ranges

over the set of word maps on k letters on G. Clearly this will imply that G satisfies (PUBy)
and hence is Diophantine thanks to Proposition (3.2

The map w naturally induces a map on the abelianization, which under the identification
G ~ g and in view of is just @ : gF — g/g®?, (z1,...,25) — Zle e;z; mod g, If some
e; is non zero, then obviously the map is not uniformly small on Bgx(0,1) and ||w||p > 1.
If however all e;’s are zero, then the map can be written w : gF — 9(2),(x1,...,1:k) —
Zl§i<j§k; fij - [xs, z;], where f;; € Z. Fixing i < j and letting x,, be the identity for all indices
m except i and j, we see that [[w|p > |fijl sup, yep, 0,1 Iz, y]ll- Since the fi;’s are integers
and not all zero, we obtain the desired uniform lower bound.

With analogous elementary methods, one can also treat the case of 3-step nilpotent groups.
The idea, as in the 2-step case, consists in verifying that relations among word maps have to
be rational. In particular all word maps sit inside a lattice in the space of polynomial maps
g — g, and this yields the desired uniform lower bound on their norm. Unfortunately this
approach fails in step 6 and higher as we will demonstrate below.

We now turn to a more systematic study of the possible relations among word maps on a
nilpotent Lie group, which will allow us, in section [ not only to show that nilpotent groups
of step < 5 satisfy (PUB), but also to construct non-Diophantine nilpotent Lie groups of any
step > 6.

3.3. Laws on nilpotent Lie algebras and the Diophantine property. Our goal in the
remainder of this section will be to prove another characterization of the Diophantine property
for a nilpotent Lie group G in terms of the ideal of laws of the Lie algebra g (cf. Theorem
below). Recall that G is a connected simply connected nilpotent Lie group of step s. The
group Fj ¢ of word maps on k letters on G is by definition isomorphic to the quotient group
Fi s/ Ry s(G), where Fj, ¢ is the free nilpotent group of step s on k generators, and Ry, ((G) is
the group of laws of G in Fj, g, i.e. the normal subgroup of Fj, ; consisting of all (classes of)
words that are identically zero on G*.

For any ring R, we denote by Fj s(R) the free s-step nilpotent Lie algebra on the finite
set {x1,...,xx} over R. It is the quotient of the free Lie algebra by the ideal generated by
commutators of length at least s + 1. For R = R, we write Fj s = Fj, s(R). The group Fj, s
sits naturally as a lattice in (Fj s, %), the simply connected nilpotent Lie group associated to
the free nilpotent Lie algebra of step s over k generators. The precise connection between
group laws and Lie algebra laws is given by the following lemma. If r € Fj , is written as a
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sum of homogeneous components r = > | r;, each r; being a linear combination of brackets of
. 1 :

order %, then we set |r| := max{ ||r;||7, where || - || is a norm on Fy, .

Lemma 3.5. For each s € N*, there are positive integers C, D such that

o Ifwe Fy,, thenw(e,...,e%) = (1) for some r € Fy, o(Z) with [r| < D-l(w).
o Ifr € Fo(Z), then eCTO02k) = qp(eX1 ... &) for some w € F}, with l(w) < D - |r].

s 1
Proof. For the first item, one shows by induction on /(w) that w = =1 " where r; € Fy 4(Z)

is homogeneous of degree i and HrZH% < D -l(w). Here the a;’s are positive integers which are
fixed once and for all and independent of w. One picks the a; recursively in such a way that
aq ...a;_1b; divides a; for each i, where b; is the lem of the denominators of the coefficients
appearing in front of the brackets of order at most ¢ in the Campbell-Baker-Hausdorff formula.

The main point to observe is that due to this choice of a;’s if w = ezi ‘%z‘” for some r;’s then
e*iw remains of this form when applying the Campbell-Baker-Hausdorff formula.

The second item is proved by induction on the nilpotency class s. Suppose it holds when the
nilpotency class is < s, then write r = r—; + rg the homogeneous components of order < s and
order s respectively. From the induction hypothesis there is a word w<g of length < Dg_1]r|
such that for C' = Cy_1, eCr<s = w<s modulo commutators of order s in F} ;. It then follows
from the first item that eC'<s = w<seér;, where r}; is homogeneous of order s and in Fj, 5(Z).
Moreover |r,| < Dyl(w<s) < D2Jr|. Since r, and r}, commute, we have e€”" = w e"s+C*rs It
thus suffices to prove the assertion in the case when r = r/, is homogeneous of degree s. This
follows from two observations. First if ¢ is a commutator of order s in Fj, ;¢ with letters x;, then
e coincides with the group commutator of the same form in the letters e%’s. Denote by n the
least integer greater than |r|. The second remark is that every positive integer m < n® can be
written in base n as a sum of at most s terms of the form an’ for some integers i = 0,...,s—1
and a € [0,n — 1]. This shows that for every commutator shape ¢(xi,...,xx) one can write
€™ as a product of at most s group commutators in the variables (%), where |¢| < n. The
result follows immediately.

O

For future reference, we record the following observation, which was used in the proof: if r
in the second item of Lemma is a bracket commutator of order s and shape ¢(xi,...,xg)

(so that it belongs to f,gsl,, the ideal of homogeneous elements of degree s in Fj, ), then the
associated word w € Fy ’given by the Lemma can be taken to be the commutator of order
s with exactly the same shape (e.g. if r(xi,x2) = [x1, [x1,x2]], then w(g1, 92) := (g1, (91,92))
works, where (a,b) = aba='b~! is the group commutator). This is a simple consequence
of the Campbell-Baker-Hausdorff forumla (see after Prop. above). Conversely, given a
commutator word w of order s, we have w(e*,..., e**) = e 1%k) for all x;’s in Fl,s, where
r is the bracket commutator of the same shape.

In particular, if r belongs to F, (2, the i-th term in the central descending series of Fj g,
(4)

Similarly, if r belongs to D(®) (Fk,s), the i-th term in the derived series of Fy, s, then w can just

then w can be chosen to belong to F; "/, the i-th term in the central descending series of FJ.
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as well be taken to belong to the i-th term in the derived series of Fj;. And conversely the
same holds in the opposite direction, i.e. given w in F]gi) (resp. DW(F})), we may find r in
]:,gg (resp. DU (Fy ) satisfying the conclusion of the first item in Lemma

Lemma [3.5] is fairly standard. We added a proof for the reader’s convenience. More infor-

mation on this topic and on the geometry of nilpotent groups, is contained in Tits’ appendix
to [Gro81] and in the second author’s paper [Brel §2].

If g is an arbitrary real nilpotent Lie algebra with nilpotency class < s, for each X =
(X1,...,X};) € gF, there is a unique Lie algebra homomorphism #x : Fk,s — @ such that for
each i, O0x(x;) = X;.

Definition 3.6. The ideal of laws on k letters on g is defined to be

Lys(g) = ﬂ ker 0x.
Xegk

The quotient F, s/ Ly s(g) is the relatively free Lie algebra in the variety of k-generated Lie
algebras associated to g.

Proposition 3.7. The set Ly, (g) is a fully invariant ideal of Fy, s, i.e. Ly s(g) is an ideal of
Fh,s, and it is stable under all Lie algebra endomorphisms of Fy . Conversely, if L is a fully
invariant ideal of Fy, s there exists a nilpotent Lie algebra g with nilpotency class < s such that

Ek,s (g) =L.

Proof. By definition, Ly, s(g) is the intersection of all ideals ker 0x, so it is itself an ideal. Let
¢ be a Lie algebra endomorphism of Fj, 5. For each i in {1,...,k}, denote r; = ri(xq,...,xx)
the image of x; under . For X € gF, with a slight abuse of notation, we set ¢(X) :=
(ri(X),...,r(X)). The homomorphism of Lie algebras x o ¢ : Fj s — g maps each x; to
r;(X) and therefore,
Ox op = Qv(x).

