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Abstract. We presented recently a new method to design a non-conforming
space-time scheme for the wave equation [10]. We introduce here a new concept
of stability for domain decomposition, including perturbations on the boundaries
of the numerical subdomains. We prove that our scheme is stable in that strong
sense, and overall second order in time and space, for a constant velocity.
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1 Introduction

When solving a partial differential equation in domains where small scales and
large scales are present, it is often desirable to use small meshes in some parts of
the domain. For stationary problems, domain decomposition methods with non-
matching grids have been developed, in connection with finite volumes or finite
elements discretization methods [3, 4, 13]. More recently, mortar element methods
have been coupled with optimized Schwarz algorithms [1].

When dealing with the wave equation, refinement in space implies a refinement
in time, as the coefficient cAt/Ax has to be, for example for the leapfrog scheme,
close to 1 [15]. The key point is how to connect the schemes on the interfaces of
the numerical domains. This is often done by interpolation of the node values on
the interface [2]. A complete analysis of this procedure in the case of the leap-
frog scheme has been done, and new transmission conditions using discrete energy
estimates have been proposed [5, 6], which are stable, in the energy norm, with
respect to the right-hand side in the equation and the initial conditions. As far as
we know, no evaluation of the order of convergence is available . For non linear
conservation law, a refinement strategy leads to a convergence result [14].

Our approach is different and relies on the use of Schwarz waveform relaxation
algorithms [10]. The wave equation in R x (0,T) is first written as a collection of
wave equations in ; x (0,7") with perfectly transmitting conditions on the bound-
aries between neighboring subdomains. We then discretize in time and space using
finite volumes, which allows us to naturally take the transmission conditions into
account. In the interior of the subdomains, finite volumes produce the usual leap-
frog scheme. The transport operators on the interfaces are naturally discretized by
a Lax-Wendroff scheme. The space and time steps are chosen independently and
optimally in each subdomain, and the solution is transmitted to the neighbours by
a projection procedure. We proved the procedure to be stable for v < 1 in the L?
norm, for a constant time step [11] . Furthermore, we showed numerical evidence
that, for any type of mesh refinement, the scheme is overall second order in time
and space. This paper is devoted to proving this result.

We introduce here a new stability concept, including a perturbation on the inter-
face. In the case where the velocity is constant throughout the domain, we prove
the scheme to be stable in that sense. This relies on energy estimates, and an
extension lemma. As a consequence, we prove the scheme to be second order in
time and space on a sufficiently short time interval. This, together with the use of
time windows [10], produces on any time interval a second order scheme.

In Section 2, we introduce the continuous problem, and the concept of stability.
We prove the well-posedness through an extension lemma and energy estimates.
In Section 3, we study the discrete problem. We set the scheme, and give the a
priori estimates, which will be useful to study the well-posedness. We write the
transmission conditions, and prove the well-posedness, assuming an extension re-
sult, which is proved at the end of the Section. The order of convergence follows



from the stability result.
So far, the proof is valid only for constant velocity, but the results should extend
to variable coefficients.

2 The continuous problem

2.1 Definitions

We consider the one dimensional wave equation with wave speed c,

1 0%u  0%u
= 2@ 08 9 f (1)
on the domain R x (0,7"), with initial conditions u(-,0) = p and %(-, 0)=g¢q. Ifp
isin H'(2), ¢is in L?(Q), and f is in L2(2 x (0,T)), there exists a unique solution
win C°(0,T; H(Q))NCL(0,T; L3(Q)). If furthermore p is in H%(Q), ¢ is in HY(Q),
and f is in H'(0,T; L%(Q)), u is in V(Q) := C°(0,T; H*(Q)) N CY(0,T; H*(Q)) N
C2(0,T; L*(Q)) [7]. All throughout the paper, we will assume that it is the case.

2.2 The transmission problem

Suppose €2 = R is divided into connected subdomains Q; = (a;,a;41), i =1,--- , I,
a; < a; for j < i, and a; = —o0, ary1 = oo . Solving equation (1) in R x (0,7)
amounts to solving the equation in each subdomain §2; with transmission conditions
on the interfaces I'; = {a;} x (0,7T) given by the continuity of u and its normal
derivative. We define the transmission operators

_ 1
B =——0,—0,, B =

i c_(a;) i
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Oy + O, 2
cr(aiy) ®

where cy () = lim._,g ¢(z £ €), and solve in each subdomain 2;
DuZ-:fin QZ‘X(O,T), (3)
with transmission conditions on I';,

B ui(a;,-) = B; ui—1(a;-) in (0,7),

Bf ui(aiy1,-) = B wip1(aip1,-) in (0,7), @)
and initial conditions
Ou; .
u;i(+,0) = p, Er (-,0) = ¢ in Q;. (5)

The transmission conditions together with initial conditions are equivalent to en-
forcing the continuity of the function and its normal derivative, so that for any %
we have u; = u/Q;.



