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ADVECTION-DIFFUSION EQUATIONS*
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Abstract. This paper provides a new fully discrete domain decomposition algorithm for the
advection diffusion reaction equation. It relies on the optimized Ventcell-Schwarz algorithm with
a finite volume discretization of the subdomain problems. The scheme includes a wide range of
advection fluxes with a special treatment on the boundary. A complete analysis of the scheme is
presented, and the convergence of the algorithm to a discrete approximation of the equation using a
modified convective flux is proved. Numerical illustrations of the efficiency of the discrete Ventcell—
Schwarz algorithm are given.
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1. Introduction. Consider a two-dimensional domain 2 and the boundary value
problem

(1.1) Lu = —div(v(z)Vu) + div(b(z)u) + n(x)u = f

with homogeneous boundary condition « = 0 on the boundary 0.

In today’s computational landscape of parallel computers, useful precondition-
ers for large systems arising from (1.1) in large domains are given by domain de-
composition algorithms. To account for difficult geometries and/or large contrast of
coefficients, finite volume schemes are widely used in today’s industrial codes. The
coupling between these two concepts is a crucial issue and not an easy task. This
paper presents a new finite volume domain decomposition algorithm, relying on the
finite volumes formalism developed in [4] for Robin—Schwarz algorithms and on the
efficient Ventcell-Schwarz algorithm first presented in [17].

This algorithm takes its name from the Schwarz algorithm, with transmission
between the subdomains given by boundary conditions proposed by Ventcell in [20],
who investigated which type of second order boundary conditions would give rise
to a strongly continuous semigroup of operators for the Laplace operator. In the
last 10 years, interesting interpretations of these boundary conditions have appeared
as modeling heat sources on the boundary (called dynamic boundary conditions or
permeable walls); see [15] for the heat equation and [11] for the Cahn-Hilliard
equation.

We consider here a nonoverlapping decomposition of §2 into subdomains €2;. The
Ventcell-Schwarz algorithm approximates u by a sequence of solutions (u}) of (1.1)
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in €25, defined recursively by a transmission condition on the common interface I'; ; =
891 n an:

(1.2) <V8nj - %b ‘n; + A) ul = <—V8m + %b -n; + A) ul ™t

The boundary operator A involves second order derivatives along the boundary. In
the case where I'; ; is a vertical line, it is given by

(1.3) Ao = po — q0,(vOy )

with two real parameters p and gq. Well-posedness of the boundary value problem
is ensured as soon as p > 0 and ¢ > 0. If ¢ = 0, A reduces to a Robin operator.
The coefficients p and ¢ are determined by optimization of the convergence factor
in a model case. This process was first described in [17], where the name O0O2 was
introduced, standing for optimized of order 2. Further analysis was conducted in [9],
where asymptotic values were given.

The discrete counterpart of the algorithm in the Robin case ¢ = 0 was analyzed
first in [1] and extended in [5] and [4] in the finite volume framework. For an analysis
in the finite element context see [14]. The study of the Ventcell case is, as far as we
know, new. It raises new questions that are addressed in this paper.

The first step, in section 2, is to write a finite volume scheme for the discretization
of the subdomain problem. It uses a two-point flux approximation for the diffusive flux
and a family of discrete convective fluxes as in [6], modified to handle the boundary
condition. The convergence of the new Schwarz algorithm toward the approximation
of (1.1) in Q is analyzed in section 3. It is worth noticing that convergence for
the discrete algorithm is achieved with a modification of the convective flux at the
interface.

Finally, intensive numerical tests show the improvement of the algorithm over the
Robin-Schwarz algorithm.

Throughout this paper, the domain €2 is supposed to be bounded and convex. The
coefficients p and ¢ in (1.3) are supposed to be positive. These assumptions ensure for
the solution u the regularity required for a proper definition of the Ventcell-Schwarz
algorithm on the continuous level in section 2.1. (See, however, [7] for a Ventcell-
Schwarz algorithm for nonconvex domains in the case of the Laplace operator.) It is
also necessary for optimal error estimates in Theorem 2.7, but not for the design of
the scheme; see Remark 3.5.

To avoid accumulation of indices, we restrict the presentation to two subdomains
only. Since most problems concern regions within subdomains or between two subdo-
mains, the resolution of these can be extended without modifications to the case of
many subdomains with any subdomain having at most two neighbors.

2. Finite volume schemes for Ventcell boundary condition. In each sub-
domain ;, a boundary value problem with mixed boundary conditions must be
solved. In this section, the index j is not necessary and will be omitted. Results
will next be applied to €;. Thus, consider the advection-diffusion equation in a con-
vex domain € with a Dirichlet part I'” and a Ventcell part ' (I' is assumed to be a
vertical segment):

(2.1a) Lu = —div(v(z)Vu) + div(b(z)u) + n(zx)u = f in Q,
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(2.1b) u=0onTP,

(2.1c) <1/8n— %b-n—l—A)u:g onI'.

In a first step, we prove the well-posedness of the problem; then we propose a finite
volume scheme for its approximation. Classical fluxes will be used on internal cells,
and a special treatment will be applied on the Ventcell part of the boundary.

2.1. Analysis of the boundary value problem.

THEOREM 2.1. Suppose v and b in WH(Q), n in L>(Q) and v(x) > v > 0 for
all z in Q, and n+%divb >0inQ, p,q>0. For any (f,g) € L*() x L*(T'), problem
(2.1) admits a unique solution u in

(2.2) Win(Q) = {u € H*(Q) such that u=0 on I, ulp € H*(I') N Hy(I'}.

Proof. Write a variational formulation in H{ ,(Q)={u € H'(Q),u =0 on '’ yyu €
H}(T')}. Multiply (2.1a) by v and integrate by parts. Introduce

(2.3) ag(u,v) = /QUVUVU dx dy + % /Q ((b-Vu)v — (b-Vv)u) dedy

1
+/ (T]—I— —divb) uv dx dy,
Q 2

a(u,v) = aq(u,v) + (Au, v)p.

