NON-UNIFORM STABILITY FOR BOUNDED SEMI-GROUPS ON BANACH SPACES
CHARLES J.K. BATTY AND THOMAS DUYCKAERTS

ABSTRACT. Let S(t) be a bounded strongly continuous semi-group on a Banach space B and
— A be its generator. We say that S(t) is semi-uniformly stable when S(¢)(A + 1)~! tends to 0
in operator norm. This notion of asymptotic stability is stronger than pointwise stability, but
strictly weaker than uniform stability, and generalizes the known logarithmic, polynomial and
exponential stabilities.

In this note we show that if S is semi-uniformly stable then the spectrum of A does not intersect
the imaginary axis. The converse is already known, but we give an estimate on the rate of decay
of S(t)(A + 1)7!, linking the decay to the behaviour of the resolvent of A on the imaginary axis.
This generalizes results of Lebeau and Burq (in the case of logarithmic stability) and Liu-Rao and
Batkai-Engel-Priiss-Schnaubelt (in the case of polynomial stability).

1. BACKGROUND

Consider a strongly continuous semi-group S(t) on a Banach space B, with generator —A.
Assume that S(t) = e~* is bounded, i.e.
(1) sup He*tAH =(C < o0.

>0

(Throughout the article, a semi-group will be strongly continuous on [0, c0), i.e., a Cp-semigroup.
Moreover, |- || will denote both the norm on B and the operator norm from B to B.) The opera-
tor A is closed and densely defined, and we denote by D(A) its domain, o(A) its spectrum and
p(A) its resolvent set. It is a well-known property that if (1) holds, then the left open half-plane
{Rez < 0} is included in p(A) (see [25, 11]).

In 1988, Lyubich and Vi [20] and Arendt and Batty [1] have shown that if o(A4) N iR is
countable and o(A*) N iR contains no eigenvalue (here A* is the adjoint of A), then the semi-
group is (pointwise) strongly stable, that is

Yug € B, tEeroo He_tAuoH =0.

For surveys of this and other results concerning strong stability, see [4], [8]%.
In this note we investigate the rate of decay, as t tends to +o0, of the norm ||e *Augl|. The
semi-group is said to be uniformly stable if

lim He_tAH =0.
t—+o00
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In this case, the semi-group property implies that this decay is at least exponential. Uniform
stability of semi-groups has been intensively studied by many authors (see [25], [30, Chapter 3],
[11, V.1.b], [2, Chapter 5] and references therein), and we are interested in the following weaker
notion of stability:

) lim_|[|e=4(1+ 4)7H| =0,

t——+o00
where k € N*. Observe that ||(1 4+ A)* - || defines a norm on D(A*) which is equivalent to the
natural norm. Thus (2) is equivalent to the fact that the norm of e~*4, as a bounded operator
from D(Ak) to B, tends to 0 as t tends to infinity. Furthermore, by density of D(Ak) in B, (2)
implies strong stability.

The aim of this work is to give conditions on the spectrum of A to satisfy (2) and to estimate
the rate of convergence in (2) in terms of the resolvent of A. Our main motivation is that (2)
often appears in applications to linear partial differential equations. Observe that the semi-
group property does not imply anymore that the rate of convergence in (2) is exponential, and
there are many practical examples where the decay is only logarithmic or polynomial (see e.g.
[15,16,17,28, 6,19, 26, 32,9, 12]).

The following result shows that (2) may be characterized in terms of the intersection of o(A)
with the imaginary axis iR.

Theorem 1. Let e~/ be a bounded semi-group on a Banach space B. The following properties are
equivalent:

(a) There exists k > 1 such that (2) holds.
(b) Forall k > 1, (2) holds.
() iIRNo(A) =0.

Definition 2. We will say that the bounded semi-group e~* is semi-uniformly stable if one of
the equivalent properties of Theorem 1 hold.

A few remarks are in order.

