SECOND DESCENT AND RATIONAL POINTS ON KUMMER
VARIETIES

YONATAN HARPAZ

ABSTRACT. A powerful method, pioneered by Swinnerton-Dyer, allows one to
study rational points on pencils of curves of genus 1 by combining the fibration
method with a sophisticated form of descent. A variant of this method, first
used by Skorobogatov and Swinnerton-Dyer in 2005, can be applied to the
study of rational points on Kummer varieties. In this paper we extend the
method to include an additional step of second descent. Assuming finiteness of
the relevant Tate-Shafarevich groups, we use the extended method to show that
the Brauer-Manin obstruction is the only obstruction to the Hasse principle
on Kummer varieties associated to abelian varieties with all rational 2-torsion,
under relatively mild additional hypotheses.
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1. INTRODUCTION

Let k£ be a number field. A fundamental problem in Diophantine geometry is to
determine for which geometric classes of smooth, proper and simply connected va-
rieties over k the Brauer-Manin obstruction is the only obstruction to the existence
of a rational point. A geometric class which is expected to exhibit an extremely
favorable behavior with respect to this question is the class of rationally con-
nected varieties. Such varieties are always simply connected, and a conjecture
of Colliot-Thélene ([CT01]) predicts that the set of rational points on a smooth,
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proper and rationally connected variety X over k is dense in the Brauer set of X.
While this conjecture is still largely open, it has been established in a wide range of
special cases. On the other extreme lie simply-connected varieties of general type.
For this class Lang’s conjecture asserts that rational points are not Zariski dense,
and their existence is not expected to be controlled at all by the Brauer-Manin ob-
struction (see | ] and | ] for two kinds of conditional counter-examples).

An intermediate class whose arithmetic is still quite mysterious is the class of sim-
ply connected Calabi-Yau varieties. In dimension 2, these varieties are also known
as K3 surfacecs. A conjecture far less documented than the two conjectures above
predicts that the Brauer-Manin obstruction is the only obstruction to the existence
of rational points on K3 surfaces (see [ , p- 77] and | , p. 484]). The only
evidence towards this conjecture is conditional, and relies on a method invented by
Swinnerton-Dyer in | ]. In the realm of K3 surfaces there are two cases in which
this method has been applied. The first case is when the K3 surface in question
admits a fibration into curves of genus 1 (see | LI LI LI D). In
this case Swinnerton-Dyer’s method depends on two big conjectures: the finiteness
of Tate-Shafarevich groups of elliptic curves, and Schinzel’s hypothesis. The sec-
ond case is that of Kummer surfaces ([ Ll ). In this case the method
does not require Schinzel’s hypothesis (using, in effect, the only known case of the
hypothesis, which is covered by Dirichlet’s theorem), but only the Tate-Shafarevich
conjecture.

Recall that a Kummer surface over k is a K3 surface which is associated to a 2-
covering Y of an abelian surface A, by which we mean a torsor under A equipped
with a map of torsors p : Y — A which covers the multiplication-by-2 map A — A
(and so, in particular, p is finite tale of degree 16). Given Y, the data of such a
map p is equivalent to the data of a lift of the class [Y] € H'(k, A) to a class
a € H'(k,A[2]). The antipodal involution 14 = [-1] : A — A then induces an
involution ¢y : Y — Y and one defines the Kummer surface X = Kum(Y) as
the minimal desingularisation of Y /ty. We note that this desingularisation simply
consists of blowing up the fixed locus of ty. The resulting exceptional divisor
D c X then forms, geometrically, a disjoint union of 16 rational curves, each of self
intersection —2.

It is well-known that the Kummer surface X does not determine A and Y up to
isomorphism (see, e.g., [ ]). Over the algebraic closure k, a theorem of Nikulin
states that one can reconstruct A from X together with the additional data of
the exceptional divisor D € X. Over k, the data of D only determines A and Y
up to a quadratic twist. More precisely, for a quadratic extension F/k we may
consider the quadratic twists AF and Y with respect to the Z/2-actions given by
14 and ty. We may then consider Y¥" as a torsor under A¥ determined by the same
class a € H'(k,AF[2]) = H'(k, A[2]) and for every such F/k we have a canonical
isomorphism Kum(Y ") 2 Kum(Y). We note that the collection of quadratic twists
A¥ can be organized into a fibration &7 := (AxG,,) /2 — G, /p2 = G,,, where the
generator of s acts diagonally by (¢4, —-1). In particular, for a point ¢ € k* = G,,, (k),
the fiber o7 is naturally isomorphic to the quadratic twist ARG Similarly, we may
organize the quadratic twists of Y into a pencil % — G, with %; = YEVD | We
may then consider the entire family .o as the family of abelian surfaces associated
to (X, D), and similarly the family %; as the family of 2-coverings associated to
(X, D).
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When applying Swinnerton-Dyer’s method to a Kummer surface X, one typically
assumes the finiteness of the 2-primary part of the Tate-Shafarevich groups for all
the associated abelian surfaces 7. Interestingly enough, the finiteness of the 2-
primary part of III(«%) is actually equivalent to the statement that the Brauer-
Manin obstruction to the Hasse principle is the only one for any 2-covering of <7
(the implication of the latter by the former is classical, see [ , Thorme 6],
and the inverse implication follows from [ , Theorem 1]). In fact, to make the
method work it is actually sufficient to assume that the Brauer-Manin obstruction
is the only one for all the #%; (as apposed to all the 2-coverings of all the <%).
Equivalently, one just needs to assume that the class [#%;] € H'(k, %) is not a
non-trivial divisible element of II1(.e%) for any t. We may consequently consider a
successful application of Swinnerton-Dyer’s method to a given Kummer surface as
establishing, unconditionally, an instance of the following conjecture:

Conjecture 1.1. Let X be a Kummer surface over k with associated exceptional
divisor D ¢ X. If the Brauer-Manin obstruction to the Hasse principle is the only
one for all 2-coverings % associated to (X, D), then the same holds for X.

Remark 1.2. In Conjecture 1.1 one may freely replace the Brauer-Manin obstruction
by the analogous obstruction formed only by the 2-primary part of the Brauer
group. This is because for 2-coverings of abelian varieties as well as for Kummer
surfaces the latter obstruction is equivalent to the full Brauer-Manin obstruction,
see | , Theorem 1.2 and Theorem 1.7].

Conjecture 1.1 combined with the Tate-Shafarevich conjecture together imply
that the Brauer-Manin obstruction controls the existence of rational points on
Kummer surfaces. We may therefore consider any instance of Conjecture 1.1 as
giving support for this latter statement, or more generally, support for the conjec-
ture that the Brauer-Manin obstruction controls the existence of rational points on
K3 surfaces.

Let us now recall the strategy behind Swinnerton-Dyer’s method. Let Y be a
2-covering of A with associated class o € H'(k, A[2]). To find a rational point on
X = Kum(Y), it is enough to find a rational point on a quadratic twist Y for
some F'/k. At the first step of the proof, using a fibration argument, one produces
a quadratic extension F such that Y is everywhere locally soluble. Equivalently,
a € H(k, AT[2]) is in the 2-Selmer group of A¥. At the second step one modifies
F so that the 2-Selmer group of A is spanned by a and the image of AF[2](k)
under the Kummer map. This implies that ITI( Af")[2] is spanned by the class [Y],
and hence dimg, ITI(A?)[2] < 1. Let us remark that in all existing applications of
the method, as well as in the current paper, one assumed that A (and hence all
its quadratic twists) is equipped with a principal polarization which is induced by
a symmetric line bundle (see §3.4 for further details). In that case it is known
(see | ]) that the Cassels—Tate pairing on III(A!) is alternating. If one
assumes in addition that the 2-primary part of III(Af") is finite then the 2-part of
the Cassels-Tate pairing is non-degenerate and hence the dimension of III(Af)[2]
over Fy is even. The above bound on dimp, IIT1( A¥)[2] now implies that IIT(AT)[2]
is trivial and [Y¥] = 0, i.e., Y has a rational point. Alternatively, instead of
assuming that the 2-primary part of III(AY") is finite, it is enough to assume that
[Y'F] itself is not a non-trivial divisible element of IIT( A¥") (as is effectively assumed
in Conjecture 1.1). Indeed, the latter is generally weaker but implies the former
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when IIT(AT)[2] is generated by [Y].

The process of controlling the 2-Selmer group of A¥ while modifying F can
be considered as a type of 2-descent procedure done “in families”. In his pa-
per [ |, Swinnerton-Dyer remarks that in some situations one may also take
into account considerations of second descent. This idea is exploited in [ ]
to show a default of weak approximation on a particular family of quartic surfaces,
but is not included systematically as an argument for the existence of rational
points. As a main novelty of this paper, we introduce a form of Swinnerton-Dyer’s
method which includes a built-in step of “second 2-descent in families”. This in-
volves a somewhat delicate analysis of the way the Cassels-Tate pairing changes
under quadratic twists. It is this step that allows us to obtain Theorem 1.3 be-
low under reasonably simple assumptions, which resemble the type of assumptions
used in | ], and does not require an analogue of | ’s Condition (E). Be-
yond this particular application, our motivation for introducing second descent into
Swinnerton-Dyer’s method is part of a long term goal to obtain a unified method
which can be applied to an as general as possible Kummer surface. In principle, we
expect the method as described in this paper and the method as appearing in | ]
to admit a common generalization, which would be applicable, say, to certain cases
where the Galois module A[2] is semi-simple, specializing to the cases of | ]
when the action is simple and to the cases of [ ] and the current paper when
the action is trivial.

With this motivation in mind, our main goal in this paper is to prove Con-
jecture 1.1 for a certain class of Kummer surfaces. Let f(z) = [10o(z - a;) €
k[z] be a polynomial of degree 6 which splits completely over k and such that
d = [1ic;(a; — a;) = \/disc(f) # 0, and let C' be the hyperelliptic curve given by
y2 = f(x). Let bg,...,b5 € k* be elements such that []; b; is a square and consider
the surface X ¢ P5 given by the smooth complete intersection

b;x? a;b;x? ab;x?
(1) Ty v 1 v 0.
Zi: f'(ai) Zz: f'(ai) ZI: f'(as)
By | , Theorem 3.1] the surface X is a Kummer surface whose associated family

of abelian surfaces .« is the family of quadratic twists of the Jacobian A = Jac(C').
Here, it is useful to think of the coordinates zg,...,x5 in (1) as indexed by the
roots ag,...as of f. Indeed, if we denote by W := {ag, ..., a5} the set of roots of f
then we may identify A[2] with the submodule of u¥ /(~1,-1,...,~1) spanned by

those vectors (g, ...,e5) € puy such that [J;e; = 1 (see, e.g.,[ , Lemma 2.4]).
In this formulation the action of (eo,...,e5) € A[2] on X (induced by the action
on the corresponding 2-covering of A) is given by z; — e;x; (see [ , Proof of

Theorem 3.1]). As [, b; is a square the classes [b;] € H'(k,p2) determine a class
([bo], ..., [b5]) € H*(k, A[2]), and the family of 2-coverings of <% associated to X is
exactly the family of 2-coverings determined by this class. Our main result is then
the following;:

Theorem 1.3. Assume that the classes of 2—;,..., % are linearly independent in
k*/(k*)? and that there exist finite odd places wy, ..., ws such that for everyi=1,...,5
we have:

(1) The elements {ao, ...,as} are w;-integral and val,, (a; —ag) = val,, d = 1.
2) The elements 2, ..., % are all units at w; but are not all squares at w;.
bo bo
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Then Conjecture 1.1 holds for the Kummer surface X given by (1). In particular,
if the 2-primary Tate-Shafarevich conjecture holds for every quadratic twist of A
then the (2-primary part of the) Brauer-Manin obstruction is the only obstruction
to the Hasse principle on X (see Remark 1.2).

The first known case of Conjecture 1.1 was established in | ]. In that
paper, Skorobogatov and Swinnerton-Dyer consider K3 surfaces which are smooth
and proper models of the affine surface

(2) y* = go(2)91(2)
where g, g1 are separable polynomials of degree 4. These are in fact Kummer

surfaces whose associated family of 2-coverings %; is the family of quadratic twists
of the surface Dy x Dy, where D; is the genus 1 curve given by

D;:y* = gi(x).
The associated family of abelian surfaces .o is the famﬂy of quadratic twists of

Ey x E1, where Ej; is the Jacobian of D; given by E; : y? = fi(z), where f; is the
cubic resolvant of g;. Three types of conditions are required in | ]:

(1) The curves Ey, Ey have all their 2-torsion defined over k, i.e., fo and f; split
completely in k. Equivalently, the discriminants of gg and g; are squares and
their splitting fields are at most biquadratic.

(2) Condition (Z). This condition asserts the existence, for each ¢ = 0,1, of mul-
tiplicative places v;,w; for F; satisfying suitable conditions, and at which, in
particular, F4_; has good reduction and the classes «g, a1 are non-ramified. It
is known to imply that the 2-primary part of the Brauer group of X is algebraic.

(3) Condition (E). This condition, which we shall not describe here, is to some
extent analogous to Condition (D) in applications of the method to pencils of
genus 1 curves. It is known to imply, in particular, that there is no algebraic
Brauer-Manin obstruction to the existence of rational points on X.

Given a Kummer surface X of the form (2) satisfying the above conditions, the
main result of | | asserts that Conjecture 1.1 holds for X. Even more, under
conditions (1)-(3) above there is no 2-primary Brauer-Manin obstruction on X. It
then follows (see Remark 1.2), and this is how the main theorem of | ] is
actually stated, that under the Tate-Shafarevich conjecture for all the quadratic
twists of Ey, F1, the Hasse principle holds for X.

The second case of conjecture 1.1 established in the literature appears in | I,
where the authors consider also Kummer varieties, i.e., varieties obtained by ap-
plying the Kummer construction to abelian varieties of arbitrary dimension. When
restricted to surfaces, the results of | ] cover two cases:

(1) The case where X is of the form (2) where now go,g; are polynomials whose
Galois group is Sy. The only other assumption, which is analogous to Condition
(Z) above, is that there exist odd places wp,w; such that gy and g; are w;-
integral and such that val,, (disc(g;)) = 9, ; for 4,5 =0, 1.

(2) The case where X = Kum(Y') and Y is a 2-covering of the Jacobian A of a
hyperelliptic curve y? = f(x), with f is an irreducible polynomial of degree
5. In this case X can be realized as an explicit complete intersection of three
quadrics in P?. It is then required that there exists an odd place w such that
f is w-integral and val,, (disc(f)) = 1, and such that the class o € H'(k, A[2])
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associated to Y is unramified at w.

Remark 1.4. While the main theorem of | ] can be considered as establishing
Conjecture 1.1 for the Kummer surfaces of type (1) and (2), what it actually states
is that under the 2-primary Tate-Shafarevich conjecture (for the relevant abelian
varieties) the Kummer surfaces of type (1) and (2) satisfy the Hasse principle. The
gap between these two claims can be explained by a recent paper of Skorobogatov
and Zarhin | ], which shows, in particular, that there is no 2-primary Brauer-
Manin obstruction for Kummer surfaces of type (1) and (2) (see also Remark 1.2).

2. MAIN RESULTS

While our main motivation in this paper comes from Kummer surfaces, it is often
natural to work in the more general context of Kummer varieties. These are the
higher dimensional analogues of Kummer surfaces which are obtained by applying
the same construction to a 2-covering Y of an abelian variety A of dimension g > 2.
A detailed discussion of such varieties occupies the majority of §3.3. For now,
we will focus on formulating the main theorem of this paper in the setting of
Kummer varieties and show how Theorem 1.3 is implied by it. We begin with some
terminology which will be used throughout this paper.

Let k£ be a number field and let A be a principally polarized abelian variety of
dimension g over k. Assume that A[2](k) = (Z/2)?%9, i.e., that A has all of its
2-torsion points defined over k. Let A be the Nron model for A. We will denote by
C, the component group of the geometric special fiber of A at v. Generalizing the
ideas of | ], we will need to equip A with a collection of “special places”. We
suggest the following terminology:

Definition 2.1. Let A be an abelian variety over k whose 2-torsion points are all
rational. A 2-structure on A is a set M < Q) consisting of 2g odd places of bad
semi-abelian reduction and such that the natural map

(3) A[Q] I 6B’LUE]\/IC’w/2CVw
is an isomorphism.

Remark 2.2. If M is a 2-structure for A then for each w € M the composed map
Cy[2] — C — Cy/2C,, is surjective, implying that the 2-primary part of C, is
all 2-torsion, i.e., isomorphic to (Z/2)™ for some . Since A has all its 2-torsion
defined over k this r,, must be equal to the toric rank of the (semi-abelian) reduction
at w, which we assume to be at least 1. The map (3) being an isomorphism then
implies that each r,, = 1. In particular, the reduction at each w € M is semi-abelian
of toric rank 1 and the 2-primary part of C,, is cyclic of order 2.

