A GEOMETRIC CONDITION FOR THE UNIFORM STABILITY OF LINEAR
MAGNETOELASTICITY

THOMAS DUYCKAERTS!

ABSTRACT. We give a necessary and sufficient condition, of geometrical type, for the uniform decay of
energy of solutions of the linear system of magnetoelasticity in a bounded domain with smooth boundary.
A Dirichlet-type boundary condition is assumed. Our strategy is to use microlocal defect measures to
show suitable observability inequalities on high-frequency solutions of the Lamé system.

1. INTRODUCTION
Let © be a bounded, simply connected domain of R3, with a smooth boundary. Let us consider the
following system, modelling the displacement of an elastic solid in a magnetic field:
020 — ¢Av — (A +¢)Vdive — kcurlh A B =0
B0:h + curlcurl h — Bcurl (v A B) =0 (t,y) € (0,00) x Q
divh =0
v=0, hn=0, culhAn=0 ({y)€ (0,00)x 99,

(1)

where v = (v, v2, v3) is the displacement vector of the solid, and h = (hq, ha, h3) the magnetic field. The
system is located in a constant exterior magnetic field B = (B, 0,0). We have denoted by A, V, div, curl
respectively the Laplace operator, gradient, divergence and curl operators according to the space variable
y, in the Euclidean metric of R3. The positive constants x and 8 are coupling constants, and n is the
external normal vector to the boundary of 2. The real Lamé constants A and ¢ are such that A+ 2¢ > 0,
¢>0and A +¢ #0.

The system (1) has a natural time-decreasing energy:

1
E(t) = 3 /Q 10wv|* 4 6| V|2 + (A + ) |divv|? + k|h|?dy.

When 2 is simply connected, G. Perla Menzala and E. Zuazua have shown that this energy tends to
zero as time tends to infinity, which is a simple consequence, using La Salle invariance principle, of the
non-existence of stationary solution for (1).

The system (1) may be seen as a coupling between the Lamé system

(2) O2u — cAu — (A +¢)Vdivu = 0,
with Dirichlet boundary conditions, which is a conservative system, and the following heat equation:
Borg — Ag = 0.

The energy decay is produced by this strongly dissipative equation. From the point of view of v, the
dissipation is caused by the coupling term: R(v) := curl (0;v A B).
In this paper, we are interested by the possible uniform decay of the energy:

(3) E(t) < fOE0), [(t),— 0,
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where f if independent of the initial condition. In this case it is easy to show, using the semi-group
property of the equation (1), that f may be taken as a negative exponential function.

We will give, with a technical hypothesis on €2, a necessary and sufficient condition on the geometry of
the problem for (3) to hold. When this condition is not fulfilled, there exist rays on €2, named B-resistant
rays, along which the energy of some solutions of (1) concentrates, and the dissipative term R(v) is very
small. Indeed, when such a ray exists, there is a sequence of solutions of (1) concentrating on the ray
and which is in first approximation parallel to B.

Before giving more explicit results, let us mention some earlier works on related subjects. As it was
already stated, the convergence to 0 for the energy of magnetoelasticity in a bounded, simply connected
domain was shown by G. Perla Menzala and E. Zuazua in [20], but their method does not give any
information on the rate of convergence. By energy methods, Muifioz Rivera and Racke [18], Munoz Rivera
and de Lima Santos [9] have shown the rate of convergence to be at least polynomial, in dimension 2 or 3,
but only for some precise types of domains. Andreou and Dassios [1] have examined the same system on
the entire space R?, showing again polynomial decay for some initial conditions. In [5], Chardo, Oliveira
and Perla Menzala have studied the system of magnetoelasticity in dimension 3 with an additional (linear
or semilinear) damping term, and proved exponential or polynomial decay depending on the nature of
the decay. See also [6] for a study in unbounded domains. Ma, Rivera, Oquendo and Sudrez have studied
the system of magnetoelastic plate (analogous to (1), where the wave equation is replaced by a plate
equation) in [16].

The linear system of thermoelasticity is better understood. In this system, the Lamé system is coupled
with a scalar heat equation. The dissipation is caused by the longitudinal part of the Lamé equation
(the curl-free part of v). G. Lebeau and E. Zuazua [15] and N. Burq and G. Lebeau [2] have given
(under a spectral assumption) a necessary and sufficient condition on €, of geometrical nature, for the
uniform decay in dimension 2 or 3. Namely, this decay is equivalent to the non-existence of rays, called
“transversal polarization rays”, carrying the transversal component of v (the divergence-free component),
which resists to the dissipation. In [15], Lebeau and Zuazua have also proved the polynomial decay in
dimension 2, under the same spectral assumption, which is namely that the operator associated to the
equation does not admit any real eigenvalue. As shown in [20], this spectral condition is always fulfilled
for the system of magnetoelasticity in a bounded, simply-connected domain.

The comparison of the two systems of thermo and magnetoelasticity show that thermoelasticity is
slightly less dissipative (the coupling of the Lamé system with the heat equation is weaker), and more
difficult to describe, because of the non-trivial polarization of transversal waves.

Let us also mention the work [14] about the controllability of the system of thermoelasticity, and the
articles [19], and [7] on the stability of the system of magneto-thermo-elasticity that take into accounts
both thermic and magnetic effects.

The system of thermoelasticity of type I11, where the classical heat equation is replaced by an hyperbolic
(Cattaneo-type) heat equation was studied by Quintanilla and Racke [21] and Zhang and Zuazua in [24].
In this last article, the authors proved polynomial decay for most domain in dimension 2, and investigated
uniform decay in dimension 3, relying on the results of [15].

To state our main result, we need some geometrical preliminaries. Assume that 02 has no contact of
infinite order with its tangents. Thus, the Hamiltonian flow of the symbol of a wave operator 97 — c2A,
which is defined locally in S*(R x Q) (the spherical cotangent bundle of ), may be extended to the
boundary of this bundle to a global flow, the generalized bicharacteristic flow, which may be seen as a
continuous flow on the spherical compressed cotangent bundle S; (R x €2) (cf [11, chap. 24.3]). We shall
call bicharacteristic rays or just rays the characteristic curves of this flow. Such a curve ~ will be said
parallel to B if its direction of propagation is always parallel to B and orthogonal to B if its direction
of propagation is always orthogonal to B. We refer to Section 3 for the exact definitions of S (R x 2)
and of the generalized bicharacteristic flow.
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The Lamé system (2) may be written as the sum of two wave equations known as the longitudinal and
transversal wave equations, of respective speed ¢z, := VA + 2¢ and ¢p := /5 (cf §3.5). The assumption
A+ ¢ # 0 is equivalent to cr, # cr.

Definition 1.1. One calls longitudinal ray (respectively transversal ray) any bicharacteristic ray for
the operator 97 — ¢ A (respectively 07 — cQTA).ione calls B-resistant ray any continuous application
~ from an open interval I = (sg, s,,) to Sy (R x ) such that there exists a finite number of real numbers
S0 < 81 < ... < S, such that

e on (s;_1,5;), j € {1,...,n}, v is a longitudinal ray parallel to B, or a transversal ray orthogonal
to B;
o if j € {1,...,n — 1}, 7(s;) is an hyperbolic point for the longitudinal and transversal waves (cf
§3.1.7) and one of the following assertions is true:
— (L = T) case: v is a longitudinal ray on |s;_1, s;[, and a transversal ray on |s;, s;+1[;
— (T — L) case: vy is a transversal ray on |s,;_1, s;[, and a longitudinal ray on |s;, s;+1[.

Some B-resistant rays are drawn in Figure 1. The rays of this figure are all planar, but this is not a
general property of B-resistant rays.

Near s;, 1 < j <n — 1, the continuity imposed by the definition of v gives a condition on the angles
of incidence and refraction. In the case (L — T), if we denote by ay, the angle between the longitudinal
incoming ray and the tangent to 02 in the plane of incidence, and by S the angle between the transversal
outcoming ray and this tangent, we have tanay = ¢& and tan fr = & (which implies oy, + By = 7/2).

In the case (T' — L), and with similar notations, we have tanar = ¢& and tan 8, = ¢.

o0
OB Q
o0
(L) 'B

a) A transversal b) A longitudinal
B-resistant ray B-resistant ray
o0

ar

T
(L) (T)
B

d) A boundary
B-resistant ray

c¢) Transfer (L — T)

FIGURE 1. Examples of B-resistant rays
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Theorem 1. Let Q be a bounded, simply connected domain of R3, with a smooth boundary, having no
contact of infinite order with its tangents. The energy of the system of magnetoelasticity in Q decays
uniformly if and only if there exists an € > 0 such that the length of every B-resistant ray on §2 is lesser
than £.

Remark 1.2. Asit will be shown in the proof, at high frequency, the transversal rays carry the component
of v which is orthogonal to the direction of propagation, and the longitudinal rays the component of v
which is parallel to this direction. A B-resistant ray, whose direction of propagation is orthogonal to B
in the transversal case and parallel to B in the longitudinal case carries essentially the component of v
which is parallel to B, thus cancelling the dissipative term R(v) := curl (0;v A B). From this point of
view, Theorem 1 is very natural.

Remark 1.3. It is essential to assume ¢y, # cp. Otherwise, the first equation in (1) would be a wave
equation with speed ¢;, = ¢p. Every solution of (1) such that

U[tzoJ_B, atvrt:(]J_B, h[t:() =0
would be of constant energy.

Remark 1.4. If Q is not simply connected, there exists a finite dimensional space E of stationary
solutions of (1), whose components along v are null. The study of the decay to zero of the solutions may
be replaced by the study of their convergence to the eigenfunctions corresponding to the space E (cf [20,
chap. 5]). We won’t develop this aspect here.

Remark 1.5. The condition of uniform decay is not fulfilled in simple cases, like the one of a ball, or
an ellipsoid which has an axis parallel to the magnetic field. However it seems generic in the class of C*°
open sets. When this condition is not fulfilled, one can prove polynomial decay of regular solution (see
the arXiv preprint [8]).

The proof uses propagation arguments on microlocal defect measures. This strategy of proof was
initiated by G. Lebeau (see [12]).

The remainder of the paper is organized as follows. In Section 2, we reduce Theorem 1 to an high-
frequency observability inequality on the Lamé system (2). This is based on two arguments: the setting
aside of low frequencies, which is a consequence of the non-existence of stationary solution for the equation
(1) shown in [20], and the decoupling, by simple calculations, of the two equations (the Lamé system and
the heat equation) which compose (1). In Section 3, we introduce microlocal defect measures (an object
due to P. Gérard [10] and L. Tatar [22], and in this particular setting to N. Burq and G. Lebeau [2]), in
order to study the lack of compactness of a sequence of high-frequency solutions of the Lamé system. The
main result of this section (apart from the existence of the measures), is a propagation theorem which
was stated and shown in [2]. In Section 4, we prove the observability inequality on solutions of the Lamé
system (2) which implies Theorem 1. The method of proof is to introduce, in a contradiction argument,
a sequence of high frequency solutions of (2) which contradicts this inequality, and to use propagation
arguments on the defect measures of this sequence. Section 5 is devoted to the necessary condition of
Theorem 1, and is inspired by [4]: defect measures are used to construct a sequence of solutions of (2)
concentrating on a B-resistant ray and contradicting an observability inequality.

This paper is a corrected, updated and abbreviated! version of the unpublished preprint [8] (2004),
which is a translation of a chapter of the French PhD thesis of the author. The author would like to
thank his former PhD supervisor, Nicolas Burq, for introducing him to this subject and more generally
to microlocal analysis. This work is also indebted to Enrique Zuazua, who played an important role in
the mathematical study of linear elasticity, especially with microlocal analysis techniques (see his articles
with Gilles Lebeau [14] and [15]), and also has introduced system (1) in the mathematical community, in
his work with G. Perla Menzala [20].