This shows that Ly s(g) is stable under ¢.

Conversely, if £ is any ideal of the free Lie algebra Fj ,, the ideal of laws in £ letters of
the quotient Lie algebra Fy, /L is the smallest fully invariant ideal of Fj, s containing £. In

particular if £ is a fully invariant ideal of F, 5, then the ideal of laws of the quotient Lie algebra
Fi,s/ L is exactly L. O

Definition 3.8. The ideal of rational laws on k letters on g is defined to be the real vector
space Ly, s(g)q generated by Ly s(g) N Fi s(Q). It is also a fully-invariant ideal of Fy, .

Denoting by (g, *) the simply connected Lie group associated to the Lie algebra g, we have
the following.
Proposition 3.9. The group of word maps Fj, ¢ naturally embeds into two Lie groups:

o [t s a finitely generated subgroup of (Fi s/Ly s(8),*).
o [t is a lattice in (fhs/ﬁk,s(g)Qa *).
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We defer the proof to later in this section. The discrepancy between Fy s/Ly s(g)q and
Fi,s/Lrs(g) lies at the heart of the property of being Diophantine for G. We have a natural
epimorphism of real Lie algebras:

(5) A ]:k:,s/'ck,s(g)Q — ‘Fk,s/[’k,s(g)'

Before we state the main result of this section we require one more definition.

Definition 3.10. (Diophantine subspace) Let V' be a finite-dimensional Q-vector space and
choose a norm || - || on V(R). A real subspace L of V(R) is said to be Diophantine in V if
there are constants C, A > 0 such that

d(v,L) > C - [l
for every v € V(Z) \ L.

Example 3.11. (Subspaces defined over a number field) Let K < R be a finite field extension
of Q. If L has a basis made of vectors in V(K), then L is a Diophantine subspace of V. Indeed
L is also the intersection of the kernels of linear forms 1, . .., £codim 7, on V which are all defined
over K and we are left to verify that |¢;(v)| > |jv||~* for each v € V(Z) \ {ker¢;}. This is
of course well-known, and can easily be verified from the product formula h(z) = h(z~!) and
the height bounds h(zy) < h(x) + h(y) and h(x + y) < h(z) + h(y) + log 2, where h(z) is the
absolute Weil height for the algebraic number z (cf. [BG06]).

We now have:

Theorem 3.12. Let G be a connected simply connected nilpotent Lie group with Lie algebra
g and k > 1. The following are equivalent:
(1) The group G is Diophantine for words in k letters.
The group Fy, ¢ is Diophantine as a subgroup of (Fi s/Ly s(8),*).

)
(2)
(3) The ideal of laws Ly s(g) is Diophantine in Fi 5.
(4) ker A is Diophantine in Fy, s/Lk s(8)Q-

Note that the condition that Fj, ¢ be a Diophantine subgroup of (Fj s/Ly s(g),*) (i.e. con-
dition (2) in Theorem is just a reformulation of (PUBy). Indeed by Lemma for
each word map w € Fj, ¢, there is an element r,, € Fj s/Ly s(g) such that w(g) = e« logg)
with [(w) S [|rw|| S H(w)* and supp_, 0.1) [w(g)ll = SUPxeB ;. (0,1) [[rw(x)[| is & norm on the Lie
algebra Fj, /Ly s(g). All norms are equivalent, so (PUBy) (as formulated in Definition
precisely means that Fj, ¢ is Diophantine.

We are now ready to prove Proposition [3.9 and Theorem [3.12]

Proof of Prop. [3.9. As follows from Lemma Fj s is a lattice in (Fj s, %). Moreover the
kernel of the natural group homomorphism Fj s — (Fj,s/Lk,s(9),*) coincides with Ry, ¢(G).
Hence Fj, ¢ = Fj, s/ Rk s(G) is naturally a subgroup of (Fj /L s(g), *).

Similarly Lemma implies that Ry s(G) is a lattice in (Ly s(g)qQ,*). This implies (see
[Rag72, Lemma 1.16, page 25|) that F, /Ry s(G) is a lattice in (Fj s/ Ly s(9)Q, *)- d
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Proof of Theorem[3.13. We just observed that (2) is a reformulation of (PUBy). Hence Propo-
sition shows that (1) and (2) are equivalent.

If W <V are finite-dimensional Q-vector spaces and L is a real subspace W(R) < L <
V(R), then it follows easily from Definition that L is Diophantine in V' if and only if
L/W is Diophantine in V/W. This yields the equivalence (3) < (4).

We now prove the equivalence (2) < (4). Let N := (Fjs/Lks(9)q,*) and the discrete
lattice I' :== F}, /Ry, s(G) inside it. Let L := ker A. We need to prove that I' is Diophantine
in N/L if and only if the Lie algebra Lie(L) is a Diophantine subspace Lie(N) in the sense of
Definition [3.10] This again follows easily from Lemma and the Campbell-Baker-Hausdorff
(CBH) formula. Indeed, if " is not Diophantine in N, then for every A > 0 there are words w
such that w(xy,...,xg) = e"e’, where u, € Lie(N) \ {0} is very small, i.e. |Ju,| < I(w)™4,
and ¢ € Lie(L). By Lemma this implies that there are integer points r € Lie(N)(Z) with
Ir] < I(w)® such that e = e“UweCt for a constant C. Applying the CBH formula, using
the fact that Lie(L) is an ideal, we see that ||r — C¢|| < ||r||~*/#, showing that Lie(L) is not
Diophantine as a subspace of Lie(/N). The reverse direction is similar and we omit it. g

Remark 3.13. Note that the proof shows that if £y, s(g) is Diophantine in F}, ¢ with exponent
A, then G satisfies (PUBy) with exponent Ay = sA, and therefore, by Remark G is
Diophantine in k letters with exponent s + %.

3.4. Nilpotent Lie groups defined over an algebraic number field. A real Lie algebra g
is said to be defined over a proper subfield K < R, if one can find a basis {Xi}glzl such that the
associated structure constants of g (that is the numbers c¢;j, such that [X;, X;] = Zzzl ik Xk)
belong to K. We will also say that the associated connected simply connected nilpotent real
Lie group is defined over K when its Lie algebra is so.

One readily checks that if the s-step nilpotent Lie algebra g is defined over K, then its
ideal of laws Ly s(g) is also defined over K. The following is then a direct consequence of

Theorem B.12

Corollary 3.14. If G is a connected simply connected nilpotent Lie group defined over a
number field K ([K : Q] < 00), then G is Diophantine.

Proof. The ideal of laws Lj(g) is defined over the number field K, and therefore, by Exam-
ple it must be Diophantine. Theorem [3.12] then implies that the group G is Diophan-
tine. 0

3.5. Connected, but non-simply connected nilpotent Lie groups. We explain here
how the above can be adapted to handle non simply connected connected nilpotent Lie groups
G as well.

Let G be the universal cover of the connected nilpotent Lie group G, so that G = G /Z,
where Z is a discrete subgroup of G contained in its center. The group Z is a torsion-free
abelian group, say of rank r.
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A first observation is that the groups of words maps Fj ¢ and F) = are naturally isomorphic:

indeed every law on G must also be a law on G because Z is discrete in G. Second we prove
the following:

Theorem 3.15. Let G be a connected nilpotent Lie group and G its universal cover. Then G
is Diophantine on k letters if and only if G is Diophantine on k letters.

