HIGHER HIDA THEORY FOR HILBERT MODULAR VARIETIES IN THE
TOTALLY SPLIT CASE

GIADA GROSSI

ABsTRACT. We study p-adic properties of the coherent cohomology of some automorphic sheaves on the
Hilbert modular variety X for a totally real field F' in the case where the prime p is totally split in F'. More
precisely, we develop higher Hida theory & la Pilloni, constructing, for 0 < g < [F': Q], some modules M?
which p-adically interpolate the ordinary part of the cohomology groups H?(X,w"), varying the weight
k of the automorphic sheaf.
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1. INTRODUCTION

The theory of p-adic families of ordinary modular forms was introduced by Hida in the ’80s and has been
proved to be fruitful in many aspects of number theory, such as the construction of p-adic L-functions or,
together with the corresponding theory of Galois deformations, modularity-type results. This theory, later
generalised to more general automorphic forms, provides a p-adic variation of the degree zero coherent
cohomology groups of suitable Shimura varieties: the idea is indeed to use the additional structure on the
p-divisible group on the ordinary locus of the Shimura variety to p-adically interpolate the automorphic
sheaves (whose global sections are automorphic forms). By applying a projector with respect to certain
Hecke operators at p, one is then able to determine when sections over the ordinary locus come from a
classical automorphic form (see [Hid04, Hid02, Pil12] and more recently [Zha21]). The same circle of ideas
was extended in the '90s by Coleman [Col96, Col97], who developed, working on neighbourhoods of the
ordinary locus, the finite slope theory.

The recent pioneering works [Pil20, BCGP18, BP20b, BP20a] have developed analogous theories for
higher degree coherent cohomology. In [Pil20], Pilloni introduced higher Hida and Coleman theory for
automorphic forms for GSp, /Q and these ideas were later generalised in [BCGP18] for Resp,q GSpy,
where F' is a totally real field in which the prime p totally splits, and used to prove potential modularity
of abelian surfaces over F'. Boxer and Pilloni conjectured the existence of Hida and Coleman theories in
all cohomological degrees for all Shimura varieties, confirming this prediction in the simplest case of GLo
in the recent work [BP20b] and started developing Coleman theory more generally in [BP20a]. In [Pil20]
and [BCGP18], the integral control theorem for ordinary families is obtained assuming the weights are big
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enough. The control theorem for more general weights is obtained at the cost of inverting p and losing
control of torsion, using Coleman theory: the authors of op. cit. construct over Q, an overconvergent
version of the considered complex and develop a theory of finite slope cohomological families, which they
can prove to be classical cohomology classes in the small slope situation.

In this paper, we study the theory of p-adic ordinary families of Hilbert modular forms, which are
automorphic forms for the group Resg/g GL2, where I is a totally real field and we assume the prime p
to be totally split in F'. We develop higher Hida theory in this context and, using the ideas of [BP20b],
we are able to prove integral control theorems without appealing to an overconvergent theory.

Higher Hida (and Coleman) theory, as developed in [Pil20], has been applied in [LPSZ19] for the
construction of p-adic L-functions and has led to the proof in [LZ20] of new cases of the Bloch-Kato
conjecture in rank 0 and one divisibility in the Iwasawa main conjecture for the spin motive of automorphic
forms for GSp,. We expect the work carried out in this paper to have similar applications. In a forthcoming
paper, the author will use the results on higher Hida theory to construct p-adic L-functions for the Asai
motive of Hilbert modular forms (and the twisted triple product associated to a Hilbert modular form
and an elliptic modular form), following the strategy of [LPSZ19]. We hope the integral classicality result
will simplify the techniques of op. cit., where the authors had to rely on the overconvergent results. In
order to obtain the application for the Bloch-Kato conjecture (for F' a real quadratic field), we plan to
prove an explicit reciprocity law, linking such p-adic L-functions with the Euler system classes studied in
[LLZ18, Gro20].

1.1. Main results. We now state our main result more precisely. Let F' be a totally real field of degree
n and X be a smooth toroidal compactification of the Hilbert modular variety for F of level coprime to p.
Let L denote the Galois closure of F' containing the square roots of the totally positive units of F' and let
Oy, be its ring of integers. Fix @ | p a prime of L and denote by R the ring of integers of the completion
of L at p. Assume that p is odd and splits completely in F. The set ¥, of embeddings of F' in R is then
identified with the set of p-adic embeddings F < Q,, and therefore with {p C Op : p | p}. Let

A = R[[(1+pZy)" ]

Any k € Z",w € Z gives an algebra homomorphism (k,w) : A — R, induced by the character on
(14 pZ,)"*! given by ((#)i=1....n,y) — y* - [[2¥. The main result of the paper is the following.
Theorem (Classicality, Theorem 4.2.13). For any J C Yo, there exists a finite projective A-module M
satisfying the following property: for any k € Z",w € Z such that ky, w%h =0 mod p—1 for everyp | p,
k, =w mod 2 for every p | p and ky, < —1 forp e J, ky, > 3 forp & J, we have an isomorphism

My A, (k,n) R~ e(Tp)H#J(X’ Q(va))’

where wE") s the automorphic sheaf on X of weight (k,w) and e(Ty) is the ordinary projector with respect
to the Hecke operator T,,. Moreover, for any J C X, there exists a finite projective A-module Ny, which,
for the same range of weights as above, satisfies

Ny @O k) B = e(Tp) H# (X, 0" (-D)),
where D is the cuspidal divisor of X.

Remark. In Theorem 4.2.13 we actually construct modules M5, N5 such that M5 = 0 for x < #J and
N% =0 for x > #J and prove that they specialise to e(T,)H*(X,w®")) and e(T,)H*(X,w®")(~D))
respectively, for the same range of classical weights (k,w) described above.

In other words, the modules M; (and N;) of the theorem p-adically interpolate the ordinary part of
coherent (cuspidal) cohomology of X in degree #J in a range of weights depending on J. In particular,
if J = 0, Ny interpolates ordinary classical holomorphic Hilbert cuspforms of weight (k,w) for k, > 3
and = 0 mod (p — 1) for every p, i.e. it recovers classical Hida theory for Hilbert modular forms. Such
theory was developed by Hida in [Hid88] and [Hid89] with a very different method: the construction in his
work is not geometric but it relies on the duality between cuspforms and Hecke algebras and the Jacquet—
Langlands correspondence between Hilbert modular forms and quaternionic modular forms. In [Hid88],
Hida constructs a Hecke algebra over R[[W]], where W is the torsion-free part of the Galois group of the
maximal abelian extension of F' unramified outside p and oo, fixing n € Z", which interpolates the ordinary
Hecke algebra of cuspforms of weight (k,w) for k = w + 2n. Later in [Hid89], he unifies these infinitely
many Hecke algebras to obtain a universal one (without the restriction on the weight being parallel to 2n).
Assuming Leopoldt’s conjecture holds true for F', the number of variables in Hida’s work in the same as
in our theorem and both classicality results are for characters of the torus of Resy /g GL2(Z,) factoring
through the quotient by the (p-adic closure of the) units of Op. However, Hida considers the diagonal
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embedding of the units, whereas we need to consider, because of the geometric nature of our construction
and its moduli space interpretation, the embedding given by € — (e, €2), which results in a slightly different
formulation of the classicality result (see Remark 4.2.5 for more details).

It is also important to mention that the geometric theory of p-adic Hilbert modular forms was developed,
in the overconvergent setting, in various works (see for example [AIS14, AIP16, TX16, KL05]), where the
rational classicality results are obtained for finite slope families of degree zero coherent cohomology classes.
We also remark that in the past works where big sheaves interpolating the automorphic sheaves of classical
Hilbert modular forms ([AIS14, ATP16]) were constructed, this was done for automorphic forms for the
group G* = G Xget Gy, Hilbert modular forms for the group G are then obtained as the image of the
global sections of the sheaves for G* under a projector for a suitably defined action of the units of Op. In
this work we instead descend the interpolating sheaves to sheaves over the toroidal compactification of the
Shimura variety for G, exploiting the action of the units encoded in the definitions and, since the novelty
of our construction is that it also interpolates the determinant factors /\27-[1(,4)57”7]“*)/ ?. we do not need to
add the twist in the unit action as done for example in [AIP16] (see the discussion right before Definition
4.1), where the twist by the power (w — k;)/2 is added artificially.

Finally, we also prove that there is a perfect pairing interpolating in the classical weights Serre’s duality
pairing. More precisely, we show in §4.3 that we can define a pairing

<_7_>:MJXNJC — A

of A-modules (where, in order to be precise, the structure of A-module of Ny. is actually twisted by a
certain automorphism of A) which satisfies the following.

Theorem (Theorem 4.3.2). The pairing (—, —) is a perfect pairing compatible with Serre duality, i.e. for
a classical weight (k,w) as above, the following diagram is commutative

My @p, (kuw) R X Nje ®A,(2—k,—w)R7 R

e(Tp)H# (X, w®)) X e(Tp) " #7(X, w5~ (~D))

where the bottom pairing is induced by Serre duality and the vertical maps are the one obtained by the
classicality theorem.

1.2. Strategy. We briefly sketch how the modules M; (and Nj) are constructed. As explained above,
the idea is to construct a sheaf of A-modules over (the formal completion) of the ordinary locus of a fixed
smooth toroidal compactification of the Hilbert modular variety. This sheaf is constructed using Igusa
towers, which are torsor over the ordinary locus, and recover the classical automorphic sheaves w®®)
when specialised at weights (k,w). The modules My and Ny are obtained simply as the image of the
ordinary projector e(U,) of the global sections over the ordinary locus of this sheaf. In order to define
My and N; in general we use the divisors D, which are the vanishing locus of (various lifts of powers of)
the partial Hasse invariants. Then, very roughly, we consider extensions of the sheaf above to the formal
completion of the Hilbert modular variety and take cohomology over the complement of Upg;D, with
compact support towards the divisors D, for p € J. Then M; and N; are obtained by taking the image
of this cohomology under the projector with respect to a certain operator T'; given by the composition
of the operators U, for p ¢ J and the partial Frobenii F}, for p € J. The way we obtain the classicality
result is by first working on the special fibre of the variety and prove the classicality result modulo g
(§4.1, Theorem 4.1.7). Since the sheaf of A-modules modulo the maximal ideal of A is simply wkw) (for
certain choices of (k,w)), this result can be formulated as follows: for certain choices of (k,w) depending
on J, the image under e(T}) of the cohomology of w®E) over the complement of Upgs Dy with compact
support towards the divisors D, for p € J is isomorphic to e(Tp)RF(Xl,g(E’w))7 where X is the special
fibre of the Hilbert modular variety X/R. The proof of this results relies on the study of the partial T,
operators on the special fibre, once they have been carefully normalised in order to be optimally integral.
The last ingredient we need is then to show that the operator T'; specialised at the desired weight (k,w)
is congruent to the operator T, modulo p.

The vanishing result of Theorem 4.2.13 mentioned in the above Remark is proved again by reducing it
to a vanishing result of the cohomology modulo p and using a filtration by #J-strata of the complement
of UpgsDy, such that the complement of each stratum in the previous one is affine (in the minimal
compactification).

The whole construction has various technical difficulties coming from the Hilbert modular variety not
being a Shimura variety of PEL type. It is however a union of moduli spaces of Hilbert-Blumental abelian
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varieties (with prescribed polarisations) quotiented out by the action of the totally positive units of Op.
Hence we often give definitions and constructions for the moduli space and then need to check how they
behave with respect to this action in order to show that they descend to the Shimura variety (see for
example Definition 2.3.3 and § 4.2.2).

1.3. Outline of the paper. We recall in §2 the preliminaries on Hibert modular varieties, their compact-
ifications and the automorphic vector bundles over them.

In §3 we define the partial Hecke operators T}, acting on cohomology of the automorphic vector bundles
and normalise them so that they are optimally integral; we also recall the definition of the partial Hasse
invariants on the special fibre of the Hilbert modular variety and how (certain powers of) these sections
lift modulo powers of .

The main constructions are carried out in §4, where we first work on the special fibre (§4.1) and then
move on (in §4.2) to the Igusa tower constructions on the formal completion of the Hilbert modular variety
and the proof of the classicality result.

We finally construct the duality pairing in §4.3 and prove its compatibility with Serre duality.
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2. PRELIMINARIES

2.1. Hilbert modular varieties and moduli interpretation. Let F' be a totally real field of degree
n. We consider G := Resp/q GLa.
Consider K a neat open compact subgroup of G(Ay) and let

Yo,k (C) = GQ\G(A)/Zc(R) "KLK,
where Kf = O(2)" N G(R)™ is the connected component of the maximal compact subgroup of G(R).
We have G(R)/Zg(R)*KE = (HUH )" where HUH~ = C\ R and H is the upper half plane. The
n-dimensional Shimura variety Yo x(C) carries a natural structure of complex quasi-projective variety.

The determinant map det : G — Resp/q (G,) induces a bijection between the set of geometric connected
components of Y¢ x(C) and the finite double coset space

(2.1) Cli(K) = FX\(Ap,s)"/ det(K)

where F denotes the subgroup of F'* of totally positive elements. There is a natural surjective map
ClL(K) — Clf, where Cl} is the strict ideal class group of F. The preimage of each ideal class [c] is a
torsor under the group I := (5; / det(K )(’)IX? 4, Where (’);7 o denotes the group of totally positive units in
Op. By strong approximation we can write G(Ay) as a finite disjoint union over elements ¢ € G(Ay) such

that det(c)’s form a set of representatives of Cl}(K)
GAp) =[]G@TeK

and we therefore have

Yo (C) =[] T(e, K)\H",

where I'(c, K) = G(Q)T NeKcet.