LA section on polynomial decay was taken off for the sake of brevity
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2. OBSERVABILITY INEQUALITY FOR THE LAME SYSTEM

2.1. Notations and preliminary results. In this subsection are gathered a few basic facts about
equations (1) and (2), as well as some notations. The main results of Section 2 are stated in the next
subsection.

If U is an open set of R? or R* we set

H*(U):= H*(U,C%, L*U):=L*U,C?%.
2.1.1. Magnetoelasticity. Consider the following spaces:
H:={ge L*(Q), divg=0inQ, gn=0in 00}, Hj:={f€ H'(Q), f=0in 00}
Hy = {f € HNH?*Q), curl fAn=0in 89},
and the norms gl = Rlgls@y 1) = O+ v Sl + IV 120 e Let A be the
unbounded operator on X := H{(Q) x L?(2) x H, with domain D(A), defined by

_—
A(Vp) = —Avg — f@(curl ho) A B
—curl (v; A B) + curl curl hg

, D(A):=(H*NH}) x H} x Hy.

where Vo = (vg,v1, hg) denotes an element of X. Equation (1) may be rewritten
(4) OV + AV =0, V = (v,0v,h).
The following proposition is due to G. Perla Menzala and E. Zuazua [20]:

Proposition 2.1. a) The operator A is mazimal accretive. For any initial data Vo € X, there exists a
unique weak solution V (t) = (v(t), dyv(t), h(t)) € C°([0, +ool; X) of (4) such that V(0) = V.
b) The energy E(t)

1 1
(5) E(t) = IV = 5/ |00l + <[ Vo? + (A + <) divol* + k[h]*dy
Q

is decreasing. More precisely,

(6) vVt >0, E(t)— = —f/ / |curl h|2dy.
¢) If Q is simply connected, for all Vg in X, lims—, 1 o E(t)

The assertions a) and b) are straightforward applications of the semi-group theory for the operator A.
The assertion c) is a consequence of the non-existence of stationary solutions for the system.

2.1.2. Lamé system. Let us now consider the Lamé system with Dirichlet boundary conditions:
O2u—Au=0in R x

(7) ujpn =0
(wpi=0, Ot i=0) = (ug,u1)-

Let X, be the space Hi x L? and £ the unbounded operator on X, defined by

(8) L= [ 70Ae _éd } D(L) := (H? N Hy) x L*.

Taking (ug,u;) in the energy space X,, the equation (7) may be written
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Proposition 2.2. The operator L is mazimal and unitary. For any initial data Uy = (ug,u1) € Xe, the
system (9) has a unique weak solution U € C°(R, X,.). Furthermore, the function u is a solution of (7)
in the distributional sense. At last, the energy

1 1
5 (@3 + 0wl ) = SIU@IA,

of this solution is constant.

2.1.3. Two useful lemma. The two following standard lemma will be of great help in all this paper. The
first one is due to the fact that € is simply connected (cf [23, Appendix I, Lemma 1.6)):

Lemma 2.3. The H' norm on H N H' is equivalent to the norm ||u|| := ||curlu||z-.

The second lemma is a elementary energy estimate on solutions of the non-homogeneous Lamé system.
If w(t) is a function with values in some Hilbert space, we set (wo,w1) := (w, Qyw);

Lemma 2.4. Let T >0, W € C°((0,T),X.) and F € L?((0,T), X.) such that
(10) oW + LW =F, tc(0,T).
Then

t=0"

T T
| Wik, i< c{||w<o>||§<e -/ |F<t>||%<edt} ,

where C' only depends on T'. In particular, if

we C'((0,T), L* () NC°((0,T), Hy(), feL*((0,T)x Q)

OPw — Aw = f,

then

ol o.yxsy < € (ol @y + losliEeey + 17 1Ee oy xen ) -

This is a standard energy inequality (using Re(LW, W)x, = 0) and we omit the proof.

2.2. Necessary and sufficient condition for uniform decay.

2.2.1. Statement of the condition.

Proposition 2.5. Let Q be a smooth, simply connected, bounded domain of R3.
a) Assume that there exist T > 0 and C > 0 such that for any solution U of (9),

(11) luolldgs + lali3e < € (llewl @A B)l-1o,ryxa + oz + fuall3—2 ) -

Then the energy of solutions of the system of magnetoelasticity (1) decays uniformly.
b) Conversely, if the energy of solutions of (1) decays uniformly, then there exist T > 0 and C >0
such that for any solution of (7) of finite energy,

(12) luol gz + luallZ> < CllOwu(t) A Bli2(0,1)x0)-

Remark 2.6. Proposition 2.5 is a fairly classical result in this setting. To prove it, we shall avoid the
usual abstract decoupling argument (see [14]) but rather use simple energy estimates on the systems of
magnetoelasticity and Lamé.

To prove Proposition 2.5, we first write a necessary and sufficient condition of uniform decay for
solutions of a general dissipative equation. The second step of the proof consists in applying this condition
to the system of magnetoelasticity, furthermore decoupling it in the system of Lamé and a heat equation.
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2.2.2. Abstract framework. Let P be a maximal, accretive operator on an Hilbert space X, with dense
domain D(P). Denote by ||..]| the norm of X, ||..||; the natural norm on D(P) and ||..||-1 the norm on
its dual space, with respect to the pivot space X. Assume that the embedding

X — D(P)

is compact. For zp € X, we will denote by z(¢) the solution (obtained for example by standard semi-group
theory) of

d
(13) dif + Pz = O7 Zt=0 = 20-

By accretivity of P, the energy 1 ||z||? is time-decreasing. The following uniqueness-compactness argument

is by now classical (cf [3]):

Lemma 2.7. The two following assertions (i) and (ii) are equivalent:

(i) 3C >0, Ja >0, Vzo € X, Vt >0, ||2(1)]|* < Cl20]?e™
(the energy is uniformly decreasing)
(i) a) 3T >0, 3C >0, Yz € X, [2(D)[* < C ([=(0)]* — [|(D)II* + 2(0)]|24)

b) There is no non-zero solution of (13) of constant energy on [0, +o00].

Corollary 2.8. The energy of (4) is uniformly time-decreasing if and only if

T
r >0, 3C >0,V € X, E(T) < C’{/ / |curl h|? dy dt + ||VO|§3(A),} .
0 Q

Indeed, the non-existence of stationary solution (the condition ii,b of Lemma 2.7 has been proved in
[20, p.356]), which shows the corollary.

Proof of Lemma 2.7. Tt is easy to see that (i) may be replaced by
(i) T 0,3C >0, ¥z € X, (T2 < C (0] - (7))

Clearly (i’) implies (ii).
Assume (ii). For some T > 0, set

ar(2) = [l20)* = [=(D)II*, G := {20 € X, qr(2) = 0},

which is the kernel of a positive, bounded, quadratic form on X, thus a closed subspace of X.
According to (ii), a) and the compactness of the embedding from X to D(P)’, G(T) is locally compact,
and thus of finite dimension, for large T. Combining with assumption b), we obtain that GT = {0} if T
is large enough.
Let us fix such a T. We prove (i') by contradiction. Assume that there exists a sequence (z%) of
elements of X such that

(14) 1= 5D, m_gr(z") = 0.

li
k—+oco
Extracting subsequences, we may assume that (2§) converges weakly in X. Since GT = {0}, its weak limit
must be 0. The compactness of the embedding of X in D(P)’ yields limg_,  ||25]|_1 = 0, Contradicting
a) and (14). O
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2.2.3. Proof of Proposition 2.5. Assume the uniform time-decay of the energy of solutions of (4). Then,
by (6), there exist T > 0 and C' > 0 such that the following estimates hold for any solution v of (4)

T
(15) looll% < © / Jeurl A(#)[2 g dt.

Let U be a solution of the Lamé system with initial data Uy = (ug,u1) € D(L) and V the solution of the
system of magnetoelasticity with initial data

‘/b = ('U, atvv h) [t=0 — (Uo, Uy, O)
Set: W(t) := V(t) — (u(t), dyu(t),0). Then
OW + AW = (0,0, —curl (Q;u A B))

Take the scalar product in X with W of the two sides of this equality, then integrate the real part with
respect to time between 0 and T'. Using

K
Re (AW, W)x = Bllcurlhllim)

(curl (8yu A B), h) du N B, curlh) s q)

L2(Q) = (
the fact that Wy=9 = 0, and in the second line, the inequality (15), we get

T T
W% + / Jeurl h(t)|2.q dt < C / 10uu(t) A B2 0 dt

T
JuolFg oy + s ey < € [ 1000) 1 Byt

This shows point b). To prove a), assume that inequality (11) holds. Consider a solution V' = (v, 0yv, h)
of (4) with initial data Vy = (vg,v1, ho), and the solution « of the Lamé system with initial data

('U/7 atu) [t=0 = (UO7 Ul)'

Thus, by (11):
(16) leoli3g; + ol < € (llewrl @ A B) -1 oy + o l3e + o113+ )

Furthermore, the energy inequality on the non-homogeneous Lamé system (Lemma 2.4) yields

T
o = 120 0.1y < C / Jeurl h(t)|[2 dt

T
lewrl (Byu A B)|[37-1(0,7)x0) < C {/O leurl h(£)[| 72 dt + [leur] (80 A B)@{—l((@:ﬁ)xﬂ)} ;

which implies, using (16), Lemma 2.3 and the equation 80;h + curl curl h = Seurl (O;v A B),

T
(17) lvollFy + llnllz= < € {/0 leurl h(#)||Z2dt + [[vol|7- + ||v1||§{—1} :

In order to use Corollary 2.8, we need to add to the left-hand side of inequality (17) the L?-norm of h(T).
We may do so by taking a larger T. Indeed, consider s € [0, 7] such that

B = min (1)

By Lemma 2.3,

1 (T c [T
17(s) 17200y < T/o [B(8)]|72 (0 dt < T/o [[curl A(t) |72 gy dt.
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Inequality (17) taken at the initial time ¢ = s yields

1 2T
E(s) = 5IV(s)lix <C </0 lleurl A(t) |72 g dt + ||V<5)||2D(A)’> :

Since E and ||V||p(4) are non-increasing functions of time, this implies the inequality of Corollary 2.8,
and thus the uniform decay of solutions of (1). The proof of b) is complete.

3. DEFECT MEASURES

Let N > 1 be an integer (below we will take N =1 or N = 3). For an open subset U of an Euclidean
space, we set
L*(U) = L*(U,CY), H*U):= H*U,CN).
We consider an open subset 2 of R”, n > 1 (below we will take n = 3), and a sequence (u*) of functions
on R; x 2, such that
(18) uf — 0in HL . (R x Q),

k—+oo

(in the sense that (pu”*) converges weakly to 0 in H(R x Q) for all ¢ € C§°(R x Q)). We assume that

every u is solution of a wave equation in Q:

(19) (V207 — A)u* =0, in R x Q.

We shall introduce in this section a measure describing, from a microlocal point of view, the defect of
compactness in H! of the sequence (u*). This description is of fundamental importance to show the
observability inequalities of the preceding section, since the Lamé system decomposes into two waves
equation (see §3.5.1). Micro-local defect measures have been independently introduced by P. Gérard and
L. Tatar [10, 22]. We shall follow the construction of N. Burq and G. Lebeau, which describes the defect
of convergence up to the boundary of €.

We assume, for the sake of simplicity that the functions u” are smooth, so that their traces on the
boundary are always defined. In the sequel we shall always reduce to this case.

In Subsection 3.1 we will give a few definitions and notations. In Subsection 3.2 we will state an
existence theorem of microlocal defect measures and set out their first properties. Subsection 3.3 is
devoted to the propagation theorem of the measure (proved in [2]), and Subsection 3.4 to some important
properties of the traces of ©* on the boundary. Finally, in Subsection 3.5, we shall apply the construction
of the measure to the case of a sequence of solutions of the Lamé system.

k

3.1. Notations.

3.1.1. Local coordinates. Consider an open cover of 2: ) = Uj:o Q;, where Qo C Q and, for all j > 1,
€1; is a small neighbourhood of a point of 92, such that on €2;, there are geodesic normal coordinates

z€Q = (y,z,) €Y :=Y'x]0,1],

where z,, is the distance to the boundary, and Y’ an open subset of R”~!. Most objects introduced here
are global objects but we will mainly use local coordinates. For a large part of this section we choose one
of the open set €, j > 1.

Set X ;=R xY, X':=R xY’, and denote the elements of X and Y by

= (0, L1y, Tn_1,Tn), To=1t, y=(T1,T2,..,Tn_1,pn) €Y,
S——— —
',L./ y/
Let

R = {(2,2,) € R, 2, >0}, RYT=RIF, 0X = X' x {0}, X:=X'x[0,l].
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The set X is an open subset of @: Let g be the natural metric on Y, induced by the change of
coordinates, and g = det g. In a geodesic system of coordinates, g is of the form

)

3.1.2. Bundles on X. Let us consider T*X = X xR"*! the cotangent bundle of X and S* X the spherical
cotangent bundle, which is defined to be the quotient

S*X = (T"X\{|§] = 0})/RY,
by the action of R% : (X, §) = A{. The elements of those two bundles will be denoted by
p:(iﬂ,f), r € X, f:(fl,fn)GRnXR, 52(7377):(7777/3571)'

There is a natural Euclidean norm for the 7-component of 7" X: Il :== Mg~ 'n.
We will also consider T*X = X x R T*9X := 90X, x Rg, the boundary cotangent bundle and
S*0X the associated spherical bundle.

3.1.3. Operators in the interior of 2. Le S[™ the set of matrix symbols of degree m with compact support
in X, which are the functions
a(z,€) € CF(X x R"™, My(C)),

such that there is a compact K of X with suppa C K x R"*! and satisfying the following estimates:

(20m) Va, VB, 3Cag, a;afa(x,g)] < Cop (14 )™ 171

and which have a principal symbol a,,(z, ), homogeneous function of degree m in £, such that a — a,,
satisfies (20,,—1) for large |¢]. The operator of symbol a, A = a(x, D), is defined by

1

—— [ a(x, O)D (€)™ Ede.
Gy [ Al e ds

In order to act on functions which are only defined in X, it is convenient to consider only the set A"
consisting of operators A which are of compact support in X, in the sense that A = pAyp for a function
v € C§°(X). An operator in A" maps a distribution in X to a compactly supported distribution in X.
We shall denote by o,,(A) the principal symbol of an operator A of degree m.

Av(zx) :=

3.1.4. Operators near the boundary. Let S;" be the set of tangential matrix symbols of degree m with
compact support in X, defined as the functions

a(z,£') € C%(X x R", Mn(C)),
such that there is a compact K of X with suppa C K x R”, and satisfying the estimates
050¢.a(z,¢)

(217n) \V/Oé, Vﬂ, ElCaB’ S CO:B (1 4 |§/Dm—‘ﬁ| ;

and which have a principal symbol a,, (z,£’), homogeneous of degree m in & and such that a —a,, satisfies
the inequalities (21,,—1) for large |¢’|. We define the operator of symbol a, A = a(z, D'), by

1 A iz’ & get
W/a(%f )JO(E' zn)e™ = dE'
Here, the Fourier transform of v is only taken with respect to the tangential variable z’. As in the
interior case, we introduce the set A}* of tangential operators A with compact support in X, i.e such

that A = pAyp for a compactly supported function ¢ € C§°(X).
The set of all pseudo-differential operators of interest for us will be denoted by

A" i={a= A+ Ay, Ai € A", Ay € A}

Av(z) :=



A GEOMETRIC CONDITION FOR THE UNIFORM STABILITY OF LINEAR MAGNETOELASTICITY 11

3.1.5. Sobolev spaces. Let s € R and w be an open set of R” or R"T1. As before, we denote by H*(w)
the Sobolev space of CV-valued distributions (which is the set of restrictions to w of elements of H*(R"),
endowed with the quotient norm). We also consider the space Hi (w), the space of vector-valued
distributions such that

Vo € C5°(w), ¢ue H?,
and HZ,  (w), the space of distributions in H?®(w) compactly supported in w. The notation H} (Z),

comp

will also be used when Z is not open (Z =R x , or Z = X) as follows:

u* — w(or =0(1)) in H{ (Z) <= Yo € C*(Z), pu* — pu(=0(1))in H?,
k—+o00 k—+o0
where C§°(Z) is the space of C'*° functions whose support is a compact of Z. We will also consider the

following spaces, suitable for boundary-value problems:

loc comp loc

H3(X) = L2(0,1; Hy (X)), HYp(X) = {u € H(X), 3p € C*(X), u = @u} :

The elements of A}" are continuous maps from Hj; (X) to H M (X), and those of Aj" are continuous
maps from Hl?);q (X) to HO3 ™ (X)) .

comp

Definition 3.1. Let p € S*X. The sequence (v¥) is said to be bounded (respectively converging
to 0) in H; when there exists A € A7, whose principal symbol is invertible near p and such that (Avk)
is bounded in H*® (respectively converges to 0 in H?).

Let p' € S*0X. The sequence (v¥) is said to be bounded (respectively converging to 0) in HS}s
when there exists A € Aj, whose principal symbol is invertible near p’ and such that (Av*) is bounded
in H%* (respectively converges to 0 in H"*).

Note that, according to Proposition A.1 of the appendix, for a sequence of solutions of (19), the
convergence in H%! and H' are equivalent. The spaces H%! and the tangential operators are thus well
fitted for the description of the H! convergence of (u*).

3.1.6. Melrose’s compressed cotangent bundle. We shall now introduce a bundle which naturally contains
as subbundles both bundles 7*X and T*0X. For this purpose, set T, X := X x R"*1, endowed with its
canonical topology and consider

X L 1rx
(2,8,60) — (2,6,0 =an&n).
The mapping j restricts to a continuous map:
T"X — Ty X Nn{x, >0},

which identifies T*X to a subbundle of dimension 2(n + 1) of the interior of T;'X. Furthermore, the
restriction of j to x, = 0 defines a map from T*X N {z, = 0} to Ty X N {z, = 0}, whose kernel is the
set {& = 0}. This clearly identifies

T*9X ~ (T*X N {x, = 0})/Re,,

(quotient taken by identifiying all the points (#',€,&,), & € R) with a 2n-dimensional subbundle of
Ty X. The set of all sections of Ty X, with the above identifications, may be seen as the dual bundle of
the bundle of all vector fields on X tangent to 0X. It is called the compressed cotangent bundle.

We will also consider S; X the spherical bundle of 7} X, which naturally contains the spherical bundles
S*X and S*0X.
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3.1.7. Symbol of P and related manifolds. The equation (19) takes the following form in local coordinates:
(22) PuF =0, P:=—-g 1?9, ¢"%0,, +Q,

where @ is a scalar tangential differential operator of degree 2. Let g(x,£’) be the principal symbol of @,
and p(z,&) = €2 + q(x,¢’) the principal symbol of P. They are both scalar, homogeneous polynomials of
degree 2 with respect to . Let

Char P := {(z,¢) € T*X, p(x,£) =0}, Z:=j(CharP), Z:=j(CharP)Uj({z,=0}),

and SChar P, SZ, SZ the corresponding spherical bundles.
Denoting go(2',£’) = ¢q(2,0,¢’), we decompose T*(0X) (and S*(0X)) into the disjoint union of the
elliptic region &, the glancing region G and the hyperbolic region H:

E:={q >0}, G:={qp =0}, H:={q <0}

3.1.8. Global measure. The defect measure is at first constructed in each of the preceding local coordinate
systems. The objects obtained are then pieced together to M = R x Q. It is easy to define from local
objects global Sobolev spaces and bundles on M, such as Melrose’s compressed cotangent bundle T, M.

We shall use the same notations (Char P, Z, 2, SChar P, SZ, 5’2,. ..) for the local and global objects.
The definition of global operators is less natural in our setting. The symbol A™ will denote the set of
operators A acting on functions on M, which are of the form

J
A= Z Agy.-
=0

where A is a classical pseudo-differential operator of order m with compact support in M and each
A(j) is an operator of the sets A™ defined in each system of local coordinates. The global space A™
depends of the coordinate patches chosen, which shall not cause any problem in the remaining of the
article. For a totally intrinsic construction, we could have used Melrose’s totally characteristic operators
(see [11, chap 18.3]).

3.2. Existence of the measure.

3.2.1. The existence theorem. The next elementary proposition (cf Lemmas 2.3 and 2.4 of [2]) shows that
for any A € A°, the behaviour of Au* in H' only depends upon the restriction of its principal symbol
to SZ:

Proposition 3.2. Let Ay, € A, °. Then
Ayu® —s 0 in H'.
k—0
Let A; € AV, whose principal symbol vanishes on Char P. Then
Au* — 0 in H.
k—0
According to Proposition 3.2, it is sufficient to describe the H' convergence of (u*) near SZ, in the
sense given by Definition 3.1. Let M be the set of matrix-valued measures on SZ, i.e. the dual space of
e (SZ, MY ((C)) :
and M the subset of all positive measures in M, i.e. measures x which satisfy
wec, (vzeSZ, b(z)20) = (ub)=0.

(M > 0 means M is positive Hermitian).

Before coming to the main theorem of this paragraph, we shall introduce a technical condition on u*:
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Definition 3.3. Let the sequence (u") satisfies (18) and (19). We shall say that (u*) is regular on the
boundary when one the following equivalent assumptions is satisfied:

(23a) U]an:o =o(1) in HI/Q(GX) k — +o0

loc

(23b) By uly _o=o(1) in H,/*(0X), k — +oc.

loc

Note that the standard trace theorems imply conditions (23) with O(1) instead of o(1). All the
sequences (u*) in this work shall satisfy this condition. For the proof of the equivalence between (23a)
and (23b) see [2, Lemma 2.6].

Theorem 3.4. Let u* be such that (18), (19) and (23) hold. Then there exists a subsequence of (u¥),
still denoted by (u*), and a measure p € M™, called microlocal defect measure of (u"), such that
wEUH) =0 and
P . k k k az + fnal
(24) VA] eA, jefl,2}, kgI-&I-loo (AZU + A1 Dy utu ) = <,u7 T>
In (24), the notation (.,.) stands for the L2-scalar product on M (in local coordinates, it is the scalar
product on X using the metric g'/2dy dt). We note that 7 # 0 on SZ \ (€ UH), and that

< V 4 Ivgl |a1 I,§
— T2

Ena1
7-2

V(z,€) € SZN {z, >0},

so that the function (z, &) — E" L extends to a continuous function on SZ \ (€ UH), which is null on G.
Thus the right-hand side of (24) makes sense.

Remark 3.5. The measure i = pll(, -0} may be seen as the standard microlocal defect measure (cf
[10]) of the bounded sequence (u¥) of H{ (M). This interior measure describe the compactness defect
of (u*) in HL (M) (in particular, it is null when (u*) converges to 0 in this space), but not in H{_(M):
fi vanishes when (u*) concentrates on OM, even if it does not converge to 0 in HL_ (M). On the other

hand,
peCF(M :>/<p|Vu|dx+/g0|8tu}da:—> (1, ) .

The measure p thus gives a complete description of the local convergence of (u*) in H'(M). This
description is indeed microlocal:

ks 0in

H! ifz, >0
pESUPD U <= u P
k— 400

01 _
H)'  ifz, =0.

Theorem 3.4 is a new formulation, using Lemma 2.7 of [2], of Proposition 2.5 of this article. Compared
to this proposition, the measure p of Theorem 3.4 has been renormalized.

3.2.2. A sufficient condition of nullity for u. Let p € SZ an interior point and A € A2, whose principal
symbol is invertible at p. By elementary symbolic calculus on classical operators, it is easy to show, with
formula (24),

(25) AufF — 0in H> V'— 5 ¢ supp p.

k—4oc0
The same statement holds in G:
Proposition 3.6. Let p € G. Consider an operator of the form
A= AOD:%” + AlD:vn + AQ, Aj € Aj, aj = O'(Aj),
such that
(26) Au® — 0in H0

k— 400
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Assume that (u¥) is reqular on the boundary and that as(p) is invertible. Then
p & supp p.
Remark 3.7. Proposition 3.6 is trivial when A = Ay € A? (it is essentially the definition of Hg’_l).

Remark 3.8. Note that according to the appendix, the convergence to 0 of (Au¥) in the space H~1(X)
near & would imply (26). Furthermore, the proof of Proposition 3.6 will show that assumption (26) is
equivalent to
(BAuF,u*) — 0, VB € A°, with support close enough to p.
k—4o00
Proof. According to (25), ull¢;, >0y is null near 5. The same property remains to be proved on pll g, ;-
Let B € A%, ¢ € C5°(R) such that ¢(0) = 1, B. := ¢ (£2) B, and b = ¢(B). In view of (26) and (24),

2
<u,1/) (x?n) baogn il a2> = lim (BsAukﬂLk) =0.

7'2 k——+oo

Letting € goes to 0, the dominated convergence theorem and the fact that &, is null on the support of
pllie, =0y give

< ba2

Let ¢ € Sg be scalar, positive, and compactly supported near p such that as is invertible on the support
of ¢, and choose B such that

bz, &) = ¢(x, & )ay ' 7%
The equality (27) then shows that <p, ]lg¢> = 0, which completes the proof using the positivity of . O

3.3. The propagation theorem.

3.3.1. The generalized bicharacteristic flow. The characteristic curves of the Hamiltonian flow of p
Hy = 0¢p0y — 02p0s

define a local flow on 7% X. The symbol p is homogeneous of degree 2 in &, so that the flow of H, does
not yield a flow on the quotient space S;X. To get such a flow, we shall replace p by p/7 which is
homogeneous of degree 1. Note that on the support of p (where 7 does not vanish), p is null, so that
%Hp and Hy,/, are equal. Furthermore, the integral curves of %Hp and H, are the same.

Let ¥ be a small conic open subset of Z = j(Char P). Set gy = ¢}»,=0, ¢1 := Oz, ¢}z, =0 and

¥ =¥ n{z, >0}
SL=H=%n{r,=0, g <0}
»:=%n{z,=0,q =0, ¢ #0}
Y =Y {2, =0, g0 =q =~-~=H§0(J1 =0, H§0+1 q1 # 0}.

Assume that in X, there is no contact of infinite order between the bicharacteristic curves of P and the
boundary, which means that for a certain finite integer J

(28) iJeN, n=[Jx
Jj<J

Decompose Y2 in the disjoint union
»2=g>tug>, ¢t =32n{q <0}, ¢> :=22n{q > 0}.
The set G>7 is the set of strictly diffractive points and G2~ the set of strictly gliding points.
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Definition 3.9. Let v be a map from a real interval I to ¥ and
I'(s) = j'(v(s)) € SChar P

which is defined as long as (s) ¢ H. Such a map v(s) = (x(s),£(s)) is called a ray, or a general
bicharacteristic curve when + is continuous from I to ¥ and for all sg in I,

o if ,(sg) > 0, T is differentiable in sg and
1
(s0) = —HpL'(50);
o if y(sp) € HUG>T,
de >0, Vsé€lsyg—e,s0[Ulso,s0+¢e, zn(s)>0;
o if v(sg) € G\G>™T, I is well defined and differentiable near sy and
1
F/(S(]) = ;HqOP(S()).
(Thus, if v stays in this region, its spatial projection is a geodesic of the boundary.)

Under the assumption (28), R. Melrose and J. Sjostrand have shown that for any p € 3, there exists
a unique maximal ray 7 taking values in ¥ such that v(0) = p (cf [17], [11, chap 24.3]). In the sequel, we
shall denote by ¢(s, p) the resulting flow (satisfying ¢(0, p) = p). The function p/7 being homogeneous
of degree 1 in &, ¢ also defines a flow on X/R*.

3.3.2. The uniform Lopatinsky conditions.

Notations. Let S5* be the set of symbols a(z’,£’) of pseudo-differential operators on 90X, with compact
support in 2, with principal symbol homogeneous of degree m in &', and A} the set of corresponding
compactly supported pseudo-differential operators (cf §3.1.3 for precise definitions). The Sobolev spaces
on X, defined as those on X, shall be denoted by Hy, Hy_ 5, H; 5.

An approximate pseudo-differential equation on the traces of u* is said to satisfy Lopatinsky conditions
when it is independent of the equation Pu¥ = 0. More precisely:

Definition 3.10. Under the assumptions (18) and (19), the sequence (u*) is said to satisfy uniform
Lopatinsky boundary conditions at p € S*0X when

e ifpe G, IdB_; € Agl such that
ulFIn:() = B_l (Dlnu]rgwn:O) + hk

(29) R* — 0in HI,;
k—+oc0 P
e if p € H, 3By € AJ such that
Dwnu}FwnZO - AUIFw7L:0 = BO (Dw”u?a:nzo + Au}rcajnzo) + hk
: o\ . k T2
(29" o(Bo)(p) invertible, h C T 0in L3,
Ae Ay, o(A)=ala',€) = V/v2r2 — |[if||* near p.

(|In'[I? = W'g’~'n’ is the natural Euclidean norm in the local coordinate system).
Examples. e The Dirichlet boundary condition, “]anzo = 0, or more generally a pseudo-differen-

tial boundary condition of the form

U]FLL:O = B,len’u,’anzo + hk, B_q € .A_l

(30)

¥ — 0in H},,
k— 400 P
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where the eigenvalues of o(B_1) are all pure imaginary numbers near p, is a uniform Lopatinsky
boundary condition, whether p is glancing or hyperbolic.
e The Neumann condition

k . 2
Dmnurmnzo kﬁ—)Jroo 0 in L[—,ﬁ

is a uniform Lopatinsky condition near any p ¢ G, but not at p € G.

In the glancing case, a boundary condition of the form (29) implies that (u*) is regular near the
boundary close to j (see Proposition 3.18), so that we can define the microlocal defect measure p of u*,
and the bicharacteristic flow is defined p-almost everywhere in a neighbourhood of p (since p(€) = 0).

The set G>* is transverse to the bicharacteristic flow. The following result (proved in [2], §3.4) is
needed in the next paragraph to treat the propagation of u by the flow.

Lemma 3.11. Suppose that on 2, u* satisfies uniform Lopatinsky boundary conditions. Then
n(G*Tnx) =o.

3.3.3. The propagation theorem. When a uniform Lopatinsky condition holds, pu propagates along the
integral curves of the bicharacteristic flow. In the hyperbolic region, there is a jump (which depends
upon the boundary condition). We shall only state a propagation theorem for the support of p, without
giving a complete description of the propagation of pu.

Theorem 3.12. Let p € HNG such that (u*) satisfies Lopatinsky boundary conditions. Consider a small
conic open neighbourhood 3 of p in SZ such that on %, (29) (or (29°)) holds. Then the support of u is,
in X, invariant by the bicharacteristic flow.

(cf [2, chap. 3.3, th.1])
In other terms, if p € ¥ is on the support of p, so is the entire bicharacteristic passing through p in X.

Remark 3.13. Inside M, Theorem 3.12 is an easy consequence of the transport equation on pu:

(31) (. {p/m,a}), ae€Cs(Zn{x, >0}),

which may be immediately derived, using symbolic calculus, from the property

(32) lim (AlPuk - PAluk,uk) =0, A€ A},
k——+oco

obtained by integration by parts with the equation (22). Near a boundary point, property (32), with
A € Aé, still holds with an additional boundary term. Consequently, (31) holds only for a certain class
of function a € C§°(SZ), satisfying a particular boundary condition on {x, = 0} (condition chosen so
that the boundary term vanishes when k goes to co). The proof of the propagation theorem, which is
fairly technical, uses (31), and near strictly diffractive points, Lemma 3.11. The boundary condition on
a gives the exact value of the jump in the hyperbolic region. See [2, par. 3] for details.

3.4. Estimates on traces. We now state precise properties of the traces of u* in the hyperbolic, elliptic
and glancing regions, which are one of the main tools of the proofs of the following sections. Those
results are fairly classical, and we only shall give a proof (in the appendix) for the glancing case. See [2,
appendix] for proofs in the hyperbolic and elliptic cases. In this paragraph, we shall always assume (u*)
satisfies (18) and (19).

3.4.1. Hyperbolic region. Near an hyperbolic point, one gains without any boundary condition, half a
derivative in comparison with the standard traces theorem.

Proposition 3.14. Let p € H. Then
O(1) in H%,a’ 3%“’{6%:0 = O(1) in L%,a

k
u . =
lzn=0 k—o0 k— o0
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In view of the propagation theorem in the interior of M, the support of p is, near p, the union of
incoming rays (integral curves of Hy, . along which &, < 0) and outgoing rays (integral curves of H,,.
along which &, > 0). When the sequence satisfies uniform Lopatinsky conditions, Theorem 3.12 is
equivalent to the fact that if an incoming (respectively outgoing) ray is in the support of yu, so is the
outgoing (respectively incoming) ray passing through the same hyperbolic point. In the opposite case
where the support of p contains, locally, only incoming (or only outgoing) rays, one gets a boundary
condition which is orthogonal to the uniform Lopatinsky conditions:

Proposition 3.15. Assume that near p € H, on the support of u, &, > 0. Then
Dxnulfxnzo + Aulfxnzo =o0(1) in Lg,a, A€ AL, o1(N) =22 — |2

On the other hand, if near p € H, on the support of i, &, <0, then

k k 12

Dy, ufy, —o — Auj, o= o(1) in L5 .
In particular, if p is null near p,
k 12 k ; 1
Da:nurznzo kjm 0 in L,s,a» Uy, =0 kjm 0 in Hﬁ’a.

3.4.2. In the elliptic region. In &, the equation (22) implies a pseudo-differential traces equation on uk:

Proposition 3.16. Let p € £ and (u¥) satisfy the assumptions of Theorem 3.4. Let M > 0. Then

k = k M
(33) Dy, uyy, —o + Euf,, o k_>—+>oo 0 in H;

Ec A, 01(B) =iy = iVI||7||2 — v272 near p.

In particular, if a boundary condition independent of (33) holds on u* near p (such a condition is

called as in the glancing and hyperbolic cases a uniform Lopatinsky condition), the traces of u* converge
to 0 in H é‘/[ . Proposition 3.16 still holds in a much more general case, for example if P is replaced by
a non-scalar operator P. The principal symbol of = depends again upon the principal symbol of P. In
the next proposition, we only state a consequence of this fact when (u*) satisfies Dirichlet boundary
conditions (which are of uniform Lopatinsky type).

Proposition 3.17. Let P .= D,%n +Q1D,, +Qg2, where each Q; is a matriz pseudo-differential operator
of degree j, with principal symbol q;. Let p(z,§) := £ + qo + &qu be the principal symbol of P, and

p=(%',&) be a point of S*0X such that the matriz p(z',0,£', &) is invertible for any real number &,.
Consider a sequence (u*), weakly converging to 0 in HL _(X) and satisfying

Pu* =0, u’Fxn:O =0.

Then for all M,
k : M
a:tnur$nzo kjm 0 m Hﬁ,a
We shall later apply the preceding proposition in the elliptic zone (€7 N & with notations of §3.5.2)
of the Lamé operator 97 — A..

3.4.3. In the glancing region. The strong results of the two preceding paragraphs do not hold in the
neighbourhood of a glancing point. In this case, one needs boundary conditions to get better estimates
than the standard traces theorem with loss of one half-derivative. In the case of Lopatinsky boundary
conditions, the results are similar to those of the hyperbolic region.

Proposition 3.18. a) Let p € G. Assume that (uF) satisfies Lopatinsky uniform boundary conditions
near p. Then
(34) u’f O(1) in H;’a, Ba:ulf

T,=0 — T,=0 —

0(1) in L3 ,.
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Furthermore, if u vanishes near p, then

(35) ulfxnzo =o0(1) in H,%,av (%Wu fen =0 = o(1) in L%,a-
b) Assume
(36) ulfxnzo =o0(1) in le-ya, 3%“’;%:0 =o(1) in L%va,

and that every p € G is not diffractive, in the sense that at least one off the two half-bicharacteristic
passing through p stays in 02 near p. Then p =0 near p.

Remark 3.19. As seen in Propositions 3.14 and 3.15, point a) holds in the hyperbolic case, where no
boundary condition is required.

The proof of Proposition 3.18 is given in the appendix.

3.5. The Lamé system. This subsection is devoted to the Lamé system with Dirichlet boundary con-
ditions on an open bounded subset 2 of R3:

O2u—Au=0, (t,y) ER x 0
(37) upan = 0
Up=o = Uy € H&, Orje=0 = U1 € L2
In §3.5.1, (37) is decomposed into two wave equations. In §3.5.2, we shall introduce the defect measures
associated to these equations. Next paragraphs are devoted to a few elementary properties of these
measures.

We will often work in local coordinates. As before (but with n = 3) we will only use geodesic normal
coordinates near the boundary, choosing the coordinate x3 to be the distance to the boundary {z3 = 0}.

3.5.1. Transversal and longitudinal waves. The natural energy

1 .
B(t) = 5/ (100ul? + <[ Vul? + (A + o)ldivul?) dy
Q
is time-invariant. Let Ej be its constant value. The next classical proposition is proved, for example, in
[2]. Recall that M :=R x Q.

Proposition 3.20 (Decomposition of the Lamé system). There exists a constant C > 0 such that for
every solution u of (37), there exists

ur € Hlloc (M) , uyg, € H110C (M) s
such that
(1) u=ur —|— ur, divur =0, curluy, = 0.
(2) (0 — 3 A)ur =0, wherec% =.
(3) (azch Jur, =0, where c2 = \ + 2.
(4) For every bounded interval I of R, of length |I|,

||uL||H1(I><Q) + ||UT||H1(I><Q) < C|I|Eo.
(5) If ugp and uy are linear combinations of a finite number of eigenfunctions of A, then
up € C°(M), wug € C=(M).
Definition 3.21. The function up is called the transversal wave, and uy, the longitudinal wave.

Remark 3.22. In the sequel we shall often reduce the longitudinal wave to a scalar function, writing
ur, = Vo, with

¢ € H, (M) v Nlellezaxa) < C|Eo, (07 — 1 A)p =
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3.5.2. Measures. Let (u*) be a sequence of solutions of the Lamé system with
(uf, uf) — 0in H(Q) x L*(Q).
k— 400

In view of Proposition 3.20, both sequences (u%) and (u¥) weakly converge to 0 in H (R x Q). Likewise,
the sequence (0;") weakly converges to 0 in HL (R x Q) (we consider a derivative of ¢ in order to work
in a H! space since we have defined the defect measures in such spaces).

Lemma 3.23. The sequences (uk.), (uk), (0;p%) are regular on the boundary.

(cf [2, lemme 4.2])

Notations. Let
e ur, pr and p be the defect measures respectively associated (up to a subsequence) to (u%)7 (u’Z),
and (9;¢") by Theorem 3.4;
o Hp, Hy, Gr, G, Er, £ the hyperbolic, glancing and elliptic region of the transversal and lon-
gitudinal waves.
All the calculation shall be carried out in one of the J+1 local coordinate systems chosen in the beginning
of this section. We shall make a distinction between the spaces of scalar operators A™, A% (defined in
§3.1.3, §3.1.4, §3.1.8, with N = 1), and the spaces of matrix operators A™, A% (with N = 3).
The notation = = (t,y) always refers to local coordinates. When a distinction is necessary, we shall
write coordinates on 2 before the change of variables z = (21, 22, z3). This global system of coordinates
has been chosen so that the magnetic field B has coordinates (B, 0,0).

Remark 3.24. The condition C2L # c% means that the intersection of Gy and Gy, is empty.

3.5.3. Link between p and py. In a fixed coordinate patch, let x be the local diffeomorphism from global
spatial coordinates (z1, 22, 23) to local coordinates:

z=x(y), Y@=
Proposition 3.25.

* ol 'Cag
Va € Gy (S5 (R x Q), M*(C)), (1, =5>) = (e, a).
In particular, the measures p and py, have the same supports.
Proof. Let Aj € Al j=1,2, A:=A_D,, + Ao.
Set Iy, := (Aol , o,ub).
On one hand,

I, = —(8,5A8tulz,u’£) k—) (ur,a).
——+o00

On the other hand,

: k k ‘CaC
I, = —(div AV, 0:0") + 0(1) C T <u, = >

The boundary terms of this preceding integration by parts converge to 0 according to Lemma 3.23. This
implies Proposition 3.25 when a is of the form &3a~! + ag, and then by a density argument for any a. [

3.5.4. Polarization of ur and py. Let m bet the orthogonal projection in C? on the line generated by ¢,
and 7, the orthogonal projection on the plane normal to (.

(38) (V)= [¢|72(CV)¢, moi=Tdes — .
The projectors m and 7 are defined by the formulas (38) on S*X.

Proposition 3.26. The measure uy, is polarized along the direction of propagation, and pr orthogonally
to this direction:

prL =THLT, KT =TLHTTL.
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Proof. The statement on py is an immediate consequence of Proposition 3.25. To show the statement
on ur, take Ay € Ag. The nullity of div u% implies

a0<t<>.

0= (AgVdivuh,uk) — ,
(AoVdiv ug, ug) koo <MT 3
Thus < pr,ar >=01ie. < pp,am; >=< pp,a >. The symmetry of pup completes the proof. O

Remark 3.27. To get more intrinsic formulations of the preceding results, i.e. statements where the
two coordinate system do not mix, one should have considered u§ and u% as section of the tangent space
TS, and defined measures with values endomorphism of T2 (instead of endomorphism of C3?).

3.5.5. A decoupling lemma. The next result, converting an approximate differential equation on u* into
two equations on u¥ and u%, is of crucial importance in the sequel. As before, (.,.) stands for the L?
scalar product on R x Q.

Lemma 3.28 (decoupling lemma). Let A be a pseudo-differential operator of order 2 of the following
form

2

(39) A= " A2+ A, A€Al Aje A
j=—M

Then
. koky . 1: k kY _

(40) kHTm(AUT,UL) = kETm(AULaUT) =0.

Let A be a (1, 3) matriz of pseudo-differential operators, with coefficients of the form (39), but with scalar
operators. Then

(41) lim (Au%,d,0%) = 0.

k—+oco

Proof. We shall only prove the convergence to 0 of (Au%,uk). The proof of rest of the lemma is very
much the same. We may obviously assume that the operators A; have compact support in one of the
local coordinate system introduced in §3.1.8. In view of the equations

—g 20,,8"20put + Qruf =0, —g V20,8200, uf + Qruf =0,

where Q7 and @ are tangential, it is sufficient to prove the lemma in the cases j = 1,2 and in the
interior case.

First case: A € A°.

Since vy, # vr it is easy to construct two operators ¥, ¥y € AY such that

(Ur + V) =1d, suppoo(Vr)N ZL =suppoo(¥r) N Zr =0,
where U is an open subset of 2 such that there exists a function ¢ € C§°(U) satisfying p Ap = A. Writing
A=Ap=A¥rp+ AVrp,

we may assume that the principal symbol of A does not intersect Z7 (or does not intersect Z7,). For such
operators, (40) holds has a direct consequence of Proposition 3.2. For example, in the first case we have

Auk. = O(1) in L?.

Second case: A € A%.

We know that the support of purll(,,—¢y is included in G and the support of 1 ,,—oy in Gr.
As a consequence, we may write A = A(O7 + 0Or) where Or and ©f, are tangential operators of degree
0 such that

supp oo(©7) NGy, =suppa(©r) NGr = 0.
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We may thus assume that the support of the principal symbol as of A is disjoint from one of the two
glancing sets, say Gr. We have

(Aup,up) = (x(ws/e)Aup,uf) + (1 — x(z3/e)) Aug, uf).
where x is a compactly supported function in R equal to 1 near the origin. We first fix € and let k tend
to oo. The second term of the sum tends to 0 in view of the preceding case. As for the first term, we
have, u¥ being bounded in H?!,
|(x(xs/e)Auf, uf )| <Clix(ws/e) Aupl| 20,0, 11 (xy) IWE | L2 (00,50 (x)
<C|A_ x(zs/e)Aub| L2 + o(1), k — 400,
where A’ € Agl, with principal symbol equal to ||¢]|~! near the support of A. We have
(x(x3/¢))* \a2\2>
212
<MT (x(x3/€))* |az|? >
72|17
When & goes to 0, the right side of this inequality converges (by the dominated convergence theorem) to
(prs Wgy—oylaz> T2 72),
which is null, because Gr and the support of as are disjoint.
Third case: A= A;D,,, A; tangential.

As in the preceding case, we may assume that o1 (A7) is disjoint from one of the two glancing sets, say
Gr. Then

IAZ s x(as/e)AdblFe = (ur,

lim sup ‘(Au%u’i)‘ <
k—4o00

(Au’fp,uk) = (X(xg/E)Aul%,ulz) + ((1 — X(.%'g/E))A’U,]jC«,UIZ)
The second term converges to zero when k—oo for the same reasons as in the case A € A?. The first
term may be written

(X(JL‘3/E)A1D$3U§1,U’£) = (DJC?, (X($3/€)A1U§)aulz) + (REU]’JCWUIE) ) Re S Al
= ((X(mg/e)Alu?p), stuf) + (Rsulq‘l,ulz) + {boundary terms}

The boundary terms tend to zero when k tends to infinity because (u) and (uf) are regular on the
boundary. The proof may be completed as in the preceding case, letting k& go to infinity then ¢ go to
Z€ro. g

4. SUFFICIENT CONDITION

If v is a B-resistant ray defined on a real interval ]a, b[, we shall call life-length the positive quantity
[t(b) — t(a)|. In this section we use the tools introduced in the preceding section to prove the following:

Proposition 4.1. Let T > 0. Assume that every B-resistant ray in  is of life-length strictly less than
T. Then there exists C > 0 such that for every solution of the Lamé system (37)

(42) luoll3yy + lunl3e < € (llewrl (@ A B3 o.1yxary + ol + lun |3 )

Inequality (42) is the sufficient condition (11) for uniform decay stated in point a) of Proposition 2.5.
Proposition 4.1 thus completes the proof of the sufficient condition of Theorem 1, namely that the non-
existence of arbitrarily large B-resistant rays on (2 implies the uniform decay of the energy for solutions
of the system of magnetoelasticity.

To show (42), we shall argue by contradiction, considering the defect measures ur, 5, of Subsection 3.5.2
associated to a sequence (u*) which contradicts (42) (cf Subsection 4.1). The bound on curl (9,u* A B)
given by the negation of (42) implies a strong condition on the supports of these measures (see Subsection
4.2). In Subsection 4.3, we make use of this condition, together with propagation arguments near the
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boundary of 2. Subsection 4.4 completes the proof, using the assumption of non-existence of B-resistant
rays of life-length larger than T.

4.1. Introduction of measures. Assume that (42) does not hold. Then there exists a sequence (u")
of solutions of the Lamé system such that

(43) 1= b3y + ek 3e > & (llowrl (B A B o.zyer + 0113z + 32 ) -

Up to the extraction of a subsequence, one may assume that (uf,u¥) weakly converges in H} x L2.
Inequality (43) implies that its weak limit is 0. We may thus introduce the defect measures pr, pr, and
w of §3.5.2, associated to the sequences (u%), (u) and (9;¢"). To contradict (43), we need to show that
these measures are null. Note that (43) implies
(44) curl (O A B) — 0in H71((0,T) x Q).

k—+o0
Remark 4.2. By a density argument, it suffices to show (42) with (ug, u1) generated by a finite number
of eigenfunctions of £. We may thus assume, that u% and u% are C°.

Remark 4.3. We will indeed show a more precise statement than Proposition 4.1 namely that if (u*)
is a sequence of solutions of the Lamé system converging weakly to 0 in the energy space and satisfying
(44) then the set (supp pr Usupp pz) N{t € (0,7)} a a union of B-resistant rays of length T

4.2. Condition on the supports. We may see B as a vector field on €2, i.e. a section of TQ2. To avoid
confusions, the magnetic field considered as a vector field shall be referred as § In a local coordinate
system, if

X:UCQ-—E&,
is the change of coordinates, and x’ its differential, § is equal to x'B. Notation B shall always refer to

the vector of R? of coordinates (B,0,0). As before, (21, 22, 23) refers to the global spatial coordinates on
Q, before the change of variable.

Lemma 4.4. Assume (44). Then, on the interval (0,7T),

(45) prlory = priomnlg., BL = {(t,y,7,m); By=0}
(46) prlor = prlonlsg,), . Bl = {(ty,7,m); n € vect (gﬁ)}-
Proof. Set
_aZQUQ - 823“’3
(47) Ru := curl (Opu A ?) = B0, 0., u2
8z1 us

Transversal measure. The measure pr does not charge neither Hp nor &p. Thus, it suffices to check

supp fir 1o, 1) Lzy> 030, C Bt
Near the boundary, by Proposition A.1 of the appendix,
Ru® — 0in L2([0,1[, H_}(X")).

k——40c0 loc

Thus, according to the decoupling lemma,

(48) YAy € A% supp Ag C {t € (0,T)} = (AgRub-,u%) — 0.

k—+oo

Because divuk = 0, the definition (47) of Rur implies Ru%. = 9,0, uk.. By §3.2.2,

pr ({2 € (0,7)} 0 {02(010.,) # 0} ) = 0.
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This clearly shows the announced result near an interior point. When p € Gr one may write 0,, =
foOzs + F1, where fj is a function and F} a first order tangential differential operator, and the following
basic fact completes the proof:

o(F)(7) =0 «— 77LB.

Longitudinal measure. The first coordinate of Ruf is —8,(82, + 92,)¢". Its scalar product with 9;¢"
gives

VAo € A%, supp (Ao) C {t € (0,7)} = lim (Ao(0Z, + 0Z,)0ue", 0u") = 0.
— o0
This implies (again by §3.2.2), that p (thus ) vanishes, in (0,7), on the set of all p such that

p€f{rs>0UGr, 02(02,+0%)(p) #0.
Hence (46). O

4.3. Support of the measure near the boundary. For any symbol gg with support in {z3 > 0}, we
have

<MT7HpT/Tq()> =0 <,quv HpL/-rq()> = 07
which shows, in the interior of 2, the invariance of each measure by the associated Hamiltonian flow.
Unfortunately, the condition

(49) Uifmag + Ulzyasz =0

is not always sufficient to extend such a property in the neighbourhood of 92. Indeed, pur and pr are
not deterministic for general sequences of solutions of the Lamé system, in the sense that the value of the
two measures for time t > t( is not uniquely determined by their value for time ¢ < tg. In our case, this
convenient property holds thanks to the strong conditions on the support of ur and py. As announced
before, we shall only describe the propagation of the supports of the measure.

Lemma 4.5. Let ur and pp be the defect measures associated to a sequence of solutions of the Lamé
system satisfying (44). Let
p=@.8) =07, 7)€ 570X
and n the unitary exterior normal vector to OQ at §'. Them ur and py, both vanish near p except possibly
in the following cases (cf figure 2):
(1) pr is null. The support of ur propagates along the transversal flow and
o (Hpw) case: p€ Hy, 7 =0 and B is orthogonal to n;
o (Hri=) case: p € Hy, i #0 and § is normal to the reflection plane;
e (Grm) case: p is diffractive for the transversal wave (i.e. p € Gp and the bicharacteristic
ray passing through p intersects the boundary only at p), and ? is orthogonal to 7 ;
o (Griz)) case: p € Gr is not diffractive for the transversal wave, and is mormal to the
reflection plane.
(2) pr is null, the support of ur propagates along the longitudinal flow and
o (Hy) case: p€ Hy, 7 =0 and B is parallel to n;

e (Gr) case: p is a diffractive point for the longitudinal wave and § is parallel to 7.
(3) Both measures pr and py, are non null, p € Hy N Hy and
e (T'— L) case: ? is orthogonal to the transversal ray coming in, and parallel to the longi-
tudinal ray going out of p. The support of pur is a union of incoming transversal rays. The
support of ur is the union of all outgoing longitudinal rays going out of points of Hp NHp
where the transversal rays of the support of ur come in;
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(T) o0 o0
(T)
. (T)
B OB
(Hrm) (Hr)
0N
oN (T) 00 0
) (T) OB (L)
n ]‘B
B : n
(Grm) (Gr=1) (Gr)
'B B
(L)
Q
(He) (T — L)

FIGURE 2. Cases arising in Lemma 4.5

o (L—T) case: ﬁ is orthogonal to the transversal ray going out of and parallel to the longi-
tudinal ray coming in p. The support of py is a union of incoming longitudinal rays. The
support of pur is the union of all outgoing transversal rays going out of points of Hp NHp,
where the longitudinal rays of the support of py come in.

All the assertions of Lemma 4.5 should be understood in a neighbourhood of p. The reflection plane at
a boundary point p = (¢,y’, 7,7’), defined as long as 7’ # 0, is the plane passing through ¢’ and generated

by n and 7/, thus containing the bicharacteristic ray passing through p. The statement “? is parallel to

7n’” must be understood as “the vector g B of the cotangent bundle of Q is parallel to n’”.

Notation. Let p be an hyperbolic point for the transversal (respectively longitudinal) wave. We shall
denote by &, 5}' (respectively &, fz') the incoming and outgoing vectors through p:

+._ ¢ - ¢
= ( §r3 = 1/%72 — 112 > br = ( —&r3 )

(respectively with “L” instead of “T").
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We shall write n%, 77% the spatial components of this vectors. For example,

/
= (et )
T\ VAR T

Let us postpone the proof of Lemma 4.3 to show, as stated in the introduction of this article, that in
the (T' — L) and (L — T) cases, the angles of refraction and incidence have a fixed value, determined
by the quotient ¢ /cr. Consider for example the (T" — L) case. Let ar be the angle of incidence of the
transversal wave, By, the angle of refraction of the longitudinal wave, ar and ay, the following numbers:

L3

ar, :=tan 8y, = m

. &3
ar :=tanap = W,

The incident and refracted waves are orthogonal, so that
(50) 17 = Erss = 0, ie. agay, = 1.

Furthermore, the definitions of 7j;; and f];:?, yield

crllip* = =0, gl —7° =0,

which gives the equation
(51) A(l4a2) =c2(1+d2).
Equations (50) and (51) imply the formula announced in the introduction:
ar = arctan C—L, B, = arctan o
cr cr
By a similar calculation, one gets, in the (T — L) case, ay, = arctan Z—f, [Br = arctan g—;

Proof of Lemma 4.5. We start with case (3): ur # 0, ur, # 0 near p. In this case, p ¢ Er UEL. Tt is
also easy to show that p ¢ Gr U Gy. Indeed, if 5 € Gr then it also belongs to Hy, (it cannot be a point
of &1, and Gy, and Gr are disjoint). But pr being non-null near g, 7 is orthogonal to (by Lemma
4.4) so neither 7] nor 7, are parallel to ﬁ’ which implies (again by Lemma 4.4) that p;, = 0 near g,
contradicting our assumptions. Likewise, if p € G, 7/ must be parallel to ? and p7 null near p. Thus
p € HrNHy. The support of measures pr and py, is, near p, a union of incoming and outgoing maximal
rays.
Let us first assume that the support of py contains the ray going out of p. Then

it /B
so that ﬁq‘t is not orthogonal to B As a consequence, the support of pr is only made of incoming rays,
and the fact that pup # 0 implies

iz LB.

Thus 7, is not parallel to ? This is the (' — L) case, and it remains to show the statement of the
lemma about the transfer from transversal incoming waves to longitudinal outgoing waves, which may
be formulated as follow: for any p € Hr N H near p the following equivalence holds:

(52) p € SUpp ur <= [ € SuUpp fir.

Let us assume for example p ¢ supp pr. Then pp is null near rays coming in and going out of p and by
the hyperbolic theory (see Proposition 3.15),
k _ .k T2
UL wg=0 = —UT|z5=0 k:t)o 0in Lﬁ’a.

By the propagation theorem, the support of uy, propagates near p. But this support is a union of outgoing
rays. Consequently, it is empty near p and p, is null near 5. The implication p ¢ supp pur, = p € supp pur
may be shown in the same manner.
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If the support of pr contains no outgoing ray near g, it must contain incoming rays. This corresponds
to the (L — T') case, which may be treated as the (T — L) case.

The study of the other cases is based on the transfer of the boundary conditions stated in Lemma 4.6
below: roughly, a boundary condition on the longitudinal wave implies one on the transversal wave and
vice versa.

Notation. Let v’% ;, be the functions u? ;, considered as vector fields on 2. In local coordinates, if x
denotes the change of coordinates, we have

k k

k / k ,U%l k ’ k U%I
vp = X (y)urp = Ura v = X' (y)up = VLo
Urs VL3

Lemma 4.6. Let p € 50X, and (uF) be any sequence of solutions of the Lamé system weakly converging
to 0 in HL (R x Q).

o Assume the following approxzimate equation for some A; € A':

(53) azg”?:smg:o = Al“éc‘:srxgzo +o(1) in L%,&
Then
(53’) Ay ly—n = —A100, @)y, g +0(1) in L3 5.
o Conwversely, if, for some A_1 € A™! the following equation holds:
(54) @’Fzg:() = Aflaxs‘P]Fzgzo +o(1) in H,?,a
Then
(54’) 8131)!123[.’63:0 = *Ay/A—lvéﬁ“:sm:o +o(1) in Lg,&
e Moreover if, in addition to (54), i’ # 0 and o(A_1)(p) # 0, then
(54”) v”;frg:() = Z71813U§1[I3:0 + 0(1) in Hp},a
0 0 Z'g/—l Uit
ZoeA oa(Zo)=nI?[ 0 0 72
0 0 O'(A_l)il

Proof. First note that the Dirichlet condition on u* implies

(55) Dy Vg1 0a0 = Dyl o +O(1) in H(8X),

loc
Indeed, the equation divuk. = 0 implies, recalling that div vk = ﬁ ijl Oy, (\/gv’%j)
Ouy Vs + Oy, Uy + Oy, vy = O(1) in Hipe (X).
Using v:]’fmg:o = 0, we obtain

. 1/2
awS’Ué:"S[:Eg:O = 8@;1“?1[13:0 + 8@/2”%2[9;3:0 +O(1) in H, / (0X),

loc
yielding (55) by the definition of (.
Assume (53). By (55) and the nullity of vf,

x3=0"
Ayl _o=—Apk +0(1) = —A10,,0%, _o +o(1) in L2
y' Plas;=0 1VL31g5=0 T O 10z3P g3=0 T O m L g

Now assume (54). Then Ay,sO’F):Cg:O = Ay/A,lamcp’Fxs:O +o(1) in L%,a» which implies (54’) using (55) on
the left-hand side of the equation, and the Dirichlet condition on v% on its right-hand side.
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If, in addition to the assumption (54), 77 and o(A_1)(p") are nonzero, both operators A_; and A,
are elliptic at p, and equations (54’) and (55) may be rewritten

(56) U%‘zrwg:o = Yflawsvéc“zsrwg:o +o(1) in H,%,a o(Y_1) = [0 Po(Azy) 7Y,
> -y _ ~
‘P]Fzgzo = Eﬂawsvégrzg:o +0(1) in Hﬁ,/aa o(E_2) = —|n|| % near p
Hence
(57) ( v%nm:o ) e ( 3@;190]}:303:0 ) = 710y, 0k, o+ 0(1) in HY2
V9 a5 —0 8y290[z3:0 3 [zs= p3=0

oz =l (1) near
72
Assertion (547) is an easy consequence of (56) and (57). O
We may now study cases (1) and (2) of Lemma 4.5.

Case (1): assume py, = 0, pr # 0 near p. There are three possibilities:

e If p € Hy, the nullity of 7, implies, by standard hyperbolic theory (Proposition 3.15),

k k . 1
UTgy=0 = ~UL z3=0 k_)—+>oo 0in Hj 5,
so that near g, the support of ur propagates. It is easy to see that condition (45) on the support
of pp implies, if upr does not vanish, that this is one of the four cases described in Lemma 4.5,
(1)

e Assume p € £,. The standard elliptic theory (Proposition 3.16) implies

k — K - 1
896390@3:0 + 120 =0 kﬁ‘:m 0 in Hﬁ,[m:;:O’

where 01 (Z) = i\/[|7/[|? — vi72. With Lemma 4.6, this yields the following equation on the traces

k.
of uy:

(58) u’%rm:o = ii_legu%%:O +0(1) in Hj ,, Z_1=x""Z 1y

1

where the principal symbol of the operator Z_, € A" is given by (54”), with o_1(A_;)~
—io1(Z). Notice that the eigenvalues of o_1(iZ_1), thus those of o_1(iZ_1) are pure imaginary
numbers. As a consequence, the boundary condition (58) is a uniform Lopatinsky boundary
condition near j (see the example following Definition 3.10), which shows again the propagation
of pr. As in the case where p € Hy, it is easy to see that this is one of the four cases of Lemma
4.5.

e The case p € G, is the most difficult. If ur is non-null near p, then p must be in Hp. We use
a contradiction argument to prove the propagation of the support of up. Let p € Hp such that
the ray coming in g is in the support of pr, but not the ray going out of p. According to the
standard hyperbolic theory (Proposition 3.15),

— ATul%rw?’:O k—> 0 in L;B, o1(Ar) = Jvrr? — ||7])%.

D, uk
#3 T — 400

(L‘3:0
This implies, by Lemma 4.6, a boundary equation on 8,¢*, of the following form:
31690’?903:0 = Y*1D$3attp1[€z320 + 0(1> in H,;,('%

which is a uniform Lopatinsky condition near p because p € G;. In view of Proposition 3.18 on
traces in the glancing region, such an equation implies, with the nullity of u near p the following
conditions:

OrPlusmo = 00 Hj 5, 0n0ppf,,—o — 0in L3 5.
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The operator d; being elliptic at g, this shows that u’z tends to 0 in Hé,a, and thus

ué;-‘fl’gzo kjoo 0 in Hé,a'
Hence the propagation of the support of ur near p, which contradicts the assumption on rays
coming in and going out of p.

Similar arguments show that if the ray going out of g is in the support of up, so is the ray
coming in p. This proves that the support of uy propagates near p. Notice that this is necessarily
the (Hr2) case.
we assume now that pur = 0 and uy, # 0. We argue in a similar way, considering three possibilities:

If p € Hrp, the standard hyperbolic theory gives an approximate Dirichlet boundary equation on
uk., which implies
E . 1
—o — 0in Hj,.

ULtas=0 777 VI Hp0
As a consequence, the support of u; propagates. On this support, 7 is parallel to ?, which
shows, as stated in Lemma 4.5, that 7’ =0 and p € Hp, or n///B and p € Gr..
If p € Er, we write (as in the similar situation when p € £1), the boundary equation of the elliptic
region,

k =k : 2
Dm3'U/Trx3:0 + HTUTD::S:O k_>—+>oo 0 in Lﬁ7a

This implies in view of Lemma 4.6 a uniform Lopatinsky boundary equation on 9;¢F, thus the
propagation of the support of y, which is the same as that of p. The fact that ' # 0 shows that
p cannot be hyperbolic for the longitudinal wave (in this case outgoing and incoming directions
are not parallel, thus at least one is not parallel to B) Consequently, p € Gr. More precisely,
it is a diffractive point: the bicharacteristic passing through p must stay parallel to B, thus its
direction is constant which is not possible for gliding rays because ) has no contact of infinite
order with its tangents. We are in the (Gp) case of Lemma 4.5.

If p € Gr, then p € Hy. The fact that p € Gr implies that 77/ # 0 , so directions ﬁ‘{ and 7,
cannot be both parallel to § Consequently, the support of yy, is a union of only incoming rays
(or only outgoing rays). This gives a boundary equation of the following form:

6:636“)0’[6333:0 + LAL@t(pIFJC:s:O k_>—+>oo 0 in L§78,

where ¢ € {+1,—1}. Notice that J; is elliptic at p, so that we may rewrite this last property
taking out all the 0; and with H! instead of L?. This yields, in view of Lemma 4.6, a uniform
Lopatinsky boundary condition on u%. The nullity of ur gives as before (by Proposition 3.18)

k k

: 1
uj = —up — 0in H;
L T, 5o

so that py propagates, and in view of the particular form of its support, vanishes near p. This
shows that this particular situation (p € Gr and py, # 0) is impossible, and completes the proof
of Lemma 4.5.

O

Definition 4.7. We shall call B-admissible points the points of the boundary of S; M which are of one
of the eight types described in Lemma 4.5.

4.4. Conclusion of the proof. Let S := supp pz, Usupp pr, and BR the subset of S; M, of all points p
satisfying one of the following properties:

x3 >0, p € SZ;, and n//ﬁ;
23>0, p€ SZr and nl B;
x3 = 0 and p is B-admissible.
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Let @7 (p,s) and @1 (p,s) be the bicharacteristic flows for the transversal and longitudinal waves. We
shall define a local continuous flow on BR, denoted by

CI)(p’ S) = ((I):C'a '1)333, (bf’a CI)&) )
in the following way:

o if &, (p,s) >0and &(p,s) € SZrp, or if ®(p, s) is a B-admissible boundary point of the form (1)
of Lemma 4.5, ® is near (p, s) the restriction to BR of the transversal bicharacteristic flow;

o if &, (p,s) >0and &(p,s) € SZ;, or if ®(p, s) is a B-admissible boundary point of the form (2)
of Lemma 4.5, ® is near (p, s) the restriction to BR of the longitudinal bicharacteristic flow;
o if ®(p, s) is B-admissible of type (T' — L), then
q)(p,r) = (I)T(pa T)) ifr<s
®(p, ) =Pr(p,r), if 7> s
e if ®(p, s) is B-admissible of type (L — T), then
O(p, 1) =PL(p,7), ifr <s
D(p,r) = Pr(p,r), if r > s.

In view of Lemma 4.3, S (which a subset of BR) is stable under the flow ® on (0,T). Furthermore, if for
some p € BR,

®(p,s) — ¢ BR, 5 € (0,T),
S5—S

(thus p is a boundary point which is not B-admissible), then p is not in S. Consequently, S is a union
of B-resistant rays of life-length 7. The assumption of non-existence of such rays made in Proposition
4.1 shows that S is empty, which completes the proof.

5. NECESSARY CONDITION

Proposition 5.1. Assume that for all T > 0, there exists a B-resistant ray of life-length T'. Then for
all T > 0, there exists a sequence (u¥) of solutions of the Lamé system such that

(59) 10cut—oll 7> + Hulft:oﬂfqg o 1
(60) ¥ A Bl g1 ((0,1)x9) e 0

Corollary 5.2. Under the assumption of Proposition 5.1, the energy of the solutions of the magne-
toelasticity equations does not decay uniformly. In other terms, the necessary condition of Theorem 1
holds.

Corollary 5.2 is a direct consequence of point b) of Proposition 2.5.

Proof of Proposition 5.1. This proof is inspired by the one of Theorem 4 of [2]. Denote by Z one of the
indices T or L and set Pz := A — v207. We start by an elementary remark:

Remark 5.3. Let E be a vector subspace of C? and 7 the orthogonal projection on E. The defect
measure of mpuf, is Thuz7E. Furthermore, Pzmpuf, = 0, so that the theorem of propagation 3.12 holds
for the measure mhuz7g if a uniform Lopatinsky boundary condition holds on wgu%. Notice that any
scalar uniform Lopatinsky condition on u’% yields such a condition on wEu% If mhpzme = pyz, the
measure uz will be said to be polarized along E. If E is the line generated by a vector H of C3
we shall also use the phrase “polarized along H”. If both measures purlj_. ry. and prllj_. 74| are
polarized along B, then condition (60) is fulfilled.
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Let T/ > T. Consider a B-resistant ray defined on an open interval I of length 7"
v(s) = (t'y(s)a y—y(S), 7—"/(8)7 "77(5)) = (JLY(S), 57(8))

If 7" is large enough, then one of the two following assertions holds:
a) ~v(I) contains an interior point;
b) yy(I) = T' C 99 where I is a closed curved, contained in a plane P which is normal to B,
boundary of a convex subset of P, and such that on I', n is orthogonal to B.
Case b) occurs when there exists an infinite boundary B-resistant ray. This case reduces to case a),
choosing a transversal ray contained inP which only meets the boundary at hyperbolic points.

Thus, we may assume that v(I) has an interior point. We may also assume, possibly translating the
origin, that this interior point is v(0), and that (¢,(0),%,(0)) = (0,0). Recall that the magnetic field is
vertical: B = (B,0,0). We shall denote by —T~ and T the extremal points of I: [ = (=177, TT).