The last term must be understood as a duality product in Hg(T'). It may be rewritten
in variational form as

(Au, v)p :p/uvdy+q/ vOyu Oyv dy.
r r

A is a self-adjoint continuous coercive operator from H}(I') onto H(T"). It has a
continuous self-adjoint inverse, defining a scalar product on H(I") by

(2.4) (u, V) p—1 := (v, A" ).

Computing

1
a(u,u):/QV|VU|20lacdy—|—/Q (n+§divb)u2dxdy+p/u2dy+q/u(8yu)2 dy,
r r

it appears that a is a bilinear continuous coercive form on H{ (), equipped with
the scalar product

(2.5) (w,v)m1 () = (Vw, V)2 () + (Oyw, 9yv) L2(r).-
This gives existence and uniqueness of a weak solution in H- 11 4(2), i.e., a solution of

a(u,v) = (f,v)r2(Q) + (9, v)L2(1)-

As for regularity results, u is such that Au € L?(Q), u =0 on I'?, and (8, — 9y, )u €
L?(T"). Such a regularity result was proved in [19] for a regular boundary with Ventcell
boundary condition all over. Due to the convexity of the domain, the result applies
here. d
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2.2. Meshes. The definition of the meshes is introduced here; see [10, 5] for the
standard part of the notation. First an admissible mesh in a single domain is defined.
Then it is used to create a composite mesh in Q = Q7 U Q.

2.2.1. Admissible meshes. In this paragraph, the index j is omitted, con-
sidering a general open polygonal set . Define a family 9t of polygonal control
volumes such that = UxeonK with KNL = () if K # L. 9T is an admissible finite
volume mesh if there exists a family of points (xk)keom that satisfies (xg, @) L o if
o = 0K N OL. If all control volumes K are triangles, the family of triangle circumcen-
ters satisfies this orthogonality condition. The set of all edges o of control volumes
is denoted by &. It is divided into three sets: the edges located inside the domain §2,
Eint = {0 € €, 0 = OKN IL}, the edges €, located on the Dirichlet boundary I'”,
and the edges £ located on the Ventcell boundary I'. Finally, for any K in 9T, £k
stands for the edges of its boundary OK.

For any o € £k, ny, is the outward-pointing unit vector orthogonal to o, di
the signed distance from @k to o (dix,s > 0if &k € K, dx,» <0 else), dy = dk s if 0 €
ELUEL, and d, = di s +d, » is the distance between xyx and x,, if 0 = OKNIL € E;y¢.
We assume that d, > 0 for any o € £, which ensures that the mesh is a Delaunay
mesh [10].

Let |Ex| be the cardinality of £, and the edges of €. are reordered as {o;},
with o; N o411 reduced to a single point denoted by z; e The control volume in 9T
associated to o; is denoted by K;.

For each K € M or 0 C T, |K|, and |o| denote the two-dimensional measure of K,
respectively, the one-dimensional measure of o.

The full admissible finite volume mesh for the boundary value problem is 7 =
Mt U E.. The size of the mesh and its regularity are measured by

(2.6) size(9N) = mg%x(diam(K)), reg(T) = max max { diilrrjr) } '

Figure 1 summarizes this notation. Note that in the case where I' = ), & is
empty, and therefore 7 = 1.

2.2.2. Composite meshes. Let us now consider a domain 2 decomposed into
two subdomains 2 = ©; U {)y. Assume that the subdomains §2; are endowed with

1
d(xi, ®it1)

; € Er

F1G. 1. Notation for an admissible mesh.
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admissible meshes 7; = 2; U S{;. The two meshes 7; and 73 may correspond to
identical meshes on I' (€} = £2; see Grid #1 in Figure 7) or not (£} # £2; see Grid
#2 in Figure 7). When £ = £2, the two meshes are said to be compatible. In the
second case, the meshes can be made compatible by redefining the notion of edges on
T (see Figure 2) such that

(2.7) grnew — g2new — g .— {5 = 0K, N 0Ky with K; € M, }.

In this case, for 0 = 0K1NIKz € &, defining dy, , requires some care. Several choices
are valid (see Figure 3): either the orthogonal distance dlfjﬂ between x; and T', the
distance dy;, , between @y; and the point ., the intersection between (zx,, zx,) and
I', or the half distance d;, . between xx, and xy,. Note that we only require that
g

d;.0 = dfgj’g(l + O(size(M;)).

Finally a composite mesh associated to Q@ = Qi U Qs is a quintuplet 7 =
(9, My, £, My, £2) such that each mesh 2N, is an admissible mesh for Q;, My
and M, are compatible, i.e., 8i = 8? =&, and VT := Nt U Nt

2.3. The classical two-point flux approximation. Let 9t be an admissible
mesh of Q and u”™ = (ux)xeom. The discrete volume equation is obtained by inte-
grating (1.1) over each control volume K and by approximating the resulting normal
fluxes as follows. Integrate (1.1) over the control volume K to get

Z <—/VVu~nKods+/b-nKouds> —I—/r]udsr::/f(w)dsc.
€&y g o K K

The volume term fK nu dx is approximated by ngux with nx = ﬁ fK 7. The total flux
over the boundary of K is the sum on the edges of the diffusive flux — fg vVu - ng, ds
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and the convective flux fd b - ng,uds. They are approximated by the discrete fluxes
Fd, and F¢ , to be defined below. Defining the total discrete flux on the edge o as
Fio=Fl,+ F¢,, (1.1) in Q is discretized by

(2.8) VK € 9, Z Fy.o + |K|nux = /f(:n)d:n.
K

o€y

We use the classical diffusive discrete fluxes

(2.9) Fl, = lolvs

Ug — Uy . ~ u, ifoc=0KNOILE &,
with u, = )
0 ifoeé&,,

a

where v, = ﬁ [, v(s)ds or vy = v(2,) (2, center of o).
We use the family of discrete advection fluxes introduced in [6] (with a slight
change of notation),

ds Vo

1 _ - dybyo _
(2.10) Fe, = §|a|ng(uK +Uy) + ol By (—K) (ux — Uy),

where by, = ﬁ fd b - ng, ds, and for any edge o, B, is an even Lipschitz continuous
function such that

(2.11) B,(0)=0and 3¢ >0Vo € £, Vs € R, B,(s)+1>¢>0.

These schemes thus appear as stabilization of the centered scheme. All the clas-
sical schemes belong to this family. The centerd scheme corresponds to B,(s) =
B¢(s) = 0, the upwind scheme to B,(s) = B"P(s) = |s|, and the Scharfetter—
Gummel scheme to B, (s) = B9 (s) = 3(=25 — =) — 1.

The well-posedness and convergence of the scheme (2.8)-(2.9)—(2.10) with Dirich-
let boundary conditions is now classical; see [10, 6].

Remark 2.2. Assume that 7 = (9%, 9%, My, E1, E2) is a composite mesh. The
mesh M is a discretization of 2 that may present nonadmissible edges located on I
(see Figure 3 or 7), i.e., the orthogonality condition for o € £ is lost. In that case
we can still obtain an error estimate in size(9%)2 (see [5]) instead of the classical

size(M).

2.4. A two-point flux approximation for Ventcell boundary conditions.
In order to take into account the Ventcell boundary condition (2.1c), a new set of
unknowns is needed on the edges on I', namely, u®" = (u,)scg,.. Then the full vector
of unknowns is u” = (u”,ufr). A new discrete equation is obtained by integrating
the Ventcell boundary condition (2.1c) over the boundary control cell o; € €

1 Titl
(2.12) / vVu-ng,e, ds—§/ b-nKigiuds—i—p/ uds—l—q[—l/ayu]m:i :/ gj(s) ds.

i i i g4

Approximate the term — fai vVu - ny,,, ds + fai b - ng,,,uds by Fg, », and then the
sum of the first two terms in (2.12) by —Fx, o, + %me oi|tug, . Define the discrete
one-dimensional flux F, 1 as an approximation of —v0yu(x; 1 ), given by

Ugip — Uoy

(2.13) Fiyyr = —V($i+%)m

fori =0,...,|&%,

with the convention u,, = 0 and Uoig |11 = 0.
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Define the total flux Fx, by (2.9), (2.10) with a modification on the boundary T*:

w, ifoc=0KNAILE Ejny,
(2.14) Ue =40 ifoeé&y,
u, ifoeé&r.

Define the discrete boundary operator Ar by

(2.15) (Aru®t), = plofus — g(Fiy1 — Fi_y1) if o = o3
The full discrete system involving the volume and boundary unknowns is
(2.16) VK € 9, Y Fro + Kl = / f(z
g€y
1
(2.17) Vo € Er, —Fo + 5bxomotis + (Apufr), = / g(s)ds.

2.5. Discrete norms. The discrete vectors u™ and u®r can be identified as
piecewise constant functions u™ and u®r on Q and T, respectively, with L? norms
[u™? norms can also be associated to these vectors by

(218) [u™ |y = ( S o |'“K‘ Ly S e |'“K' )

o€€int oc€€p

1

Uk — uy|?
(2.19) ||uT||m=<Z D DL S ') |

c€Eint oc€€p occ€r

|€r|

|t
2.20) ||u®r|ig. = ”1
(2.20) [[u®"|l1.ep D)

2
’U,UL

Discrete Poincaré (provided I'? is not empty) and trace inequalities have been proved
n [10]:

(2.21)
[u™lo.0 < Cllu™[1om, 0™ 0.0 + [0 {lo,r < Cllu” [l7, [0 [lor < Clu®T |1 g,

2.6. Properties of the scheme.

LEMMA 2.3 (A first a priori estimate). For any u” = (ux)xeom, solution of
(2.16),
(2.22) >y %(1—#30) |ux —110.|2+/ n+1divb [u™)?
do Q 2

KEMocx

/f x)dx — Rr,

where By is short for B, (b“" ") and Rpr = Eaef:p (FK o — bmug) Ug-
Proof. Multiply (2.16) by ux and sum over all the control volumes K € 2N to
obtain

ZuK/f

KEM

Z <Z FKd,UUK + Z FQUUK + |K|77KUKUK>

KEM \oe&k oe€y
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The two volume terms can be expressed as
Z [K|ncugug = / n(x)|u™ (x)|? de, Z ux / f(x)dx = / f(z
KEM KEM

Let us now consider the diffusive terms

DD Blom= D, Fil 2R

KEM oe&x Oo=KNLEE jnt c€EEp
d d
+ E Fy (ux — ug) + E FY yuq
o€y oe€r
lo|vo ~
= E 7 lug — tig|? + E e
ocg 7 oEET

The convective terms are treated in the same way:

DD Blowm= D, F R

KEM o€ O=KNLEE in¢ oc€Ep
+ E F¢ o (ux — ug) + E F
occ&r oe€r
= E FEJ(UK__ﬂU)4_ E FEUUU
oce€ oe€r

Then compute

. 1 . O|Vs -
S i — o) = 3 3 ol el = [0 ?) + 32 127 B 2

g

ce& oe& ce&
1 1
3 3 (3 et b § 3 e
KEM \oe€k ce€r
lo|ve _
+Z do‘ B<7|UK_UU|2
ce&
- 1/(divb) W (@) dz— = 3 [olbeuo|?

oce€r

olv .
—I—Z |d| ? Bo|ux — iig|?.

ce€ 7

Gathering all terms yields (2.22). O
LEMMA 2.4. The discrete boundary operator Ar in (2.15) has the following prop-
erties:
1. It is a symmetric positive definite operator, satifying if v(v) > v >0 a.e. in
Q;

(Aruf, ur) > pufr |3 1 + v [u® |7 ...