Proof. One direction is obvious: if G is Diophantine, then so is G. In the converse di-
rection, we use the characterization in terms of the property (PUBj) of Proposition
and modify the Borel-Cantelli argument used in the proof of this proposition. What needs
to be estimated is the Haar measure of the sets E. (8) := {g € Bz(0,R);d(w(g),Z) <
’BF,Q,G(”)|_5}~ This splits into a union of at most O(I(w)"®) subsets of the form E/ (8, z) :=
{g € Ba (0, R); ||z w(g)|| < |Br, ¢ (n)| =P} for z € Z\ {0}. Since Z is discrete, the quantity
SUPge By (0,R) |z"'w(g)|| is bounded away from 0 uniformly in z # 0. Applying the Remez-

1w (g) and using condition (PUBy,)

type inequality (Prop. [2.8) to each polynomial map g + 2~
for G, we obtain

EL(B)] < LB, 0)| + ST IEL(B, 2)| < U(w)™ ™55 + 1(w)™1(w)~
z#0

and the series converges as soon as § > s+ %}f’flk}. We conclude that G is Diophantine. [

4. FULLY INVARIANT IDEALS OF THE FREE LIE ALGEBRA Fy

In this section, we complete our study of the Diophantine property for nilpotent Lie groups
and explain the connection between the Diophantine property for s-step nilpotent Lie algebras
and the absence of multiplicity in the ideal of laws L s viewed as a module over SL;. We
then complete the proof of the results stated in the introduction.

4.1. Fj s as an SLi-module. Recall that Fj, denotes the free Lie algebra on k generators and

Frs = ]:k/]:]gsﬂ) the s-step free nilpotent Lie algebra. Here ]:]51) denotes the i-th term of the
central descending series of Fj. The ring End Fj, ; of Lie algebra endomorphisms of Fj , acts
naturally on F, s, so that F, ¢ has a structure of an End F, ;-module. An End Fj-submodule
of Fj s is called a fully invariant ideal of Fy, .

Below we will show that for £ > 3 (resp. k = 2) for all s > 6 (resp. s > 7), there exists
a fully invariant ideal of Fj, s(R) which is not Diophantine. By Theorem this will show
existence of non-Diophantine nilpotent Lie groups.

The group SLj acts on Fj s by linear substitution of the free variables, and thus embeds
naturally in End F, ;.

For s > 1, we denote F, ,ES] the subspace of 7}, 5 consisting of homogeneous elements of degree

s. Note that f,[j} is stable under the action of SL; and that a vector subspace V < ]-',ES] is
invariant under the action of SLy, if and only if it is a fully invariant ideal of 7}, 5. So in order

to build fully invariant ideals in Fj s we can look for SLj-invariant subspaces of ]-",[cs]. Our
first observation is the following.
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Lemma 4.1. (complete reducibility) The SLy-module ]-',[:] is completely reducible, i.e. there
are positive integers n; such that
l

A=,

=0
where each V; is an irreducible highest-weight SLj-module defined over Q and V; % V; if i # j.

Proof. This follows Weyl’s complete reducibility theorem. See Serre [Ser06l, Part I, Chapter 6,
§3]. O

4.2. Multiplicity and Diophantine submodules. We now want to find under which condi-
tion F, ,ES] (R), the subspace of Fj, s(R) consisting of homogeneous elements of degree s, admits a

non-Diophantine S Lg-submodule. Say that F, ,E,S] (R) is multiplicity free if in the decomposition

given by the above lemma, n; = 1 for all . If not, we say that f,Ls](R) admits multiplicity.
The following simple observation is key to our proofs:

Lemma 4.2. Let k,s € N.

(1) If f,[j}(R) is multiplicity-free, then it has only finitely many SLy-submodules, all of
which are defined over Q, and hence Diophantine.
(2) If ]-",Ls] (R) admits multiplicity, then it has a non-Diophantine S Ly-submodule.

Proof. 1f .FIES] (R) is multiplicity free, then, using notation of Lemma we see that every
SLj-submodule V' has the form V = @,.; V; where I C {1,...,n}. This certainly implies
that they all are defined over Q. Example [3:11] then shows that they are Diophantine.

Conversely, suppose .FE] admits multiplicity. Without loss of generality, we may assume n; > 2

so that f,&s] admits a submodule of the form Vi @ VY, with Vi ~ V/| both of them being defined
over Q as subspaces of Fj. Fix an isomorphism « : V4 — V{ mapping Vi NFi(Z) to V] NF(Z).
Then choose some Liouville number A € R — i.e. some number such that the inequalites

(6) 0<n=Lj<go
q
have infinitely many integer solutions in (p,q) — and define
Ly={z+Xa(z):2 € V1} C f,[gs](R).

This is an SLg-submodule of f,gs] (R), which we claim to be non-Diophantine. To see this,

take a non zero vector z € Vi N Fi(Z), and let, for p,q € Z, r, , := qx + pa(x) € f,gs](Z).
Then, for p, g large enough in the set of solutions to @, we have

() 0<dltpg L) < llaws + palar) — gl + Aala)]| < Ip - aMllate)| < g7°.

As |Irp 4]l < g, this proves what we wanted. O
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4.3. Applications. As we explain in the appendix, using Witt’s Character Formula for the

free Lie algebra, one may determine precisely when the SLi-module .FE] is multiplicity-free.
The conclusion is the following (Theorem [A.2]):

Theorem 4.3. The SLj-module ]—",LS] 1s multiplicity-free if and only if s <5 when k > 3 and
if and only if s < 6 when k = 2.

This will allow us to derive Theorems [[.3] and [[.5] announced in the introduction.

Theorem 4.4. Fiz an integer k > 3 (resp. k =2).
(1) Ewvery connected nilpotent Lie group of step s < 5 (resp. s < 6) is Diophantine on k
letters.
(2) For every s > 6 (resp. s > T), there are s-step nilpotent Lie groups which are not
Diophantine on k letters.

Proof. We only deal with the case k > 3, because the case k = 2 is entirely analogous. Let GG
be a connected nilpotent Lie group of step s < 5. From Theorem [3.12 it suffices to show that
Ly s = Ly s(g) is Diophantine in Fj, 5. Now Ly s is a fully invariant ideal of Fj,  and therefore

can be decomposed as
Les =D LY

r>1
where 4:15 is the set of elements of L s of homogeneous degree r. For each r, EE:]S is an
S Li-submodule of }'ILT}S. Combining Lemma and Theorem [A.2] we get that for each r < 5,

4:]5 is defined over Q. Thus, Lj, s is defined over Q and hence Diophantine. This proves the
first part of the theorem in the case k > 3.

Now let £ > 3 and s > 6. From Theorem m and Lemma we may find in ]:,[:](R) an
S Li-submodule L that is non-Diophantine as a subspace of Fj, ;. This is a fully invariant ideal
of Fj s which is not Diophantine. Let G be the connected simply connected Lie group with

Lie algebra Fj, /Ly 5. Then G is s-step nilpotent, and its ideal of laws on k letters is Ly, 5 so
that by Theorem G is not Diophantine. U

The proof of Theorem [I.5] follows similar lines, the only new input is the fact, proved in
Lemma [A 9 below, that the free metabelian Lie algebra is multiplicity-free as an S Ly, module.

Theorem 4.5. Every connected nilpotent metabelian Lie group is Diophantine.

Proof. Let G be such a Lie group with nilpotency step s and let g be its Lie algebra. Let
Ly, = Li(g) the ideal of laws on k letters in g. Since G is metabelian, for each r, [,E;] contains
Mg} (see the notation of Lemma . It then follows from this lemma that EE:] is equal either
to ME:] or to f,[:]. In particular it is defined over Q. Hence so is Ly, s(g) in F s. By Example
it must then be Diophantine in Fj, s and Theorem implies that G is Diophantine. [J

Remark 4.6. Observe that the non-Diophantine nilpotent Lie groups constructed in Theorem
in step s = 6 (or s = 7 if k = 2) are solvable of derived length 3 (indeed D3(F}) C ]_-IES)).
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We can now build a non-Diophantine solvable but not nilpotent group.
Theorem 4.7. There exists a non-Diophantine solvable Lie group which is not nilpotent.

