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Abstract

In this paper we prove the optimality of the observability inequality for parabolic systems with
potentials in even space dimensions n > 2. This inequality (derived by E. Ferndndez-Cara
and the third author in the context of the scalar heat equation with potentials in any space
dimension) asserts, roughly, that for small time, the total energy of solutions can be estimated
from above in terms of the energy localized in a subdomain with an observability constant of
the order of exp (C’ | a ||Z</)3), a being the potential involved in the system. The problem of the
optimality of the observability inequality remains open for scalar equations.

The optimality is a consequence of a construction due to V. Z. Meshkov of a complex-
valued bounded potential ¢ = ¢(x) in R? and a non-trivial solution u of Au = g(z)u with the
decay property | u(x) |< exp (—\a:|4/ 3). Meshkov’s construction may be generalized to any even
dimension. We give an extension to it to odd dimensions, which gives a sharp decay rate up to
some logarithmic factor and yields a weaker optimality result in odd space-dimensions.

We address the same problem for the wave equation. In this case it is well known that, in
space-dimension n = 1, observability holds with a sharp constant of the order of exp (C’ Il a ||(1>é2> .
For systems in even space dimensions n > 2 we prove that the best constant one can expect is of
the order of exp (C' || a Hzég for any 7' > 0 and any observation domain. Based on Carleman
inequalities, we show that the positive counterpart is also true when T is large enough and the
observation is made in a neighborhood of the boundary. As in the context of the heat equation,
the optimality of this estimate is open for scalar equations.

We address similar questions, for both equations, with potentials involving the first order
term. We also discuss issues related with the impact of the growth rates of the nonlinearities
on the controllability of semilinear equations. Some other open problems are raised.
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1 Introduction and main results

In this paper we discuss the optimality of some observability estimates for the heat and wave
equations with potentials that may be obtained by means of Carleman inequalities and that arise
naturally in the context of control theory. To better illustrate the problem under consideration, let
us first analyze the case of the heat equation.

Let n > 1 and N > 1 be two integers, T" > 0, €2 be a simply connected, bounded domain of R"
with smooth boundary I'. Put @ = (0,7) x Q and ¥ = (0,7) x I'. Consider the heat equation with
a potential a = a(t,z) in L>®(Q; RVN*N):

QOt—AgO—FCLQD:O, iHQ,
(1.1) =0, on X,
(0, 2) = ¢°(2), in Q,
where ¢ takes values in RY. Denote by || - [l and | - | the (usual) norms on L>(Q;RV*) and

RY | respectively. We recall the following known result:

Theorem A ([11]) Assume that w is an open non-empty subset of Q. Then, there exists a constant
C = C(Q,w) > 0, depending on Q2 and w but independent of T', the potential a = a(t,z) and the
solution ¢ of (1.1), such that

1 T
2 - 2/3 2
(12 D) B en (C(1+ 7+ Tl e+ a2)) /0 / P dadt,

for every solution o of (1.1), potential a € L=(Q;RN*N) and time T > 0.

Inequality (1.2), that we shall refer to as observability inequality for system (1.1), plays a key
role for solving control problems for linear and nonlinear heat processes (see [11] and [12]). This
inequality was proved in [11] using the Carleman inequality approach developed by A. Fursikov
and O. Imanuvilov (see, for example, [13]) by paying special attention to the dependence of the
observability constants on the size of the potential a = a(t,x) entering in the equation. Indeed, the
inequality was only proven in the case N = 1, but the method of proof yields the same result in
the vectorial case N > 2.

The observability constant in this situation is, by definition, the best constant in the above
observability inequality. We shall denote it by C*(T, a). According to (1.2) we can guarantee that
the following upper bound holds:

(1.3) C*(T,a) < exp (C(1+%+TH a ||oo + HauggS)).

In this paper we show that this estimate is sharp, in a sense that will be made precise. Similar
questions will be addressed for the wave equation as well.

Before going further it is convenient to observe that the estimate in (1.3) includes three different
terms. More precisely:

1
) e ({14 4T lale+ 10 l20)) = CIT OCHT, QT o)
where
(1.5)  Ci(T, a) =exp <C’ (1 + ;)) , C3(T,a)=exp(CT || a ||oo), C3(T, a)=exp (C | a ||§é3> .
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The role that each of these constants plays in the observability inequality is of different nature:

e When a = 0, i.e. in the absence of potential, the observability constant is simply Cf (T, a).
This constant blows-up exponentially as T | 0. This growth rate is easily seen to be optimal
by inspection of the heat kernel and has been analyzed in more detail in [11] and [20] to see
what the influence of the geometry of {2 and w is. We refer also to [23] for a discussion of the
optimal growth rate in one space dimension. For large a, the constant C7 is the leading one
in the region T' <|| a ||;32/3 L

e The second constant C5 (7, a) is very natural as it arises when applying Gronwall’s inequality
to analyze the time evolution of the L?-norm of solutions. For large a, this is the leading
constant in the region 7' || a H;ol/g.

e The constant C5 (7, a), which, actually, only depends on the potential a, is the most intriguing
one. Indeed, the 2/3 exponent does not seem to arise naturally in the context of the heat
equation since, taking into account that the heat operator is of order one and two in the time
and space variables respectively, one could rather expect terms of the form exp(c || a ||~) and

exp (c | a ||C1>éz>, as a simple ODE argument would indicate.

This paper is devoted to discuss the optimality of this third contribution, C3(T, a), in the
observability constant. Note that this contribution is only predominant in the region:

(1.6) lall?S T Slla

Nevertheless, its study is of great importance in view of applications to non-linear problem, as it
is the largest constant depending on a for small 7" and large a. In fact, it is the key constant in
the main result in [12] that asserts that some weakly blowing-up nonlinear heat processes may be
controlled to zero under suitable growth conditions on the nonlinearity. We shall return to this
matter bellow.

In this paper we show that the estimate (1.3) is sharp in what concerns the dependence on the
potential a, for times of order less than || a H;}/ 3, in space dimension n > 2 for systems with at
least two equations. More precisely, in even dimension, the following holds:

Theorem 1.1. Assume that n > 2 is even and that N > 2. Let w be any given non-empty open
subset of Q such that Q\ @ # (0. Then there exist two constants ¢ > 0 and p > 0, a family of
potentials {ar}r>0 C L=(Q; RN*N) satisfying

I an oe =, o0

and a family of initial data {©%}r=o in (L*(Q))" such that the corresponding solution g of (1.1)
satisfies

T 2
(1.7) lim { inf Ior(T) g2y ~ too,

R—oo | TEI T
“ explc || ar |22) /0 / \or|2dwd
w

!This means that T < C || a ”;1/3 for some generic constant C' > 0. We shall use a similar notation later, for

example for T || a ||<;<>1/3-




where I, = (O,M | ar ||<;ol/3

Remark 1.1. As we shall see, the construction of Theorem 1.1 only requires potentials a = a(x)
which are independent of time.

According to (1.7) the inequality (1.2) is sharp in the sense that, for large potentials a, when

the observation time is of order smaller than || a Hfl/ 3

, the observability constant may not grow
slower than an exponential factor of the order of exp(c || a ||303) for some ¢ > 0. This sharpness
of the constant for small time is particularly important in view of the applications to semi-linear
equations (see Section 7). In Section 4 (see Theorem 4.1), we give a slightly weaker extension to
odd dimensions, for N > 8, and with a logarithmic correction. Getting exactly (1.7) for n odd is
an open problem.

Note that Theorems 1.1 and 4.1 do not exclude a possible improvement of the estimate for
N < 8 in odd space dimension, and for scalar equations in any space dimension. It will be clear
from the proof of Theorem 1.1 that this last issue is closely related to that of the optimal decay at
infinity for solutions of scalar equations on R™ of the form Au = ¢(z)u with bounded potential ¢,
a problem that, to our knowledge, is not completely solved.

Theorem 1.1 is a consequence of the following known result:

Theorem B (Meshkov [19]). Assume that the space dimension is n = 2. Then, there exists
a nonzero complez-valued bounded potential ¢ = q(x) and a non-trivial complex valued solution
u=u(zx) of

(1.8) Au=qu in R?,
with the property that
(1.9) |u(z) |[< Cexp(— |2 |*?), VazeR?

for some positive constant C > 0.

Taking into account that the potential ¢ and the solution u are complex valued, equation (1.8)
can be viewed as an elliptic system with real valued coefficients and two components (N = 2).

As we shall see, Theorem 1.1 holds from the construction by Meshkov by scaling and localization
arguments. The proof of Theorem 1.1 will be given in Section 4.

By separation of variables, Theorem B holds in any even dimension. The validity of this result
in odd dimensions is, to the knowledge of the authors, an open problem. Section 3 is devoted to
this issue. We obtain a slightly weaker version of Theorem B in 3 — d for C*-valued solutions and
with a potential ¢ growing at infinity in a logarithmic way. This construction is the main tool to
prove Theorem 4.1 on the optimality of the observability constant in odd space-dimensions.

Let us mention some variants of the preceding results. One may assume that the potential
a is in L%(0,T; LP(Q; RY*N)), where n < p < 400, but is not necessarily bounded. For such
a, an analogue of the observability inequality (1.2) is shown in Theorem 2.1. In this case, the

constant C3 has to be replaced by exp (C | @l ( ), for some a depending on p.

0,T;Lr (RN *N))
Suprisingly, Meshkov’s construction is not sufficient to show that this constant is sharp. We shall
also consider the case of convective potentials, that is first order operators of the form a;.V, where

ay is bounded. The analogue of the observability inequality (1.2) is also stated in Theorem 2.1. In
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this case, in space-dimension n = 2, we are able to show the optimality of this inequality, using an
easy adaptation of Meshkov’s construction (see Section 6).
We now consider the wave equation and, more precisely, a system of N > 1 wave equations of

the form
wy — Aw + aw = 0, in @,
(1.10) w =0, on X,
w(0,2) = (), w(0,x)=wi(z),  inQ

where the unknown function w takes value in RY and a = a(t, ) is a matrix-valued potential as in
(1.1).

Let w be a nonempty open subset of (2. As above, we shall study the observability constant
D* = D*(T,a), defined, for fixed a € L>(Q; RN*N) and T > 0, as the smallest (possibly infinite)
positive constant such that the following observability inequality holds:

T
(1.11) 0 By + 110" I < D°(Toa) [ [ Pt

for every solution of (1.10).
Concerning the dependence of D*(T,a) on the potential a the following can be said:

e Unlike the heat case, the existence of (finite) D*(T', a) is not guaranteed for all triple (Q2, T, w).
In [5], Bardos, Lebeau and Rauch have established (under strong smoothness assumptions)
an essentially necessary and sufficient condition for (1.11) to hold, the geometric control
condition, which asserts that all rays of geometric optics in 2 enter the subdomain w in an
uniform time 7" > 0. But the micro-local techniques used in their work do not seem to give
the explicit dependence of the constant D*(T,a) on the potential a. In Section 2 we shall
introduce a stronger condition on (,7T,w) which yields the existence of D*(T,a) for the
multi-dimensional case. Indeed, by means of Carleman estimates, we show in Theorem 2.2
that under this condition:

(1.12) D(T,a) < exp (C(T) (1+ || a %)),
with a positive constant C'(7T") that depends only on (2, T,w).

e Observability constant (1.12) is similar to that in [11] for the heat equation (see (1.3) above).
Note however that there is an important difference between C*(T, a) for the heat equation
and D*(T,a) for the wave one. Indeed, in (1.3), there is a term exp (CT || a ||oc), due to
the use of Gronwall’s inequality. Because of this term, one needs to choose T to be of
the order (1.6) (thus small when a is large), to get an obervability constant bounded by
exp (C'll a 1%/ 3). The situation is different for the wave equation. Indeed, as noted in [30], a
modified energy estimate gives an upper bound for the evolution of the energy of the order
of exp (CT | a Hif) As we shall see, this point is crucial to derive (1.12).

e In one space dimension, in [30], using sidewise energy estimates it was proved that

(1.13) D*(T,a) < Cexp (o la H;g?) .
6



This is true whatever the number N of components of the system is and even for 1 — d wave
equations with BV -coefficients in the principal part. But it may fail for equations with Holder
continuous coefficients (see [8]). Estimate (1.13) is known to be sharp. It is even sharp for
the scalar 1 — d wave equations with constant potentials.

However, as we shall see, (1.13) is not satisfied in space dimensions n > 2. Indeed, our next
main goal of this paper is to show that estimate (1.12) is sharp in several space dimensions. We
state the result in even space-dimension. As in the case of parabolic systems a similar, but weaker
result holds in odd space-dimensions (Theorem 5.1).

Theorem 1.2. Assume that n > 2 is even and N > 2. Let w be any given open non-empty subset
of Q such that Q\ @ # 0. Then, for all T > 0 there exist a constant ¢ > 0, a family of potentials
{ar}r>0 C L=(Q;RY*N) satisfying

| ar lloo,—_+o0,

and a family of initial data {(w%,w}{)}}bo in (L2(Q)N x (H=Y(Q))N such that the corresponding
solution wr of (1.10) satisfies

w |I? + || wi Ity
(1.14) lim I ’(L2( o || @)" = +00.

