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Abstract

The classical convergence result for the additive Schwarz preconditioner
with coarse grid is based on a stable decomposition. The result holds for
discrete versions of the Schwarz preconditioner, and states that the precondi-
tioned operator has a uniformly bounded condition number that depends only
on the number of colors of the domain decomposition, the ratio between the
average diameter of the subdomains and the overlap width, and on the shape
regularity of the domain decomposition.

The Schwarz method was however defined at the continuous level, and
similarly, the additive Schwarz preconditioner can also be defined at the con-
tinuous level. We present in this paper a continuous analysis of the additive
Schwarz preconditioned operator with coarse grid in two dimensions. We
show that the classical condition number estimate also holds for the contin-
uous formulation, and as in the discrete case, the result is based on a stable
decomposition, but now of the Sobolev space H'. The advantage of such a
continuous result is that it is independent of the type of fine grid discretiza-
tion, and thus does the more natural continuous formulation of the Schwarz
method justice. The upper bound we provide for the classical condition num-
ber is also explicit, which gives us the quantitative dependence of the upper
bound on the shape regularity of the domain decomposition.

1 Introduction

With the generalization of parallelism in today’s computers, parallelizable algo-
rithms are of increasing importance. Domain decomposition methods make it
possible to perform numerical simulations in parallel, see for example the books
[33, 31, 35], or the monographs [37, 8], and references therein. Consider a partial
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differential equation to be solved on a big domain Q. In domain decomposition
methods, an iterative approach introduced by Schwarz [32] is to decompose the
big domain Q into several smaller overlapping subdomains Q;, Q = |J'; Q;, and
then to compute approximations uf‘ defined by

Lk = f in Q;, )
ub = u’fl onlIj;,

where I';; denote the interfaces. In practice, it is more efficient to use the general
algorithm (1) as a preconditioner for a Krylov subspace method, like GMRES or
conjugate gradients, see for example [19, 20] for a more detailed explanation. The
Additive Schwarz operator defines one such preconditioned operator, related to (1).
For a domain decomposition with both an overlap and a coarse mesh, Dryja and
Widlund [14] proved that the condition number of the discrete Additive Schwarz
operator is uniformly bounded, i.e. it does not depend on the number of subdo-
mains. However, it depends on the number of colors of the domain decomposition,
on the ratio between the diameter of the subdomain and the thickness of the over-
laps, and on the shape regularity of the domain decomposition, see also Toselli
and Widlund [35, Chap. 2]. Schwarz preconditioners have then mostly been ana-
lyzed at the discrete level, see for example [7, 29, 30, 23] for spectral discretiza-
tions, [3] for the non-selfadjoint case, [4] for parabolic problems, [6] for some
non-symmetric and indefinite problems, [5] for multiplicative versions of the al-
gorithm, [10] for discretizations on unstructured meshes, [9] when also the coarse
grid is non-matching, [16, 12, 27, 28] for mixed finite element discretizations, [13]
for mortar finite element problems, [17] for discontinuous Galerkin discretizations,
and [18] for numerical linear algebra techniques. For lower bounds on the conver-
gence of Schwarz methods, see [2].

Schwarz domain decomposition methods are however naturally defined and
analyzed at the continuous level, like in (1), see for example [24, 25, 26]. Schwarz
methods were also invented by Schwarz at the continuous level [32], and the more
recent class of optimized Schwarz methods was formulated and analyzed at the
continuous level, for an introduction see [19] and references therein. It is however
much less clear how to analyze a two level method at the continuous level. In a
recent review on coarse space components [36], we find the comment:

Early on, coarse spaces were not used and only continuous prob-
lems were considered; in fact it is unclear what a coarse problem then
might be.

The purpose of our paper is to present an analysis of the two level Additive Schwarz
operator in a continuous setting, and to prove that its condition number is bounded
independently of the number of subdomains. The proof succeeds by establishing
the existence of a stable decomposition of every function in H} (Q) as a sum of
functions belonging to the H& (Q;) plus a coarse function belonging to the space
of continuous piecewise linear functions P, (.7') where 7 is our coarse triangular
mesh.



Our goal in this paper is to obtain at each step of the analysis explicit estimates
also for the constants involved. To do so, we have to give a precise and quantitative
definition of the notion of shape regularity. The upper bounds we obtain for the
condition number for the Additive Schwarz operator at the continuous level con-
tains explicit expressions for all the constants. Such precise estimates are useful
when studying the Additive Schwarz operator for non-shape regular domain de-
compositions, i.e., when some subdomains are very small, while others are very
large. In this case, the classical result would give us a condition number linear
in max(H (x))/min(6(x)). Using the methods developed in this paper, we prove
in [21], that the condition number is actually linear in max(H (x)/&(x)) which is a
much better estimate for non shape regular domain decompositions, see also [11].
Our continuous analysis can also be helpful to prove properties of the Additive
Schwarz preconditioned operator when discretized by various consistent numeri-
cal methods for partial differential equations, as soon as the discretization error is
small enough. The condition number estimate should then not depend on the fine
discretization.

First, we recall in section 2 the definition of the preconditioned additive Schwarz
operator, and the abstract results giving an estimate of the condition number of the
Additive Schwarz operator as soon as three assumptions hold. The rest of the pa-
per is then devoted to showing that these assumptions hold for a decomposition at
the continuous level, the key assumption being the existence of a stable decom-
position. After specifying in section 3 the geometric parameters of the domain
decomposition, we prove in section 4 the existence of a stable decomposition in
the continuous case in the absence of a coarse mesh albeit with a constant that de-
pends on the number of subdomains. Section 5 is dedicated to proving our main
theorem, Theorem 5.12, which establishes that, in the presence of a coarse mesh,
there exists a uniformly stable decomposition with an explicit upper bound that
does not depend on the number of subdomains. Using this result, we prove in sec-
tion 6 that the condition number of the additive Schwarz operator has a uniformly
bounded condition number in the continuous case when there is a coarse P; mesh.

2 The Additive Schwarz operator

In this section, we recall the abstract results in Toselli and Widlund [35, chap. 2].
Let (V;)o<i<y be Hilbert spaces, with V; being a coarse space. Let V. =Y" RV,
where the R! are linear extension operators. Let a(-,-) be a symmetric, positive
definite bilinear form on V. We wish to find the unique « in V satisfying

a(u,v)=(f,v)forallvinV.

Let a;(-,-) be symmetric positive definite bilinear forms on the V;. We define P
V =V, by N
a;(Pu,v) = a(u, R v) for all vin V.



Let P, = RITIN’, The additive Schwarz operator is defined by

N
Pu =) P. 2
i=0

This is an a-symmetric a-positive operator. We are interested in bounding the con-
dition number (with respect to the bilinear form a) of the preconditioned operator
P

Definition 2.1. Let a be a symmetric, positive bilinear form on a vector space V.
Let P be a continuous linear application fromV toV. We call

max uev a(Pu,u)
a(uu)=1

K(P) =

min ey a(Pu,u)
a(uu)=1

the a-condition number of P.

Assumption 2.2 (Stable decomposition). There exists a constant Cy such that all
u in'V admit the decomposition

N N
U= RiTui, withu; € V; fori=0...N, and Z&i(ui,ui) < Cga(u,u). 3)
i=0 i=0

Assumption 2.3 (Strengthened Cauchy Schwarz inequality). For alli, j > 1, there
exist constants 0 < &;; < 1 such that for all u; € V; and u; € V; we have

\a(RY ui, RN uj)| < &;a(RY ui, RY u;)>a(Ruj, Rl uj)?. )
We denote by p (&) the spectral radius of the matrix & = {g;;}.