The equivalence between (a) and (b) is elementary (see also the quantitative statement (4)
and (5) below). This equivalence and the fact that these properties imply (c) was observed in [3]
in the particular case where He tA (1+A) —k H < or t)a , where o and C are positive constants.

The equivalence between the decay property (b) and the purely spectral property (c) is spe-
cific to semi-uniform stability. The sufficient condition of strong stability given by the Theorem
of Arendt, Batty, Lyubich and Vii is not necessary, as shown by the example of the strongly
stable semigroup S(t) defined by S(t) f(z) = f(t + x) on L*(0,+00). In this example A = —4&
and (A) = {Rez > 0}. Thus strong stability of e~ cannot be characterized solely in terms of
the spectrum of A. See also Example 8 for the case of uniform stability.

That (c) implies (a) (with £ = 1) was implicit in [1] (see the argument leading to the inductive
statement on p.843 in the very special case when iR N o(A) = ). It was explicitly presented in
[4, pp.40,41]. In fact, it is shown that

lim He tAA- 1H =0,
t—+o00
and (2) follows (for & = 1) since A(1 + A)~! is a bounded operator. This proof has its roots
in a Tauberian theorem due to Ingham [13] and elementary expositions by Newman [24] and
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Korevaar [14]. That (c) implies (a) (and (b)) is the most important part of Theorem 1 in applica-

tions, as it reduces the proof of a stability property to a simple spectral criterion. Such spectral

criteria have also proved efficient in control theory [29, 7, 21, 27]. We shall give a quantitative

statement and proof of that implication. It seems to be a new result that (a) implies (c), and we

shall give a quantitative statement and proof of that as well. We first introduce some notation.
Let

(3) = sup H (1+A)”

s>t

., keN, t>0.

It is easy to see that my, is bounded by the constant C' appearing in (1), non-increasing, and
continuous on [0, +00). The property (2) is obviously equivalent to the fact that my(¢) tends to
0 at infinity.

By a straightforward interpolation argument, there is a constant C' > 0 (depending only on
C defined in (1)) such that

(4) mi(t) < C (me@)YE, k>1,t>0.

This inequality has the following converse, given by a simple iteration argument,

¢ k
(5) mg(t) < <m1 <k‘)> , k>1,t>0.

In practical cases (for example if m; is equivalent to a negative power of ¢ or a negative power

of the logarithm of t), (m, (%))k decreases with k: smoother trajectories tend to have a faster
decay to 0.

Observe that if (c) holds, the function 7 + ||(A — i7) ! is continuous on R (here || - | is the
operator norm on B). Define the continuous positive increasing function

(6) M) = sup |[(im+A4)71, €=o.
—€<7<E

One may give bounds on the function M in terms of the functions m;. We give a result in
the case £ = 1 without essential loss of generality (see (4) and (5)) and with a gain in simplicity.

Proposition 3 (Necessary condition for semi-uniform stability). Let e~ be a bounded semi-group
on a Banach space B. Assume that

lim my(t) = 0.

t——+o0

Then iR N o (A) = 0, and there exist constants &y, C > 0 (depending only on my and the constant C in
(1)), such that

1
> M <1 Pyl (p—
vf_foa (é.) — +Cm1'r (2(€+1)> 9
where my,! is a right inverse of the function my, which maps (0, m1(0)] onto [0, +00).

Example 4. If m;(t) < Cexp(—ct) for some positive constants ¢, C' (exponential stability) the
proposition shows that there exists a positive constant C” such that for large {, M (£) < C'|log&|.
If mi(t) < t%, where « is positive (polynomial stability) we get the bound M(¢) < C'¢l/e.
Finally if m4(t) < log ; (logarithmic stability), then M (§) < C”exp(C’¢). We will come back to
these special cases in Examples 6, 7 and 8.
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For a quantitative version of the implication (c)=-(a) of Theorem 1, and with a view to prac-
tical applications, we would like to establish a converse of Proposition 3 such as

C
7 Jtg, C >0, Vt >t < —
( ) 0, 5 = U0, m1(>_M_1(t/O)7
where M ! is the inverse function of M (assuming for simplicity that M is strictly increas-
ing). Partial results are already known in the case where M is polynomially or exponentially
bounded. We recall these results in the next two Theorems.

Theorem A (Lebeau, Burq). Assume that B is a Hilbert space. If M(§) < Cexp(C¢) for some
constant C > 0, then

Ck

8 vk > 1, 3C%, ) < —/——r0.
(8) Z k> mi(t) logk(2+t)

In [15], Gilles Lebeau showed Theorem A with an additional log log factor in the right hand
side of (8). The exact bound (8) is obtained in [5, Th. 3], in a more general setting also adapted
to local energy-decay estimates. Theorem A has important applications in linear partial differ-
ential equations, where exponential bounds on the resolvent often appear as a consequence of
Carleman estimates (see e.g. [16]).

The previously known polynomial decay results are as follows:

Theorem B (Batkai-Engel-Priiss-Schnaubelt, Liu-Rao). If M (&) < C(1 + &)® for some constants
C,a > 0, then (see [3])

C
Vk>1, Ve >0, 3CL., my(t) < kk’e :
E_g

If furthermore B is a Hilbert space, then (see [18]):

Crloga™ (2 + 1)
< 2 :
ta
Thus if B is a Hilbert space, (7) holds if M grows exponentially. If M/ grows only polynomi-
ally, it holds up to a logarithmic correction. We will state a general result, unifying the points

of view of Theorems A and B and showing that the Hilbert space assumption is unnecessary.
We will denote

9) Miog(n) = M (n)[log(1 + M(n)) + log(1 + n)],

which tends to infinity when 7 tends to infinity. Up to a logarithmic term, M, is of the same
order as M. Let Mlggl be the inverse of M., which maps (7', +00) onto (0, +00), where T =
M4 (0). Then we have the following Theorem.

Vk > 1, 3C, my(t)

Theorem 5 (Sufficient condition for semi-uniform stability). Let e~ be a bounded semi-group on
a Banach space B such that iR N o(A) = (. Let M and Mg be defined by (6) and (9). Let k € N*,

Then there are constants Cy, T}, depending only on k, C and M, such that :
Ci

(v ()"

(10) > T, et <
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In other words, under the assumptions of Theorem 5,

G
(11) Vit > Ty, n%@)g(ﬂqg(é))k

This does not quite achieve (7) because of the logarithmic term, but the following examples
show that it includes Theorem A and Theorem B.

Example 6. If M(€) = 3e¢, o, 3 > 0, then Mlggl(t) ~ L log(t) as t tends to +o00. We recover the
theorem of G. Lebeau and N. Burq mentioned above. In this particular case, the logarithmic
factors in the definition of M., are not seen at first order. In the theorem of N. Burq, designed
to show a local energy decay result, multiplication by bounded operators was allowed. We

give a generalization of Theorem 5 in this spirit in Section 4 (see Corollary 11 and Proposition
12).

Example 7. If M(§) = (1 +£)%, «, 8 > 0, then

t \o
M)~ Cop | —=) , t—
log( ) B <10g(t)> +00
This generalizes to Banach spaces the result of B. Rao and Z. Liu on Hilbert spaces, with a slight
improvement on the logarithmic loss.