2.3 The Schwarz waveform relaxation algorithm

We now define a Schwarz waveform relaxation algorithm by

Ouf = f in Q; x (0,7),
( (2 ) = Bz_ ug—_ll (ai7 ) in (O,T),
B U; (az-i-la ) = B “z+1]L (@iv1,-) i (0,7), (6)
( 0) = p in €,
( ) = q in in
where by convention B; (u)_;)(a;,-) = d; and B (uY, )(ai41,-) = d;" are arbitrary
initial guesses. For ease of notation, we defined here ulg := 0 and ul}’ 41 =0, 80

that the index ¢ in (6) ranges from 7 = 1 to ¢ = I. In order to obtain sufficiently
smooth solutions, we introduce compatiblity conditions on the initial guess

c_ gai)q(ai) - g—i(ai) =d; 1

Jp
S —— lag1)=df; 2<i<I. (7
)+ g =df 2<i< L ()
Theorem 2.1 Problem (3), (4), (5) has a unique solution {u; <<y in U;V ().
For any data df[ in HY(0,T) satisfying the compatibility conditions (7), algorithm
(6) is well-posed in U;V (). If ¢ is constant in each subdomain, equal to c;, the

Qi1 — a4

algorithm converges in two iterations for T < Ty = 111<ain , i.e. we have

<i<I C;
uf = u; in each subdomain. If ¢ is continuous at the interfaces, uf converges to u;
in the energy norm. Furthermore we have the energy estimate

1 1
ZEQZ- (us)(t) < §eT(||C||2Lo<>(Q)||f||%2(QX(O,T)) + ||8mp||%2(9) + ||Eq||%2(9))7 (8)

where Eq(u)(t) is the energy of u in ) at time t,

Fo(u)(t) = 3111 00u(, ) 320 + 102,020y ) )

Proof The existence and uniqueness for problem (3,4,5) follows from the
equivalence with problem (1). The well-posedness for the algorithm comes from
energy estimates and a Galerkin method [16]. The proof of the convergence in
the norm of energy is inspired by the analysis for Helmholtz equation [8], and we
show it here for completeness, although it was first given in our study on Schwarz
Waveform Relaxation [10]. For u;, solution of the wave equation in each subdomain
Q;, the following equality holds:

Eq,(u;)(t) + i/o [C(ai)(gitlui(aias))2+C(a¢+1)(l3;rlui(ai+1,s))2] ds
= i/ [c(ai)(Bz’_ui(aiﬂs))2 + C(ai+l)(6jui(ai+1,8))2] ds (10)
0

+ / (F (- 8), Bpus -, 8)) L2 + Beo () (0).
0
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Consider first the convergence of the Schwarz waveform relaxation algorithm
(6): we define e = uf — u;, and set the data to zero. We use the transmission
conditions and sum up on the subdomains. We obtain by a translation of the
indices

I

I t
S B0+ 3l | [ ek 4 (5 ek stas )Pl

I t
= iZc(ai) [ /0 (B ef = ai, )2 + (B (e (ai, 5))?] ds].

=2

This proves that, for any ¢, the sequence

I t
ap = cla; +oefa;, 5))? ~eb (a;,$))?]ds
=3 (@) | [ 1B ckos5)? + (B a9 ]

is decreasing, and since it is positive, it converges. Then aj — a1 tends to zero,
I

and the energy ZEQZ (u¥) tends to zero in L>°(0,T). Therefore, the Schwarz

1=
waveform relaxation algorithm (6) converges. Turning back to the solution of the
coupled problem, we obtain in the same way,

S B (w)(0) = 3 [ (£, 009 + 3 B ) 0),

Using the Cauchy Schwarz inequality and the Gronwall lemma, we get (8), which
completes the proof. |

2.4 Well-posedness

We now study the stability of problem (3), (4), (5) with respect to the right-hand
side, initial conditions, and transmission conditions: we add a perturbation g;” on
the interface a;, and gj on the interface a;41, and use the transmission conditions

Bz_ U; (ai, ) = Bz_ U;—1 (ai, ) + gz-_ in (O,T), (11)
B:_ U; (az‘+17 ) = B:_ Ui+1 (a2-+1, ) + g;_ in (0, T).

In order to obtain an energy estimate, we now build a special solution of the wave
equation:

Proposition 2.1 Suppose the wvelocity is constant in Q@ = R. For T < Ty =
ming<j<; “===, for any g; in L%(0,T), there exists w;_, solution of the homoge-
neous wave equation in ;1 x (0,T), with zero final values, supported in the cone
C; ={(z,t) € Qi_1x(0,T),c(T —t)+ (x—a;) > 0}, such that B; w;_; (a;,-) = g; .

b}



Symmetrically, for any g;r_l in L*(0,T), there exists w:r solution of the homoge-
neous wave equation in Q; x (0,T), with zero final values, supported in the cone
C = {(z,t) € Q;x(0,T), —c(T —t)+(x—a;) > 0}, such that B | w; (a;,-) = g ;.
Furthermore we have

— _ C
Eo, (w_)(t) < 7 llg; T2y, Balwh)®) < 5 lg5llz20r)  (12)

=10

Proof Since the velocity is constant, wj is a function of z — ¢(T" —t), and w;_,
is a function of x 4+ ¢(T" — t). They can be given explicitly, for instance

e [T
wj(:z:,t) =3 / gf_l(s) ds.

—a;
By

Energy estimates analogous to (10), but backward in time, give for instance for

c T
Pa(wh) + 5 [ (BT aws)? + (BFuf (ain,9)?]ds

T
= 1 /t (B it (aiy 9))* + (Biwif (aig,5))?] ds.

Since w;~ vanishes identically on a;41 % (0, T), and since B; w; (a;, ) = 0, we obtain
+ c [T 2
Fo(wH®) = § [ 1o 1(s)ds,
which has (12) as a consequence. [ |

We deduce the well-posedness:

Theorem 2.2 For constant velocity, the transmission problem (3) with perturbed
transmission conditions (11) has a unique solution {u;}i<i<r, and there exists a
positive constant o such that the following estimate holds

I
Z Eq,(u)(t) < ae’| ”f”%Q(QX(O,T)) + Hasz%%Q) + HQH2Lz(Q) +ZZ Hgiiﬂiz(o,T)]-
i + =1
(13)
Proof Using the construction in Proposition 2.1, we rewrite (11) as

Bz_ U; (ai,-) = B (Ui—l —I—wl__l) (ai,-) in (O,T),

Bf ui(aiv1,)) = B (wir1 4w ) (aiy1,-) i (0,7).