Proof. Fix s > 7. Denote My = D?(F}) the second term of the derived series of Fj. From
Theorem in the appendix, we know that ]_.2[5] admits multiplicity. By Lemma this
implies that in fact M[;] has multiplicity. From there, using a Liouville number as in the proof
of Lemma, we build an SLy-submodule £ of M[ZS] and a sequence (rp)p>1 of elements of
M[QS](Z) such that ||r,|| — oo and for each n,

(8) 0 < d(tn, £) < [[ra 11",
By Lemma we may obtain from (r,) a sequence of words in two letters
(s+1)
wy, = ™ mod e”2

with I(wy,) < C - |[ry]|®. Moreover, given that the r,’s are in My, it follows from the remark
made right after the proof of Lemma that the w,’s can be chosen in My = D?(Fy), the
second term of the derived series of the free group F5. This implies in particular that for
any metabelian group M, all word maps w,, ps are trivial. Now take M any metabelian non-
nilpotent Lie group — e.g. the group of affine transformations of the real line — and let N
be the connected simply connected nilpotent Lie group with Lie algebra Fo /(L ® .7:2(S+1)). Let
G := M x N. The word maps wy, ¢ are trivial on M x {1}, and therefore, the bound (8] shows
that for any 5 > 0,

0< sup d(wn(g),0) < 4~) < |Br (I(wn))|".
gGBGQ(O,l)

This shows that G cannot be Diophantine, and of course G is solvable non-nilpotent. O

5. CONCLUDING REMARKS

5.1. Baire category genericity. We prove here Theorem[I.7] It is well-known that although
almost every real number is Diophantine, there is a Gs-dense set of real numbers which are
not. So topological and measure-theoretic genericity are very different notions. For k-tuples
on nilpotent groups a similar phenomenon takes place:

Proposition 5.1. Let G be a connected nilpotent real Lie group. If k > dim G/|G,G], then
there is a Gs-dense set D in G* of k-tuples which are not Diophantine.

For the analogous result on SU(2) see |[GHST09]. In fact D can be chosen so that the
k-tuples in D are as non-Diophantine as possible, namely the speed of an approximation to 1
by a word of length n can be arbitrarily fast in n. The proof is based on the following lemma.
Recall that F}, ¢ is the relatively free group on k generators associated to G (see .

Lemma 5.2. If there is a dense subset Dy of GF such that for each g € Dy the induced natural
map Fj, ¢ — G is not injective, then there is a Gs-dense set D of non-Diophantine k-tuples.
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Proof. Let wg € Fy, '\ {1} be such that wg(g) = 1. Then w ' (1) is a proper analytic subvariety
of G*. In particular for every integer n > 1, the subset O,, & := B(g, e ")) \wg_l(l) of the
open ball B(g, e_”l(‘“g)) is open and its closure contains g. Set D := N;,>1 Ugep, Ong- O

Proof of Prop. [5.1. Note that we may assume that G is simply connected. Let ¢ € .FE]S be a
commutator of length s not belonging to the ideal of laws Ly, s(g). Let Dy be the set of k-tuples
(z1,...,21) in G* such that (z1,...,25_1) span g modulo g® (via the identification G ~ g),
and such that z, lies in the Q-span of (z1, ..., z;_1) modulo g®. Since k > dim g/g(® this set
is clearly dense in G*. By definition of Dy, and using the multi-linearity of ¢, if g € Dy, then
there are integers n; € Z with ny # 0 such that nge(xq, ..., z5) = Zfz_ll NiC(T1y .oy T, Ti).
However viewed as an element of Fj, 5, the quantity

k-1
T(Xl, N ,Xk) = nkc(xl, N ,Xk) — Znic(xl, NN 7Xk—17xz‘)
i=1

does not belong to Ly, s because the sum of the £ — 1 terms on the right hand side does not
depend on xg, while the term on the left hand side does. By Lemma [3.5 e” is a word w in
the ei’s and it does not vanish entirely on G* although it vanishes at the point (z1,...,).
Hence Dy satisfies the requirements of Lemma [5.2] and we are done. ]

If G is not Diophantine, then a much stronger statement holds:

Proposition 5.3. Let G be a connected nilpotent Lie group, which is non-Diophantine for
k-tuples. Then there is a word map w € Fy ¢ \ {1} such that all k-tuples g € G* such that
w(g) # 1 are non-Diophantine. In particular there is an open dense subset of G¥ made of
non-Diophantine k-tuples.

Before giving the proof we make the following observation.

Lemma 5.4. Let F be a finitely generated subgroup of a connected s-step nilpotent Lie group
G and T < F a subgroup. If min{d(x,1); 2 € TN Bp(n)\ {1}} < n=4 for all A >0, then T
s non-Diophantine in G.

Proof. As is well-known every subgroup of a finitely generated nilpotent group is finitely
generated, so it makes sense to require that I' be non-Diophantine as a subgroup of GG, or not.
We claim that the word metric on I' is bounded above by a fixed power of the trace on I' of
the word metric coming from F, namely ¢r(v) < O(¢r(y)®). Clearly this implies the lemma.
To see the claim let M be the Zariski closure of I' in the Malcev closure N of F. It is a
connected and closed subgroup of N ([Rag72, 11.2.5, 11.2.6]). Given a norm ||z|| on the Lie
algebra of N, any homogeneous quasi-norm |- |y on N satisfies c|z|y < ||z|| < Clx|} (|Brel
Example 2.3]) for some positive constants ¢, C' > 0 assuming ||x|| > 1 say. Also the same holds
for a homogeneous quasi-norm |- |5y on M if € M. The ball-box principle (see e.g. |Brel
Proposition 4.5] applied to the distance on N induced by the word metric on F' [Bre, Example
4.3 (1)]) tells us that |- |y and ¢r (resp. |- |am and ¢r) are comparable up to multiplicative
and additive constants. The claim follows. O
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Proof of Proposition[5.3 Let N be the simply connected Lie group (Fj s/Lk s(g),*). Recall
(see Prop. that Fj ¢ is a lattice in (Fks/Lks(9)q,*) and that it embeds into N via
the natural Lie homomorphism p : (Fjs/Lrs(9)q,*) — N (associated to the Lie algebra
homomorphism A of ) By Theorem @, p(Fj,c) is a non Diophantine subgroup of N. Let
I' < Fj, & be a subgroup of the form I' = p~" (p(F}, ) N L), where L is a connected subgroup of
N, which is such that p(T") is non-Diophantine in L. Choose I" so that L has minimal possible
dimension. Pick w € T'\ {1}.

Now let g € G* be a k-tuple such that w(g) # 1. The choice of g induces a homomorphism
¢g : Frc — G, which extends by Malcev rigidity [Rag72, Theorem 2.11] to a Lie group
homomorphism from (Fj, s/Ly s(g)qQ, *) to G, which factors through N via p. This yields a Lie

group homomorphism ¢g : N — G. Now the main point is the following simple consequence of
the above lemma : if a finitely generated non-Diophantine subgroup of a nilpotent Lie group
maps to a Diophantine subgroup under a Lie group homomorphism, then its intersection with
the kernel is already non-Diophantine. In our case p(I') is non-Diophantine, so its image in
G must also be non-Diophantine unless ker;b; N p(I") is non-Diophantine. By minimality of
dim L, if this happens, then L < ker ¢g and so ¢g(I') = 1. However this is impossible because
we assumed that w(g) # 1. We conclude that ¢g(I') is non-Diophantine in G and hence so is
the k-tuple g. O

5.2. Dependence in k of the Diophantine exponent. We gather here a few additional
remarks about the Diophantine exponent (3, prove Theorem and mention some related
open problems. First we have the following simple observation.

Remark 5.5. Let G be a connected real Lie group G. The set of integers k£ > 1 such that G
is Diophantine on k letters is an interval [1, ko], where kg is either a finite integer (in case G
is not Diophantine) or +o0 (in case it is). This is clear given that if a k-tuple (si,...,sg) in
G is Diophantine, then any subtuple is again Diophantine. The following result is Theorem
from the introduction. It shows that for any integer kg > 1, one may construct a nilpotent
Lie group G that is Diophantine on k letters if and only if k € [1, ko). We thank A. Gamburd
for raising the question of the existence of such a Lie group G.