If n,(0) is parallel to B (i.e. if v(0) is in the longitudinal characteristic set), choose a non-zero function
p € C5°(£2), and set

Py) = KR p(Viy),  up = Vet ul = ikepup.
Where u* is the solution of the Lamé system with initial data (u”*, du*);—o = (u§,uf). Then

k —1 k —1
el — KMl ekl — Kol

Thus, condition (59) is fulfilled with an appropriate choice of K.
For small ¢, by finite speed of propagation for the wave equation, u% has compact support in Q. Thus

u’% =0 and uI’i = u*. As a consequence, for small ¢,

(1) pr =0;

(2) pr is polarized along B;

(3) the projection of the support of uz on R; x Q is contained in z(I).
If 7,(0) is orthogonal to B, we construct a sequence of solution of the Lamé system, with the following
initial data (cf [2]):

YF = K7 (VEy),  ub = curl (0,0, —¢*),  uf = ikerul.

In this case, condition (59) is fullfilled for an appropriate K and the defect measures satisfy the following
properties for small ¢:

(1) pr =0;

(2) pr is polarized along B;

(3) the projection of the support of 7 on Ry x Q is contained in ., (I).
To show (60), we shall prove that both measures ur and pr, are, for t € I, polarized along B. For ¢ > 0,
we shall denote by P(t) the following property: in a neighbourhood of [0, ¢], both measures p; and
ur are polarized along B and the projections of their support on R; x 0 are contained in
x~(I).
Lgt T be the set of ¢ in [0,7F) such that P(t) holds. By its definition, 7 is an open subset of [0,7"). We
have just shown that 0 is in 7. We shall now prove that 7 is closed. We will use the following lemma:

Lemma 5.4. Let p = (t,§,7,7) € S;M. If purl,; and prl,_; vanish in a neighbourhood of p, the
measures pr and py, also vanish in a neighbourhood of p.

This is a trivial assertion in the interior of €2 by the propagation of both measures. Near a point of the
boundary of €, one may show Lemma 5.4 using the Dirichlet boundary condition on u* and the theorem
of propagation 3.12, together with the same type of arguments as in Lemma 4.5.

Let sg > 0 such that P(sg) holds for s < sp. We must check that P(sg) holds. Three cases arise,
depending on the nature of p := ~y(so).

i) p is an interior point.
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P(s0) is obvious in view of the propagation of both measures in the interior of .

ii) p is of the type (1) of Lemma 4.5.

This case, where p7, vanishes for time ¢ < t,(so) near t,(sg), was studied in [2]. The authors show
that py, remains null for times greater than ¢.,(so) and that pp propagates near (sp), in such a way that
in our case, its polarization along B is preserved. In particular property P(sg) holds.

iii) p is of the type (Hr) of Lemma 4.5: y/ (so) € 99, 1, (s0) = 0 and n//B.

In view of Lemma 5.4, the support of the measure py, is contained, near p in the union of the longi-
tudinal ray coming in p and the longitudinal ray going out of p. The support of ur, if not empty, if the
transversal ray going out of p. Let E be the plane orthogonal to B in C3. The polarization of yj, along
B shows that 77p, 7 = 0 and thus, by Remark 5.3 and the standard hyperbolic theory of Proposition
3.14,

k _ k - 1
TEUD gy=0 = —TEUL, 135=0 k—>_>oo 0 in Hpﬁ

which implies, using again Remark 5.3 that 7njurmg propagates along the transversal flow near y(so).
Thus mpurmE vanishes near p. But pr is polarized orthogonally to its direction of propagation which
is exactly B on the support of pr near p. This show that pup vanishes near p, completing the proof of
P(So).

iv) p is of the type (Gz) of Lemma 4.5: p is a diffractive point for the longitudinal wave, and 7/, (s0)
is parallel to B.

Then p € Hp UEr. Furthermore, if p € Hy, urlli<s (s,) vanishes near p. Thus, according to standard

elliptic or hyperbolic theory (cf Propositions 3.15 and 3.16), u%. satisfies a boundary condition of the
following form:

. 1
Dmu’%m?)zo = Au’%rzgzo +o0(1) in Li,a, Ae Ay,

where 01(A) = —i/||n/[|? — v#72 in the elliptic case and o1(A) = —/v272 — ||7/’||?> in the hyperbolic

case. This yields, in view of Lemma 4.6, an uniform Lopatinsky boundary condition on ¢*:
(61) @?}1320 = B*1D$3(p][€m320 + 0(1) in H;.,B'

As a consequence, the support of p (and that of ) propagates near p. The polarization of iy, along B is
immediate. The nullity of ur near p remains to be checked. This is a general property in the elliptic case
p € Er. In the hyperbolic case, first note that the propagation theorem of Burq and Lebeau [2, Theorem
1] implies with the boundary condition (61) that u is invariant by the longitudinal flow near diffractive
points. So the total mass of iy, is preserved by time, for ¢ close enough to ¢,(sg). The next lemma, which
is a measure version of the conservation of energy for the Lamé system, completes the proof of P(sp):

Lemma 5.5. Let ¢ € Cg°(R). Then
(pr + pp,¢'(t)) = 0.

Thus the total mass of the measure (ur + pr)11=s s well defined, and does not depend on s.

Proof. In this proof, we denote by = = (¢,2) € R x § the global space-time variable. By the equation
(02 — A )uF =0,

Re /8t2uk8mk<p(t)da: —Re /Aeuk(“)tﬂkgo(t)d:v =0.
Set Vou := (¢Vu, (A + ¢)divu) € C*. A simple integration by parts yields

/(p'(t) ‘8tuk|2dx + /go’(t) ’Veuk‘Qdaﬁ =0.
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Using another integration by parts, and then the decoupling Lemma 3.28,
7/3t2ukukg0' /Aukk/ Ydz = o(1) as k — +o00

/(83 + A A bk (t)dx + /(83 + A Awkah o (t)dx = o(1) as k — +oo,

and thus, by the definition of yur and uy,

T+ clnl? %+ ciln|l?
PGP )y 3, T )
<uT 5z P (1) +(he 55 ¢ (1)
This completes the proof, noting that on the support of ur (respectively ur), er||n|| (respectively cr|n]|)
is equal to 7. O

Lemma 5.5 and the mass conservation of py, imply that the mass of up is also preserved near p, which
shows that pr vanishes in a neighbourhood of p.

v) p is of the type (L — T') of Lemma 4.5.

In view of Lemma 5.4 and of the assumption P(s) for s < sg, the support of uy, is contained in the
two longitudinal half-rays passing through p, and that of pp is only contained in the ray going out of p.
To prove P(sg), it remains to show that p;, = 0 along the longitudinal ray going out of p. We shall do
so by a simple polarization argument. Let H (respectively .J) be a unitary vector of C® parallel to the
direction of the transversal (respectively longitudinal) ray going out of p. The polarization of pgr shows
that 73 urmy is null, so that 7y 7y propagates near p. Now, H is orthogonal to the direction of the
longitudinal ray coming in p, so that wj;urmy vanishes, along incoming rays but also, in view of the
propagation, along outgoing rays. Furthermore pp 1~ (s,) is polarized along J. It is easy to see that
this last measure vanishes. Indeed, the polarization of py implies

* * * * *
Dist (so)TyT T hLTaTamy = Lysy (so)TyTgrmamy =0

But
< H,J>?
TJTHT] = 7|H|2|J|2 T
Noting that H and J are not orthogonal this yields the nullity of pp1;~y
vi) p is of the type (T" — L) of Lemma 4.5 .
One may argue as before, showing that for every vector K orthogonal to J, mjpurmx = 0 near p,
which implies the nullity of prlese ., near p.

The proof is completed by reversing time, which yields P(s) for -7~ < s < 0. g

y in a neighbourhood of p.

(so

APPENDIX A. REGULARITY OF BOUNDARY VALUE PROBLEMS

The following proposition concerns solutions of a partial differential equation which is transverse to the
boundary of an open set. It says that for such functions, the control of derivatives which are tangential
to the boundary suffices to control all the derivatives. As in Section 3, we shall work in an open subset

X of Ri“, of the form X’ x [0,[[, where X’ is an open subset of R™. Let P be a differential operator of
degree r on X, of the following form:
P = Z QT—jairﬂ

7j=0..r
where the ;s are N x N matrices of tangential differential operators, with C>° (Y) coefficients, and Qg
is the identity of CV. To simplify the following statements, we suppose u € C*°(X).

Proposition A.1. Let s >0, j € N, and suppose that Pu=0 on X. Then
Vo e G (X)), 30e G5 (X), lwdl ullms-s < Cllgull 2o (x):
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BT o0
(L)

case iii)

case iv)

case V)

FIGURE 3. Cases iii), iv) and v)

where C' does not depend on u. Likewise (assuming again Pu = 0),

Vo € Cg° (Y) , Jpely (Y) ) ”SQUHLQ(O,I;H*S(X’)) < CH@“”H*S(X)-

APPENDIX B. PROOF OF PROPOSITION 3.18

As mentioned in the introduction of Section 3, whe shall assume that each u* is smooth enough, so
that all the quantities appearing in the following calculation are well defined and finite. Let

A= AyD,,, Ag € A%, C* = ([P, Au",u¥).

Take the support of Ay in a small enough neighbourhood of . The operator P is formally self-adjoint.
A simple integration by parts yields

ch = —(APUka Uk) + (Auka Puk) —(Aulfxn:mlin“]Fxn:o)a + (iDﬂanuIFwn:O’ “]Fxnzo)av

0

where (.,.)s is the L? scalar product on {z,, = 0}, with respect to the measure ,/g., —odz’dt. We have

Dy, AoDy, u" =A¢D2 u* + D, , Ag|D,, u* = —AoQu* + RyD, u*, Rye A°
ck :i(AODznuk,Dm"uk)a - i(AoQuk, uk)a + (ROD%uk,uk)a.

So, using condition (29),

C* =i(AgD,, u*, D, u*)g —i(AoQB_1D, u* B_1D, u*)s —i(AsQh*, B_1D,, u*)s
—i(AoQB_1D,, uF h*)g + (RoD,, u*, B_1D,, u¥)g 4+ o(1), k — 400
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Take A of the form TiTy, where Ty € Ay is scalar, elliptic at p and has support in a small neighbourhood
of p. Then

C* = i(EoDy, u*, D,, uF)s — i(ToQh*, B_\TyD, u*) — i(QB_1Ty Dy, uk, Toh*) + o(1), k — +o0
Ey € A", Eq =TTy — B*\ Ty TyQB-1 + B*, Ry.
Denoting by tg the principal symbol (which is scalar) of T, we have
o0(Eo) = [tol® (1 = b21b-142) .
Since g2 vanishes at p, we may choose ty with support in a small enough neighbourhood of g such that
o(Eo) > 1/2|to|?

(in the sense of quadratic positive Hermitian forms). The weak Garding inequality, applied to the operator
Eo — 1/2T§ Ty, thus yields

1
lim inf Re (EyD,, u*, D, u") — §||T0Dwnuk||i§ > 0.

k—4oc0

This implies, using the convergence to 0 of A* in H/%
1
o B~ + k2
lklmianmC > 4||T0Dacnu HL?)

Thus Drn“][cg;nzo is bounded in L%, 5, which yields, with the boundary condition, that ulfxnzo is bounded
in H} ,. The proof of (34) is complete.
When g is null near p, we have

. A1Gn
kEToock — <,[L, {paTQE }> _ 0,
which yields (35).

Point b) of Proposition 3.18 may be seen as a consequence of the propagation theorem of [2]. The
assumptions (36) imply that any uniform Lopatinsky boundary condition holds on the traces of u*, which
shows that the measure p propagates near p with any smooth multiplicative factor, which is impossible
unless p is null.
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