To formulate our main result we will also need the following extension of the
notion of a 2-structure:

Definition 2.3. Let A be an abelian variety over k whose 2-torsion points are all
rational. An extended 2-structure on A is a set M <, consisting of 2¢g + 1 odd
places of bad semi-abelian reduction such that for every w e M the set M ~ {w} is
a 2-structure.

Ezample 2.4. Let E be an elliptic curve given by y? = (z —¢1)(z - c2)(z — c3). If
w1, we, w3 are three places such that valy,(¢; — ¢x) = 1 for any permutation i, j, k
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of 1,2,3, and such that val,,(¢; —¢;) = 0 for any two ¢ # j, then {wq,ws, w3}
constitutes an extended 2-structure for F.

Remark 2.5. If M c Qf is an extended 2-structure for A then C,,/2C,, = Z/2 for
every w € M (see Remark 2.2). Furthermore, the natural map

(4) A[Q] - €BwEMC’w/QCVw

is injective and its image consists of those vectors (cy)wens € [Tweasr Cuw/2Cy for
which ¢, # 0 at an even number of w e M.

Remark 2.6. If A carries an extended 2-structure M then A is necessarily simple
(over k). Indeed, if A= Ay x Ay then for every place w we have Cy, = Cyy1 X Cy 2,
where C 1,2 are the corresponding geometric component groups for A;, A
respectively. Since the 2-primary part of Cy, for w € M is cyclic of order 2 (Re-
mark 2.2) we see that the 2-primary part of Cy,; must be cyclic of order 2 for
one i € {1,2} and trivial for the other. We may then divide M into two dis-
joint subsets M = M; u My such that for w € M; we have C,, ;/2C,, ; = (Z/2)%.
By definition M \ {w} is a 2-structure for every w e M. It then follows that
|M; ~{w}| > 2dim(A4;) for every i = 1,2 and every w € M; and so |M| = |My|+|M| >
2dim(Ag) +1+2dim(A;) +1=2g + 2, a contradiction.

Definition 2.7 ((cf. | , Definition 3.4])). Let M be a semi-simple Galois
module and let R be the endomorphism algebra of M (in which case R naturally
acts on H'(k,M)). We will say that o € H'(k,M) is non-degenerate if the
R-submodule generated by o in H(k, M) is free.

Definition 2.7 will be applied to the Galois module M = A[2], which in our case
is a trivial Galois module isomorphic to (Z/2)", and so R is the n x n matrix ring
over Z/2. In particular, if a = (ay,...,c,) € H'(k,(Z/2)") = H'(k,Z/2)" is an
element then « is non-degenerate if and only if the classes v, ..., a, € H(k,Z/2)
are linearly independent.

We are now ready to state our main result.

Theorem 2.8. Let k be a number field and let A1, ..., A, be principally polarized
abelian varieties over k such that each A; has all its 2-torsion defined over k. For
each i, let M; € Qy be an extended 2-structure on A; such that A; has good reduction
over M; whenever j #1i. Let A=Tl; A; and let a € H'(k, A[2]) be a non-degenerate
element which is unramified over M = u; M; but has non-zero image in H*(k,,, A[2])
for each we M. Let X, = Kum(Y,) where Yy, is the 2-covering of A determined by
a. Then Conjecture 1.1 holds for X.. In particular (see Remark 1.2), under the
2-primary Tate-Shafarevich conjecture the 2-primary Brauer-Manin obstruction is
the only one for the Hasse principle on X, .

Remark 2.9. The proof of Theorem 2.8 actually yields a slightly stronger result:
under the Tate-Shafarevich conjecture the 2-primary algebraic Brauer-Manin ob-
struction is the only one for the Hasse principle on X (see Remark 4.9). In fact, one
can isolate an explicit finite subgroup €(X,) ¢ Br(X,) (see Definition 4.3) whose
associated obstruction is, in this case, the only one for the Hasse principle.

Remark 2.10. When A is a product of two elliptic curves with rational 2-torsion
points one obtains the same type of Kummer surfaces as the ones studied in | ]
However, the conditions required in Theorem 2.8 are not directly comparable to
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those of | ]. On the one hand, Theorem 2.8 does not require any analogue
of Condition (E). On the other hand, Theorem 2.8 requires each elliptic curve to
come equipped with an extended 2-structure (consisting, therefore, of three special
places for each curve, see Example 2.4), while the main theorem of | ] only
requires each elliptic curve to have a 2-structure (consisting, therefore, of two special
places for each curve). Modifying the argument slightly, one can actually make the
proof of Theorem 2.8 work with only a 2-structure for each A;, at the expense of
assuming some variant of Condition (E). In the case of a product of elliptic curves,
this variant is slightly weaker than the Condition (E) which appears in [ ]
This can be attributed to the existence of a phase of second descent, which does
not appear in | ].

We finish this section by showing how Theorem 1.3 can be deduced from The-
orem 2.8. Let f(x) = [T°o(x - a;) € k[z] be a polynomial of degree 6 which splits
completely in k and such that d := [],.;(a; — a;) = \/disc(f) # 0. Let C be the hy-
perelliptic curve given by 3% = f(z) and let A be the Jacobian of C. If we denote by
W ={ay,...,as} the set of roots of f then we may identify A[2] with the submodule
of u¥ /(-1,-1,...,~1) spanned by those vectors (gg,...,e5) € s’ such that [T;&; = 1
(see | , Lemma 2.4]). Consequently, if we denote by G := k*/(k*)? = H*(k, u2)
then we may identify

H'(k, A[2]) = {(Bo, ... 35) € §"| T[] Bi = 1} /5.

In particular, we may represent elements of H'(k,us) by vectors of the form
b = (bo,...,bs) € (k*)W, satisfying the condition that [T;b; € (k*)2, and defined
up to squares and up to multiplication by a constant b € k*. We note that the
corresponding element 3 = [b] € H'(k, A[2]) is non-degenerate (in the sense of Def-
inition 2.7) if and only if the classes [b1/bo], ..., [ba/bo] are linearly independent in
k*/(k*)2.

of Theorem 1.3 assuming Theorem 2.8. Let Y be the 2-covering of A determined
by the class 8 = [b] € H'(k,A[2]). Then the Kummer surface X = Kum(Y)
is isomorphic to the smooth complete intersection (1) by | , Theorem 3.1].
Assumption (2) of Theorem 1.3 effectively states that 5 is unramified over M =
{wy, ..., ws} but is non-trivial at each H'(k,,,, A[2]). To show that the assumptions
of Theorem 2.8 hold it will hence suffice to show that M forms an extended 2-
structure for A. Now for each i the polynomial f is w;-integral and the place w;
satisfies valy, (a; —ao) = 1 and valy,(a; — a;r) = 0 whenever j # j" and {j,j'} #
{0,4}. Since f is w;-integral it determines a w;-integral model € for C, and a local
analysis shows that the reduction of € mod w; is a curve of geometric genus 1
and a unique singular point P, which is also a rational singular point of the model
C. Blowing up at P one obtains a regular model for C' at w; whose special fiber
has two components (of genus 1 and 0 respectively) which intersect at two points.
Using [ , Theorem 9.6.1] we may compute that the group of components C,,,
of a Néron model for A is isomorphic to Z/2. Now for each i =1,...,4 let P; € A be
the point corresponding to the formal sum (a;,0) - (as,0) of points of C. Then for
i, =1,...,4 we have that the image of P; in C,, is nontrivial if and only if 7 = j.
On the other hand, all the four points Py, ..., P, map to the non-zero component of
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ws. It then follows that the map

A[2] — |

7

Cous =

1

5 5
Cu, [2Cy,
-1 =1

7

is injective and its image consists of exactly those vectors (ci,...,¢s5) € [T, C, in
which an even number of the entries are non-trivial. We may hence conclude that
the composed map A[2] — [I2., Cw, — [Ti-1.. 5.ii Cw, is an isomorphism for
any ig € {1,...,5}, and so M constitutes an extended 2-structure, as desired. (I

3. PRELIMINARIES

In this section we establish some preliminary machinery that will be used in
§4 to prove Theorem 2.8. We begin in §3.1 by recalling the Weil pairing and
establishing some useful lemmas in the case where all the 2-torsion points of A are
defined over k. In §3.2 we simply recall a definition of the Cassels-Tate pairing via
evaluation of Brauer elements. In §3.3 we give a short introduction to Kummer
varieties and consider cases where the Brauer elements appearing in §3.2 descend
to the corresponding Kummer varieties. Finally, in §3.6 we recall the approach
of Mazur and Rubin to the analysis of the change of Selmer groups in families
of quadratic twists. While mostly relying on ideas from | ], this section is
essentially self-contained, and we give detailed proofs of all the results we need. We
then complement the discussion of Selmer groups in families of quadratic twist by
considering the change of the Cassels-Tate pairing under quadratic twist, using
the results of §3.3.

3.1. The Welil pairing. Let A be an abelian variety over a number field k and let
A be its dual abelian variety. Recall that for n > 1 we have the Weil pairing

(,)": A[n] x A[n] — pin,
which is a perfect pairing of finite Galois modules. For positive integers m, k and
n = mk the Weil pairings associated to m and n are compatible in the following
sense: if P e A[n] and Q € A[m] then (kP,Q)™ = (P,Q)" € fim C jin. If A'is
equipped with a principal polarization, i.e., a self dual isomorphism A : A = A,
then we obtain an induced isomorphism A[n] = A[n] and an induced self-pairing

(5) ()% Aln] x A[n] — pny

which is known to be alternating. We will be mostly interested in the case n = 2,
where we will denote the corresponding Weil pairing simply by (,),. We note

that the principal polarization X induces a principal polarization AF =5 AT after
quadratic twist by any quadratic extension F/k. To keep the notation simple we
will use the same letter A to denote all these principal polarizations. Similarly, we
will denote by (, )Y all the associated Weil pairings.

From now until the end of this section we shall fix the assumption that A
has all of its 2-torsion points defined over k. Let M be a 2-structure on A (see
Definition 2.1). For each w € M let Q, € A[2] be such that the image of @, in
Cyw [2Cy for w' € M is non-trivial if and only if w = w’. It then follows from
Definition 2.1 that {Q }wens forms a basis for A[2]. We will denote by {P,} the
dual basis of {Q,, } with respect to the Weil pairing. We note that by construction
(Pw,Q), = -1 for a given point @ € A[2] if and only if the image of @ in C,,/2C,,
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is non-trivial.

Remark 3.1. The 2-torsion modules A[2] and Af[2] are canonically isomorphic
for any F/k. We will consequently often abuse notation and denote by A[2] the
2-torsion module of any given quadratic twist of A. Since the Weil pairing (5)
depends only on the base change of A to k we see that the Weil pairings induced
on A[2] = AF[2] by all quadratic twists of A are the same.

Remark 3.2. While our notation for the group structure on A[2] is additive, i.e.,
we write P + @ for the sum of two points P,Q € A[2], our notation for the group
structure on ps = {-1,1} is multiplicative. For example, the linearity of the
Weil pairing (, ), in its left entry will be written as (P + @, R), = (P, R), (Q, R),.
Similarly, the group operation of H'(k, A[2]) will be written additively, while that
of H'(k, ) multiplicatively.

In what follows it will be useful to consider the bilinear pairing
(6) (,)x: H'(k,A[2]) x A[2] — H' (K, p2)

induced by the Weil pairing, and which by abuse of notation we shall denote by the
same name.

Definition 3.3. We will denote by § : A(k) — H'(k, A[2]) the boundary map
induced by the Kummer sequence of A. Similarly, for a quadratic extension F'/k
we will denote by 0z : A" (k) — H'(k, A[2]) the boundary map associated to the
Kummer sequence of A, where we have implicitly identified A¥[2] with A[2] (see
Remark 3.1).

Remark 3.4. The bilinear map (P, Q) ~ (5(P),Q), € H'(k, u2) is not symmetric
in general. While this fact will not be used in this paper we note more precisely
that

(0(P), @), (0(Q), P) = [(P,Q),],

where [(P,Q),] denotes the image of (P, Q), € u2 under the composed map iy —
k* — k[ (k*)2 = HY(k, u2).

For the purpose of the arguments in §4 we will need to establish some prelim-
inary lemmas. The first one concerns the behavior of the bilinear map (P, Q)
(0(P),Q), under quadratic twists.

Lemma 3.5. Let A be a principally polarized abelian variety with all 2-torsion
points defined over k and let P,Q € A[2] be two 2-torsion points. Let F = k(\/a) be
a quadratic extension. Then

pre 005 {1y (75

where [a] € k*/(k*)? = H'(k, u2) denotes the class of a mod squares.

Proof. Let Zp ¢ A be the finite subscheme determined by the condition 2x = P.
Then Zp carries a natural structure of an A[2]-torsor whose classifying element
in H'(k, A[2]) is given by §(P). Given a point 2 € Zp(k) we can represent &(P)
by the 1-cocycle o — o(x) — x, and consequently represent (6(P),Q), by the 1-
cocycle o = (0(x) —x,Q), € 2. Let Iy, be the absolute Galois group of k and let
X : T'x — po be the quadratic character associated with F'/k. In light of Remark 3.1
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we see that the class (0p(P),Q), can be represented by the 1-cocycle
o= (x(0)a(x) - z,Q), € pa.

We may hence compute that

((@)o(2) - .Q, (o) - 2,013 = ()= Do) Q= { gy 477
This means that when (P, Q), =1 the class (0p(P),Q), (6(P),Q);1 vanishes, and
when (P,Q), = -1 the class (0r(P),Q), (cS(P),Q):\1 coincides with [a], as desired.

O

For a place w € Qj, we will denote by k" /k,, the maximal unramified extension of
ky and by I'gun the absolute Galois group of k;". The following lemma concerns the
Galois action on certain 4-torsion points which are defined over extensions ramified
at w. The proof makes use of the Weil pairing.

Lemma 3.6. Let w € M be a place in the 2-structure M of A and let P € A[2]
be a point whose image in Cy[2C,, is non-trivial. Let v € A(k) be a point such
that 2x = P and let Lp[kX" be the minimal Galois extension of ki* such that x is
defined over Lp. Then Gal(Lp/kY") 2 Z/2 and if o € Gal(Lp/k") is the non-trivial
element then o(x) =x + Py.

Proof. Since P is divisible by 2 in A(Lp) the class §(P) maps to 0in H*(Lp, A[2]).
The restriction of 6(P) to k" then determines a homomorphism T'gun — A[2]
which descends to an injective homomorphism Gal(Lp/ku") — A[2]. In particu-
lar, Lp is a finite abelian 2-elementary extension of k. Since w is odd Lp/ky" is
tamely ramified and hence cyclic, which means that Gal(Lp/kl") is either Z/2 or
trivial. Since the image of P in C,,/2C,, is non-trivial x cannot be defined over k"
and we may hence conclude that Gal(Lp/ki") 2 Z/2. Let o € Gal(Lp/k:*) be the
non-trivial element.

Let @ € A[2] be any 2-torsion point whose image in C,,/2C,, is trivial. It then
follows from Hensel’s lemma that there exists a y € A(kL") such that 2y = Q.
Consider the Weil pairing

()5 s A[4] x A[4] —> 4

on 4-torsion. Then by the compatibility property of the Weil pairings we have
4 4 477!
(r(2) - 2,Q) = (o(2) =, 93 = (o(@), )3 [(m9)y] =1
where the last equality holds since o(y) = y, the Weil pairing is Galois invariant,
and g4 is fixed by o. It follows that the 2-torsion point o(z) — z is orthogonal
to every 2-torsion point whose w-reduction lies on the identity component. The
only two 2-torsion points which have this orthogonality property are 0 and P, by
construction. The former option is not possible since x is not defined over k' and
hence we may conclude that o(x) — z = Py, as desired. O

We now explore two corollaries of Lemma 3.6.

Corollary 3.7. Let w e M be a place in the 2-structure M of A, let L]k be a non-
trivial quadratic extension which is ramified at w and let w' be the unique place of
L lying above w. Let Ay, = A®y L be the base change of A to L and let C be the
group of components of geometric fiber of the Nron model of Ay at w'. Then the
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2-primary part of Cyr is cyclic of order 4 and the induced action of Gal(L/k) on
Cw [4Cy 2 Z[4 is trivial.

Proof. Since the reduction of A at w is semi-abelian the reduction of Ay at w’ is
semi-abelian as well by Grothendieck’s semi-stable reduction theorem. By [ ,
Theorem 5.7] the natural map of component groups C,, — C,, is injective and
Cy/Cy has order 2. Since all the 2-torsion points of A are defined over k the group
Cy cannot have 2-torsion elements which do not come from C,,, and hence the
2-primary part of Cy,s must be cyclic of order 4.

Let L' = L- kX be the compositum of L and the maximal unramified extension
kU™, Since L is purely ramified the map Gal(L'/k) — Gal(L/k) is surjective and
restricts to an isomorphism Gal(L'/kp") —=5 Gal(L/k) = Z/2. Furthermore, this
isomorphism is compatible with the actions of both sides on C,,. To finish the
proof it will hence suffice to show that Gal(L'/kl") acts trivially on C\,/4Cy. To
see this, let o € Gal(L'/ky") be a generator and let C € Cys be a component of
order exactly 4. Then C(F,s) must contain a point Z € C(F,) of order exactly
4. Using Hensel’s lemma we may lift T to a point x € A(L") of order exactly 4. It
then follows that P := 2z is a 2-torsion point whose reduction lies on a component
of order exactly 2. By Lemma 3.6 we then have that o(x) = z + P, and since the
reduction of P, lies on the identity component of C, € C,» by construction (note
(Pw, Pw)y = 1) it follows that o(C) = C. Since C is a component of order exactly 4
the image of C in C,/4C, is a generator and hence the action of Gal(L'/k.") on
Cy [AC, is trivial, as desired. O

Corollary 3.8. Let P,Q € A[2] be two points. Then o :=(6(P),Q), is ramified at
w if and only if the images of both P and Q in C.,,[2Cy, are non-trivial.

Proof. If P reduces to the identity of C\,/2C,, then the entire class §(P) € H' (k, A[2])
is unramified. We may hence assume that P reduces to the non-trivial element of
Cw/2C,. Let x € A(k) be a point such that 2z = P and let Lp/k® be the minimal
Galois extension of k;}"* such that « is defined over Lp. By Lemma 3.6 we know that
G = Gal(Lp/kY") is isomorphic to Z/2 and that if o € G denotes the non-trivial
element then o(x) —x = P,. Since §(P) vanishes when restricted to Lp the same
holds for & and by the inflation-restriction exact sequence the element a|gun comes
from an element @ € H*(Lp/k™, u2) = H'(G, u2), which in turn can be written
as a homomorphism @ : G — po. Furthermore, as in the proof of Lemma 3.6 the
value @(o) is given by the explicit formula

a(o) = (o(z) -2,Q), = (P, Q)

By the definition of P,, we now get that o is trivial if and only if @ reduces to
the identity of C,,/2C,, as desired. O

3.2. The Cassels-Tate pairing. Let A be an abelian variety over a number field
k with dual abelian variety A. Recall the Cassels-Tate pairing

(@, )T+ LI(A) x ILI(A) — Q/Z

whose kernel on either side is the corresponding group of divisible elements (which
is conjectured to be trivial by Tate-Shafarevich).

There are many equivalent ways of defining the Cassels-Tate pairing. In this
paper it will be useful to have an explicit description of it via evaluation of Brauer
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element. We will hence recall the following definition, which is essentially the
“homogeneous space definition” appearing in | ]. Let o € III(A), S e III(A)
be elements, we may describe the Cassels-Tate pairing (o, 3)°T as follows. Let
Y, be the torsor under A classified by . Since a belongs to III(A) we have that
Y, (Ag) # @. The Galois module Pic®(Y,) is canonically isomorphic to A(E) Let
Bry(Y,) = Ker[Br(Y,) — Br(Y,)] be the algebraic Brauer group of Y,. The
Hochschild-Serre spectral sequence yields an isomorphism

Bry(Y,)/Br(k) — H'(k,Pic(Ya)).
Let
Bo: H'(k,A) = H'(k,Pic®(Y4a)) — H'(k,Pic(Ya)) 2 Bry(Ya)/Br(k)
denote the composed map.

Definition 3.9. Let B € Br(Y,) be an element whose class in Br(Y,)/Br(k) is
B, (B) and let (x,) € Yo (Ag) be an adelic point. Then the Cassels-Tate pairing of

«a and f is given by
{,8)°" = 3 B(x,) €Q/Z

veQy

Given a principal polarization X : A =, A we obtain an isomorphism III(A) =
III(A) and hence a self-pairing

(,)$7+ II(A) x II(A) — Q/Z

Remark 3.10. The pairing (, )ST is not alternating in general. However, as is shown

in | |, it is the case that (, )ST is alternating when ) is induced by a symmetric
line bundle on A. The obstruction to realizing A via a symmetric line bundle is an
element cy € H'(k, A[2]), which vanishes, for example, when the Galois action on
A[2] is trivial, see | , Lemma 5.1]. In particular, in all the cases considered
in this paper the Cassels-Tate pairing associated to a principal polarization will be
alternating.

3.3. Kummer varieties. In this section we will review some basic notions and
constructions concerning Kummer varieties. Let A be an abelian variety over k
(not necessarily principally polarized) of dimension g > 2. Let o € H'(k, A[2]) be
a class and let Y, be the associated 2-covering of A. Then Y, is equipped with a
natural action of A[2] and the base change of Y,, to the algebraic closure of k is
A[2]-equivariantly isomorphic to the base change of A. More precisely, the class
« determines a distinguished Galois invariant subset of A[2]-equivariant isomor-
phisms W, € Isoa[2)(Y o, A) which is a torsor under A[2] with class a (where A[2]
acts on Iso[) (Y4, A) via post-composition). Using any one of the isomorphisms
Y € U, we may transport the antipodal involution [-1]: A — A to an involution
Ly 1Yo — Y. Since [-1] commutes with translations by A[2] it follows that ¢, is
independent of v, and is consequently Galois invariant. By classical Galois descent
we may realize this Galois invariant automorphism uniquely as an automorphism
ty, : Yo — Y, defined over k.

Let Z, €Y, denote the fixed locus of 1y, (considered as a 0-dimensional sub-
scheme). We note that the points of Z, (k) are mapped to A[2] by any of the isomor-
phisms ¢ € ¥4, and the Galois invariant collection of isomorphisms {1|7 [t € Uo}
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exhibits Z, as a torsor under A[2] with class a. The quotient (Y, )/ty, has Z,
as its singular locus and this singularity can be resolved by a single blow-up. Al-
ternatively, one can first consider the blow-up Y, of Y, at Z«, and then take the
quotient of Y, by the induced involution ty, - A local calculation then shows that

?a/L?a is smooth.

Definition 3.11. The Kummer variety associated to Y, is the variety

Kum(Y,) = ?Q/Ly,a

Let now X, = Kum(Y,) be the Kummer variety of Y,. We will denote by
D, c Y, the exceptional divisor. Since the action of Ly, on Dq is trivial we will
abuse notation and denote the image of D, in X, by the same name. Let us denote
by U, = Y, N D, and W, = X, \ Dg, so that the quotient map Y — X, restricts
to an étale covering pq : Uy, — W, of degree 2. Let 1y, : Uy, — U, denote the
restriction of ty,,. We note that we may also identify U, with the complement
of the O-dimensional scheme Z, in Y,. Since the codimension of Z, in Y, is
at least 2 we may identify Hl(ﬁa,Q/Z(l)) with H'(Y,Q/Z(1)) = A(k)ior and
HY(U,,Q/Z(1))"w with A(k)tor = A[2]. Applying the Hochshild-Serre spectral
sequence and using the vanishing of H?({t7,, ), H*(Ua, Q/Z(1))) = H*((tv,,) , Q/Z)
we now obtain a short exact sequence of Galois modules

) 0 — pi —> HY (W, Q/Z(1)) 2 A[2] —> 0

where the image of ¢ is spanned the element [po] € HY(Wq, p2) € HY (W4, Q/Z(1))
which classifies the tale covering p, : U, — W,,.

Our next goal is to describe the Galois module H'(W ,,Q/Z(1)) in more explicit
terms. For this it will be convenient to use the following terminology. Let us say
that a map of schemes L : Z, —> yu» is affine-linear if there exists a Q € A[Q]
such that for every geometric point x € Z, (k) and every P € A[2] we have L(Px) =
(P,Q) - L(x) (here the notation Px denotes the action of A[2] on its torsor Z,).
We will refer to @ as the homogeneous part of L. We note that @ (when
exists) is uniquely determined by L. We will denote by Aff(Z,,us2) the abelian
group of affine-linear maps (under pointwise multiplication). The action of T'y, on

7, induces an action on Aff(Z,, us) by pre-composition and we will consequently
consider Aff(Z,, u2) as a Galois module. The map

he : Aff(Z g, pip) — A[2]

which assigns to each affine-linear map its homogeneous part is then a homomor-
phism of Galois modules. The following lemma is a variant of | , Proposition
2.3] and is essentially reformulated to make the Galois action more apparent. Here
we consider Aff(Z,, ) as a Galois submodule of H°(Z,,Q/Z), by identifying
elements of the latter with set theoretic functions Z,(k) — Q/Z and using the
embedding ps 2 $Z/Z - Q/Z.

Lemma 3.12 ((cf. | , Proposition 2.3])). The residue mapr1 (Wa,Q/Z(1)) —
H°(D,,Q/Z) is injective and its image coincides with Aff(Z,, p2). Furthermore,
the resulting composed map HY(W o, Q/Z(1)) — AfF(Z,, i2) LLY A[2] coincides
with the map p?, appearing in (7).
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Proof. For the purpose of this lemma we may as well extend our scalars to the
algebraic closure. We may hence assume without loss of generality that oo = 0
(i.e., that X = Kum(A)) and that the Galois action on A[2] is trivial. We will
consequently write A instead of YV, A[2] instead of Z,, W instead of W, and U
instead of U,. Let Q € A[2] be a non-zero element and let fo : B — A be the
degree 2 isogeny of abelian varities classified by Q € A[2] = H'(4, yi2) (in particular,
the kernel of the dual isogeny fQ A — B is spanned by Q). Given another point
P e A[2] we will denote by fo p: B — A the map given by fo p(z) = fo(z) + P.
Let A denote the blow-up of A at the subscheme A[2] and let B be the variety
obtained from B by blowing up the pre-image M = f5'(A[2]) of A[2]. For each
P e A[2] the map fq, p is a degree 2 tale covering sending M to A[2] and hence
induces an tale covering _ _ B
fop:B— A
Consider the automorphisms ¢35 : B— Band. e A — A induced by the respec-
tive antipodal involutions. Since fp g commutes with the antipodal involutions the
same holds for fQ_’ p. We then obtain an induced (ramified) degree 2 map between

smooth varieties _ _
9o.p: Bty — Atz = Kum(A).

Note that gg p is unramified over the complement W ¢ Kum(A) of the image of
the exceptional divisor in A: indeed, any geometric point z € W (k) has two points
lying above it in A, and hence four points lying above it in E, which must give two
distinct points in B [t55. The pullback of gg p to W hence determines an tale map
of degree 2

g,Q,P V—W

which is classified by an element [g;, p] € HY (W, up) € HY(W,Q/Z(1)). Now con-
sider the commutative diagram

(8) B\M ——V

f’Q,P\L lgb,P
p

U———W

where the map fc,g p is obtained by restricting the domain and codomain of fg p:
B — A and the horizontal maps are quotients by the respective antipodal involu-
tions. Then all the maps in the square (8) are tale of degree 2 and by inspecting the
fibers over W we see that the induced map BN M — V xy, U is an isomorphism. It
follows that p*[g¢ pl = [f5 p] € HY(U, j12). On the other hand, the inclusion U ¢ A

as the complement of A[2] induces an isomorphism H'(U, ug) = H' (A, up) = A[2]
which identifies the image of [ff, p] in H'(U,u2) with Q € A[2]. Finally, a di-

rect examination verifies that gg p : : By 5— A/L~ is ramified at the exceptional
divisor D, ¢ X \ W corresponding to = € A[2] if and only if x is not in the im-
age of fq plppe) + B[2] — A[2]. By the compatibility of the Weil pairing with
duality of isogenies we see that the image of fq pl B[2] consists of exactly those
x € A[2] such that the Weil pairing (x + P, Q) is trivial. It then follows that the
residue resp([gq p]) € H°(A[2],Q/Z) can be identified with the affine-linear func-

tion Lo p(x) = (z+ P,Q) = (z,Q) (P, Q).
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We note that by varying P we obtain in this way for each non-zero @ € A[2] at
least two different elements of H' (W, p2) whose image in H* (U, ju2) = A[2] is Q. By
the short exact sequence (7) we have thus covered all elements of H'(W,Q/Z(1))
whose image in 121[2] is non-trivial. On the other hand, the only non-trivial ele-
ment of the kernel H(W,Q/Z(1)) — A[2] is the one classifying the tale covering
p : U — W, which is ramified at all the components D,, and whose residue
hence corresponds to the constant function A[2] — Q/Z with value 1/2. Finally,
the trivial element has trivial residue, which corresponds to the constant function
A[2] — Q/Z with value 0. This concludes the enumeration of all element of
H'(W,Q/Z(1)), and so the proof is complete. O

Lemma 3.12 tells us that the residue map induces an isomorphism of Galois
modules H' (W ,,Q/Z(1)) = Aff(Z,,p2). We may hence rewrite the short exact
sequence (7) as

L = ha
(9) 0 —— po —— Aff(Za, p2) A[2] 0,

where ¢ : pg & Aff(Z,, p2) is the inclusion of constant affine-linear functions. We
note that since U, 2 Y4 N\ Zo 2 AN A[2] has no non-constant invertible functions
the same holds for W, and so we have a canonical isomorphism of Galois modules
HY(W,,Q/Z(1)) = Pic(W4)tor- We note that the injectivity of the residue map
H'(W,,Q/Z(1)) — H°(D.,Q/Z) implies, in particular, that H'(X,,Q/Z(1)) =
0 and hence that Pic(X,) is torsion free.

Remark 3.13. Consider the pullback map Pic(X,) — Pic(W,) on geometric Pi-
card groups. The inverse image II € Pic(X,) of the torsion subgroup Pic(W 4 )tor €
Pic(W,) is called the Kummer lattice in | ]. Given an affine-linear map
L:Z,— 12, we may realize the corresponding element of Pic(Woé)tor as a degree
2 covering of W,. This covering extends to a degree 2 covering of X, which is
ramified along D, if and only if L(z) = —1. It then follows that there exists a class
Ep € Pic(X,,) such that

2E = > [D.]
zeZa (k)| L(x)=—1

and the image of Ey in Pic(Wa)tor is L. In particular, the Kummer lattice is
generated over Il by the classes Er. This description of the Kummer lattice was
established by Nikulin ([ ]) in the case of Kummer surfaces and extended to
general Kummer varieties by Skorobogatov and Zarhin in | .

From now until the rest of this section we fix the assumption that the Galois
action on A[2] is trivial. Recall from §3.2 that we have a homomorphism
B, : H'(k, A) — Br(Y,)/Br(k)

which can be used to define the Cassels-Tate pairing between the image of a in
H'(k,A) and a class f3 € Hl(k,fl). It will be useful to consider similar types
of Brauer elements on W,. Using the map H'(k,Pic(W,)) — Br(W,)/Br(k)
furnished by the Hochschild-Serre spectral sequence, the map

AfF(Z o, p2) = Pic(W o )tor — Pic(W )
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determines a map
(10) Co t H (b, Aff(Z o, p12)) —> Br(W,,)/Br(k)
which fits into a commutative square

HY (b, A (Z o, 1))~ Y (k, A[2])

ic(, iBm

Br(W,)/Br(k) Br(Y,)/Br(k)

where the bottom horizontal map is induced by the composition of p, : Br(W,) —
Br(U,) and the isomorphism Br(U,) = Br(Y,) induced by the inclusion U, ¢ Y,
(since its complement has codimenional at least 2). It will be useful to recall the
following general construction:

Construction 3.14. Let G be a group acting on an abelian group M and let
f:Tkx — G be a homomorphism, through which we can consider M as a Galois
module. Let kf/k be the fixed field of ker(f) ¢ I'y. We will refer to ks as the
splitting field of f. Given an element x € H'(k, M) we may consider the torsor
Z, under M classified by x, and the Galois action on Z, (k) is via the semi-direct
product M xG. The kernel of the resulting homomorphism I'y, — M xG is a normal
subgroup T'; € T, and we will refer to the corresponding normal extension k,/k as
the splitting field of z. We then obtain an induced injective homomorphism
T : Gal(ky/k) — M » G. We note that the field k, contains the field ky and the
restriction of T to Gal(k,/ks) lands in M. Finally, the homomorphism f:I'y — G
descends to an injective homomorphism f : Gal(ks/k) — G, and we obtain a
commutative diagram with exact rows and injective vertical maps

(11) 1 — Gal(ky/ky) = Gal(ky/k) — Gal(ks/k) — 1
Tk z 7
1 M MxG G 1

Now let 8 € H'(k, A[2]) be an element and suppose that 0 € H'(k, Aff(Zq, p12))
is such that (ha).(0) = 8 € H'(k,A[2]). Applying Construction 3.14 with G =
A[2],M = Aff(Z4, ) and « : Iy — A[2] the homomorphism determined by
the class a € H'(k, A[2]) we obtain a commutative diagram with exact rows and
injective vertical maps

(12) 1 — Gal(kg/ko) — Gal(kg/k) — Gal(kn/k) — 1
Olke 0 a
1 — Aff(Zy, po) = AfF(Zq, pi2) x A[2] A[2] 1

where k, and ky are the splitting fields of o and 6 respectively. Let kg be the
splitting field of 3 and let k, g be the compositum of k, and kg. Applying Con-
struction 3.14 again with G = A[2] and M = A[2] (with trivial A[2]-action) we
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obtain a commutative diagram with exact rows and injective vertical maps

(13) 1 — Gal(ka.g/ka) = Gal(k, /k) — Gal(ka/k) =1
B‘ka Bxa a
1 A[2] A[2] x A[2] A[2] 1

By the naturality of Construction 3.14 and since (hy,)«(6) = 3 the left vertical maps
in 13 and 14 fit together in a commutative diagram with exact rows and injective
vertical maps of the form:

(14) 1 — Gal(kg/ka,g) — Gal(kg/ko) — Gal(ka p/ka) =1
Ol Blra
1 K2 Af(Z o, p2) A[Q] 1

In particular, the extension kg/k, g is either trivial or quadratic. The following
proposition plays a key role in the analysis of the behavior of the Cassels-Tate
pairing under quadratic twists (see Proposition 3.29):

Proposition 3.15.

(1) An element B € H'(k, A[2]) can be lifted to an element 6 € H' (k, Aff(Z o, j12))
if and only if «u B =1¢ H?(k,us). Furthermore, if S is a set of places which
contains a set of generators for the class group of k and o, 8 are unramified
outside S then 6 can be chosen so that the splitting field kg is unramified outside
S.

(2) The image of the residue resp, (Cy(0)) € H (Do, Q/Z) in H' (Do ®kka. s, Q/Z)
is constant and comes from the element ug € H'(kq,5,Z/2) which classifies the
(at most) quadratic extension kg/kq .

Proof. We begin by proving (1). Consider the exact sequence

— (ha)x ~ 7]

(15)  H'(k,p2) — H'(k,Afl(Za, p2)) = H'(k, A[2]) — H?(k, o)
associated to the short exact sequence (9). We note that by choosing a base point
xo € Zo(k) we may identify Zo(k) = A[2] and consequently identify each affine-
linear map L : Z, (k) — po with an affine-linear map A[2] — po of the form P~
- (P,Q) for some Q € A[2] and ¢ € 5. The association L — (g,Q) then identifies
the underlying abelian group of Aff(Z,, uo) with the abelian group po ® A[2] and
identifies the corresponding Galois action as o(e,Q) = (¢ - (a(0),Q),Q). Now
let 8" : T — Aff(Z,,p2) 2 uo x A[2] be the 1-cochain 8'(c) = (1,5(0)), where
B:T) — A[2] is the homomorphism determined by the class . Then

B'(o) +ap'(t) - B'(o7) = ({a(0), B(7)) ,0)
and so

08 =auBe H(k,pa).

It then follows that j3 lifts to H'(k, Aff(Z,, o)) if and only if o U 3 vanishes.
Now let S be a set of places which contains a set of generators for the class

group of k and such that «, 8 are unramified outside S. By (14) we have that ky

is an at most quadratic extension of k, s which is classified by an element ug €
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H' (ko p,7/2). Furthermore, if we replace 6 by 6’ = 0 -1, for some ¢ € H'(k, j12)
then we get ugr = ug + <p|ka, 5 this follows from the formula

§/|ku = §|ka ’ (L O¢|ka) : Gal(kﬁ/ka) - AH(707M2)

relating the homomorphisms associated to the classes 0y, € H'(ko, Aff(Z4,p12)),
0. € H (ko, Aff(Z o, p2)) and o|i, € H'(kq,p2). Now for every v ¢ S, since kg
is Galois over k we have that the ramification index of kg/kq g is the same for all
places u of ko g which lie above v. Let T denote the set of places v of k such that
kg/ka,p is ramified at all places u of ko g which lie above v. Since S contains a set
of generators for the class group we can find an a € k* such that for every v ¢ S we
have that val,(a) is odd if and only if v € T. If we now set 6’ = 6-¢,([a]) then we
get that kg is unramified outside S, as desired.

Let us now prove (2). Let C € Br(W,) be a Brauer element whose image in
Br(W,)/Br(k) is Co(0), and let 79 = resp_(C) € H'(D,,Q/Z). Since Cy () is a
2-torsion element it follows that 2C' is a constant class and hence 1y is a 2-torsion
element. We may hence (uniquely) consider ry as an element of H'(D,,Z/2). Let
ry = (1) Dagrkas € H' (Da ® ka,3,7/2) denote the restriction of rg. Since
vanishes in H'(kg, Aff(Z,, j12)) it follows that the image of C' in Br(W, ®; kg) is
constant and hence rj, vanishes in H'(D, ®, ko,Z/2). It then follows that rj is
either trivial or is the pullback of ug. To show that rj can only be trivial if ug
is trivial we use the fact that both 7, and ug depend on the choice of 6 in the
same way. More precisely, if we replace 6 by 6’ = 6 -1, for some p € H'(k, ji2)
then @' still maps to 8 e H'(k, A[2]), and both 7}, —rf and g — ug will equal the
corresponding image of ¢. For ug this was shown above. As for rj, this follows
from the fact that the Brauer element C,(t+¢) can be identified with the image of
the cup product ¢ U [po] € H?>(Wq, pt2), and hence the residue of Cy(.¢) along
D, is the image of ¢. It will now suffice to show that rj = ug for just a single 6
which lifts 5. As such we may choose 6 so that both ug and rj are non-zero, in
which case they must coincide by the above considerations (i.e., since rj vanishes
in H' (D, ®y, ko, Z/2)). O

We finish this section with some analysis of the way the Brauer element C, ()
pairs with local points in certain circumstances. We begin with some remarks
concerning integral models for the open subvariety W.

Let v be a finite odd place of k£ and let A be an abelian variety over k, such that
the Galois module A[2] is unramified (in the cases of interest in this paper, the
Galois action on A[2] will in fact be trivial). Let A — spec(0,) be a Nron model
for A and let A[2] ¢ A be the scheme theoretic fixed locus of the antipodal involution
ta A —> A, so that the special fiber A[2]r, is just the 2-torsion subscheme of Ap, .
Let U = A\ A[2] be the complement of A[2] in A, so that U is a v-integral model
for U and inherits a free involution ¢y : U — U which extends the free involution
of ity : U — U. Since A is quasi-projective (see [ ]) so is U and so we may
realize the quotient of U by ¢y as a scheme W := U/yy. Furthermore, since we
assume that v is odd the corresponding action of Z/2 is tame and hence W is also
a universal geometric quotient (see | ). This means, in particular, that
the generic fiber of W is isomorphic to W and that its special fiber is the quotient
of Up, = Ar, \ Ar,[2] by the associated antipodal involution.
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Now let o € H'(k,,A[2]) be an unramified element. Then we may naturally
consider o as an element of H'(0,,A[2]) and consequently twist A by a. This
results in a regular O,-model Y,, for Y,,, whose special fiber (Y,)r, is a torsor
under the special fiber Ap, of A associated to the reduction @ e H'(F,,A[2]F,). In
particular, Y, inherits an involution ty,_ : Y4 — Y, which extends the involution
ty, Yy, — Y,. Repeating the construction of the previous paragraph with Y,
instead of A and vy, instead of the antipodal involution we obtain natural v-integral
models U, and W, for U, and W, respectively, together with an tale quotient map
Uy — W,,.

Lemma 3.16. Let w be a finite odd place of k, let A be an abelian variety over ky,
with semi-abelian reduction of toric rank 1 and such that the Galois module A[2]
is unramified. Let o€ H'(ky,, A[2]) be an unramified and non-zero element and let
x € Wy (kyw) be a point. Then there exists a (possibly trivial) unramified quadratic
extension F[ky such that x lifts to a point y € UL which extends to an integral
point ye UL (0y). In particular, x extends to an integral point x€ Wy (0.,).

Proof. Let F/k, be the (at most) quadratic extension splitting the fiber (Y,),
of the degree 2 map Y, — X over the point z (note that = belongs to Wy (k)
by assumption and hence does not lie on the ramified locus). We first claim that
that F/k,, is unramified. Assume by way of contradiction that F/k, is ramified,
and let wr be a valuation extending w. Since the image of a in H'(k,,, A[2]) is
unramified there exists an unramified finite extension K/k, and an isomorphism
vr : (Yo)k = Ak such that px oty, = 14 0p. Let L be the compositum of F
and K. Our assumption that F'/k,, is ramified means that L is quadratic ramified
extension of K. Let o € Gal(L/K) be the non-trivial element.

Let Ag be a Nron model for Ax and let A; be a Nron model for Ayr. Let
wg and wy, be valuations extending w, and let Cy,,, and C,, denote the groups of
components of the geometric special fibers of A and Aj, respectively. Since L/K is
purely ramified it induces an isomorphism of residue fields F,,,,, 2 F,,, . Since A, and
hence also Ak, has semi-abelian reduction of toric rank 1, we have an isomorphism
Cuy [2C ) = Z[2. Arguing as in Corollary 3.7 we see that the group Cy,, /4C,,, is
cyclic of order 4 and the induced action of Gal(L/K) on C,,, /AC,,, is trivial.

By construction there exists a point y € Y, (F) which maps to # and such that
o(y) =y, (y). Let y' € Yo (F) be the image of y and let y" € A(L) be the image
of 3" under the induced isomorphism ¢r, : (Yy,)r ZA - In particular, we have
a(y") = ta(y"”) = —y". Since the action of Gal(L/K) on Cy,, [4C,,, is trivial we
may conclude that y” reduces to a component of C,,, /4C,,, of order 2, and hence
to a component in the image of the open inclusion (Ak)r,, = (AL)w,. This
implies that y” and o(y”) have the same reduction in the special fiber of Ay, and
so this reduction must be a 2-torsion point. It then follows that the reduction of
y’ mod w determines an F,,-point of the fixed point subscheme Zz € (Y%)p, under
the induced involution. But this is now a contradiction to our assumption that &
is non-zero (since in this case Zz has no points defined over F,,) and so we may
conclude that F'/k,, must be unramified.

Now let ye Y£(0,,) be a v-integral point extending the points y € Y;F'(k,,) that
lifts = (such a point exists since Y~ is proper). To finish the proof it will suffice
to show that y lies in UL (O,,), i.e., has trivial intersection with Zz ¢ (Y£)g,, but
this is simply because the intersection of y with (YZ)r, is a point defined over F,,,

w
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while Z& has no points defined over F,, when @ # 0. O

Corollary 3.17. Let w be a finite odd place of k and let A be an abelian variety
over ky, with semi-abelian reduction of toric rank 1 and such that the Galois action
on A[2] is trivial. Let o € H*(ky,, A[2]) be an unramified element. Let R € Wy (ky)
be the subset consisting of those points x € W, (ky) which lift to UL (k) for some
unramified quadratic extension F[k,. Finally, let 6 € H' (ky, Aff(Z4, 12)) be an
unramified element whose image under the composite map

H' (ku, AE(Zo, p2)) — H' (ku, A[2]) — H' (kyy, A)

is trivial and let C € Br(W,,)[2] a 2-torsion Brauer element whose image in Br(W,,)/Br(k)
is Co(0). Then R+ @ and the evaluation map eve : R — Z[2 restricted to R is
constant.

Proof. We separate the proof into two cases, according to whether or not « is
trivial. First assume that « is non-trivial. In this case Lemma 3.16 implies that
every point in W, (k,) extends to an integral point x : spec(O,) — W,. Let
xp i spec(Fy) — (Wq)r,, be the restriction to the residue point. Then the pairing
of x with C' can then be computed as

eve(x) =resy,, (2°C) = &) TeS(W, )5, (C)e Hl(Fw, Q/2)=Q/z

where the second equality is by the compatibility of residues with base change (see
discussion on page 25 of | ]) and the last isomorphism is given by evaluation
on the Frobenius element. Since 6 is unramified it follows that C' becomes constant
after base changing to ku" and hence the residue of C' along (W, )r, vanishes in
(Wo)r,, ®F, Fp. It then follows that the residue res(w, ), (C) is constant on each
irreducible component of (W, )r,. To show that it is actually constant consider
the pulled back element pC € Br(U,). Then the image of p}C in Br(U,)/Br(k)
coincides with the restriction of B((hy).0) € Br(Y,)/Br(k) which vanishes thanks
to our assumption that the image of 6 in Hl(kw,/l) vanishes. We may hence
conclude that p:C is constant. Let (p,)r, : (Ua)r, — (Wa)r, be the restriction
of p, : Uy — W, to the special fibers. Using again the compatibility of residues and
base change we now get that (p, )i, res(w, )., (C) =resq,),, (p5C) is constant, i.e.,
comes from a class in H'(F,,, Q/Z). Now since A has semi-abelian reduction of toric
rank 1 and A[2] is unramified we have that Ap, has two geometric components,
which are thus preserved by the antipodal involution. It then follows that the
tale covering (p,,)r, is geometrically non-trivial on each irreducible component of
(Wa)r,, - Finally, since res(w, ), (C) is constant on each irreducible component
and (p,)f, res(w, ), (C) is globally constant we may conclude that res(y,). (C)
is actually constant, as desired.

Now assume that o = 0. In this case we simply write W instead of W, and U
instead of U,. Let Dy € D be the component corresponding to 0 € A[2]. Since Dy
P91 the residue resp,(C) € H'(Dy,Q/Z) is constant and comes from some class
¢ € H'(k,Q/Z). We may then write C as a sum C’+[p]up where C’ € Br(W) is such
that resp, (C") = 0. In this case C' extends to Wu Dy and so we can write C' = C"' +
Coy where Cj € Br(k) € Br(WW) is a constant class and C” vanishes when restricted
to Br(Dy). It will hence suffice to show that [p]uy and C” both pair trivially with
R c W (ky). For [p]uyp this is clear ev,ju,(2) = [#"p]up = 0 since the classes [2"p]
and ¢ are both unramified by assumption (for [z*p] this is because z € R, and for ¢
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this is because 6 is unramified). It is hence left to show that C” pairs trivially with
R. Let F/k, be an unramified quadratic extension such that z lifts to y € U (k,,).
Then the pairing of = with C” is equal to the pairing of 3 with (p)*C”, and so
it will suffice to show that (p')*C"” =0 € Br(U"). Now by construction the image
of (pf)*C" in Br(U)/Br(k) coincides with B(h.(0 + t,¢)) = B(h«(0)), where
o : H' (K, AfF(A[2], p2)) — H'(kw, A[2]) is the induced map. Since the image
of h(#) in H'(k, A) vanishes by assumption it follows that (p™)*C” is a constant
Brauer element. On the other hand, since C” extends by 0 to W u Dy we get that
(p")*C" extends by 0 to U u{Dy} ¢ A¥. Tt then follows that (p”)*C” =0, as
desired. (]

3.4. The Tate pairing and its quadratic refinement. Let A be an abelian

variety over a field k equipped with a principal polarization A: A =5 A. Then the
Weil pairing (, ), : A[2] x A[2] — p2 induces a symmetric cup product pairing

Uy HY(k,A[2]) x H (k, A[2]) — H?(k, p2)

which is known as the Tate pairing. In | |, Poonen and Rains construct a nat-
ural quadratic refinement of uy. In this section we will review this construction,
which plays a role in the analysis of the change of Selmer groups under quadratic
twists. In particular, to make the argument work we will need to know that this
quadratic refinement is invariant under quadratic twists, a statement whose proof is
the main goal of this section. We wish to thank the anonymous referee for pointing
out this gap in the argument after reading a previous version of this paper.
Before we review Poonen and Rains’ construction let us consider the preliminary
question of quadratic refinements of the Weil pairing. Note that since we are
considering the 2-torsion module the Weil pairing (which is usually skew-symmetric)
is also symmetric, and so the question of quadratic refinements is meaningful. Recall

that there is a natural isomorphism of Galois modules NS(A) = Sym(A, A) between

the Nron Severi group of A and the group of symmetric isogenies A — A. In
particular, the principal polarization A : A — A determines a Galois invariant
element (which we will call by the same name) A € NS(A)'*. As the antipodal

involution ¢4 : A — A fixes NS(A) while acting as [~1] on Pic(4)y = A(k) 2 A(k)
we obtain a short exact sequence of Galois modules

(16) 0 A[2] Pic(A)4 ——= NS(4) 0

where the middle term is the subgroup of Pic(A) fixed by the induced action of
the antipodal involution. We note that this latter group classifies symmetric line
bundles on A4, i.e., line bundles £ such that %L = £. Now if £ is a symmetric

line bundle on A such that 7(£) = A then, over k, we may write \: A — A using
the formula A\(x) = [7;£ ® £7!] (where 7, denotes translation by x), in which case
one says that A is the polarization induced from £. However, it is in general
not possible to choose a preimage £ € 7~1(\) which is Galois invariant (and thus
realizable as a line bundle on A defined over k). The obstruction to the existence
of such a Galois invariant symmetric line bundle is the class

(17) cx =0\ e H' (k, A[2])
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where 0 : H°(k,NS(A)) — H'(k, A[2]) is the boundary map associated to (16).
We think of ¢y as the element classifying the A[2]-torsor 7 !(\) of symmetric
line bundles on A which map to A € NS(A). It will consequently be useful to
note that this torsor can be identified combinatorially as the torsor of quadratic
refinements of the Weil pairing (, ). More precisely, given a symmetric line bundle
£ on A such that 7(£) = A\ we may define a quadratic refinement of (, ), as follows

(see [ ]): since £ is symmetric there exists an isomorphism o : £ = 3L, and
we may choose o uniquely such that the induced map (£)o — (¢5£)0 = (£)o is the

identity. It then follows that the composition £ SN 3L 4% Lisan automorphism
of £ which is the identity on (£)g and is hence itself the identity. In particular, for
every 2-torsion point P € A[2] the induced map (£)p — (¢5£)p = (£)p has order
2 and is consequently given by multiplication by an element gz (P) € 2. One may

then show (see | , Proposition 13.1]) that the association P ~ ¢ (P) satisfies
the equality
(18) ac(P+Q)-qc(P)-qe(Q) = (P.Q),y-

Functions qr, : A[2] — g satisfying (18) are also known as quadratic refine-
ments of (P,Q), (in particular, they are not homomorphism of groups, but rather
quadratic maps). We note that the collection Quad()) of all such quadratic refine-
ments is naturally a torsor under Hom(A[2], u2) = A[2] (where Hom(A[2], u2) acts
by levelwise multiplication). Furthermore, since (,), is Galois invariant we obtain
a natural Galois action on Quad(A[2]) (induced by the Galois action on A[2]),
which is compatible with this torsor structure. Finally, one can show that the as-
sociation £ — ¢; determines a map (and hence an isomorphism) of A[2]-torsors
771(\) — Quad(A). In particular, the A[2]-torsor Quad()) is also classified by
the element cy € H'(k, A[2]), and so ¢y = 0 if and only if (,), admits a Galois
invariant quadratic replacement.

Now since the line bundles in the A[2]-torsor 771 () are all equal up to 2-torsion
element of Pic(A), the square X = £ ® £ is independent of the choice of £ € 771(\),
and is hence a line bundle defined over k. This line bundle can also be identified
with the pullback (Id,\)*®, where P is the Poincar line bundle on A x A. The
isomorphism o : £ = ¢34 then induces an isomorphism p : K = X, and for
every P e A[2] the induced map pp : Kp — (¢5K)p is given by multiplication by
gx(P)? =1, i.e., by the identity. We may summarize the situation as follows:

(1) Geometrically, every principal polarization A is induced by a line bundle £.
This line bundle is however not unique: for every field extension K/k, the
choice of such a line bundle over K is equivalent to the choice of a I' x-invariant
quadratic enhancement of (,),.

(2) The square of any line bundle inducing A is isomorphic to X = (Id, \)*P, which
is always defined over k. In addition, there exists a (unique) isomorphism
p: K — 5K with the property that pp : Kp — (%K) p is the identity for
every P e A[2].

We now proceed to Poonen and Rains’ construction of the quadratic enhance-
ment of the Tate pairing. Let X = (Id, \)*P be as above. If L is a field containing
k and x € A(L) is a point defined over L, then by construction the line bundle
72K ® XK' on A ®; L has degree 0 and its class in A(L) coincides with 2X(z).
In particular, if P is a 2-torsion point then X = 75X. We may then consider the
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(non-abelian) group Hq (L) whose elements are pairs (P, ¢) where P € A[2](L) is
a 2-torsion point defined over L and ¢ : X;, — 75K, is an isomorphism over K.
Composition is defined by (P,$)(Q,%) = (P + Q,(75¢) o ¥). Mumford (] D
has shown that the functor L — Hq (L) is represented by a group scheme Hyx
defined over k, which sits in a short exact sequence

(19) 1 Gm Hx Al2] 1

in which the two maps in the middle are given by ¢ — (0,m;) and (P,¢) —» P
respectively, where m; : K — XK is the multiplication by ¢ automorphism. Follow-

ing | | we will refer to Hx as the Heisenberg group scheme of X.
Proposition 3.18 (]| , Corollary 4.7]). The connecting homomorphism
(20) ax H' (k, A[2]) — H?(k, Gy)

induced by 19 is a quadratic map whose associated bilinear pairing is (x,y) » rU\Y.

Remark 3.19. Since gy is quadratic and H'(k, A[2]) is a 2-torsion group we see
that g (z) € H*(k,G,,) is a 4-torsion element for every z € H'(k, A[2]). One may
then show (see | ]) that

2qA(J)) =T UNT=TU)C)E Hg(k,ug) c HQ(k,Gm)

for every x € H'(k, A[2]), where c) is the element defined above (see (17)), which
vanishes if and only if the Weil pairing (,), admits a Galois invariant quadratic
enhancement. In this latter case (which occurs, for example, when that Galois
action on A[2] is trivial), the quadratic map ¢y takes values in H?(k, u2).

Our goal for the rest of this section is to show that the quadratic map (20)
is invariant under quadratic twists. Let U ¢ A be the complement of A[2] and
p: U — W =U/uy the quotient by the free action of +1 (see §3.3). Since the
action of A[2] on A by translations preserves U and commutes with multiplication
by +1 it descends to an action of A[2] on W (which for P e A[2] we will also
denote by 7p : W — W). The idea is then to show that the line bundle K|y
which is used to define gx descends to a line bundle X on W (defined over k) which
is invariant under the action of A[2]. This would mean that one can define the
Heisenberg group, and consequently the map (20), by using W instead of A, and
hence manifestly in a way that is invariant under quadratic twists.

Lemma 3.20. There exists a line bundle XK on W such that p*X = K|y and such
that TpX =2 K for every P e A[2].

Proof. Let p : X = 13X be the isomorphism of (2), which is characterized by
the property that pp : Xp — (15K)p is the identity for every P e A[2]. In
particular, the composition po % p: X — K is an automorphism of X which is the
identity on the fiber at 0, and hence must itself be the identity. This means that
plv : K|y — K|v is a descent datum for K|y with respect to p: U — W, and
hence by tale descent for line bundles the pair (X|y, p|lr) determines a line bundle
X, on W such that p*X, = X|y. We now claim that for every P e A[2] the line
bundle 75X, is isomorphic to X,. By tale descent the line bundle 75X, is classified
by the descent data (75K|v, 7/hp|lv). Applying the uniqueness part of tale descent
it will suffice to prove that this descent data is equivalent to (X|y, p|v), i.e., that
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there exists an isomorphism ¢ : K|y — 75K|y such that the square

(21) Klo K|y

P|U\L iT;PU

* * *
LKl o ¢> vrTpXlu
U

commutes. Now by the construction of X we know that there is some isomorphism
¢ : K — 75K defined over all of A. It will hence suffice to show that the square of
line bundles over A

(22) %2 %

T

K —— 13 15K
Lad
commutes. Since A has no non-constant invertible functions the square (22) com-
mutes if and only if the corresponding square of fibers at 0 commutes. Unwinding
the definitions we may identify the latter square with

(23) Ko —22 Ky

fKO — g{g)
%o
which indeed commutes since both pg and pp are the identity maps by the main
property of X (see (2)). O

Corollary 3.21. The quadratic map (20) is invariant under quadratic twists.

Proof. Let X be a line bundle on W satisfying the conclusion of Lemma 3.20 and let
us fix an isomorphism p*X = K|y;. Since neither W nor U have non-constant invert-
ible functions we obtain an induced isomorphism Aut(K) = Aut(X|y) = Aut(X).
We may then conclude that for every field L containing k& the L-points of the

Heisenberg group are in canonical bijection with the group of pairs (P, ¢) where
PeA[2)(L) and ¢: K —> 75X is an isomorphism. By transport of structure the
latter groups also assemble the form a group scheme Hz- over k, which is equipped
with a canonical isomorphism Hoz = Hyx.

Now suppose that we replace A by a quadratic twist A”. Then we have a
canonical isomorphism Af[2] = A[2] and the complement of AT[2] in A is the
twist U of U and carries a canonical map p’ : U — X (which can be identified
with the twist of the tale covering p by the class of F'). The induced action of AF'[2]
on W then coincides with the action of A[2] via the isomorphism AF[2] = A[2].
Let P be the Poincar line bundle on AF x AF and let K := (Id,A\F')*® be the
pulled back line bundle on AF. We now claim that p”X is isomorphic to K lU.
Since the map Pic(U) — Pic(UF ®,, F) is injective it will suffice to show that
pF K becomes isomorphic to K |y over F. Now by the construction there exists
a canonical isomorphism of abelian varieties T : U ®; F = uF ®, F' which is
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compatible with the corresponding principal polarizations and compatible with the
projections p : U — W and pf : UF — W. Since the Poincar line bundle is
preserved under base change it follows that the isomorphism 7' identifies the line
bundle X¥|;; with the line bundle K|i;. On the other hand, T also identifies (p")*X
with XK|y. It then follows that (pf)*XK is isomorphic to X¥|y over F' and hence
over k. We hence obtain canonical isomorphisms of Heisenberg groups

Hoe = Hae = Hycer

which are compatible with the canonical isomorphism A*[2] = A[2]. It then follows
that the quadratic refinement (20) of the Tate pairing is invariant under quadratic
twists, as desired. ([

3.5. Finite quadratic modules. Let M be a finite abelian group. By a qua-
dratic form on M we will mean a function ¢ : M — Q/Z such that

(1) The function B, : M x M — Q/Z given by By(z,y) = ¢(x +y) —q(x) — q(y) is
additive in each variable separately;
(2) q(av) = a®v for every a € Z.

A finite quadratic module is a finite abelian group M together with a quadratic
form ¢ : M — Q/Z such that the associated pairing B, : M x M — Q/Z is
perfect, i.e., induces an isomorphism M — M = Hom(M, Q/zZ). If (M,q) is a
finite quadratic module then we say that a subgroup L ¢ M is isotropic if ¢
vanishes on L, in which case L is contained in its orthogonal complement L* = {m €
M|By(m,l) =0,Yl e L}. A Lagrangian of (M,q) is an isotropic subgroup L ¢ M
such that the inclusion L € L* is an equality.

Remark 3.22. If L is a Lagrangian of a finite quadratic module (M, q) then the
associated bilinear form Bgy(—,—) induces a perfect pairing between L and M /L. It
then follows that |L| = [M/L| and |[M| = |L||M/L| = |L|*. In particular, if M admits
a Lagrangian then the size of M is a perfect square and the size of every Lagrangian
is a square root of |M|.

Our goal in this section is to prove the statement below, which restricts the
possible ways in which Lagrangian subgroups of a given finite quadratic module can
intersect. The following proposition can be considered as a (mild) generalization

of | , Proposition 2.4] to the setting of finite quadratic modules (using a
very similar proof). While we could in principle have made due only with the
statements of [ ] (as was done in a previous version of this paper), this

would have come at a cost of some unnecessary restrictions of generality in the
usage of the Mazur-Rubin lemma (see §3.6), and make some of the arguments less
transparent. Motivated by some of the remarks made by the referee after reading
a previous version of the paper, and with an eye towards future generalizations, we
have opted to offer a self-contained proof of the precise result we needed:

Proposition 3.23. Let (M,q) be a finite quadratic module and let Ly, Ly, Ly S M
be three Lagrangian subgroups. Fori,j =0,1,2 let us denote L; ; = L;/(L; n L;).
Then |Lo |- |L1,2| - |L2,ol| is a perfect square.
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Proof. To facilitate sign conventions we will consider Lg, L1, Lo as indexed by Z/3.
Consider the chain complex

Co=| ® LinL;;n ®L; M |,
i€Z/3 %
located in degrees 1 — 0 — —1. Here the first map sends x € L; N L;;1 to the sum
of the image of = in the L; component and the image of —z in the L;,; component,
and the second map is simply induced by the inclusions L; € M. Since [M| is a
square by Remark 3.22 it will suffice to show that

|Lo1l|L12||L2ol — |Col |Ho(Ce)|

M| C|CLlICy]  [Ho1(CW)||HL(C)]

is a rational square.
We now observe that the diagonal inclusion Lo n Ly N La = ®iez/3Li N Ly 41

induces an isomorphism Lgn LN Ly g 1(C,) and the natural projection M —
M/(Ly + Lo + L3) induces an isomorphism H_;(C,) = M/(Ly + Ly + L3). In
particular, the perfect pairing B, then induces a perfect pairing between H;(C,)
and H_1(C.,), and so |H1(C,)| =|H-1(C,)|. To finish the proof it will hence suffice
to show that the order of Hy(C,) is a square.

To prove this we will construct a perfect alternating self-pairing on Hy(C,).
Explicitly, we may represent elements of Hy(Cs) by O-cycles, which in the case of
C, are triples (zg,x1,x2) € Lo®L1® Lo such that zo+x1+x2 = 0 € M. We then define
a self-pairing on the level of 0-cycles by B, ((zo,21,22), (z(, 2], 25)) = Be(xo, ).
This bilinear form is alternating already on the level of 0-cycles:

By (20,21, 22), (X0, 21, 22)) = By(2o,21) = q(zo+z1)—q(x0)—q(x1) = ¢(-22)-q(20)-q(z1) = 0,
since Lo, L1, Lo are all isotropic. In particular, we have B, ((zo, 21, 22), (x(, 2], 25)) =
By(zo,x7) = —Bg(x(,z1). It then follows that this pairing vanishes for every
(zg,x},25) as soon as g = 0 or 1 = 0 or xg = —x1 (since L; is isotropic with
respect to By). The kernel of this pairing then contains the image of the differen-
tial 0 : C; — Cp and hence descends to an alternating self-pairing on Hy(C,).

To show that this pairing is perfect suppose that (zq, 21, x2) is orthogonal to all 0-
cycles (z(, z], x5). It then follows that x is B,-orthogonal to all 2§ € L1 n(Lo+L2),
which means that xg belongs to (L1 n (Lo + L2))* = Ly + (L2 N Lg). By adding to
(zo,21,22) a 0-boundary of the form (y,0,-y) = 9y for y € Lo n Ly € C; we may
assume that xo belongs to Ly. Since x5 = —x¢ — x1 it then follows that x5 belongs
to Ly as well. We then obtain that (xg,z1,22) is the boundary of the element
(xo,-12,0) € (Lo nLy) & (L1 n Ly) & (La n Lg) and so (xg,x1,22) vanishes in
Hy(C,). O

3.6. Quadratic twists and the Mazur-Rubin lemma. Let A be an abelian va-
riety over k equipped with a principal polarization A : A > A. Letace H(k, A[2])
be an element and let Y, be the associated 2-covering of A. Then Y, carries
an adelic point if and only the image [Y,] € H'(k,A) of a lies in III(A4). Re-
call that the Selmer group Sela(A) € H'(k, A[2]) is defined as the preimage of
II(A) ¢ H'(k, A) under the natural map H'(k, A[2]) — H'(k, A). We then have
a short exact sequence

0 —> A(k)/2A(k) — Sely(A) —> III(A)[2] —> 0.
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Given a quadratic extension F/k we may canonically identify H'(k, A[2]) with
H'(k,AF[2]), and consequently consider the Selmer groups Sely(AF) for all F/k
as subgroup of the same group H'(k,A[2]). In order to use Swinnerton-Dyer’s
method in the proof of the main theorem, we will need to know how the Selmer
group changes when one makes sufficiently simple quadratic twists. For this purpose
we will use an approach developed by Mazur and Rubin for analyzing the behavior
of Selmer groups in families of quadratic twists (see | , §3]).

For a place v of k and a (possibly trivial) quadratic extension F/k, let W[ ¢
H'(k,, A[2]) be the kernel of the map H'(k,, A[2]) = H'(k,, AT[2]) — H!(k,, AT).
The Selmer group Sely(AX") ¢ H!(k, A[2]) is then determined by the condition that
loc, (z) € WI for every place v € ;.. When F is the trivial quadratic extension we
will denote Wf simply by W,,. The intersection U, = W, ﬁWf is then a measure of
the difference between the Selmer conditions before and after a quadratic twist by
F. Tt will also be useful to encode this information via the corresponding quotients

W, =W,/U, and Wf =W} /U,. Given a finite set of places T € Qj we will write

W; = @UGTWf and denote by V' ¢ W; the image of Sely(A%"). As above, when
F' is the trivial extension we will simply drop the supscript F' from the notation,
yielding W and V.

For each place v of k we have the local Tate pairing (see §3.4):

(24) Uy : H' (ky, A[2]) x H (ky, A[2]) — H?(ky, p2) = Z/2.

as well as its quadratic refinement

(25) qr,  H' (ky, A[2]) — H*(k,,G,) 2 Q/Z.

defined as in (20). Local arithmetic duality for abelian varieties asserts that the
pairing (24) is non-degenerate and admits W, ¢ H'(k,, A[2]) as a maximal isotropic
subspace. Furthermore, by | , Proposition 4.9] the quadratic enhancement g,
vanishes on W,,, and so W, is in fact a Lagrangian subgroup (see §3.5). In particular,
dimgy W, =  dimg H* (k,, A[2]).

We note that the pairing U, is defined only in terms of the Galois module A[2],
and hence in the presence of a quadratic extension F/k the canonical isomorphism
A[2] = AF[2] identifies the Tate pairings (24) associated to A and A respectively.
By Corollary 3.21 this isomorphism also identifies the quadratic enhancements (25)
associated to A and AF respectively.

Lemma 3.24. Let v be a place of good reduction for A and let F' be a quadratic
extension which is ramified at v. Then U, = 0.

Proof. See | , Lemma 4.3]. O

Lemma 3.25. Let w be a place of semi-abelian reduction for A whose geometric

component group is cyclic of order 2 mod 4. Let F' be a quadratic extension in which
—  —F

w is inert (and in particular unramified). Then dimg W, = W, = 1. Furthermore,

the intersection Wy, N\ WL contains ezactly the elements of W, (or W} ) which are

unramified.

Proof. Since F is unramified at w the components groups C,, and CL of A and AF
respectively are naturally isomorphic. To compute W, n W1 we use Lemma 4.1
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of | ] which asserts that
W n Wy = §(N(A(Fy)))

where F, = F ® k,, and N : A(F,,) — A(ky) is the norm map. Combining | ,
Proposition 4.2, Proposition 4.3], and using the fact that A is isomorphic to its
dual by the principal polarization A\, we may deduce that

A(ka)/N(A(F,)) = H (Gal(F/k,),Cy) 2 Z/2.

On the other hand, since 2A(k,) € N(A(Fy)) the boundary map § : A(k,) —
H'(k,, A[2]) induces an isomorphism

A(k)IN(A(Fy)) 2 6(A(ka)) [6(N(A(F,))) & W /(W n W)

and so the latter group is isomorphic to Z/2, as desired. Finally, let us note that
since F'/k,, is unramified the base change A also has a semi-abelian reduction at
w with component group C£ = C,,. In particular CL /2CE ~ 7,/2 has trivial Galois
action and so every point in N(A(F,)) reduces to a component in 2C,. Since
A(ky)/N(A(Fy)) 2 Z/2 it follows that this condition is sufficient as well, i.e., the
points of A(k,) which are norm from A(F,) are exactly those whose image in
C[2C,, is trivial. On the other hand, by Hensel’s lemma these are also exactly the
points which are divisible by 2 in A(k2"), and hence exactly the points z € A(ky,)
such that d(z) is unramified. O

Remark 3.26. Suppose that the abelian variety A admits a 2-structure M ¢ Qy in
the sense of Definition 2.1, and let {Q,, }wenr be the basis of A[2] described in §3.1.
Then any place w which belongs to M will satisfy the conditions of Lemma 3.25.
Combining Lemma 3.25 and Corollary 3.8 we may conclude that the Selmer con-
dition subspace W,, ¢ H'(k,, A[2]) is generated over W, n H*(O,,, A[2]) by the
element 6(Q,,). This implies that every element of Sely(A) can be written uniquely
as a sum of an element unramified over M and an element in the image of A[2].

Now let T' be such that W, = Wf for every v ¢ T. Then the kernel of the
surjective map Sela(A) — Vr can be identified with the kernel of the surjective
map Sely(AF) — V', and hence

dimy (Sel(AF)) - dimy(Sel(A)) = dimg (V) - dimy (V).

The following lemma, which is based on the ideas of Mazur and Rubin for analyzing
the behavior of Selmer groups in families of quadratic twists (see | , §3]), is our
key tool for controlling the difference dimy(Sel(AF'))~dims(Sel(A)) after quadratic
twists.

Lemma 3.27 ((Mazur-Rubin)). Let A be a principally polarized abelian variety.
Let F[k be a quadratic extension and let T be a finite set of odd places of k such

that W, = Wf for every v ¢ T. Let r = dimy W = dims W; Then
dimy Vg +dimy VF <7

and the gap r — dims Vp — dimg VTF is even.

Proof. Let
(26) W, xWE —7/2
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be the restriction of the local Tate pairing 24. Since W,, and WUF are both maximal
isotropic with respect to 24 it follows that the left and right kernels of 26 can both
be identified with W, n W.I", and so 26 descends to a non-degenerate pairing

(27) W, x WUF — 72

By summing over the places of T" we obtain a non-degenerate pairing

(28) Wi xWa —> 72

between two vector spaces of dimension r. Finally, by quadratic reciprocity and
the fact that W, = Wf for v ¢ T we get that the subspaces Vr ¢ W and VZF c W;

are orthogonal to each other with respect to (28) and so Vp is contained in the
orthogonal complement of VZF , and vice versa. This yields the desired bound

dlIIlQ(VT) + dlmg(ng) <r.

Let us now show that that the gap between dima (V) +dimg (V) and r is even
(cf. | , Theorem 2.3]). Since dims W, = 0 for v ¢ T we see that for the
purpose of this lemma we may as well replace T with any bigger finite subset of
places. In particular, we may assume that W, = H'(0,, A[2]) for v ¢ T and by
global duality theory we may also insure that the group H'(Or, A[2]) embeds in
S er H(ky, A[2]) as a maximal isotropic subgroup with respect to the sum of local
cup products Uy =Y .y U,. Now let

qr: Y, H'(k,, Al2]) — Q/Z
veT

be the quadratic map obtained by summing the local quadratic refinements g, (25).
We then have gr(z +y) - ¢r(x) - ¢r(y) = v ur y and ¢r is invariant under qua-
dratic twists by Corollary 3.21. By | , Proposition 4.9, Theorem 4.13] the
quadratic form g7 vanishes on the isotropic subgroups H'(O7, A[2]), &, W, and
@, W[ In particular, the pair (&,er H' (ky, A[2]), ¢7) is a finite quadratic mod-
ule (see §3.5) which admits Lo := H* (O, A[2]), L1 = ®,W, and Ly := &, W[ as
Lagrangians. Now let Vj. ¢ ¥, W, and (V) ¢ S,cr WE be the images of
Sela(A) and Sely(AF) respectively. Then the kernel of V., — Vr and the ker-
nel of (V') — VI are both isomorphic to the image of Sely(A) n Sely(AT) in
YveT [Wv n Wf] and so

dimy Vi — dimg Vi = dimy Vi — dimo (V).
In particular, dimg Vr + dimg V£ has the same parity as dims V. + dimg(V)’. On
the other hand, since W,, = W = H*(0O,, A[2]) for v ¢ T we have V. = Ly n Ly and
(V) = Ly n Ly. Applying Proposition 3.23 to Lo, L1, Lo (and using the fact that
all Lagrangians have the same size) we may conclude that the quantity
dimy Vi + dimg (V) = dimy(Ly 0 Lo) + dima (Lo 0 L)
has the same parity as

r= dlmg(WT) = dlmQ(Ll/(Ll n Lg))
It then follows that dimg V7 + dima (V) has the same parity as r, as desired. O

The above lemma of Mazur and Rubin will be used to understand the change
in Selmer groups under quadratic twists. This step in Swinnerton-Dyer’s method
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can be roughly described as performing “2-descent in families”. As explained in §1,
our current application of this method includes a new step of “second 2-descent in
families”. To this end we will need to know not only how the Selmer group changes
in quadratic twists, but also how the Cassels-Tate pairing changes in quadratic
twists.

From this point on we fix the assumption that the Galois action on A[2] is triv-
ial. By pre-composing the Cassels-Tate pairing with the natural map Selp(A) —
II1(A)[2] we obtain an induced (generally degenerate) pairing

(VST Sely(A) x Sely(A) — Z/2.

We note that if o, 3 € Selo(A) are elements which also belong to Sels (A") then the

Cassels-Tate pairings («, ,B)ZT and (a, B)SE are generally different. The following

proposition gives some information on the difference between («, 8 )ST and («, 8 )ngw

To phrase the result we will need to establish some terminology.
Recall that the Cassels-Tate pairing is defined using a certain homomorphism

B, : H'(k, A[2]) — Br(Y,)/Br(k)
as described in §3.2. For every quadratic extension F'/k let
BE  HY(k, A[2]) — Br(Y)/Br(k)

be the analogous map, constructed using the canonical isomorphism A[2] = AT[2].

Let us now resume the notation of §3.3. In particular, we have the involution
vy, Yy — Y, whose fixed locus is the O-dimensional scheme Z, ¢ Y,. The
variety )7(1 is the blow-up of Y, at Z, and the Kummer variety X, is defined as
the quotient Y, [ty,,. Recall that we have denoted by D, € X, the image of the
exceptional divisor of ¥, and by W, = X4 N D, € X,, its complement. The degree
2 map Y — X, is then ramified exactly along D, ¢ X, and restricts to an tale
covering p,, : Uy — Wy, where U, € Y, is the complement of Z,. In particular,
we may find an open subset X2 ¢ X, and a regular function f on X° such that
div(f) = Do n X% = DY and such that the map Y, xx, X — X0 admits an
affine equation of the form z? = f inside X2 x A,lw where x is a coordinate on A}c.
Reducing X0 if necessary we may also assume that the differential df is nowhere
vanishing on DY.

In §3.3 we considered a map of the form

Cot H' (b, Aff(Z o, p12)) — Br(W,,)/Br(k),

see (10) and the discussion following it. In particular, if 8 € H'(k, Aff(Z,,pu2)) is
an element such that (hy)«(0) = 3, then p}Cy(0) = Bo(8)|y,, € Br(Uy)/Br(k). In
fact (ph)*Ca(0) = BE(B)|yr for every F/k.

Let us now fix a finite set S of places containing all the archimedean places,
all the places above 2 and all the places of bad reduction for A. By possibly
enlarging S we may find Og-smooth models xa,xg and D, for Xa,Xg and D,
respectively and an S-integral regular function fe Og[X%] extending f such that
DY := div(f) is an integral model for D® and such that df does not vanish on DY.
We then also obtain an Og-smooth model W, := X, \ D, for W,. For a v ¢ S we
will denote by (X4)v, (X2),, (DY), and (D,), the respective base changes from
spec(Og) to spec(0,). Finally, by possibly enlarging S we may assume that the
class [po] € HY (W4, Z/2) comes from H*(W,,Z/2) and that for every v ¢ S the
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corresponding evaluation map W, (0,) — H'(0,,7Z/2) = 7Z/2 sending x € W,(0,,)
to [2%pa] € H'(0O,7Z/2) is surjective.

Remark 3.28. Let v ¢ S be a place. Given a uniformizer m € O, and an F,-point
xe DY(F,) c X2(F,), since df(x) # 0 we may use Hensel’s lemma to find a point
x€X%(0,) which reduces to ® and such that f(x) = 7 mod (7?). In particular, in
this case x: spec(0,,) = X intersects DY c X0 transversely and the tale covering
TPt Yo xx., spec(ky,) — spec(k,) is classified by [7] € H' (ky, p2).

Proposition 3.29. Let o, € Sela(A) be two elements unramified outside S ~ M
and let 0 € H' (k,Aff(Z, 112)) be an element such that (hy)«(0) = 3, and such that
the splitting field ko is unramified outside S~ M. Assume in addition that C(6)
can be represented by a Brauer element C € Br(W,,) which extends to the S-integral
model W,,. Let a € k* be an element which is a unit over S and a square over S\M,
and such that for each place v with val,(a) odd, the Frobenius element Frob,(kq.,g)
is trivial. Set F = k(\/a). Then o and B belong to Sely(AY) and

(@ B)5F (0,85 =TI  Froby(ke/kas) € Gal(kg/ka,p) € Z/2
val, (a)=1mod 2

Proof. Let us first show that a and 3 belong to the Selmer group Sely(Af") after
quadratic twist. For a place v € S\ M we have that a is a square at v and hence
the Selmer conditions of A and AF" are the same at v. For w € M the fact that
a, 3 satisfy the Selmer condition of A at w and are furthermore unramified at w
implies by Lemma 3.25 that «, 3 satisfy the Selmer condition of A" at w. Finally,
for v ¢ S, if val,(a) is even then A’ has good reduction at v and so the Selmer
condition of A at v is the same as that of A. On the other hand, if val,(a) is
odd then by assumption the Frobenius element Frob, (kq,g) is trivial which means
that o, 3 restrict to 0 in H'(k,, A[2]), and hence in particular satisfy the Selmer
condition of A" at v. We may hence conclude that a, 3 € Sely(AL).

Now since a belongs to both Sely(A4) and Sely(Af") we may find two adelic points
(0), (z5) € TT, Wa(ky) € Xo(Ay) such that (x,) lifts to [T, Ua(ky) € Yo (Ax) and
(xE) 1ifts to T1, UL (k,) € Y.F'(Ay). Furthermore, by the properties of S and using
Remark 3.28 we may insure the following:

(1) For every place v such that a is a square at v (e.g., every v € S~ M) we have
ol =,

(2) For every v such that val,(a) is odd the Zariski closure »f € (X,), of xf
intersects (Dy )y € (Xy), transversely at a single closed point of degree 1 (see
Remark 3.28).

(3) For every v ¢ S we have x, € W, (0,).

(4) For every v ¢ S such that val,(a) is even we have xf € W, (0,).

Let S(a) denote the set of places v such that val,(a) is odd. Since p}C,(0) =
Bo(B)|v., and (pE)*C(0) = Bg(,@)|U§ and by our assumptions on C' we have
(aa B)iT = Zinv’u O(mv) = Z inv, C(xv)
v veS
and

(a,ﬁ)iz =Y v, C(zl)= > inv, C(a)).
v veSuS(a)
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Now for v € S~ M we have z, = zf" and so C(x,) = C(2f'). Furthermore, by
Corollary 3.17 we have that C evaluates to the same value on x,, and xf for every
w € M. We may hence conclude that
(0, B)ar —{B)3 = 3, v, C(a),
veS(a)

Now let v € S(a) be a place. Since C extends to the S-integral model W, it has
non-trivial residues only along D,. Since x! intersects D, transversely at a single
closed point of degree 1 we see that the residue of *C' € Br(spec(k,)) along spec(F,,)
coincides with the restriction of resp_ (C) € H'(D,,Q/Z) to the intersection point
2 nD,. Now since the images of « and 8 in H'(k,, A[2]) vanish it follows that
the extension k, g/k splits completely over k, for every v € S(a). To prove the
theorem we may hence extend our scalars to ko g. Proposition 3.15(2) now tells
us that the residue resp_ (C) € H'(D,,Q/Z) becomes constant when restricted to
D, ® ko p and its value there is given by the quadratic extension kg/kq g. The
restriction of resp,_ (C) € H'(D,,Q/Z) to the intersection point x' n D, is then
trivial if and only if the Frobenius element Frob,(ky) is trivial, and so the desired
result follows. O

4. RATIONAL POINTS ON KUMMER VARIETIES

Our goal in this section is to carry out the proof of Theorem 2.8. We will do
so in three steps, which are described in sections §4.1, §4.2 and §4.3, respectively.
Each of these steps will be formalized as a proposition (see Propositions 4.8, 4.10
and 4.12 respectively) and the proof of Theorem 2.8, which appears in §4.4, essen-
tially consists of assembling these three propositions into one argument.

In the course of all three steps it will be convenient to know that the abelian vari-
eties and associated 2-coverings under consideration satisfy the following technical
condition:

Definition 4.1. Let A be an abelian variety such that the Galois action on A[2]
is trivial, let M be a 2-structure for A (Definition 2.1) and let o € H'(k, A[2]) be
an element. We will say that (A4, «) is admissible if for every pair of functions
f:M—{0,1} and h: M x M — {0,1} such that

[T (P T1 (6(Pu), P)Y™ =1 € HY (k, p2)
weM (w,u)eMxM

we also have

[T (P P2 =1 € po.
(w,u)eMxM

The following lemma will be used to insure that the condition of Definition 4.1
can be assumed to hold whenever necessary.

Lemma 4.2. Let A, M and « be as in Definition 4.1. Let S be a finite set of
places containing all the archimedean places, all the places above 2, all the places
of bad reduction for A and all the places where « is ramified. Let F = k(\/a) be a
quadratic extension which is unramified over S but that is ramified in at least one
place outside S. Then (AF a) is admissible.
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Proof. Assume that (AF, ) is not admissible and let (f,h) € (Z/2)™ x (Z/2)*M
be such that
P,y 5p(Py), P =1 e HY (k

[T (e Pu)y [  (0r(Pu) Pu)y € H' (k, p2)

weM (w,u)eMxM
but

[T (Pu, P =1
(w,u)eMxM

According to Lemma 3.5 and Remark 3.1 we then have

w h(w,u
[T (P TI  (6(P.), P = [a] € H' (ko)
weM (w,u)eMxM

Since k(y/a) is ramified outside S and A has good reduction outside S we obtain a
contradiction. It follows that (AF, a) is admissible. O

4.1. Quadratic twists with points everywhere locally. Let A be an abelian
variety over k such that the Galois action on A[2] is trivial and let a € H'(k, A[2])
be an element. Let X, = Kum(Y,) be the Kummer variety associated to Y, and
let W, ¢ X, be as in §3.3. Suppose that X (A;)5" # @. In this section we will
consider the problem of finding a quadratic extension F/k such that Y.I'(A;) # @,
i.e., such that o € Selp(A%). Furthermore, to set some prerequisite conditions for
the following steps we will wish to guarantee that Y,/ contains an adelic point
which is furthermore orthogonal to certain Brauer elements. Recall that for every
quadratic extension F/k we have a homomorphism

BE: H'(k, A[2]) — Br(Y,[)/Br(k)

which can be used to define the Cassels-Tate pairing on A" of a against any other
element. Recall also that in §3.3 we considered a similar type of map

Co+ H' (k, Aff(Za, p2)) — Br(Wa)/Br(k),
see (10) and the discussion following it.

Definition 4.3. We will denote by C(W,) ¢ Br(W,)/Br(k) the image of C,.
Similarly, we will denote by €(X,) € Br(X,)/Br(k) the subgroup consisting of
those elements whose image in Br(W,)/Br(k) lies in C(W,,).

Proposition 4.4. Let B ¢ H'(k,A[2]) be a finite subgroup which is orthogo-
nal to a with respect to Uy. If X, contains an adelic point which is orthogo-
nal to C(X,) ¢ Br(X,)/Br(k) then there exists a quadratic extension F[k such
that (AY,a) is admissible and Y'Y contains an adelic point which is orthogonal to
BE(B) ¢ Br(Y.]")/Br(k). Furthermore, if M is a 2-structure for A such that « is
unramified over M but the image of o in H*(ky,, A[2]) is non-zero for every w e M
then we may choose F to be unramified over M.

Proof. Let % = (}7& x Gy,) /u, Where pio acts on Y, by ty, and on G,, by multipli-
cation by —1. Projection on the second factor induces a map # — G, /p2 = G,
and for t € G,,(k) = k* we may naturally identify the fiber %; with the qua-
dratic twist Y29 (which is birational to Y,/'). Asin [ , §5] one can show
that # — G,,, can be compactified into a fibration 2~ — P! whose fibers over
0,00 € P! are geometrically split (in the sense that they contain a geometric com-
ponent of multiplicity 1). Furthermore, as explained in | , 8§5], the projection
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%o — ?Q/Lya = X, extends to a map 7 : & — X, which is birational over
X, to the projection X, xz P! — X,. It then follows that the pullback map
7 : Br(X,) — Br(Z%") is an isomorphism.

By Proposition 3.15 we may find a finite subgroup € ¢ H'(k, Aff(Z,, u2)) such
that (ha)«(C) = B. Since X, (A;)®X) 2 @, Harari’s “formal lemma” implies the
existence of an adelic point (z,) € X, (Ag) which lies in W, and is orthogonal both
to C(X,) and to C,(0) for every 6 € C. For every v € S let us fix a quadratic
extension F, = k,(v/%,)/k, such that x, lifts to a local point y, € YQF“ (ky). In the
presence of a 2-structure M satisfying the conditions of the proposition we may
rely on Lemma 3.16 to insure that F,,/k, is unramified for every w € M. The
collection (t,,y,) now determines an adelic point (x)) € 2 (A;) which maps to
(zy) € Xo(Ag). Since the pullback map 7* : Br(X,) — Br(2") is an isomorphism
we may deduce that (z]) is orthogonal to the pullbacks of the classes in C(X,)
and the classes C,,(6) for 6 € C. We note that the classes corresponding to C(X4)
contain, in particular, all the vertical classes with respect to the fibration 2~ — P!
(these are the classes of (X, ) whose corresponding elements in H*(k, Aff(Z,, 112))
are in the kernel of (h).). Let us now choose a place v,q ¢ S such that @ maps to
0in H'(k,,,,A[2]). Let t, € O, be a uniformizer and F, , = k,_,(v/faq). Then
Y "t = Afvas and so we may choose a point z,,, € X4 (ky,,) which lifts to a point

~F
Yooy € Yo 4 (ky).
By | , Theorem 9.17] there now exists a ¢ € k* € P!(k) and an adelic point

(z1) € % (Ag) = FrRVD (Ay) with the following properties:

(1) t is arbitrarily close to ¢, for every v € S U {vaq}.

(2) ! is arbitrarily close to x, for every v e S U {vaq}.

(3) («7,) is orthogonal to 7*Co (6)[orvr) = Bz(ﬂ)((ha)*(ﬁ)) € Br(?olf(\/z)) forf e C.

The quadratic extension F' = k(v/%) now has all the required properties (where the
admissibility of (A, a) follows from Lemma 4.2 applied with respect to the place
Uad)- U

Let us now specialize to the case where A carries a principal polarization A :
A —> A. We will furthermore fix the assumption that A admits a 2-structure

M such that « is unramified over M but has a non-trivial image in H'(k,,, A[2])
for we M.

Remark 4.5. As explained in §3.4, the obstruction cy € H'(k, A[2]) to realizing A
as induced by a symmetric line bundle on A vanishes when the Galois action on
A[2] is trivial (since we can clearly find a Galois invariant quadratic enhancement
to the Weil pairing in that case). We may hence assume without loss of generality
that A is induced by a symmetric line bundle.

We would like to describe a particular finite subgroup B ¢ H' (k, A[2]) = H'(k, A[2])
to which we will apply Proposition 4.4. Let By ¢ A[2] ® A[2] denote the kernel of
the Weil pairing map A[2] ® A[2] — po. The bilinear map (P, Q) ~ (§(P),Q),
(see §3.1) then induces a homomorphism T : By — H!(k,uz). We will denote
by Ly the minimal field extension such that T(8) vanishes when restricted to Ly
for every B € By. We will further denote by L) o = Lyko the compositum of Ly
with the splitting field &, of a (see Construction 3.14). Finally, we will denote by
Lys,o € Lo the maximal subextension of Ly o, which is unramified over M.
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Remark 4.6. The field Lys is invariant under replacing A by a quadratic twist
AL

We are now ready to describe the finite subgroup B ¢ H'(k, A[2]) we wish to
apply Proposition 4.4 to. For this it will be convenient to employ the following ter-
minology: given a field extension K /k, we will say that an element 3 € H'(k, A[2])
is K-restricted if |x = 0 ¢ H'(K, A[2]). We will denote by SelX (A4) ¢ Sely(A)
the subgroup consisting of K-restricted elements.
Definition 4.7. We will denote by B, ¢ H'(k, A[2]) the finite subgroup consisting
of those elements 3 € H'(k, A[2]) which are both Ly o-restricted and satisfy o uy
6 =1le H2(ka,u2)‘

The following proposition summarizes the main outcome of this section.

Proposition 4.8. If X, (A)®X) % & then there exists a quadratic extension F/[k
such that (AT, «) is admissible, a belongs to Sely(AF), and a is orthogonal to
SelgM'“(AF) with respect to the Cassels-Tate pairing. Furthermore, if a is unram-
ified over M but the image of a in H'(ky,, A[2]) is non-zero for every we M then
we may choose F to be unramified over M.

Proof. Apply Proposition 4.4 with the subgroup B,, ¢ H'(k, A[2]) of Definition 4.7,
and use the fact that any element 3 € SelgM"’ (AT satisfies a uy B =1¢€ H?(k, u2)
by local duality. O

Remark 4.9. The group C(X,,) € Br(X,)/Br(k) belongs in fact to Br; (X, )/Br(k),
where Bry(X,,) is the kernel of the map Br(X,) — Br(X,). Furthermore, since
C(X,) is a finite 2-torsion group we can find a finite subgroup €’ ¢ Br;(X){2}
in the 2-primary part of Bri(X) that maps surjectively onto C(X,). We hence
see that in Proposition 4.8 we only need to assume the triviality of the 2-primary
algebraic Brauer-Manin obstruction.

4.2. First descent. In this section we resume all the notation of §4.1, and we keep
the assumption that the Galois action on A[2] is trivial, that A carries a principal
polarization A : A = A (automatically induced by a symmetric line bundle, see
Remark 4.5), and that the Kummer surface X, = Kum(Y,) contains an adelic point
which is orthogonal to the subgroup €(X,) ¢ Br(X,)/Br(k) of Definition 4.3. We
will also, as above, assume that A admits a 2-structure M such that « is unramified
over M but has a non-trivial image in H'(k,, A[2]) for each w € M. In light of
Proposition 4.8 we may, by possibly replacing A by a quadratic twist, assume that
the following two conditions hold as well:

(A1) (A,«) is admissible.

(A2) « belongs to Sela(A) and is orthogonal to SelgM’“ (A) with respect to the

Cassels-Tate pairing.

Our goal in this subsection is to find a quadratic extension F/k such that Con-
ditions (A1) and (A2) still hold for A¥ and such that in addition Sely(AL) is
generated by Selé“’o‘ (AT and the image of A[2]. We will do so by showing that if
this is not the case then there is always a quadratic twist making the Selmer rank
smaller.

Proposition 4.10. Let A an abelian variety as above with a 2-structure M and let
a € Sela(A) be an element which is unramified over M and orthogonal to SeléM‘a (A)
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with respect to the Cassels-Tate pairing. Assume that Conditions (A1) and (A2)
hold for (A,«). If Sela(A) is not generated by SelgM"’(A) and §(A[2]) then there
exists a field extension F = k(\/a) with a a unit over M and such that:

(1) Conditions (A1) and (A2) hold for (A¥,a).
(2) d1m2 SGIQ(AF) < dlmQ SQIQ(A)

Proof. Let S be a finite set of places containing all the archimedean places, all
the places above 2 and all the places of bad reduction for A or X, and such that
S N M contains a set of generators for the class group of k. Since the Selmer
condition subgroups W, ¢ H!(k,, A[2]) are isotropic with respect to U, it follows
that for every 3 € Sely(A) we have auy 3 =1¢ H?(k, uz). By Proposition 3.15 we
may choose a finite subgroup €, ¢ H'(k,Aff(Z,,p2)) such that (hy). maps €,
surjectively onto SeléM "*“(A), and such that for every 6 € €, the splitting field kg
is unramified outside S\ M. Furthermore, by possibly enlarging S we may assume
that we have an Og-smooth S-integral model W, for W, and such that for every
0 € C, the element C,(0) € Br(W,)/Br(k) can be represented by a Brauer element
on W, which extends to W,,.

Our method for constructing the desired element a € k* consists of two parts.
In the first part we find two places vg,v1 ¢ S whose associated Frobenius elements
in I'y, satisfy suitable constraints. These constraints imply in particular that there
exists an element a € k* such that div(a) = vg + v1. In the second part of the proof
we show that the quadratic extension F' = k(y/a) has the desired properties.

By Remark 3.26 every element of Sel;(A) can be written uniquely as a sum of
an element unramified over M and an element in the image of A[2]. In particular,
the Selmer group Sely(A) is generated by SelQLM’“(A) and 0(A[2]) if and only if
SeléM "*(A) contains all elements which are unramified over M. Let us hence assume
that there exists a 3 € Sely(A) which is unramified over M and does not belong to
SelL ™ (A).

Let V = A[2] @ A[2] ® (A[2] ® A[2]) and consider the homomorphism

®:V — H'(k, p2)

given by the formula ®(Fy, P1,¥; Pi ® Qi) = (o, o)y - (8, P1)y - [T (6(F:), Qi) -
Let R ¢ V be the kernel of ® and let ky/k be the minimal Galois extension
such that all the elements in the image of ® vanish when restricted to kg. Then
ky/k is a 2-elementary extension and we have a natural isomorphism Gal(ky/k) =
Hom(V /R, u2).

Let By ¢ A[2] ® A[2] be the kernel of the Weil pairing A[2] ® A[2] — p2
and let b € A[2] ® A[2] be an element which is not in By, so that A[2] ® A[2] is
generated over By by b. Let V,, € V be the image of the left most A[2] factor. The
admissibility of (A, «) is then equivalent to the following inclusion of subgroups of
V:

Rn (Vy+A[2] ® A[2]) € V,, + By,

which in turn is equivalent to the statement
be¢ R+V,+ By.

On the other hand, the fact that 3 is not L, o-restricted means that there exists
a wg € M such that ®(0,P,,,0) does not belong to the subgroup of H(k, u2)
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spanned by ®(V,,) and ®(0,0, By), a statement that is equivalent to
Pwﬁ ¢ R+V,+ Byg.

We may hence conclude that there exists a homomorphism h : V' — pus which
vanishes on R+ V, + By but does not vanish on P,, and does not vanish on b. Now
since h vanishes on R it determines a well-defined homomorphism A’ : V/R — pus
which we may consider as an element of Gal(ky/k). By Chabotarev’s theorem we
may choose a place vg ¢ S such that Frob,, (ks) = h’. By construction we now have
that (o, P), is a square in k,, for every P € A[2], that <B, Pwﬁ)/\ is not a square in
k., , and that (6(P),Q), is a square in k,, if and only if (P, Q), = 1. We shall now
proceed to choose v.

Let is fix a finite large Galois extension L/k which is unramified outside S ~ M
and which contains L s, and all the splitting fields kg above. Let m be the modulus
which is a product of 8 and all the places in S except wg, let k,, be the ray class field
of m, and let us set L' = k,,L. Since S\ M contains a set of generators for the class
group we may find a quadratic extension K, ,/k which is purely ramified at wg and
is unramified outside S. Since L' is unramified at wg while K, is purely ramified
at wg it follows that K, is linearly disjoint from L'. We may hence deduce the
existence of a place v1 ¢ S U {vg} such that

(1) Frob,, (L") = Frob,, (L')™!.
(2) Froby,(Ky,) - Frob,, (Ky,) is the non-trivial element of Gal(Ky,/k) = Z/2.

By property (1) above we see that the divisor vg + vy pairs trivially with the kernel
of H'(k,Q/Z) — H'(k,,,Q/7Z) and so there exists an a € k* which is equal to 1
mod m and such that div(a) = vg + v1. In particular, we see that a is a square at
each v € S\ {wg}. By Artin reciprocity for the quadratic extension K,,, /k together
with Property (2) above we get that a is not a square at wg. We now claim that
F = k(\/a) will give the desired quadratic twist.

Let T = {wg,vo,v1}. Then WL =W, for every v ¢ T. By Lemmas 3.24 and 3.25
we see that dimg(W,,) =1 and dimy(W,,) = dima(W,,) = 2g. Using Lemma 3.27
we may conclude that

dims Sely (A") - dims Sels (A) = dimy Vi — dims Ve

with
dimy V:,F +dimy Vp < dimg W, + dimg W, + dimy Wwﬁ =4g+1.

To show that the 2-rank of the Selmer group decreased we hence need to show that
dimg Vp > 2g + 1.

Since (6(Puw, ), Puy )y is a square in ky, if and only if (P,,, Py, ), = 1 we deduce
that the local images of {§(Py)}wenm at vy are linearly independent and hence
span a 2%9-dimensional subspace of W,, = W,,, which is consequently all of W, .
It will hence suffice to show that the image of § in Vp is not contained in the
subgroup generated by the local images of {6(Py)}wensr- Let Q' € A[2] be such
that the local image of §(Q’) and 8 at vy coincides. By construction <,6’,Pw3 )/\ is
not a square in k,, and so <6(Q’),Pwﬁ))\ is not a square at vyg. This means that
(Q’, Pwﬂ))\ = -1 and so by Corollary 3.8 we know that <5(Q’), Qwﬁ))\ is ramified at
wg. Since (B,Qwﬁ))\ is unramified at wg it follows that §(Q’) and § have different

local images at wg. We hence deduce that the image of 8 in Vp cannot be spanned
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by images of {0(Py) }wen and so dim(Vy) > 2¢ + 1. This implies that
dim, Sely (AT) < dimy Sely (A).

We now claim that SeléM’” (AF) = Selg’”"‘ (A). Let 8" ¢ H'(k,A[2]) be an
Ly, o-restricted element. Then 8’ is unramified over M and in particular at wg. By
Lemma 3.25 this means that 8’ satisfies the Selmer condition of A at wg if and only
if 5’ satisfies the Selmer condition of A’ at wg. By our choice of vy and v, we see
that Ly o splits completely at vg and v, and so the local images of 8 are trivial at vg
and v;. This implies that for L -restricted elements the local Selmer conditions

for A and AT are identical at every place and so SeléM“’ (AF) = Selé“’a (4).
Finally, applying Proposition 3.29 to o and any Ly -restricted element §’, and
using the fact that Frob,, (kg) = Frob,, (k¢)™! we may now conclude that o belongs
to Selp(Af") and is furthermore orthogonal to SelQLM’“ (AT") with respect to the
Cassels-Tate pairing associated to AT, By Lemma 4.2 (A%, «) is admissible and so
Conditions (A1) and (A2) hold for (AF,«), as desired.
O

4.3. Second descent. In this section we resume all the notation of §4.1 and
§4.2, and we keep the assumption that the Galois action on A[2] is trivial, that

A carries a principal polarization A : A = A, and that the Kummer surface
X = Kum(Y,) contains an adelic point which is orthogonal to the subgroup
C(X,) € Br(X,)/Br(k) of Definition 4.3. Until now we have only used the fact that
A admits a 2-structure M ¢ ;. For the purpose of the second descent phase we
will need to utilize the stronger assumption that appears in Theorem 2.8, namely,
that A can be written as a product A = []; A; such that each A; has an extended
2-structure M; < £, and such that A; has good reduction over M; for j + 1. Apply-
ing Proposition 4.10 repeatedly using M = u; M; we may find a quadratic extension
F/k, unramified over M, and such that

(B1) Each (AF,q) is admissible.

(B2) « belongs to Sely(Af") and is orthogonal to SeléM’“ (AF) with respect to
the Cassels-Tate pairing.

(B3) Sely(AF) is generated by SeléM’“(AF) and 6(AF[2]).

Let Sel3(A) ¢ Sela(A) denote the subgroup consisting of those elements which are
orthogonal to every element in Selo(A) with respect to the Cassels-Tate pairing.
We note that Conditions (B1) (B2) and (B3) imply in particular

(B4) « belongs to Sel5(A).

Replacing A with A" and using the canonical isomorphism Kum(Y,,) & Kum(Y,[")
we may assume without loss of generality that Conditions (B1) and (B4) already
hold for A. We now observe that we have a natural direct sum decomposition
Sela(A) = @; Sela(A;) and so we can write « = ag + ... + a,, with «; € Sely(A4;) €
Sely(A). Condition (B4) now implies that a; € Sel3(A) for every i = 1,...,n. Our
goal in this subsection is to show that under these conditions one can find a qua-
dratic extension F'/k such that Sel3(Af") is generated by «; and the image of A;[2].
Equivalently, we will show that Sel°(Af") is generated by ar, ..., a;, and the image
of A[2].

We begin with the following proposition, whose goal is to produce quadratic
twists which induce a prescribed change to the Cassels-Tate pairing in suitable
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circumstances. We note that while the Weil pairing takes values in ps (which
we write multiplicatively), the Cassels-Tate pairing takes values in Z/2 (which we
write additively). For the purpose of the arguments in this section, it will be
convenient to use the fact that the Galois modules puy and Z/2 are isomorphic.
Although this isomorphism is unique, it does involves a change between additive
and multiplicative notation, and so it seems appropriate to take it into account
explicitly. We will hence use the notation

(- :Z/2 — ps
for the isomorphism in one direction and the notation
log(_1)(=) : p2 — ZJ2

for the isomorphism in the other direction. Given a subgroup B ¢ H'(k, A[2])
and an element o € T'y, we will denote by p, : B — A[2] the homomorphism
sending 8 to (o) € A[2], where by abuse of notation we simply identify 5 with the
corresponding homomorphism

ﬁ : Pk —> A[Q]
Given o, 7 € T'y, we will denote by p, A pr : B x B — Z/2 the antisymmetric form

(Po A p)(B,8") =log(_1y (s (B), pr(B")) 5 +10g(_1) (o (B'); pr(B)) -

Proposition 4.11. Let B ¢ Sely(A) be a subgroup containing only elements which
are unramified over M. For any two elements o, € I'y, there exists a field extension

F = k(\/a), unramified over M, and such that
(1) Sely(AT) contains B and dimg Sely(Af) = dimy Sely(A).
(2) For every B,8' € B we have (8,8")5r = (8,8")5%" + (po A p:)(B.5').

Proof. Let S be a finite set of places which contains all the archimedean places,
all the places above 2, all the places of bad reduction for A or X,, and such
that S\~ M contains a set of generators for the class group. In particular, every
B € B is unramified outside S ~ M. Now for any two 3,5’ € B ¢ Sela(A) we have
Bux B =1¢e H*(k,pu2), and so by Proposition 3.15 we may choose an element
0 € H' (k,Aff(Zp,12)) such that (hg).(0) = 5" and such that the splitting field
kg/kp g is unramified outside S\ M. By possibly enlarging S we may assume that
we have an Og-smooth S-integral model W, for W, and that for every # as above
the element C3(0) € Br(W,)/Br(k) can be represented by a Brauer element on W,
which extends to W,. We may consequently fix a finite large Galois extension L/k
which is unramified outside S \ M and which contains all the splitting fields kg.

For each w,w’ € M let K,, . be the quadratic extension classified by the element
(0(Quw), Qur) € H*(k,pu2). By Corollary 3.8 we have that K, ,, is ramified at w
while K, , is unramified over M for w # w’. Since L is unramified over M it follows
that the compositum of the K, ,’s is linearly independent from the compositum
of L’s with the K, ,’s for w # w'. Let m be the modulus which is a product of
8 and all the places in S, and let k,, be the ray class field of m. We note that k,,
contains all the K, . for w,w’ € M. Let ¢ = oro 1771 € T\, be the commutator of
o and 7 and let e, € Gal(L/k) be its corresponding image.

Since the image of € is trivial in any the Galois group of any abelian extension of
k it follows from Chabotarev’s density theorem that there exists places vy, v1 € Q
such that
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(1) Frob,,(L) =¢p.

(2) Frob,, (L) = 1.

(3) vy is inert K, ., for every w e M and splits in K, . for every w # w'.
(4) Frob,, (k) = Frob,, (kn)™*.

It follows from (4) that the divisor vg+wv; pairs trivially with the kernel of H'(k, Q/Z)
H' (k. Q/Z) and so there exists an a € k* which reduces to 1 mod m and such that
div(a) = vg + v1. In particular, a is a square at each v € S. We now claim that
F = k(y/a) will give the desired quadratic twist.

We begin by Claim (1) above. Since a is a square at each v € S it follows the
Selmer condition for A and A is the same for every v € S. Since the image of ¢ is
trivial in any the Galois group of any abelian extension of £ we have by construction
that vy and vy split in kg for every 8 € B. It then follows that for v € {vg,v1} we
have loc, 3 =0 € H'(k,, A[2]) for every 3 € B. In particular, every 3 € B satisfies
the Selmer condition of A for every v € S u {vg,v1} and is unramified outside
S u{vg, v, }, implying that B ¢ Sely(AF).

To see that dims Sely(AF") = dimy Sely(A) we use Lemma 3.27 with T = {vg, v1 }.
Indeed, W[ = W, for every v ¢ T and by Lemma 3.24 we see that dimg(W,,) =
dimy(W,, ) = 29. We then have by Lemma 3.27 that

dimy Sels (A") - dimy Sel (A) = dimy Vi - dims Vi

with
dimy Vi + dimy V- < 4g.

Now since (6(P), Q) , is unramified outside S (and in particular at vg,v,) for every
P,Q € A[2], Lemma 3.5 implies that (67(P),Q), is ramified at vy if and only if
(P,Q), = -1. The non-degeneracy of the Weil pairing now implies that the image of
§(A[2]) in V£ spans a 2g-dimensional subspace. On the other hand, by Property
(3) above (0(Qw), Quwr), is a square at vy if and only if w = w’, and so the image of
§(A[2]) in V is 2g-dimensional as well. It then follows that dimg V7 = dimg V' = 2g
and so dims Sel, (AF) = dimg Sely (A).

We now prove Claim (2). Fix 8,3’ € B and let 6 € H'(k,Aff(Z3,12)) be the
element chosen above such that (hg).(0) = 8'. Let €9 € Gal(kg/k) be the image of
er € Gal(L/k). By Proposition 3.29 we have

(B,8)Y5E—(8.8)S" = Froby, (ko/ks 5)-Froby, (ko ks ) = cg € Gal(ko kg pr) € Z/2.
Recall from §3.3 the commutative diagram (12) for the class 3, which is given by

(29) 1 — Gal(ko/ks) Gal(kg/k) — Gal(kg/k) =1
élkﬁ 9 B
1 — Aff(Zg, p2) — Aff(Zg, u2) x A[2] A[2] 1

with exact rows and injective vertical maps. Let us write 0(o) = (x,B8(0)) €
Aff(Zg, pu2) » A[2] and 0(7) = (y,B(7)) € Aff(Zg,pu2) x A[2] for suitable x,y €
Aff(Zg, pu2). We may then compute that

[0(0),0(7)] = (237" y, 0).
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Now z € Aff (Z g, j12) is an affine-linear map whose homogeneous part is /(o) € A[2]
and so z-z°(7) is the constant affine-linear map with value (F(O’),B(T)) ,- Similarly,

y-yP(?) is the constant affine-linear map with value (B'(1),B(a)) ,- 1t then follows
that the image g9 € Gal(kg/k) of ¢ is trivial if and only if (p, A p-)(8,8") =0, and
so the desired result follows. d

We are now ready to prove the main result of this section, showing that if
Sel5(A) is not generated by ai,...,a, and the image of A[2] then there exists
a field extension F' = k(y/a) such that Sel(Af") is strictly smaller then Sel5(A).

Proposition 4.12. Let A4, ..., A, be abelian varieties as above such that each A; is
equipped with an extended 2-structure M; over which A; has good reduction for j # i.
Let A=TI; A; and let o € Sela(A) be a non-degenerate element (see Definition 2.7)
which is unramified over M = u;M; and write o = Y; oi; with «; € Sela(A;). Assume
that Conditions (B1) and (B/) are satisfied. If Sel3(A) is not generated by a1, ..., ay,
and the image of A[2] then there exists a field extension F = k(\/a) with a is a unit
over M and such that

(1) Conditions (B1) and (B4) hold for (A¥ ).
(2) dimy Sels(AF) < dimg Sel5(A).

Proof. Let U ¢ Sela(A) denote the subgroup consisting of those elements which
are unramified over M. By Remark 3.26 we have that Sely(A) decomposes as a
direct sum Selp(2) = U @ §(A[2]). Let S be a finite set of places which contains
all the archimedean places, all the places above 2, all the places of bad reduction
for A or X,, as well as a set of generators for the class group. In particular,
every B3 € U is unramified outside S ~ M. Now for any two 3,3 € U we have
Bux B =1¢e H*(k,u2), and so by Proposition 3.15 we may choose an element
0 € H'(k,Aff(Zg,u2)) such that (hg).(0) = 8’ and such that the splitting field
kg/kp g is unramified outside S\ M. By possibly enlarging S we may assume that
we have an Og-smooth S-integral model W, for W, and that for every 6 as above
the element C3(8) € Br(W,)/Br(k) can be represented by a Brauer element on W,
which extends to W,,.

Our general strategy for proving Proposition 4.12 is the following. We first find
a suitable a € k* which is a unit over S and such that after a quadratic twist
by F = k(y/a) the dimension of the Selmer group Sely(A") increases by 1 and
contains in particular a new element  which certain favorable properties. We
then use Proposition 4.11 in order to find a second quadratic twist which suitably
modifies the Cassels-Tate pairing between « and the elements from Sela(A). This
last part is done in a way that effectively decreases the number of elements in the
Selmer group which are in the kernel of the Cassels-Tate pairing.

Let U° = U nSel5. Since Sel; contains §(A[2]) we obtain a direct sum decom-
position Sel3(A) = U° @ §(A[2]). Similarly, for every i = 1,...,n we have a direct
sum decomposition Sely(A;) = U; @ 6(A;[2]) and Sel3(4;) = U? & §(A;[2]), where
U; = UnSela(4;) and U? = U° nSelz(A;). Let 5 € U° be an element which does
not belong to the subgroup of U° spanned by g, ...,a, and let us write 5 =Y, 5;
with §; € Sela(A4;). Tt then follows that 3; € U?. Since S is not spanned by the «;’s
there exists an ¢ such that §; ¢ 0, cv;.

Let us now write M; = {wy, ..., waq, } Where g; = dim A;. By the definition of an
extended 2-structure we may choose, for every j = 0,...,2g; — 1, a 2-torsion point
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Qj € A;[2] such that the image of Q; in Cy,/2C,, , is non-trivial if and only if
l7" = jl < 1. Similarly, let Q24 be such that the image of Qz,, in Cy,/2C,,, is
non-trivial if and only if j” € {2¢g;,0}. We note that by construction Z?fg ;i =0.

We now claim that there exists a j € {0, ...,2g;} such that (8;,Q;), is non-trivial
and different from (;,Q;),. Indeed, assume otherwise and let J ¢ {0, ...,2g;} be
the subset of those indices for which (8;, Q;), = (s, Q;), (so that (8;,Q;), =0 for
j¢J). Then

2g 2g;
H azan H 517@] (5172@@) =1€H1(kaﬂ2)~
jeJ §=0 =0 Iy
Since f; # 1,4 and the Q;’s span A;[2] we have that @ ¢ J ¢ {0,...,2¢;}, and
so we obtain a non-trivial relation between the elements (a;,Q;),, contradicting
our assumption that o € H'(k, A[2]) is non-degenerate (Definition 2.7). We may
hence conclude that (8;,Q;) # 1, (a;, Q;) for some j = 0,...,2¢;. To fix ideas let us
assume that we have this for j = 2g;. We shall now remove wyy, from M; and work
with the resulting 2-structure M, = M; \ {wag, } = {wo, ..., wag,—1}. Let {Py}wenr
and {Quy }we M be the corresponding dual bases of A4; [2]. By comparing images in
Swen:Cu /2Cw we see that the 2-torsion point Q.,, € A;[2] coincides with the point
(24, we had before. In particular, we have that (8;, Qu,) # 0, (e, Quy)-

Let us now complete M/ into a 2-structure for A by choosing, for every i’ #1, a
2-structure M, ¢ M;, and setting M' = Mju...uM,. We now note that since A;[2]
is orthogonal to A;/[2] with respect to the Weil pairing when 4 # ¢’ it follows that
(8, Quy) = (Bi, Qusp) and {a, Q) = (@, Quyy ). We have thus found a point @, € M’
such that (8, Qu,) # 1, {c, Qu,). We may now forget about the factorization of A
into a product of the A;’s, and reconsider it as a single abelian variety.

For each w,w’ € M’ let K, .+ be the quadratic extension corresponding to the
element (§(Qu), Qu) € H'(k, u2). By Corollary 3.8 we have that K, ,, is ramified
at w while K, , is unramified over M’ when w # w’. Let us now fix a finite large
Galois extension L/k which is unramified outside S~ M’ and which contains all
the splitting fields kg for 8’ € U, all the splitting fields kg, and all the fields K, ,
for w # w'. Let m be the modulus which is a product of 8 and all the places in
S~ {wp}, and let k,, be the ray class field of m. We note that since L is unramified
over M’ it is linearly independent from the compositum of all the K, ,,’s. Similarly,
the compositum L' := k,,L, which is unramified over wy, is linearly independent of
Ko ,we- By Chabotarev’s density theorem that there exists places vy, v € € such
that

(1) wo splits in L.

(2) v is inert K, ., for every we M’.
(3) v1 splits in Ky wp-

(4) Frob,, (L") = Frob,, (L')™!.

It then follows that the divisor vo+v; pairs trivially with the kernel of H(k, Q/Z) —
H' (K, Q/Z) and so there exists an a € k* which reduces to 1 mod m and such that
div(a) = vy +v;. In particular, a is a square at each v € S\ {wg}. Artin reciprocity
for the field K, w, and conditions (2) and (3) above imply that a is not a square
at wo. We note that conditions (1)+(4) imply that vy splits completely in kg for
every 8 € U, in all the ky’s, and in K, v for w # w’. On the other hand, conditions
(2)+(4) imply that vy is inert in K, ,, for every w # wy. Applying Proposition 3.29
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we now get that U ¢ Sely(A") and that the Cassels-Tate pairing between every two
elements 3, 8’ € U is the same in A and A.
Let T = {wo,vp,v1}. We then have that W1 = W, for every v ¢ T and by

Lemmas 3.24 and 3.25 we see that dimg(W,,,) = dimg(W,,) = 2g and dimg (W, ) =
1. By Lemma 3.27 we have that

dimy Sely (A") - dimy Sel (A) = dim Vi - dima Vi
with
dimsy VTF + dims Vi < dimsy (WUO) +dimy (W, ) + dimy (Wwo) =4g+1

and 4g + 1 - dimy V" — dimy Vi > 0 is even. Arguing as in the proof of Proposi-
tion 4.11 we see that the image of 6(A[2]) in V' spans a 2g-dimensional subspace
by Lemma 3.5. By Properties (1)4(2) above we have that (6(Qw), Qur) is a square
at vg if and only if w = w’ and so by the non-degeneracy of the Weil pairing the
image of §(A[2]) spans a 2g-dimensional subspace of Vr as well. On the other hand
for every B’ € U we have loc,, (8') = loc,, (8") = 0 and locy, (8") € Wy, n W by
Lemma 3.25, and so the image of U in Vr is trivial. Since Selz(2) = U @ §(A[2]) it
follows that the dimension of Vr is exactly 2g. The parity constraint of Lemma 3.27
now forces dimsy VZ,F to be 2¢g+1. Since we saw that Selo(AF") contains U it now fol-
lows that Sely(Af") is generated by U, d7(A[2]) and one more element y € Sely (A).
Furthermore, by adding to v an element of §( A¥[2]) we may assume that v is un-
ramified over M’.

Lemma 4.13. There exists an element o € I'y, such that y(0) = Qu, and such that
B'(c) =0 for every 8’ € U.

Proof. First observe that since 7 is unramified over M we have that loc,,(y) €
W, "W and since the image of v in Vi is orthogonal to V with respect to (28)
we may conclude, in particular, that

invy, [yUx 0(P)] =inv,, [yux §(P)]
for every P € A[2]. Using the mutually dual bases @,, and P, we may write this
equality as
invu, