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1 Introduction :

— Presentation of VF scheme for non hongeneous systems, using flux
values instead of eigenvectors.

— Scheme analysis.

— Numerical results in 1D and 2D.
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2 Equations : balance laws

d
Pl 5 IO gt 0),

j=1
r = (x1,%2,...,2q) € D C Rt >0,

U:D xR" — Q: physical values (p components),

(2 open bounded in RP,

F; (1 <3 <d): flux functions.

Non homogeneous term Q(x, t, U) (source terms or non conservative
terms).

U(x,0) = Uy(x) : initial condition + boundary conditions.
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1D uniform case : ou + OF(U) = Q(x,U), 0<t<T,
ot ox

U(x,0) =Uy(x), VxeQCR.

SRNHR scheme

o't

n n 3"’% n
Ug+2_ (U + U4 1) — 257, F(U} ) — F(

2

J Y

Ut =y — {F(U;;%) _ F(U”_%)} +rnQn

J

where 57, , = max (R ])\p ;+1|) 1 local Rusanov velocity,
2 p=1,....m

n iti _ 1"
a1 real and positive parameter, r" = £—.
Remark : o' ; Is a parameter which aims to control numerical diffusion of
scheme.
For example, for linear scalar equation on uniform mesh, «

corresponds to Lax-Wendroff scheme.

its
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3 Scheme analysis :
Hypothesis : (scalar case)

H1) f" and f” have a constant sign and does not vanish.
H2) uq has a constant sign and does not vanish. Suppose that
0 < U, < ug(z) < upp.

Sn
= (", 1)1 = ks , V7, Vn, with

ey =maz (Lf ()] 1 (ufyy !) and
)-

Proposition 3.1 Suppose that o f

5™
it3

"y = min (£ ()] () |
S’n,
Denoting by o™ = sup ity ) Qnax = fp—M,
(jEZ) Sﬁ JPm

o = min(|f' (wa)|, | £ (unr)), foar = maz(|f (wn)], | £ (uar)]) and
M = sup | f'(w) |, w € {winR/|w| < amax || %o ||oo}-

Then, under condition o” Mr™ < 1, SRNHR schemeisT'V D, satisfy
maximum principle and then is L.°° stable.
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Proposition 3.2 Suppose now that Oz? n
scheme SRNHR writes

(
n

u]+

which is secund order Richtmeyer scheme.

Then, the use of limiter theory :

ajy1=P5(af )+ (1= 95) (1)

i+3 i+

where ®; is a limiter function (Superbee, Van-Leer,...).
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4 Stationnary states preserving :

For Saint-Venant equations:

( Oh Ohu

Ohu O(hu? + %) dz
W(xat) + Or (.I’,t) — _gh(xvt)%( )

L ho(z), uo(w), z(x) given

Proposition 4.1 Under condition that source termis discretized as

1
8Aa;g

SRNHR scheme satisfy exact C-property.

(ufi_y +2uf +ul ) (2541 — 2j-1)

Riemann invariants for Saint-Venant equations are Wj, = u + (—1)*2c.
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At step n, for each cell, local Rusanov velo-

city : S;,:L = m}gz,x (ma:]c (p\”j| |)\p3+1|>)

sy =min(h e D)

If (s..1 < e)then

it
| Sj+i =€
end If
If (0w, < 0orfw, <0)then
(u +;3+1)’ ‘ ¢ — 0
¥ else
= Vil € . .
0 th | ¢ = limiter function
iy > V) then end If
ij—ij_ Oé;b—i—Q —
%+l
2 . ngon
(1—¢)+ ¢Sy, 4

J—f—g
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5 1D homogeneous Saint-Venant equations :

Consider a dam break with solution containing a shock wave and a
rarefaction wave.

( Oh J(hu) B
E(ZC,t)‘F Or (ZIZ,t)—O

oy, 0 (m7+ )
) (1 1)+
. Ot ox

(x,t) =0

e . 6 If <6
with initial conditions : ho(z) = ,and ug(z) =0, V.
2 If x> 6.