Assumption 2.4 (Local stability). There exists @ > 0 such that Vi > 0 and Vu; €

range(P;) we have
a(RlTMi,RiTMi) < a)EZ,'(u,-,ui), (5)

The following fundamental result can be found in Toselli and Widlund [35],
see Theorem 2.7.

Theorem 2.5. Let Assumptions 2.2, 2.3 and 2.4, be satisfied. Then the a-condition
number K(P,q) of the additive Schwarz operator satisfies

K(Put) < Coo(p (&) +1). (6)

Proof. The proof of Theorem 2.7 in Toselli and Widlund [35] also holds if the V;
have infinite dimension. O]

In order to get a more concrete estimate, the strengthened Cauchy-Schwarz
Assumption 2.3 is often replaced in the literature by an assumption on the number
of colors of the decomposition. The number of colors is defined as follows:
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Definition 2.6 (Number of colors). In an abstract domain decomposition into the
fine spaces (Vi)i1<i<n, the number of colors is the smallest integer N, such that
there exists a partition of {1,...,N} into N, sets (Iy)1<x<n, such that RiTVL- is a-
orthogonal with RJT-V]- whenever i and j are distinct indices that belong to the same
I. The fine spaces V; and V; are said to have the same color when i and j belong to
the same I,.

Then we can use the number of colors in estimate (6) instead of relying on the
spectral radius of the strengthened Cauchy-Schwarz matrix.

Theorem 2.7. Let Assumptions 2.2, and 2.4, be satisfied. Suppose that the fine
decomposition V; has N, colors. Then the a-condition number x(P,;) satisfies

K(Pug) < Co0(Ne+1). )

Before proving the result we make the following remark:

Remark 2.8. In the literature, three distinct integers are used in estimate (7), and
these constants can be defined both in the concrete geometric setting of domain
decomposition, and in the abstract setting:

e In the concrete setting of domain decomposition, one can define Ny as the
maximum number N of neighbors, including itself, a subdomain can have.
This integer is the connectivity of the domain decomposition. This number
can replace p (&) in Theorem 2.5, since we always have p (&) < Ny, see [35,
Lemma 2.10] (where N¢ is used as the name for this constant). In the abstract
setting, one could define N; as the maximum over i in {1,...,N} of the
number of RJT~VJ-, jin {1,...,N}, which are not a-orthogonal to R? V.

e The number of colors N, we defined in the abstract setting, see Definition 2.6,
can also be defined in a transparent way in the concrete geometric setting of
domain decomposition, see Definition 3.6. We always have N, < Ny in both
the concrete and abstract setting, and thus proving a result with the constant
N, implies the result with the constant Ng.

e In the concrete setting of domain decomposition, one can define N as the
maximum number of subdomains a point can belong to. In the abstract set-
ting, one can define NV as the largest integer for which there exist NV distinct
R!'V; whose intersection is not {0}. We always have N < N, in both the ab-
stract setting and the concrete setting, so a result with the constant N is the
most accurate. In the concrete case, when the a; are defined as integrals over
a subdomain, it is possible to replace N, with N in (7), see the original proof
of [15, Th. 4.1]. It is unknown to the authors if the result with N can be
generalized to an abstract domain decomposition.

In the remainder of this paper, we always work with the number of colors N,.

We now proceed with the proof of Theorem 2.7.



Proof. We only need to change part of the proof of Theorem 2.7 in Toselli and
Widlund [35]. We already know that a lower bound for the smallest eigenvalue
is 1/ Cé, see [35, Lemma 2.5]. To get the estimate on the largest eigenvalue, we
follow the ideas of [35, Lemma 2.6] but additionally group the V; by color. For
each color kin {1,...,N,}, we get:

a(Y. Pu,Y Pu)=Y Y a(Pu,Pju)=Y a(Pu,Pu)< a)ZcZ(Eu,ﬁiu)

i€l JEI il jely i€l i€l;
1 1
<a)Za (Pu,u) < oa( ZPM u) < wa( ZPu ZPM )2a(u,u)?.

i€l i€l i€l JEI

Dividing by a(Y.;c; Piu, ¥ jes, Pjut) 2, we therefore get

a(Y Pu, Y Pu)? <o

i€l JEI;

\_/
=

and thus can estimate using again the Cauchy-Schwarz inequality

a(Y Pu,u) <a(Y Pu, ZPuf uufg alu,u).

icly i€l JEI

We also know that a(Pyu,u) < wa(u,u), see [35, Lemma 2.6]. Therefore, summing
over all colors and Py, we get a(P,qu,u) < (N, + 1)wa(u,u) forall uin V. O

While the local stability and the strengthened Cauchy-Schwarz inequality can
naturally be extended to the continuous case, the stable decomposition result is
traditionally shown using properties of the fine discretization of the problem, see
for example Toselli and Widlund [35]. For a continuous formulation, we need to
use other techniques, which is the purpose of this paper.

3 Geometry and decomposition into subdomains
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P
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Figure 1: Domain decomposition with a coarse mesh

First, we recall the definition of a domain:



Definition 3.1. A domain of R? is an open connected set of R*> whose boundary
dQ is of null Lebesgue measure'. We denote by |Q| the Lebesgue measure of the
domain Q.

We recall the definition of a non overlapping and an overlapping domain de-
composition:

Definition 3.2 (Non Overlapping Decomposition). Let 2 be a bounded domain of
R2. A collection of domains (U;)1<;<y, is a non overlapping domain decomposi-
tion of Q if

N
Q=JU, UnU;=0 foralli#j. 3
i=1

Definition 3.3 (Overlapping Decomposition). Let Q be a bounded domain of R?.
A collection of domains (€;)1<;<y is an overlapping domain decomposition of Q
if

In this article, we use the parameter H to represent the average size of subdo-
mains. For the definition of H, we use the concept of diameter, which we recall
here:

Definition 3.4 (Domain Diameter). Let U be a bounded subset of R>. We define
the diameter of U to be
diam(U) = sup||x—y||.
xcU
yeU
The concept of an overlapping domain decomposition raises the question on

how to define the overlap width of the decomposition. We use the following defi-
nition:

Definition 3.5 (Overlap of the Decomposition). A domain decomposition (£2;)1<ij<n
is said to have overlap width®> § > 0, if there exists a non overlapping domain de-
composition (U;)1<j<y of Q such that for all i, 1 <i <N, U; C Q; and

{x e Q|dist(x,U;) < 6} C Q.

Definition 3.6 (Colors of the Decomposition). The number of colors of an over-
lapping domain decomposition (€2;)<;<y of domain € is the smallest integer N,
such that there exists a partition of {1,...,N} into N, sets (I;)1<x<n, such that

ﬁi ﬂﬁj =0,

whenever i # j and i, j both belong to the same color I.

't is possible for a pathological open connected set of R? to have a boundary with strictly positive
measure. For example (0, 1) x (1/4,3/4)UUT_, U,%j:i(lfl (21‘2—'1'1 —274, 2]‘2%1 +274) % (0,1) is open,
connected and dense in (0, 1) x (0, 1) but has a measure smaller than 9/14.

2Geometrically, the parameter 8 corresponds to half the overlap of the subdomains



Remark 3.77. The geometric Definition 3.6 for the number of colors is equivalent to
the algebraic Definition 2.6 for the bilinear forms implied by the geometric domain
decomposition, like in this paper, where R! V; contains all functions that are Hé in
Q and null outside €; and a is an integral over Q.

4 Stable decomposition without a coarse solver

To understand the importance of the coarse solver, we begin by proving the exis-
tence of a stable decomposition without a coarse mesh. In that case, the constant
Cy in (7) stemming from the stable decomposition depends on the number of sub-
domains. We consider a bounded domain Q being decomposed into N overlapping
subdomains Q; with overlap width 6. We make the following assumptions on the
domain decomposition:

Assumption 4.1. The overlapping domain decomposition (£;)<;<y is derived
from a non overlapping one by Q; = {x € Q | dist(x,U;) < 0}, and we refer to
it by (Ui 1<i<n, (Qi)1<i<n)-

Assumption 4.2. Let H be the smallest diameter among the diameters of the sub-
domains U;. We suppose there exist uniform parameters Cy >0, c, >0 and C, > 0
such that for all i in {1,...,N}

H < diam(U;) < C4H, ¢ H* <|U;| < C,H?, ©)
where |U;| is the Lebesgue measure of the subdomain Uj.

To construct the stable decomposition, we use a partition of unity.

Lemma 4.3 (Partition of Unity). Let Q be an open domain of R?>, N > 0 be the
number of subdomains, and (U;)1<;<n be domains of R? satisfying (8). With § >0
the overlap width, we define

Q; = {x e R? | dist(x,U;) < 8},

and denote by N, the number of colors of this domain decomposition®. Then, there
exists a universal* constant Ay, 0 < Ay < 6, and N functions (W;)1<i<y in € (R?)
having the following properties:

1. Foralliin{l,... N}, W vanishes outside of Q.
2. ForallxinR? 0 < yi(x) < 1.
3. ForallxinQ, Y, yi(x)=1.

4. ForallxinQ YV [ Vyi(x)|? <223 QLS

3The Q; can extend beyond the domain €, in contrast to the Q; defined earlier
“It depends only on the dimension but we have restricted ourselves to two-dimensional domains



Proof. The result is classical and well known, see [1, Th. 3.15], we only show how
to obtain the explicit constant in the bound given in 4. We start with a function
p in €~(R?) which vanishes outside the unit ball, and satisfies for all x in R?
that 0 < p(x) < 1, and the integral [z, p(x)dx = 1. For all € > 0, we then set
pe(x) = ép(g), and we define for all i in {1,...,N} the function

1 if dist <z,
mig= |l U<
0 otherwise.
We now regularize the functions A; using a convolution,
0i 2= P52 *hi.

The functions ¢; vanish outside of £~2,-, are identically equal to 1 in U, and for all x
in R? we have 0 < ¢; < 1. Moreover, since ||V@il|;-g2) < [[VPs |11 r2) [1hill 1= (z2)
2

2||Vpl|p g
P
We then set -
Vi = q)lH(l - ¢k)a
k=1

and the (;)1<i<n are then a partition of unity. Moreover

V‘I’iZW)z’H 1—¢) — Z‘PZV(P]H 1— ).
k=1
k#}

At a given point x, at most N, — 1 terms of the above sum may be non zero,
therefore, by the Cauchy-Schwarz inequality, we obtain

i—1 i—1

N N N
;HV%(x)HZS(Nc—l) (;IIV@ ||2H 1=0)*+ ) Y 1o IVe;,) > T (1-0)

1 k=1 kj

k= i=1

Jj=
N j—1
Ne—1) ZIIW’: ||2H =) <1+ Y, 1o H (1_¢k)2>

k=1 Jj=i+1 k=i+1
N
< (Ne ||V¢l |2H 1— ) (2—H<1—¢k>>
:1 k=1 k=i
N
~D LIV

Moreover, each term is bounded by max; <;<;||V¢;]|2. ()» and at no point x in €,
there may be more than N, — 1 nonzero terms in the sum. Hence, for all x in Q

N 8(N, —1)?||Vp||?
S e < 20D 5”2 12 gy
i=1

)



Setting A := 2[Vp|?, (g2)> the result follows. Note that here Vol me) =
Jr2(|0xp | +9yp|?)!/?dx. Using the W' (R?) function p (x) = 1 — ||x||2, we obtain
the estimate A, = 6. O

It is easy to build a stable decomposition using a partition of unity, however
to get an estimate in H/§ instead of an estimate in H? /8 we need more assump-
tions on the regularity of the Uj, specifically we must control the curvature of the
boundary of the U;. Unfortunately, the subdomains of a non overlapping domain
decomposition are at best piecewise €*: there will always be corners at cross
points. For this reason, we introduce the notions of pseudo normal and pseudo
curvature:

Assumption 4.4. Let U be a bounded domain of R?. We suppose there exist an
open layer L containing dU and a vector field X continuous on LNU, ¢ on LNU
such that:

DX (x)(X (x)) =0, 1X ()| =1

and such that there exists & > 0 such that for all positive € < & and for all X in
oU:

i+eX(%) €U, i—eX(%) € U.

The vector field X is called an interior pseudo normal.
Setting for all positive &
U® = {x e U s.t. dist(x,0U) < 8},
VO ={&+sX(%),k€dU,0<s< 3},

we assume there exist R > 0, 0y, 0 < 0y < 1/2 and &, 0 < & < Rsin O such that

vRcLnu,
U cv¥/sin%  for all positive 8 < &.

The parameter Oy formally represents the smallest angle between the pseudo nor-
mal and the tangents. We finally set

- 1
|divX [z

We call R the X -pseudo curvature of U.

When the boundary of the domain U is %!, X is the interior normal. Unfortu-
nately, as the U; form a non overlapping domain decomposition of €, they cannot
be supposed to be €’!. It is perfectly reasonable to assume the existence of a pseudo
normal for Lipschitz domains, see [22, §1.5].

Using these assumptions, we can prove the following lemma:

10



Lemma 4.5. Let U be an open domain that satisfies assumptions 4.4, then for all
6 < &y, we have

R\ 6R R 5
2 2 2

lllizwa) <2 <1 - R) siny | ) +2 (1 * R> Roingy ")
Proof. We have |[ul| >ys) < |lul|2(ys/snoy). For all x in VR, we define d(x) =
inf{s,x —sX(x) ¢ LNU}. The function d is lower semicontinuous. Note that
d(x+ sX(x)) = d(x+ sX) provided the whole segment [x,x + sX (x)] belongs to
LNU. Also note that for all § < R, V% = {x € VX s.t. d(x) < §}. Define function
v by

w(x) =x+ (R Sig % _ )X (x).

for all x in V9/5"0  We have d(y/(x) = ﬁﬁ%‘%‘d(x) and

/Va/sinex Ju(x)Pdx < 2/ Ju(y(x))[*dx

y8/sinby

I

() (5 )
1)/ IVu(x+ sX (x))Pdsdx.
0

-~

11

' Rsin 0y
2 —
- y8/sinby d(x)( 6

(10)

To further estimate the term /, we need to compute the Jacobian of y: let us
first suppose that d is €. In the orthonormal basis (71, 7>) where T; = X (x) and
T, is orthogonal to T, we have
EE2)

Rsin 6y (Rsinex —1) ad
5 L0 2
0 14 (%% _1)d(x)divX(x)

Jy(x) = [

Therefore, since y(V9/5n6x) = VR we get

det(Jy(x)) = X Sig O (1 1 (RSig O% _ 1)a(x)div (x)).

This does not depend on the derivatives of d. Besides, one can prove that for all s
in R such that the segment [x,x + sX (x)] is included in LN U

(1+sdivX(x))(1—sdivX (x+sX)) = 1.