2. Ifu” = (u™, u®r) solves (2.16, 2.17), then

(2.23) (Aruft, uft) = Ry + / " (4) g(y) dy.
I
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Proof. Compute

|€r| |€Er]
(Apuf:r’ugr) =D Z |Ui||u0i |2 +q Z(‘F"L-‘r% - ‘Fi—%)uo’i
i=1 =1
|€r| |Er]
=D Z |Ui||u0i |2 +4q Z ‘Fer% (U’(Tz' - u<71'+1)
i=1 =0

> pl[uft|Fp + v u® |l g, -
Now multiply (2.17) by u,, and sum over the edges of T' to obtain

|Er| |Er|

1
Z <_FK1’,U¢ + §|0-7:|bKiG'iuG'i> Ug; + (AFugFa uf«'r) = Zl Uo; /Ui g(y) dy.

i=1

Estimate (2.23) follows immediately from the definition of Rr in Lemma 2.3. O

PROPOSITION 2.5 (A priori estimates). Let f € L*(Q), g € L*(T), v € W1>(Q)
such that v(z) > v > 0 a.e. x € Q. Assume furthermore that for all o € E, B,
satisfies (2.11), p > 0, ¢ > 0. Then there exists a positive number C such that for
any u” = (u™ u®r) solution of (2.16), (2.17), the following estimate holds:

(2.24) a1 7+ pllur I o+ gllu® 13 g < O (1150 + l9llEr) -

Proof. This is a consequence of Lemmas 2.3 and 2.4 and Poincaré inequalities
(2.21). O

The a priori estimate yields uniqueness of the solution of the discrete equations.
Well-posedness follows immediately.

COROLLARY 2.6. Let f € L2(Q), g € L*(T"), v € WH>(Q) such that v(z) > v >
0 for all © in Q. Assume that (Bs)sce satisfies (2.11), p > 0, ¢ > 0. Then (2.16),
(2.17) admit a unique solution.

2.7. Error estimates. For u € W,,(f2), define for all control volumes @y =
u(xk) and all edges @, = u(x,); then 0™ = (Ux)xeom, WY = (Uy)ocgy, U =
(@™ @w®r). The aim of this section is to prove the following error estimates.

THEOREM 2.7. There ezists a positive constant C' such that for any u € Wy, (),
the solution of problem (2.1), and u” = (u™,u’r), the solution of the discrete coun-

terpart (2.16), (2.17), we have
[a7 —u” || 7 +pl[af" —u®|F p+qllaf —ufr|T g < Olreg(T))size(M)°ull3y,, (o)-

The proof of this theorem follows classical lines, starting with consistency errors.

2.7.1. Consistency errors. Integrate (1.1) over the control volume K € 9t:

(2.25) - Z /l/Vu-nmgds—i—/b-nmuds—i—/nudw:/f(:c)d:c.
o (e K K

oe€y

For K € Mt and o € &, introduce the discrete diffusive and convective fluxes associ-
ated to the exact solution,

—_— U — Uy —_ 1 _ ~ O\Vo dobyo _ =
}7‘}<d7(7 = |O'|l/g Kdo_ s FI?,U = §|U|ng(uK +u<y) + | d|o. BU < I/o-K ) (uK - uo‘)7
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1278
with T, defined as in (2.14), b
_ u, if o € Einy,
Uy =10 ifoe SD,
U if o € Ep.

Uo

Define the consistency error of the diffusive and convective fluxes and of the volume

term by
R,‘ig =F, + / vVu - ng o ds,
o

Ry, =F¢, — /(b ‘Do )uds,

Ry = /n(u — k) dex.
K

oe&y

Equation (2.25) can be rewritten as
d Te = d c v
S (P, +FL,) + Il = 3 (Rl + B )+ Ri + [ f(@)de.
K

oe&y
Subtracting the corresponding discrete equation (2.16) yields

(226) Z(FI?G'_FI?U)—'_ Z(Flg,o_Flf,o)+ Z W(UK_UK):JFZ
ge€y oc&x KEM

with
fil = > (R, +Rg,)+ R

fe

o€y

(2.27)
Now integrate the boundary condition (2.1c) over each edge o; € Er:
xr
i / gdy.

1 i
/(b~nKigi)u dy+/ pudy+q[-vVu-7la 7
(o i ’

/ vVu - Ng,q, dy — 3

Introduce the one-dimensional diffusion consistency error
u(@i) — u(Tiy1)

di+%

(@i 1) (Vu-7)(x;p 1), where Fi 1 =v(z;, 1)

and the one-dimensional volume consistency error
1 11
ro= [ (p+5b-n)ulx,)dy— [ |p+ 5 [ b-n)ulz,)dy,

where n stands for the outward unit normal to I'. Subtracting the discrete equation

(2.17) yields
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o =K|L € Einy o € 00N
/:/ N /
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\ / \
\ ’ \
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Vo = Ve UVio Vo = Vko

Fi1G. 4. The diamond cells.

_ _ 1
@28 (L~ o)~ (FE ~ Foo) + (04 30n ) loler
+q((Fipy —Fiyy) —(Fior —Fi 1)) = 9
with
(229) ?Z— = _R}i,ai - R}C(,ai —To; + q(riJr% - 7’1-7%).

The next task is to estimate the consistency errors. This will be done using the
diamond cells defined in Figure 4.

LEMMA 2.8. Assume that b € W1 (Q), v € Wh>(Q), n € L>(). Then for
any o > 2, there exists a real number C > 0 such that for any u € W,,(Q), the
consistency errors can be estimated by

dy .
IRl P<C 81ze(9ﬁ)2/ \D2u(a)|? da Yk € M, o € £y,
Vo

RS2 < O size(9M)2|V, |1~ = </ | V()| dw) T VkeM, o€ &y,

o

do

o]
2
1 o
mmgﬁ’ < C size(9M)? ||~ = (/ |Vu(sc)|°‘dsc) VK € 9,
K

T

d’i 1 +1
b P < Csize(am)? [ 0yl dy or i =0, €4,

1 ) s
ﬁ|7“g|2 < O size(M)?|o|' = (/ |0y u|™ dy) foro e &r.
o g

Proof. The proof of this technical lemma is classical and can be found, e.g., in
[10, 12]. O

2.7.2. End of the proof of Theorem 2.7. Define the error with the same
notation as before by ex = ux — ux and e, = 4, — u,. By linearity, Lemmas 2.3 and
2.4 apply to e’ , with right-hand sides given by the families of f in (2.27) and g/ in
(2.29). Introduce e, = %g — Uy, and use the previous lemmas to estimate
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Soefl = e (Z (R¢, + R ,) +R}é>