Mesh contains 100 points and results are given at ¢ = 0.4.
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Hauteur de I'eau, SRNHR, t=0.4, np=100 -
T T T — solution exacte

— solutic;n exacte —% SRNHR-alpha limite
—%- SRNHR-alpha limite -5 ROE
-8 ROE

(b r!?a?f K

I I I I
2 4 10 12

Homogeneous Shallow Water, Homogeneous Shallow Water,
water level, SRNHR and Roe water velocity, SRNHR and Roe
schemes. schemes.
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= alpha-limite T T T - -
P —*— Invariant de Riemann
—— Invariant de Riemann

_

0
0 2 4 6 8 10 12

Homogeneous Shallow Water, Homogeneous Shallow Water,

- - n . - -
variations of a1 Riemann invariants.
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* SRNHR-alpha-cst

— PENTE=0.887

O ROE

— PENTE=0.83

O RUSANOV
PENTE=0.77

log(L1-erreur)

np=12800

| | | |
-4.5 -4 -3.5 -3
log(dx)

FI1G. 1 — Homogeneous Shallow Water, water level, error curve.
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6 1D homogeneous Euler equations :

Shock tube with initial conditions

lkg/m> si <0

po(x,y) = |
0.01kg/m> si x>0,

uo(x,y) =0m/s, Vx € [-10;10],

10°Pa si <0

P()(Clj,y):
103 Pa si x>0,

Mesh : 800 points; c¢fl = 0.95; ¢t = 0.01.

Comparaison between SRNHR scheme and VFRoe scheme.

First characteristic field is a rarefaction wave which contains a sonic point.
Roe scheme needs to add entropic correction.

13
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Densité du fluide, CFL=0.75, t=0.01, Maill=400 Vitesse du fluide, CFL=0.75,T=0.01, MAILLAGE=400
1 T T T T T T T T T T T T T T

T T
- SRNHR SRR
. — ROE RoE

09 % g
08
07k
06
05
04F

03

0.2

011

0 1 1 1 1 1 1 1 1 1 — 0
-0 -8 6 -4 -2 -0 - - - - 8 10

Fluid density ; SRNHR and Roe Fluid velocity ; SRNHR and Roe

schemes. schemes.
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/7 1D non homogeneous Saint-Venant
equations :

Consider a dam break over a step. Source term describes bottom geometry.

d(hu)

(:Evt) —

r <6
T >0
If <6

If x> 6.

15
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Comparaison between SRNHR and Vazquez (equilibrium) schemes.
Mesh : 100 points ; results are given at ¢t = 0.5.

Hauteur de I'eau, t=0.5, np= 100 Vitesse de I'eau, t=0.5, np=100
T T T

I T
—— solution exacte — solution exacte
—¥ SRNHR-alpha limite —* SRNHR-alpha limite
—~<+ VAZQUEZ ~<+ VAZQUEZ

&/
o Pl I I I ‘
8 10 12

Non homogeneous Shallow Non homogeneous Shallow
Water, water level, SRNHR and Water, water velocity, SRNHR
Vazquez schemes. and Vazquez schemes.

16



Numerical Smulation of Complex and Multiphase Flows

I
* SRNHR-alpha limité
— Pente=0.82
O SRNHR-alpha=1.1
|| — Pente=0.734
O Vazquez
— Pente=0.51

log(L1-Erreur)

F1G. 2 — Non homogeneous Shallow Water, error curve, (water level), SRNHR and

Vazquez schemes.
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8 2D SRNHR scheme

Non homogeneous Saint-\enant equations :
V(iz,y) e Q CR? teRT,

( Oh J0(hu) Ohv B
E(xﬂgat)_'_ O (xayat)+a—y<xay7t)_0

d(hu) O(hu® + %ghQ) Ohv B dz
ot (x7y7t) + O (le,y,t) + 8_y(x7y7t) - _gh(x7y7t)%(x7y)

O(hv) dhv ~ O(hv® + 2gh?) B dz

()