Since w; and B; w;" vanish identically on {a;} x (0,T), we have

B; (u; + w; +wi+)(al-,-) = B; (ui_1+wi__1+w:r_1)(ai,-) in (0,7),
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and symmetrically at a; 1. We thus define w; = w; + w:r in ;, and v; = u; + w;.
The transmission conditions on the v; are homogeneous, which gives the existence
of the w;. Furthermore we have, by estimates (8),

1 1
> Eo,(vi)(t) < EGT(C2HfH%,2(Q><(O,T)) +> Eo, (wi)(0) + [|0:pll72(0) + ”ZQH%Q(Q))a

and using the estimate in Proposition 2.1, we obtain (13), from which the unique-
ness follows.

Remark 2.3 The proof of the theorem could seem unnecessarily complicated, since
solutions in closed form are at hand. However, it is a first step in the understanding
of mesh refinement: the stability of the coupling involves perturbations on the
boundary. Furthermore, the proof in the discrete case will follow the same steps.

3 The discrete problem

3.1 The numerical scheme

Let ©Q = (a,b) be discretized with a mesh Az. The mesh points z;, are numbered
from 0 to J + 1. The time interval is discretized with a mesh At, and the time
steps t, are numbered from 0 to N 4 1. The discrete value in domain €2, at point
j and time n is denoted by U (j, n).

In order to handle more easily the boundary conditions, we choose a “vertex cen-
tered” finite volume scheme [9]. We denote by Z(x) the interval (x — Ax/2,x +
Az/2) if z is in the interior of Q, Z(x) = (x,z + Ax/2) if x = a, and Z(x) =
(x — Az/2,x) if © = b. Accordingly the intervals in time are called J(t). The
displacement u is considered to be constant on the cell or finite volume S(z,t) :=
I(xz) x J(t), and the scheme is obtained by integrating equation (1) on S;, =
S(zj,ty) . In the interior of €2, this produces the usual leapfrog scheme

1
QaU(n) = (oD Dr —DE Dy)UGn) = Fjn), 1<j<J 1<n<N,
(14)
where C+(]) is the mean value of % in Z(x;), and F(j,n) is the mean value

of f in the cell S;, (the mean value of a function ¢ on a domain D in R? is



‘—é‘ Jp (&) d€). We use the notations for finite difference operators

U(.77n+1)_U(]7n) U(],n)—U(],n—l)

D;’_U(]7n) = At Y Dt_ U(]?’n‘) = At Y

. Ujij+1,n)—-U(j,n . U(y,n)—U(j—1,n

. Uy,n+1)—-U(g,n—1 . U j+1,n)—-U(y—1,n
DUy =TIV OGN oy oo CUELO UG 2 L)

(15)

The initial conditions are
U(j,0) = P(j),0<j < J+1,

A 1 A _ (16)
D — —tD+D YU (5,0) = 02(].)@(.7) + —tF(.770)71 <j<

5

where P(j) and Q(j) are the mean values of p and ¢ on Z(x;), and the second
equation is obtained by integrating equation (1) on the half-cell S(z;,0) and using
the initial values.

3.2 A first energy estimate

We define a discrete energy.We consider sequences of the form V' = {V(j) }o<j<s+1
in R7*2, and we define a bilinear form on R7*2 by

J+1

=Az) Dy (V)(j)- Dy (W)())- (17)
=1

We also define a particular sum denoted by >’ which is given in space by

J+1 1 J 1
2. V@) =5V + ) V@) + 5V +1),
j=0 J=1

and analogously in time. For a mesh function V of time and space, the discrete
energy E(V')(n) at time step n, is defined as the sum of a discrete kinetic energy
Ex(V)(n), and a discrete potential energy Ep(V')(n), and given by

J+1
sz 02] (Df V(j.n))?,

EP(V)(TL)—&(V( n) V(,n—1)).
E=FEg+ Ep.

(18)

The quantity Fg is clearly a discrete kinetic energy. It is less evident to identify
Ep as an energy. The following lemma gives a lower bound for E under a CFL
condition, and hence shows that E is then indeed an energy.



Lemma 3.1 For anyn > 1, we have

At
B(V)(n) > (1 (%) )EK<V><n>, (19)
where C is defined by C' = sup;<;< 41 C(j). Hence, under the CFL condition
At
— <1, 2
C AL < (20)
E is bounded from below by an energy.
Proof The proof is classical [10]. |

We now obtain the basic energy estimate:

Lemma 3.2 Suppose the wave speed is constant. For any U solution of (14) in
Q, we have for any n > 1,

E(U)(n) — EU)(n—1)+ C%[(§+U(O,n))2 +(BU(J +1,n))%

J
At
= 5 (BTU, n))? + (BYU(J +1,n))] + 2AtAz Y F(j,n)DY U(j,n),
j=1
(21)
and forn =0,
At ~ ~
Ex(U)(©0) +E(U)(0) + e [(BTU(0,0))* + (B~U(J + 1,0))?]
At 9 " 9 Az < N T
= [(B7U(0,0)* + (BYU(J +1,0))*] + a(P, P) + 2= > | Q(j)D{ U(5,0).
j=1
(22)
with the boundary operators defined for n > 1 by
_ 1 FENVAY SN ~_ 1 o _ Az
B~ = —Dt — D 2c2Dt D, , B~ = EDt - D ~ % D¢ Dy,
BT = —Dt—i-D +22D D, , B = EDt—i-D _WDD
(23)
and forn =0 by
_ o L Ay 1. 0 Az
B~ = th D] +02AtDt , B~ = th D, CQAtDt ,
1 Ax ~ 1 Ax
+ . Ipt - + + — Ipt + _
BT = CDt + D, +02AtDt , BT CDt + D] CQAtDt (.24)