Therefore, setting y = y/(x), we get

— 2

1= [, lu(y) Pax
O [ )P~ (1= ) aivX ()

= = u — — =

Rsin By Jvk Y Rsin 6x Y Y)Y

R, 6

< (14 %)= 2dy.

el ILLCOIR

11



This formula holds even when d is not €’!: the idea is to prove by Fubini that the
formula holds on open subsets of the form Vy = {x+rT, +sX (x+r1,),0 < r,s <
€} where T, is orthogonal to X (x), and then to proceed by way of a partition of
unity. Therefore we have

A

R o 2
1] < (1+§)m”lﬂ|y(my)- (11
We now deal with the term //: we compute

R\ . 6 d(x)(Rsme_l)
= (=5 | d(x)/ T | Vu(x+ sX (x))Pdsdx
8 Vé'/smGX

Rs1n OX g,ngx s )
N \%
/ /VR {Rsm9x/5—1 d(x) < sinGX}d(x)| u(x+sX (x))["dxds,

and then using the change of variables y = x + sX (x) we obtain

R sin GX / Sy / sR sin Oy 6
II = <d(y) < — +
VR Rsin Oy — Rsinfy — & ) sin Oy s

(d(y) = 5)[Vu()]*(1 —sdivX (y))dyds

_ RsmOx / /7 ~ ) (d(y) — )| Vu(y)|*(1 — sdivX (y))dyds
VR )—38/sinBx )+

d(y (R—§/sinBy)
Rsmex_1 / Vuly ‘z/ (d(y) —5)(1 - sdivX (y))dsdy

)—8/sinbx)+
< (Rs56x B 1)(1+R—6§§sm9X Singzzex /VR ( d}(@y)) Vu(y)dy
= {1+ IIS)( s1n69x)s1n69X VRWM( y)Idy.
We thus obtain the estimate
11| < <1 + 2) ﬁsinaex Va7, i) (12)

Combining inequalities (11) and (12) with inequality (10) concludes the proof. [

Theorem 4.6 (Stable Decomposition without Coarse Grid). Let Q be a bounded
domain of R?, and (U;)\<i<n be a non overlappmg domain decomposition of Q,
satisfying Assumption 4.4 with uniform R, R, 8 and 1/sinBx. Let § < & be
positive and (Q;)1<i<y be an overlapping domain decomposition defined from the
U; and 6 as in Assumption 4.1.

12



Then, if u is in H} (Q), there exist (u;)1<i<n such that for all i, | <i <N, u; is
in H} (Q;) and

N
u=Yy w, with (13)
i=1

N
leuillizm,.) < [leell 72, (14)

42(N
anlny <2 Va2 g + 22— 1)

s Il o) (15)

where Ay is the universal constant of Lemma 4.3 and where Q% = Uiz, QN2 We
further have:

N

R 2
) S sin 9X> ”VMHLZ(Q)

R 1
2 e —
+825 (N —1)° (1+ >R63n9 | IILz

x| =

N
Y IVulq, < (248220 12 1+
=l (16)

Proof. We use Lemma 4.3 and set u; := y;u, which satisfies already (13). We then
estimate

g/Q’”i(x)’de:/Qg!%(x)u(x)lzdx:/Q!u i dx</\

since Y, (wi(x))? < 1, which shows (14). We finally need to estimate the deriva-
tive term. We have Vu; = y;Vu + uVy;, and therefore

3 2 o, W )
i_ZI/Q!vui(x)\ dx§2/g\Vu(x)’ i;!w dx—|—2/g|u(x)| ;WW dx. (17

The first term on the right in (17) can be bounded as above. To bound the second
term, we use result 4 in Lemma 4.3:

2 2 2 212( —1) 2
[ Ju) Zw )Pdx < ||Z|vw i) | )P < Z2E0 = s g
(18)
Combining these estimates leads to (15). To get (16), one first notice that
leel 72 5y < ZHulle U?)
then apply Lemma 4.5 on each U ,-5. O
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The lone 1/ 8 factor in estimate (15) can further be treated using the Poincaré
inequality on €, see [1, Th. 6.30], which then explicitly reveals the dependence on
the number of subdomains:

Corrollary 4.7. Let Q be a bounded domain. Let U;, Q; and (u;)1<i<y be as in
Theorem 4.6. Then we have

%1\ =

N
Y1Vl < (248230017 (14

5
dlam 2 H H
\Y
) e [
(19)

:Uz\ >

+A2CN(Ne— 171+

where C, is the constant of Assumption 4.2.

Proof. We start with (15), and use Poincaré’s inequality on H} (Q), i.e.
|72 < ClIVull72q)

but we need an estimate of the constant C. Since Q is, up to a rotation, a sub-
set of (0,diam(Q)) x R, the constant C is bounded by the Poincaré constant for
(0,diam(Q)) x R, which is smaller than 1/8(diam(Q))?. We therefore obtain

S [Viilore < 24+ 822N 1+ Ry_R
LIVl < | 2488017 (14 ) 550
R\ (diam(Q))?
2 2 2
Ne=12(14 %) amn= | IV
+ A3 (Ne—1) TR R sin by IVull72q)
But we also have
, (diam(Q))* |9, » (diam(Q))*
(diam(Q))? = ———~- —H <CN-—F"——H
@ H Q|
because ‘ ‘ < C,N by Assumption 4.2, which concludes the proof. O

The dependence on the number of subdomains N in estimate (19) is undesirable
for domain decomposition methods, since these methods should be scalable, which
means their convergence behavior should not deteriorate as one uses more and
more subdomains (which corresponds to more and more processors). In the next
section, we show how to establish a better estimate with the use of a coarse mesh.

S Stable decomposition with a coarse solver

We now introduce a discrete structure into our continuous analysis, namely a coarse
mesh over the entire domain, in order to remove the dependence on the number of

14



subdomains in estimate (19), see Figure 1. We present the general idea of the con-
tinuous proof in the presence of a discrete, coarse mesh first in subsection 5.1. We
then show the details of the proof in the next three subsections. In subsection 5.2,
we construct the coarse component of the stable decomposition. In subsection 5.3,
we construct the non coarse components. Finally, we conclude by stating our main
theorem in subsection 5.4.

5.1 General idea

The main idea is to use the following classical lemma [34, chap. II §1.4 pp. 51]:

Lemma 5.1 (Generalized Poincaré’s inequality). Let O be a bounded open set
satisfying the cone condition’. Let { be a continuous linear form on H'(0) such
that Ker(¢) "R = {0} Then, there exists a constant C > 0 such that

lullZ2(0) < CUUIVall 720y + 1) )

foralluin H'(0).

For our purposes, we need estimates for the constants. Unfortunately the proof
of the classical lemma is by contradiction, is not constructive, and does not allow
us to estimate the constant C when the domain O varies. However for convex
and star shaped domains, the constants can be estimated, as we will show later in
Lemma 5.10.

