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Abstract. — Given a flag variety X defined over Q and a point x in X(R), we
study approximations to x by points v in X(Q), and show that, with an appropriate
rescaling, those approximations equidistribute when x is chosen randomly according
to a Lebesgue measure on X(R), or when x is defined over Q and satisfies some
non-degeneracy condition.
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1. Introduction

Counting rational points and equidistribution. — Let X be an algebraic va-
riety defined over Q. The study of the set X(Q) of rational points on X is a central
question in number theory that strongly depends on the geometric and arithmetic
properties of X. When X is of Fano type and such that X(Q) is Zariski dense, Manin
and his collaborators [BM90, FMT89] put forward conjectures about the asymp-
totic behavior of the number of rational points with bounded anticanonical height as
the bound goes to infinity. This gives a quantitative measure of the density of X(Q).

Starting with the work of Franke–Manin–Tschinkel [FMT89], the case where X
is a generalized flag variety — i.e. a quotient X = G/P of a semisimple algebraic Q-
group G by a parabolic Q-subgroup P — was much studied, and asymptotic behavior
of the counting function

N(X,H) = #{v ∈ X(Q) : H(v) ≤ H},
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when H is a height associated to the anticanonical line bundle, was shown to be

N(X,H) ∼H→+∞ cXH(logH)r−1,

where cX > 0 is a constant that has received an interpretation by Peyre [Pey95], and r
is the rank of the Picard group Pic(X). Furthermore, Peyre [Pey95, Corollaire 6.2.17]
showed that, in the case where G is quasi-split, the counting measures

(1) µX,H =
1

N(X,H)

∑
v∈X(Q)
H(v)≤H

δv

converge as H → +∞ to a natural measure µX on X(R), called Tamagawa measure.
Peyre’s equidistribution result implies in particular that if BX is a fixed open ball
in X(R), the number N(BX , H) of rational points of height at most H inside BX

satisfies

(2) N(BX , H) = N(X,H) · µX(BX) · (1 + o(1)) as H → +∞,

with an error term depending a priori on BX . More recently, it was shown by
Mohammadi and Salehi Golsefidy [MG14, Theorem 4] (see also Batyrev–Tschinkel
[BT98, Theorem 4.4.1] and Thunder [Thu93, III.2]) that if G is almost Q-simple and
the height function H is associated to any ample line bundle L, there exist constants
a > 0, b ≥ 0 and cX,L > 0 depending on L such that

N(X,H) ∼H→+∞ cX,L ·Ha · (logH)b.

Zooming measures and Diophantine exponents. — We wish to study to what
extent the asymptotic equivalent (2) remains valid when the radius of the ball BX

is allowed to shrink as H tends to infinity. For that, we fix a point x in X(R), fix a
distance function d around x, and rescale the counting measures restricted to a small
ball BX(x, r) centered at x ∈ X(R) of radius r → 0 as H → ∞; this yields the notion
of zooming measures, introduced by the first author in his thesis [Hua17]. For the
sake of completeness, let us briefly recall the construction of those zooming measures.
Write TxX for the tangent space to X(R) at x. We fix a real neighborhood Ux of x
and a smooth map

px : Ux → TxX

such that px(x) = 0 and Txpx = IdTxX .

Definition (Zooming measures – single height and Riemannian metric)
For x ∈ X(R), τ > 0, and t ≥ 0 a large parameter, the zooming measure with

zoom factor τ at time t is the measure on TxX defined by

µx,τ,t =
∑

v∈X(Q)∩Ux

H(v)≤et

δeτt·px(v).

Remark. — A different choice of local chart px results in a change of coordinates of
the zooming measures µx,τ,t, but provided the conditions px(x) = 0 and Txpx = IdTxX

are satisfied, it will not affect our results on their asymptotic behavior.
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For a continuous function f with compact support on TxX, the integral against
the zooming measure is given by∫

f dµx,τ,t =
∑

v∈X(Q)∩Ux

H(v)≤et

f(eτt · px(v)).

Since f has compact support, the only rational points that appear in the sum on
the right-hand side are those satisfying H(v) ≤ et and d(v, x) ≲ e−τt: the zooming
measure describes the distribution of rational points of height at most et at distance
at most e−τt from the point x. Recall that the Diophantine exponent of a point
x ∈ X(R) is defined as

β(x) = sup

{
β ⩾ 0 :

∃ a sequence (vi) ⊂ X(Q) such that

lim
i→+∞

d(vi, x) = 0 and ∀i, d(vi, x) ≤ H(vi)
−β

}
.

Observe that if τ > β(x), then for all t > 0 large enough, the ball BX(x, e−τt) contains
no rational point v of height at most et, except possibly the point x itself. The study
of the zooming measures µx,τ,t is therefore trivial in that range.

Main results. — At the origin of the present paper was the desire to understand
zooming measures when τ < β(x) on a flag variety X, given as a quotient X = G/P
of a semisimple algebraic Q-group G by a parabolic Q-subgroup P . A study of
Diophantine approximation on such varieties was started in [dSa], where it was shown
in particular that there exists a constant βX such that β(x) = βX for Lebesgue almost
every x in X(R). In general, the Diophantine exponent of a point x is closely related
to its position with respect to the rational Schubert subvarieties in X. Recall from
[Spr98, §8.5] that X admits a decomposition into Schubert cells

X =
⊔

w∈W/W∩P

BwP,

where W is the Weyl group associated to G and a maximal Q-split torus contained
in P , and B is a minimal parabolic group contained in P . A Schubert variety is a
subset of the form gBwP , with w ∈ W/W ∩ P and g ∈ G; it is said to be rational if
the element g can be taken in G(Q).

Our main result describes the asymptotic behavior of the zooming measures when
the point x is generic in the sense of the Lebesgue measure, or algebraic and outside
of any rational Schubert variety. In the particular case where the parabolic subgroup
P defining the flag variety X = G/P has abelian unipotent radical, our results can
be formulated in terms of the elementary definition of the zooming measures given
above. Below and in the rest of the paper, by abuse of notation, we write Q to denote
the subfield of R consisting of real algebraic numbers over Q.

Theorem 1.1 (Generic local distribution). — Let G be a semisimple Q-group,
P a Q-parabolic subgroup with abelian unipotent radical and write X = G/P for
the associated flag variety. There exist positive constants cX and dX such that the
following holds.
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For all τ ∈ (0, βX), for all x in X(Q) not contained in any proper rational Schubert
variety, for all f ∈ Cc(TxX),

µx,τ,t(f) ∼t→+∞ cX · etdX(βX−τ) ·
(∫

TxX

f dm

)
,

where m is the Lebesgue measure on TxX. The same estimate holds for Lebesgue
almost every x in X(R).

Recall that the Q-rank of the flag variety X is equal to rkQX = rkQG − rkQP .
The assumption that the unipotent radical of P is abelian implies in particular that
P is maximal and X is a flag variety of Q-rank one. We also study local distribution
of rational points on general flag varieties, without any restriction on the Q-rank.
In that setting, one needs to adjust the definition of the zooming measures in two
ways: first the distance used on X should be the Carnot-Carathéodory metric (and
so the rescaling on TxX is not by homotheties), and second, when the variety is not
of rank one, one has to control simultaneously all heights in a generating family of
heights. This idea that controlling all the heights can help avoid degenerate behaviors
originates in Peyre [Pey21, §4]. In fact, as a by-product of our approach, we will also
be able to answer affirmatively [Pey21, Question 4.8] in the particular setting of flag
varieties. Our main result on local distribution on general flag varieties, Theorem 3.5
in the main body of the text, gives an asymptotic formula for zooming measures
similar to the one in Theorem 1.1, but only when the zoom factor τ is small enough.
It would be interesting to determine in that setting what the optimal range is for the
zoom factor for such an asymptotic equivalent to hold. The reader is referred to the
Section 4 for a more thorough discussion of this problem and other related questions.