Proof The first estimate is obtained by multiplying (14) by DL U(j,n) and dis-
crete integration by parts, whereas the second one is obtained by multiplying (16)
by D;f U(j,0) and integrating by part [10]. [ |



3.3 The boundary value problem: stability and order

We now introduce the boundary value problem in 2, with boundary conditions
given by

B~u(a,-) =g~ in (0,T), B+U(b, )= g in 0,7). (25)
By the same construction as before, integrating on the half-cells S(a,t,) and

S(b,t,), we obtain the discrete boundary conditions

B-U®O,n) = %F(o,n) + G (n) = H™(n),
forn>1, (26)

BYU(J +1,n) = %F(J+1,-)+G+(n):H+(n),
B-U(0,0) = G—(0)+ QA—LQ(O) + %F(O, 0) = H(0),
ch (27)

BtU(J+1,0) = G*(0) Q(J+1)+%F(J+1,0) = H™(0),

ZIN
where G*(n) are the mean-values of g* on the interval 7 (,). Comparing formulas
(2) and (23), we note that the transport operators B* are approximated by a Lax-
Wendroff scheme [12]. We define the discrete £2 norms and the associated scalar
products by

J+1 N+1 J+1N+1
183 = Az Y @) |83 = At Y. ) B3 = AzarY" 3" #2(in)
=0 n=0 j=0 n=0
(28)
We will also make use of the equivalent norms
J+1 N+1 J+1 N+1
IE = Ar Y B2 1B = At S 82w D)2 = ArAr> " 3" @%(j,n).
§=0 n=0 j=0 n=0
(29)

Since we have an explicit scheme, problem (14), (16), (26), (27) has obviously a
unique solution. We prove below that this solution depends continuously of the
data.

Theorem 3.3 Let U be the solution of the discrete wave equation (14) with initial
conditions (16) and boundary conditions (26), (27). For constant wave speed c,
if v = cAt/Ax < 1, there exist positive constants a(T,~) and Atgy, such that for
At < Atg, for anyn, 1 <n < N, the following estimate holds:

n

cAt ~ ~
IDFUCmIE + 553 UBY OO + 1B U + 1))
p=0
< a(lH7 0%+ IHT 7 + 1D Pl + QI +I1FIIZE )-
(30)
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Proof Summing equation (23) in Lemma 3.2 in n, adding (24) and using Lemma
3.1, we get
J+1 J+1

(1-2) MZ Df U ) + A””Z D} U

At
b AN B OO, 4 1BUW + Lo

2 &

cAt
DS ) + 5 )+ 230 S R Un)
p=0 p=1 j=1

A J
+ a(P.P)+2= 3" Q()D; U.0).
j=1

IN

Now applying the discrete Cauchy-Schwarz Lemma in the last two terms, together
with the notations introduced in (28) and (29), leads to

1—~2 1 cAt
. o=

I1DFUC i+ 55 IIDSUC0IE + (1BYU0,p)]* + |B"UW + 1,p)]

2 =
< aralt ZmD+ lll%
with
@ = (UEIE + H1Z) + 11DF PR, + 5 \HQHI?g L
We now use a discrete Gronwall Lemma. We define ¥(n 7 Z|||D+ |||£2,

and rewrite the last inequality as
(1—-AH)¥(n) <P+ T¥(n-—1),

where the recurrence can be solved,

by < ! o

S A=A At)”(Kt +9(0)).

We now use the inequality

1 2X .
<
xS for sufficiently small X,
and obtain
1—x 1 cAt ~ ~_
Uz t52 IIDF U0l + TN "[IBTU0,p)]* + B U +1,p)|?]
p=0

2

< @@y At LDy U(-,0)l[7)

1-—
< B4 (D4 At |||D+ UG-, 0)lz)-

11



1
We can choose At small enough, so that (1 —~?)At €27 < 7 and hence obtain

1—
62

CAL —

2 &

"[|BTU(0,p)|* +|B~U(J +1,p)|?]

2
0 1
1D UGl 45z IIDF UG +
< (1+eT)e,

which leads to (30). [ |
This result gives us the order of convergence for the scheme.

Theorem 3.4 Suppose the wave speed is constant, and v = cAt/Ax < 1. Let u
be the solution in V() of the wave equation (1) on the domain Q x (0,T), with
initial conditions u(-,0) = p and %(-,0) = q. Let Uy(j,n) be the mean value of
u on the cell S;p, and U be the solution of the discrete wave equation (14) with
initial conditions (16) and boundary conditions (26,27). Then there exist positive
constants « and Atgy, such that for At < Aty and for any n, 0 < n < N, the
following estimate holds:

D (U = Ua)(-,n)llez < aMAE?,
B = (31)
max(||BT(U — Uy)(0, )||£?, |B~ (U —Uy)(J + 1")”6?) < OzMAt2,
with

M? = HazluH%Q((a,b)x(O,T)) + |07 u(, ')”2L2(rx(o,T)) + \\81:2“('70)\\%2(&1))'

Therefore, the scheme is second order in time and space.

Proof Let Uy(j,n) be the mean value of u on the finite volume S;,. By construc-
tion, the error e(j,n) = Uy(j,n) — U(j,n) is solution of the discrete wave equation
with data which is the truncation errors. These errors can be easily estimated by
Taylor expansions, we obtain

|Dae(j,n)| = | (CaUs — F)(j.n)| < BAE* sup (|0 ul),

S(Ij,tn)
1 At
€(j,0) = 0; (5= Dy — =Dy Dy )e(j,0)] < fA sup (107ul),
C2(j) " 2 S(z;0)
|BEe(0,n)| < BAE sup (|97ul).
S(a,tn)
Inserting these estimates into (30), we conclude the proof. |

Remark 3.5 The case v =1 is excluded in Theorem 3.4. However in this case,
the scheme is exact in the interior and on the boundary.