R—o0
exp (e ar |27 / / jwrldadt

Remark 1.2. The potentials ar in Theorem 1.2 will be chosen to be time-invariant. Furthermore,

as one shall see in the proof of Theorem 1.2 in Section 5, we actually choose the initial velocity
1
wR — 0.

As in the context of the heat equation, the proof of this result is based on the construction
by Meshkov in Theorem B. Theorem 1.2 shows that the estimate (1.12) is sharp for systems of
wave equations in even dimensions. Hence, in this case, when T is fixed, the observability constant
D*(T, a) has to grow, at least, at the order of exp(C' || a ]\%3) as || a ||oo— 00. The problem of the
optimality of the estimate (1.12) for scalar equations is open. As in the parabolic case, Theorem
3.2 yields a weaker version of Theorem 1.2 when n is odd, that we state in Section 5 (see Theorem
5.1).

The rest of this paper is organized as follows. In Section 2, we shall show sharp observability
estimates for parabolic and hyperbolic equations with both zero and, in some cases, first order
potentials. We also consider the case of boundary observability for the wave equation. In Section
3, we construct solutions on R™ of elliptic linear equations with a maximal speed of decay at
infinity. These constructions generalize that of Meshkov, as it includes first order potentials, and
odd n. They are the main tool of the three next sections, which are devoted to prove negative
results. In Sections 4 and 5 we prove respectively the optimality of the observability estimates for
heat and wave equations with zero order potentials, i.e., Theorems 1.1 and 1.2. In Section 6 we
address the case of heat and wave equations with convective potentials, and show the optimality
of the observability estimates which depend exponentially on the square of the L°°-norm of the
convective potential. It is well-known that, in the context of both heat and wave equations, the
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observability inequalities with explicit bounds in terms of the potentials are intimately related with
the optimal growth rates for the control of semilinear equations. This issue will be briefly discussed
in Section 7. Finally, in Section 8 we comment some closely related issues and open problems.

2 Sharp observability estimates for hyperbolic and parabolic equa-
tions with potentials

This section is devoted to show sharp observability estimates for hyperbolic and parabolic equations
with zero and first order potentials. We shall consider elliptic operators with variable coefficients,
which does not change the proof with respect to the simpler case of Laplace’s operator, and gives
the same dependence of the observability constant on the potentials. As it was mentionned in the
introduction, we also consider the case of zero order potentials which are in LP-spaces in the space
variable, with n < p < co.

2.1 Statement of the results

In the sequel, we fix real valued functions b € C1() satisfying:

(2.1) bi(z) = bi(x), VYaef ij=12-n

and

(2.2) Z b9 (2)6:&5 > BIEI, V(2,8 = (2,6, ,&) € AX R,
ij=1

for some constant 3 > 0.
We also consider RY*¥_valued functions a, a¥ (k =1,--- ,n) and a on Q satisfying:

(H1) a € L>®(0,T; LP(; RV*NY) for some p € [n,00], and al,--- ,a},ay € L®(Q; RV*N),
Put

n
A A i A
(2.3) ro = llallpers po@sryeny, 1= Y llaflles T2 =714 [[az]]o.
k=1

2.1.1 The parabolic system

We consider first the following parabolic system:

n

n
Pt — Z (b” (x)SOxl)mJ =ayp + Zallggpmka in Q7
(2.4) i,j=1 k=1
=0, on X,

0(0) = ¢, in Q.

We have the following observability estimate for system (2.4).



Theorem 2.1. Let w be an open non-empty subset of Q and b (-) € CY(Q) satisfy (2.1)-(2.2).
Then, there exists a constant C' = C(2,w) > 0 depending only on Q and w such that for any time
T > 0, potentials a and af (k = 1,--- ,n) satisfying (H1), and initial data ©° € (L?(Q))V, the
corresponding solution ¢ € C([0,T]; (L2(2))N) of (2.4) satisfies

1 __1 T
(2.5) 1 (T) 1712y~ < exp {0[1 + 5+ Tro+ rd 2P 4+ (1+ T)rﬂ } /0 / || 2dadt.

By adapting an argument in Step 5 in the proof of Theorem 2.4 in Subsection 2.2 (for the
hyperbolic system), the proof of Theorem 2.1 is almost the same as that in [9, Theorem 2.3] and
[11, Theorem 1.2]. Hence we omit the details. Theorem 1.1 shows that, when (b¥),x, = I (the

identity matrix), the exponent 2/3 in rg/ 5

for the special case p = oo in the estimate (2.5)) is
sharp. As we shall see in Section 6, the quadratic dependence on ry is also sharp. The problem of
1

/2=n/p

the optimality of the term in 7 is completely open when p < oco.

2.1.2 The hyperbolic system

Let us now consider the following hyperbolic system:

n n
Wt — Z (b (:x)wxi)xj = aw + Z:alwgc,c + aswy, in @,
(2.6) i,j=1 k=1
w =0, on X,
w(0) = w’, w(0) = w', in Q,
where w = (w1,--- ,wy)' is a R¥-valued unknown. Under some assumption on the observation

domain, we will show boundary and interior observability inequalities for system (2.6), with an
explicit dependence on the constants ry (and, in the case of boundary observability also 7). For
this, we introduce the following condition.
(H2) There exists a function d(-) € C*(Q) satisfying the following:

i) For some constant pp > 0,

n

@7 S Y (27 0y, ), b 6, | bty 2 0 D BIGE, Y (2,6) € A xR

n
Q=1 i j=1 ij=1

ii) The function d(-) does not have any critical point in 2, i.e.,

(2.8) min |Vd(x)| > 0.
z€
Denote by v = v(z) = (v1,12, - ,vy) the unit outward normal vector of Q at x € I'. For the

function d(-) satisfying Condition (H2), we introduce the following set:

(2.9) ro={zer| > vivd, >0},
ij=1



Note that for the case of (b"/),x,, = I, by choosing d(z) = |z — zg|? with any fixed g € R™\ €,
(H2) is satisfied with o = 4 and (2.7) holds with an equality. In this case, Iy in (2.9) is given by

{xeF’(w—xo)-y(:c)>O},

which coincides with the subset of the boundary arising usually in the context of the multiplier
method ([17]).

On the other hand, it is easy to check that, if d(-) € C?(Q) satisfies (2.7), then for any given
constants a > 1 and § € R, the function

~

(2.10) d=d(z) 2 ad(z) + 8

still satisfies Condition (H2) with p replaced by aug, the set I'y remaining unchanged. Hence,
without loss of generality, we may assume that

(2.7) holds with uo > 4,

e LS V@) )y () 2 maxd(e) > mind(e) >0, Ve €T

ig=1 €N e

In what follows, put

(2.12) Ry 2 max +/d(z), To 29 inf {R1 ‘ d(-) satisfies (2.11)}.
xeQ)

For the interior observation, we introduce the following assumption:

(H3) There is a constant § > 0 such that
(2.13) w=0s(To) [,

where Os(To) = {a: eR"

|z —a'| <6 for some ' € I‘o}.

In other words, the observation subdomain w is assumed to be a neighborhood of a subset of
the boundary satisfying the condition above for boundary observability.

In the rest of this section, we will use C' = C(T, ) to denote a generic positive constant which
may vary from line to line. Our observability estimates for system (2.6) are stated as follows.

Theorem 2.2. Let b € C1(Q) satisfy (2.1)(2.2). Assume that conditions (H2)-(H3) hold. Let
T > Ty, where Ty is defined in (2.12). Then the following two assertions hold:

i) boundary observability: There is a constant C > 0 such that for any potentials a, ai, - -+,
a} and az satisfying (H1) for some p € [n,+o0], and initial data (w°, wt) € (H}(Q)N x (L3(Q))V,
the corresponding weak solution:

w € C([0,T]; (Hy (2)™) N C* ([0, T]; (L2())")
of (2.6) satisfies

S ow
@214) el + o lga@py < exp (C(1+r777 +13)) |50
10
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it) interior observability: Ifaf =0 (k=1,--- ,n) and ag =0, then there is a constant C > 0
such that for any potential a satisfying (H1) and initial data (w®,w') € (L2(Q)N x (H~HQ))V,
the corresponding weak solution:

w € O([0, T); (L2())™) N ¢ ([0, T]; (H~H(2))™)

of (2.6) satisfies

EYeEryr
(2.15) w2y~ + W'l -1 )y < exp (0(1 +1p” “’)) wll(z2(0,7)xw))N -

Part 7 of Theorem 2.2 is the internal observability inequality for the wave equation announced in
(1.11). Note that unlike the case of the heat equation (Theorem 2.1) and the boundary observability
for the wave equation (part i of Theorem 2.2), we do not give a generalization of this inequality
to first order potentials. The proof of such a generalization would yield new technical difficulties,
essentially due to the fact that in view of control-theoretic applications, we treat the case of the
adjoint system (with initial data in (L2(Q) x H~1(22))"), instead of the usual energy space (with
initial data in (H(Q) x L2(Q))V).

As in the parabolic case, Theorem 1.2 shows that the exponent 2/3 in the estimate 7“[2)/ 3 (in
(2.15) for the special case p = o0) is sharp. As we shall see in Section 6, the exponent 2 in the
estimate 73 (in (2.14)) is sharp, too.

In the rest of this section, to simplify the presentation, we only consider the case N = 1. The
proof in the case N > 2 is exactly the same. The proof of Theorem 2.2 will be given in Subsection
2.3. For this, we need to show a global Carleman estimate for hyperbolic operators, which is the
object of the next subsection.

2.2 Global Carleman estimate for hyperbolic operators
Recall (2.12) for the definitions of Ry and Ty. Let T' > Ty be given. We may choose d such that

(2.16) T > 2R;.

By (2.16), one may choose a constant ¢ € (0, 1) so that

(2.17) (2TRI>2 <c< %Rl
Put
(2.18) ¢ = o(t,x) £ d(x) — c(t — T/2)?,

with T" and c satisfying respectively (2.16) and (2.17).
Define a formal differential operator P by

n

(2.19) Pu 2 Ut — Z (b”(:v)uxl)x]

ij=1
By [14, (5.15) in the proof of Theorem 5.1], we have the following Carleman estimate.
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Theorem 2.3. Let b7 € C1(Q) satisfy (2.1)-(2.2). Assume that condition (H2) holds and T'g
is given by (2.9). Then there exists a Ao > 1 such that for all X > X\g and all u € H}(Q) with
Pu € L*(Q), it holds:

T 2
(2.20) A/ eP(0\22 42 + |Vu|?)dedt < 0(/ 62’\‘f’|73u|2dxdt+)\/ / ew‘@‘ d:rdt).
Q Q 0 JIp ov

In order to prove the interior observability result in Theorem 2.2, we also need the following:

Theorem 2.4. Let b7 € CH(Q) satisfy (2.1)-(2.2), and a € L>(0,T; LP(RY)) with p € [n,ca].
Assume that conditions (H2)—(H3) hold. Then there exists a Ao > 1 such that for all X > \o, any
u € C([0,7T]; L*(2)) satisfying u(0,z) = u(T,x) =0 for x € Q, Pu € H1(Q) and

(2.21) (u, Pn)r2@) = <7DU777>H—1(Q),H5(Q)7 V€ Hy(Q) with Py € L*(Q),

1t holds

1
(2.92) )\He/\d)uH%%Q) <C <||€/\¢(7DU - GU)H%{A(Q) + M||6)\¢au||§12(07T;H—n/P(Q))

+)‘2H6)\¢UH%Q((O,T)><L0)) :

Proof. We shall borrow some idea from [16], which consists in applying (2.21) to some special
choice of n with Py = - -+ + Ae?**u, which yields the desired term A||e*?ul|2, (@) and reduces the
estimate (2.22) to an estimate on ||n|| 1 (q)-

In [14, (7.20) and (7.21) in the proof of Theorem 7.1}, it is shown, using an optimization
argument, that there is a A9 greater than 1 so that for any A greater than Ay and any v in
C([0,T); L*(2)) vanishing at ¢t = 0 and t = T, there exist (Z,7) in H}(Q) x L*((0,T) x ), such
that:

supp7 C (0,T) X w,
(2.23) Pz =i 4 A u, in Q,
=0, on 0@,

N«

and for some constant C' > 0, independent of A, it holds
1 T
(2.24) / e (V2 + 22 + N2 dadt + ¥ / / e P2 drdt < CA / A uldadt.
Q 0 Juw Q
Now, by (2.21) with 7 replaced by Z above, one gets
<u, T+ AeQA‘z’u)

Q) (P, 2) @130
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Hence, noting supp7 C (0,7T) x w:

)\\|e’\¢ul|ig( =(Pu,2)y H-1(Q),HA(Q) — (U, 7) 2((0,7) xw)
=(Pu—au,Z)y H-1(Q).Hy Q) T (au, 2) 2(q) — (W T) £2((0,1) xw)
<[|e* (Pu — aw)l|g-1(q)lle 2l (q)
+ ‘|6)\¢au”L2(O,T;H*"/P(Q))He ZHLz 0.T; HY?(92))
(2.25) + 1e*ull 22 0,1y xe 1€ 7] 12 ((0.7) xw)
<OV lle 2|y ) + NN NR,
1/2
F“ef)‘(bf"%?((o,T)xw) ,
where
A 1
Q= He/\d)(Pu au)H%{,l(Q) + m”eww“%mm H-n/P(Q)) + )\2"6A¢u"%2((0,T)Xw)

is the right-hand term of (2.22). On the other hand, for any f € H'(R"), by Holder’s inequality,
one has

1 By = [ L+ IERY L PLF) PP dE < 11181150
This yields immediately:

2 n/p 1-n/p 1
(2.26) HgHHg/p(Q) < Ollgll g llolla gy V9 € Ho (),

for some constant C' > 0, independent of g. Hence, for any h € L?(0,T; H}(2)):

n 1-n
(2.27) [IR]] < C||hl3 IRl

L2(0,T; HY/P(Q)) L2(0,T; HY(Q

Now, by (2.27) and using Young’s inequality, it follows

)\2(1 n/p) He A x H <C)\2(1 n/p) He )\¢>2H2n/p He*)\qb H2(1 n/p)

L2(0,T; H}/P () L2(0,T; HY(Q

(2.28) VS 2(|,— A 3
<C|lle™? Z||L2(O,T;H01(Q))+)\He Z”LQ(Q)]'

Finally, using (2.24), (2.25) and (2.28), we arrive at the desired estimate (2.22). This completes
the proof of Theorem 2.4. O

2.3 Proof of sharp observability estimates for hyperbolic equations with poten-
tials

We now prove Theorem 2.2. The main idea is to use the Carleman estimate in Theorems 2.3-2.4.
The proof is divided into several steps.
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Step 1: Choice of a cutoff function. Note that our w satisfying (2.6) does not necessarily vanish
at t = 0,7. Therefore we need to introduce a suitable cutoff function. To this end, set (recall

(2.11))

(2.29) T,27/2 &1, T'2T/2+&T, Ro=min/d(@) (>0),
e

where i = 0,1; 0 < g9 < &1 < 1/2 will be given below.
(From (2.17), (2.18) and the definition (2.12) of Ry, it is easy to see that

(2.30) $(0,2) = ¢(T,x) < R} —cT?/4 <0, VzecQ.
Therefore there exists an 1 € (0,1/2), close to 1/2, such that
(2.31) ot 1) < R2/2 — ¢T?/8 <0, ¥ (t,a)e ((O,Tl) U(T{,T)) ¥ 0,
with 77 and T} given by (2.29). Further, by (2.18), we see that
o(T/2,z) =d(x) > R3, VazeQ.
Hence, one can find an gy € (0,1/2), close to 0, such that
(2.32) o(t,z) > R%/2, Y (t,z) € (Tp, T}) x 9,
with Ty and T} given by (2.29). We now choose a nonnegative function { € C§°(0,T) so that
(2.33) =1 in (T, T7).

We start to show the second assertion of Theorem 2.2, whose proof is more technical.

Step 2: An intermediate inequality. Assume that the assumptions of the second part of Theorem
2.2 hold. We first shall apply Carleman inequality (2.22) to prove the following observability
inequality:

N S
(2.34) 3N >0, VA> (1 + rS/Q*"“’)Al,
T
A/6262A¢w2dxdt < C()\Q/O / e widzdt + ||w||%2(JxQ))'

where J £ (0,71) U (T}, T). Note that in the right-hand side of (2.34) the square of the L? norm
of w on all © appears, but only for time smaller than 7} or greater than T7. To get read of these
term, we will need to use, in the next step, a modified energy method.

Recall that £w vanishes at ¢ = 0,7. Hence, by Theorem 2.4, for any A > A\, we have

. A /Q P(ewPazar < 0| (Piew) - )},

! rp 2 o [T 22, 2
+m|]e a£w|‘L2(0,T;H*n/p(Q))+)‘ ; we wd:vdt].
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By equation (2.6), recalling a¥ = 0 (k = 1,--- ,n) and az = 0, and noting (2.31) and (2.33), we
have

H‘ZM (P(gw) - agw) H =[|e* (26w + wés)l| -1 ()

H-Y(Q)
= sup /6A¢(2§twt—|—w£tt)fdmdt
(2.36) g =172
= sup / POw(—Ef — 20 fi — bk f)dudt
flag@=1/@Q

<CMZTIINL 4 Nl 2w,
Recalling the definition of g in (2.3) and noting that the Sobolev embedding H /P (Q) — L2 (Q),
2
implies by duality the embedding L2 (Q) — H"P(Q), we get:

(2.37) He’\%ﬁ’pr(o,T; H-/p(Q)) = |’€/\¢a€w|\L2(0,T;L2p/(p+2>(9))

< CT0|’€/\¢WHL2(Q),

where at the second line we simply used Holder’s inequality. Further, by (2.31) and (2.33), we have

/62A¢(§w)2dazdt:/ 62)‘¢w2dxdt/ e (1 — 2 wldxdt
Q Q Q

(2.38)
2 2
2/ e wldadt — Celfi—erl /4)’\||w||%2(JXQ).
Q
Combining (2.35)—(2.38), we conclude that there is a constant C; = C1(T,€2), independent of A
and rg, such that:

2

20, 2 o 20, 2
A/e wﬁﬁgahm%m/e wdzdt
(2.39) @ Q

T
+\2 / / e owdrdt + e(R%_CT2/4)/\(1 + AQ)H“’H%}(JXQ)} :
0 w

Since R? — ¢T?/4 < 0, one may find a X, > Ao such that e —<T*/YA(1 4+ A2) < 1 for all A > ;.
Take a A\; > \| and such that:

1 2
5757 N "o A
(2.40) A >y M= A—-C 2=n/p) > 5"
For such a choice of A, the desired inequality (2.34) follows from (2.39)

Step 3: A modified energy method. From (2.32), we see that

T/
(2.41) /62)‘¢w2dxdtZeRf2))‘/ O/wzd:cdt.
Q To JQ
Put
Al
(2.42) (6 2 31wt gy + et M1y
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For any Sy € (Tp,T/2) and Sj, € (T/2,T}), by means of the classical energy estimate, one has

st 7
(2.43) E(t)dt < C(1+10) / / w2dadt.
So T Q

We claim that, there is a constant C' > 0 such that

=7
(2.44) E(t)<Cef0 " E(s), Vit sel0,T).

Note however that this does not follow from the usual energy method. Instead, we need to use
the duality argument and adopt a modified energy estimate introduced in [30]. For this, for any
(29, 21) € HY(Q) x L?(£2), we introduce the following system

Zpp — Z (b”(:v)le)w =az, in Q,
J
(2.45) ij=1
z =0, on 3,
2(T) =2 2z(T) ==z, in Q.

Denote a (modified) energy of system (2.45) by

2
(246)  E(t) = / (126, 2)” + S V9 (@)t 2) 0, (1,2) + 12T ot ) 2

i,7=1

Then, by (2.45) and recalling the definition of ry in (2.3), it follows

dE(t ey
(2.47) dett) /azztdx—i—rz e / zzpdx.
2 1 _ 1 _
Put p1 = ;=5 and py = _=-. Noting that >+t —|— > +1 5 = 1 and 2(n/p) r + 5= n/p) rt+5=1,

by Holder’s mequahty and Sobolev S embeddlng theorem and recalling (2.46), we get

/azztdx S/ |aHz|%]z]1_%]zt\dx
Q Q

n 1—n
[ | I XG0 T | NN [EXCBT PP
= 10l 2t M1 2, 1208 iy et 2o
(2.48) @ Lo .
— / ) n/ N
=5 TNy ( JIECRI [P )Hzt( ez
" . <E)Y/2
<Et)2P <EM)ZT 2

< CrETE(D),

Similarly,

1

2 2—n/p

(2.49) rgn/p/zztdmg
Q

_2 1
/ (7’57"/’) 22+ zf)dw < Crgf"/pé'(t).
Q
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Hence, combining (2.47)—(2.49), we conclude that

d&(t) P

By this and noting the time reversibility of system (2.45), we get

1
gty <cefrs es), Vi se0,T].
Hence,

/p

=n/p
(250) (=), 2Ol a2y < Ce70 T [(2(5), 2Dl mp ez Y5 € [0, 7).

Now, taking the scalar product of the first equation of (2.6) by z, integrating it in (¢, s) x €, recalling
that by assumption af =0 (k = 1,--- ,n) and az = 0, and using (2.45) and integrations by parts,
we get

(251) (w(s), 21()noy + (wi(s),—2(5)) sty
= (w(t), 2¢(t)) r2(e) + (we(t), —2(t) >H*1(Q),H6(Q)7 Vi, s€[0,T]
Hence, by (2.42) and (2.51), and noting the last equation in (2.45), and using (2.50), we get

(denoting by S the unit sphere of the space HE(Q) x L?(2))

2BE(T) = sup [(w(T)azl)LQ(Q) + (wy(T), _ZO>H*1(Q)7H6(Q)}
(29,21)es

= 2w a®)e + (w0~ )00

<CVE({) Sup 1(z(t), 2e ()| 2 ()< 22 ()

(20,21)es
1
<cefr " B TY, (T
<Ce () sup [|(z(T), 2e(T)ll g )22 ()
(20,21)es

1
5=
CTO n/p

=Ce E(t).

This fact, combined with the time reversibility of system (2.6), yields the desired estimate (2.44).

Step 4: We now return to the proof of the second assertion. By (2.44), we get

1
Fn/p

(2.52) [w][72(7x0) < CE(0)eC0
and

S(l) 1 C 2—n/p
(2.53) E(t)dt > =E(0)e "

So c
Combining (2.53) with (2.41) and (2.43), we get:
(2.54) A / widrdt > — 2 FiA-Cr] JWE(O)
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Inequality (2.34) together with (2.52) and (2.54) yields a constant Co such that

1
(2.55) A > (1 n TS/Q_"/p))\l —

_1 —L T
—n/ -n/
AN Cy(1 4 ) " | B(0) < CodP(1+ rg)e / / w?dad.

0 w

a(\ro)

1
Assume that A > (1 + 7’03/27"/p>)\1. Taking, if necessary, a greater \; we have:

R2 R2A 1
(2.56) A3 > 1+ Co(1 +19), 73 > 205, 7.

(To obtain the second inequality we used that 2_}1 7 <3 /Qin /p). Thus:

.
(2.57) (X, ) > %20 >
Then, from (2.55) and (2.57), we obtain:
1
(2.58) TN, A (1 + rg/Q_"/p))\l — E(0) < CaA>(1+10)e || 22 (0.1 e

1
taking the preceding inequality at A\ = (1 + rg’ /2l >>\1 gives the desired observability inequality
(2.15).

Step 5: Let us now show the first assertion. Again we will show an intermediate inequality:

__1
(259) A >0: VA> )\ (1 e/ 4 r%) ;

T 2
A w2 + |Vw|?)dzdt < C |||w]|*n + A 2 a—w dxdt| .
t H1(Jx)
Q 0 To 8V

Clearly, £w vanishes at ¢t = 0,T. Therefore, by Theorem 2.3, we get

A PPN (Ew)?+H|(Ew)e? + |V (€w)[*]dadt

(2.60) ¢

T 2
< C(/ eW\P(gw)y?da;dtH/ / e”ﬂaﬂ\ da:dt), VA > Ao
Q 0 To 8V

By equation (2.6), we get:
n
2
(2.61) / ePO|P(bw)Pdadt = / 62)\¢’€ttw + 26w, + §(aw +) " dbw,, + Gth) ’ dzdt.
Q Q k=1

Furthemore, recalling the definition of ry in (2.3), and using successively Holder’s and Sobolev’s
inequalities, then inequality (2.27):

lac**€wl|r2() < rolle*€uwll 2 riney, /s +1/p=1/2

A
< 7“0”8 d)waL2(07T;H5‘/p(Q))

A A 1=
<rolle ¢§wH7Llé1(oo,T;H&(Q))H€ %wHLQ(an'
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Hence, using Young’s inequality we get, for any ¢ > 0:
2p/(p—n) \ —n/(p—
(262)  llae*wllfag) < M€l T rym iy + Cerg” TTIAT O M6 2 g,

where C; is a positive constant depending on . Further, by (2.31) and (2.33), we have

[ llcwn + 19 () Pidzas

(2.63) ¢
2_ o2

> /foz/\qﬁ[wt2 + [Vwl)dzdt — CeF= T X (w71 o )y xay + 1wl ey <))

Combining (2.60)—(2.63), and taking ¢ > 0 small enough in (2.62) we get, for some large constant
Cs > 0:

A / N2 (gw)? 4+ wi + |[Vw|*]dzdt
Q

2—cT? 2 —n)y—n/(p—n
(2.64) < Cy | F=TH 0N || By + rg” PTINT 0T [Mgw] 2,

2 2Ap (2 2 4 22¢ Ow |2
+7"2/ e ?(wi + |Vw| )d:pdt—l—A/ / e ‘—‘ dxdt|.
Q 0 To 81/

Now, choosing A1 > 0 large enough such that:
__1 _2p_ b
A > A (1 + g2 4 r§> — (4 <7~g" + r%) <3

and noting that by (2.17), R} — ¢T?/4 < 0, we get (2.59).