Before we briefly discuss the proofs of our results, let us illustrate Theorem 1.1
with the most elementary examples.

Examples. —

Projective spaces. — Let X = Pn be the projective n-space. Then X ≃ SLn+1 /P
where P is the stabilizer of a rational line in the standard representation. It is
well known from metric Diophantine approximation that the generic Diophantine
exponent in that is equal to βPn = n

n−1 . For the projective space, Theorem 1.1 can
also be proved with a more direct approach; this is done for instance in [Hua17] when
n = 1, using an argument combining Roth’s theorem for real algebraic numbers and
the theory of uniform distribution modulo one.

Projective quadrics. — Let q be a non-degenerate indefinite rational quadratic form
in n ⩾ 4 variables and let G = SOq ⊂ GLn. Let e0 ∈ Qn be such that q(e0) = 0 and
P = StabG(Qe0). Consider the projective quadric hypersurface X = (q = 0) ≃ G/P .
For those varieties Fishman, Kleinbock, Merrill and Simmons [FKMS22] proved that
βX = 1.

In [KY23, HSS, HSS25], it was shown that the zooming measures at any point
x equidistribute, provided that the zoom factor τ ∈ (0, 12 ). This zoom factor is
optimal when x is a Q-point. Our approach works with an arbitrary zoom factor
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τ ∈ (0, 1), provided that the point x is generic: x is either a random point for the
Lebesgue measure, or an element of X(Q) not contained in any totally isotropic
rational subspace for the quadratic form q.

Grassmannians. — The Grassmann variety Grℓ,d parametrizing ℓ-dimensional sub-
spaces within a given d-dimensional space is a flag variety under G = SLd with the
parabolic subgroup P formed by the matrices whose lower-left (ℓ− d)× ℓ entries are
all zero. In that setting, it was shown by the second author [dSb] that βX = d

ℓ(d−ℓ) .
The condition that a point x is not contained in any proper rational Schubert variety
is equivalent to saying that every rational subspace W in Rd intersects x minimally :
dim(x ∩W ) = max(0,dimx+ dimW − d).

It is not difficult to reformulate Theorem 1.1 as a counting statement for integer
points in the cone X̃ = G/L over the variety X, where L is the subgroup of P
consisting of elements lying in the kernel of every Q-character of P . However, the
region arising from applying the zoom measures to a characteristic function of a ball
in the tangent plane is not “well-rounded”: its boundary can be large compared to its
interior, especially if the zoom factor is large. Therefore, one cannot directly argue
that the number of integer points inside it is comparable with its volume. To resolve
this issue, we make use of the action of a well-chosen diagonalisable flow (gxt )t∈R,
which turns the lopsided region into a well-rounded one Rt. One then has to count
points in Rt that belong to a new lattice ∆x

t , image of the integer lattice under the
flow gxt . Fortunately, when x is chosen randomly according to the Lebesgue measure
on X(R), or is algebraic and not contained in any rational Schubert variety, the effect
of gxt on the successive minima of the lattice ∆x

t is negligible. This can be used to show
that the lattice point counting is indeed comparable with the volume. For that, we
combine the strategy of Mohammadi and Salehi Golsefidy [MG14], which goes back
to [DRS93, EM93], and more recent results on effective equidistribution of periodic
orbits in finite-volume homogeneous spaces [DKL16, Shi21]. We note that, inspired
by our approach, Pfitscher [Pfi24, Theorem 1.6] has recently obtained Schmidt-type
counting results for rank-one flag varieties.

2. Heights and counting on a flag variety

Let X = G/P be a rational flag variety, where G is a connected semisimple al-
gebraic group over Q and P is a parabolic subgroup over Q. If ι : G̃ → G is an
isogeny, then the inverse image ι(P ) is equal to the parabolic subgroup P̃ with Lie
algebra p, so X = G̃/P̃ . This will allow us to reduce to the case where G is simply
connected. Moreover, by the classification of Q-parabolic subgroups given in [Bor69,
Théorème 11.8], any Q-anisotropic simple Q-factor of Gmust be included in P . Quoti-
enting by the sum of all Q-anisotropic factors, we may always replace G by a subgroup
G1 containing P1 = P ∩ G1 as a parabolic subgroup, so that X = G/P = G1/P1.
Note that since any (real) compact factor is included in a Q-anisotropic factor, the
group G1 has no compact factor. Thus, we shall from now on assume without loss of
generality that G is simply connected and without compact factors.



6 ZHIZHONG HUANG & NICOLAS DE SAXCÉ

We let T ⊂ P be a maximal split Q-torus. Write A = T (R)◦ for the connected
component of T (R), a for the Lie algebra of A, and Π ⊂ a∗ for a basis of the root
system associated to G and T . Again by the classification of parabolic subgroups over
Q [Bor69, Théorème 11.8], there exists a subset θ ⊂ Π such that p, the Lie algebra
of P , is equal to the direct sum of a with all spaces gβ associated to the roots β in
which no element of −θ appears:

p = a⊕
⊕

β:∀α∈θ,
β ̸≻−α

gβ .

The unipotent radical of P and its opposite will be denoted U and U−, with Lie
algebras u and u− respectively:

u =
⊕

β:∃α∈θ
β≻α

gβ and u− =
⊕

β:∃α∈θ
β≻α

g−β .

(We recall that the notation β ≻ α means that β−α is a sum of simple positive roots
with positive coefficients.)

2.1. Representations and heights on X. — We shall denote by (ϖα)α∈Π the
family of fundamental Q-weights of G. Those are defined by

∀α, β ∈ Π,
2⟨ϖα, β⟩
⟨β, β⟩

= δα,β .

Since G is simply connected, it follows from [BT65, §12.13] that for each fundamental
weight ϖα, there exists a strongly irreducible Q-representation G → GLVϖα

with
highest weight ϖα. The weight space in Vϖα

associated to ϖα is a line generated by
a rational vector eϖα

. For the study of the flag variety X = G/P , we shall only be
interested in the fundamental weights ϖα that are trivial on P , i.e., α /∈ θ. For α ̸∈ θ,
the line generated by eϖα is stable under P and we therefore obtain an embedding

ια : G/P ↪→ P(Vϖα
)

gP 7→ [geϖα ]
.

Let P denote the set of primes numbers. Any choice of an adelic norm (∥·∥p)p∈P∪∞
on Vϖα

yields a height Hα on X(Q) given by

Hα(gP ) =
∏

p∈P∪∞
∥geϖα

∥p.

Equivalently, one may consider the lattice associated to the adelic norm

Λα = {v ∈ Vϖα
(Q) | ∀p ∈ P, ∥v∥p ≤ 1}

and then Hα(v) is the Euclidean norm of a primitive element v ∈ Λα proportional to
ια(v). In the sequel, we fix a maximal compact subgroup K in G(R) and always as-
sume that the Euclidean norm on Vϖα

is invariant under K. It will also be convenient
to use the logarithmic height

hα(v) = logHα(v) =
∑

p∈P∪∞
log ∥geϖα

∥p.
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In [Pey21, §4], Peyre suggested to study simultaneously all possible heights on a nice
Fano-type variety by defining the multiheight of a rational point on X. In our setting
of flag varieties, this boils down to the following definition.

Definition (Multiheight). — The multiheight of a point v in X(Q) is the unique
element h(v) in aθ = a ∩ θ⊥ such that for each α ∈ Π \ θ,

⟨ϖα,h(v)⟩ = hα(v).

Since the lattice Λα is discrete in Vϖα
(R), each height hα(v) is uniformly bounded

below when v varies among all rational points in X, and therefore, the multiheight
h(v) remains within bounded distance of the dual effective cone C∨

eff , defined by

C∨
eff = {Y ∈ aθ | ∀α ∈ Π \ θ, ⟨ϖα, Y ⟩ ≥ 0}.

We consider the measure ν on aθ defined by

ν(D) =

∫
D
e⟨ϱX ,y⟩ dy,

where ϱX denotes the sum of all roots in the unipotent radical U of P , counted with
multiplicities, dy is some choice of Lebesgue measure on aθ, and D is any measurable
subset of aθ. Following Peyre’s suggestions [Pey95, §4], we want to study rational
points in X whose multiheight belongs to a compact subset of large measure in C∨

eff .
For that, for any measurable subset D ⊂ aθ, we define

(3) X(Q)h∈D = {v ∈ X(Q) : h(v) ∈ D}.

As suggested in [Pey21, Remark 4.6], the following growing family (Dt)t→∞ is of
particular interest. We fix a compact domain D0 ⊂ aθ with smooth boundary, an
element u in the interior C̊∨

eff of the dual effective cone, and let, for all t > 0,

Dt = D0 + t · u.

Our aim is to prove an asymptotic formula for the cardinality of X(Q)h∈Dt , as t tends
to +∞.

Example (Polyhedrons and bounds on heights). — For each α ∈ Π\θ, fix two
positive parameters aα < bα. Let u be the unique element in aθ such that ⟨ϖα, u⟩ = 1
for all α in Π \ θ, and consider the polyhedron

D0 = {z ∈ aθ | ∀α ∈ Π \ θ, log aα ≤ ⟨ϖα, z⟩ ≤ log bα}.

Letting H = et, the condition h(v) ∈ Dt is equivalent to the system of inequalities on
the heights:

∀α ∈ Π \ θ, aαH ≤ Hα(v) ≤ bαH.

Remark. — For a general Fano-type variety X, one first defines the effective cone
Ceff in Pic(X)R as the cone generated by effective divisors. The multiheight h(v) of a
rational point v in X(Q) then takes values in its dual Pic(X)∨R , at bounded distance
from the dual effective cone

C∨
eff = {y ∈ Pic(X)∨R | ∀x ∈ Ceff , ⟨x, y⟩ ≥ 0}.
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The dual effective cone C∨
eff is endowed with the measure ν given by ν(D) =∫

D e
⟨ω−1

X ,y⟩ dy, where ω−1
X ∈ Pic(X) denotes the class of the anticanonical line bundle.

Peyre [Pey21, Question 4.8] gave a prediction for a possible asymptotic formula for
the cardinality of X(Q)h∈Dt (3), as t tends to +∞.

When X = G/P is a flag variety, we have rk(Pic(X)) = rk(X∗(P )), the latter
being the group of Q-characters of P (cf. [FMT89, §2]). With the above notation,
the cone of effective divisors can be identified with

Ceff =
∑

α∈Π\θ

R+ϖα ⊆ Pic(X)R,

and the dual effective cone becomes

C∨
eff = {Y ∈ aθ | ∀α ∈ Π \ θ, ⟨ϖα, Y ⟩ ≥ 0}.

With these identifications, the anticanonical line bundle ω−1
X can be identified with ϱX ,

i.e. the sum of all roots occurring in the unipotent radical U of P , with multiplicities
equal to the dimension of the corresponding eigenspace [Pey95, (6.2.1)]. We refer the
interested reader to [Pey95, §6] for the passage from that general setting to that of
flag varieties. For our arguments, one may take as a definition the explicit description
of the dual effective cone as a subset of aθ.

Before we turn to our study of zooming measures, we explain how the techniques
of homogeneous dynamics, as developed in particular by Mohammadi and Salehi
Golsefidy [MG14], can be used to check the validity of Peyre’s formula in the case
where X is a flag variety. This is the content of Theorem 2.1 below, whose proof will
be given in the next two paragraphs.

Theorem 2.1 (Counting points with all heights controlled)
Let X = G/P be a flag variety, given as the quotient of a semisimple Q-group

by a parabolic Q-subgroup. There exists a constant κX depending only on X such that
for any choice of compact domain D0 and u in C̊∨

eff

#X(Q)h∈Dt
∼t→+∞ κX · ν(Dt).

Remark. — One has ν(Dt) = et⟨ϱX ,u⟩ν(D0).

In his conjectural formula, Peyre normalizes the Lebesgue measure on aθ ≃
PicR(X)∨ so that the dual of the Picard group has covolume one. This natural choice
allows him to express the constant κX in terms of arithmetic and geometric data on
X. Our proof also yields a formula for κX , see (5) below, but it would require a more
careful analysis to check directly that it indeed coincides with Peyre’s constant. We
briefly comment on this problem at the end of the paper.

2.2. An arithmetic group acting on rational points. — Recall that for each α
in Π\θ, the adelic norm on Vϖα defines a rational lattice Λα in Vϖα . Applying [Bor69,
Proposition 7.12] several times, we may construct an arithmetic subgroup Γ in G such
that each Λα is stable under the action of Γ. By [Bor69, Proposition 15.6], the set
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of rational points X(Q) is a finite union of Γ-orbits, so we may fix a finite set C in
G(Q) such that

(4) X(Q) =
⊔
c∈C

ΓcP.

The following elementary lemma will allow us to understand the multiheight of a
point v in X(Q) in terms of the element γ in Γ such that v = ΓcP .

Lemma 2.2. — For each α ∈ Π \ θ and c ∈ C, there exists qc,α ∈ Q such that the
height of an element v in X(Q) written as v = γcP for some γ in Γ and c ∈ C is
given by

hα(v) = log ∥qc,αγceϖα∥.

Proof. — Let qc,α ∈ Q be such that qc,αceϖα is a primitive element in the lattice Λα.
Then, for any γ ∈ Γ, the vector qc,αγceϖα is a primitive element of Λα proportional
to ια(v), and the formula follows.

2.3. Counting and equidistribution. — We now explain how the argument used
in [MG14] to count points of bounded height in flag varieties can be used to derive
Theorem 2.1. The main ingredient in the proof is an equidistribution result for trans-
lates of horospherical measures in the space of lattices that appeared as [MG14,
Theorem 1 (ii)] in the case where the ambient group G is almost simple. As explained
in [Shi21, Theorem 1.4], such an equidistribution holds in a more general setting,
and implies the following.

Theorem 2.3 (Equidistribution of translated periodic orbits)
Let G be a semisimple Q-group without compact factors and Γ = G(Z) be an

arithmetic subgroup. Let P be a parabolic Q-subgroup defined by a subset θ ⊂ Π and
set

L =
⋂

α∈Π\θ

StabGeϖα
.

Denote by mG/Γ (resp. mL/(Γ∩L)) the probability Haar measure on G/Γ (resp. on
L/(Γ ∩ L)). For y ∈ aθ, let

⌊y⌋ = min
α∈Π\θ

ϖα(y).