We return to the stable decomposition problem with a coarse mesh. How can
we use the coarse mesh to prevent the constant to depend on the number of subdo-
mains? The basic idea is to define N linear forms ¢; on H' (€;) such that for all u
in H} (Q) there exists (u;)1<i<y, such that for all i, 1 <i <N, u; is in H} (€;) and

N
w=Yu (20)

0 0
ZHVuzlle < Clg NVl iz + Clpm M) Y I, @D

where by extension /;(u) means /;(uq, ), effectively replacing the L? square norm
in (15) with Y’V | |£;(u)|>. We propose here to take ¢;(u) := |A l Ja, u(x)dx with A; C
Q;. We then search for u in the space of continuous, piecewise linear functions
P\ (7), where 7 is a coarse triangular grid, such that ¢;(ug) = ¢;(u) for all i, 1 <
i <N and [|[Vuo||;2q) < C||Vul12(q)- Then, we apply (21) to u — uo. The second
term vanishes and the constant of the stable decomposition does not depend on the
number of subdomains in the decomposition any longer. This idea implies that
the coarse mesh should be able to control at least one constant in each subdomain,
i.e., for the coarse mesh to prevent the dependence of the condition number on

3See [1, §4.6].
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the number of subdomains, it only needs to be able to subtract one constant per
subdomain! Intuitively, this means that the coarse mesh must have at least one
node in each subdomain.

5.2 Projection of H|} into (7))

In this subsection, we will consider a family of triangular meshes .7 of domain Q
with the following uniform properties:

Assumption 5.2 (Geometric Properties of the Coarse Grid). 1. All angles 0 for
all cells in the mesh .7 are bounded by 0 < 6,,;;, < 0 < 0,4, < ® Where 6,,;,
and 6, do not depend on H.

2. The length of any edge in mesh .7 lies between c,H and C,H where c, > 0
and C, > 0 depend neither on the cell nor on H.

3. No node has more than K neighbors.
In order to simplify our analysis, we make the following assumption:

Assumption 5.3. We assume that the coarse mesh 7 has precisely one node per
subdomain, x; € ;.

Even though it should be possible to derive mesh independent estimates for
the norm of the coarse component without Assumption 5.3, this could be rather
cumbersome, since it leads to a rectangular instead of a square matrix, see the
analysis below. In addition, in practical situations, one node for the coarse mesh
per subdomain is a common choice.

Given a mesh .7, and given r > 0, we introduce the linear forms

(i H) (Q) — R,
1 22
U— — / u(x)dx, (e2)
Tre JB(x;r)
where i belongs to {1,...,N} and where x; is the position of the i-th node in mesh

7. We also define
(:H}(Q) —» RV,
u— (Ci(u))1<i<n-
Theorem 5.4. Let Q be a bounded domain of R%. Let 7 be a coarse mesh on
satisfying Assumption 5.2, with Hy, the shortest height of all triangles in 7, K the
maximum number of neighbors of any node in 7, and let r be smaller than 41?1 7.
Then, for all u in H} (Q), there exists uy in Pi(7) NHL (Q) such that
li(ug) =Li(u)  foralliin{l,...,N},
1 1+2r/Hy, 2C,H
||VMH||%2(Q) = . K(="
tan Oin 1 — (2K + 1)+ (4K + 1)r/H,) r/Hy nr

Note here that r < ;22 ensures that | — ((2K + 1) + (4K + 1)r/Hy) r/Hj, is
positive. The remainder of this subsection is dedicated to the proof of this theorem.

+7T)||V’4”%2(Q)-
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@ Exterior node
@ Boundary node

@ Neighboring nodes

Figure 2: Boundary and exterior nodes in mesh .7

5.2.1 An equivalent norm

Our goal is to construct a convenient equivalent norm to the H(} (Q) norm for func-
tions in Py (.7). Let .7 be a mesh of Q having N nodes. As a convention, nodes of
mesh .7 located exactly on dQ will be called exterior nodes and are not counted
among the numbered nodes. This choice is motivated by the homogeneous Dirich-
let condition. We denote by 7 the set of all (i, /) in {1,...,N}? that are indices of
neighboring nodes. We also denote by 8 the set of all nodes i in {1,...,N} who
are neighbor to an exterior node, see Figure 2.

Definition 5.5. Let .7 be a mesh of domain Q. Let ¥ and 9 be the neighbor and
the boundary set of mesh 7. We define

Iy : RY = RY,

yH\/ Y bi—yilP+ ) il
(i

i,j)EV ic#
When u is in P, (7 ) N HE (Q), we define

[ully .z = || (u(x:))1<i<n|lv 2,
where the x; are the interior nodes of mesh .7 .

Lemma 5.6. Let uy belong to P,(7) N H} (Q), then the norms uy — | Vunll 20
and ||-||y & are equivalent. Moreover, the equivalence constants depend only on
the constants of Assumption 5.2,

2 mingpce 7 |ABC|
3 o

luzr 15 26 < IVunt |20y < lur|l - (23)

~ tan O,
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thij

xi Xj

thji

Figure 3: Angles and gradient norm in P; (.7)

Proof. 1t is easy to compute the norm, see Appendix A for details. For all uy in
Pi(T)NH(Q), we then have

1 1 1
Vg |2, = ( + ) |u; —u;|*
Q) ~ 5 (i7D27/ tan(6;;)  tan(6;;) '

1 1 1 )
3 Z Z (tan(@i,-/) + tan(@i/i)> ol

i€BicY;

where 6;; and 6;; are the angles opposite to edge [x;x;], see Figure 3, and where
¥/ is the set of all exterior nodes located on the boundary of Q that are neighbors
of node i. The problem is that the tan(6;;) can be negative when 6;; > 7. This is
not a problem for the right-hand side of inequality (23), but to establish the left-
hand side of inequality (23), when there are obtuse angles in the mesh, we need to
estimate

1
lurt5 6 = 7 2 (jun(a) —ur(B)? + Juz (B) — g (O + ups (C) — up (A) )
ABCeT
1
= E (|VMH(ABC) . (xA —xB)’2 + |VMH(ABC) . (XB —xc)‘z + |VMH(ABC) . (xc —xA)\z)
ABCeT
1
<3 X IVurr (ABC) [ (llxa —x8l|> + x5 —xc||* + [lxc —xa*)
ABCeT
2
3 2.2 2 _3 0 ”VMHHLZ(ABC)
< -C,H |Vuy (ABC)||g. < ~C,H _—
Mk 2 &, s
3 2H2
<z P \v4 2
~ 2mingpce 7 |ABC| I uHHLz(Q)’
where the sum is taken over all triangles ABC in mesh .7. O
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5.2.2 Boundedness

Our goal now is to estimate [|¢(u)|y # as function of ||Vu||;>q) when u is in
H}(Q).

Lemma 5.7. Let  be a coarse mesh on §, and let r > 0 be such that 2r is smaller
than the smallest height of any triangle in 7. Then, for all u in H(} (Q), we have

Yl — @+ ¥l <2228

(i,))eV 1S

K|[Vulfrg) (24

Proof. By density, we only need to prove the result for u in €:°. Dealing with
the second term of (24) is possible but cumbersome. It would be much easier to
estimate this term if the sum was over the exterior nodes that are physically on the
boundary of Q. Let %’ be the set of the indices of the exterior nodes of .7 located
on the boundary: their indices are outside of {1,...,N}. Let ¥ be the set of all
pairs of indices of neighboring nodes including exterior nodes (these nodes were
excluded in 7). Note that i belongs to A if and only if there exists at least one
index j in %’ such that (i, j) belongs to #’. We have

Y @l <Y Y 6l )+ 4w

ic# i€P je B
(i)’
<2 Y Ja(w) — ) +2k ¥ |4 w))
(i,He?' jeEA
je#

where the first sum has been dropped, since the indices i can only vary in % due to
the constraints on the second sum. We thus obtain

Y 6w 6w+ Y 1@<z Y 6 — ) 2K Y )

(i,))ev = (i,j)eV"! icB
(25)