As in Step 3, (2.59) and the modified energy method lead to the first assertion in Theorem 2.2.
Since the preceding case is more complex we omit the details. This completes the proof of Theorem
2.2, O

3 Super-exponentially decaying solutions to elliptic equations

In this section, we construct solutions u of equations on R"™, n > 2 of one of the following forms:

(3.1) Au+qu =0,
or:
(3.2) Au+q - Vu=0,

where ¢ and ¢; admit some bounds at infinity, and such that u decays at infinity as fast as possible.
When n = 1, if ¢ is bounded, the solution u of (3.1) may not decay faster than exponentially.
In higher dimensions, an elementary but optimal Carleman estimate due to Meshkov [19], shows
that one cannot hope a decay at infinity faster than e=Clzl' for all C > 0. In the same work is
also given a surprising example on R? of complex-valued fonctions ¢ and u satisfying (3.1), with ¢
bounded and u decaying like e~ 1* [+ (see Theorem B). The example of Meshkov gives by separation
of variables examples of solutions with the optimal rate of decay in any even dimension. In Theorem
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3.1 we state this result and its counterpart in dimension 2 in the case of equation (3.2), where the
convective potential ¢; decays like \:L‘|*1/ 3 (which is sharp according to the Carleman estimate in
[19]). For the sake of completness we give a proof of both results.

The case of odd dimension is more complex and to our knowledge no results exist in this
direction. In Theorem 3.2, we give, for odd n, an example of a solution u of (3.1) on R™ decaying at
the same super-exponential speed, but which is C*-valued, and with some g growing logarithmically
at infinity. Once again, according to the Carleman inequality, this construction is quasi-optimal.
The existence of a solution u of (3.1) taking values in C and/or with a bounded ¢ remains open,
as are similar questions concerning real-valued functions in all dimensions n > 2.

For z in R™, we shall write r = |z|.

Theorem 3.1. Let n > 2 be even and ¢, > 0. There exists nontrivial functions:
u € C®R"C), qeC*R"C)nL>®R"C)

such that (3.1) is satisfied on R™, and, for some constant C':

(3.3) lu(z)| < Cemer"*.

Furthermore, when n = 2, and for the same function u, there exists:

(3.4) @ € C®(R%:C?),  with (r+1)"3¢; € L®(R?;,C?),

such that equation (3.2) holds.

Theorem 3.2. Let n > 3 be odd and c, > 0. There exist nontrivial functions:
u e C°R™;CY, ¢qeC®R;CHY,

fullfilling (3.1) and such that, for a constant C' > 0:

(3.5) (log(2 + 7)) q € L®(R"),
4/3

(3.6) lu(z)] < Ce """,

Remark 3.1. Theorem 3.1 is optimal in the following sense. Fix a bounded function ¢ on R™.
Then the only solution of equation (3.1) on R™ satisfying:

(3.7) Ve >0, / |u(:c)|ec‘$|4/3d1: < o0,

is w = 0. Indeed this is a consequence of the following Carleman inequality by Meshkov [19, Lemma
1], which holds for large 7, in any space dimension n:

(3.8) Vv e Cge({r > 1}),
73/U|26XP(277‘4/3)T1"dw—f—r/ V|2 exp(2rr4/3)rl 37 dy < C’/ |Av|? exp(27r4/3)r! " d.

The same argument shows that if ¢; satisfies the decay property (3.4), then the only solution u of
(3.2) on R” satisfying (3.7) is w = 0. These results remain valid with vector-valued functions.
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If ¢ (scalar or matrix-valued) satisfies a logarithmic bound such as:

q

N >0, ————
logv(2 +7)

€ L (R"),
one may write weaker uniqueness results for (3.2). For example:
/ ‘U(m)‘eﬂx‘sﬂ/?’dx < +oo for some e > 0= u=0.

In this sense Theorem 3.2 is quasi-optimal.

Remark 3.2. The construction of Theorem 3.1 may be adapted to potentials with polynomial

bounds at infinity. Precisely, if 2/3 < o < 2 and ~ 2 (4 —3a)/2, there exist a potential g, bounded

by C|z|~7 and a solution u decaying like e~1#"

such that equation (3.1) holds. By a variant of
Carleman inequality (3.8), this decay is also optimal.

One may think this result would be of some help to test the optimality of the constant of
the observability inequality for potentials a € L*>°(0,T; LP(Q2)), n < p < 400 (see Theorems 2.1
and 2.2). Unfortunately this is not the case. Indeed the arguments of Sections 4 and 5 applied

on the potentials g, would only show that the constant of observation may not be better than

C’eC”a”i{i(OvT?”(Q)), which is only interesting in the case p = oo, that is in the case of Theorem 3.1.

All the polynomially decaying potentials g, we are refering to are locally bounded. It seems
likely that, to prove the optimality of the observability constants given by Theorems 2.1 and 2.2
for potentials a in LP spaces, one will have to construct variants of the Meshkov function u with
potentials ¢ that are in LP, but not locally bounded (see also open problem 8.4).

Remark 3.3. The uniqueness result of Meshkov, and the constructions of this section are closely
related to the issue of uniqueness of solutions of equations such as (3.1) or (3.2) vanishing to some
specified (finite or infinite) order at a point or at a general submanifold of R™. See the book of
Zuily [32] and the constructions of counterexamples in [2], [3], [15], [27].

3.1 Construction in even dimension

In this part we prove Theorem 3.1. We first remark that in the case of equation (3.1), we may
assume that n = 2. Indeed, if there exists a function v and a potential ¢ fullfilling the first part of
Theorem 3.1 for n = 2, and if n = 2m is even, we can define

_ A
(1, T2, ..., Tom) = u(x1, x2)u(xs, x4) - u(T2m—1, Tom),

It then follows that

AT+ (q(x1, z2) + q(x3, Ta) + ... ¢(T2m—1, Tam)) u = 0.

~~
q

The potential ¢ is bounded on R™ and @ satisfies the decay property:
| a(z) |< C’exp(—c*r4/3), x e R".

Note that this argument does not work in the case of convective equation (3.2), as it gives only a
bounded q;.
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We now assume that n = 2. Denote by 0 = ﬁ the polar variable. We will construct a function

u which is harmonic in the neighborhood of any of its zero. Thus the existence of a function g,
bounded and C* on R2, and such that equation (3.1) holds is equivalent to the existence of a
constant Cy such that, on R:

(3.9) |Au| < Colul.

Indeed, if u satisfies (3.9), it suffices to take ¢ to be —Au/u where u does not vanish, and 0
elsewhere, which implies trivially equation (3.1). Likewise, the existence of a function w satisfying
(3.4) and such that equation (3.2) holds is equivalent to the existence of a constant C{) such that,
on R?:

(3.10) |Au| < Ch(r +1)713| V).

Furthermore, it suffices to show Theorem 3.1 for some c,. One can then obtain the general case by
dilatation of u.

3.1.1 Construction for large r

We first construct w on {r > p}, where p is large. As in the article of Meshkov [19], we shall
construct u on well-chosen rings {p <r < pi41}, k € N.

Notation 3.1. In all the following, we shall write, for sequences of real numbers (Ay) and (By):
A = O(By),
when there exist constants C' and kg such that:
Vk > ko, |Ag| < C|Bgl-

When Ay, and By also depend on r € I, I being an interval, the estimate is also assumed to be
uniform with respect to r in I.
We will also use the notation =~ in the following sense:

A, ~ B, <— (Ak = O(Bk) and By = O(Ak)) .

Let pg be a large enough real number, and define the sequence pg by:

A 1/3
(3.11) P = pi + 6p %,
Denote by px; 2 Pr+ lp,1€/37 for I =0,---,6. This divides the interval [pg, px+1] in 6 sub-intervals.
Consider the harmonic function:
(3.12) U, = apr ™0 qp >0, ng € N.

The crucial point of the proof is a lemma which allows to pass from uy to —ug41 within the interval
(pks pr+1) with a function solving (3.9). We first choose the values of n; and ay. Let:

4/3 B
(3.13) nké2[p’f], 2 DL T g

A 1 A 2d,
ap = 1, Ap4+1 = akpkg )
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where [y] stands for the integer part of y. The aj’s have been chosen so that |ug| and |ug41| coincide
when r = pi3. An easy calculation shows that for some positive constant , independent of k:

(3.14) dp = 6p2"* +0(1).
Lemma 3.1. There exist a large integer kg, a constant Cy independent of k > kg, and:

ue C®({z eR?| pj, < |a| < prya})

such that:
u(r,0) = ug(r, 0), = <r< )
(3.15) (r,0) B k(r,0) Pk = Pko Pk1
’LL(T‘, 0) - _uk-i-l(ru 0)7 Pk5 S r S Pk6 = Pk+1,
(3.16) lu(r,0)] = O(arr™"™), pr <7 < prt1.

and, for px <1 < pry1:

(3.17) |Au| < Colul,
(3.18) |Au| < Cor™ /3| V.

The result remains valid when replacing (3.15) by:

u(r,0) = —u(r,0), pro <1 < pr1,

(3.15")
u(r,0) = upg1(r,0),  prs <7 < pre.

Proof. We will just do the proof in the first case (when (3.15) holds), the proof of the other
case being the same almost word by word.

A simple idea would be to let u = {rup — ékﬂ,m, where & and ék are smooth functions of r,
& (vesp. &) is equal to 1 (resp. 0) near py, 0 (resp. 1) near pj,;. Indeed, with a suitable choice
of the functions & and ék, such a u solves (3.17) except in the neighborhood of its zeros. This is
a non-negligible difficulty, taking into account that, for homotopy reasons, a continuous function
satisfying (3.15) has to vanish: when r increases, u passes continuously from a continuous function
of § in S winding clockwise nj, times around the origin to one winding counterclockwise 741
times, which is impossible without vanishing. Note that ny # ng11, so that the same argument
would hold with ugy1 (which winds clockwise ny41 times around the origin) instead of —; in
(3.15).

One way to avoid this problem is to consider a C2-valued function (see Remark 3.4). To treat
the harder case of a complex-valued function, we need to use a trick due to Meshkov [19] consisting
in introducing an intermediate function vy, close to —y4 1, which is non-harmonic, but nevertheless
solution of an inequality of the form (3.17) on pr <7 < pr41.

Choice of an intermediate state between uy and —ugy1. Consider a 27-periodic function ¢ ()
(which we shall make explicit later) such that:

(3.19) k(@) = 0 "%), 16O = 0(p"),  141(8)] = O(}).
Let:
(3.20) o(r,0) £ —rih gt eio Oy (1, 0)
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As —Tp1q(r,-), the function vg(r,-), when r is fixed, winds ng,1 times, counterclockwise, around
the origin. But unlike —wy41, it decreases slower than wug, so that it is more natural to replace wug
by v than by —ugq as r is increasing. For these reasons, vy is an appropriate intermediate state
between uy, and —uy1. The constant in (3.20) has been chosen so that:

(3.21) VO,  |ur(prs, 0)| = [uks1(prs, 0)| = |vk(prs3, 0)].
Let g(r) = IOg(Td’“/pZ’“). By (3.14), we have:
dy, ~1/3
g(r)="5=0(p; ).

Noting that ¢g(pr) = 0 and pg+1 — pr = O(p,lﬁ/g), we get that g(r) = O(1) for r in the interval
[Pk, pr+1]. Thus:

d
(3.22) rd Py e <1< PRy
The following lemma gathers some estimates on ug, v and ugyq.
Lemma 3.2. We have:
(3.23) Up R Vg R U1, Pk ST S Pt

Furthermore, any of the three sequences wy = uy, Vg 0or upy1, satisfies, for pr < r < ppa1:

(3.24) el = (rV3 + O /3)) . ]%(%wkl = (F73 + O(r V%)) -
Finally there is a constant Cy such that:

(3.25) [Avg| < Cilupl,  pr <7 < prsas

(3.26) |Ave| < Crr BVl pr <7 <

Proof. The estimates (3.23) are a direct consequence of (3.22) and the definitions of uy and v. By
simple computations:

ng 2d;, — ny,
—

Orup, = — Uk Orvg, = ks

1 n 1 —ingyq + i) (0
—Oguy = —kuk, —Ogvp, = 41+ 05 )vk.
r T T r

With the definition (3.13) of ng, and the bounds (3.19) on ¢y, we easily get (3.24). Furthermore:

(3.27) Avy, = —2p;§d’“V(r4d’“ew’“) - Vg1 — p;;d’“A(rA‘dkew’“)ﬂkH.
Keeping in mind the estimates (3.14) and (3.22), we get:
V(’/’Adk) ~ T4dkp’;1/3’ A(Tlldk) —_ O(p;2/3r4dk)‘
The bounds (3.19) on ¢ and its derivatives imply easily:
Ve = 0(p, %), Ale) = 0(1).
Combining these estimates, one gets:
|v(r4dk€i<pk)| — O(pk—:l/3r4dk)’ A(Téldkei(pk) — O(T4dk).