Then the translated measures (ey)∗mL/(Γ∩L) equidistribute in G/Γ as long as ⌊y⌋ →
+∞, namely for every φ ∈ C∞

c (G/Γ),∫
L/(Γ∩L)

φ(eyℓΓ) dmL/(Γ∩L)(ℓ) ∼⌊y⌋→+∞

∫
G/Γ

φdmG/Γ.

In Section 3, when we study the asymptotic behavior of zooming measures, we
shall state an effective version of this asymptotic.

Proof of Theorem 2.1. — It follows from (4) that it is enough to study rational points
in each orbit ΓcP , c ∈ C. So we fix c and count the number of rational points v ∈ ΓcP
such that

h(v) ∈ Dt.



10 ZHIZHONG HUANG & NICOLAS DE SAXCÉ

Write v = γcP = cγcP , where γc = c−1γc, and note that the elements of {cγcP | γ ∈
Γ} are in one-to-one correspondence with cosets in Γc/(Γc ∩ P ), where Γc = c−1Γc.
From Lemma 2.2, one has for each α in Π \ θ,

hα(cγ
cP ) = log∥qc,αcγceϖα

∥.

For g in G, define h(c)(g) ∈ aθ as the unique element such that

∀α ∈ Π \ θ, ⟨ϖα,h
(c)(g)⟩ = log∥qc,αcgeϖα

∥.

Recall that

L =
⋂

α∈Π\θ

StabGeϖα
.

Note that h(c)(g) only depends on g modulo L and therefore the function h(c) is well
defined on the quotient G/L. Let us record some useful observations:

– Γc ∩ L is a lattice in L; the Haar probability measure on L/(Γc ∩ L) will be
denoted mL/(Γc∩L).

– Γc ∩ L has finite index in Γc ∩ P ; we let Nc = [Γc ∩ P : Γc ∩ L].
– We normalize the Haar measures onG andK so thatG/Γc andK have volume 1.

By [Kna02, Theorem 8.32, Proposition 8.43], one may then normalize the Haar
measure on L so that the following formula holds for any continuous function f
with compact support on G:∫

G

f(g) dg =

∫
K

∫
aθ

∫
L

f(keyℓ)e⟨ϱX ,y⟩ dk dy dℓ.

– We may normalize the Haar measure on G/L so that for any continuous function
φ with compact support on G/L,∫

G/L

φ =

∫
K

∫
aθ

φ(keyL)e⟨ϱX ,y⟩ dk dy.

Write

#{v ∈ ΓcP | h(v) ∈ Dt} =
∑

γc∈Γc/(Γc∩P )

1{h(cγcP )∈Dt}

=
1

Nc

∑
γc∈Γc/(Γc∩L)

1{h(c)(γc)∈Dt}.

Then, for t > 0, consider the function Φ on G/Γc defined by

Φt(gΓ
c) =

∑
γc∈Γc/(Γc∩L)

1{h(c)(gγc)∈Dt}.

Our goal is to evaluate Φt at the identity coset Γc, as

Φt(Γ
c) = #{v ∈ ΓcP | h(v) ∈ Dt}.



LOCAL DISTRIBUTION OF RATIONAL POINTS IN FLAG VARIETIES 11

The inner product of Φt with a smooth compactly supported function ψ on G/Γc can
be rewritten

⟨ψ,Φt⟩ =
∫
G/Γc

∑
γc∈Γc/(Γc∩L)

ψ(gΓc)1{h(c)(gγc)∈Dt} dmG/Γc(gΓc)

=

∫
G/(Γc∩L)

ψ(gΓc)1{h(c)(g(Γc∩L))∈Dt} dmG/(Γc∩L)(g(Γ
c ∩ L)).

By uniqueness of the Haar measure on G/(Γc ∩ L), there exists a constant κc > 0
such that

⟨ψ,Φt⟩ = κc

∫
G/L

1{h(c)(gL)∈Dt}

(∫
L/(Γc∩L)

ψ(gℓΓc) dmL/(Γc∩L)(ℓ)

)
dmG/L(gL)

= κc

∫
K

∫
aθ

1{h(c)(key)∈Dt}

(∫
L/(Γc∩L)

ψ(keyℓΓc) dmL/(Γc∩L)(ℓ)

)
e⟨ϱX ,y⟩ dy dk.

Since the Euclidean norms are K-invarient, recalling that Dt = tu+D0, the condition
h(c)(key) ∈ Dt can be rewritten

y ∈ −qc + tu+D0,

where qc is the unique vector in aθ such that

∀α ∈ Π \ θ, ⟨ϖα, qc⟩ = log∥qc,αceϖα
∥.

Our assumption that u ∈ C̊∨
eff is equivalent to ⌊u⌋ > 0 and therefore ⌊y⌋ tends to +∞

uniformly for all y in Dt, as t tends to +∞. By Theorem 2.3, this implies that the
inner integral converges uniformly to

∫
G/Γc ψdmG/Γc , so that

⟨ψ,Φt⟩ ∼t→+∞ κc · ν(−qc + tu+D0) ·

(∫
G/Γc

ψdmG/Γc

)

= κc · e⟨ϱX ,tu−qc⟩ · ν(D0) ·

(∫
G/Γc

ψdmG/Γc

)
.

Taking ψ = ψε to be a smooth function supported on BG/Γc(Γc, ε) satisfying∫
G/Γc ψεdmG/Γc = 1, and letting ε tend to zero, we find

Φt(Γ
c) ∼t→+∞ κc · e⟨ϱX ,tu−qc⟩ · ν(D0).

We may then sum over c in C to get

#X(Q)h∈Dt
∼t→+∞ κX · ν(D0) · et⟨ϱX ,u⟩,

with

(5) κX =
∑
c∈C

e−⟨ϱX ,qc⟩ κc
Nc

.

Remark. — The proof given above can be readily adapted to also give a counting
statement for rational points of large height in a fixed open subset of X(R). Let µX

denote the unique K-invariant probability measure on X(R) absolutely continuous
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with respect to the Lebesgue measure. Then, for every open subset O ⊂ X(R) whose
boundary satisfies µX(∂O) = 0, one has

# {v ∈ O ∩X(Q) | h(v) ∈ Dt} ∼t→+∞ κX · µX(O) · ν(D0) · et⟨ϱX ,u⟩.

3. Asymptotic behavior of zooming measures

The proof of Theorem 1.1 from the introduction is very similar to the one given
above for counting rational points with large height in X(Q). But in order to make
the similarities more apparent, it is natural to modify slightly the definition of zoom-
ing measures. This will also allow us to study general flag varieties, without any
assumption on the Q-rank.

3.1. Rescaling on the tangent space. — Fix a maximal compact subgroup K
in G, and for each x ∈ X(R), choose an element sx in K such that

x = sxP.

The tangent space to X = G/P at the base point x0 = P is naturally identified with
the quotient Lie algebra g/p ≃ u−, and using the action of sx on X, one can further
identify

TxX ≃ Tx0
X ≃ u−.

Consider the big Schubert cell Ux = {sxeZP | Z ∈ u−}. It is an open neighborhood
of x in X(R). To study the local distribution of rational points on X, we shall use
the projection

px : Ux −→ u− ≃ TxX

defined as the inverse of the diffeomorphism

u− −→ Ux

Z 7−→ sxe
ZP.