Example 8. If M () is bounded we obtain

M, (t) ~ Ce', ¢ — +oo,
and the norm |e~*4ug|| decays exponentially whenever ug € D(A), but in contrast with the
uniform decay case, Theorem 5 does not imply a uniform bound with respect to |lug|. This
result is already known, as it follows directly from a more general stability result in semi-
group theory (see e.g. [2, Thm 5.1.9]). In the Hilbert space case, it is not an optimal statement.
Indeed, by a theorem of Gearhart, Priiss and Greiner, uniform boundedness of the resolvent
on the imaginary axis is equivalent to uniform exponential decay of the semi-group (see [11,
V.1.11], [2, Thm 5.1.12]). However that is not the case in general Banach spaces, as shown by
the example of the semi-group S(¢) defined by

S)f(z) =eif(zet), B=LP(0,+00)NLI0,+0), 1<p<q<oo.
(see [30, Example 1.4.4], [2, Example 5.2.2]).

Remark 9. As shown by Batkai, Engel, Priiss and Schnaubelt [3], the spectral theorem for normal
operators implies that (7) holds when B is a Hilbert space, the operator A is normal and M
grows polynomially. Thus, in this particular case, one may replace Mlggl by M~ in Theorem
5. The necessity of the logarithmic correction in the general case, even if B is assumed to be a
Hilbert space, is to our knowledge completely open. As seen in Example 8, when M is constant
at infinity, the logarithmic factor is natural for a general Banach space, but the bound (11) is not
optimal for Hilbert space. We conjecture that the logarithmic correction may be dropped, or at
least replaced by a smaller rectification, in the case of Hilbert space, but cannot be forgotten in

general Banach spaces.
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Section 2 is devoted to the proof of Proposition 3. In section 3, we prove Theorem 5. Both
proofs are quite elementary. In particular, use of the method devised by Newman [24] and
Korevaar [14], as in [4], simplifies the proofs given in [3], [5], [15], [18]. In Section 4, we extend
Theorem 5 to general Laplace transforms, thereby generalizing results in [5] and [15] involving
cut-off operators.

2. NECESSARY CONDITION FOR STABILITY

In this section we show Proposition 3 (and thus the implication (b)=-(c) of Theorem 1). Let
1

- . 1
G(€) =my} <2(€+1)> if £ > 0and e+ D

. 1
Under the assumptions of Proposition 3, we will show that iR C p(A) and
VreR, (it — A7 <1+2CG(|7)),

< mq(0),

> m1(0).

where C is given by (1).

We denote by o, (A) the residual spectrum of A, which is the set of z € C such that the range
of A — z is not dense in B. It is known that z € 0,(A) if and only if z is an eigenvalue of the
adjoint A*. Let us first show:

or(A)NiR=0.
Indeed assume that i7 € 0,(A) for some 7 € R. Let ¢ be an eigenfunction of A* for the eigen-
value i7. Let ug € B such that (¢, ug) # 0. If u(t) = e *ug

Wt >0, % (607 (6, u(t)] = &7 (— A + ird, u(t)) = 0,

which contradicts the fact that e =4 is strongly stable.
Letug € D(A), 7 € Rand fy = (A — iT)ugp. Let

v(t) = e .

Then ' ‘
O+ Av = e (A —it)ug = e fy,  v(0) = ug.
By the Duhamel formula

t
v(t) = e g + / e5TDATIT 1 s
0
By the boundedness of the semi-group and the definition of m,

luoll = [lo()]| < mr(OII(L + Auoll + Ctll foll < mr ([ (7] + 1luoll + [l foll] + Ctllfoll-
Apply the preceding inequality with t = G(|7|). In particular

(@il +1) < 5,
which yields
1 1 ~ 1 ~
12) sl < (5 ) 1ol + COtirDIAl < (5 +E6leD) ) Ll



NON-UNIFORM DECAY 7

Recall that o(A) is the union of 0, (A) and 0,(A), where the set o,(A) of approximate eigen-
values is the set of ) such that there exists a sequence {x,,}, € BY with ||z,,| = 1and (A — \)x,
tends to 0 (see e.g. [11, Lemma IV 1.9]). By (12), i ¢ 04(A), and, as we have already shown
that it ¢ 0,(A) we get that i € p(A). Furthermore, (12) also gives

(13) |(i7 — A)7Y|| < 1+2CG(7)),

which concludes the proof of Proposition 3. O

3. SUFFICIENT CONDITION FOR STABILITY

In this section we prove Theorem 5. We use the elementary method devised by Newman [24]
and Korevaar [14], exactly as in [4]. This involves a partial inversion of a Laplace transform by
means of a finite contour integral, but now we estimate the terms more precisely. We obtain the
desired result by optimizing the choice of a parameter R which is the radius of a semicircular
part of the contour.