(h(x,y,O) — ho(x,y)
(hu)(z,y,0) = (hu)o(z,y)
(hv)(z,y,0) = (hv)o(z,y)

L z(z,y) given.

with initial conditions <

18
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Using projection on normal direction at cell interface (R. Abgrall & al.,
2003) :

Denotmg by V=(u v),ij=(ng ny)t,

U=V = ung +ovn, and V = V. = —un, + vng, where U Is the
projection of V on 77and V/, the prOJectlon of V on it

( Oh  OhU

ot Ty Y

h O(hU? + Lgh?
8_U_|_ ( + 29h7) ghd—z _ 0
ot on dn

oOhV  OhUV

= 0.
\ ot i on

19
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Numerical results:
6 if <6, Vye]|0;1]
2 if x>6, VYye]|0;1]

Initial conditions : ho(z,y) =

uo(z,y) = vo(x,y) =0, Vo e[0;12], Vye€ [0;1].

20
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Results with unstructured mesh 100 x 10.

Hauteur de I'eau 2D, SRNHR

Isovaleurs de la hauteur d'eau, SRNHR, alpha=1.2, t=0.4
T FJ

BB ‘w

()
/l)/%///
»%5, / (

’/l/}/ /!’ ,
"% 0
/’4’/‘

4% .
i
//57‘

33

2
I ‘\‘('6 I
8 10

homogeneous 2D
Venant, water level: SRNHR
scheme.

Isolines; water level: SRNHR
scheme.
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Vitesse de 'eau 2D, SRNHR
Isovaleurs de la vitesse de 'eau , SRNHR, alpha=1.2, t=0.4

Y
“ ‘“\ | T ‘

I
‘ 16 |
OL

.
|

!

2

Non homogeneous 2D St- _ _
_ Isolines;; water velocity ;
Venant, water velocity ; SRNHR
SRNHR scheme.
scheme.
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Débit 2D, SRNHR

Isovaleur du débit de 'eau, SRNHR, alpha=1.2, t=0.4
29 8:6

el
7

T

]

I 54 I
2 8

Non homogeneous 2D  St-
Venant, water flow; SRNHR
scheme.

Isolines: water flow: SRNHR
scheme.

23



Numerical Smulation of Complex and Multiphase Flows

9 Two phase flow

1D case:

( OU N of(U)
ot ox

= Q1(z,U) + Q2(x,U)

\U(QC, O) — UQ(ZC)

U:(HUPU Py Pyly 1P :ulplul)t7

FU) = (topotte  popoti®  puprg  pupiud)t,

B oP P,
Q1(z,U) = (0 ~Hvg— O —Ml%),

Q2(z,U) = (0 popug 0 mpg)’.
and problem.

24



1D Ransom Problem
Initial condition :

Va € [z, 2], o (t =
ul(t — O) = 10,

u,(t =0) =0,

p(t = 0) = 107,
pu(t=0) =1,

ot = 0) = 988, 0638

Boundary conditions :

Inlet (xg = 0) :

ty(0,t) = 0.2,

ur(0,t) = 10, u,(0,t) = 0.
outlet (x; = 12) :

p(12,t) = 10°.

Numerical Smulation of Complex and Multiphase Flows

Ly = 0.2 m/s

u; = 10 m/s

Vo .= 0 mM/s
inlet

M1t

outlet
P = 10°Pa

25
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analytic solution
SRNHR48p
SRNHR120p
SRNHR150p
RUSANOV3000p

FI1G. 3 — \Woid fraction.

26
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10 Discretization of source term
SRNHR scheme :

(

Uf+% = U+ (1-v)U} )~ . 2 - U

Ut =ur v | f (U, ) - f (ljff_)ﬂ + AQ7,
b — ﬁ (17) (Pj+1 — Pj_1) (second step).

ﬁ?+l (Pj41 — Fj) ..
2 first step).
2 h ( P)

: Intermediate value between 7 and p7, ;.

To preserve stationnary states, 2 choices :

T L(u? + pn, ) 1 results given before.

Ais = Hiys obtained with Uj ! computed at same step

27
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Courbe d'erreur, Taux de vide, SRNHR, cfl=0.5, t=0.6
T T T T T

w

— solution exacte _4L . |~ PENTE=0.533
* SRNHR-48p
< SRNHR-100p
O SRNHR-200p
0 SRNHR-400p

Taux de vide,1D,t=0.6

log(L1—Erreur)
| |

log(dx) i
1 1

2 4

\Void fraction;

\oid fraction;; ﬁ;’ﬁr; = /L;L_i_l.
2 2

28
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11 Model with interfacial pressure

Source term writes now :

Ql(ZC, W) —

oP oP 6,ul )
Ox

(0 _Mv%_(P P;)0u, 0z 0 _,ula—_(P Pi)——

Q2(z, W)= (0 popug 0 wpg)t,

with P — P; = p,(u, — u;)? : interfacial pressure.

problem

29
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Courbe d'erreur, Taux de vide avec la pression interfaciale, cfl=0.5, t=0.6

U T T T T T T T
Taux de vide, 1D,cfl=0.5, t=0.6 i ggmg_aaholx 1
T T T It - np=24

— solution exacte
*  SRNHR-200p
< SRNHR-500p
O SRNHR-1000p
0 SRNHR-2000p

ur)

log(L1-Errel
I

1 1 1 1 1 1
-4 -35 -3 -25 -2 -15 -1 -0.5
log(dx)

0.

_ _ _ _ _ curve: \oid Fraction
Void Fraction (with interfacial _ _

~ interfacial  pressure);
pressure) ; [

n _n
it = M+l

o n
5 _'uj-l-%'

30
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Taux de vide, 1D, t=0.6 Courbe d'erreur, Taux de vide avec la pression interfaciale, cfl=0.5, t=0.6

~U T T T T T
— solution exacte
* SRNHR-100p — PENTE=0.46 np=24
4 SRNHR-200p i
O SRNHR-400p

0 SRNHR-500p

eur)

log(L1—Err
|

0.15

12 log(dx)

\oid Fraction (with curve; \oid Fraction

interfacial pressure) ; interfacial  pressure) ;

~MN

Ml = 5 (15 +1)- 1= 5 (U] + ).

31
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Classical Refinement until Refinement until
model

| nterfacial Refinement until Refinement until

pressure

32
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2D case:

[ OW  OF(W) O0G(W) B
E + Oz + ay — Q1<ZC, s Y W) + QZ(x’ Y, W) (7)

W(ZIZ‘, Y, O) — WQ(ZC, y)a

\

With Wz, y,t) = (upr ppits [ipivr foPo  foPolly  foPols)

F(W(z,y,t) = (upiuy [upiu; ppigvr floPolly  fhoPolle  fyPoliyUy)’

t

G(W (2, y,t)) = (mpivr upiwvr fupiv;  foPole HoPoliUs  foPovy)’,

OP OP OP oP
Q1(z,y, W) = (0 Ty TG, 0 — ho g —uva—y),

Qao(x,y, W)= (0 wpig 0 0 pypug 0)°.

Ok, Uk, Uk, Vg - density, void fraction, velocities.
P : commun pressure.
P=A,p],p= K P A,, v, Ki, a:constantes.
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1, = 0.6. UK Drag mesh 48 x 10.

Isovaleur de taux de vide
Taux de vide, SRNHR

\Void fraction: SRNHR scheme \oid fraction: Isolines: SRNHR
(a = 2). scheme (o = 2).
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Isovaleur de la vitesse du liquide
Vitesse du liquide, SRNHR

I I I I
2 4 6 10 12

Liquid velocity ; SRNHR scheme Liquid  velocity; Isolines ;
(a = 2). SRNHR scheme (o = 2).
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Conclusion :

— Robust and efficient scheme for non homogeneous systems.

— Do not need calculus of jacobien fields decomposition.
— Accurate results obtained with few mesh points.
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