This Shimura variety is not of PEL type. However, as explained for example in [TX16] (whose exposition
we follow closely) it acquires a moduli space interpretation as follows. Firstly, from now on, we assume
that K = KPK,, where K? C G(A}) and K;, = GLy(OF ® Z) and p is an odd prime greater or equal
than 5. We rewrite the above disjoint union as

Yox(C) = J] M%(C), where My (C)= [] T(e K)\H",
[c]GCl;Z CiE[C]K

where for every ideal ¢ we write [¢] for its class in C’l}, we select such representatives to be coprime to p
and we choose a subset [¢|x = {¢;,i € I} C G(Ay) such that the fractional ideal associated to det(c;) is ¢
and the set {det(c;)}ier is a set of representatives of the preimage of [¢] in Cl}(K).
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Note that M¢ does not depend on the choice of [¢]x and descends to an algebraic variety defined over
Q. Following [TX16], we will realise M as quotient of some moduli space M by the action of the finite
group

A(K) = 0F /(KN OF)*.
If K? is sufficiently small, we denote by M§ the smooth quasi-projective Z,)-scheme (see [Rap78, Cha90])
representing the moduli problem which associates to a locally noetherian Z,)-scheme S the quadruple
(A, , A\, akr) given as follows
e A is an n-dimensional abelian variety over .S with a homomorphism
t:Op — Endg(A)

such that Lie(A) is a locally free Og ®z Op-module of rank one;
e )\ is a c-polarisation on A, i.e. it is a Op-linear isomorphism

A Ao, ¢ — AY,

where AV denotes the dual abelian variety of A, which has a natural Og-action;
e agy is a KP-level structure on (4, ¢, A), namely, assuming firstly that

K=T(N):={yeG(Z):y=1 mod N},
for an integer N coprime to p, axr is an Op-linear isomorphism of étale group schemes over S
akr : (Op/N)? = A[N].

The Weil pairing together with the polarisation A gives an Op-linear pairing A[N] x A[N] —

uN Qz c—lagl, where 0 is the different ideal of F/Q. Hence axr determines an isomorphism

Or/N = uny ® c—la;,l. One similarly defines a KP-level structure by choosing N such that

K(N) C K, working on fibres A4 over points s of S and using the action of GL2(Op/N) on the

K (N)-level structures on A as above (see [TX16, §2.3] for more details).

We now recall that there is a natural action of A(K) on My, given as follows. Firstly if e € Of. ,, we
can define
e (At N, akr) = (A4, ¢, t(e) o Ay agr).

Moreover, if € = n* for some n € K NOF, then €- (A, 1, \, axr) = (A, ¢, \, akr). This follows from the fact
that any totally positive unit ¢ defines an isomorphism € : A ~ A such that e\ = €2\. Therefore we have
defined an action of A(K) on M and the set of equivalent classes of geometric components under such
action is in bijection with (’A);/det(K)(’)lﬁ7+ and the stabiliser of each component is det(K) N Of, /(K N
OF)2. Following [TX16], we write (A,:, A\, ak») for the Oy ,-orbit of (A,¢,\,axr). The following is
[TX16, Proposition 2.4, Lemma 2.5].

Proposition 2.1.1. The quotient of M (C) by A(K) is isomorphic to M% (C), which can be identified
with the coarse moduli space over C of the orbits (A, 1, \,ak»). Moreover, up to replacing KP by an open
compact normal subgroup of finite index, we can assume det(K) N OE,JF = (K NOZ)? and therefore the
quotient map

M (C) — M (C)
induces an isomorphism between every connected component of MS(C) with its image.

We assume from now on that K is sufficiently small and det(K) N Of , = (K N Oy)?. Let

Mg = [ M, My =M /AK) and Yor= [[ M.
[ecty [Ject}
The proposition implies that every geometric connected component of Y i is identified with a geometric

connected component of My for some ¢. Hence Yg i is quasi-projective smooth over Z,y and it is the
integral model of Yg i (C). It also has a universal family of abelian varieties over it, denoted by

.A-)YG’K

built using the universal abelian schemes A — M.
We will also need the auxiliary variety of Iwahori level at a prime p above p. Let K? as above and
consider

Ko(p) ={9€G(Zy) : g = (3 i) mod p}.
We denote by M- (p) the smooth quasi-projective Z,)-scheme (see [Rap78]) representing the moduli

problem which associates to a locally noetherian Z,)-scheme S an isogeny ¢ : A; — Aj of degree Norm(p),
where Aj, Ay corresponds to quadruples (A;, ¢, Ai, o x») as above where
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e the kernel of ¢ is annihilated by p;
e )\; is a c-polarisation on A; and As is a cp-polarisation of As and for every = € ¢p C ¢ we have

9" o Xy(x) 0 p = A1 (x);
e the KP-level structures a; gr are compatible, i.e. if K? is the congruence subgroup of level N

Qa2 K» = P|A,[N] © A1 K-

The fibre of M5 (p) over p is smooth outside a closed subset of codimension 1. We can define an action of
the units on this moduli space and we let as above

Mgp) = J[ Mi®), Mi(p):=Mi(p)/AK') and Yor(p) = [] Mk(p).

[cJect]); [dect);

As above, Yg i (p) is quasi-projective smooth over Z,y and it is the integral model of Yg x/(C), where
K' = KPKy(p). Moreover, there is a natural forgetful morphism M (p) — M5, which is equivariant for
the actions of A(K) and hence induces a finite étale morphism

(22) p1 - YGJ((]J) — YG,K~

Fix a fractional ideal ¢ and an isomorphism 6, : ¢’ — cp for some [¢/] € Cl}; such isomorphism is unique up
to an element of O}X,’ +- Then one can also consider the forgetful morphism ps g, : M};(p) — MY, which

now sends the isogenous pair to the second quadruple with polarisation As ® ¢’ LN Ay @ cp 22, AV, This
map is equivariant under the action of A(K) and pa .9, is equal to pa g, composed with the map induced
by the action of €. Therefore we obtain a well defined étale morphism

(2.3) p2: Yo x(p) = Yo r

independent on the choice of ..

2.2. Compactifications. We recall a few facts about toroidal compactifications. Let K = KPK,, C G(Ay)
an open compact as above with K, =[], Ky and Ky € {GL2(OF, ), Ko(p)}-

Choosing an admissible rational polyhedral cone decomposition, one constructs a smooth toroidal com-
pactifications of M5, see for example [DT04, § 5], [Rap78, Cha90] and more recently [Lanl3, Lanl7]. In
particular the case K, = GL2(OF,) for every p | p is covered in [Lan13] and the case with some level at
p is covered in [Lan17]. More precisely, there exists a scheme M;’(tor flat, local complete intersection and
normal over Z,) containing M as a fiberwise dense open subscheme. This depends a priori on the choice
of the cone decomposition, but we will see later that the cohomology groups we work with are independent
on this choice. Moreover, there exists a semi-abelian scheme A% — M}tor extending the universal
abelian scheme over Mt with c-polarisation, Op-action and level structure extending the data on A°.
The boundary divisor D = U M5 — UM is a relative simple normal crossing divisor, endowed with
a free action of A(K). Let

M= ] M ME" =M /AK) and  Xex= [[ M
[cJect]): [cJect]:
and denote by D the boundary divisor of X¢ k.
2.3. Automorphic vector bundles. Let L denote the Galois closure of F(y/e : € € Ol)‘i,-%) and let Op,
be its ring of integers. Fix a noetherian Op, (p)-algebra R. Let us rename for simplicity M = (Mxk)r

and let A% = JA%Y — M be the semi-abelian scheme extending the universal abelian variety with real
multiplication by Op. Let e : M — A*T be the unit section and

w = e*Q;m/M;
this is (O ®z Op)-module locally free of rank 1. Its restriction to Mg coincides with the sheaf defined
analogously using the unit section of the abelian scheme LIA®. We can write
w = @TEZOOWT

where w; is the direct summand on which the Op-action is given by the composition of the embedding 7
with the structure morphism Oy, (,) — R. Let H' be the canonical extension of #}p (A/M) = e*Q*(A/M).
It is a (Ox ®z Op)-module locally free of rank 2. We have the Hodge filtration

(H) 0= w— Hig(A/M) = (W) @071 =0,

where w 4v = (e’)*Qi‘v/M, where €’ is the unit section of A".
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For (k,w) € Z#*>= x 7 such that k, = w mod 2 and k, < w for every 7 € X, let

L = Q) (w‘m)”z’“ ®wff>

TEY

Remark 2.3.1. One has (see for example [Kat78, 1.0.13-1.0.15]) that @) .y _ (A?H1) admits a triviali-
sation on each of the components M$.. Such trivialisation however depends on the c-polarisation and is
not canonical on X¢ k.

Global sections of this sheaf can be interpreted as Hilbert modular forms a la Katz. See for example
[Kat78, 1.2] (where however the definition corresponds to sections of the sheaf @, .y, wF~, in view of the
above remark).

Definition 2.3.2. A c-Hilbert modular form of weight (k, w) of level K defined over an Op-algebra R is a
rule f which assigns to every quadruple (A, ¢, \, ax) as above defined over R, where A is a c¢-polarisation,
given with a pair (w,n), where w is an O basis of QE/R and 7 is an Op-basis of AH}; (A) an element
F(A 4, N\ ak,w,n) € R, satisfying the following conditions:

(i) f(A, 1, A\, ak,w,n) depends only on the R-isomorphism class of (A, ¢, \, ax,w,n);

(ii) f commutes with extension of scalars Ry — Ry of R-algebras;

(iii) for any a,b € (R*)¥> ~ (Or ® R)*, we have

w—k,
f(AM,)\,OéKaQ'Wab'W): H a;ka; 2 f(Avbv)‘vaKvw,n)'

TEYX o

Clearly, in order to get sections of the sheaf w®™) one needs to admit different polarisation types.
One could more generally define, for (k,n) € Z# >~ x Z#*¥=_ a sheaf

whn = ((/\27{1)"* ®w’;7).

TEY o

w—k
For k; = w mod 2 for every 7, we recover g(ﬁ’ 7 ) = wkw)
Let us denote by X the compactified Shimura variety X k. In order to define a sheaf over X, we need
to give a descent datum for the map M — X. We will see that this will force k; + 2n, = w for some
w € Z.

Definition 2.3.3. The action of € € (9;’ 4 is given on stalks by the isomorphism (see for example [DT04,
§4])

W(A,e=harp) = WAL A akp) 7 WAL akp)s
where the first equality is given by the fact that the sheaf w does not depend on the polarisation and the
second map is the multiplication by [, 7(¢)~*/2. Similarly the action on A?H! is given by multiplication

by HT T(6)71 :
If €2 € (K NO})?, one easily verifies that the action defined above is trivial. More precisely, we have
(A, 1, )\ agr,w) = (A, 1,2\, ew, €n)

and any section f of wE%) satisfies

FE€ - (A X\ akr,w,m) = [[7(6) 70420 F(A, 1, 72N, acn, w,m)
=7~ f () (A, 1, X axr e w, e72n)) = (A 1, N axr,w, 7).

By abuse of notation we will still denote by w®2) the descent of the sheaf w®2) over X. Note that
section of this sheaf are rules as in Definition 2.3.2 satisfying the additional condition

f(A e N age,w,m) = f(A L, N\ age,w,n)  Vee€ Of .

This implies, if R has characteristic zero, that g%’ﬂ) has non-zero global sections over X if and only if

k- + 2n, = w for some w € Z.
Finally, we recall that the cohomology of this sheaf does not depend on the cone decomposition chosen
to define the toroidal compactification X.

Lemma 2.3.4 ([Lan13]). The cohomologies RT(X,w®™)), RT(M, w®®)) RT(X,w® ™) (D)) and RT(M, w®») (D))
are independent on the cone decompositions chosen to define M and X .
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Moreover, we define the Hodge line bundle
det(w) := A, W.
One can construct minimal compactifications of Y x, following [Cha90] or [Lanl3, § 7.2], as follows
X¢ e = Proj (dm>ol'(Xa,k, det(w)®™)) .

It is a normal projective scheme over Z,) and det(w) descends to an ample line bundle on X* = X¢, k..
The inclusion Yg g — X induces an inclusion Yg x — X* and X* is canonically determined by Yg k.
The boundary X* — Yg k is finite flat over Z,). The following is [Lan18, Theorem 8.2.1.3].

Lemma 2.3.5 ([Lanl8]). Let m: X — X* be the canonical projection. Then we have
R’ 1 (wEY) (=D)) =0 for every i > 0.

We finally recall (see for example [TX16, 2.11.2-2.11.3]) that the Kodaira—Spencer isomorphism gives
an isomorphism

(KS) KS:w29(—D) - 0%z, where w@0 = ® ((/\27-11)_1 ® wf) .

TEX o

2.3.1. A more general definition. The automorphic vector bundle w®®) can also be defined using the
theory of torsors. Compare for example with [DT04, Définition 4.4], where however the twist by A?H! is
not consider. Let

T = ISOmOM®0F(OM X OF7Q)

It is a T" = Resp, /z Gm-torsor over M, representing the functor sending a Z,)-algebra R to the set
of isomorphisms of tuples (A, A\, ax,w), where (A,¢,\,ax) is an abelian variety over R with extra
structure as above and w : R® Op ~ e*Q} /R 182 trivialisation of the conormal sheaf of A/R with respect
to the unit section e. We can decompose w with respect to the Op-action and write w = (w;),, where
wr: R~ (e*Qh/R)T. The action of T is then given as follows: if t = (¢;) € T'(R), then

t- (A, N\ ag,w) = (A, i, N\ ak, t-w),
where ¢ - w = (t; - w;),. One can similarly define the T-torsor
L= Isﬂowgop(o/\/l ® OF, AZHéR(A))-

It represents the functor sending a Z,)-algebra R to the set of isomorphisms of tuples (A, A, ax,n),
where n: R® Op ~ e*H}z (A/R). The action of T is given similarly as above.