By (5), it suffices to prove (11) for k = 1. Lett > 0 and R > 0, and let v be the contour
consisting of the right-hand half of the circle |z| = R and any path v in {z € p(—A) : Rez < 0}
from iR to —iR. By Cauchy’s Theorem,

1 22 dz
—tA 4—1 -1 _—tA

A7 = — + = + A —.
c 271 [Y <1 R2> (24 4)"e z

We first show:

A - 20 1
(14) e A~ < = T

The proof is exactly as in [4, p.40]. We sketch it for the sake of completeness. If z = Re,
—m/2 < 0 < /2, we have, by (1),

C
~ Rcosf’

+00
H(z + A)fleftAH = etz/ e tA)s gg
t

Noticing that ’1 + 22/ R2| = 2| cos 0], we get the bound

22 _1 a0z
AR <1+R2) (z 4 A)te A Z

Rez>0

271'5'
< .
- R

(15)

Next, define the analytic function of z
t
(16) ht(Z) _ / e(tfs)zefsAdS — (Z + A)fletz _ (Z + A)fleftA.
0
Cauchy’s Theorem and similar estimate as for (15) yield

22 dz 22 dz

1+—=1h —| = 1+—=1]h —

/7< +R2> (27 '|/R< +R2> 12)7
Re z<0

Together with (16) and (17), we get the estimate (14).

27TC~’
17 < —.
a7) ] <%
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By means of standard Neumann series, we may take +' to be the union of vy, 7+ and ~_,
where

M = 3
Y V()
vi(s) = s+iR (—=(2M(R))" ' <s<0).

+ 47 (—R <71 <R),

Although ~y may not be piecewise smooth, it can be approximated by smooth paths and (14)
remains valid. Moreover,

[(v0(7) +A)~H| < 2M(|7]),
H'y:t )+ A) 1H<2MR)

Now assume that R > 1. On 4, |1 + 22/R?| < C/R, so we can estimate the norms of the
integral in (14) over v+ by

M) 1 et CM(R)
- M ds <
C/O g MB) - ds = ==

where C is a constant depending only on M. On 7o, 1 + 22/R? and 1/z are bounded indepen-
dently of R, and |e??| < e~#/2M(E) The length of 7, is at most 2(M(0) + R). Hence, we can
estimate the norm of the integral over g by

CM(R)(1 + R)e™Y/2M(R)

where again C' depends only on M.
Thus we have the estimate

le~t4A™Y

IN

C <}12 + ]\g;? +M(R)(1+ R)e_t/QM(R)>

1 M(R) (1+M(R)?*1+R)? _,
= C(R Rt R ¢ /2M(R)>'

Here, C' depends on C as well as M. Given t > 4 Mg (1), choose R = M,

log '(t/4) > 1. Then

M(R) 1 _C
R’ 4R?log (1+M(R))(1+R)) ~ R
(14 M(R))*(1 + R)?e~t/2M() —q

So
Jetta < S =
R Mlog(t/él)
Hence,
Cl|A(1+ A)~!
ey < CIAC W) I
log
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4. LAPLACE TRANSFORMS

The proof given in Section 3 uses the semi-group property of e =4, or equivalently the prop-
erties of the resolvent of A, atjust two points. One occurrence is where the resolvent is extended
into the left half-plane by means of the Neumann series, and the other is the deduction of the
case when k£ > 1 from the case when k = 1.