KEM KEM oce€y
=D (Rio + R ) ex — o) + D (B, + Rig)es + ) exhy
oce€ ce€r KEM
T dU d c |2 : d c
< He ||1,T Z m |RK,U + RK,U| + Z (RK,G' + RK,o)eU
ceE o€y

1
1)
a3 i)

KEM

In the same way,

|€r] |€r]
=T __ d c
E €o:9; = E €o; (_RK7O'¢ - R}goi —To; T Q(TiJr% - Ti—%))
i=1 1=1
[Er| |€Er]

= Z €a; (_thia'i — Ry, — 7"01.) +4q Z Titd (€: = €o:41)
i=1 i=0

=

|Er|
1
€3 (o - ) 1 (5 )
=1

oecl
%
I€r| 4
£ its
+ql[e®" [|1er E , |C,_|2 |Ti+%|2
i=0 *

Summing the last two inequalities yields

1

2

|€r|
. ~ d
Sl + 3o <167 (3 L
i=1

KEM oe&
1 1
1 ’ 1 ’
+e™oa | Y IR + e llor | D =lrol
KEM |K| oce€r |U|
|€r| - 2
£ 1
+qlle" [l1,er Z |a|2 |Ti+%|2
i=0

Young’s inequality together with the discrete Poincaré inequality (2.21) lead to the
new estimate

1
= (16T 7 + 1™ 32 ) + plle 3. + alle" 13 )

C
d 1 1 Eldyy s
i1

<> ol [Re, + R 1P+ ) ARl 4 > Hmuqz oo Trieal”
3 KEM o€ET i=0 7"

Lemma 2.8 and Sobolev embeddings conclude the proof of Theorem 2.7.
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3. A Schwarz algorithm with Ventcell transmission conditions. The aim
of this section is to design and study a discrete version of the Ventcell-Schwarz
algorithm, designed by using an elliptic boundary operator A, defined by A¢ =
pd — q0y(vOy¢). For j € (1,2), the algorithm computes u? using boundary data
at step n — 1 coming from the neighboring subdomain ;. An appropriate initial
guess is given:

(3.1a) Luj = f on €,

1 1
(31b) <V8nj - §b . l'lj + A> u? = (—yiam + §b -, + A> ’u,?fl on .

3.1. Convergence at the continuous level.

THEOREM 3.1. For any initial guess (ul,u3) in Wi, (Q1) x Wi, (Q2), (3.1) defines
a sequence of iterates in Wi, (Q1) X Win(Q2), which converges in H'(Q1) x H'(Q2)
to the solution u of (1.1).

Proof. First identify u as the potential limit of (3.1). By linearity, only the
convergence to zero of the sequences of iterates with f = 0 has to be proved. Defining

the continuous flux FJ* = —(v0,; — ib- n;)u}, the transmission condition on I' takes
the form
(3.2) —FP + Al = F 7 4 A

Multiplying (3.1a) by u} yields

(3.3) ag, (Wl ul) + R™ =0, R™ = (F" uM)r.

J 7 Jjo i

The boundary term R™7 can be rewritten using the scalar product defined by A~! in
(2.4):

n,j n — n n n 1 n n 1 n n
R™ = (F', A™"Aul)p = (F', Aul) -1 = JIE + A 3-: — JIE = A 13-

Plug this last expression into (3.3) to obtain

1 1
an, (3, u7) + 71 F7 4+ A 3s = ZIF7 = A3,

Replace the right-hand side using the transmission condition (3.2) to get

1 1 n— n—
ag, (uj, uf) + ZIFP + Auf |3 = ZF 71+ AR
4 4

Sum the previous equalities over the subdomains and the iterations to obtain for each
N >1,

N 2 2 2

n n 1 1
> D an,(ufuf) + 1 D IET + AR = 1 D NIF + AR
n=1j=1 =1 j=1

This last equality proves that u} tends to zero in H 1(6). O
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3.2. Discrete Schwarz algorithm. Given a composite mesh 7 = (9T, M1, M5,
&), the discrete Schwarz algorithm consists, with suitable initial data, in finding for
T;.m _ (uimj,n 118{"’")

all n > 1 the solutions u of the linear system

(3.4a) VK € M, (Fi,0)j + [K|nx (ux) /f
ge€y

n ]' n n
—(Fx,0)} + ib.nj|a|(ug)j + Ar(us)]

(3.4b) Vo €&y, )
n—1 n—1 n—1
= (Fxo)i™ — ib ‘ny|of(ug) ™ + Ar(uq); ™.

The notation introduced in section 2 naturally extends here. For j = 1,2, the discrete
boundary operators Aj. and A}, coincide, and the common value Ar is given by

(85) Vo= &, Arlug); = plol(u); — a((Fryy); — (B y),).

Note that since (Fx,)} approximates the flux (—v0,; +b-n;)(u}), the term in (3.4b),
—(Fx.0)} + 3b - njlo|(uo)} is an approximation of (v9,; — 3b - n;)(u}).

3.3. Convergence of the discrete Schwarz algorithm. Since the global
mesh T is the composition of the two local meshes, the first task will be to identify
the limit of the sequence of finite volume problems in (3.4). It turns out that it still is
a finite volume scheme on the composite mesh for problem (1.1), but with a modified
convective flux EU. This will be emphasized in Theorem 3.2, and convergence will
be proved. Alternatively, given a finite volume discretization of problem (1.1) with a
convective flux EU, Theorem 3.3 will investigate under which conditions there exists
a modified Schwarz algorithm converging to the solution of that scheme.

THEOREM 3.2. Let T; be two compatible meshes of Qj, 7 =1,2, and let T be
the associated composite mesh. Let uT"™ = (u™" uét") be the solution of (3.4)
with convective flures (By)scgy in (2.10) satisfying (2.11). Then (u®:n uPt2m)
converges to u™ = (WP u™2) | which is a discrete approzimation of the solution u
of problem (1.1), the solution of the following:

(3.6) VK€M, D Foo+ [Klncux = / fl=x

oe&x

where Fy , = Flig + FY , is defined in (2.9), (2.10) with a new appropriate choice B,
of the convective flux on o € Ey, given by (3.10).
Proof.  First step: Identification of the limit. Assume that u’i™ converges to

u”i = (u™, ufr) as n tends to infinity. We first prove that

(3.7a) VK € M, (Fi,o)j + [K|ni (ux) j /f
oe&x

(37b) Vo € gF,O' = 8K1 n 8K2 with K; € E)Jti, —(FKl)g)l = (FK27U)2.

Passing to the limit in system (3.4) yields (3.7a), and for (j,¢) = (1,2) and (2, 1)
1

(3:8) —(Fiy0)j + 5b-1ylol(ue); +Ar(ue); = (Fiio)i = b n;|o|(ug); + Ar(ug);-

Adding (3.8) in (1,2) and (2,1) gives Ar(us); = Ar(us),. Using the invertibility of
Ar in Lemma 2.4, (us); = (s )y := u,. This finally proves (3.7b).
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This enables us to define on the whole domain Q, ux as equal to (uy); in sub-
domain §2;. A corresponding flux Fi , for all edges which are not on the interface I
is also identical to the subdomain flux. To characterize the finite volume problem in
the whole domain, it remains to define the flux on an interface edge. Using (3.7b), it
appears that (3.6) holds if for all o € €,0 = 0K; N IKy with K; € M,

(39) FK,G’ = (FK1,U)1 = _(FKQ;U)Z'

Use the expression of the fluxes in (2.9), (2.10), for all ¢ = K1 NK2 € £, and K; € M5,
to obtain

O\Vy 1
(B = 2%, ) (14 B) + 3ol + ),
Kio
olvy 1
(Feoir) = T (e, ) (14 Br) — 2ol (i, + )
Koo
bi;,odi ;o .
with by = bx,0 = —biyo and By, = BU( T ) Equating (Fy, o)1 and —(Fi, )2
provides
T (14 Buyo)ux, + 522 (1 + Byyo )ty + 3b (1, — tie,)
Uy = .

2l (14 Beyo) + 92 (1 + Byyo)

Replace u, in the formula for (Fy, »)1 and rewrite it as

2
Vslo| dK . (1 + Byo) 7= (1 + sza) 1 (date)
dg (1 =+ BK1G') + d (1 + Bsz)

(FK170’)1 = (uK1 - U’K2)

1
- §|a|ba<um ).

Comparing with the formulation (2.10), it appears that (3.9) is realized (or equiv-
alently that the solutions of (3.7) and (3.6) coincide) as soon as the flux Fy , is
defined by

2
. (1+BK10') (1+BK2¢7) 4(%&)

(3.10) B, = — -1,
(1+BK1<7)+ d (1+BK20’)

Vylo
(3.11) Feo = d| |(1 + By)(ux, — ux,) + §|cr|b(,(uK1 + u,)-

by o diy o
Vo

with 1 4+ B, > c¢. It is then easy to see that EG is also Lipschitz, that 1 + E > %
and finally that

For each o, by the assumptions on By, the By, are Lipschitz functions of s =

~ Dy Do d
B,(0)= 27 - _ 7 1=
() do + dg dK10'+dK20'
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Therefore (3.6) has a unique solution, which is also the solution of the limiting
equations (3.7).

Second step: Convergence. By linearity, consider the convergence to 0 of the
solution u’* = (u?-" ufr-") of (3.4) when f = 0. The proof technique is similar
to the one used in Theorem 3.1.

We proceed as in Lemma 2.3: multiply (3.4a) by (ux)} and sum over all control

volume K € 901, to obtain

|0¢VU n,j ~n,j 1 : in n,j
(312) > ; (1 + By)|u™ — @™ [2 4 5 0+ divb P —

oc&l 7

with

R?’j = Z ('Ua)] (ud)]7 ('Uo) . (FK U) - %/b ’ nKU(uU)?'

oe€r

Since Ar is a symmetric positive definite linear operator on R®T | its inverse Ap L can
be defined, and it is also a symmetric positive definite operator on RET. Let ||.|| AT
be the natural norm associated to this operator:

||u£F||i;1 = (AR (W), ufr) = Y (A (U)o,

T
oc&r

Now write

B = 37 (0a)fAr Ar(ue)f = ((v0)] Ar (o)) o
oc€€r

1 1
:ZH(”U + Ar(uo) ||A1_4||(U‘7) — Ar(uo) HAl'

Replace in (3.12) and sum over n =0, ..., N, using assumption (2.11) to get, with a
positive constant C,

2

CE > ™,
n=0j5=1,2
1
<72

j=1,2

1
-3 [ b na o)+ Ar(un)

Ap?
2

1
(Feo)) ~ 5 / b. nm(ugﬁ + Ar(u,)?

ARt

This yields the convergence of the sequence u™%" toward 0 in the discrete H' norm
and completes the proof of the theorem. O

Given an approximation (3.6) on a composite mesh 7, the inverse question is
whether it is possible to construct a discrete Schwarz algorithm that converges toward
(3.6). An answer to this question is given in the next theorem.

THEOREM 3.3. Consider in (3.6) the convective discrete fluzes defined by constant
fluz B, := B for all 0 € €, where B satisfies (2.11) and the additional condition

(3.13) E@)>—1+%by
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Redefine for all o € €. the distance dKj,g = %dg (see Figure 3), and define the discrete
convective fluzes in the Schwarz algorithm (3.4) by

(3.14)
B(s) ifo ¢ &,

B@%:—alfa%n+%¢ﬂ—s+§@ﬁmﬂd+§@ﬁ)UUESP

B,(s) =

Then By is a new admissible flux in the sense of (2.11), and (3.6) is the limit of
the Schwarz algorithm (3.4).

Proof. By the proof of Theorem 3.2 above, (3.6) is the limit of the Schwarz
algorithm (3.4) if and only if (3.10) holds for any o € £,. Since B, is even, the
assumption dy, o = %do implies that By,, = Bx,o = Bo(s) for s = bz"li". Then (3.10)
can be rewritten as

_ 142
(3.15) B(2s) = B(s) + #B(S).