Together with the estimates (3.23), (3.24), equation (3.27) yields (3.25) and (3.26). O
24



Figure 1: Steps of the construction

Step 1 Step 3
B
Step 2
-—
Xk ;cl \/’k
t t t t t t — - T
PkO Pk1 Pk2 Pk3 Pk4 Pk5 Pk6

—_——— —_——— ~ =~
u= U U +Vk Uk —Uk41

The construction of u takes three steps (see Figure 1).

Step 1. Construction of u on [pko, pral-

Lemma 3.3. There ezists u, C™ on {pro <1 < pra}, satisfying (3.17) and (3.18) and such that:

(3'28) u(r, 0) = uk(rve)v Prko <7 < pra,
(329) ’U,(T, 0) = Uk(T’, 0) + Uk(rv 9)7 Pk2 <r< Pk4-

Proof. Let x be a non-decreasing, C*° function such that:

(3.30) x(s) =0if s <1and x(s) =1if s > 2.

A = Pk
Xe =X\ —13 | >
Pk

so that y(r) is 0 if r < pgy and 1 if r > pgo, and that the derivatives of xj satisfy the estimates:

Let:

(3.31) | =007,
Let:
(3.32) w S uy+ xpv for pro <7 < pra.

Obviously (3.28) and (3.29) are satisfied. To show that w satisfies (3.17) and (3.18) with Cp

independent of k, we divide [pxo, pr4] into two subintervals. When pro < r < pgo, we will simply

use that uy satisfy (3.17) and (3.18), that v satisfy (3.25) and (3.26), and that |ug| is larger than

clug|, ¢ > 1, so that the sum wu of the two is of the order of ug. When pro < r < pp4, the two

absolute values may coincide, and we will have to build an adequate phase ¢} so that the function u

is harmonic around its zeros. This is the most tricky and nontrivial part of Meshkov’s construction.
The region piy < r < pgo. Let:

_ —4dy,
~ A ‘Uk‘ g 17 nk+1+4dkpk3
g(r) =log ]~ 18 pp—
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Then:
g(r) = 2di logr + C(k),

where C'(k) is a constant which depends only on k. By the choice of the constants aj and ag4+1 (see
(3.21)), g(prs) = 0. Furthermore §'(r) = %. Using (3.14) we get that if & is large enough, ¢'(r) is

greater than 6p,:1/ 3, from which we deduce the two following crucial comparison estimates:

(3.33) u| =€ |vg], T < pra,
(3.34) lok| =€ lugl, > pra-

The inequality (3.33) implies that when pgo < r < pgo:

(3.35) 2ug| > |u| > <1 — e*5> |ug| > clug| > clvg|,  where ¢ > 0.
Furthermore:
(3.36) Au = xpAvg + 2V Xk - Vug + (Axk) v

According to (3.31), (3.35), (3.36), and the estimates of Lemma 3.2, the function u satisfies (3.17)
when pro < r < ppo.
Furthermore, using again (3.35), and Lemma 3.2, we get:

Oru =0ruy, + X;ka: + XkaTvk'7
10pul >r3ug] + O™ 3) (Jug| + |ve]),

1
|Orul > {2r1/3 + O(r1/3)} lul, pro <7 < pr2,

which, with inequality (3.17), yields inequality (3.18).
The region ppo < r < pg4. Notice that in this region, i is equal to 1, so that:

(3.37) =g+ v = apr e™0 {1 — p,;32d’“r2d’“e_i(2”’“+2d’“)9+wk(9)

wy
Let:
A T

A
— . 0 =4Th, 0<j<2 2dj, — 1.
e+ dr ik = 91k, U< 7 < 2ng + 2ag

(3.38) Ty,

The 6;’s are the solutions of the equation e~ 9 = 1, so that according to (3.37) (yx being

small), the function u vanishes near each 6. In order to satisfy (3.17) and (3.18), u (thus v) has
to be harmonic near each 6;;. The function v; being equal, up to a multiplicative constant, to

—4dy, —np+2dy, —ing0—2id0+i 0
vk = —pa e +2dy, ,—ing0—2idg0+ipr (0)

it suffices to choose @}, satisfying the following lemma:
Lemma 3.4. There exists a real-valued o5, € C*°(R), 2m-periodic and satisfying (3.19), such that
for all j, there is a constant cjj, with:

T T
(3.39) or(0) = 4dp0 + cjr, O — Zk <0< 0+ Zk‘
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Figure 2: the function f

fr(s)
A

4dy,
| | |
| | |
| | |
| | |
7 T
4 4

O(p/*) === -

Proof. Consider a function fi on [0, 7] (see Figure 2) so that:

Ty,
(3.40) fr(s)ds =0,

0
(3.41) fr(s) =Adi, s €[0,T}/4] U [3T}/4, T,
(3.42) | fe(s)] < Cpi/g, |fil < Cpz, C independent of k.

Noting that dj is of the order pz/ 3, and 1/T}, of the order pi/ 3, such a function exists. We extend
fr to R into a Tj-periodic function, still denoted by fi. Let:

0
(3.43) on(6) 2 /0 ful(s)ds,

which defines, taking into account (3.40), (3.42), and the fact that T} is of the order ,0,;4/ ’a
Ti-periodic function which satisfies the desired bounds (3.19). In particular ¢y is 2m-periodic.
Furthermore:

01 0
O, — Ti/4 < 0 < 0 + Ti. /4 = pi(0) = fr(s)ds +/6 fr(s)ds,
0 ik

so that according to (3.40) and (3.41), equality (3.39) holds. O

We go back to the proof of Lemma 3.3. To show (3.17), we distinguish two cases. Let 6 be in
[0,27), and choose j so that 6 = 0, + 7, 7] < T}/2.

e First assume that |7| > T} /4. Note that (2ny + 2dj)0;, € 2nZ. Thus the phase of the second
term wy, in (3.37) is, by estimates (3.19):

—(2nk + 2d1)0 + () = —(2ng + 2di)T + O(p, "*) + 271y, L € 7.

Br(0)
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Furthermore, depending on the sign of 7:

—m < —(2ng + 2d)7T < —g or g < —(2ng + 2dg)T < 7M.

This implies, for some constant C' independent of k£ and 6:
Re (ei‘ﬁ’“) < Cp,;2/3.

Thus, for large k:
Re (1 - p,:??d’“rm’“ei@k) >1/2.

Using formula (3.37), we get that if & is large enough:
(3.44) 2Ju| > apr™" = |ug|.

With lemma (3.2) and the fact that Au = Awg, we get inequality (3.17) with a Cy independent
of k.

By a simple calculation:

n 2d
O = —— + Ty
r T

so that, using successively (3.44) and (3.23):
n _ -
Ol = “EJul + O™ o] = {72 4+ 0 } jul,
which yields, together with (3.17), inequality (3.18).

e Now assume that |7| < T /4. With (3.39), we have:

—4d,,

Uk = —Prg akr,fn;ﬁer;cefz(nkadk)b?ezcjk7

so that w is harmonic and inequalities (3.17) and (3.18) are trivially satisfied.

Step 2. Construction of u on [pra, prs|-

Lemma 3.5. There exists u in C°({pra <1 < pis}) satisfying (3.17) and (3.18), and so that:

(3.45) u(r,0) = ug(r,0) + vi(r,0), near pga,
(3.46) u(r,0) = vg(r,0), near pgs.
Proof. Let:

e 21—x (20, (r — pra))

where x is the function defined is step 1, and satisfying (3.30). We have:
Yr(r) = 1 near prs, Yr(r) =0 near pys,
(3.47) W}(Cp)’ < plzp/3_
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Let: N

u = rug + vk,
so that (3.45) and (3.46) are satisfied. Note also that the comparison estimate (3.34) implies that
for some ¢ > 0 independent of k:

(3.48) 20vg| = |ul > clog| > clug|,  pra <7 < pis.
We have:
(3.49) Au = (Ad);c)uk + 2V, - Vg + Avg.

Using the estimates of Lemma 3.2 together with estimates (3.47), (3.48) and equation (3.49) one
gets (3.17).

Inequality (3.18), as in the first case of step 1, comes easily from the explicit computation of
Oru, inequality (3.17) and estimates (3.24), (3.47) and (3.48) O

Step 3. Construction of w on [pgs, pre)-
Lemma 3.6. There ezists u € C®°({prs <1 < pre}), satisfying (3.17) and (3.18) and so that:

(350) U(T, 9) = Uk(?", H)a near pgs,
(3.51) u(r,0) = —ups1(r,0), near pie.
Proof. Consider the function sz defined by:

~ A

Vr(r) = Vi (7“ - pllﬁ/?)) ;

where 1, is the function of Lemma 3.5. The function zzk is 1 near pr5 and 0 near pgg, and satisfies
estimates (3.47). Recall the definition (3.20) of v and let:

w = vy — (1= O)ngs =~ {1 — P+ Jk?“4dkpgz§dk€i“o’“(6)} :
According to (3.19), there is a constant C' > 0 independent of k£ and € such that:
Re e+ > 1 _ C,[);4/3’
so that for k large enough, and using (3.22):
Re (1=t + e @) > 1= G 1ty > a1,

for some positive constant c¢;. Thus:

(3.52) lu| > c1lurg1],  prs <7 < pre-
Furthermore:
(3.53) Au = IZkAUk + QVTZ]Q . V?)k + (A{/;k)'vk — 2V1Zk . Vuk+1 — (A@Zk)ukJrl

Using Lemma 3.2 and the estimates (3.47) on 1, together with equation (3.53), we get:
Au = O(ups1), prs <7 < pre-

We conclude with (3.52) that u satisfies (3.17) on [pgs, pk6)-
To finish step 3, we have to show inequality (3.18). As in the preceding steps, it comes easily
from inequality (3.17), estimates (3.24) and the explicit computation of 9, u. O
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The construction of u on [pg, px+1] is complete. According to Lemmas 3.3, 3.5 and 3.6, u satisfies
(3.17) and (3.18).

It remains to check that on [pg, pr+1], u satisfies the bound (3.16). Indeed, by the definition of
u at each step, it is easy to deduce (3.16) from the same bound on functions ug, vy and ug,1. This
bound is trivial for ug. But ug, vg and ugyq are of the same order (see (3.23)), hence (3.16). This
concludes the proof of Lemma 3.1. O

If k is large enough for the preceding lemma to hold and r € [pg, pr+1], we take u(r) to be the
function constructed in the lemma, satisfying (3.15) if k£ is odd and (3.15’) is k is even. In this way,
the pieces of u stick up well together at each pg, and this defines a C* function u for > p, where
p = px is a large positive real number. According to the uniform inequalities (3.17) and (3.18)
satisfied by w on each [pg, pr+1], the function w is solution of (3.9) and (3.10). It remains to check
the decay of v at infinity, and to extend u to all R2.

3.1.2 Decay of u at infinity
Take a point of R? with coordinates (r,6) such that:

(3.54) ok <1 < prat-

Let: Ar—p

— Pk —2/3

h=—"—==0(p, / ).

Pk

Estimate (3.16) yields a constant C, independent of k£ and r satisfying (3.54), such that:
u(r,0)] < Cagr™.
Thus:
log |u(r, )| — log [u(p, 0)| < —nylogr + ny.log pr + O(1)
< —nglog(1+h)+ O(1) < —nih + O(1),

using the fact that nxh? is bounded independently of r and k. On the other hand, if m(r) 2 e~i"""

3 3
log m(r) —log m(py) = _Zr4/3 n Zpi/g
3

4/3 4/3
= —{a(a+n -1} = —pn+00).
Thus, recalling that n; = 2 [pi/ 3 / 2}:
(3.55) log |u(r, 0)| — log [u(px, )| < logm(r) — logm(px) + O(1).
The same argument yields, if K < j <k:
(3.56) log |u(p;, 0) — log |u(pj—1,0)| < logm(p;) —logm(pj-1) + O(1).
Adding inequality (3.55) and all inequalities (3.56), K < j < k, we get:
log |u(r,0)| < logm(r) + O(k).

It is classical that a sequence py, defined by the induction relation (3.11) is of order k%2, Hence:

u(r, 0)] < eSO,

Which gives (3.3) for any ¢, < 3/4.
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3.1.3 Extension of u to all R?