Theorem 5.6. For any integer kg > 1, there exists a connected nilpotent Lie group G such
that G is Diophantine for words on kg letters, but non-Diophantine for words in ko+ 1 letters.

Proof. If ko = 1,2, we may conclude using Theorem [£.4} any connected nilpotent Lie group
of nilpotency step 7 (resp. 6) that is non-Diophantine on 2 (resp. 3) letters will do.
Now assume ko > 3. Let s = ko + 3. By Corollary the Young diagram with s boxes and

ko + 1 rows of shape X\ :=(2,2,1,...,1) occurs with multiplicity in ]:l[ci]—i—l s Take Ey and E»

defined over Q, and let
L=A{(x,\z) € Ey & Ey;x € E1},

for some Liouville number A. Finally, define G to be the connected simply connected nilpotent
Lie group with Lie algebra Fj,+1,s/L. The ideal of laws of G over kg + 1 letters is just £, and
it is non-Diophantine in Fj,11 . Hence G is non-Diophantine for words on kg + 1 letters, by

two copies of E* in ]:,[;}Jrl s
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Theorem 312

We claim that the ideal of laws of G over ky letters is {0}, and in particular is Diophantine.
This will show that G is Diophantine for words in kg letters by Theorem[3.12] To see the claim,
observe that the ideal of laws Ly, s(Lie(G)) on ko letters is homogeneous, so if it is non-zero
it must contain a weight vector (for the diagonal action (xi,...,Xg,) = (£1X1, .. ., tkgXk)), SAY
re=r(Xi,...,Xg) € Fiy,s, which, being a law of Lie(G), must belong to £. The weight of
r is of the form (uq,...,ux,). However Theorem below shows that the dimension of the
subspace of £ ~ E* made of vectors of weight (uq,... , Uk,) is the number of semi-standard
tableaux of shape A having each number ¢ = 1,..., kg occurring w; times. In particular such
a tableau has at most kg distinct entries. But A has kg + 1 rows, and entries are strictly
increasing in each column of a standard tableau. Hence any semi-standard tableau of shape A
must have at least kg + 1 distinct entries. This contradiction proves the claim. O

We will prove here two related results. First we show that if G is s-step nilpotent and is
not Diophantine on k letters for some k& > 1, then it is not Diophantine on s letters already.
In other words:

Proposition 5.7. An s-step nilpotent Lie group G is Diophantine if and only if it is Dio-
phantine on s letters.

Proof. Let k > s. In view of Theorem and the above remark we are left to prove that £y
is Diophantine in F, ¢ if £, ¢ is Diophantine in Fy 5. For each set B of at most s letters amongst
X1,...,X; consider the subspace Vg of F ; spanned by the commutators whose set of letters
occurring in them is precisely B. The Vp’s are in direct sum, span Fj, s, and they decompose
further into weight spaces for the diagonal action (t1,...,txk) c(X1,...,Xg) := c(t1X1, - . -, tkXg)
on Fi s. The weights occurring in Vg are of the form (nq,...,nx) € N*, where n; # 0 if and
only if x; € B. The fully invariant ideal £}, 5 also decomposes as a direct sum of weight spaces,
and Ly s = ®pLy,s N V. Observe that for each set B of s letters ©p/-pVps is isomorphic
to Fss and @prcpLlys N Vp to L. The result is now a direct consequence of the following
lemma. O

Lemma 5.8. Suppose V is a finite dimensional Q-vector space and V; <V are Q-subspaces
such that V= &;V;. Let L < V(R) be a real subspace such that L = &;L NV;(R). Then L is
Diophantine in V(R) (with exponent A > 0) if and only if each L N V;(R) is Diophantine in
Vi(R) (with same exponent A).

Proof. This is easily verified since for some choice of norm on V(R), [|[v — || = max{||v; —

Lill} O

It is worthwhile to stress that the argument above shows that if A = Ay is the exponent
making L, ; Diophantine in F s (see Definition [3.10)), then Ly, 5 is again Diophantine with the
same exponent as a subspace of Fy ., for all k > s. Here is an immediate consequence of this

and of the proof of Proposition

Proposition 5.9. Let G be a Diophantine s-step nilpotent Lie group. Then for every [ > s
there is kg > 1 such that G is B-Diophantine for k-tuples for each k > ky.
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Proof. Let Ay, be the Diophantine exponent of Ly, 5(g) in Fj s, and 7 the growth exponent of
Fi.c (see § for notation). By Remark the group G is B-Diophantine for k-tuples if
B>s+ %. We just observed that for any k > s, we have Ay < Ay; as the growth exponent
T goes to +00 as k — 400, the result follows. O

Finally in the opposite direction, using a simple pigeonhole argument, we show that
cannot be too small.

Proposition 5.10. Let G be an s-step nilpotent Lie group with Lie algebra g. Let dg be the
dimension of the last step g'®. For every e > 0 there is ko > 1 such that if, for some k > ko,
G is B-Diophantine for k-tuples, then 8 > dis — €.

Proof. Let e; be the rank of the i-th successive quotient in the central descending series of
Fi, . Then since Fj ¢ is a lattice in Fj, /Ly s(g)q (see Prop. [3.9), e; is the dimension of
f,gi]s/ﬁl[:]s(g)q foreachi=1,...,s. But E%}S(g)q is an SLj-submodule of Fj, ¢ for the action
by linear substitution of the variables. And by Corollary [A74] each irreducible SLj-module
appearing in .7-',[;] has its dimension equal to a polynomial of degree i in k, when k > s. The

number of irreducible modules that may appear in ]:,[:] is bounded in terms of 4 only, so each
e; is bounded above and below by a polynomial of degree ¢ in the variable k. With some extra
work it can be shown that e; is a polynomial in & when k > s, but we will not need that.
Now the Bass-Guivarc’h formula tells us that 7, — ses is a linear combination of the
e, © < s. Hence it is bounded above by a polynomial in k& of degree at most s — 1. In
particular limy_, | % = 1. Now there are roughly n** word maps in the word ball of F} ¢

with radius n that lie in F,is}G For a given k-tuple the images of these word maps lie in GI*/
and are at (left-invariant Riemannian) distance O(n) from the origin. Hence they lie in a part
of GI¥ of measure O(n*%), because their norm in Lie(G) is of order O(n®) (by the ball-box
principle, e.g. see |Bre, Prop. 4.5]). By pigeonhole there must be a word of length < 2n

lying at (Riemannian) distance < n~*(@& Y from the origin. Letting k tend to +o0o the result
follows. O

For a Diophantine s-step nilpotent Lie group G, we can set
Br := inf{B > 0; G is S-Diophantine for k-tuples}.

The above discussion shows that

di <liminf S, <limsup fx < s

S

where d, = dim G[¥). At first glance it may seem surprising that these bounds hold for every
Diophantine nilpotent group regardless of the Diophantine exponent A, of Ly s(g) in F .

It seems plausible that limy, 8 exists and is > 0 for every Diophantine nilpotent Lie group.
This can be verified in certain cases. For example, a Borel-Cantelli argument can be used to
prove that the critical exponent for the 3-dimensional Heisenberg group is S := 1 — % — k%
In this case for any 8 < B almost every k-tuple is not 8-Diophantine. It would be interesting
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to compute exactly the critical exponent say for all nilpotent Lie groups defined over Q. We
plan to address some of these issues in a subsequent paper.

5.3. Speed of equidistribution. In [Brel(] the second named author proved that finitely
generated dense subgroups of connected nilpotent Lie groups are equidistributed. However no
rate of convergence was derived. In part because of the use of ergodic theory through Ratner’s
theorem in the proof. Of course no good error term is to be expected for general dense
subgroups. Indeed even when G = R, the 2-generated subgroup Z + A\Z is equidistributed
(Weyl) but no rate can be expected if say A is irrational and yet extremely well approximable
by rationals. It seems likely however that Diophantine dense subgroups are equidistributed
with some (polynomial) rate (this is true for R by a standard Fourier argument), and perhaps
this is even true for random subgroups in any nilpotent Lie group, Diophantine or not. This
can be compared with the situation in SU(2), where we expect (cf. Sarnak’s spectral gap
conjecture) that every (as opposed to almost every) k-tuple equidistribute with a good rate.
In this case, in stark contrast with the nilpotent case, we know by work of the second named
author [Brelll Corollary 1.11] that every k-tuple satisfies a weak form of the Diophantine

property.