Let us write 77 : T — M, 7z : L — M for the natural maps (corresponding to the forgetful functors).
Let (k,n) € Z[X o] X Z[Xs]. We can consider the sheaves (7). (O7), (72)«(Or). They both have an action
of the torus T" and we can consider the component on which T acts via the character t — t™%, respectively
via the character ¢t — ¢t~ and denote the corresponding invertible sheaves over M by (7). (O7)[—k] and
(72)«(Or)[—n] respectively. We define

OB = (1), (O[] ® (1) (O2)[~n].

Sections of this sheaf are rules as in Definition 2.3.2, where clearly (iii) is replaced by the analogous

condition, with the discrepancy factor being [] a7 b:". We obtain w®n) ~ oEn)

and, in particular,
w—k

(2.4) k) o ok 5

-k .
for n = “== in the case where k; = w mod 2 for every 7.

Moreover, we can observe that, using the exact sequence (H), there is a natural map
s : TxMT :=Isomy 50, (OMmR0p,w)xIsomy w0, (OmMR0p,wiv) = Isomy w0, (OM@0F, ANHIR(A)).
This map is defined over R after fixing a generator of the principal ideal 9!, which is coprime to p under
our assumptions.
The sheaf (77x77)«(s*O) has an action of the torus T. It is the sheaf (77 x7/)+O7 7 which would
te. O ), but the pullback via s makes the action of the first

0t 1t

naturally have an action of T x T 3 (t,€) = (
component trivial. Let
@B = (7). (O7)[~5] @ (mrx7)+(s*O)[~n].

Lemma 2.3.6. There is an isomorphism Q(ﬁ’ﬂ) ~ Q(ﬁ’ﬂ).
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Proof. We prove that there is an isomorphism of Oa-modules (77w 7)«(s*Ofr)[—n] =~ (72)(Of)[—n]. To
construct such an isomorphism we essentially use the fact that A2H}g (A) is an Op ® Orq-module of rank
one. Local sections of the second sheaf are rules associating to (x,7), where z = (4,1, A\, ax) € M(R) and
n = (ns)s, where n, : R ~ A2Hjp (A, /R),, such that such that

(2.5) flz,tn) =t2f(z,n), foreveryte (R® Op)*.

Local sections of the first sheaf are rules associating to (z,a ® /), where z = (4,1, \,ax) € X(R) and
a=(a)r,B=(B)r and a, : R ~ QY(A,/R);,B, : R ~ ((QLX/R)T)\/’O‘T ® B+ R~ N*H}; (Az/R)-,
satisfying

(2.6) flz,tla®p)) =t 2f(z,a®B), foreveryte (R® Of)*.

Given f as above, we define a local section f of (72).(Oz)[—n] as follows. Since A2H}, (A, /R); is of rank
one over R, given 0, : R ~ AH} (A, /R);, we choose arbitrarily «, 8 and we find that there must exists
Ar € R* such that the following diagrams commute

R " A2H}.(A./R),

H L
RE% 21 (A,/R),.

We then let f(z,1) := A 2f(z,a ® 8). We need to check this definition does not depend on the choice
of a, . Since Q'(A4,/R); has rank one over R, any other trivialisation o/ is of the form o/ = A\ ;o
for some A1, € R* and similarly any other 8’ is of the form Ao ,B; for some Ay, € R*. Therefore
o @B =M(a®p) and n = A A, (@ @ ). Thanks to (2.6) we have

AEf(z,a® B) = (WA T f(z,0/ @ §)

and hence f is well defined and it satisfies (2.5) since f satisfies (2.6). The natural restriction map from
(m7x7)(s*Or)[—n] to (m2)«(Or)[—n] is the inverse on the map we have just defined. O

Moreover, similarly as above, we can define a natural action of the units on 7,7, £ and descend these
sheaves to the Shimura variety X compatibly with the previous definitions.

2.3.2. Comparison with other works. We clarify the choices we made with respect to other works on the
subject to help the reader who may want to compare this definition with the ones of [AIP16, TX16, ERX17,
KLO05, DT04, Kat78]. The definition of w®®) corresponds to the one of &w*, w* for k = (k,w) in [ERX17, §
2.2] for the sheaf over M and X respectively and to w&*+2) in [TX16, § 2.12]. Similarly as in op. cit., our
definition of the action of the units (O)* is both on the polarisation and on the sheaves of differentials.

In [KLO05, DT04, Kat78] the sheaf considered is ®,w". In fact, in [KLO05, § 1.11] and [Kat78, § 1.2],
the authors only work with the moduli space M and do not consider the Shimura variety for GG. This
however brings some complications when defining Hecke operators for the ideals p | p. For example
in [KLO5, (1.11.6)] the Hecke operator is defined by carefully considering a trivialisation of the sheaf
®, e, (2H2).

In [AIP16], the authors also consider the sheaf w® = ®,w”", but they work both with the moduli space
and the Shimura variety for G, however their descent is different from the one considered here. The action
of the units on sections f in H°(X,wk) is given by

e f(A L, N\ agr,w) := He;(w’k*)ﬂf(A,L,e’l)\,aKp,w).

T

If we fix a polarisation class ¢, this definition can be thought as follows: the sheaf @), 5, (A2HL) (w=ho)/2
is trivial but it carries a non-trivial action of the units. The action of the units of [AIP16] is therefore
given both on the polarisation and on the A2H! factor, but not on the sheaf wk itself. This choice results,
when defining Hecke operators, in a normalisation differing from the classical one (the one we define in
3.1) by a power —(w — k,)/2 factor, as explained in [AIP16, Remark 4.7].

In some sense, here and in [TX16, ERX17], w is encoded in the definition of the sheaf, whereas in the
other mentioned works it comes in only when defining the action of the units.
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2.3.3. BGG decomposition (and higher coherent cohomology). For a weight (k,w) as above let

FEw = SymF 24l @ (/\2Hi)w%167, FEw) = g FlEw),
The extended Gauss-Manin connection on H! induces an integrable connection
v Flw) o 7l @ QL o (log D).

One can show (see [TX16, § 2.12]) that (F®*) V) gives an integral model of the automorphic bundle on
Xe¢,x(C) given by the representation of G¢

w—kr
i) = Q) (symkfz(gtf) ®det, 2 ) ;

T

where St is the 7-projection of the dual of the standard representation of G¢ = (GLac)*= and det, is
the 7-projection of the determinant map.

In the next chapters, we will study the cohomology of the sheaves w®®) in degree zero (hence classical
holomorphic Hilbert modular forms) and in positive degrees. One reason for which the cohomology of
higher degree is also interesting is the fact that it contributes to the middle degree de Rham cohomology
of the Hilbert modular variety. More precisely, the de Rham complex of F%®) is quasi-isomorphic to a
simpler complex, called the dual BGG-complex (see [Fal83, §3,7], [FC90, § 5] and for an overview with
examples [Lan19, § 2.3]). In this context, the Weyl group W is isomorphic to {£}¥>. For J C ¥, we
denote by s; the Weyl element whose 7-component is —1 if 7 ¢ J and is equal to 1 is 7 € J. If we work
over C, we find the following decomposition

Hip(Yo,x (C), FE" ™) = @@ HY (Xok(C),wl” ™),
JCS 0
where the action of the Weyl group on k is given by (s; k), =2—k, if 7 ¢ Jand (s k), =k, if 7 € J.
A more detailed discussion can be found in [TX16, § 2.15].

3. HECKE OPERATORS AND HASSE INVARIANTS
From now on we assume that p > 5 splits completely in F' and we write

(P) =p1Pn.

Recall that L is a Galois extension of (Q containing the totally real field F'. We fix once for all an embedding
t: L — @p. This fixes a prime p of L above p and we consider the ring of integers R of the completion
of L at p and the residue field F. The set ¥, of embeddings of F' in R is then identified with the set of
p-adic embeddings F' < Q, and therefore with

(3.1) Yoo = Homz(Op,F) = {p C Op : p | p}.

From now on we will denote by 7, the element in ¥, such that ¢ o7, induces the place p. Notice that from
the above identification there is a natural action of the Frobenius automorphism o of F on X, (given by
the composition 7 o ¢); in this particular setting, where p splits completely in F, this action is trivial.
We also fix the choice of a sufficiently small neat open compact subgroup K = K?K,, of G(Ay) such
that K, = Hp‘p GL2(Z,). We let M = Mte* Xz, R and X = X¢g i Xz, R. We still denote by D the

boundary divisor in X.

3.1. Hecke operators. Consider p one of the primes above p. Let Mo(p) = M(p)" Xz, R and Xo(p) =
X k(p) Xz, R We want to study the cohomolgical correspondence obtained by the maps in (2.2) and
(2.3)

Xo(p)
v
X X.

For general background and notation on correspondences and coherent cohomology, we refer for example to
[Pil20, § 4]. We denote by A the universal semi-abelian variety A** — M. The maps p;, ps parametrise an
isogeny py A — p5A of degree p and with kernel annihilated by p. From this isogeny we get a rational map
piw®Ew) s pr (W) of sheaves over Mg(p). Since this map is equivariant under the action of A(K), we
get an analogous map of sheaves over Xo(p). Tensoring with the natural trace map Try,, : Ox, ) — P Ox

we get the naive cohomological correspondence

[ (kw) _

T, (kw) © PoW (kw)

!
- p1w .
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We finally normalise it letting
w—ky -
inf{ LSk 4 Wtk P2 T,y if ke >1
f{—5 1, }Tp (o) = wiky . p,(k,w) P
P2 Thw ik <1

Ty (ko) =P

where, if p =11 ---p, and p = p;, we write k, = k;. To simplify the notation we will often denote simply
by T, the operator T} () for the automorphic sheaf wkw),

Proposition 3.1.1. T, is a cohomological correspondence pgw(ﬁ’w) — paw@’“’) (i.e. well defined and
optimally integral). Moreover it is supported on the étale locus (respectively multiplicative locus) if ky > 1
(resp. ky, < 1).

Proof. We only need to check that T}, is well defined on the complement of a codimension 2 locus. Since
it is well defined over QQ,, we only need to verify the statement locally at generic points of the special fibre
of the open variety Yp(p).

Since the isogeny pj A — piA is a p-isogeny, for every generic point of the special fibre the map
p5(A2HL) — p3(A?HL) is an isomorphism for 7 not corresponding to p and factors through an isomorphism
p5(A2Hy) — p(pi(A*H})) otherwise.

We say that the generic point ¢ is multiplicative (respectively étale) if the kernel of the isogeny p7.A —

p5A is the multiplicative (respectively constant) p-group scheme. We have the following characterisation
of the maps p1, p2 on the open varieties

étale multiplicative
p1 | totally ramified of degree p isomorphism
D2 isomorphism totally ramified of degree p

In particular (Trp, )e : (Ox,(p)e — (P1Ox)¢ is an isomorphism at points in the multiplicative locus and
factors through an isomorphism (Trp, )¢ : (Ox,(p))e = P(P1Ox )¢ at points of the étale locus.

Moreover, the isogeny pj.A — p3.A is separable if and only if the kernel is étale. Hence we have that for
¢ in the étale locus, the differential map (p5w)e — (pjw)e is an isomorphism. And overall we find that for
such &, the correspondence factors as in isomorphism

w—ky

On the other hand, if £ is in the multlphcatlve locus, the dlf’ferential map is an isomorphism of the
components of the differential sheaves different from the one corresponding to p and factors through an
isomorphism (p5wy )¢ — p(piwp )¢ at the component corresponding to p. Hence we get an isomorphism

k
k
(psw)e = p T (plw e

Overall we find that for £ in the multiplicative locus, the correspondence factors as in isomorphism

~ N w+k
(€ multiplicative) T, : (]0’2*(,0(&”))E Sp 2 £ (p wks w))
inf{ —“’_k" +1,—w+kp }

Hence we have shown that multiplying T”““’e by p~ gives a well defined correspondence,

optimally integral and that this vanlshes on the multiplicative locus if k" < “’J;k‘“ — 1 and on the étale

locus otherwise. O

We obtain that the operator T, induces a map on cohomology obtained by the following composition

RU(X,w®)) 22 RD(Xo(p), ps w®) 15 RT(Xo(p), pl w®)) —25 RT(X, wEw)).

Hence we view T}, € End(RT'(X,w®®))). We can similarly obtain a map on cuspidal cohomology and see
the operator as T, € End(RT(X,w®")(-D))).

We now want to understand the behaviour of this correspondence with respect to duality. We follow
[BP20b, § 3.2], to which we refer for notation and a recap on duality. First, we need to fix some notation
regarding dual isogenies. We consider the p-isogeny 7 : p7 A — p5.A. To be more precise, we have isogenies

prA¢ — p§A‘/ for our fixed choice of representatives ¢ € C’l}'. We can consider the dual isogeny

Vi (pAY)Y — (prA©)Y. Since we are working over R and we have taken every ¢, ¢ to be coprime to

p, using the universal polarisations and quotienting out by the units, we obtain a well-defined isogeny
p5s A — pi A and for any (k,w), the pullback map on differentials

7Dyt i) oy pr ),
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We also recall that the composition m o 7, seen as an isogeny pj.A — piA again using the universal

polarisations and the fact that their types are coprime to p, is the canonical isogeny with kernel p}.A[p].
Hence we find that

w—

k
(3,2) T (k,w) © ﬂ@)w) = pkp+272 b Id =p¥Id.

Proposition 3.1.2. T, is self dual. More precisely, the dual of the Hecke operator Ty . acting on the

cohomology of wE™) is equal to the Hecke operator Ty (2—k,—w) acting on the cohomology ofg(gfﬁ’*w)(—D),
where (2 — k), =2 —k,.

Proof. We proceed similarly as in the proof of [BP20b, Lemma 3.8]. Since the correspondence Xg(p) is
isomorphic to its transpose, by sending the isogeny 7 to the isogeny 7P, with notation as above, we can
think of the operator T}, in weight (2 — k, —w) as a map

Ty« prw@ k) plo k),

obtained as before but replacing 7 by the dual isogeny 7. We need to compare this operator with D(Tp)
where T, is the operator in weight (k,w) acting on cohomology via

5 r Trp,
RD(X,w®)) 25 RT(Xo(p), ps w®™) = RT(Xo(p), phw®™)) =25 RD(X, ).
It dualises to an operator

D(RD(X,w®)) 2 RD(Xo(p), pr D(w®))) 22 RO(Xo(p), ph D(wE™)) 222 D(RD(X, wEm))),

where D(T,) can be written as the composition

id ® Tlrp1

D(Ty) : pi(w ™57 @ Q% 7 ) PET 0% 5 ) = ph(w T @ Q% ).

In order to describe the second map, recall that we have the Kodaira—Spencer isomorphism (KS)

KS:w2Y(-D) — Q%z,, where w@9 = ® ((/\27-&)_1 ®wz) .

TEX
So that we can identify the sheaf w(—&~) @€ 5 with WP k) (D) = w(E=) (20 (D). The map
P (WY Q’}(/ZP) — ph(w(TE~Y) g Q}/Zp) can be written as p*(w(~5&~*) @ Q}/ZP) - pi(wEB) @
Q’;{O ®) /Zp) and is equal to 7r(_—1@,—w) ®id. Applying the Kodaira—Spencer isomorphism, the identity
ko 0)/z, = P10x @ pf w20 (=D) = V% )z, @ Psw?(=D)
can be decomposed as Tr,, (Trgll) ® W@,o) (see for example [BP20b, Lemma 3.7]). All in all, we find
D(Ty) = Trp, B(m(30) © 7T(il&fw))'
As explained in (3.2) above, we have

w—k
kp+2( 52
)

(k) © M) = P M) © T k) = P s T(2,0) © T30 = 1

Hence we obtain that D(T,) = p*T, and from the equalities

w —w —w—(2—k
- _ —wH(2-k)

Tk - _
—f —ltw g tl= >

and the definitions of the normalisation factors in the different weights, we obtain D(T},) = p"'T. O

3.2. Partial Hasse invariants and the Goren—Qort stratification. We recall the definition of partial
Hasse invariants of [Gor01, GO00, AG05]. We follow the exposition of [ERX17, § 3.1].

Let F be the residue field considered above and let subscript F denote the base change to SpecF.
Consider the Verschiebung isogeny

VAP s Ap

It induces a morphism of Op ® Oq,-modules wy — g](Fp). For every 7 € ¥ this gives a map wp, —

wi?. Note that in general the identification w (wap)®P is not Op-linear, but induces w

AP = IO
(WAz . o-107)®P, where o is the Frobenius automorphism of F. However, as recalled above, in this particular
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1 ®(p—1))

setting where p splits completely, we have 0~ o 7 = 7. Therefore we get a section in H O(meF b
which is invariant under the action of A(K) and hence descends to a section

he € H(Xp,wi "™Y),

which is called partial Hasse invariant at T (or at p when identifying Yo with Homz(Op,F)). The product
of all the partial Hasse invariants (which is induced by the differential of the Vershiebung) is the usual

total Hasse invariant h € HO(XF,g%p_l"”’p_l)).

Remark 3.2.1. Note that, when looking at the special fibre points of the isogeny defining the cohomo-
logical correspondence T}, (as in the proof of Proposition 3.1.1), in the étale locus the p-component of the
pullback of the isogeny pj.A — p3.A identifies with the partial Hasse invariant h,.

Finally let us recall the following results about the vanishing loci of the partial Hasse invariants.

Proposition 3.2.2 ([GO00, AGO05]). Let D, = Va(h;) be the vanishing locus of h,. It is a proper,
reduced, non-singular divisor on Xg with simple normal crossing. For any S C Yo, NresD+ is a reqular
subvariety of codimension #S. Moreover, Va(h) = Urex_ D, does not intersect the toroidal boundary D.

The analogous results holds for the vanishing loci over the moduli space My. Moreover, Mg — Va(h)
is the open subscheme of My where the universal abelian variety Ap is ordinary and Z, is the closed
subscheme where Ap is supersingular at p, or, in the language of [Gor01], the type of Ar contains the
vector (Zp)p/|p, Where zpr = 0 if p’ # p and x,, = {1} if p’ = p. This amounts to saying that it is the locus
where the rank 2 group scheme given by the p torsion is of multiplicative rank equal to zero. In particular,
the multiplicative rank of Ay is < (n — 1) over D, for every p and is maximal, i.e. equal to n over the
ordinary locus. We will write

Mgt = Mg —Va(h); X' = Xp — Va(h).

3.2.1. Lifts of the Hasse invariants. We now recall that suitable powers of the partial Hasse invariants lift
to the reduction of X modulo ™. More precisely, we denote by X,, the base change X Xgpec r Spec(R/p™).
In particular for n = 1 we have Xy = X;.

Let U C X,, be an open affine subscheme. As explained in [ERX17, § 3.3.1], the restriction of the

partial Hasse invariant h, to U Xgpec(r/on) SpecF can be lifted to an element ]~7/7',th in H(J(Z/{,c/.)39(1771))7
where by abuse of notation we are still denoting by w, its base change over R/p™. We find that (iNzTyu)pn_l
n—1

is independent on the choice of the lift iLT,u. One then deduces that the sections {(ﬁT,u)p Yu, for U
varying over an open affine covering of X,,, glue into a global section

I HO(mef?p"_l(p*l))
which is the only lift of the p™~'-th power of A, € HO(X1,wi "~ "). We let
D;, = Va(iNLTyn)

be the divisor on X,, given by the vanishing locus of iLT’n. Under the natural map X; — X,,, the divisor
p"~!- D, on X; is mapped to D, ,. Moreover, since (ﬁr,n)p is the unique lift of (hT)pn over X,,, we have
that for every n, iLT’nH € HO(XnH,w?pn(p_l)) is a lift of (il.,—’n)p. In particular, the divisor p - D, ,, is
mapped to D, 41 under the map X,, — X, +1. We let as above X2 = X, — Va(I]. ilTn)

4. HIGHER HIDA THEORY

In this section, we finally move to the construction of the higher Hida theory A-modules. Under the
identification (3.1), we will denote by k, the p-component of a vector k € ZF>.

4.1. Mod p theory. Consider X; the special fibre of the compact Hilbert modular surface X. In this
section we want to prove a mod g control theorem (Theorem 4.1.7), which will be used crucially to prove
the classicality results of the next section.

Let us denote by Xo(p)$* and Xo(p)}* the étale and multiplicative locus of Xo(p); and with i¢*,i™ the
inclusions into Xo(p);. We denote by pSt, pi* the restriction of the projections p; to Xo(p)§* and Xo(p)7
respectively.
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Lemma 4.1.1. If k, > 1 we have the following factorisation

prwEe) T k)

| l

) —— i e
If ky, <1 we have the following factorisation

pgw(ﬁ’w) L p'lw(ﬁaw)

| |

() ) —— i () ).

Proof. The result follows from the study of the correspondence T}, on the special fibre carried out in the
proof of Proposition 3.1.1. |

Proposition 4.1.2. If k, > 1, T}, induces a map

p3w ) (np + ky — 2)Dy) — piw®™) (nDy).
If ky, <1, T}, induces a map

psw®) (=nDy) — piw ™) ((—np + ky) D).

Proof. Assume that k, > 1. The correspondence 7}, is supported on Xo(p)§* and, restricting to the
intersection of this locus with the open Shimura variety, we know that p$' is an isomorphism and p§ is
totally ramified of degree p. The divisor D, does not intersect the toroidal boundary and we therefore
obtain that (p$*)*(Dy) = p(p§')*(D,). By a slight abuse of notation we still denote by D, the divisor
(psH)*(Dy). Twisting by Ox,(pyét (npDy), if ky = 2 the cohomological correspondence piwEw) s pty(Ew)
induces a morphism pgw(ﬁ’“’)((np)Dp) — plwEw) (nDy). If ky, > 2 and w is even, the cohomological
correspondence can be written as the tensor product of

Sty x, (k' w) st\!, (K w) &t * kp—2 2941 2=k &t * kp—2 2941 27k
(P2 ) W= — (p") W' and  (py')" (wp® T @ (ATH,) 2 = P1)" (wp” " @ (AN H,) 2 )

where k, = 2, k| = k, if ¢ # p. The p-component of the differential of the isogeny (p$')*A — (p§')*A
identifies with the partial Hasse invariant h, and induces a map (p$*)*wy(Dy) — (p$*)*w,. Combining this
with the result for k, = 2, we obtain a map pjw &%) ((np + ky, — 2)Dy) — piw®®)(nD,). It remains to
discuss the case of w odd, which can be treated similarly, writing the correspondence as tensor product of

(5" o ()W and () (e ONH 2 @) = (5w B (AHL) 2R wy)
a7p a7p
where ky = 2, kil =k, — 1if g # p.
Now assume k, < 1. In this case the correspondence is supported on Xo(p)7* and, since the role of
pi"* and p3* is interchanged, we find (p5")*(D,) = p(p7*)* (D). Denoting by D, the divisor (p7*)*(D,), we
obtain that 7}, induces a map (p5*)*(Ox, )p(—nDy) — (1) (Ox, )p(—npDy), which yields the case k, = 0.
For the case k, < 0, we proceed as above and decompose the correspondence, reducing to study the map

(pé”)*w(ﬁ’w) %(p;n)*w(bw)

in the case where k, < —1. The p-component of the differential of the isogeny dual to 7 : (p7*)*A — (p5*)* A
can be identified with the partial Hasse invariant h,. More precisely recall that the composition

-1

m\* myx, —1 (=) myx, —1
(p3")"w, ) w (p3")

Tr*
— (1) w, T — (p3')*w,

! (and multiplication by p*» when taking the k,-th power). Hence the

is given by multiplication by p~
correspondence (pé”)*w::” — (p{")*w];‘“ (which by our normalisation carries a multiplication by p~*v), is

given by (hy)®*» and therefore induces a map (pT)*wS" — (p’ln)*wg" (—kpDy). O

From the previous proposition we deduce the following two corollaries.
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Corollary 4.1.3. For all k, > 1 and n > 0, T, acts on RT'(X1,w®®)(nD,)) and for n’ > n the natural
maps RT(X1,w®®) (nDy)) — RT(X1,w®®)(n'D,)) are equivariant for this action. Moreover, we have a
commutative diagram

RT(Xy,wE) (nDy)) —— RT(X1,wE) ((np + ky —2)Dy))

T, T J/Tp
J/ 41—"’ Ty

RI'(Xp,w®®) (nDy)) —— RI(X1,w®®) ((np + ky — 2)Dy)).

For allk, < 1 andn >0, T, acts on RT(X1,w®®) (—nD,)) and forn’ > n the maps RT(X1,w®E") (—n/D,)) —
RI'(Xy,w®™)(—nD,)) are equivariant for this action. Moreover, we have a commutative diagram

RI(X 1, w®) ((—np + kp)Dy)) —— RF(Xl,w(&w)(—nDp))

T, T JT,,
J/ A/’(” TP

RI (X1, w®*) ((=np + ky)Dp)) — RI(X1,0®) (—nDy)).

Recall that, since T}, acts on finite vector spaces, the sequence (T'),, converges to an idempotent e(T}).

p
The above corollary hence implies the following crucial result.

Corollary 4.1.4. After applying the idempotent e(T,) the horizontal maps considered above become iso-
morphisms, namely if n > 0 then we have isomorphisms

e(Tp)H' (X1, w0 (nDy)) = e(T) H (X1, wE) (np + ky — 2)Dy))  if kp > 1
e(Tp) H' (X1, 0 (=np + ky) Dy)) = e(Tp)H' (X1, (—nDy))  if ky < 1.
We now prove a vanishing result for certain cohomology groups of the special fibre.
Proposition 4.1.5. Fix (k‘p)p such that k, <0 when k, € J and ky, > 2 when ky, ¢ J. Then the complex
RU(k,w)(—D) := (@) (colim) RT(X1, 0" (=D +> nyDy = > nyDy))
" pes N\ g pEJ peJ
is concentrated in degrees [0,1;] where iy = #J and the complex
RT'(k,w) := (@) (colim) (X, w®w) anDp anDp))
" pes N pgs P peJ

is concentrated in degrees [ij,n]. Moreover T, = [],, Ty acts locally finitely on RI'(k,w)(—D) and
RT'(k,w).

Proof. The second statement follows from Corollary 4.1.3, since T}, acts on each term of the limits-colomits.
We prove RI'(k,w) is concentrated in degrees [0,7]. So by duality

<1£n> (colim) H*(Xq,w® kvl anDp anDp
peJ pgJ

v v peJ peEJ
is zero outside degrees [n — iy, n]. Since such complex is R['(2 — k, w) we obtain the claim.
First we notice that RI'(k,w) ~ (lim,, )pesRT(X1\ (UpgsDp),w w)(— > pes MpDyp)). We now use the
stratification

Zo = X1\ (UpgsDy) D Z1 = Z,_y \ (UpgsDy) D+ D Zn = Zj \ (UpgsDp) D Zny1 = 0,

where Z] is the closure of the Ekedahl-Oort stratum of X; of dimension 4, which in our case is given
by the locally closed subspace of X; where the multiplicative rank of the universal p-divisible group is
< 4, which in other words is Up, «p,...2p,,_ z(Dpl N Dy, ---N Dy, ,). By the theory of generalised Hasse
invariants of [Box15], one has that Z] \ Z/_, is affine and we hence have that Z; \ Z;41 is affine (where
for ¢ = 0 the statement holds only 1n51de the minimal compactification). Now we fix (ny)pes and we
prove that H* (X \ (UpgsDy),w®E®) (— YopespDy)) = 0 for i > iy Let w = w (w) (— ZpeJ npDy)
and X7 := X1 \ (UpgsDyp). It follows from [BCGP18, Theorem 3.9.6] that w — Cousz(w) is a quasi-
isomorphism, where Cousz(w) is the Cousin complex associated with the stratification Z = (Z;) given
above. We claim that the cohomology of RI'(X; s,w) is computed by I'(X; s, Cousz(w)). To see this,
we write explicitly the complex Cousz(w) and show that it is a complex of acyclic sheaves. Since it is
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a complex of length iy, this concludes the proof. Let £ := ®p€Jwép_l). By [BCGP18, Remark 4.2.32],
Cousz(w) is given by

O—>cohmw®£ —>cohm@ w®( £k/hk))
peJ

— cohm @ (w@ (ck/ hki, h];j)) - cohmw@ ck/( th —0
piFp;€J pes

Note that w ®LF = (®, 4, (wWs" ©A2(HL) @)/ & (@, 5 (wi T @ A2(HL)@—k0)/2) (= 32 nypDy).
We can replace all the colimits over k > 0 by the same colimits over k > maxyejn,. Moreover, [BCGP18,
Lemma 4.2.31] tells us that
colim £* /(hF
k

K )~ (%nck/(h’;l, co by ) X0\,

Pi
where Dy, .., =Va((ITyes hp) - by, - hyl).

Combining these observations, we obtain that every summand appearing in the (i + 1)—th term of the
above sequence is supported on Va((h’zjl, cel h’;b)) N (X1,7\ Dp,,....p,) for p1,...,p; € J and some k > 1.
This support is equal to (Dy, N---N Dy,) \ (Ugtp,..-p; Dq), which is affine in the minimal compactiﬁcation
again by the theory of generalised Hasse invariants of [Box15] (we can restrict to (Dy, N---N Dy,) the
Hasse invariant defined on Z/,_, and vanishing on the < n—i—1 locus, then our support is the complement
of the vanishing locus of this restriction). Since the sheaves appearing in the exact sequence are acyclic
with respect to the minimal compactification by Lemma 2.3.5 and their support is affine in the minimal
compactification, we have shown Cousz(w) is a complex of acyclic sheaves. Then RI'(X; j,w) is computed

by I'(X1,5, Cousz(w)) and the latter is precisely of length 7 ;. O
We are finally ready to define the objects for which we can prove classicality results.

Definition 4.1.6. Consider (k,w) a cohomological weight as above such that k, # 1 for every p | p. Let
Ty =1y Tos J = {p : kp <1} and iy := #J. We then let

M (k,w) := (m) (eohm) (T H* (X1, 5 (3" ny Dy = 3y Dy)
peJ pgJ

e e peJ peJ

M* (k, w)(~D) := (m) (ﬂ) e(Ty)H* (X1,w®") (=D + 3 " nyDy — Y nyDy))
peJ péJ

np np pEJ peJ

Notice that this is well defined thanks to Corollary 4.1.4, which tells you that there is no ambiguity
when “deciding in which order taking the limits and colimits”.

Theorem 4.1.7. If for all ky,, we have k, < —1 when ky, € J and k, > 3 when k, € J, then there are
isomorphisms

M* (b w) = e(Ty) H*(X1,0®9) and  M*(k, w)(—D) = e(T,) H*(X;,w &) (— D)),
Moreover M*(k,w)(—D) =0 for x > i; and M*(k,w) =0 for x < iy

Proof. The result follows from Proposition 4.1.5 and Corollary 4.1.4, which tells us that, under the above
conditions on the weights, the transition maps in the limits are isomorphisms. O

Remark 4.1.8. The isomorphisms in the statement of the above theorem can be obtained by the
fact that the modules M*(k,w), M*(k,w)(—D) are constant limits-colimits of e(T},)H*(X;,w®®*)) and
e(Tp) H*(X1,w®") (~D)) respectively. However we notice that we have natural maps

(4.1) M (k,w) = (colim)pgse(T,) H* (X1, 0™ (Y " nyDy)) = e(T,) H* (X1, w®),
Tt peJ

(4.2) M (k,w)  (im)yese(Tp) H* (X1, w® ) (= “nyDy)) — e(T,) H* (X1, w®™),
e peJ

where the first ones are given by the properties of limits and colimits respectively and the second ones by
the ones of colimits and limits respectively. Hence, again by applying Corollary 4.1.4, the statement of the
theorem can be made more precise saying that all these four natural maps are isomorphisms if k, < —1
when k, € J and k, > 3 when k, ¢ J (and the analogous statement for the cuspidal version).
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4.2. Characteristic zero theory. Let X be the formal completion of X along its special fibre. It is
the limit of the schemes X,, = X Xgpec r Spec(R/p™). We denote by X°r the ordinary locus of X. It is
defined by choosing a lift of the total Hasse invariant of § 3.2 in characteristic zero and taking the formal
completion of the subscheme X' of X where such lift does not vanish. Even if X°™ does depend on the
chosen lift, X' (and hence X°™¥) does not. We use analogous notation for the formal completion 9t of
M along M; and its ordinary locus 9t°™d.

In order to define the p-adic module we will introduce Igusa towers.

4.2.1. Igusa tower sheaves. We can consider the Z;-torsor over omerd (actually defined over the larger
locus corresponding to the universal abelian variety being p-ordinary)

T 1 I8, = Isom(Z,, Tp(A)*) — omerd.
More precisely one defines the scheme
IGy" = Isomg,, (Z/p", Alp"]*),

with the obvious action of (Z/p")* on the right. The natural morphism J&;"" — M,, makes J&,"" an
étale cover of M,,, with group (Z/p")*. Letting 3&, = colim, lim J®."" we obtain a Z-torsor over the
ordinary locus of the formal completion of M along M.

Let Ay = R[[Z}]] and denote by ry : Z) — Ay the universal character. We consider the invertible
sheaf of Ay®Ogyora-modules

O = (. Og6, ® Ap)Pr .

We can now consider the full Igusa tower, i.e. the (Z;)ZOO—torsor given as follows

71 36 = somapera o, (Zp © Op, Ty (A)) = [ Tsomapera (2, Ty (A)%) L2, qpord,
plp
We then define the sheaf
Q" = (1,056 @ R[[T1, ..., T,)])% < %%

where (ZX)¥= acts on R[[Tt,...,T,]] via the universal character  : (Z))”= — RJ[[T1,...,T,]] and on
7,05 via the action on J&.

For k = (k;); € Z" we write k for the R-valued homomorphism of R[[Ty,...,T,]] induced by the
characters T; — Tzkl ‘We hence can consider the sheaf

0k = 0" @ R.

We now recall the construction of the Hodge-Tate map, which provides an isomorphism between QE and
the restriction over the ordinary locus of the automorphic bundle o®9  constructed in § 2.3.1 using the
torsor 7.

Let B be a R/p™-algebra and A an ordinary semi-abelian scheme over Spec B of dimension n with
Op-multiplication and with polarization coprime to p. Let e be the unit section and assume we are given
a Op-linear trivialisation ¢,, : Z/p"Z ® O — A[p"]*. The dual of this map (using the prime to p
polarisation) gives a trivialisation ¢2 : A[p"]° — ppn ® Op. For n > m, we obtain a (Z/p™)*-equivariant
isomorphism

. *1 (¢,’f)* *)1
(4.3) HT,, »(¢n) : B Op — e Qynoor — €y p,
where the first map is given by sending an element ¢; of the basis of B" ~ B® O to dt;/t. We then have
amap HT,, , : I&™" — Tiamora for m < n. Passing to the limits, we obtain a commutative diagram

jo 1L, T

L~

mord.
Exploiting the commutativity of the Hodge-Tate map with respect to the (Z)"-action we obtain

Lemma 4.2.1. Let k = (k;); € Z"™. The Hodge-Tate map above gives a canonical isomorphism of Ogyora-

modules QE ~ H*E0)
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Proof. Sections of the sheaf QF are rules associating to (z,¢ : Z, ® Op ~ T,(A,)*) € J&(R) an element
f(z,¢) € R such that for every A = (Ap), € (Z;)",

fla,pox™) = [[ N £ 0)

plp

On the other hand, sections of the sheaf @& = (77),07[—k] are rules associating to (z,w : R ® Op ~
e r) € T(R) an element g(z,w) € R such that for every A € (R® Op)*

g(z,wo A~ H)\p"gxw

plp

The claimed isomorphism is then explicitly given by sending g to the rule defined by (z, ¢) — g(z, HT(¢)).
The fact that this is an isomorphism follows as, for example, in [Pil12, §4.2.1-4.2.2]. O

We now want to twist the sheaf Q" by a factor that will allow to recover after specialisation the sheaves
@®) and, in particular, the sheaves w®®) in light of (2.4). We perform a p-adic construction analogous
to the one employed for constructing @®™) and use Lemma 2.3.6.

Let 36" the torsor defined by Isomgporago, (Tp(AY)°, ppe ® Op). Via the Hodge-Tate map, we obtain
a map J&" — T’. More precisely, we define a map (J&")™" — T jonora for m < n. We start with
a trivialisation ¢, : AY[p"]° — ppn @ Op where A is an ordinary semi-abelian scheme over Spec B of
dimension n with Op-multiplication and with polarization coprime to p and B is a Z/p™-algebra. By
fixing a canonical basis of B ® Of as above we find the isomorphism

HTn(60) : B® Op = €' QL oo, L el e

Identifying B ® O = Hompgo, (B ® Op, B® OF), we obtain an isomorphism
(4.4) HT 0 (¢n) : B® Op = Hompgo, (e*QYv 5, B® Op)

defined by g + g o (HT,,n(é,))"!. Passing to the limits, we obtain a map HT : J&" — T’ commuting
with the projections of the torsors over 9t°™d.
We can now define a sheaf of R[[T4,...,T,, 1], .., T,]]-modules.

Definition 4.2.2. Consider T the maximal torus of Resp/q GL2(Z,) and write T = (Z)" x (Z,)" >
(2,t) = (Zt 0 ) We write (k,#') : (ZX)" x T — R[[T\,...,Tn,T},...,T}]] for the character given

0z 1!
by the universal character s : (Z;)" — R[[T1,...,T,]] and the character ' : T(Z,) — R[[T},...,T,]]
obtained by the composition of the projection map T — (Z,)",(2,t) — ¢ with the universal character

(Z;)" — RJ[T},...,T,]]. We then let

K,k A Z;f TxT
(4.5) Q) = (1,058 ®o (WJQSXJ@V)*OJQiXﬁ@V)®R[[Tlu-~-aTn7T1/7~-~7T7/L]])( i ;

where (Z)" x T acts on the Iwasawa algebra by (x, ') and on the factors on the left as follows: the
natural action of the first n-copies of Z; on J& defines an action of (Z; )" on 7,036 and T acts on
(T3ex36V )xO36x36v Via the decomposition T = (Z,\)" x (Z,’)™ and the natural actions of (Z,)" on each
of the two terms.

opord

This is, roughly speaking, the p-adic analogue of what we obtained via the pullback by s of the sheaf
O, in § 2.3.1. Similarly as above, for (k,n) € Z™ x Z™, we denote again by (k,n) the homomorphism of
Z,\[Ty,...,Tn,T},...,T.]] given by the characters T; — T, T/ — (T})™. Let

Qlen) .— r.r") ®em) R-
We obtain the following result.

Lemma 4.2.3. Let (k,n) € Z™" < Z™. There is a canonical isomorphism of Ogpora-modules Qkn) Q(k )

Proof. We prove Q&n) ~ &%) and the result will follow from Lemma 2.3.6. The proof is similar to the
one of Lemma 4.2.1. Sections of the sheaf Q®m) are rules associating to (z,¢ : Z, @ Op =~ T,(A,)%, ¥
Zp @ Op =~ T,(Az)¢ s : Ty(AY)° =~ ppe ® Op) an element f(x,¢,91,92) € R such that for every
A= Ap)p,t = (tp)p, 2= (2p)p € (Z§)7Lv

P 60X W) o (3.0) ) = TIN5 7w, 6,0, 0).

plp
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On the other hand, sections of the sheaf @& are rules associating to (z,w: RQ Op ~ e*Q}%/R, a® pf),

where a: RQ O ~ ¢ Q}A /r B R®Op ~ (e* Q}M/R) an element g(x,w,a® ) € R such that for every
M€ (R®Op)>

g(@wor™ (a@B)u ) = [[ M ' 9(z,w,0 2 B).
plp
We can send g to the rule (z, ¢, 11, 19) — g(x, HT(¢), HT(¢1) @ HT (¢)2)). O

In particular, if there exists w € Z such that k, = w mod 2 for every p | p, we have an isomorphism
=D W)
4.2.2. Descent to the Shimura variety. Let T = [],,(Zp)*. Recall that the sheaf Q") defined above
is a sheaf of R[[T?]] ® Ogpora-modules. We now let Ty = [1,,(1 + pZy), which can be identified with a
quotient of T. We denote by z( the projection to Ty of an element = € T'. Let
A= RI[To x (14 pZ,)]] = (&, R+ pZ,)OR[L + pZ, ).