12



3.4 The discrete transmission problem: definition

Each domain €; is discretized with a mesh Ax;, the points x;, are numbered from
0 to J; + 1. The time interval is discretized in §2; with a mesh At;, and the time
steps t,, are numbered from 0 to N; + 1. The discrete value in domain €2;, at point
J in space and n in time, is denoted by U;(j,n). The discrete transmission problem
corresponding to (3), (4, (5) is given by

1
<C2( S Df Di - Df D;) Uiyn) = F(jn), 1<j<Ji1<n<Ni(32)
B U;(0,:) = P Ei_ Ui—1 (Ji-1 +1,), (33)

B U; (Ji+1,) = Pii1 B U1 (0,9, (34)

with the discrete operators for n > 1 given by

B Uj(0,n) = — D} + 44D/ D; ) Ui(0,n),
By U 1(JioiHl,n) = CHD -D; — §g; LD D; )U 1 (Jioi 1, n), (35)
BiU(Ji+1n) = (gD + Dy + 53D, Dy ) Ui(J; + 1,n), .
B U;41(0,n) 0 4 DF — §g;+1D+ Dy ) Uip1(0,7),
and for n = 0 by
B Uj(0,n) = - Di + 5% D+) Ui(0,n),
ByU,_y(Jioi+1,n) = + D~ MW)U W(Ji1t1,n),
(37)
B Ui(Ji +1,n) = +D; + B D+) Ui(Ji +1,n), .
E;FUZ-H(O,n) = + D — CAmZtZIH ) i+1(0,m)

In the previous formulas, we used the conventions C;_1 := C;_1(J;—1 + 1),C; :=
C;(0), and Cjt1 = Cj;+1(0). We now define the projection operators P; ;. When
applied to U;, the divided difference operators operate with the meshes At; and

Ax;. Thus, for instance in B; (U;)(0,n), DY U;(0,n) = Ui(o’"+12);gi(0’"_l), whereas

in Ei_(Ui—l)(Ji—l-l'l,n)> DtO Ui—1(Ji—tH,n) = Ui*lUi*“’”*';zzfﬁ*(‘]i*ﬁl’"_l). The
vectors B; (U;)(0,-) and B (U;)(J; + 1,-) are in RNi+2 B=(U;_1)(J;—1+1,-) is in

(2
RNi=142 and B} (Ui41)(0,-) is in RN#+172 | Therefore, we need to introduce a
projection step in (33), (34) which we describe now. We denote by V; the subspace
of L?(0,T) ,whose elements are continuous on (0,7') and affine on each interval
(nAt;, (n + 1)At;) for 0 < n < N;. The orthogonal projection in L%(0,T") on
Vi is called Q;. The restriction of Q; to V; is called Q; ;. F; is the canonical

13



isomorphism from RYi*t2 onto V;, which maps ¥ to the affine function which takes
the value ¥(n) at point nAt;. If RVi+? is equipped with the norm

N;+2
I[W[]]F = At Y W2 (n),
n=0
we have for any W in RVi+2, IFi¥| 20,1y = [|[¥][| grv;+2. The operator P; ; is now

given by
Pij=(Fi) ' oQ;oF;.

Since Q;; is a projection operator, we have [||P; ;||| < 1. To actually compute the
solution of this problem, we need to introduce the Schwarz waveform relaxation
algorithm [10] given by

1
(G Di D —Di DU Gin) = Flim), 1<j<Ji 1<n<N:(39)
B; Uf 0,-) = P Ei_ Uf__ll (Jic1+1,-), (40)
BfUF(Ji+1,-) = Py Bf UK 0,), (41)

with initial guesses EZ_ U2, (Ji-1+1,-) =d;, and é:r UZ-OJrl =d;.

3.5 The discrete transmission problem: well-posedness
and order

Theorem 3.6 Suppose the velocity is constant in R. Suppose that, for 1 <i <1,
~vi = cAt;/Ax; < 1 and 2N; < J; + 1. For any initial values P and Q, problem
(32), (33), (34) has a unique solution, which is the limit of the sequence UF.
Furthermore there exists a positive o, depending only on T and the ~y;, such that

> IDF Ui, Nip)ly < o(IDF PR +11QIE + I1FIZ )- (42)

Proof We first introduce the energy estimate we need in the proof: for U; solution
of the discrete wave equation (32) in each 2;, we use (21), (22) in each domain €;,
and sum up on the time indices. We obtain

N;+1 _ _
> B, U0,n))? + (B Ui Ji + 1,n))?]

n=0

BO)(Neps) + Bx(U)(0) + 5"

N;+1
> (B U(0,n))? + (B U(J; + 1,n))?].

n=0

At;

= C

14



Since we deal with a finite dimensional problem, which has been constructed to be
square, proving existence and uniqueness reduces to proving uniqueness. Suppos-
ing vanishing initial values and right-hand side, and using the boundary conditions
(33), (34), we obtain

11B; U0, )1l < 11B;” Uima (Jima+ 1) it 1B Ui (i1, < (1B Ui (0

We now sum up on the subdomains, translate the indices in the right-hand side
and obtain

c ~ ~_
ZE Nigt) + 5 X B GO + 1B Uil + 1))

o ~_ ~
< §Z[IIIBZ- Uiet (Jie + L[y + 1B Ui (0,9)[[744]-

2

By a shift of indices, the boundary terms cancel out and we deduce that E(U;)(N;+1)
vanishes for each 7. By Lemma 3.1, this implies that D; U;(N;y1,-) = 0. With
the assumption 2N; < J; + 1, since the initial values vanish, there exists a j, such
that Uz(]7Nz+l) = 0, with Uz(j - 17N7,) = Uz(j,Nl) = UZ(] + 17Nz) = 0. This
in turn implies that U;(5 — 1, N;41) = U;(j, Ni+1) = Ui(j + 1, N;j31) = 0. Using
the equation, we then have U;(j — 2, N;) = U;(j + 2,N;) = 0. We carry on the
process down and up until we have filled the grid with zero values. This proves
the uniqueness.