5.4. Almost laws. In showing that there are non-Diophantine nilpotent and solvable Lie
groups, we proved that there are sequences of words w, on k-tuples which are not laws of G
but behave like almost laws in that for every compact subset K of G*, w, (K) — 1 very fast.
We informally call such words almost laws. If G is any algebraic group defined over Q, then
picking a non zero rational point it is easy to see that an almost law cannot shrink every fixed
compact set faster than exponentially fast (in the length [(w,) of the word) for a general G,
and faster than polynomially fast if GG is nilpotent. It may be of interest to observe that the
well-known shrinking property of commutators near the identity in any Lie group G, implies
that the sequence of iterated commutators w41 = [wy,, wy—1] shrink a fixed neighborhood of

1 at speed e V) Note that in [Thol3] a construction is given of a sequence of almost laws
wy, such that w,(G*) — 1 for every compact group G. We end with the following question,
say for G = SU(2) : can one find a sequence of words w,, such that w,(G*) C B(1, e (wn))
for some ¢ > 0 as l[(w,) — 400 7

APPENDIX A. THE FREE LIE ALGEBRA VIEWED AS AN SLj-MODULE

In this appendix we recall Witt’s formula for the dimension of the weight spaces of the free
Lie algebra on k generators. Then we use this formula to decompose the free nilpotent Lie
algebra on k generators and step s into irreducible S Lg-modules for small values of k and s.
We also determine precisely for which values of k and s this decomposition is multiplicity-free.
As we saw in Section [4] this is key to proving that nilpotent Lie groups in step at most 5 are
Diophantine and to build counter-examples in higher step.

A.1. Witt’s formula. Throughout the appendix, F; denotes the free nilpotent Lie algebra
on k generators over a field K of characteristic zero (not necessarily R as in the rest of the

paper). Let ]:,[:] be the subspace of elements of homogeneous degree s in Fi. The group
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SLy := SLi(K) acts naturally on ]-',[:] by linear substitution of the free variables. Let A be
]

the diagonal subgroup of SLj. The representation .7-"}; splits as a direct sum of weight spaces:

Fl=eo v
where V() is the weight space associated to x € A*. The weights are multiplicative characters
on A. Given non-negative integers ni, ..., ng, let £(nq,...,nx) be the dimension of the weight
space with weight
(9) X(ni,...,ng) * @ = Ha?ia

i

where a € A is the diagonal matrix diag(az, . .., ax). We will often abbreviate x5, ... n,) Simply
by (n1,...,ng).

In 1937 Witt proved (JWit37, Satz 1]) what is now known as the Poincaré-Birkhoff-Witt
Theorem about Lie algebras and their universal enveloping algebras. In his third theorem
[Wit37, Satz 3], he deduces from it two dimension formulas. The first gives the dimension of

7.

S 1 s
(10) dim Fl*l = SOIACLLE
d|s

where p(d) is the Mobius function. By Mobius inversion, this formula is equivalent to:

(11) S ddimFT =
d|s
The second formula of Witt refines the first and gives the dimension of the homogeneous
components. It can be stated as follows.

Theorem A.1 (Witt’s Character Formula for the free Lie algebra). Let ni,...,ni be non-
negative integers. The dimension £(nq,...,ny) of the weight space with weight (nq,...,ny) for
the SLy-action on the subspace ]-",LS} of commutators of order s in the free Lie algebra on k

generators 1s:
1 (3)!
(na,m) == Y ) 3

(e
" dlged(na..mn) () ()

where n =n1 + ...+ ng.

In the above formula u(d) is the Mobius function. By Mobius inversion, the formula is
readily seen to be equivalent to:

S Lgm (Cini) —1)!
m’ ' m nyl- ... nyg!
m|ged(ni,...,nk)

for all choices of non-negative integers nq, ..., ng.
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For the reader’s convenience, we reproduce Witt’s proof below following Serre’s treatment
of Witt’s first dimension formula (L1)). See [Ser06, Chapter 4] and also Hall’s book [Hal76,
chapter 11.2] for a different proof.

Proof. Let A be the free associative K-algebra on k generators (i.e. formal linear combina-
tions of non-commutative monomials in k letters). Let a(ny,...,ny) be the dimension of the
subspace of A generated by non-commutative monomials with the letter X; occurring n; times.

By [Ser06, Theorem 4.2.1], the algebra A is isomorphic to the universal enveloping algebra
of the free Lie algebra. Pick a basis {C;}; of the free Lie algebra on k generators Xi,..., X}
made of commutators C;’s. By the Poincaré-Birkhoff-Witt Theorem, A has a basis consisting
of monomials of the form

Cce:=Cj!

11
We have deg(C°) =}, €;,d;; and degx,(C¢) =3 _; el-jdcij (X;), where dc,(X;) is the number
of occurrences of the letter X; in the commutator Cj.
Formula will follow by counting a(n, ..., nk) in two ways. On the one hand it is clear
that

Lo CPF with iy < < ... < iy

a(nla'”vnk): nl' nk'

And on the other hand a(ni,...,n) is also the number of families {e;}’s such that
n; = Z ejdcj (Xl)
J

for each ¢ = 1,...,k. Therefore a(ni,...,ny) is the coefficient of ¢* - ...-¢* in the formal
power series:

do. (X de . (X 2dc . (X 2dc . (X do . (X de . (X
H(1+t1CJ( 1)'-~-'tk0]( k)+t1 o ( 1)'-~-'tk07( k)—l-.-.-l-t;n o ( 1)..”.t;n o ( k)+.”)
J
which is the same as .

do . (X do . (X))
- 1_tlc]( 1)'-~~‘tkCJ( k)

Therefore we have the following identity:

! oy S
e, (X do, (X , LASERp — .
- 1_t101( 1)“”‘75]601( k) — nyl...ng! 1 (tl—i-...—l—tk)

Using log ﬁ => . %um, and taking logs we get:

1 1
S tna,. ) () = > —(t )™
N1y, MM m

Identifying the coefficients of each term we finally obtain the desired formula:
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m|ged(ni,...,ng)

which, applying Mobius inversion, yields

pld) (Q;ni/d)—1)! 1 (n/d)!
2 d (n/d) ... (mp/d) 2 Dt ()l

g

lny,y ... ,ng) =

n
dlged(na,....n) dlged(ny,....ni)

A.2. Multiplicity-free theorem. Armed with Theorem [A-T] we are now able to determine
the decomposition of .F,gs] into simple S Li-modules. For small values of k and s we can give a
complete description of the irreducible submodules. And for all values of £ and s we determine
when it is multiplicity-free.

Theorem A.2 (Multiplicity-free). Let .F,LS] be the subspace spanned by commutators of order

s in the free Lie algebra on k generators. Then f,gs] 18 a multiplicity-free SLi-module if and
only if s <5 when k > 3, and if and only if s < 6 when k = 2.

Recall that irreducible representations of SLj are parametrized by their highest weight.
If ny > --- > ny > 0 are non-negative integers, we denote by FE("--7) the irreducible
representation of SLj with highest weight (nq,...,ng). If n41 = njjo = -+ = ni = 0, we
will write E(1m) for Fntsni0,.-0)

We also recall Weyl’s dimension formula for E(1--") (JFH9I, Theorem 6.3])

(12) dim E(“h--ﬁk) — H w
1<i<j<k J

From this formula we derive:

Lemma A.3. Given k > s > 1 and n1 > ... > ng non-negative integers such that s =
ni + ...+ ng, the dimension of the irreducible SLy-module E"%) s the value at k of a
polynomial of degree s and coefficients in Q.