We have a canonical character (k1,k2) : Ty X (1 + pZ,) — A*, where k1 : Ty — R[[To]], k2 : 1 + pZ, —
R[[1 + pZy,]]. Moreover, composing the canonical projection 72 — T¢ with the map

To x Ty — Ty X (1+pZ)
(Zp)ps (p)p) = ((zpyp ' p,Hy”Q.

we obtain a map R[[T?]] = A. We can therefore define Q(%1:52) = Q(m:r") Qpqrey A Itk € 2™, w € Z and
we assume

(4.6) k:p,w%k" =0 modp—1forallp|p and k,=w mod2forallp|p
the algebra homomorphism (k,n) : R[[T?]] — R induced by the character z, — x];”wp — z," with
ny = w;k‘“ factors through a morphism (k,w) : A — R, since the character factors through the character

of Ty x (14 piy) given by ((wp)py) = y* - [y

By defining an action of the units, we now descend the sheaf Q(*1:%2) to a sheaf of A ® Oyora-modules.
We have a diagonal embedding of Op, , C (Op,y))% in T x T, given by sending z to ((zp)p, (xp)y), where
Ty € Z, is the image of z in the completion of F" at p. Now notice that on Tp, the map z — 22 is bijective.
We denote by z'/? the preimage of 2 € Ty under this map. Finally we let d be the following character

d:0p , — (R[T3])*
= (((#p)p)o" ", (@))o0)-
We define an action of = € 01§7+ on Q) by
2 Q) = Qe _y ),

where first map is the tautological isomorphism (being the construction of Qrr") independent on the
polarisation) and the second one is multiplication by d(x). This action is compatible with the action given
in Definition 2.3.3.

For an algebraic character (k,n) satisfying (4.6) as above, we obtain

(4_7) Q(m,m) ®/\,(E7ﬂ) R~ @(E’ﬂ))mgd-
Remark 4.2.4. For clarity, we write explicitly the action of the units on sections of the sheaf Q(*1:52)  They
are functions f on (4,4, \, @), ¢ : Zp @ O ~ T,(A) b1 : Zy @ Op ~ T,(A)% e : Tp(AY)° =~ ppee @ OF),
such that for any A = (A\p)p,t = (tp)p, 2 = (2p)p € (Z)", they satisfy
-1 1/2
.](.("47L7>‘5057¢OA (d}lv’l/)Q) (() 2*1) ) - ‘%1(()\0 ptOp K/Q Ht A7L7>\a0¢7¢71/)171/}2)~
Additionally they are invariant by the action of the unit ¢, i.e. € f(A, ¢, A\, a, @, 11,102) = f(A, 1, A, @, &, 11,19),
where the action of the units is defined by
€ f(A7L>A7a7¢71/)17’(/}2) = f(Aa L, € )\,Oé,(b, (1/117’(/}2))'
The fact that there exist non-trivial global sections of this sheaf follows from the fact that €*((A, ¢, A, @, &, 1¥1,19))
iS equal to (Aa Ly 62 : >\a «, ¢ O€, (wlan) o (8 2)) and "{1((607}3(6%,;])_1/2%3) ) K’2(H(6(2),p)1/2) =1



20 GIADA GROSSI

Remark 4.2.5. This is a good point where we can briefly draw a comparison with [Hid88, Hid89]. The
construction in op. cit. is of course very different, since the author works with Hecke algebras and on
quaternionic Shimura varieties (via the Jacquet—Langlands correspondence). The reader may however be
confused by the discrepancy on the definition of Weights and universal characters of A. Hida considers the
map T2 — T x Z given by ((2p)p, (4p)p) > ((yp5 g, [T @p)- The character T2 — ZX, xy = xp”,yp
z,? with v, = w;k‘“ factors through the character (v, w) of T' x Z; given by ((ap)p,z) — 2" [], ay’. In
particular these characters are trivial on the units of Op embedded diagonally in T x T', whereas the ones
we considered above are trivial on the units of Op embedded in T x T via € — (¢, €2). This turns out to
be the correct thing to do with our construction in light of the previous remark.

4.2.3. U, and Frobenius operators. Being the cohomology of the sheaves we have just defined too big, we
define some operators, whose associated idempotents will cut out a smaller part of the cohomology for
which we can prove the classicality result.

We define the partial Frobenius F}, : (0€)°'d — (9 ) to be the morphism sending (A LA, Q) >
(A/Hy, V', N, alp), where Hy C Alp] is the multiplicative subgroup of the p-torsion of A, V/, oy, are defined
by the composition of ¢, ax» with the isogeny 7, : A - A/H, and X' = 6. o A, where X is a cp-polarisation
of A/H, determined by the commutative diagram

A/H, ®o, P s A®o, ¢

b b

(A/Hy)Y —— AV

where 7, is the unique map such that the composition A®cp BLN A/H,®0, p SLN A®o, ¢ is the canonical
map with kernel A[p] ® p and 6. : ¢ — ¢p is an isomorphism as in the definition of ps in (2.3), unique up
to an element of (9; 4~ We therefore have an isogeny ﬂ'{? defined by the commutative diagram

7_{,D
A/H, ®o, ¢ —— ARo, ¢

(4.8) lx ] y

(A/Hp)Y —— AY

Hence F, is well defined up to O;y + and it is equivariant by the action of A(K). We therefore obtain a
well defined morphism

Fp o X004 — xord,
The following result follows from [TX16, Lemma 3.14].

Lemma 4.2.6. The trace map Trr, : (F})«Oxora — Oxora satisfies Trp, ((Fy)xOxora) C pOxora.

The morphism F, : ()4 — (M)'d extends to a morphism between the partial Igusa towers
I&, TG over (M) and (M) given by (A, 1, A\, axr, ¢ : Zy = Tp(A)) = (A/Hp,t, N, &,
Z, =~ To(A)H,)®), where ¢ @ Z, %> Ty(A)** =~ T,(A/H,)® and the last isomorphism is induced by the
isogeny 7,. We also have a morphism between the partial igusa towers J&, &, obtained as follows: the
dual isogeny 7, : (A/H,)Y — AY induces an isomorphism Ty, ((A/Hy)Y)® — T,(AY)°. Composing this
with the rigidification ¢ : T,,(AY)® =~ ppe, we obtain an isomorphism ¢ o 7wy : Ty, ((A/Hy)Y)® — pipe
So the morphism induced by F}, on the dual Igusa towers is given by (A, 1, \, axr, ¢ : Zp ~ Ty(AY)*)
(A/Hp, /' N, oyp, pomy : Ly ~ Ty((A/Hy)Y)®). With these constructions in mind, we prove the following.

Lemma 4.2.7. F}, induces two well defined maps
Fy 1 (Fp) Qlren2) o QUrin2) and U, « (F,), QR 5 Qense),

Proof. We temporarily denote by J® the partial Igusa tower (parametrising rigidifications for the étale
p-adic Tate module) and we denote with a subscript the tower above the component 91", First we
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notice that the canonical map Fy, x m3¢, : I&: = IS Xgne/ora meerd obtained by the following diagram

TI36

Fp XT3,
.
j@c/ X gype” ord mc,ord N mc,ord

| :

36, o, e

is an isomorphism. The inverse morphism is given by sending
[(A/H}M L/7 )‘,’ O/KP’ P ZP = TP(A/HP)ét)7 (A’ LA, aK”)] = (Av LA, Qp, 7~T"p_l o ()0)7

where 7, : Ty (A)% ~ T, (A/H,)% is the isomorphism induced by the isogeny m,. We apply Lemma 4.2.6
and the fact that the map F, x 75, is an isomorphism to obtain Trr, ((F})«Oss.) C pOse,, and

Trr, (Fp)« (36 )«O5s.) = (m36_, )« (Trr, (F)+O0356.)) C (136, )+ 056, -

Patching together the corresponding maps, we have the natural pullback map F}, : (F,)*mOsz6 — mO56
and % Trp, : (Fp)«mOs6 — 7,036, which are well defined up to units, equivariant by the action of A(K)
and (Z,)*-invariant.

Similarly, if we still denote by F}, the map induced by the partial Frobenius on the dual Igusa towers
F, : 36 — J®/,, we have again that the canonical map F, x TeY I8! — I8 Xgperora M s
an isomorphism. Proceeding as above, we obtain the pullback map F, : (Fy)*(mex6v)«Osexisy —
(T3ex36v)xOs6x36v and 3 Trp, : (Fp)x(Tiexsev)xOex56v = (Tiexsev)xOrexaev, which are well
defined up to units, equivariant by the action of A(K) and (Z,)*-invariant.

We can then consider the full Igusa towers, where the partial Frobenius on 9t°"? lifts to F, on 36, JBY
and to isomorphisms on all the factors of the Igusa towers for p’ # p. Tensoring with R[[T?]] and taking
T?-invariants we obtain maps of sheaves over 9)t°'d

Fy : (Fp) ) — Q) and Uy = L Trp, : (F,), Q) — Qo)

again well defined up to units and equivariant by the action of A(K). We therefore obtain maps Fy, U,
for the shaves over ¥°™ as claimed. O

We now look more closely to the specialisation of these maps at classical weight k,n € Z™.

Consider the universal isogeny m, : A° — A /H,. The pullback gives an Op-equivariant map T
(Fp)*w — w of sheaves over 9™, Similarly we obtain a map 7} : (F)*(A*H') = A*H! and we therefore
obtain, for any k,n € Z™

(4.9) ™ (Fp)* whn) - En)

The dual isogeny induces an isogeny 7TPD A /Hy, ® ¢ = A° ® ¢ using the prime to p polaristaions. We
therefore find, being ¢, ¢’ all coprime to p, an Op-equivariant map (ﬂf)* cw®n) 5 (F)* wEnD), We can
then construct a map

1

ﬂ,D * *TI’F
(4.10) Unp : (o) 0 (Fy), (F) b 2 )
Lemma 4.2.8. The map F, specialised to weight (k,n) coincides with p=*»="» (W;)(E’E). The map Uy

specialised to weight (k,n) coincides with p~™» Uﬂg.

Proof. Let m < n and recall J&"" = Isom pora (Z/p", A[p"]%), Ty = Isomuy,, (O, , (€*QL)p). where T,
is the p-component of the torsor 7. We have the following commutative diagram

F F,
36;&” : 362%71 (A’L7)\7aKp’90n) }—P> (A/H%[’I?A/va/KPaﬂ-P © L)On)
lHTm,n lHTm_n IHT,,M IHT’"LJL
(7rpD)* ' Dy

E\M%d E— 7;|M2rfd (A7 Ly A; QKrp, (@E)*) }p—> (A/Hm Lla Alv O/[{P’ (ﬂ-pD)* © (@E)*))

D
p

defined by the diagram (4.8); note that we use the fact that ¢, ¢’ are coprime to p. Moreover, to sim-
plify the notation, we denoted by (©2)* the image of ¢, : Z/p® ~ A[p"]*" under the map defined

n

where (7)* is the map induced by the (p-component) of the pullbacks Q — QY s, ©of the dual maps
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in (4.3) (obtained by fixing a basis of Q) ). Similarly, recall (38,)™" = Tsom pora (A [p"]°, ppn ),
Ty = Isomp,, (O, ((€*QYv),)Y). We have the commutative diagram

(jﬁg)m,n L (j@l\;)m,n (A, L, /\,aKp,gan) # (A/HP,L/,)\’,aleaSon o7r;¥)

J/HT"L,TL J/HTTVL,TL IHTm,,n IHTm,n
, ((”:)*)71 ’ “\—1 ()" - ARV V) —1
p\M?,’{d —_— P|M?rfd (A,L,)\,CYKD,((,DTL) ) — (A/Hp7La)\7aKp7(((pno7Tp) ) )

where ¢, denotes the isomorphism Opora — (€*Q4y ), and (p};) " denotes the isomorphism O o —
((e*Q4v)p)" obtained as in (4.4). Moreover the bottom map is given by pre-composing with ((r;)*)~" :

((e*40)p)Y — ((e*Q%A/HP)V)p)V. Passing to the limits, we obtain commutative diagrams

J6 — 3 JeY 16,

(4.11) lHT . lHT JHT J{HT

Vyxy—1

'ﬁMord RELEAN ,ﬁMord |9\/[°rd((M> |;\/l°rd’
where we replaced the partial Igusa towers and partial G,,-torsors with the full Igusa towers J&, 36"
and the G,, ® Op-torsors T, 7", letting F, act as the identity on the components Jﬁq,jqﬁg for q # p
and exploiting the fact that being m, a p-isogeny, the bottom pullback maps are isomorphisms on the
components 7y, 7;’ for q # p. We find the corresponding commutative diagrams on the structural shaves
and taking the (k, n)-components we obtain that the pullback map F), : (Fy)* w®n) — w®En) is therefore
given on the p-component by ((72)*) ™' @[((m)*) "' @ (my)*], where we are identifying, by (H) and the fact
that the polarizations are prime to p, A*Hlg (A/Hy)p ~ (e*Ql), ® (e*Q)y. Under this identification
the natural pullback map 71'; decomposes as