To prove the convergence of the sequence, we apply (43) to Vlk = Uik — U;, with
vanishing data:

t;

E(VF)(Nis1) + ¢ (B VE0,n)? + (B VE(J +1,n))%)

N;+1
> BE Vi
ot
1 Z (
n=0

S S BTVAO ) + (B VA + 1m),

By (40), (41), we can estimate

1B VEO, )i < 1B VET (G 1, ) [lim1s [IBFVEA+L )]s < 1B Vi (0

We now sum up on the subdomains and obtain

C ~ ~_
ZE Niwt) + 5 D B VEO N + 1B Vi + 1)l

C - ~_ _
< 5 D UIBT VA Ui+ 1)1 + B VAR 0.1,

i
Translating the indices in the right-hand side, we obtain

c ~ ~_
ZEV’“ Nit1) +§Z[\I\BL‘/¢’“(07')I\I?+|\|B¢+1‘/ik(Ji+1w)\|\?],

DB VI i+ LONIE + 1B VE (0,)11F].

7

<

N O
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The same argument as in the continuous case proves that Y, E(VF)(N; +1) tends
to 0 as k tends to infinity, and we conclude as in the uniqueness proof that Uik
tends to a solution of problem (32), (33), (34). To prove energy estimate (42), we
do the same calculations as before, but including the data, and we conclude as in
Theorem 3.3. |

Remark 3.7 Assumption 2N; < J; + 1 is equivalent to 2T < ~; L“C_ai.

We now consider the question of stability. By the previous results, we know that
the scheme is stable in each subdomain. There remains the most delicate question
of stability with respect to the transmission conditions. We consider zero initial
data and right-hand side, and boundary conditions of the form

By U;(0,) = Pij1 By Uiy (Ji1 +1,-) + Gy,
» R+ R+ + (44)
B Ui (Ji +1,-) = Py i1 B Ui11(0,-) + G .
To prove stability, we first need an extension result, analogous to Proposition 2.1
in the continous case:

Proposition 3.1 Suppose that for any i, At;/At;—1 or At,_1/At; is an integer.
Suppose c to be constant, v; < 1 and T < inf; L (a;41 — a;). For any (G;,Gj_l)
in RNit2 5 RNi-1+2 there exists W._, solution of the discrete wave equation in
Qi1 with final values W,_ (-, Ni—1 + 1) = W,_ (-, Ni—1) = 0, supported in the
cone C; ={(j,n),0<j<Ji1+1,0<n< N1+ 1,J1 —j+n < N1} and
Wf solution of the discrete wave equation in §; with final values VVZ-JF(-, N;+1) =
W (-,N;) = 0, supported in the cone C;" = {(j,n),0 < j < Ji +1,0 <n <

Niy+1,N;+1—n+(J;+1)—j <0}, such that

B; W (0,:) — Py EZ-_ W_,(Jizi+1,) =G, = R; 1,
Bf W, (Jici+1,)) = Py, BY W (0,:) — G| = Ri_1,,

)

(45)

where R; ;1 is in the orthogonal of Im P; ;1 in V;, and R;_1; is in the orthogonal
of Im P;_1; in V;_1. Furtheremore there exists a positive constant o, independent
of the N;, such that

E(W,;Z1)(0) + E(W;7)(0)
[[Rii—1llli + [ Rim1illli—1

(NIGT Il + 1G4 M=),

L 46
NG + 11GE ). (46)

<
<

o 0

Before proving the proposition, we state the stability result which follows from
Proposition 3.1.

Theorem 3.8 Suppose that for any i, At;/At,—1 or At,_1/At; is an integer.
Suppose the wvelocity to be constant in R, and, for each i, suppose v; < 1 and
2T < %(”LC_‘” For any initial values P and @Q, problem (32), (44) has a unique
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solution. Furthermore, there exists a positive o, depending only on T and the ~;,
such that

DD Ui Nist) iy < oY _UIGTIIEHIGTIID+IDE Pl +QIZE +IFI3 )-
7 7
(47)

Proof To simplify the notation, the proof is given for F' = 0. It extends to general
F through Cauchy -Schwarz and the Gronwall lemma as in Theorem 3.3. We split
V; and V;_; into orthogonal sums:

Vi=ImP;; 1®H;;—1, Vioi=ImP;_1;,®H;_q; (48)

In each domain €;, Proposition 3.1 provides two retropropagating solutions of the
discrete wave equation VVZJr and W,. We define W; := VVJr + W, , and U;
U; — W;. In Q;, U; is a solution of the discrete wave equation, w1th transmission
conditions

i Bi_[j'i(()’.) = P;_ 1ZB UZ 1(Jic1+1,-) + Ry,
B Uit (Jii+1,) = Piit BT (0,) + Rioay,

where R;;—1 € H;;—1 and R;_1; € H;_1;. The initial conditions are f]z-(',O) =
—W;(-,0) and Us(-, 1) = —W;(-,1). We use energy estimate (21) in each subdomain,
and sum up in time in order to obtain