Note that px satisfies px(x) = 0 and Txpx = IdTxX . The rescaling on TxX ≃ u− is
given by a one-parameter semigroup of dilations (at)t∈R that we now define. For that,
we use the direct sum decomposition (cf. [dSa, §2.2])

u− =
⊕
k≥1

mk,

wheremk is the sum of all roots subspaces gα such that −α is a positive root containing
exactly k elements not in θ in its decomposition into simple roots with multiplicity.
Then, for any element Z written as Z =

∑
k≥1 zk according to this decomposition,

and for t ∈ R, we let

(6) at · Z =
∑
k≥1

ektzk.

Remark. — If u− = m1, then at simply acts by scalar multiplication by et on TxX.
This happens if and only if the unipotent radical of P is abelian, which is the setting
of Theorem 1.1 in the introduction.
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3.2. Zooming measures. — For our new definition of zooming measures, we not
only use the rescaling map given in the above paragraph, but also control the multi-
height using a family of compact subsets (Dt), as in Section 2.

Definition (Zooming measures – general case). — Given a family of compact
subsets Dt in C∨

eff , the associated zooming measure with zoom factor τ > 0 at time t,
centered at x, is the measure on TxX ≃ u− defined as

µx,τ,t =
∑

v∈X(Q)∩Ux

h(v)∈Dt

δaτt·px(v).

The goal of this article is to find conditions on the family of subsets (Dt) and the
zoom factor τ under which one can describe the asymptotic behavior of the zooming
measure centered at a generic point. From the counting estimate Theorem 2.1 and the
fact that the dilation at scales the volume on the tangent space by a factor e−τt⟨ϱX ,Y ⟩,
where Y ∈ aθ is the unique element such that

(7) ∀α ∈ Π \ θ, ⟨α, Y ⟩ = 1,

it is natural to expect that for some αX > 0, for small enough τ > 0, for all f ∈ Cc(u−),

µx,τ,t(f) ∼t→+∞ αX · e−τt⟨ϱX ,Y ⟩ · ν(Dt) ·
(∫

u−
f dmu−

)
.

We shall see in particular that such an estimate holds for generic points when the
parabolic P is maximal and Dt is an interval starting at 0 and of length proportional
to t. This will allow us to derive Theorem 1.1.

3.3. The zooming flow. — We now interpret rescaling (6) on the tangent space
of X as the action of a well-chosen one-parameter multiplicative subgroup (at)t∈R in
G. The subgroup (at)t∈R is chosen so that Ad at acts on u− exactly as the semigroup
of dilations introduced in paragraph 3.1. More explicitly, we set

at = e−tY ,

where the element Y ∈ aθ is defined by (7) We shall relate the asymptotic behavior
of zooming measures to the dynamics of the action of (at)t∈R on the finite-volume
homogeneous space G/Γ.

Remark. — This interpretation of the zooming flow as the adjoint action of some
one-parameter subgroup is central in our approach to local distribution of rational
points. Such an interpretation is only possible if the manifold X(R) is endowed with
its Carnot-Carathéodory metric, which is not Riemannian in general, and this is the
reason why we chose to place ourselves in that setting.

In order to have a good understanding of the local distribution of rational points
near a given point x ∈ X(R), we shall need some control on the orbit (atsxΓ)t>0 in
the space G/Γ. Precisely, the condition we shall request is that (atsxΓ)t>0 does not
escape at positive speed in G/Γ. To make this statement rigorous, let us briefly recall
some results from reduction theory for the space G/Γ.
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Let P0 ⊂ P be a minimal Q-parabolic in G, U0 its unipotent radical, T ⊂ P0

a maximal split Q-torus, A = T (R)◦ the connected component of T (R), and M a
maximal anisotropic Q-subgroup of the centralizer Z(T )◦. Write a = Lie(A) and
Π ⊂ a∗ for a basis of the root system of (G,T ) for an order associated to P0. The
positive Weyl chamber a+ ⊂ a is the convex polytope defined by

(8) a+ = {z ∈ a | ∀α ∈ Π, ⟨α, z⟩ ≥ 0}.
Finally, fix a maximal compact subgroup K in G, and let C0 ⊂ G(Q) denote a finite
set of representatives for Γ\G(Q)/P0. The fundamental results of Borel and Harish-
Chandra’s reduction theory [Bor69, Théorème 15.5 and Proposition 15.6] show that
there exist a compact neighborhood ω of the identity in MU0 and a constant R ≥ 0
such that any element in G admits a Siegel decomposition

g = ke−sncγ,

with k ∈ K, n ∈ ω, c ∈ C0 and γ ∈ Γ and s ∈ a satisfying d(s, a+) ≤ R. Such a
decomposition is not unique in general, but the element s is uniquely determined up
to a bounded element in a; we shall denote it by s(g).

Definition (Zero rate of escape). — An orbit (atgΓ)t>0 is said to have zero rate
of escape in the space G/Γ if limt→+∞

1
t s(atg) = 0.

Remark. — This definition does not depend on the choices of the compact group
K and the compact subset ω ⊂MU0 made for the construction of the Siegel decom-
position.

For our study of zooming measures, we shall use that the condition of zero rate
of escape is generically satisfied, both for random elements chosen according to the
Lebesgue measure, and for algebraic points outside rational constaints. We summarize
these facts in the proposition below, extracted from [dSa].

Proposition 3.1 (Generic zero rate of escape). — For x ∈ X(R), let sx ∈ G
be such that x = sxP .

1. For almost every x ∈ X(R) in the Lebesgue measure, the orbit (atsxΓ)t>0 has
zero rate of escape in G/Γ.

2. For all x ∈ X(Q) not contained in any proper rational Schubert subvariety, the
orbit (atsxΓ)t>0 has zero rate of escape in G/Γ.

Proof. — One should first note that the conclusion of the proposition is independent
of the choice of the element sx in G such that x = sxP . It is therefore enough to
prove that for almost every g in G (for the first part), or every g in G(Q) outside any
proper rational Bruhat subvariety of G (for the second part), the orbit (atgΓ)t>0 has
zero rate of escape. The first part is an easy application of the Borel-Cantelli lemma,
together with the fact that the Haar measure mG/Γ on G/Γ is preserved by at and
satisfies, for some τ > 0,

mG/Γ({gΓ | ∥s(g)∥ ≥ εt} ≲ e−ετt,

which can be seen from reduction theory and the construction of fundamental do-
mains for G/Γ, see [dSa, Proposition 3.1.1] for instance. The second is a consequence
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of a parametric version of Schmidt’s subspace theorem, as explained in [dSa, Corol-
laire 5.2.3].

3.4. Convergence of zooming measures. — Our argument is similar to the one
used in the proof of Theorem 2.1. To begin with, we decompose the zooming measure
as a finite sum

µx,τ,t =
∑
c∈C

µ
(c)
x,τ,t,

where each µ(c)
x,τ,t is defined by

µ
(c)
x,τ,t =

∑
v∈ΓcP∩Ux

h(v)∈Dt

δaτt·px(v).

It suffices to study the convergence of each measure µ(c)
x,τ,t. So we fix some element c

in the finite set C of representatives of Γ\G(Q)/P and study the asymptotics of the
zooming measure µ(c)

x,τ,t. We shall be able to prove equidistribution of zooming mea-
sures if the family of compact subsets Dt in Ceff satisfies a certain counting estimate
for points in lattices translated by elements of relatively small norm, which we shall
call low lattices. To state this property, define, for s ∈ G/L,

Λ(s) = (log∥seϖα
∥)α∈Π\θ,

and given a bounded open subset O with smooth boundary in u− and a vector d0 in
aθ, let

Rt =

{
s ∈ G/L

∣∣∣∣ s ∈ eOP
Λ(a−1

τt s) ∈ d0 +Dt

}
.