So far, we have constructed u on r > p, equal to ar~"e™ near p for some integer n and real a. Let

1 be a smooth, nondecreasing, function equal to 1 for » > 2p/3 and 0 for r < p/3. Let:

u(r, 0) = (@D(r)r_" +(1- 1[1(7“))7“”) aeme, r<p.

This extends u to a C* function on R?, harmonic in a neighborhood of 0, and who does not vanish,
which implies trivially (3.9) for » < p. Similarly, Vu does not vanish for » > 0 (because dpu does
not) which gives (3.10) for » < p. The construction is complete. O

3.2 Construction in odd dimension

In this part we prove Theorem 3.2. We first remark that we only need to do the construction for
n = 3. Indeed if Theorem 3.2 holds for n = 3, and n = m + 3 is an odd number larger than 3, one
can define the function:

w(z1, T2, ...y Tmt3) 2 V(X1 T UW( Tt 1, Tint2y Tmts),
where v is the complex-valued function u defined on R" given by Theorem 3.1, and w is the
C*-valued function defined on R?® given by Theorem 3.2. Note that @ takes values in C*. A
straightforward computation shows that the function @ and potential ¢ are solutions of the equation
(3.1), where ¢ satisfies the bound (3.5) and @ decays at the desired speed (3.6).
We now turn to the proof of the case n = 3. One of the main ingredients of the preceding
inkQ)

construction was the sequence of eigenfunctions (e  of the Laplace operator on S!, which

trivially satisfies the estimate (in the sense given by Notation 3.1):
(3.57) "0 m el

The construction is difficult to adapt in dimension 3, since there is no sequence of spherical har-
monics on S? satisfying (3.57). To show Theorem 3.2, we write an abstract theorem showing that
an estimate of the form (3.57), but with polynomial loss in ny, is sufficient to construct a vector-
valued, superexponentially decaying solution of an equation of the form (3.1), with a potential ¢
which only grows logarithmically.

Consider a smooth manifold M without boundary, and an operator:

R:C®(M) — C*(M).
We define, for p > 0:

~ A A 0% 1

MP:(p7+OO)XMa P:(9772,+T72R’

The operator P acts on C’OO(MO). Up to the conjugation by a power of r, and the addition of
a zero-order potential, this framework includes the Laplace operator on R™, n > 2. Let p > 1.
Assume that R admits a sequence of bounded eigenfunctions (®x)x>0:

(3.58) &, : M —RP, R, 2 \Dp, A >0,

(3.59) | @k || poe(ary= 1.
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where the sequence (\g)g is increasing and tends to infinity. Define ny and py by:

ng(nk +1) = A, ng >0,

(3.60) A 3/4 A M4l — N
PE =Ny dp = f

Denote by | - | the euclidian norm on RP. Then the following holds:

Theorem 3.3. Assume (3.58), (3.59) and that there exist positive constants 6, C', N such that:

(3.61) Vw e M, Ciﬁ'gléiiiga < onl,
(3.62) d = o, + O(1).

Let ¢, > 0. Then, if p is large enough:

(3.63) Ju e C®(M,;R¥?), 3C >0, Pu=qu,
(3.64) quW%M@R%“ﬂ wgw+2» 3ge L™
(3.65) Ju(r,w)| < Ce™o

Remark 3.4. As will appear clearly in the proof, when the power N of nj is 0 in (3.61), the same
result remains valid with a bounded g. This would yield Theorem 3.1, with an easier proof, but a
C2-valued solution w.

Proof of Theorem 3.3. This construction is very similar although much simpler because of the

Pk+1 Pk

vectorial setting, than the preceding one. Denote by py; = pk +3 , which divides (pg, pr+1)

in 4 subintervals. Note that according to (3.62):
(3.66) Pri1— %—*MW+O(1@
Consider the following solutions of the equation PE = 0:
JAY —n
(3.67) Ex(r,w) = agpr™ " &k (w),

where the sequence ay, is defined by:

JAY 1 A 2dy
ap =1, apy1 = p) “ag,

so that axr™™F and apy17 "%+ coincide when r = py. Consider the R?P-valued functions Ej:

E
Ej(r,w) 2 ( k(g’w) ) if k is even, Ei(r,w) 2 < Ek((T)' w) > if k& is odd.

Then we have the following lemma, analogous to Lemma 3.1:

Lemma 3.7. Let k be a large enough integer. There exist a constant Cy independent of k, and:

ue C™({pr <7 < pry1; R?P),
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Figure 3: Step functions for Theorem 3.3

Xk Xk

— 7
PkO Pkl Pk2 Pk3 Pk4

such that:
u(r,w) = Eg(r,w), <r< ,
(3.68) (r,w) = Ex(r,w), pro Pkl
u(r,w) = B (r,w),  prg <1 < ppa,
(3.69) lu(r,w)| = O(apr™"*), pp <7 < prg1,

and satisfying the inequality:

(3.70) |Pu| < Co(logr)?|ul.

/3

Proof. Using that the logarithmic derivative of r / pZ’“ is bounded by plzl , one gets, as in the

proof of Theorem 3.1, that for pp < r < pgy1:

(3.71) r pi’“,

(3.72) apr’™ & apqr’ttL.

We divide the construction into several steps.

Step 1: Definition of u. Let x be a C°° non-increasing function on R such that:

s<0=x(s)=0, s>1= x(s) =1,

(3.73) 0<s<1/2= x(s)=e"/5

Near s =0, x, ¥’ and x” are increasing functions of s. Let (see Figure 3):

%™ 2 x (0 Plors — 1))y xelr) £ x (072 (r = o).
We have:
.74 1= 0("). W] = 0(™)

Assume for example that k is odd. Let:

u(r,w) 2 ( Xk(r) B(r, ) ) ;

Xk (1) Bga (1, w)
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so that (3.68) holds. The bound (3.69) is immediate from (3.59), (3.67) and (3.72). We have:

" ng
X + 275X Bk
(3.75) Pu = ~( i 2nk+rl ~/]€)E :
(Xk + 27X ) B

Consider the first p components of Pu:

Ay Nk
(3.76) v e (Xk +27 Xk) Ey.
We will show that if k is large enough:
(3.77) [o(r,w)| = O ((logr)*|u(r,w)[) . Pk <7 < pryr, w € M.

Let s 2 pgl/?’(r — px1). We distinguish two regions.

Step 2: Pointwise bound on v for s ¢ (0, (log pk)*3/2). Using the explicit form (3.73) of x near
0, a straightforward computation shows that, for 0 < s <1/2:

(3.78) Xe(r) = pr X (s) = pp s 2 (),
(3.79) Xi(r) = pi X" (s) = pi P (=257 + s xa(r).

This shows that if (log p/.c)_?’/2 <s< %:

% X5 ()| = O ((log pr)*xk (7)), Ix5(r)] = O ((log pr)*xk (7)) -

Furthermore, these inequalities are trivial for s < 0 (where xj is identically). When s > 1/2
they are a direct consequence of the estimates (3.74) on the derivatives of xx. Going back to the
definition of v, we have:

[o(r,w)| < (log r)*xk(r)|Ex(r,w)], s <0 or s> (logpy) >

This shows inequality (3.77), outside of the region {s € (0, (log pk)_3/2) }.

Step 3: Pointwise bound on v for s € (0, (log pk)_3/2). We now assume that s € (0, log(pk)_?’/Q).
Then, using formulas (3.78), (3.79) and the fact that y’ is increasing we get, if k is large:

ng N —1/3 _
Eli(s)] = 2o P ()] < O X (o™ )|
(380) " (5)] < Cllog py)e(osm)™.
Similarly:
L) =PI < 7 3 (1oe™2 )|
(3.81) gp,f/f’)(log pr)Be—(og P2,

By the definition (3.76) of v, together with (3.80), (3.81), we get:

[o(r,w)| < (log pg) e 18P | B (w)] < C(log pr) e~ 18P N | By ().
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For the second inequality, we used the assumption (3.61) on the sequence (®y) together with (3.72).
Noting that Yj takes value 1 near pg1, we get that (3.77) holds for large k.

End of the proof. By the same argument, one may show the property analogous to (3.77) for
the last p components of Pu, namely:

~ Nk+1 ~
(Xk +2 HX?{) Eji1 =0 ((logr)*u(r,w)), pr <7 < pri1, w € M.
Thus:
P’LL:O((IOg’U,)BU), Pk §T§Pk+17 weM?
which completes the proof of the lemma. O

The end of the proof of Theorem 3.3, which consists in sticking up the pieces of u defined by
Lemma 3.7, and checking the decay of u at infinity, is exactly the same as the one of Theorem 3.1,
and therefore we omit it. O

Proof of Theorem 3.2. We shall use Theorem 3.3 with M = S?. For this we need to choose
suitable spherical harmonics. Let § and ¢ be the spherical coordinates on the sphere S, 8 € [0, 7]
being the polar coordinate and ¢ € [0, 27) the azimutal one. Let [ = 2j be an even integer and F;
be the C?-valued spherical harmonic:

A PP(cos 0)
(3.82) Fi(g,6) = ( ewlpll(cos 0) ) .

Here and in the sequel, the P/ are the associated Legendre polynomials:

(_1)m lerm

(3.83) B"(x) =~ (1= a®)™? (o — 1)

The functions P/ are solutions to the equation:

d?p dP m?
.84 1— 22— — 22— 1) —
(3.84) (1=2?) g =20+ [l +1) =

P=0, ze(-11).

It is standard (c.f. [26], [24]), that Ag2F; = —I(l + 1)F;. To use Theorem 3.3 we need to give a

pointwise estimate on Fj:

Lemma 3.8. The eigenfunctions Fy satisfy, for large | € 2N:
1
(3.85) CTiA <|Fi(9,0)] < ClL.
Proof. Let:
A

g9(x) =11+ )P (@) + | P ().
Note that according to (3.83),
ap?  |?

o) = 10+ D@ + (1= 2%) | Z L (@)

Using equation (3.84) with m = 0 we get:




so that the minimum of ¢ is in 0, and its maxima are in 1 and —1. Note that [ being even, on is
even and le is odd. In particular:

(3.86) g(0) = 11+ 1)| PP(0)]*.
Let a; 2 |P20j (0)] = |P(0)]. According to formula (3.83),

1 d?

_ 2 )2
= i@ @ Y

ng(l')

, , 25
The coefficient of 2% in (2% — 1)% is (—1)J ( J ), so that we have:
J

Stirling formula, yields:
1
2\/7j’

Furthermore, going back to the definition (3.83) of P!, we get |PP(1)| = |P(—1)| = 1, so that:

(3.87) 1PP(0)] = [P3;(0)] = aj ~ as j — +oo.

(3.88) g(1)=g(=1) =1 +1).

Using (3.86), (3.87) and (3.88) we get:

1 0(\|2 10,32
cpr S+ DI @)+ [P (@) < Cll+1),
which shows (3.85) according to the definition (3.82) of Fj. 0

Choose a large odd number ngy and define the sequence (ny)x of odd integers, and the sequence
(Pr)g of eigenfunctions of Ag2 by:

A A
Nk4+1 = Nk + 2 |:7’L]1€/2:| 5 (I)k(gba 9) = Cankfl(Cf)’ 9)3

where ¢, is a normalizing constant such that (3.59) holds. Noting that (3.62) is fulfilled by the
choice of (ng)k, and that (3.85) implies (3.61), one can use Theorem 3.3 with R = Ag2. This yields
a function @ € C*({z € R? | |z| > p}; C*), solution of:

and so that ¢ and @ decrease at the desired speed at infinity. Taking into account that Apsf =

. A - . JANS . .
r~1P(rf), the function u = »~1% and potential ¢ = § satisfy all the assertions of Theorem 3.2. It
remains to extend u to r < p, which is left to the reader. O
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4 Optimality of the observability constant for the heat equation
with zero order potential

This section is addressed to the proof of Theorem 1.1 and its weaker counterpart in odd space
dimensions:

Theorem 4.1. Assume that n > 3 is odd and that N > 8. Let w be a non-empty open subset of
Q such that Q\ @ # (0. Then there exist two constants ¢ > 0 and p > 0, a family of potentials
{ar}r>0 C L=®(Q; RN*N) satisfying

I anll = +oo.

and a family of initial data {©%}r=0 in (L*(Q))" such that the corresponding solution g of (1.1)
satisfies

T 2
(4.1) lim { inf 2R (T) G2y = oo,

R—oo | TeJy _ T
“exp (elog lan ) ? [ ar |22) [ [ lonfdsar
w

A _
where J, = (0, p(10g || ar lle) ™ |l ar 7 |-

Theorem 4.1 would show the optimality of an observability constant a little smaller than C3 (7', a)
defined in (1.5). This is due to the logarithmic loss in the construction of Theorem 3.2.