Proof. Split the product in s factors F; := H;?:Hl %j]_z fori=1,...,s. Each such F; is
in fact the product of a rational number independent of k (the product of the factors arising
when i +1 < j < s and the denominators of the fraction when j = s+ 1,...,s 4+ n;) with
(k+1)-...-(k+mn;). So each F; is a polynomial of degree n; in k with coefficients in Q. The
claim follows. O

[s]

Since the only weights (n1,...,n;) that can occur in F, | are such that ny + ... +np = s,
we obtain:

Corollary A.4. If k > s, the dimension of every irreducible S Ly-module occurring in }—EL 18
a polynomial of degree s in k.



DIOPHANTINE PROPERTIES OF NILPOTENT LIE GROUPS 28

If V' is a finite dimensional SLi-module and (ni,...,ng) is its highest weight, then the
irreducible SLg-module E(™m) with highest weight (n1,...,n;) occurs as a submodule of
V. Since the dimensions of the weight spaces of each irreducible SLg-module are known, or
at least can be computed, we have a procedure to decompose the original module V into a
direct sum of irreducible submodules.

The dimension of the weight space of weight (u1,...,u) in the irreducible representation
with highest weight (n1, ..., nj) can be determined by counting Young tableaux. Recall that to
each irreducible SL;-module E(”l""’"k), ny > --- > ng > 0, is associated the Young diagram
A :=(ny,...,ng), with n; boxes in the i-th row. A semi-standard tableau of shape \ is a filling
of the Young diagram \ with positive integers (one in each box) in such a way that the rows
are non-decreasing and the columns strictly increasing.

We have (see e.g. Fulton-Harris [FHI1) p.224]):

Theorem A.5. Given a Young diagram X\ := (nq,...,ny), the dimension of the weight space
of weight (uy,...,uy) in E* is the number of semi-standard tableaux of shape \ filled with
integers i € {1,...,k} such that each i occurs u; times.

We now turn to the proof of Theorem [A.2] and start by analyzing the case when s > 7.

Lemma A.6. If s> 7 and k > 2, then .F,ES] is not multiplicity-free.

Proof. If a weight X (5, ... n,) 0ccurs non-trivially in .FILS], then > n; = s. Using Theorem |A.1
we compute easily £(s,0,...,0) = 0 and ¢(s — 1,1,0,...,0) = 1. It follows that the highest
weight occurring in .FE] is (s —1,1,0,...,0) and it occurs with multiplicity one.

Again using Theorem one computes £(s —2,2,0,...,0). If s is odd, then this is %,
and if s is even, then it is § — 1. As s > 7, this is at least 3. However, counting the number of
associated Young diagrams, one sees that the dimension of the weight space (s —2,2,0,...,0)
in both E~11) and E(5=22) is 1. Therefore, it must be that E(~22) occurs with multiplicity

>2in F7. 0

The rest of this subsection is devoted to the study of the cases s = 2 to s = 6. In each

case, we can work out the decomposition of .7-',&9] into irreducible modules using Theorem |A.1
We discovered a posteriori that this decomposition had been computed already by R. Thrall
in 1942 for each s up to s = 10, see [Thr42 p. 387,388|.

Case s = 2. Here .FE} is always irreducible and coincides with E(:V). Indeed the highest
weight of ]:,[f} is (1,1,0,...,0) and comparing dimensions, we conclude that only EWLD occurs

as a submodule of .FE].

Case s = 3. In this case ) ,n; = 3, we see that the only possible values for the n;’s are
(1,1,1,0,...,0) and (2,1,0,...,0) and arbitrary permutations of such. Using Theorem [A.1

we compute ¢(1,1,1,0,...,0) = 2 and ¢(2,1,0...,0) = 1. Since the highest weight of ]-"kg
is (2,1,0,...,0), this implies that the irreducible representation E@2D with highest weight
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(2,1,0,...,0) occurs as a sub-representation. However, by the Weyl’s dimension formula
we have:

dim g0 — F = 1)1;(/-4: +1 _ %(ki’) — k)

Since this coincides with dim .7-",£3] by Witt’s first formula , we conclude that .7-",£3] is the
irreducible SL; module:

}-’£3} — g2y

Case s = 4. Since ) , n; = 4, we see that the only possible values for the n;’s are (1,1, 1,1,0...,0)
and (2,1,1,0,...,0), (2,2,0,...,0) and (3,1,0, ...,0) arbitrary permutations of such. Using The-
oremwe compute ¢(1,1,1,1,0,...,0) =6, £(2,1,1,0...,0) = 3, £(2,2,0,...,0) = 1, and
0(3,1,0,...,0) = 1.

The highest weight of .7-",£4] is (3,1,0,...,0), so .7-",£4] contains EGV. Now .7-",[{4} o EGD has
highest weight (2,1,1,0,...,0), so contains E@LD, By the dimension formula:

dim EGV = %(k — Dk(k+1)(k+2) =301,

dim EGLYD = %(k —2)(k — 1)k(k+1)
Since they sum up to dim .7-",£4] = 1(k* — k?) we conclude that

],-’[€4] — g3 g pL1)

If K = 2, then the second term is zero, and .7:2[4] is irreducible. However if k > 3, then both

terms are nonzero and non-isomorphic, so J, E] is not irreducible and its irreducible submodules
have multiplicity 1.

In fact E>1Y is isomorphic to A2(A%2(K*)), which is the space of metabelian brackets, i.e.
generated by the [[X;, Xj], [ Xk, Xj]] 's. Those with distinct letters contribute for half of the
weight space with weight type (1,1,1,1,0,...,0).

Case s = 5. Since ), n; = 5, the only possible values for the n;’s are (4, 1,0, ...,0), (3, 2,0, ...,0),
(3,1,1,0,...,0), (2,2,1,0,...,0), (2,1,1,1,0,...,0) and (1,1,1,1,1,0...,0) and arbitrary permu-
tations of such. Using Theorem we obtain: £(4,1) = 1, £(3,2) = 2, ¢(3,1,1) = 4,
0(2,2,1) =6, £(2,1,1,1) = 12, £(1,1,1,1,1) = 24.

In order to decompose F. ,£5] into irreducibles, we first determine the dimensions of the weight
spaces of the irreducible representations of SL; whose highest weight are in each of the above
six families of weights. This is done by counting Young diagrams (or by using the sage
command symmetrica.kostka tafel(5)) and we obtain:

Comparing this data with the values for £ written above, we conclude that ]-",LS] is the direct
71717171)

sum of one copy of each one of the above six irreducible modules, except E(
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Weightmodule E(4,1) E(3,2) E(S,l,l) E(2’2’1) E(Q,l,l,l) E(l,l,l,l,l)
A=(4,1) 1
B=(3,2) 1 1
C=(3,1,1) 2 1 1
D=(2,2,1) 2 2 1 1
E=(2,1,1,1) 3 3 3 2 1
F=(1,1,1,1,1) | 4 5 6 5 4 1

FIGURE 1. Dimensions of weight spaces of positive weight in the irreducible
representations of SLj; of norm 5.

}—E] = ) ¢ g2 g pBLY) g 21 g p21L1)

If £ > 4, then all 5 irreducible submodules are non-zero and pairwise non-isomorphic. If k = 3,
the last module is zero but the others are pairwise non-isomorphic:

}—?[)5] — g g p32) g pBLY g p221)

If kK = 2, then the last three modules are zero and we get:

Fo = gD g gG2)

We conclude:

Lemma A.7. In step s =5 the SLg-module ]:][f] is multiplicity-free for all k > 2.