We start by estimating the first term. Let (i, j) be in ¥, i.e. be neighbor nodes. We
have

1 2 2
— xdx—/ x)dx :—/ X+x;)—u(x+x;)dx
2 | 00 [ i = o [ uten) et

1 1 2
- or)/o Vu(x+ (1—1)x;+1x1) - (% — x;)drdx

1 1 ) 2

= v 1—t)x; +1x;)||* dedx]|x; — x;
”rZ/BOr/o [Vula+ (1= 1)x; + 1) | drlx |l — x|
d2

1
2
< 2 frou ) 9t =03, )

where d := ||x; — x;|| < C,H. We define v := =,
orthogonal to v. Then using the equality x; —x; = dv and the change of variables
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Figure 4: Tubes and their overlaps on the left, and estimate of the mean on a ball
centered on an exterior edge on the right

X =sv+ow, we get
1
/ /HVu(x—i—(l—t)xj—l—txi)sztdx
B(0,r) JO

roVrr—o? gl 5
:/ / / |Vu(xj+ow+ (s+1d)v)||” drdsdo
—rJ—vri—c? Jo

r 1 p+Vir2—o? 2
:/ // |Vu(x;+ow+ (s+1d)v)| dsdtdo
—rJo J-vir=o?

ropl r+Vrr—o2+td )
:/ / / |Vu(xj+ow+3v)||” dsdrdo
-rJo J—vrP—02+ud

ropHVrr—o+d Y. }
:/7”/7 o HVM(Xj-FGW-l-SV)H </0 %[i\/fﬁfﬂ/ﬁ}(t)dt) dsdo

2r [r [HVrP—0%+d ,
< e+ ow s s

which leads to the estimate

/ () dx — / u(x)dx
B(x,-,r) B(xj,r)

where 7; ; is the set of all points x whose distance to the segment [x;,x;] is smaller
than r. Since 2r is smaller than the height of any triangle in the mesh, no point x
may belong to more than K tubes T; ;, see Figure 4 on the left. Therefore, we have

1

> 2C,H
2t <

- Tr

[ IvuPax,
T

2
2C, H

<g=Cr /HVu(x)szx.
r Q

1 I
— / u(x)dx — — u(x)dx
(i,j)e?’ re JB(x;,r) nr B(x,r)

(26)
We now estimate the second term of the right-hand side of (25). Let i be in %/,
i.e. i1is the index of a node located exactly on the boundary of domain Q, then u
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vanishes on at least two radii. Let 6, be the angle between the horizontal and one of
the radii on which u is zero, see Figure 4 on the right. With e,(6) := (cos0,sin0)
and eg(0) := (—sinH,cos H), we obtain

/ N
s [ [ vt o) e

. 2
Jrrz/ /9, 16— | /mm (60.6) HW xi+pep(r))|| drdopdp

6o+7  rmax(6y,0)
//9 / ‘V“ xi+pep( ))H drd6pdp

mm

6o+7 2 90+7'C
_/ /9 HVu(xH—Pep (l‘))H </9 X(min(eo,e),max(eo,e))(t)d9> dtpdp

0—7T

2< 1 90+7r 2d9 d
P (r)\u m//e u(x;+pey(0))| d6pdp

1
274

depdp

<a [ [ | Vuteit pepe)|Fapdp =n [ |Vutx)Pax
0 Joy—= B(xi,r)

No point® x in Q can be in more than one ball B(x;,r), therefore summing this
inequality over i in &', we get

Y (i) <7r/HVu(x)H2dx. 27)

i€ch

Combining (25) with Inequalities (26) and (27), we finally obtain

2C,H
a5 <AL=+ K | V) P =

5.2.3 Continuity of the linear form /!

Lete e R, with0 <& < %, and choose r := €H},, where Hj, is the smallest triangle
height among all the triangles in the coarse mesh 7. Let L := [I;;| be the matrix
associated with the linear function /, i.e. the matrix such that L- (ug(x;))1<i<y =
O(ug) for all uy in P(Q). This is a square matrix, by Assumption 5.3, of size
N X N, and satisfies the following properties:

e Foralli,jin {1,...,N}, we have [;; > 0.

e For all i, j not belonging to ¥, [; ; = 0, which implies that for any given i,
there are at most K integers j such that /;; # 0.

%One can construct pathological meshes in non pathological cases where two exterior nodes A
and B that are not neighbors are closer than H;. However, in that case, one can easily avoid that
problem by redefining ¢4 (u) whenever A is in %’ to be # JvurB(x,,r) 1(x)dx where Vy is the union
of all triangles in mesh .7 that have node A as a vertex.
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e Foralliin{l,...,N}, wehave [;; > 1 —¢.

e For all i in {1,...,N}, we have Z ij=1ifi ¢ A, and ZJ Vi < Lif
i€ A.
Lemma 5.8. If e < 4K T then the matrix L is invertible, and for all u in R", we

have, with 1 — (2K + 1) + (4K + 1)&) € > 0 that

1—((2K+1)+ (4K +1)e)e
1+2¢

|ully 2 <||Lu|y .z < (1+(2K+3)e+ (4K +1)e?)||ul » .
(28)

Proof. Forallintegersi, | <i<N,wehavel; >1—¢ andzj\l,ﬂ < 1. Since € < %,
L is a strictly diagonally dominant matrix, hence invertible. For the remainder of
this proof, we will denote by ¥; the set of all integer j such that (i, j) belongs to
V. We also define ;' :=1—3;_, [;j, and note that /] is always non negative and
smaller than €, and it vanishes if i does not belong to Z.

We start by estimating the first term of the norm ||-||» 2, see Definition 5.5.
We have

N
Z ’Z it — Ljk) ”k’
171)67/ k:1
2
N N
Z Z lik(uk—ui) — Z ljk(uk—uj)—i-(ui—uj) —li*u,-—i—l;fuj s
(i.)eV k=1 k=1
k#i k#j

and using now the Cauchy-Schwarz inequality for v/I;; x /Iy (ux — u;), we obtain

N N

< Y Y+ Y a1+ +0 | %
Lher \k=l k=l
ki k#j

N
X Z l,-k]uk—ui\z—i- Z ljk\uk — uj’2+ |ui —uj‘z-l-lﬂui’Z—i-lﬂuj‘z
= )

N N
<(1428) Y | X wlwe—wil? + Y Llwe — P + [ — i+ 5 || + 1 P

(L.)er /,g;} IE;}
< (1+2¢) ( Y |u; — uj|* + 2K max|l;;| Y lu —u,]z—i—ZKmax]l |Z\u,|2>
(i,j)eV i (i.))ev icB

N
< (1+2¢) ((1 +2Ke) Y |ui—ujP+2Ke Y \ui|2> ;

(17‘/)61/ ic#
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which yields the inequality
N N
Z |Z (l,‘k — ljk)l/tk|2 < (1 —|—28) (1 +2K€) Z |Ml' — Mj|2 +2Ke Z ‘M,'|2 .
(i,j)e¥ k=1 (i,))ev ic#
(29)
We now estimate the second term of the norm in Definition 5.5,
2

:Z Zl,k uk—u l—l*)

€A k=1
ki

)

€A

Z Lixuk

k=

and again using the Cauchy-Schwarz inequality on /Iy X /Iy (ux — u;), we obtain

N N
<Y | Xa+ta-5) (I(Z,llik|uk_”i|2+(l_li*)|ui|2>’

ic# \ k=1
ki
(1+e) ) Zl,k|uk—u,|2 +(1=1) u]?
ich
(l—i—e)max]llk] Y |y — ;| + 1—|—8)Z|ui]2
7k (i,k)eV 1S
(1+¢)e Z . — w;|* + (1 +€) Z’|u,|2
(i,k)ev ich
which proves the inequality
2
)y Zl,kuk (1+e)e Y |u—wP+(1+€) Y |uil*. (30)
i€AB k= (i,k)ey €A

Now combining inequalities (29) and (30), we establish the right part of inequal-
ity (28).