The proofs of Theorems 1.1 and 4.1 are very similar so that we do not need to distinguish
between the two cases in the main part of this section. First observe that we only need to show
Theorem 1.1 in the case N = 2 and Theorem 4.1 in the case N = 8. Indeed, to get the other cases,
it suffices to consider the solutions ¢ in which the first 2 components (respectively 8 components
in the case of odd dimensions) are as in the case N = 2 (respectively N = 8), the other being
identically zero. The matrix agr of the corresponding system can be built in a similar way by
adding zero entries to the 2 x 2 (respectively 8 x 8) matrix ap.

The proof is divided into several steps.

Step 1: Construction on R™.
Consider the solution v and potential ¢ given by Theorem 3.1 if n is even, and by Theorem 3.2
if n is odd. Recalling that both v and ¢ are complex-valued, by setting

[ Reu(Rx) B Req(Rx) —Imgq(Rx)
(42) ur(@) = ( Imu(Rz) ) ’ an(z) = -’ < Img(Rx) Regq(Rx) ) ’

we obtain a one-parameter family of potentials {ar}r~o and solutions {ur}r~o satisfying
(4.3) Aup = ap(z)ug, in R",
and (using Theorems 3.1-3.2 with ¢, = 1)

(4.4) | up(z) |< Cexp (—R4/3 |z |4/3) ,  inR"
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Furthermore, for some constant C' > 0, the potential ag is such that

(4.5) C™'R*<| ag HLoo(Rn;RNXN)SCR2, if n is even,

(4.6) C7'R* <|l ag || oo gnpryxn)<CR*(log R)?, if n is odd.

The functions {ug } r~0 may also be viewed as stationary solutions of the corresponding parabolic
systems. Indeed, set

(4.7) Yr(t,x) = ur(z), x€eR" t>0.

Then, it satisfies

(4.8) Yy — AYp+arypp =0, z€R" t>0,
and
(4.9) | Yr(z,t) |< Cexp(=RY? | 2 |Y3), zeR" ¢t>0.

Assume now that w is an open bounded subset of R” \ B, B being the unit ball in R™. Then

T
(4.10) / / | g |2 dedt < TC/ exp(—2RY3 | & [*3)dx,
0 w w

and, taking into account that | z |> 1 on w,

(4.11) / exp (—2R4/3 | z ]4/3) dx =0 (eXp (—2R4/3)> .

On the other hand, for some constant ¢ > 0,

1 c
(4.12) 1 6R(T) [ {pe@myn=Il wr [{2@ayy= gm | [i2@ayv= Fa-

In view of (4.5) and (4.10)—(4.12) it is easy to see that, if n is even, an estimate of the form (1.2)
would be sharp in the whole R™ in what concerns the dependence of the observability constant C3
on the potential. The same conclusion would hold for odd n, up to a logarithmic factor.

Step 2: Restriction to ).

Let us now consider the case of a bounded domain 2 and w to be a non-empty open subset (2
such that Q\ @ # (. Without loss of generality (by translation and scaling) we can assume that
B C Q\w.

We can then view the functions {¢'g} r~o above as a family of solutions of the Dirichlet problem
in  with non-homogeneous Dirichlet boundary conditions:

' YR = ER, on X,
where
414 - ’ - ( .
(4.14) ER = VYR LT UR|,
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Taking into account that both w and I' are contained in the complement of B, we deduce that,
for a suitable C"

(4.15) | Yr(t,z) |< Cexp (—R4/3) , rew, 0<t<T,
(4.16) | en(t,z) |< Cexp (—R4/3), zel, 0<t<T.

We can then correct these solutions to fulfill the Dirichlet homogeneous boundary condition.
For this purpose, we introduce the correcting terms

PRt — A,OR + arpr = Oa in Q7
(4.17) PR = €R, on X,
pr(0,z) =0, in Q,

and then set

(4.18) ©R = YR — PR

Clearly {¢Rr}Rr>0 is a family of solutions to parabolic systems of the form (1.1) with potentials
a = ag(x).

Let us show that ¢p is the family of solutions that fulfills (1.7). By the bounds (4.5) and (4.6)
on apr, we have, for some C' > 0:

(4.19) C'R?<| ag ||o< CR?, if n is even,
(4.20) C™'R? <|| ag ||leo< CR*(log R)3, if n is odd.

Furthermore, according to (4.10)—(4.11) and (4.12):

T
(4.21) / / [Wg|?dedt < T/ lup|?dz < CT exp (—2R4/3> , as R — oo.
0 w w
1 c
(4.22) | Yr(T) H?LQ(Q))N: 70 | w ”%LZ(RQ))NZ R—Qn, for some constant ca > 0.

Let us now analyze the corrector term pr. We decompose it as

(4.23) PR = 0R + &R,
where

OR,t — AUR = 07 in Q7
(4.24) OR = €R, on X,
or(0) =0, in Q.

By the maximum principle and (4.16) we know that
(425) || OR ||(Loo(Q))NS|| ER ||(Loo(2))N§ Cexp <—R4/3) .
On the other hand, the reminder g fulfills

§r,t — Aép + arér = —arogr, in Q,
(4.26) cr =0, ony,
é-R(O) = 07 in Q
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A standard energy estimate shows, together with (4.25), that

2

(4.27) HgR(t)H < Cexp (-234/3) exp(2t || ar l|loo), V> 0.

(L)~
We now distinguish between the two cases: n even or n odd.

End of the proof when n is even.
Let T < pl ar H;Ol/3. According to (4.27), we have, for time ¢t < T"

2

(4.28) HgR@)H g<jexp(—23%“-+2u||qRHg3).

(L2 ()N

Therefore, by choosing 1 > 0 small enough we deduce, using estimate (4.19) on ag:

1
v S Cexp (—2R4/3) .

Combining (4.25) and (4.29) we deduce that

(4.29) HER (t) H(

L2(2))

(4.30) HpR (T) H(L?(Q))N < Cexp (_334/3> .

In view of (4.22) and (4.30) we conclude that

2 o
>
(L2 @)V ~ 2R"

(4:31) [er @]

as R — oo.
On the other hand, integrating (4.30) with respect to time we deduce that

T
1
/ / ’PR’dedt < CTexp <—R4/3> 7
0 Q )

Obviously this implies, in particular, that

4 1
(4.32) / / |pr|?dxdt < Cexp <—2R4/3> .
0 w
Combining (4.21) and (4.32) we get
4 1
(4.33) / / lor|?dzdt < Cexp (—2R4/3> .
0 w

Estimate (4.31) together with (4.33) and the bound (4.19) on ap, guarantees (1.7) for small
¢ > 0, which concludes the proof of Theorem 1.1.

End of the proof when n is odd.

Let T be such that:
T < p(log || ar lleo) % | ar 7% .

Note that this implies, with (4.6):

(4.34) T < Cp(logR)™ || ar [/ .
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Consider a time ¢t < T'. By estimates (4.27) and (4.34) we have:

2

(4.35) HfR(t) H < Cexp (—234/3 +2Cu(log R)~2 || ar \\343) .

(L2 ()N

Therefore, by choosing 1 > 0 small enough we deduce, using estimate (4.20) on ag:

(4.36) HgR (t) H < Cexp <—;R4/3> .

(L2(@)~

Combining (4.25) and (4.36) we deduce that

(4.37) HpR (T) H < Cexp <—;R4/3> .

(LAY
As in the even-dimensional case we have, with (4.22) and (4.37):

2 Co
> )
(L2(Q)N — 2R"

(4:38) Jer ()|

as R — oo.
On the other hand, integrating (4.37) with respect to time we get:

T 1
(4.39) / / |pr|?dzdt < Cexp (—2R4/3> .
0 w
Combining with (4.21) we get
r 1
(4.40) / / lor|?dzdt < Cexp (—2R4/3> .
0 w

Note that the bounds (4.20) on ag imply, for large R:
(4.41) (log || ar llo) 2 I ar [I”°< CRY?.

Estimate (4.31) together with (4.40) and on (4.41), guarantees (4.1) for small ¢ > 0. The proof of
Theorem 4.1 is completed. O

5 Optimality of the observability constant for the wave equation
with zero order potential

This section is devoted to prove Theorem 1.2. We start to write a slightly weaker counterpart of
Theorem 1.2 in odd dimension.

Theorem 5.1. Assume that n > 3 is odd and N > 8. Let w be a given open non-empty subset of
Q such that Q\©w # 0. Then, for all T > 0 there exist a constant ¢ > 0, a family of potentials

{ap}r>0 C L=(Q; RNXN) satisfying

| an lloo,—_+oc,
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a family of initial data {(w%, wk)}r=0 C (L*(Q))N x (H~Y(Q))N such that the corresponding
solution wr of (1.10) satisfies

| w(l)% ”?LQ(Q))N + w}% H?H—l

(5.1) lim CO
R—o0 _9 2/3 9
exp (cllog | an ) | ar I57) | [ wnf*deds

The proof of Theorem 5.1 is very similar to the one of Theorem 1.2 and we thus leave it to the

= +400.

reader. To prove Theorem 1.2, we argue as in the previous section. As it was observed in that
section, one may assume that N = 2. Consider the solution u and potential ¢ on R™ given by
Theorem 3.1. The family {¢)r}r>0 as in (4.7) and (4.2) can be viewed as a family of stationary
solutions of the Cauchy problem

(5.2)

YR, 1t — AP +aryr =0, in R" x (0, T'),
¢R(O) = UR, ¢R,t(0) = 07 in an

with potentials ag = ag(x) as in (4.2). They can also be viewed as solutions of the wave system in
the domain 2 with non-homogeneous boundary conditions:

YR, 1t — AYg +agyr = 0, in Q,
(5.3) YR = €R, on ¥,
¢R(O) = UR, ¢R,t(0) = 07 in Q?
where
(5.4) er(x) = ur(x), Vel

We can assume, without loss of generality, that both w and I' are contained in the exterior of
the unit ball. Then, (4.15) and (4.16) hold.
We correct the boundary conditions by introducing the weak solutions pr = pr(t, x) of

PR, tt — APR + arpr = Oa in Qa
(55) PR = €R, on E;
pR(O) = PRJ(O) = 07 in Qa
and then setting
(5.6) WR = YR — PR-

Clearly {wgr}r>o is a family of solutions to the hyperbolic systems of the form (1.10) with
potentials @ = ap of size %RQ <l ag ||oo< c1R? for some constant ¢; > 0.
Let us show that wg satisfies (1.14). We have

(57) wR(O) = UR, wR,t(O) = 0, in €.

Hence, for some constant co > 0

1 ()]
(5.8) | wr(0) H%LQ(Q))N + || wr,:(0) ||%H—1(Q))N:H UR ||%L2(Q))N: R | w H%L2(RQ))N2 R
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as R — oo.
On the other hand, taking into account that w C R™\B and by (4.21), we deduce that

T T T
/1/hMWMﬁ§2/Q/wm%MHJ/)/MMMMt
0 w 0 w 0 w

(5.9) T
< 2Cexp <—2R4/3> + 2/ / \pr|*dzdt.
0 w

Consequently, in order to conclude that (1.14) holds, it is sufficient to get an upper bound of
the form

T
(5.10) / / |pr|?dzdt < Cexp(—coRY?)
0 w

for suitable constants C' > 0 and ¢¢ > 0.
The rest of the proof is devoted to proving (5.10).
The solution pg of (5.5) is defined by transposition. More precisely, consider the adjoint problem

Oy — A0+ ard = f, in Q,
(5.11) 0 =0, on ¥,
O(T)=6,T)=0, in Q.

Then, multiplying the first equation in (5.5) by 6, integrating it in @} and using formal integration
by parts we get

(5.12) /f-de:Udt / - egpdodt.
Q

Here, - means the usual scalar product in RY. We adopt (5.12) as definition of solution pg of (5.5)
in the sense of transposition.
It is well known that there exists C' = C'(R) such that

(5.13) | pr llzooo,7; 22 v < C(R) | r Nl (22~

This is a consequence, by duality, of the following hidden regularity property for solutions of (5.11):

(5.14) H H(L2(2 C(R) I f Mz 0,7 20~

It remains to show that (5.14) holds with a constant C'(R) such that
(5.15) C(R) < Cexp (0R4/3) :
First of all, by an energy estimate, we observe that
(5.16) 10 1l oo 0, @)y + 110 Hlzoe o, 75 2@y = € exp(CR) | f 210,75 L2 ()~

However, to prove this, we can not simply apply the Gronwall inequality to the energy

1
(5.17) B(t) = 5 [I000) Iy apy + 11 0068) 20y -
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This would yield a constant in the inequality of the order of exp(C R?) since the norm || ag ||oo Of
the potential is of the order of R?. To improve this estimate and get a constant of the order of
exp(C'R) we have to work, rather, with the modified energy

1
(5.18) Br(®) = 5 [I1008) 1B + 1 068) 12y +B2 11 0(8) Iy |

as in [30]. We have:

(5.19) ‘dEC’;(t)‘ = ‘/Qf.atdx—/g(aRa)-atdx

<1 £ Nzeyn Il 06t Nl ey +CRZ (1 0(E) 2@y | 0e(t) 2y
< CRER()+ || f() l(z2)~ V ER().

Solving this differential inequality and taking into account Er(T) = 0 (because the data of

at t = T vanish) we easily get (5.16).

Once (5.16) is proved we can show (5.14) using the Rellich multiplier as in [17]. It follows that
(5.14) holds with a constant C'(R) of the order of C exp(C'R) which, clearly, fulfills (5.15).

This concludes the proof of Theorem 1.2. O

6 Equations with convective terms

In Section 4 and 5 we have discussed equations with potentials entering in the zero order term. In
Theorem 3.1 we have also considered an equation with a convective potential, of the form:

Au+q -Vu=0, zeR>%

with:
lu| < Cexp(—]a:\4/3), g <C(1+ ]m\)_1/3.

This allows extending the optimality construction of the previous sections to heat equations or
systems with convective potentials of the form:

— A . = i
(61) { Pt @ + a1 VSO 07 m Q7
p =0, on X.

In this case the observability inequality is known to hold with an observability constant of the order
of exp (C | a1 ||%,) (see Theorem 2.1 of this paper, or Theorem 2.3 in [9]).

The construction in Theorem 3.1 allows arguing as above, by scaling and cut-off, and to show
that this observability estimate is sharp in what concerns the exponentially quadratic growth of
the observability constant on the potential.

Let us briefly check why this is the case: We set,

[ Reu(Rx) B Reqi(Rzx) —Imgi(Rx)
(62) ur(w) = ( Im u(Rzx) ) ’ br(e) = —F ( Img(Rx) Req(Rx) > '

(6.3) Aup = br(z) - Vug, in RZ,
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and

(6.4) | up(z) |[< Cexp (—C*R4/3 | z ]4/3> , in R?.
Moreover,
(6.5) lbr(z)| < CR(1+ R|z|)""? < CR*3,  Vz:|z|<1.

Combining (6.4) and (6.5) one easily observes that the observability constant must necessarily grow
exponentially on the square of the L°°-norm of the potential. The functions up are defined on all
R2. By restriction arguments, as in Step 2 of Section 4, one can prove the optimality of the known
observability inequality for heat equation with convective potentials on a bounded open subset €2
of R2.

Note however that, in this case, due to the fact that the construction only holds in dimension 2,
very little is known about the sharpness of the estimates in other dimensions. Unfortunately, the
argument of separation of variables that allows to deduce, from any even n, n-dimensional examples
from 2-dimensional examples does not work in the convective case. Indeed, in this argument, we
would lose the decay at infinity of ¢; at the speed |:r:|_1/ 3 that is necessary to show the sharpness
of the estimate. Thus we do not know anything about the optimality in even dimension n > 4.
As for odd space-dimension, adapting the proof of Theorem 3.2 to a convective potential one may
give a weaker, vectorial form of the optimality result in dimension n = 3. Again, we do not know
anything about the case of superior odd dimensions.

7 Connections with the controllability of semilinear equations

As we said in the introduction the problem of the explicit dependence of the observability constant
on the size of the potentials entering in the system is also closely related with the problem of
controllability of semilinear equations. Indeed, the controllability of semilinear equations is usually
obtained by a fixed point argument. The growth condition one needs to impose at infinity to
the nonlinearity depends very much on the cost of controlling the linearized equation perturbed
by a potential, which is precisely given by the observability constant. Consequently the growth
of the observability constant on the potential and the growth condition on the nonlinearity for
controllability to hold are closely connected. In this section we briefly describe the problem of
controllability of semilinear equations, and some open problems related to the optimality results
of the previous sections. We first address the semilinear heat equation to later consider the wave

equation.

7.1 The semilinear heat equation

Consider the semilinear heat equation
ye — Ay + f(y) = vXxw, in@Q,
(7.1) y =0, on X,
y(0,2) = yo(x), in Q.
Here w is an open non-empty subset w of 2, and we denote by x,, the characteristic function of w.
To make the problem non-trivial we also assume that Q \ @ # () throughout this section.
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We discuss the problem of null-controllability and more precisely whether for all T' > 0 and
Yo € L*(2) there exists a control v € L?(Q) such that the solution y = y(¢, ) of (7.1) satisfies

(7.2) y(z, T) =0, in Q.

In [12] the following result was proved:

Theorem C ([12]). Assume that the nonlinearity f € C1(R) is such that f(0) =0 and

(7.3) lim sup LEAORY = 0.

sl o0 log®/?(s)
Then, whatever the open non-empty subset w of Q is, and for all T > 0, system (7.2) is null-
controllable.
In particular, Theorem C guarantees the possibility of controlling some blowing-up equations.
Indeed, when f is of the form

(7.4) f(s) = —slog"(1+ | s |)

with 7 > 1 solutions of (7.1), in the absence of control, i.e. with v = 0, blow-up in finite time
occurs. According to Theorem C the process can be controlled, and, in particular, the blow-up be
avoided when 1 < r < 3/2.

The growth condition in (7.3) is intimately related with the observability inequality (1.2). In-
deed, the logarithmic function in (7.3) is precisely the inverse of the exponential one in (1.2).

The proof in [12] relies on the by now classical argument of fixed point consisting on linearizing
the equation and estimating the cost of the control in terms of the size of the potential entering in
the system.

Theorem C was proved for scalar semilinear heat equations, but the same technique applies
with the same conclusions for semilinear systems.

According to the results in Section 4 the estimate (1.2) can not be improved, and the fixed point
argument in [12] may not lead to any improvement of the growth condition (7.3) for controllability.

By the contrary, in [12] it was proved that there are some nonlinearities f satisfying

, | f(s) |
(7:5) ISP o (14 | 5 )
with a growth rate of the order for r > 2 for which controllability fails because the control may not
avoid blow-up to occur.

Whether controllability occurs for nonlinearities with a growth rate of the order of (7.5) with
3/2 < r < 2is an open problem. However, in the light of the optimality of the explicit observability
estimate we can guarantee that the method in [12] does not allow to cover the case r > 3/2.

Similar questions arise for nonlinearities depending on the gradient of the state considered in

[9]-

7.2 The semilinear wave equation

The problem of controllability of the semilinear wave equation and the existing results were recently
discussed in [29]. Let us recall the main known results.
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Consider the semilinear wave equation:

Yt — Ay + f(y) = vXw, in Q,
(7.6) y=0, on Y,
y(O, .%') = yO(x)v yt(ov .%') = yO(x)a in €.

In one space dimension (i.e., n = 1), roughly speaking, controllability is known to hold provided
the nonlinearity grows as

(7.7) [F(s)|<Clsllog? |s], as |s|—o

(see [29], [30], [7]). This result is sharp in the sense that blow-up is known to occur for some
nonlinearities growing as (7.4) with » > 2 and, due to the finite speed of propagation, controllability
may not hold if blow-up occurs. According to this, to some extent, the picture is complete in one
space dimension.

In the multi-dimensional case, i.e., n > 1, less is known. Once again, due to blow-up, one can
not expect controllability to hold for nonlinearities of the form (7.4) with » > 2. But, in principle,
one could expect the system to be controllable for » < 2. However, in view of the optimality result
of Theorem 1.2 on the growth of the observability constant, one may not expect the fixed point
methods in [30] to apply for » > 3/2. Thus the problem is completely open for 3/2 < r < 2.

As we mentioned above, Theorem 2.2 suggests that controllability should hold for nonlinearities
satisfying the growth condition (7.3). However, even this is an open problem. Indeed, controllability
is only known under the more restrictive condition (see [14])

(78) i L

Isl—00 slogh/2 | s |
This is so because of the lack of smoothing effect of the wave equation. Finite energy solutions
belong to y € C ([0, T]; Hj(£2)) but fail to be bounded in dimensions n > 2 and this an obstacle
to apply the fixed point argument for nonlinearities (7.5) with » = 3/2. Note also that, by using
instead the sharp observability internal observability in part 4 of Theorem 2.2, similar to [30] and
[14], it is easy to show the exact controllability of system (7.6) with nonlinearities (7.5) up to the
exponent r < 3/2.

In view of this, in the application of the fixed point argument for control, one is not allowed
to assume the potential to be bounded and consequently one has to work with potentials in some
L*>(0,T; L*(2)) with s < oo in which case the observability constant has a faster growth, as we
have seen in Theorem 2.2. Consequently, the controllability of the semilinear hyperbolic equations
requires a stronger growth condition (7.5) (with r < 3/2, compared with the parabolic one in
which 7 = 3/2 is allowed). Accordingly, the controllability for nonlinearities of the form (7.4) with
3/2 < r <2 is an open problem in the multi-dimensional hyperbolic case.

8 Open problems

A lot of problems remain open in this field. Some of them could need important new ideas and
developments.
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8.1 Meshkov’s construction for scalar equations

One of the very first open problems in this frame is whether for scalar multidimensional equations
one may construct solutions of (1.8) decaying super-exponentially. The results in [20], based on
Carleman inequalities, show that the decay rate exp (—C | x ]4/ 3) is critical in the sense that all
solutions that decay faster as | © |— oo do necessarily vanish. But the construction we have
recalled in Theorem A showing that there is a non-trivial solution decaying as exp (—C | x \4/ 3) is
only available for a system of two real equations. Whether such a construction can be adapted to
scalar equations is an interesting and very likely difficult open problem.

Obviously this is connected with the possibility of extending the optimality results in Theorems
1.1 and 1.2 to scalar equations.

The construction in [27] of a nonzero real function vanishing to infinite order at 0 and satisfying
a critical differential inequality may be a first step in this direction, at least in the case of convective
potentials.

8.2 Meshkov’s construction in dimension n = 3

As we mentioned above the construction of Meshkov is valid for space dimension n = 2 and, by
separation of variables, can be easily extended to any even dimension. In Section 3, we gave a
weaker version of this construction in dimension 3, with a C*-valued solution u and a potential
q that is not bounded, but grows only logarithmically. This could be adapted to get a bounded

e~ lal*? (that is, faster than any e~ 1*1" with

potential ¢ on R3, and a solution u decaying almost like
a < 4/3). The questions whether in odd dimensions, one can exactly get the optimal decay e_|$|4/3,
or replace the C*-valued solution u by a complex-valued function (as in the original construction
of Meshkov) remains open. Indeed it is not clear whether the distinction between even and odd
space dimensions is purely technical or not. Note that there is no distinction in what concerns the
observability inequality.

The general question of the fastest speed of decay at infinity for eigenfunctions of the Laplace
operator with a potential, which includes open problems 8.1 and 8.2, does not seem to have been
studied intensively. In [25], the author uses Carleman-type inequalities to give some lower bound
on the eigenfunctions. In [4] and [6], some lower bounds are given, but with a strong positivity
assumption on the potential. We refer to the book by Agmon [1] for a study of the exponential
decay of the eigenfunctions.

8.3 Sharp observability and time-dependent potentials

The constructions of Sections 4 and 5 are based on time-independent functions, so that both the
heat and wave equation are dealt with as perturbations of an elliptic equation. One possible way
to improve the optimality results would be to consider time-dependent variants of the Meshkov’s
construction. Note that in [19], similar constructions are done for evolution equations, but with
the purpose of getting fast-decaying solutions of these equations for large times, which is not what
we need in our context.
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8.4 L"-potentials

In Section 2 an observabillity inequality is shown for potentials that are in L>°(0,7; LP(Q2)), n <
p < oo. In Sections 4 and 5, we have shown that these estimates are sharp only in the case p = cc.
The question remains open for finite p. As it was already noticed (see Remark 3.2), it is not
sufficient to construct optimally decaying solutions u of the elliptic equation (3.1) on R™ with a
potential ¢ in LP(R™) to solve this problem.

8.5 1 —d problems

The construction by Meshkov is impossible in one space dimension. In that case solutions of
equations of the form (1.8) may not decay in a super-exponential way.

On the other hand, for heat equations, the observability estimates one obtains in 1 — d and
several space dimensions are the same. Accordingly whether the observability estimate (1.2) is
sharp is an open problem.

As we mentioned in Section 7, in the context of the wave equation, using sidewise energy
estimates one can obtain a much better estimate with an observability constant of the order of
exp (C’ | a H<1></>2> This estimate is sharp even for constant potentials as can be easily seen from the
Fourier representation of solutions and the analysis of how the spectral gap behaves as the constant
potential tends to infinity (see [10]).

When the potentials under consideration only depend on x one can use well known transfor-
mations (see [20] and [22]) from wave into heat processes to obtain estimates on the observability

constant of the order of exp (C’ | a H})éQ .

Whether the estimate (1.2) is sharp for 1 —d heat equations with bounded potentials depending
both on x and ¢ is an open problem.

8.6 Other equations

In this article we have addressed the heat and wave equations. But the same problems arise for
other equations like Schrddinger, plate and KdV equations. We refer to [31], [28] and [21] for a
discussion of observability estimates for these models.
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