The result of Burq [5, Théoreme 3] includes cut-off operators which destroy the semi-group
property. In this section, we shall give a version of Theorem 5 for Laplace transforms of
bounded functions, and decay results in the spirit of [5] (see Corollary 11 and Proposition 12).

We will have to assume that the Laplace transform extends to a suitable region with suitable
bounds. Then the argument of Section 3 for £ = 1 needs no significant changes. However
further estimates are needed for the higher-order cases.

Let f : [0,00) — B be a bounded measurable function with Laplace transform f defined on
the right half-plane in C. Let M : [0,00) — (0,00) be a continuous increasing function. We
assume throughout this section that f has a holomorphic extension to the region

1
{Z S (f.I{ez >.__A4(’ID124)}

|£)|| < M mm )
throughout that region. Let Fy = f and

such that

Fiu(t) = (15—11)1/0 (t— ) f(s)ds, >0,k > 1.
Note that . .
Fi(t) = /0 Fii(s)ds,  Eu(z) = fi,f).

Theorem 10. Let k € N*. Then there are constants Cy, T}, depending only on k, || f|lec and M, such
that

E=lj ' c
(18) VE> T, ||Fe(t) =Y = f*0))| < k

— j! 1 ke
(Vs (&)

Proof. The proof will be by induction on k. For k = 1, the proof is very similar to Theorem 5.
Let

t
g(z) = / e *°f(s)ds,

0
so that Fy(t) = ¢;(0) — f(0). Let R > 1 and ' be as in the proof of Theorem 5. Then
1 22 A dz
(190  Fi(t) = <1 + R2) (gt(z) - f(z)) et =

21t J |z|=R z
Rez>0

1 22 dz 1 22\ . dz
i 1 ~ 2t~ = 1 < Zti‘
* om |z=R< +R2>gt(z)e > o /7< +R2>f(z)e )
Re 2<0

Now, similarly to Section 2 or as in [2, pp.276,277] (the estimation of [; (¢) and I4(t)) but ignoring
terms involving 7 or ¢, the norms of each of the first two terms can be estimated by || f|loc/R;
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in fact, the first term can be estimated by supg~, || f(s)|//R. The norm of the third term can be
estimated exactly as in the proof of Theorem 5 and the rest of that proof is unchanged.

Now suppose that (18) holds for £ = 1,...,n. For simplicity of presentation, assume first
that
(20) fO0)=0, j=01,...n

Then F,(z) = f(z)/2" extends holomorphically to the same region as f, with the same bounds
(uptoa Constant multiple). In particular, (19) holds with f replaced by F},, F} replaced by F;, 11,

and g(z fo “#F,(s)ds. For t > T,, the first term in the resulting expression for F;,1(¢) is
estlmated by
swpendIFu(s)| G
R n»
RM;} ( )

by the inductive hypothesis. By repeated integration by parts,
t
egi(z) = / I (s) ds
0
_ _Fn(t) 42 1 / 2(t— S)Fn—l(s) ds
ZJo
()

z

t
- D [ e

0

By the inductive hypothesis and a smnple estimate for the final integral, when z = Re'® and
t > max(Ty,...,Ty,),

- Cj £
lege(2)[| <> )  + e
A mit—i(ar—1( £\ Rl cosd|
=1 Rt J(Mlog (@»
As in [2, p.277] (the estimation of 14(?)), it follows that the second term in the expression for
F,11(t) can be estimated by

: G e
j=1 Rnt+1- ]<M10g1(ct' ))J Rntl

Finally the third term can be estimated as for f but using the estimate || F},(z)|| < M(R)/R" on
~v+. We conclude that

Ch - Cj HfHoo
+) ’ :

_ n J Rn+1
RM (&) S meni () (L)
M(R) " C(l + M(R))*(1+ R)? o—t/2M(R)
Rn+2¢ R ’
for some C. Let Cpy1 = max(Cy,...,Cp,2(n + 2)). For sufficiently large ¢, we may choose
R=M_ (t/ Ch41). After increasing C), 11 if necessary, we obtain (18) for £k = n + 1, under the

log
assumptions (20) on f.