*

N H g (A/Hp)p - NH g (Ap
eyl J':. v my®@Lie(m)) Ol ‘Lg. v
(", gy, )p @ Lie((A/Hp)")p (e"2)p ® Lie(AY)y

and, under the isomorphism [Kat78, (1.0.13)], we can write the second component of the map as Lie(n, ) =
()™ (e*Q%A/Hp)V)v ~ Lie((A/Hy)Y) = (e*Q4v)Y ~ Lie(AY), where here (m))* denotes the map
obtained composing with (7, )* : e QL — e*Q%A/Hp)V. So, since the composition 7 o (71'5)* is given by
multiplication by p on (e*Q}L‘)p and is an isomorphism on the q # p-components, we obtain

Fy=((a))) @ ())& (my)) = p~Fe ey,
On the other hand, again by the commutativity of the diagrams (4.11), the specialisation of the trace

1/pTr
map is given by the composition (Fp), wE%) — (F,),(Fp)* w®En) &

w®n)  where the first map is
given on the p-component by (77)* @ [(m)* @ ((my)*)~!]. As before the natural pullback map (m’)*
decomposes as
(m)"
N Hag (A - N Hag (A/Hp)y
o i_. y (wf)*®Lie<<w5>v8 . i._ v
(e"2)p @ Lie(AY)y ————— (e )p © Lie((A/Hyp)")p,
where Lie((m7)¥) = ((w2)V)* : (e* Q)Y ~ Lie(AY) — (€*Qaypr,yv)" = Lie((A/Hy)Y). The composition
(my)* o ((w)¥)* is given by multiplication by p on (e*QY4v)Y, so we obtain

Up = 3 Ter, o(my)" @ [(m))" @ (m)") '] = p™ ™ Unp.

These maps are all invariant by the action of the units, so we obtain the desired statement for the map
between the sheaves over X°d. O

We now compare these operators with the operator 7}, constructed in § 3.1. As we did for M and
X, the moduli space and Shimura variety of level K such that K, = G(Z,), we can consider 9y (p)
and Xo(p) the formal completion of My(p) and of Xo(p) along their special fibres. The ordinary locus
Mo (p)°™d of Mo(p) is the disjoint union of the loci My(p)t and My (p)™, where the universal p-isogeny
has respectively étale and multiplicative kernel. Passing to the quotient by the action of the units, we
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similarly let Xo(p), Xo(p)™, noting that the kernel of the isogeny is independent on the polarisations. By
construction we have that the two projection maps p1,ps are either an isomorphism or can be identified
with F}, when restricted to Xo(p)“*, Xo(p)™, more precisely

Xo(p)® Xo(p)™
(4.12) =y N n ~g=Fy
:{ord :{ord %ord %ord .

Using the previous lemma, we can prove the following

Lemma 4.2.9. Let F,, and U, be the specialisations of the operators Fy, and U, in weight (k,n), where
n= wak, for w, k as in (4.6). We have the following equalities

(i) T, = p*1F, + Uy when ky, > 1;

(ii) Tp = Fy + p" =™ U, when k, < 1.

Proof. We denote by T}’ aive’ét,Tf @ivem the projection of the restriction of the correspondence Tyeive
over Xo(p)°™ on the component Xo(p)¢* and Xo(p)™ respectively. They are obtained via the pullback
induced by the isogeny 7TpD and m, respectively. By the above observations and Lemma 4.2.8, we have that

F,=p ke T;mwe’m and U, = p‘”P_lT;ai”e’ét. Our definition of the normalised operator T}, gives

T p_np—l(pk:p+7lpr +pnp+1Up) — pk"_le + Up if kp >1
p p—np—kp (pkp+onp +pnp+1Up) — Fp _|_pl—kp Up if k'p <1.

|

Note that, in particular, this lemma tells us that we have T, = U, mod g when k, > 1 and T}, = F,
mod g when k, < 1. This will be crucial in the next section to reduce the classicality result in characteristic
zero to the classicality result we proved modulo g in §4.1.

Finally, we have the following analogue of Proposition 3.1.2.

Lemma 4.2.10. We have D(F,) = U,.

Proof. Using the description of the specialisations of F}, and U, given in Lemma 4.2.8 we can obtain
the claimed result similarly as in the proof on Proposition 3.1.2. Alternatively, this follows by the same
proposition and the equalities of Lemma 4.2.9. |

4.2.4. Construction of p-adic families. Recall that X is the formal completion of X along its special fibre
and we denoted by X; = X Xgpec R Spec(R/pi) the reduction of X modulo pi and by Xfrd the ordinary
locus of X;. In order to define the desired A-modules, we need to extend over X suitable quotients of the
sheaf Q(#1:%2) which is only defined over X°'4. We start by considering a general framework.
Let F be any quasi coherent sheaf defined over X™. Let Z the sheaf of ideals corresponding to the
divisor D; = X; \ X%, we can write it as Z = [[ Z,, where Z, is the sheaf of ideals corresponding to D;;.
We consider an extension F of F over X;. In particular we have

(4.13) G F = colimZT~*F

‘
where j denotes the inclusion j : X;’rd — X;. Let J C X, consider m = (m;);gs € Zﬁézw_”
(nr)reg € Zﬁg and let

=

H} (Fmw = H (X, [ 277 T] 72 F),

TgJ T€J
Hz*] (F) = (@) (colim) H (F)mn.
nr /) rej mr TEJ

These modules may a priori depend on the extension F of F. We now go back to the Igusa sheaf, quotient
it by a certain A-ideal so that is a quasi coherent sheaf over X' and show that it has a locally finite
action of the operator

(4.14) 7= [ Us [ -
pgJ  ped

We can then apply the idempotent e(T;) to H; */(F) and we show that the obtained module is independent
on the choice of F.
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Let A = R[[(Z))?"]]. Recall that we defined the sheaf of A ® Ogpora-modules Q%) in (4.5). We
will now define truncated versions 0f~this sheaf using J&™", (36Y)™¢ the level p™ Igusa towers on the
reduction modulo ' of M. Let A; = R/p'Z[[((Z/p'Z)*)*"]] and let mp,,; = I&™" — M4 7/

IG™ x (36Y)™1 — M. For m > i let (K., K, ;) @ ((Z/p™)*)*" — A the natural character that
factors through ((Z/p‘Z)*)?". We let

(k,5")

Qm,i = (((Wm,i)*ojesm»i ®OM9rd (ﬂ-;n,i)*oﬁc’j"“iX(J@V)mvi) & [\i) [(Km,is K:;nz)]

This is a sheaf of A;® Ogpora-modules. Let us denote by m; the kernel of the map A — A;. We have natural
inclusions f; C ®;_; and the kernel of the natural map A; — A;_; can be identified with f;_; /m;. These

maps induce the horizontal maps in the diagram

b —— ol

l [

where on the other hand the vertical maps are induced by the natural maps between the Igusa towers. Let
Q) = colim,, Q). We then have Q%) = lim, Q7). We can identify QU = Q) /m,, which
is a quasi-coherent sheaf over M?7<.

Let A; = R/¢'[(1 + pZy/1 + p'Z,)"T!]. Let m; be the kernel of the map A — A;; we have a natural
surjective map ]\i/nﬁi — A/m;. The sheaf Qr1m2) = Qr.r") ®x A over M4 can hence be written as
lim, Q') i @R jm; A/m; = lim, Q(#1:%2) /m;. From the above construction and the definition of the
descent datum in § 4.2.2, we obtain that the above description remains valid when we descend Q(%1:%2)
and Q(F1:52) /m; to sheaves over X°'4 and X9 respectively.

Finally, we denote by Q(*1:%2) /m;(—D) the Oyora @ A-modules (Q"1:%2) @,
where D is the cuspidal divisor in X. '

Oxora(—D)) @ AJ/m,,

xord

Proposition 4.2.11. For any i > 1, let F; := Q"152) /m; and Fi(—D) := QF1:52) /m; (- D).

(i) The natural map X{™ — X219 induces a well defined map HZ*JF{ (Fis1) = H(F) and, similarly,
a well-defined map HZJFJI (Fiy1(=D)) = H (Fi(=D)).
(ii) The operator Ty acts on H*’ (F;) compatibly with respect to the maps H:;‘{ (Fiy1) = HP'(F).
Moreover Ty is locally finite on lim, HZ-*’J(]:}). The same statements hold for Hf"](}_"i(—D)).
(iii) H'(Fi(=D)) =0 for « > #J, H"(F)) =0 for « < #.J
(iv) The modules e(TJ)H;’J(.E),e(TJ)Hf’J(fi(—D)) are independent on the choice of the extension

Proof. We start by proving (i). Recall that, as explained in 3.2.1, the natural map X; — X,;;; maps
p- D+ to the divisor D ;1. Hence the map induces Hf 1 (Fit1)mn — H} (Fi)pm,pn, Where (pm); = pm,
and similarly for pn. Since we can rewrite H;’J(]:') = (@nT)TEJ(mmT)TgJMi*(]:—)pm,pﬁ we obtain the
desired map passing to the limits-colimits.

To prove (i), we exhibit a continuous action of Ty on H,’ /(F;) compatible for all i’s. Once we have
that, in order to prove that the action is locally finite, it is enough to prove it for ¢ = 1. Then we can
use [Pil20, Lemma 2.1.2] to deduce that T is locally finite on the limit. The statement for ¢ = 1 follows
from the isomorphism we will find later in (4.16), which is compatible with the action of T); on the left
and T}, on the right by Lemma 4.2.9. Moreover we have that T}, is locally finite on the right hand side by
Proposition 4.1.5.

For every p, we can decompose Xo(p)9™d = Xo(p)$* U Xo(p)™, where Xo(p)$* and Xo(p)™ are the
components where the universal p-isogeny has étale and connected kernel. Using the diagram (4.12), we
can think of Fj : F;Q(”l””) — Q12) (respectively Uy @ (Fy),Q152) — QK1:52)) ag a cohomological
correspondence p3(QF152) /m;) — p! (QF152) /m;) on Xo(p)$*d given by F, on Xo(p)?* and by zero on the
other component (respectively by U, on Xo(p)¢* and by zero on Xo(p)). From (4.13) we get that there

exists £y, £}, such that I, (respectively Uy) induces

F, phFi — p!l(I_é'@']:'i)7 (resp. U, phFi — p!l(I_%J:'i) )



HIGHER HIDA THEORY FOR HILBERT MODULAR VARIETIES IN THE TOTALLY SPLIT CASE 25

Moreover, when restricting tf) Xo(p)7" (respectively Xo(p)S"), there exists hy, hj, > 1 such that p3 (Ig") C
pi(Zy) (resp. p5(Z,) C pY (I;L‘“)) and p5(Zq) = pi(Zq) for every q # p. This gives us maps

Fy:H (X, L™ [[ 2™ [ zooF) — 5 ([ ze™ " [[ za° " 7).

qgJ p#£qEJ qgJ p#qcJ
Uy B[] 2 [ 250 F) = B G2, "7 % [ 2™ % [Tz 7,
qgJ qeJ p#agJ qeJ

where p € J and p ¢ J respectively. We can deduce that there exist h,h’ € (Z>1)", L,L" € (Zx()" such
that, for every m € (Zso)" #7/,n € (Z>0)*”, T gives a map
(4.15) Ty B (F)man) = H (F) @ mrrn-v).

One can take h = (hy), € J,h' = (h}), & J and we can replace the £,’s, £;’s to be big enough such that
[Tqes ha | €5, 4, for every p and, choosing an order py,...,ps € J,p,...,p; & J, we can take

r j—1 s s j—1
L= kzl% - (zjl o)/ hp; + Zépu; L = hiy (zjl lp, + ;E;,k) + by
c= u= u=y U= o=

Taking the limits-colimits, we therefore obtain a continuous map T : H;*’ (F;) = H*’(F;). Tt is not hard
to show that the maps (4.15) can be chosen to be compatible with respect to the maps X; — X;11. This
concludes the proof of (ii).

In order to prove (iii), the key ingredient is Proposition 4.1.5. Firstly we treat the case i = 1. We
consider the following module, obtained for any (k,n) € Z?" as in Proposition 4.1.5:

H*(k,w) := (@) (Colim> H*(th(&w)( Z nyDy — Z npDy)).
piky <0 pikp>2

p Ty prky>2 pkyp <0

By definition, we find that Q(*1%2) /m; is isomorphic to the sheaf w®®) where kp,w: Zy — F) are any
characters factoring through the trivial character Ty x (14pZ,) — F,’. We can then choose k, = —2(p—1)
when p e J, ky =+2(p—1) when p ¢ J and w = 2(p — 1). We obtain

(4.16) Hy'(Fy) ~ H* (k,w),
Then Proposition 4.1.5 tells us that H;*/ (F(—D)) # 0 only if < #.J and H}*/ (F1) # 0 only if % > #.J.

Now consider the following exact sequence of sheaves over X ffr‘}

0 = Fit1 @n/misy Mi/Mig1 = Figr = Fir1/(Fir1r OAa/myp, Wi/Mip1) — 0.
Since the first sheaf is isomorphic to F; and the third one to F;, we obtain the following long exact sequence
(4.17) o HITVNF) = HY(F) = HE(Fipn) — HY (F) — HITY(F) — ..