Given s and B(2s), this yields a second degree equation for B(s),
- 1 ~
X2+ (1-B(2s)X + 132 — B(2s) =0,

whose only solution satisfying B(0) = 0 is given by (3.14). It is then easy to see that
B is an even Lipschitz function of s and that

1+ B(s) ifo ¢ & )
1+Bs(s) =291~ >S(1+¢)
51+ B(2s)) ifoeé: 2
In that sense, it is a new admissible flux in the sense of (2.11). o

Remark 3.4. Assumption (3.13) is satisfied by the upwind scheme, the Scharfetter—
Gummel scheme, and the centerd scheme provided |s| < 1. The Scharfetter—-Gummel
scheme, as described in [6], is obtained by computing the fluxes such that the solu-

Vg ~1 1

tion on the line (@, ) of the boundary problem —Z=u'(6) + bio(0) = 17 Fx.o =
_ﬁFbm (0) = ux with @(0) = u(ex+0(x, —xk)) satisfies 4(1) = uy. It seems to be
particularly well adapted for the Schwarz algorithm with the assumption of Theorem
3.3, since in that case B, = B, as depicted in Figure 5. Figure 5 shows in the other
cases that the new convective flux adds more diffusion on the interface.

Remark 3.5. The a priori estimate in Theorem 2.7 requires some geometrical
properties of the domain through the Poincaré inequality that we implicitly use. The
extended Poincaré inequality proved in [6] only requires connectedness of the domain.
There is an example in [4] of the application of a Robin—Schwarz algorithm with
improved finite volume (DDFV) discretization in the case of a nonconvex domain.

4. Numerical experiments. The aim of this section is first to evaluate nu-
merically the accuracy of the schemes introduced in section 2 and second to evaluate
the efficiency of the Ventcell-Schwarz algorithm compared to Robin—Schwarz. The
domain Q =] — 1,1[x]0, 1] is split into Oy =] — 1,0[x]0, 1[ and Q2 =]0, 1[x]0, 1| with
an interface I' at = = 0.
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Bup

Fia. 5.

(a) b=Dby (b) b=bo (¢) b=Dbs
Fia. 6. Comparison of the accuracy for various choices of the discrete flur B.

The diffusion and reaction parameters are fixed equal to v = 0.1, n = 1. Three
different advection terms are investigated. The first corresponds to balancing advec-
tion and diffusion, the second to an advection-dominated problem, and the third to
rotating advection:

by (z,y) = G) . by(z,y) = (110) . bs(z,y) = (‘ cos(m) Sin(wy)) .

sin(mzx) cos(my)
The source f is such that the exact solution of (1.1) is u(z,y) = sin(37z) sin(37y).

4.1. Accuracy of the scheme with Ventcell boundary condition. We
illustrate here the convergence behavior of (2.16), (2.17) in Q, with Ventcell boundary
condition on I' for given coefficients p = g = 1.

In Figure 6 the accuracy of upwind and Scharfetter—-Gummel schemes is compared
in the discrete L? and H' norms. The centerd and Scharfetter-Gummel schemes give
close results; therefore only one of them is represented. This is due to the facts that for
fine meshes b“l‘jd" < 1 and that B5Y(s)— B¢(s) = O(s?) in the neighborhood of s = 0.
The errors proaduced by the Scharfetter-Gummel and upwind schemes are relatively
close in the H! norm, bounded respectively by C*°%size(9t) and C*Psize(9) with
CS% < CvP. If the error is measured in the L? norm, however, a superconvergence
effect occurs for the Scharfetter—Gummel scheme, that is, an error O(size(91)?). In
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the case of dominating advection b = by, the Scharfetter-Gummel scheme is clearly
a better approximation for both coarse and fine grids.

4.2. Convergence behavior of the Schwarz algorithm. We compare in this
paragraph the convergence behavior of the optimized Schwarz algorithm for Robin
and Ventcell transmission conditions. Asymptotic values for the parameters were
obtained in [9] for 2 = R, and Q; = Ry, as follows. By a Fourier transform in the
second variable, a local convergence factor is defined, and the convergence factor of
the algorithm is defined as the maximum in absolute value over all frequencies which
would be present in the solution if it were represented on a grid of size h. Optimal
parameters p and ¢ are computed asymptotically so as to minimize the convergence
factor and given by

1
(4.1)  Robin: p* = gh*% \/2mv (b2 + 4vn)z, ¢t =0,
hi b2 + 4vn)? /
(4.2) Ventcell: p* = 24 i v I—g 1/77)2’ =5\ %(b% +4vn) 3.

The corresponding theoretical convergence factor of the algorithm (i.e., the factor of
reduction of the L? norm of the error in one iteration) is

o

(4.3) Robin: p* =1 — O(h?), Ventcell: p* =1 — O(h),

showing a drastic theoretical asymptotic improvement from Robin to Ventcell, since
it is less dependent on the size of the mesh.

The value of b, in the formula is b - n when the advection is constant along the
interface. In the case of variable advection b = bs, the choice of b, is the mean value
along I' of the function b - n. We have tested a local choice for these parameters as
well, but the convergence seems to be slightly improved by this global choice.

We illustrate our results on the two families of triangular grids presented in
Figure 7, one conforming (Grid # 1), the other nonconforming (Grid # 2) at the

(a) Grid # 1, refinement # 1 (b) Grid # 1, refinement # 2

(c) Grid # 2, refinement # 1 (d) Grid # 2, refinement # 2

Fi1G. 7. The two families of meshes. The family Grid # 1 is an example of triangular meshes
conformal at the interface x = 0. The family Grid # 2 is an example of triangular meshes with
nonconformal edges at the interface x = 0.
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, =P~ Robin i=5
i Venteell i=5
. v —#— Robin i=6
§ w0 4 Ventcell i=6
| =6— Robin i=7
@ Ventcell i=7
=0 Robin i=8

0 50 100 150 200 250 ””0”” Ventcell i=8 0 50 100 150 200

iteration iteration

Fic. 8. L? norm error w.r.t. iterations for increasing mesh refinements for Scharfetter—
Gummel approzimation and b = by. Left: Grid # 1. Right: Grid # 2.