[Ena (D] <

+C
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For a general f, let h : [0,00) — B be a measurable function of compact support such that
il(j)(o):f(‘y)(o)7 j:07]‘7"’7n

Applying the previous special case to f — h gives (18). This completes the proof by induction.
O

We deduce from Theorem 10 the following generalization of Theorem 5.

Corollary 11. Let e~ be a bounded semi-group on a Banach space B and let Ty and Ty be bounded
operators on B. Let M : [0,00) — (0, 00) be continuous and increasing. Suppose that Ty (z + A) =Ty
has a holomorphic extension G to the region {z € C : Rez > —1/M(|Imz|)} and suppose that
|G(2)]] < M(|Im z|) throughout the region. Then for each k > 1 there exists C}, such that

(2 (&)

Proof. For simplicity, we will give the proof only for k = 1. The general case follows in a similar
way from Theorem 10, but one needs more complicated forms of the resolvent identity. We
remark that if A is invertible, a version of (21), with (1 + A)*k replaced by A% can be obtained
more directly from Theorem 10 by taking f(t) = T1e 4 Tyx where x € X with ||z|| = 1.

For such z, let

(21) |rieta+ ) <

for all sufficiently large t.

flt) = jt(Tle A1+ A) " Tya)

= Tie —tA ((1 + A)_l — 1) Thx.
For Rez > 0 and z # 1, the resolvent identity gives
fiz) = Ti(+A)TA+A) " —(z+A)7) e
z
= 1,00

This formula provides a holomorphic extension of f to the same region as G satisfying || f(2)| <
cM (| Im z|) throughout the region, where c is independent of x. Moreover

Tl(l + A)_lTQJI.

/ f(s)ds = Tie A1+ A) e — Ty (1 + A) "' Thx = Tye (1 + A) " Tha + £(0).
Thus (21) follows from Theorem 10. O

Let us give a typical example satisfying the assumptions of Corollary 11. Consider the semi-
group associated to the linear wave equation outside a compact obstacle of the Euclidian space
RY, N > 2, with Dirichlet boundary conditions, and assume that 77 and 7, are multiplications
by cut-off functions. When the dimension N is odd, the assumptions of Corollary 11 are satis-
fied with M (R) = CeF for some C' > 0 (see [5]) and, under a non-trapping assumption on the
obstacle, with a constant function M (see the classical works [22, 23] and references therein, as
well as [31] for more general geometries).

If the dimension N is even, the holomorphic extension of the resolvent associated to the
preceding example admits a singularity at z = 0, and the assumptions of Corollary 11 are no
longer satisfied. The proofs of Theorem 10 and Corollary 11 adapt readily to this case, but it is
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difficult to write a nice general result for all k. We conclude this work by giving a statement in
the case k = 1, which includes the preceding semi-group for even dimension and generalizes [5,
Théoreme 3], in the case k = 1, to non-logarithmic decay and general Banach spaces. The proof
uses a straightforward adjustment of the statement and proof of the case k¥ = 1 in Theorem 10
and we omit it.

Consider as before a function M : [0,00) — (0, c0) which is continuous and increasing. Let
w: R — [0, 00) be a continuous function which admits only a finite number of zeros, and such

that
1

M(|7])’

0 >0, |7|>710= p(r)=

Proposition 12. Let e~ be a bounded semi-group on a Banach space B and let Ty and Ty be bounded
operators on B. Suppose that Ty (z + A)~YT% has a holomorphic extension G to the region {z € C :
Rez > —u(|Im z|)} and suppose that ||G(z)|| < M(|Im z|) throughout the region. Then there exists
C > 0 such that

C +70
- M(|r|)e " dr.

-1
Mlog (%) 7o
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