The technical counting statement we shall need in order to derive equidistribution of
zooming measures is the following.

Definition (Effective counting in low lattices). — We say that the family of
subsets Dt satisfies effective counting in low lattices for the zoom factor τ if for every
bounded open subset O with smooth boundary in u− and any d0 ∈ aθ, there exist
constants α0,d0

and η > 0 such that for all t > 0 and all g2 in G such that ∥g2∥ ≤ eηt,∑
γ1∈g2Γc/Γc∩L

1Rt(γ1L) = α0,d0 ·mG/L(Rt)
(
1 +O(e−ηt)

)
.

Remark. — As we shall see below, it is not difficult to check that the volume
mG/L(Rt) is comparable to e−τt⟨ϱX ,Y ⟩ν(Dt) when t is large. A necessary condition
to have effective counting in low lattices is therefore that the sets Dt have ν-measure
tending to infinity faster than eτt⟨ϱX ,Y ⟩.

Our goal is to establish the following proposition.

Proposition 3.2. — Assume the family of subsets Dt satisfies effective counting
in low lattices for the zoom factor τ > 0. Assume in addition that for ε > 0, the
e−εt-neighborhood of Dt satisfies

ν(Dt +Baθ
(0, e−εt)) ∼t→+∞ ν(Dt).
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Then, there exists a constant αX depending only on X such that the following holds.
Let x ∈ X(R) be such that (atsxΓ)t>0 has zero rate of escape in G/Γ. Then, for every
function f ∈ Cc(u−),

µx,τ,t(f) ∼t→+∞ αX · e−τt⟨ϱX ,Y ⟩ · ν(Dt) ·
(∫

u−
f dmu−

)
.

Remark. — The condition ν(Dt+Baθ
(0, e−εt)) ∼t→+∞ ν(Dt) should be interpreted

as saying that the boundary of Dt is regular enough. In all the examples that we shall
consider, such as the ones suggested by Peyre and already studied in Section 2, this
condition is satisfied.

Proof of Proposition 3.2. — It is enough to check that for each c ∈ C, there exists a
constant αc such that for any bounded open subset O ⊂ u− with smooth boundary,
one has the asymptotic equivalent

µ
(c)
x,τ,t(O) ∼t→+∞ αc · e−τt⟨ϱX ,Y ⟩ · ν(Dt) ·mu−(O).

Note that µ(c)
x,τ,t(O) is equal to the number of rational points v ∈ ΓcP such that

(9)
{

h(v) ∈ Dt

aτt · px(v) ∈ O.
Writing v = γcP = cγcP in the decomposition 4, observe that the elements v are
in one-to-one correspondence with cosets γc(P ∩ Γc) in Γc/(P ∩ Γc). To make ex-
plicit computations, it will be convenient to identify the vector space aθ with R|Π\θ|

through the map Z 7→ (⟨ϖα, Z⟩)α∈Π\θ. With this identification, and recalling also
that p−1

x : Z 7→ sxe
ZP , conditions (9) can be rewritten in terms of γc as

(10)
{

(log∥qc,αcγceϖα
∥)α ∈ Dt

γc ∈ c−1sxa
−1
τt e

OP.

We now let
gt = aτts

−1
x c

and use the change of variables

γ1 = gtγ
c ∈ gtΓ

c.

So we want to count the number of cosets γ1 in gtΓ
c/(P ∩ Γc) satisfying (note that

a−1
τt γ1 = s−1

x cγc and that sx preserves the norm in each representation Vα){
(log∥qc,αa−1

τt γ1eϖα
∥)α ∈ Dt

γ1 ∈ eOP.

These conditions depend on γ1 only modulo the subgroup

L =
⋂

α∈Π\θ

StabGeϖα
.

Let

(11) d0 = (− log|qc,α|)α∈Π\θ.

Denoting as before Nc = [Γc ∩ P : Γc ∩ L], one has
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µ
(c)
x,τ,t(O) =

∑
γ1∈gtΓc/Γc∩P

1{γ1∈eOP and Λ(a−1
τt γ1)∈d0+Dt}

=
1

Nc

∑
γ1∈gtΓc/Γc∩L

1Rt
(γ1L).

By our assumption that the family (Dt)t>0 satisfies effective counting in low lattices,
there exists η > 0 such that as t tends to +∞, for every g2 such that ∥g2∥ ≤ eηt,

(12)
∑

γ1∈g2Γc/Γc∩L

1Rt
(γ1L) = α0,c ·mG/L(Rt) ·

(
1 +O(e−ηt)

)
.

Moreover, recalling that gt = aτts
−1
x c and that (ats

−1
x Γ)t>0 has zero rate of escape,

we can always find, for t > 0 large enough, an element g2 (implicitly depending on t)
such that ∥g2∥ ≤ eηt and

gtΓ
c = g2Γ

c.

Thus, to conclude, all we need is to estimate the volume of the set Rt. For that, we
decompose an element gL in Rt as

g = neyL, n ∈ U−, y ∈ aθ.

From the Haar measure decomposition [Kna02, Theorem 8.32] applied first to G =
U−P and then to P = eaθL, (note that the modulus for the Haar measure on P
satisfies ∆P (e

y) = e⟨ϱX ,y⟩), we obtain, with the appropriate normalization,

mG/L(Rt) =

∫
U−

∫
aθ

1Rt
(ney)e⟨ϱX ,y⟩ dn dy

=

∫
U−

1{n∈eO}

∫
aθ

1{Λ(a−1
τt ney)∈d0+Dt}e

⟨ϱX ,y⟩ dy dn.

Rewriting

a−1
τt γ1 = a−1

τt ne
y = (a−1

τt naτt)a
−1
τt e

y = (a−1
τt naτt)e

τtY+y

and using that a−1
τt naτt is exponentially close to the identity, the condition

Λ(a−1
τt ne

y) ∈ d0 +Dt is, up to an exponentially small error, equivalent to

y ∈ d0 − τtY +Dt.

Therefore, we may conclude

mG/L(Rt) ∼t→+∞ e⟨ϱX ,d0⟩e−τt⟨ϱX ,Y ⟩mu−(O)ν(Dt).

This yields the desired result, with constant αc = α0,ce
⟨ϱX ,d0⟩.
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3.5. Effective counting in low lattices. — In this paragraph, we apply Proposi-
tion 3.2 to derive Theorem 1.1 from the introduction and another convergence result
for zooming measures in general flag varieties, without restriction on the rank. This
amounts to checking that certain families of subsets (Dt) indeed satisfy the effective
counting statement introduced in the previous paragraph.

We shall need an effective version of Theorem 2.3, stated below. It follows from
Shi [Shi21, Theorem 1.6], and was also observed independently by Dabbs, Kelly and
Li [DKL16, Theorem 2] for the group SLd, with a proof that can be adapted to
cover the case of a general semisimple Q-group without compact factors, as explained
in [DKL16, §1.3]. In the statement below, we use a Sobolev norm on smooth func-
tions on G/Γ, defined in the following way. Fix a basis (ui)1≤i≤d for the Lie algebra
g of G and for α = (α1, . . . , αd) in Nd, consider the associated left-invariant differ-
ential operators Dα = ∂α1

u1
. . . ∂αd

ud
. For k ≥ 1, the Sobolev norm Sk(φ) of a smooth

compactly supported function φ on G/Γ is defined by

Sk(φ) = max
α: α1+···+αd≤k

∥Dαφ∥∞.

Theorem 3.3 (Effective equidistribution of translated periodic orbits)
Let G be a semisimple Q-group without compact factors and Γ = G(Z) be an arith-

metic subgroup. Let P be a parabolic Q-subgroup defined by a subset of simple roots
θ ⊂ Π and let L =

⋂
α∈Π\θ StabGeϖα . Finally, for y ∈ aθ, set ⌊y⌋ = minα∈Π\θϖα(y).

Then, there exists a Sobolev norm Sk on C∞
c (G/Γ) and constants C0, δ > 0 such

that for all φ ∈ C∞
c (G/Γ) and all y ∈ aθ,∣∣∣∣∣

∫
L/(Γ∩L)

φ(eyℓΓ) dmL/(Γ∩L)(ℓ)−
∫
G/Γ

φdmG/Γ

∣∣∣∣∣ ≤ C0 · Sk(φ) · e−δ⌊y⌋.

We are now ready to prove Theorem 1.1, giving equidistribution of zooming mea-
sures on rank-one varieties. For the reader’s convenience, we recall the statement
below, before its proof. We note in passing that now that the zooming measures have
been defined using the correct rescaling, the assumption that the unipotent radical of
P is abelian is no longer necessary; it suffices to assume that P is a maximal parabolic
subgroup.

Theorem 3.4 (Generic local distribution). — Let G be a simple Q-group, P
a maximal Q-parabolic subgroup and write X = G/P for the associated flag variety.
Assume X is endowed with the height Hχ associated to an irreducible representation
with highest weight χ, and denote by βχ = 1

⟨χ,Y ⟩ the almost sure diophantine exponent.
Consider the zooming measure on the tangent space TxX defined as

µx,τ,t =
∑

v∈X(Q)∩Ux

H(v)≤et

δaτt·px(v).
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For all τ ∈ (0, βχ), for all x in X(Q) not contained in any proper rational Schubert
variety, for all f ∈ Cc(TxX),

µx,τ,t(f) ∼t→+∞ αX · ⟨χ, Y ⟩
⟨ϱX , Y ⟩

· et⟨ϱX ,Y ⟩(βχ−τ) ·
(∫

u−
f dmu−

)
,

where m is the Lebesgue measure on u− ≃ TxX and αX is the constant from Propo-
sition 3.2. Moreover, the same estimate holds for Lebesgue almost every x in X(R).

Proof. — Our assumptions on x ensure that if sx is any element in G such that
x = Psx, then the orbit (atsxΓ)t>0 has zero rate of escape in G/Γ. Since P is a
maximal parabolic subgroup, there exists a unique root α such that Π \ θ = {α}.
The space aθ is one-dimensional and Y ∈ aθ is uniquely defined by the condition
⟨α, Y ⟩ = 1. The logarithmic height hχ on X = G/P is given by an irreducible
representation of G with highest weight χ = nϖα, for some positive integer n. The
height hχ is recovered from the multiheight by the formula hχ(v) = ⟨χ,h(v)⟩. We
consider the family of sets

Dt = {z ∈ aθ | 0 ≤ ⟨χ, z⟩ ≤ t} .

The condition h(v) ∈ Dt is equivalent to Hχ(v) ≤ et. Moreover, it is readily checked
that for ε > 0, the ν-measure of the e−εt-neighborhood of Dt is equivalent to that of
Dt as t tends to +∞. Therefore, in order to apply Proposition 3.2, it suffices to show
that the family Dt satisfies the effective counting for low lattices for any zoom factor
τ < βχ.

For t > 0, consider the function Ft on G/Γc given by the expression

Ft(gΓ
c) =

∑
γ∈Γc/Γc∩L

1{gγL ∈Rt}.

Our goal is to evaluate Ft at the element g2Γc, which is relatively close to the identity
coset Γc. As in the proof of Theorem 2.1, we may rewrite the inner product of Ft

with a smooth compactly supported function ψ on G/Γc as

⟨ψ, Ft⟩ =
∫
G/Γc

ψ(gΓc)
∑

γ∈Γc/Γc∩L

1Rt
(gγL) dmG/Γc(gΓc)

= α0,c

∫
G/L

1Rt
(gL)

(∫
L/(Γc∩L)

ψ(gℓΓc) dmL/(Γc∩L)(ℓ)

)
dmG/L(g).

For g in Rt, we may write g = neyL, with n ∈ eO and y ∈ aθ. The element g belongs
to Rt if and only if Λ(a−1

τt g) ∈ d0 +Dt. As in the proof of Proposition 3.2, this is, up
to an exponentially small error, equivalent to

y ∈ d0 − τtY +Dt

i.e.

⟨χ, d0⟩ −
τ

βχ
t ≤ ⟨χ, y⟩ ≤ ⟨χ, d0⟩+

(
1− τ

βχ

)
t,
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where d0 is defined by (11). We split Rt into two subsets

R′
t =

{
g = ney ∈ Rt | ⟨χ, y⟩ ≥

(
1− τ

βχ

)
t

2

}
and R′′

t = Rt \ R′
t.

For g in R′
t, the lower bound

⟨ϖα, y⟩ ≳
(
1− τ

βχ

)
t

allows us to apply Theorem 3.3, to conclude that for some η0 = η0(c, τ) > 0, uniformly
for all g in R′

t,

(13)

∣∣∣∣∣
∫
L/(Γc∩L)

ψ(gℓΓc) dmL/(Γc∩L)(ℓ)−
∫
G/Γ

ψdmG/L

∣∣∣∣∣ ≲ e−η0tS(ψ).

Now if η1 is large enough compared to η2, our assumption that ∥g2∥ ≤ eη2t allows us
to take for ψ a smooth approximate unit in a neighborhood of g2Γc satisfying:

1.
∫
G/Γc ψ = 1;

2. Suppψ ⊂ BG/Γc(g2, e
−η1t);

3. S(ψ) ≤ eCη1t, where C is some constant depending on the degree of the Sobolev
norm.

Combining (13) with the upper bound on S(ψ) and assuming we chose η1 so that
η0 > (C + 1)η1, we find∫

G/L

1R′
t
(gL)

(∫
L/(Γc∩L)

ψ(gℓΓc) dmL/(Γc∩L)(ℓ)

)
dmG/L(g)

= α0,c ·mG/L(R′
t) ·
(
1 +O(e−tη1)

)
.

On the other hand, it is easy to check that for some η′0 > 0 depending on τ − βχ > 0,
one can bound mG/L(R′′

t ) ≲ e−η′
0tmG/L(Rt)), so that in the end, one finds

⟨ψ, Ft⟩ = α0,c ·mG/L(Rt) ·
(
1 +O(e−tη1)

)
.

We now explain how the assumption on the support of ψ can be used to show that
⟨Ft, ψ⟩ is close to Ft(g2Γ

c). The trick is to replace Rt by a similarly defined but
slightly smaller open set R−

t such that, provided η2 > 0 is small enough compared to
η1,

1. mG/L(R−
t ) ≥ (1− e−tη2)mG/L(Rt);

2. for every h ∈ BG (1, e−η1t), one has hR−
t ⊂ Rt.

Then, we consider
F−
t (gΓc) =

∑
γ∈Γc/Γc∩L

1{gγL ∈R−
t }.