10" 10"\
=P~ Robin i=5

wf Venteell i=5
2| =—#— Robin i=6 107
@ Ventcell i=6
" —~&~ Robin i=7

O Ventcell i=7 0
=0 Robin i=8

"
10 50 100 150 200 250 ””0”” Ventcell i=8 0 50 100 150 200

iteration iteration

H1 norm
H1 norm

b2

vm;?ﬁg'w@@

°

Fic. 9. H' norm error w.r.t. iterations for increasing mesh refinements for Scharfetter—
Gummel approzimation and b = by. Left: Grid # 1. Right: Grid # 2.

=P~ Robin i=5
= Venteell i=5
=& Robin i=6
w4 Ventceell i=6
=6~— Robin i=7
O Ventcell i=7
=O0— Robin i=8
.0 20 40 60 80 100 120 “”0”“ Ventcell i=8

H1 norm
H1 norm

Fi1c. 10. H' norm error w.r.t. iterations for increasing mesh refinements for Scharfetter—
Gummel approrimation and b = ba. Left: Grid # 1. Right: Grid # 2.

interface I'. We refer to [16] for examples on square grids. Figures 8-12 show the con-
vergence history for increasing mesh refinement, defined by the parameter i = 3,4, 5, 6.
The algorithm is stopped as soon as |[u” ! —u7"||;1 < 1077, The experiments
show that the choice of the distance dix , has a low impact on the convergence, and
therefore we have chosen dy » = d;,, in Figures 8-12.

4.3. Comparison of Robin— and Ventcell-Schwarz algorithms for the
Scharfetter—-Gummel scheme. Figures 8 and 9 display the convergence history in
the L? norm and H' norm, respectively, for the advection b = b;.

Figures 10 and 11 display the convergence history in the H' norm for the advec-
tion vectors b = by and b = bs.
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i Venteell i=5
=—#— Robin i=6
@ Ventcell i=6
=6— Robin i=7
@ Ventcell i=7
=0 Robin i=8
v Ventceell i=8

H1 norm

1289

iteration

Fic. 11. H' norm error w.r.t. iterations for increasing mesh refinements for Scharfetter—
Gummel approzimation and b = bs. Left: Grid # 1. Right: Grid # 2.

10" 10"

3,

v UP Venteell i=3
== SG Ventcell i=3 10"
4 UP Ventcell i=4
—#—SG Ventcell i=4 T
@ UP Ventcell i=5
-6~ SG Venteell i=5 Y i TR

iteration

H1 norm
H1 norm

10"

iteration

F1G. 12. H! norm error w.r.t. iterations for increasing mesh refinements. Comparison between
the upwind scheme and the Scharfetter—Gummel scheme for b = ba. Left: Grid # 1. Right: Grid

# 2.

TABLE 1
Robin versus Ventcell. The values of « in the case of Scharfetter—Gummel scheme L? norm.

Grid # 1 Grid # 2

o bt | b2 | b3 || b1 | bz | b3
Robin || 0.47 | 0.43 | 0.47 || 0.45 | 0.40 | 0.49
Ventcell || -0.02 | 0.06 | 0.01 || 0.08 | 0.04 | 0.20

Note that the case b = by (advection-dominated case) requires a finer mesh, able
to capture the advection. Therefore we have considered refinements up to eight times.
For the various types of advection, for conforming or nonconforming meshes, the gain
of using the Ventcell transmission condition is spectacular: the convergence is faster
and hardly dependent on the mesh size. The behaviors in the L? norm or H! norm
are very similar. Furthermore the Ventcell-Schwarz algorithm behaves much better
for nonconforming grids than the Robin—Schwarz.

The slopes of the convergence curves in the figures above, for different values of
the mesh size, provide a coefficient « in the discrete convergence factor pg ~ 1 —Ch®,
to be compared to 1/2 and 1/4 in (4.3). These coeflicients are given in Table 1. They
are even better than the theoretical ones. For all types of advection, even in the
nonconforming case, the numerical convergence factors are almost independent of the
mesh size.

Concerning a discrete analysis of convergence, a general argument in [18] in the
finite element framework asserts that if p = O(h~7) and ¢ = O(h1), the spectral
radius of the iteration matrix is 1 —O(hi). However, in the finite volumes framework,
special care should be given to the treatment of the boundary operator; see [13]. The
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ideas in these two papers could be coupled to produce a discrete convergence factor
for our algorithm.

4.4. Comparison of two discretization schemes. All the results above are
asymptotic results when the mesh size is small. Figure 12 displays the convergence
history when using the upwind scheme and the Scharfetter-Gummel scheme for b =
bs with a coarse mesh. The approximate values are those in (4.2), and these plots
show that these coefficients are still relevant, even though the dependency in h is not
perfect.

We saw in Figure 6 that for the advection-dominated problem, the Scharfetter—
Gummel scheme is more accurate than the upwind scheme. We furthermore see here
that associated to a Schwarz algorithm, the convergence is also much faster than for
the upwind scheme, especially for coarse grids.

5. Conclusion. We have introduced and analyzed a new nonoverlapping domain
decomposition algorithm for finite volume approximation of the advection-diffusion
equation in two dimensions. It relies on the Ventcell transmission condition and con-
verges much faster than when using the Robin condition. Only continuous coefficients
were considered for simplicity, but the extension to discontinuous viscosity across the
interface can easily be done. In the case of strong anisotropy, it will be interesting
to use more versatile schemes such as DDFV schemes, in the spirit of [4] and [13].
The computation of order 2 optimized parameters is a great challenge in that case.
Extension to three dimensions should be forthcoming in the case of admissible fi-
nite volume three-dimensional meshes, as the analysis of the three-dimensional FV4
schemes does not bring additional difficulties (see [10, 12]). Admissibility in the finite
volume sense though induces restrictions on the meshes. One way to overcome these
restrictions is to use the above-mentioned more evolved DDFV schemes. The three-
dimensional extension of DDFV Schwarz algorithm using one of the three-dimensional
DDFYV schemes (see [3, 2, 8]) will be a substantial improvement.
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