This follows similarly as in [Har72, §3(a)]; one needs to choose the extensions of the sheaves to X;41 in
order to still have a short exact sequence of sheaves over X; 1 and then the long exact sequence is obtained
using the fact that the colimit functors are exact and so are the inverse limit functors (since the modules
Hf, (Fit1)mn are finite R/p"'-modules and hence their inverse system varying one n, satisfies the
Mittag-Leffler condition and similarly for H;,;(G)m,n for G the other sheaves in the short exact sequence).
We can similarly obtain analogous exact sequences replacing the shaves with their cuspidal versions.

We have proved that H;*/ (F(=D)) # 0 only if * < #J and by induction and using (4.17), we obtain
H;’J(}_}(—D)) = 0 only if x < #J for every i. We obtain similarly the vanishing statement for H;’J(}_}).

We finally prove (iv). We now fix 7 and to ease the notation we write F for the sheaf F;. If we have two
sheaves F, F' extending F, the sheaf 7 N F’ also extends F, hence we can reduce to prove that if 7/ C F
are two sheaves extending F to X;, then H/ (F) ~ H ' (F).

In particular, under this assumption, we have that the sheaf F/F’ is supported on a subset of UplpDyp.i
hence we find that there exists ¢ > 0 such that Z!F C F’ and therefore for any m € (Zso)" #/,n €

(Zs0)#’ (with m, > t) we find maps

o

(4.18) H (F)m—tmst = H (F ) = H (F)mn,

2

where (m —t), = m, —t,(n+t), = n, +t. Consider the cohomological correspondence T';. As discussed
above, from (4.13) we get that there exist L, L', L;, L} such that T induces
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Assume without loss of generality that L > L,,L" > L/, so that we can write T - H;’J(]?{)(m,ﬁ.ﬁ) —

H ‘](.7-' )(h'-m+L’ n—L)- Moreover we can replace ¢ by a bigger integer and we can therefore assume that

(ITpes hw) | t and we have maps as in (4.18). We find the following diagram

H:(fl)m,m H‘*(-;E)m.h

H (F)ym+L/ m-L H (F)wm+L/ m—L

where f is given by the first map in (4.18), the horizontal arrows are given by ' C F and the maps
from the bigger square to the smaller one are given by the connecting maps H;(G)m.n — H;(G)m' n for
m, < ml for every T & J, n; > nl for every 7 € J.

Taking the limits-colimits we obtain continuous maps T € End(H;" T(FY)), Ty e End(H:’J(]:')) and a
commutative diagram

i (F) —— HY(F)

T e J{T‘,
J« TS

H(F) s B
which implies that the map e(T)H,” (F) = e(Ty)H’ (F) is an isomorphism. O

We now define the following A-modules

H3 Qo)) = lim B (F), M5(Q™) = lime(Ty)H; ™ (F)

[

where the limit is taken with respect to the maps of Proposition 4.2.11(i).

Remark 4.2.12. Note that a priori the module H}(Q(“l””)) may depend on the chosen extension of the
sheaves Q(*1:%2) /m; from X9 to X;, but the definition of M7%(Q(*1%2)) is independent on such choice
by Proposition 4.2.11(iv). Moreover, the definition of M*%(Q(%1:%2)) is also independent on the order in
which we take the limits and colimits in the definitions of H ’J(J:'i). More precisely, writing J = J; U J3,
J¢ = Jy U Jy, for J; C Yoo, one could define M%(QF152)) = lim, e(Ty)H " (F;), where

HY(F) = <m) (colim) (@) (colim) HX(F)mn-
N/ ored; Mz /Joredy N/ rels Mr /red,

The definition of M*%(Q(*1:%2)) is the one for the choice J3 = Jo = (). We have natural maps between the
M%(Q51:52)) for different choices of J; and for different ordering in each subset J;. Using the isomorphism
(4.16), Corollary 4.1.4 and Lemma 4.2.9 we obtain that these maps are isomorphisms modulo the maximal
ideal m. Since all these modules are finite projective over A (which we prove in Theorem 4.2.13 below
for J3 = J = () and follows similarly in general), Nakayama’s lemma implies that the Mj (Q("l””)) are
isomorphic A-modules.

In order to state the main theorem, we first write maps, which are the characteristic zero analogues of
(4.1)-(4.2) in Remark 4.1.8, obtained using the universal properties of limits and colimits

H(QrR2)) —>hm(cohm)T¢JH X, [[ 7™ F) <—hmH (Xi, Fi),
TEJ

HJ(Q(’“”"“))<—hm(hm)T€]H X, [[z2-7) —>hmH*(Xl,f,)
TeJ
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Moreover, using the isomorphism (4.7) for any algebraic character (k,w) satisfying (4.6), we obtain

(4.19) Q1) @4 () R - lim(colim) g B (X, [] 227 w®) o B (X, 0®),
i omr rgJ
(4.20) H3(QU 72y @4 ) R 4 lim(lim) e s H* (X, [[ 227 w®™)) — H* (X, w®®)).
i nr TeJ

Theorem 4.2.13. The A-module M*%(Q%1:52)) is finite and projective and M4 (Q¥1:52)) = 0 if x < #.J.

Let k € Z", w € Z such that ky, wak" =0 modp—1 for every p | p, w =k, mod 2 for every p and

ke <=1 forped, ky >3 forpgJ. Then
M;(Q(m,m)) DA, (ko) R~ €(Tp)H* (X,Q(E’w)),

Proof. The vanishing result follows from [Pil20, Proposition 2.2.1] and Proposition 4.2.11(iii). Moreover
M j(Q(’“"‘Z)) is free over A by applying Nakayama’s lemma and the fact that (4.16), together with Theorem
4.1.7, implies that the module is finite modulo m. In order to prove the classicality result, recall that,
thanks to the condition ky, “

Tk" =0 mod p— 1 for every p | p, by (4.7), we obtain an isomorphism

MPQE ) @ 4y R~ HE (@E) ),

where the right hand side is the limit over ¢ of (@np )peJ(COhmnp Yogse(Ty)H#* (X, [Toes " [loes I,°
Hence applying the projectors, (4.19) and (4.20) give us maps of free R-modules

wEw)y,

M5 (QEF1R2)) @5 (1) R — lim e(Ty)(colim) gy H* (X, [ Z7™ w®)) — e(T,) H* (X, w®)),

TEJ
M3(QU152)) @5 )y R lime(Ty) (lim) e H* (X5, [[ 707 w ) — (T, H* (X, w®™),
@ nr TeJ

where we used that, by our assumptions on the weights and Lemma 4.2.9, the projectors e(Ty) and e(T})
are the same. The classicality result modulo g (Theorem 4.1.7, combined with Remark 4.1.8) and Lemma
4.2.9 imply that these maps are isomorphisms modulo p. By Nakayama’s lemma we deduce that they are
isomorphisms over R. O

Remark 4.2.14. We obtain the analogous result if we consider cuspidal cohomology, i.e. Mj(Q("“"‘z) (=D)).
In this case, by [Pil20, Proposition 2.2.1] and Proposition 4.2.11(iii), this module vanishes for x > #.J.

4.3. Duality. The goal of this section is to define a pairing
(=, =) HE/(QUm2)y 5 g77°(Q@-m—12m) (L D)) 5 A

interpolating in classical weights the Serre duality pairing. Let us fix J C ¥, and let iy = #J. For every
1, consider the modules

Am,ﬂ = HiJ(Xiv H I;mT H I;LTﬁl)v

TE¢J T€J
By = H"0 (X, [ 20 T 27 Fi @ (w2 7D (-D) @ A,))
TEJ TeJ

which come with the Serre duality pairing, that we denote by

(=, =Ymmn * Amn X Bmon — Aj.

Recall i (F)) = (lim,, ), (colim,, ), Amn and let
H;l*i(],‘]c (]f"z) = (m) (colim) Brin-
mr/ rgJ nr TEJ
Lemma 4.3.1. The pairing (—, —)m.n induces a well-defined pairing

(=, =)t H IV (F) < HP 9 (F) = A

Proof. For any q ¢ J,p € J, let 14 € Zn—#J 1, € Z#7 be the vectors which are equal to zero everywhere
but at the g-th (respectively p-th) place, where they are equal to 1. Hence we have maps

Amg Any anq nyp
Am,ﬂ ? Aerlq,ﬂa Am,ﬂ Am7ﬂ*1p7 Bm,ﬂ Bﬂ*h{yﬂ’ Bm,ﬂ ? Bm,ﬁ+1p~
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Since the pairings (—, —)m.n are just obtained by Serre duality, they are compatible with respect to these
maps. Namely, the following diagram is commutative

Am—14n X Bm-1,n

(== )m-14,
lamq71 bqu CmThan

<_7 >

Amn X Bpa —3" A
n bn, —
[ ] A s,
Amn-1, X B -1,
Therefore the pairings (—, =), » induce a well-defined pairing on the limits with respect to these maps. O

Let Q@—r1=02)(—D) = w&~D(=D) @ Hom(Q":#2) A @ Ogora). Taking the limit over i, we obtain
from the previous lemma, a pairing
(=, =) HY (QUeor2)) s g7 (QB=0=r2) (D)) — A
Note that we have an isomorphism of A ® Oxora-modules Q2~#1:7#2) (D) o Q<1:52) (~D) @4 » A, where
¢ is the automorphism of A induced by the character
¢ (L +ply)™ "t — A

((zp)p,y) = Hxi ~R1((wp)p) TR (y) T
P

which commutes with taking the twist of Q%) by the homomorphism of R[[(Z,)?"]] induced by the
character ((zp)p, (Yp)p) = [1, x%y;l k((2p)p) "' ((yp)p) . Note that, similarly as in the proof of Propo-

sition 4.2.11, we have a well-defined action of the operator T;c on HﬁJc(Q@"‘l"“?)(—D)). Moreover,
the classicality result (Theorem 4.2.13) for this module reads as follows: for k € Z"™, w € Z such that

kmw%k"zo mod p — 1 for every p | p, w = k, mod 2 for every p and k, < —1 for p € J, k, > 3 for

p ¢ J. Then
ME (=782 (D)) @4 () R~ e(T,) H# (X, w270y,
where Mﬁjc(Q(Q_“17_“2)(—D)) is defined, similarly to MﬁJC(Q(”lm)(—D)), by applying e(Tjc) to the
module H%" (Q@=r1.=r2) (_D)).
Theorem 4.3.2. (i) For any (f,9) € H}#J(Q(’“’”?)) X H#CJC(Q@*’“””?)(—D)), we have
(T5f,9) = (f,Tse9),
and hence the pairing restricts to a pairing
(= =) s M (@) s M (@72 (= D)) — A

(ii) It is a perfect pairing compatible with Serre duality, namely, for any J C Y and classical weights
(k,w) as in Theorem 4.2.13, the following diagram commutes

MF7( Q52 @p (1) R x Mﬁjc(ﬂ(zm’nz)(m)w R

e(Tp) H# (X, wt)) X e(Tp)H" #/(X,w* 5= (~D))

where the bottom pairing is the restriction of the classical Serre duality pairing on the ordinary
part of the cohomology.

Proof. Recall that Z"*' C Homeont((1 + pZy)™t*, Z5) is dense, where the embedding is given by sending
(k1,...,kns1) to the character (x1,...,%,11) = [[2¥. Consider the subset of Z"*! given by H C
((p—1)*Z)™*!. Since (p — 1) and p are coprime, this set is again dense in Homeon (14 pZy,)"*!, Z)) and
hence for M = H#J(Q(””l’“"‘)) or M = HﬁJC(Q(Q_”l’_“"’)(—D)), the map M — [[ wyenr M ®@w) R is
injective and so is the map A — H(k,w)GH R. Hence to prove the identity claimed in (i), it is enough to
prove it for the pairing specialised in weight (k,w) for every (k,w) € H, which is a pairing

HY (@) x HY (@27 (=D)) = R
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Then the statement follows using Lemma 4.2.10, which tells us that, when specialised at classical weights,
F, and U, are dual to each other for every p.

In order to prove that this pairing is perfect, it is enough to prove the commutativity of the diagram in
(ii), since the bottom pairing is perfect. By construction, we have a commutative diagram

H.:]#J(Q(nl,rm)) ®A,(E,w) R % Hﬁjc (9(27/{1,7&2)(_1))) ®A7(E,w) R

l |

lim, (colim,, Vrgs H#/ (Xi, T], g, Ty w®®))  x o dimy (lim,, )rgr H# (X, TT, 0y T w®))

H#J(ng(&w)) % H"f#J(X,g@*E’*w)(—D))

where the vertical maps are the ones obtained in (4.19) (for the left ones) and in (4.20) (for the right
ones). As before, since the projectors e(Ty) and e(T},) are the same for our choice of (k,w) we can
write analogous maps for the image of such projectors. We need to check the pairings commute. This
follows from (i). Indeed the top square is commutative by construction. For the bottom one, if we take
f€e(T,)H* (X, w®")) and g € lim, e(TJ)(@mT)TgJH#JC (Xi L gs 27 wEw)) we obtain

(C(T2)i(1),9) 2 (1)), e(Tr)g) 2 Gi(F),g) = (£:3(9) E (e £.3(9) E (F.e(T)i(9)),
where for (a) and (a’) we used part (i) of the theorem and Proposition 3.1.2 respectively and for (b) and
(b') the fact that the projectors are idempotent and g lies in the image of e(7},), f lies in the image of
e(T) respectively. The remaining equality follows from the commutativity of the bottom part of the above
diagram. (|
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