For each gΓc in Suppψ, we may write gΓc = hg2Γ
c for some h in BG(1, e

−tη1), so

F−
t (gΓc) ≤ Ft(g2Γ

c)

and therefore
⟨ψ, F−

t ⟩ ≤ Ft(g2Γ
c).
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Applying the above estimate to F−
t , we find

Ft(g2Γ
c) ≥ α0,c ·mG/L(R−

t ) ·
(
1−O(e−tη1)

)
≥ α0,c ·mG/L(Rt) ·

(
1−O(e−tη2)

)
.

A similar argument using a slightly larger set R+
t to control Rt from above yields the

analogous upper bound

Ft(g2Γ
c) ≤ α0,c ·mG/L(Rt) ·

(
1 +O(e−tη2)

)
.

This shows that the family Dt satisfies the effective counting for low lattices, and
applying Proposition 3.2, one gets

µx,τ,t(f) ∼t→+∞ αX · e−τt⟨ϱX ,Y ⟩ · ν(Dt) ·
(∫

u−
f dmu−

)
.

Noting that

ν(Dt) =

∫
10≤⟨χ,y⟩≤te

⟨ϱX ,y⟩ dy =

∫ t

0

es
⟨ϱX,Y ⟩
⟨χ,Y ⟩ ds ∼t→+∞

⟨χ, Y ⟩
⟨ϱX , Y ⟩

et
⟨ϱX,Y ⟩
⟨χ,Y ⟩

and recalling that βχ · ⟨χ, Y ⟩ = 1, this yields

µx,τ,t(f) ∼t→+∞ αX · ⟨χ, Y ⟩
⟨ϱX , Y ⟩

· et⟨ϱX ,Y ⟩(βχ−τ) ·
(∫

u−
f dmu−

)
.

One can also use Proposition 3.2 to study the local distribution of rational points
on a general flag variety, without any restriction on the rank. This is the content of
the result below, which allows a small zoom factor τ > 0 for the local distribution of
rational points with height in a moving compact set of the form Dt = tu+D0, as in
Section 2.

Theorem 3.5 (Local distribution for bounded domains in C̊∨
eff)

Let G be a semisimple Q-group, P a maximal Q-parabolic subgroup and write
X = G/P for the associated flag variety. Fix an element u ∈ C̊∨

eff , a compact domain
D0 with smooth boundary in aθ, and for t > 0, let Dt = tu+D0.
There exists τ0 > 0 such that for all τ ∈ (0, τ0), for all x in X(Q) not contained in
any proper rational Schubert variety, for all f ∈ Cc(TxX),

µx,τ,t(f) ∼t→+∞ αX · e−τt⟨ϱX ,Y ⟩ · ν(Dt) ·
(∫

u−
f dmu−

)
.

The same estimate holds for Lebesgue almost every x in X(R).

Proof. — The proof is very similar to the one of the previous theorem, so we only
give a sketch to explain the main adjustments. All that needs checking is the effective
counting statement for low lattices. First write

⟨ψ, Ft⟩ = α0,c

∫
G/L

1Rt
(gL)

(∫
L/(Γc∩L)

ψ(gℓΓc) dmL/(Γc∩L)(ℓ)

)
dmG/L(g).

For g ∈ Rt, write g = key, with k ∈ K and y ∈ aθ. From the assumption that
u ∈ C̊∨

eff , one deduces that there exists η0 > 0 such that for τ > 0 small enough,
uniformly over all g in Rt, one has a lower bound ⌊y⌋ ≥ η0t. Applying Theorem 3.3,
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this implies that for η1 > 0 sufficiently small, if ψ satisfies
∫
G/Γc ψ = 1 and has

Sobolev norm S(ψ) ≤ e−η1t, then

⟨ψ, Ft⟩ = α0,c ·mG/L(Rt) ·
(
1 +O(e−tη1)

)
.

If η2 > 0 is small enough and g2 ∈ G satisfies ∥g2∥ ≤ eη2t, we may take ψ satisfying
the above conditions and supported in the ball BG/Γc(g2, e

−η1t). At this point, it is
important to note that the constants η0, η1 and η2 can be chosen independently of τ .
Then, if τ is sufficiently small compared to η1, observe that for all h in BG(1, e

−η1t),

Λ(a−1
τt hg) = Λ(a−1

τt g) +O(e−η1t/2).

This allows us to construct sets R−
t and R+

t as in the proof of Theorem 3.4, to show
that ⟨ψ,Ft⟩ ∼t→+∞ Ft(g2Γ

c) and therefore conclude the proof.

Remark. — Adapting the argument from Theorem 3.4, one can derive the asymp-
totic equivalent under the much more restrictive condition that u − τY lies in the
interior of the positive Weyl chamber a+θ = aθ ∩ a+, where we recall (8). Note that
this can only happen if u itself lies in a+θ , so that the compact sets Dt cannot move
in any direction in the dual effective cone.

4. Concluding remarks and open problems

Flag varieties of Q-rank more than one. — It would be nice to generalize Theo-
rem 1.1 to the case of an arbitrary flag variety endowed with the anticanonical height.
For that, one needs to consider the sets

Dt =
{
y ∈ C̊∨

eff | ⟨ϱX , u⟩ ≤ t
}
.

Figure 1. The complete flag variety under SL3

One issue is that for ε > 0, the ν-measure of the set of elements y ∈ Dt satisfying
⌊y⌋ ≥ εt is not exponentially negligible compared to ν(Dt), unless dim aθ = 1. This
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is the reason why it is more convenient to restrict the height to a moving compact
subset of the form

Dt = tu+D0, with u ∈ C̊∨
eff ,

as in Theorem 3.5. In this context, using notation from the proof of that theorem, it
is not difficult to check that the weak counting statement

⟨ψ, Ft⟩ = α0,c ·mG/L(Rt) ·
(
1 +O(e−tη1)

)
holds as soon as mG/L(Rt) grows exponentially, which is equivalent to u− τY ∈ C̊∨

eff .
It would be interesting to determine whether this condition is sufficient to ensure
validity of the asymptotic equivalent for µx,τ,t(f).

Uniform local distribution. — A very natural problem in the study of local dis-
tribution of rational points on a variety is to determine the maximal zoom factor τX
such that the zooming measures µx,τ,t equidistribute for every point x in X(R) for
every τ ∈ (0, τX). Note that one always has τX ≤ βX . In the case where X = Pn,
it is not difficult to check that τX = 1. As explained in the introduction, it was also
shown in [HSS] that if X is a non-degenerate quadric hypersurface, then τX = 1

2 . In
general, one may define the essential Diophantine exponent of a point x in X as

βess(x) = sup

{
β ⩾ 0 :

∃ Zariski dense sequence (vi) ⊂ X(Q)

such that d(x, vi) ≤ H(vi)
−β .

}
.

It seems reasonable to conjecture, at least for flag varieties of rank one, that τX is
equal to the essential Diophantine exponent of any rational point on X. In the case
of a Grassmann variety X = Grℓ,d, this should yield τGrℓ,d = 1

min(ℓ,d−ℓ) .

Geometric interpretation of constants κX and αX . — In [Pey21, Ques-
tion 4.8], Peyre gives an interpretation of the constant κX from Theorem 2.1 in terms
of the Tamagawa measure on X. It would be interesting to check by a more careful
analysis of our computations, in the spirit of what is done in Borovoi-Rudnick [BR95,
Theorem 4.2], that the expression we obtain for κX is indeed equal to Peyre’s conjec-
tural value. In a similar vein, one should express the constant αX from Theorems 3.4
and 3.5 in terms of arithmetic and geometric constants related to X.
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