Case s =6. Since ) .n; = 6, we see that the only possible values for the n;’s are A :=
(5,1,0,...,0), B:=(4,2,0,...,0),C := (4,1,1,0,...,0), D := (3,3,0,...,0), £ :=(3,2,1,0,...,0),
F:=(3,1,1,1,0,...,0),G := (2,2,2,0,...,0), H := (2,2,1,1,0,...,0), I := (2,1,1,1,1,0,...,0),
and J :=(1,1,1,1,1,1,0...,0) and arbitrary permutations of such. We can then compute val-
ues of ¢ by Theorem and obtain: ¢(A) =1, {(B) = 2, {(C) := 5, {(D) = 3, ¢{(E) = 10,
(F) =20, ¢(G) =14, £(H) =30, £(I) =60, £(J) = 120.

In order to decompose F, k6 into irreducibles, we first determine the dimensions of the weight
spaces of the irreducible representations of SLj; whose highest weight are in each of the above
ten families of weights A to J. This is done by counting Young diagrams exactly as we did in the
step 5 case. Doing this counting (or using the sage command symmetrica.kostka tafel(6))
we obtain the numbers given in Figure [A2]

Comparing this data with the values for £ written above, we conclude that f,gﬁ] is the direct
sum of the following irreducible modules:

]_—ILG] = 6D @ E42) g (EWLDY2 ¢ EB3) @ (EG21)3 g EBLLY g (F(221))2 g p21111)

Note that E¢ and E7 do not occur as a submodule. If k£ > 5, then all terms are non-zero.
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weightmodule | EA | EB [ EC[EP | EF | EF | EC | EH | ET | E7
A=(5,1) 1

B=(4,2) 1|1

C=(4,1,1) 2 [ 1|1

D=(3,3) 1|1 ]0]1

E=(3,2,1) 2 21|11

F=3,1,1,1) | 3 [ 3|3 | 1] 2|1

G=(2,2,2) 2 3|1 | 1]20]|1

H=(221,1) | 3 | 4 |3 |2 | 4| 1] 1]1
I=(2,1,1,1,1) | 4 | 6 | 6 | 3| 8 |42 ] 3|1
J=(1,1,1,1,1,1) | 5 | 9 [ 10| 5 [ 16 | 10| 5 | 9 1

FIGURE 2. Dimensions of weight spaces of positive weight in the irreducible
representations of SLy, labelled E4 to E7.

Note that the submodules corresponding to weights involving more than k£ variables do not
occur. Taking this remark into account we find the following.
If k =4, we get
FiYl = G g EUD g (EULD)2 g EB3) g (EG2D)3 g EGLLY g (pR21D)2

Ifk=3
f?£6} — 6D @ B g (ELLD)2 g B3 g (EG2D))3
Ifk=2
]_—2[6] — g6 g p42) ¢ g33)

We may then conclude:
Lemma A.8. In step s = 6, when k > 3, then some irreducible S Ly -submodule of]-',£6] appears
with multiplicity > 2. If k = 2, then ]:2[6] s multiplicity-free.

This concludes the proof of Theorem

A.3. The free metabelian Lie algebra. In order to prove Theorems [£.5]and [1.7], we need to
describe the submodule structure of the free metabelian Lie algebra, i.e. the quotient Fy /M,
where M, := D?(F},) is the second term of the derived series of Fy.

Lemma A.9. Let /\/l,[:] be the homogeneous component of degree s > 2 of My. Then
f][JS]/Mch} ~ pls—L1)
Moreover, EC=5Y) does not occur in the decomposition of MECS] into irreducible submodules.

Proof. From the set {x; < --- < xi}, construct a P. Hall family P for the free Lie algebra
Fi (see Serre [Ser06, Part I, Chapter IV, §5| for definitions). Denote Ps the elements of P of
homogeneous degree s, and

P; = {[Xil, [XiQ,... [Xis_l,Xis] .. H T >0 > e > Z.sfl;is > Z.sfl}.
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All other elements of P; belong to Mj. Hence these elements span ]-',[:] modulo ME:]. In fact
they form a basis of .F,ES] / ME:]. Indeed, the SLi-module .F,LS] has highest weight (s —1, 1) with

highest weight vector [xi, [x1, [..., [X1,X2]...] € P.. So and so F,ES]/MLS] contains =LY as an
irreducible submodule. But one verifies that the cardinality of P is precisely the number of
Young tableaux of shape (s—1,1). Hence it is the dimension of E(=1D  This proves the first
part of the lemma. Finally we already observed in the proof of Lemma that EG—11) hag

multiplicity one in ]-",Es}. 0

Corollary A.10. The free metabelian Lie algebra on k generators Fy/ My, is multiplicity-free
as an SLi-module.

A.4. Klyachko’s theorem and the Kraskiewicz-Weyman Formula. In 1973, Klyachko

determined exactly which irreducible modules appear in the homogeneous component .F,gs] of
degree s of the free Lie algebra over k generators Fy ;.

Theorem A.11 (Klyachko’s theorem [KIj74]). Let k > 2, s > 1. The irreducible SLj-module

E* associated to the Young diagram X appears as a submodule of F,Es] if and only if X\ has
s boxes, at most k rows and is not one of the following diagrams: a diagram with just one
column A = (1,...,1), or just one row X\ = (s,0,...,0), or the two diagrams A = (2,2) and
A=(2,2,2).

We refer the reader to [Reu93| and [KS06] for two different proofs of Klyachko’s theorem.
This beautiful result falls short of providing a description of the multiplicities of irreducible
S Li-submodules of .7-',[65]. Theorem below does just that.

Recall that if A = (A1,...,\;) is a Young diagram with total number of boxes s, a standard
tableau of shape A is a filling of A with {1,...,s} having increasing rows and increasing
columns. For a standard tableau T of shape A, with total number of boxes s, a descent is an
index ¢ in {0,...,s — 1} such that ¢ 4+ 1 is located in a lower row than ¢ in 7. We denote by
D(T) c {1,...,s — 1} the set of descents of T and define the major index of T as

maj(T) = Y i.

i€D(T)

The following theorem is due to Kraskiewicz and Weyman [KWO0I] (see also [Reu93, Corollary
8.10]).

Theorem A.12 (Kraskiewicz-Weyman Formula). Let k > 2, s > 1. The multiplicity of the

Young diagram X\ in the decomposition of F,gs] into irreducible S Ly-submodules is equal to the
number of standard tableaux of shape \ with major index congruent to i mod s, where i is any
fized integer coprime to s. In particular this number does not depend on the choice of i.

Although it is not obvious, one can recover Theorem from Theorem see [JohO7].
Theorem allows us to show the following result about multiplicity of a specific Young

diagram in the SLg-module ]:,[:]. This is needed in the proof of Theorem only.
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Corollary A.13. For s > 6, k > s—2, the Young diagram (2,2,1,...,1) with a total number

of s boxes occurs with multiplicity in ]—",[:],

Proof. For T a standard tableau with s boxes we denote by T* its conjugate, namely the new
tableau whose i-th column is the i-th row of T. Note that T'x is also standard and that the

set of descents of T* is just the complement in {1,...,s — 1} of the set of descents of T'. So
we have

-1
(13) maj(T) — 5’(52> — maj(T").

If s is odd, applying the Kraskiewicz-Weyman Formula with ¢ = 1, we see that it suffices

to find two different standard tableaux of shape (s — 2,2) with major index congruent to

@ — 1= —1mod s. The major index of a standard tableau 7" of shape (s — 2,2) is equal

to x +y — 2, where x and y are the entries of the lower row of T'. Taking the two standard
tableaux with respective lower rows (2,s — 1) and (3, s — 2), we get what we want.

If s = 2t is even, then and the Kraskiewicz-Weyman Formula with ¢ = —1 show that we
just have to find two different standard tableaux of shape (s—2,2) with major index congruent
to t + 1 mod s. For that, we take the two standard tableaux with lower rows (2,t + 1) or
(3,1). O

Remark A.14. Note that when s is not congruent to 2 mod 4, both 1 and @ —1 are prime

to s, so that by , the multiplicity of a Young diagram A is ]-',ES} is equal to the multiplicity
of the transpose diagram \*.
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