E(ﬁi )(N' +1) = E(U;)(0) + [|\|B Ui (0, )II? + (1| B, Ui (i + 1,-)[][7]
[|||Pz 1 zB U1 (Jz—l +1,) + Riia||2 4 |||Piia éitl U; (0,-) + Ri_1.l1?],

and by projection, using the Pythagorean Theorem,

~ ~ C ~ ~_
E(U; )(Ni+1) = BU)(0) + 5[l1BZ LU + NIBZA Ui (i + 1) 11F)
C ~_ ~ ~ ~
< 0BT Uit (Jiea + LM + R iallF + 1B Ui (0,1 + I RienallF]

Suming up in 4, the boundary operators cancel, and only the R;; 1 and R;_1;
terms remain:

ZE J(Ni+1) < E(Wi)(o)+ZHHR¢,¢_1IH?+H\Ri-l,z-l\lf]-

Using now Proposition 3.1, we obtain estimate (47). [ |

This gives us the final error estimates:

Theorem 3.9 Suppose that for any i, At;/At;—q1 or At;_q/At; is an integer. Sup-
pose the velocity is constant in R, and, for each i, suppose v; < 1 and 2T <
A LS Let w be a smooth solution of (1) with constant velocity ¢ and initial
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conditions p and q. Let {U;} be the discrete solution of the scheme (32), (33), (34)
with initial conditions (16). There exist positive constants o and Aty, depending
on T and u, such that for At < Atg, the following estimate holds:

D D (Ui = Ua) (- Ni + 1|72 < @A, (49)

with Ug;(j,n) = u(a; + jAz;,nAt;), and At = max(At;)i1<i<r. Therefore, for
vi < 1, the scheme (32), (33), (34) is an overall second order approzimation of
the wave equation.

Proof Since we know by Subsection 3.3 that the scheme is of order 2, we only
need to prove that the projection step is of order two. We apply Theorem 3.8 to
the error. In this case, Gfﬁ represents the truncation error on the boundary, i.e.

G; = (B Ugi —Pii1B; Ugi1)(0,4),
Gl = (B} Usi —Piiv1 B Ugitr) (Ji, ).

Since in each subdomain u; = u/€);, we have, like in Theorem 3.4, the truncation
errors for n > 1

|B;” Uai(0,n) = By (i, tn)| < BAL? o )(I(??UI),
aiytn

By Ugi1(Jioy + 1,n) — By (a5, t,)| < BAE S(SUP )(|a?u|)7
Qjytn

B Uai(Ji +1,m) = Bf (ais1, ta)| < AL sup (10} u)),

S(ait1,tn)

1B Ugi1(0,n) — B (aip1,t0)| < BAE sup  (|87u).

S(ait1,tn)

We treat now G . Since the projection is a contraction, we obtain by the triangle
inequality

IGT Il < IB7 Ugio1 (it +1,7) = By (ai,-Ati1)]|

—I—HB;U(CM, 'Ati_l) — P@Z’_lBi_’LL(ai, Atz)H
—l—HB[u(ai, At;) — B Ud,z’—l)(Ji—l + 1,4

The first and last terms on the right-hand side are treated by the truncation
estimates, the second one is estimated by the following lemma:

Lemma 3.10 For any regular function ¢ , we have
IFi®; — Qi jF;®;l 12001 < V2T maz (AL, AL) |6 | 1o (0.1

with ®; = {d(nAL) Yo<n<N,+1-
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Proof By the triangle inequality, we have
[F:®; — Qi jF; ;[ < |[Fi®; — o[l +[|Qi & — 8l + Qi & — Qi ; F; 05,

[Fi®; — Qi ;F;®;]| < |[Fi®; — o + [|Qi¢p — o] + [|¢ — F; 5.

Since Q; ¢ is the projection of ¢ on V;, we have

Qi ¢ — ¢ < [[Fi®; — ¢,

and it only remains to estimate |F;®; — ¢||. This is classical, through the identity

t—1tp)(t—1¢
(- Fag) = I ) ey e 1,00,
We write
Ni t'n+1
[P —olf = [ ®ds - 0P at
n=0 ln
N; 1
1F:®; — 61 < 116”200 0,1 Z(Ati)5/0 s*(1 = 5)* ds < T(AL)*¢" [ 1o 0,1
n=0
|
We now conclude the proof of the Theorem, applying Lemma 3.10 with ¢ =
B~u(a;,-) and ¢ = B~ u(a;;1,-). We obtain for G5 the estimates
”Gz’i”LQ(O,T) < amax (A, At7 ).
Inserting these estimates into (47), we get (49).
|

3.6 Proof of the extension result (Proposition 3.1)

In this section, since the analysis is local, we omit the index i, and we define
the operators Q™ := Q;;—1, Q" := Q;_1;. We denote by I the orthogonal
projection in V; on Im Q~, and IIT™ the orthogonal projection in V;_; on Im Q™.
We now define a right inverse for the operators Q=.

Lemma 3.11 qupose At /Aty or Ati_l/AEZ- 1s an integer. Then there exist
linear operators Q= from V; into V;_1 (resp. Q" from V;_y into V;) , such that
Q Q = Idy, on Im Q™ (resp. QTQT = Idy,_, on Im Q%) , and for any W
in Im Q~, we have Q W||li—s = [|W]||i (resp. for any W in Im Q*, we have
NQTWI|l: = [[[W]]|i-1)-
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Proof Suppose V;_1 C V;. In this case we have Q™ = Idy, and Im Q™ = V;_q,
so that II- = QT. So Q~ can be defined by Q= = Idy,_,. Then, for W in
Q™ = Vi, @ QW = QW = W and [|Q W[l = [[[W]lli-1. On the
other hand, we can choose Q* = QT, and for any W in Im Q* C Vi, we
have QTW = W, so that [|[|QTW|||; = |||W]||i—1, and QTQTW = QTW = W.
Reversing the roles of V; and V;_; gives the lemma.