Proving the left part of inequality (28) is a little more difficult. We start by
estimating the first term of the norm ||-|| 5. To establish (29), we used the equality

N
(lix — Ljg)uy = lek w) = Y L (e — uj) + (i — uj) = Gui+ Guj,
i =y,

\Mz

Putting the (u; — u;) term onto the left-hand side of the equation and all the other
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terms onto the right-hand side, we get

Y Jui—uy)?

(i.j)ev
2
N

= Z Z lk_le lek Up — U; +lek +l u; — lj”]

(i,)eV k=1 k#l k;é]

2

= Y |((Lu)i— lek Uy — uj —i—lek )+ ui— gl

i.)er k# k#]

and using again the Cauchy-Schwarz inequality, as we did earlier, we find

< Y (0= =)+ (=1 =)+ +17) x
(i,j)ev

N N
| 1(Lu)i — (Law) i+ Y L — wil? + Y Ll — P + 05 || + 1 | [P

k=1 k=1
ki k]
<(1+2¢) Y, <|(Lu) (Lu);* + max|lye| Y |ue — uif?
(i))eV =7
sl X =+ ]l
k#j kE“//
(1+2¢) Z ( — (Lu);|* +¢ Z|uk—u,\ +e€ Z |y — uj[* + 1 |u,|2—|—l |uJ|2>
(i,)ev ke; ke?;
(1+2¢) Y |(Lu)i— (Lu);[> +2(1+28)Ke Y |uj—w;|* +2(1+2¢)Ke Y |u;]*.
(i,))eV (i,))eV ich

The € terms will be absorbed by the left-hand side, provided we choose € small
enough. To absorb the third term, we must first estimate the second term in norm
|-l 2. To establish (30), we used

N
Z l,‘kuk Z llk Uy — Ltl 1 — ll*)u,
k=1

k#t

We put u; onto the left-hand side of the equality and all the other terms onto the
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right-hand side to obtain

N N N
Z ‘M,“Z = Z ’Z l,-kuk— Z l,-k(uk—ui) +ll-*u,~\2 = Z |(Lu),~ — Z l,-k(uk —u,‘) +l;‘ui‘2

€A i€B k=1 k=1 i€RB k=1
k#i

N N

<Y 1+ Yt | | 1P+ Y e — ] + 2 |2
i€ k=1 k=1
ki ki

<(1+e) ), (I(Lu)i!2 +n,3§xllik| Y —wif? +mgll}*lluilz>
1 Z

ic% ke €
<(1+&) I+ (1+e)maxliyl ¥ Juy—uf>+(1+€)max]if] ¥ Juf?
ic# i# (i,j)eV €8 icw
<(1+e) Y [(Lu)i* +(1+€)e Y Juj—uwl>+(1+€)e Y [uil*.
ic# (i,))eV ic#

We add now the last two estimates to get
]l 5 < (1+26€)||Lull5 o5+ (2K + 1)+ (4K + 1)e)e|[ull3 .

If & < ;4 then (2K + 1) + (4K + 1)€)€ < 1, which concludes the proof. [

5.2.4 End of the proof of the Theorem 5.4

We just combine Lemma 5.6, Lemma 5.7, and Lemma 5.8, and we have succes-
sively the existence and uniqueness of uy (since the matrix L is invertible), and the
estimates

IVunllzz o) < Cillunly 2 < CCUILW)I 5 < CCLLIVu| 72 q),

2C,H
r

1 — 1+27'/Hh :2K
taﬂemin’cz l—((2K+1)+<4K+1>V/Hh)r/1‘lh and C3 (

ply these inequalities, it is sufficient for the ratio r/H}, to be smaller than 1/((4K +
1)), where Hj, is the length of the shortest height of any triangle in the mesh .7.

where C; =

+ 7). To ap-

5.3 Non coarse elements

In this subsection, we construct the non coarse elements of the stable decomposi-
tion. We make the following assumption on the U;:

Assumption 5.9 (Star shape of U;). We assume that there exists a uniform € such
that for all the domain decompositions we consider for Q, U; is star shaped with
respect to any point in the ball B(x;,r), where r = €H), and where the x; are the
nodes of the coarse mesh 7 and where H}, is the length of the shortest height of
any triangle in mesh .7 .
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First we improve Lemma 5.1 in order to obtain estimates for the constants
involved.

Lemma 5.10. Let  be an open domain of R? with a diameter smaller than H. Let
r < H. We suppose there exists xp in @ such that

e The ball B(xp,2r) is included in .
o The set m is star-shaped with respect to all x in the ball B(x,r).

Then for all u in H' (@), and for all 1 > 0, we have the estimate:

1 4
1+n)r? H* 1\* H 1
[ utyypay < D ((,,2+2) +42r> B [ivaeras

(1+1>7I:; /xaru(x)dx2

Proof. Without loss of generality, we can suppose that xo = 0. Then, for all n > 0:

/ u(y)Py
1

dx+ — dx
-— /B(M“W e /Bw,,)”(")

2
dy

2

o . ’ o
-t Jo /B(OJ)(u(y) “x)dx| dy+ <1+ n) w2t /B(om)u(x)dx
1—|—T] 2 1 H2 2
< _
=24, /B(OJ)(”()’) u(x))dx| dy-+ <1+ )mA / u(x)dx| |

and it remains to estimate the first term in the sum on the right,

2

—u(x))dx| dy

B(0,r)

2
dy

(I=t)x+ty)-(y—x)

B(0,r) JO
1 1

< — Vu((1—1)x+1y)||*||y — x||>drdxdy.

<z Lo I =) Ply—xParasay

Now using the change of variables x' = (1 —t)x +ty, we get

’<m2///,y“ IVule) Py Py

= L [ [ Iy %Pt - < r)r}dy(litt)4dx'.
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Using the further change of variables y' =y — x’ yields

< L v [ e y|r_r}dy(dtt)4dx'

<7 Vulx' 2// "2 r N < / /
< [ [t l_ty\u}dy o

and a final change of variables y” = -y’ gives

L o
< L [V [ min [ (O_V%)r\y”wdy", / Py e
= % [P [ mints o G ) G
< ([ min (s &) [ vt e
f 4
-z ((Hz+;)+j;> I [ v P

which is the desired result. O

Lemma 5.11. Let Q be a bounded domain of R?, and (U;,Q;)1<i<n be an asso-
ciated domain decomposition with overlap width 6 > 0. Let 7 be a coarse mesh
on Q, and assume that Assumptions 5.3, 5.2 and 5.9 are verified. We also assume
the U; satisfy Assumption 4.4 with uniform R, R and 1 /sin6x. Then for any u in
H}(Q), there exists (u;)1<i<y in HY(Q;), such that for all i, 1 <i <N, u; is in
H(} (Q)), u= Zﬁvzl u; and for all m > 0,

ar | 2t 2 2

1
(C§H2 1) 'L G CiH* 1 CH?
R C2H2 N
8 2(N, (1 i) Ty )2,
+ ( >AQ( 1y’ +R R5s1n6xz”
where A is the universal constant of Lemma 4.3, and ¢;(u) = # () (%) dx.
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Proof. We use the same u; as in the proof of Theorem 4.6. Since diam(U;) < C;H,
we have, for all n > 0,

N
||”‘|1%2(Q) = ;H“||%2(U,.)

4
1
_ (1+m)r? <C§H2+1)4+Cd11 _GH' 1 CH® iIIWIIZz
- 3 22 V2r 24 2 2 | &R
1 R 2
+ (14— ) 7CiH? Y | ti(u)|
n i=1
f 4
(1+1)r? C§H2+l 4+CdH CGHY 1 gH? 1VulP
T3 2 2) " 24 2 2 e
1 R 2
+ (14 = ) 7CIH? Y [ 6i(u) .
n i=1
Inserting this estimate into estimate (16). concludes the proof. O

5.4 Stable Decomposition with Coarse Mesh

Combining our previous results, we obtain now our main theorem on the existence
of a stable decomposition with a coarse mesh. We provide this theorem with all
assumptions in order for it to be self contained.

Theorem 5.12 (Stable Decomposition of H(} with Coarse Mesh). Let Q be a bounded
domain of R?, and (U;)1<i<n be a non overlapping domain decomposition of Q,
satisfying Assumption 4.4 with uniform R, R, & and 1/sin0x. Let § < & be pos-
itive and (Q;)1<i<n be an overlapping domain decomposition defined from the U;
and O as in Assumption 4.1. Let H be the smallest diameter among all U;. We sup-
pose the existence of uniform Cy, c, and C, such that the U; satisfy Assumption 4.2.
Let N, be the number of colors of this decomposition. Let  be a triangular coarse
mesh of the domain Q with N nodes (x;)1<i<n, satisfying Assumptions 4.2 and 5.3
with uniforms 6yin, Opax, Cp, ¢, and K parameters. Let Hy, be the length of the
shortest height of any triangle in 7. We suppose the existence of a uniform pa-
rameter r, r < % such that the (U;) satisfy Assumption 5.9.

Then, there exists a stable decomposition of H} (Q) in Py (7)) NHL (Q)+ YN | H (),
i.e. for all u in H}(Q), there exists ug in Pi(7)NH}(Q) and (u;)1<i<n, ui €
H} (), such that

N N
=Y, Y IVl < ClIVHl g,
i=0 =0

28



where C = Cy +2(1+C)C, and’
| 14+ 2r/H,

C) = 2K + 1), 31
! tan Oy 1 — (2K + 1)+ (4K + 1)r/H,) r/Hy, (ﬂrr ) 1)
R R
Cy=2+8 21\7—12(1 T>
2 +80 (Ne—1) +R O sin Oy
8,5 5 R r?
32/2( e 1) R/ RO sin Ox (32)
4
1
C?H?> 1\*' C4H CiH* 1 C3H?
x +o) + - —=- :
r2 2 2r 21 2 r2

where A, is the universal constant of Lemma 4.3.

Proof. We take up = uy from Theorem 5.4, and we apply Lemma 5.11 to u — uo.
The term in 1+ 1/(4n) disappears. We let go 1 tend to O and obtain the stable
decomposition with the given constant. 0

6 Condition number bound at the continuous level

We can now use the stable decomposition established in Theorem 5.12 to bound
the condition number of the continuous Additive Schwarz operator, which leads to
the following result:

Theorem 6.1 (Condition Number Estimate at the Continuous Level). Let Q be a
bounded domain of R?. Let A be a continuous function from Q to the set of 2 x 2
symmetric positive definite matrices. We suppose that A(x) is uniformly coercive
and uniformly bounded: there exist oo > 0 and B > 0 such that for all x in Q, and
for all & in R?

al§l3 < ETAXE <BIE5.

Let a(-,-) be the continuous bilinear form on H} (Q) defined by

a(u,v) = /Q Viu(x) - A(x) Vv(x)dx.

We use the same notation and the same hypotheses as in Theorem 5.12 to define the
Ui, the Q;, the mesh 7 and all the geometric parameters on which the constants
depend.

Let Vo =P(7). Let V; = H} (Q;) for | <i<N. Let R! be defined by

RT . H}(Q) — HL(Q),
ur [ x— ulx) ifx e :
0 otherwise

"Note that r < g ensures that 1 — ((2K + 1) + (4K + 1)r/Hj,) r/Hj, is positive.
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For all 1 <i < N, let a; be the bilinear forms on H}(Q;) defined by a;(u,v) =
a(RTu,Rv), i.e.

Gi(u,v) = /Q Vu(x) - A(x)Vr(x)dx.

Let P,y be the preconditioned Additive Schwarz operator defined by equation (2).
Then the a-condition number of P,; is bounded by

K(Pua) < ng(Nc+ 1),

where C = Cy +2(1+ Cy)Ca, with Cy and C; given by (31) and (32), and with A,
being the universal constant of Lemma 4.3.

Proof. Assumption 2.4 is satisfied by definition with the local stability parameter

o = 1, and Assumption 2.2 is satisfied by Theorem 5.12, since A is uniformly co-

ercive and uniformly bounded. Therefore, we have a stable decomposition whose
2

constant is the C of Theorem 5.12 multiplied by % We apply then Theorem 2.7

to conclude. O

The bound of the condition does not depend on the number of subdomains and
the lengths in the formulas always come in ratios, which means that the condition
number stays bounded.

7 Conclusion

We have analyzed the Additive Schwarz preconditioned operator with a coarse
mesh at the continuous level. We provided explicit estimates which show that
the condition number is independent of the number of subdomains. The explicit
dependence of our constants on the shape regularity of the domain decomposition
allowed us already to prove sharper convergence estimates than the classical ones
for only locally shape regular decompositions. We are currently also working on a
general convergence result for the two level additive Schwarz Method which does
not depend on the particular discretization chosen.
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A The L? norm of the gradient in P, (.7)

Let ABC be a triangle, and let v,, vp, v, in R be the values at the corners. There
exists a unique affine mapping u defined over ABC, such that u(A) = v4, u(B) =vp
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and u(C) = vc. We want to compute [, || Vu||>. Inside ABC, Vu is a constant that
satisfies the two equations

Vu-(AB) = v — vy, Vu-(AC) =ve —vy.

Hence, in a matrix formulation, we have
XB—XA YB—JYA Vi — VB — VA
XC—XA YCc—YA Ve — VA

The inverse of this matrix is readily computed, and we obtain

(XC — xA) XB — XA Ve — VA
XB—XA YB YA
XC—XA YCc—YA

_ b [ (yc —ya)(vg—va) — (v —ya)(vc —va) }
2.7(ABC) | —(xc —x4) (v —va) + (xp —xa)(ve —va) |’

[_yc —ya  —(s —yA)] |:VB - VA:|
\Y

where . (ABC) is the area of triangle ABC. Therefore, we obtain

Va2, = |AC|[?(vg —va)? + ||AB|>(vc —va)? —2(AB,AC)(vg —va) (v — va)
= 4.7 (ABC)?
(CB,CA)(vg —va)>+ (BA,BC)(vc —va)? + (AB,AC)(vp — vc)?
4.7 (ABC)? :

since 2(vg —va)(ve —va) = (vg —va)? + (vc —va)? — (vg — vc)?. We thus have

(vg—va)*  (va—vc)>  (vc—vg)
2tan(6c)  2tan(6p) = 2tan(6y)

IVull2 apey = - (ABC) ||Vl = (33)
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