|
We set (NJZ_ = Q_H_G; € Vi_1, and éj = Q+H+G;r_1 € V;. We now define two
local discrete extension operators A*: A~ maps G~ in Vi_1 to the discrete left
propagating solution W~ supported in C; of

OaW=(,n) = 0, 1<j<Jiq,1<n< Ny,

BW-(Jii+1,) = G (50)

with vanishing final data. A" maps G* in V; to the discrete right propagating
solution W supported in C; of

de+(j7n) = 0) 1§]§J271§n§Nz,

Bf,wh(0,) = G, 1)

with vanishing final data. Since W~ vanishes on the left boundary of €2;_;, and
W™ vanishes on the right boundary of ;, we have the backward in time energy
estimates

— c — ClD—1r—
EW)(0) +5lIIB,W (Ji—1+1,‘)|||§§:§|||3i W= (Jit + 1,7, (52)

C _ C A =
EW*)(0) + 5 11B; W0, )[[E = 5B W (0,)][[7- (53)

Lemma 3.12 There exists a positive constant o depending only on T and vy, such
that _ _ _
VG~ e Vi, IIBLAG Il <alt [[|G7]le,

~ ~ ~ 54
VGt eV, B AYGH g <abt (Gl (54

Proof We prove the result for W, the proof for W~ is similar . Let g* be
the piecewise affine function g+ = F;G*. Let w' be the continuous solution
of the wave equation described in Proposition 2.1, associated to g*t. Tt satisfies
B; wt(a;,-) = 0. Let W*(j,n) be the mean-value of w™ on the finite volume S; ,,.
WJF( j,n) is a solution of the discrete wave equation with right-hand side €1 (j,n),
with zero final values, and boundary conditions é:r_ 1 Wt (0,-) = Gt +ez(n), where
€1 and €y are truncation errors, which will be evaluated below. We now use the
estimates (30) in Theorem 3.3. The boundary data g* is not sufficiently regular
to obtain the estimates (31). We get instead a weaker bound,

1D (W = WH)(, )|l < altlgt| 20,

1B (W+ = W) (0,2 < alt|g |20,
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and since B; wt(a;,-) = 0, we have

1B WT(0,)llez < aldt [lg7 [|z2(0,r)
which proves that

1B W0,z < aldt [lg" lz2(0,m)

which is equivalent to the second inequality in the lemma.

|
Let now (éz‘_,mé:o) = (é;,éj) be given in V;_; x V;, both non identically zero.
We describe an iterative procedure to define the VVZ-jE in Proposition 3.1. For
At sufficiently small, we have aAt < p < 1. We define Wio = A‘G;O and

WZ-J’B = A+(~¥:0. By energy estimates (52) and (53), we have
1B Wi (Tt + 1)l < wlllGigllles BT Wi5(00,)llee < Gl (55)

According to (48), we split B;~ Wi and B W;B on Im Q" and Im Q™ respec-
tively,

Bf W,y =TI"Bf |A"Gy+ Ry, By W)y =T1"B; AYG/, + R},
with R:O in H;—1; and R in Hi;—1. We now define é;l = Q_H_B;AJré:O

and éjl = Q+H+BZF_1A_52-_’O. The new extensions are VV;E1 = Aiéfﬁ. Since all
operators are contractions, we have by Lemma 3.12

11Gllle = 1Q T B ATGyllle < n 11GT Iz,
NGz = |||Q+H+BZ+ AG, iollle <m IG; wollles

which gives
max([[|G; 1 [l 11Gi ll2) < pmax((l|G; ol 11Golll2)-

Furthermore, we have by (53) that E(I/Vlil)(()) < §||éjt1||£§ This leads to the
recursion

Wir= A_éz_ka WZJ’;C_A—Fé:_k’
B W, =1I"Bf | A~ G+ R, ByW[ =TI*B; A+G+k+le, (56)
Gz,k—i—l_Q I B A+G:_k7 ijH_QJFHJFB A Gz_,k7

with the properties

Iites |||e2<ukZ|llG olllezs EOW73)(0) < —IIIG elllezs 1IR3 |||e2<ukZIIIG ollle-
(57)
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By the estimates (57), the series Zéfk converges in (7 . The series > W7
converges in the energy norm, and the series ZRfk converges in /?2. We set

A+ \too St + _ x+too pt - _ Nx~too - + _ Nt prt
G = 2> r—o Gz’,k’ RE =) =0 Ri,k’ Wiy = 2 k=0 Wz’,k’ and W;" = » ;= Wz’,k'
Then W,_ is a solution of the discrete wave equation in £2;_; with support in the

cone C; , and Wf is a solution of the discrete wave equation in €2; with support

in the cone C’Z-Jr . By construction, we have

+0o0
Q B W., =) QG

k=0
+o0
Q (B W_,—-G;)= Z Q Gy
k=1
400 _
B Wt =) ("B ATG/, + R;)),
k=0

but by (56) and the definition of Q~, we have H+B;A+éjk = Q_é:kﬂ, and the
last equation can be rewritten as

B W, = f Q G/, +R;.
k=1
Thus we have
Bf Wi —Q BiW_,~G; =R +Q Gy —G; = Rij1 € Hijr.
In the same fashion, we obtain
B Wi, — Q+§itlwi+ - é:r_l =R’ + Q+é;r_1 - é:r_l =Ri_1; € Hi_1,.

We have || D; W/Z-__l(-,O)H?% < ﬁGHG;|||g§+|||G:__1|||£?), and the same for W,
and B B .

[Riji—1lle2 < (ﬁ +2)([1IG7 [1le2 +|||G?—_1|||g%), and the same for R;_; ;, which gives
estimate (46).

This concludes the proof of Proposition 3.1, which is the cornerstone of the well-
posedness theory.
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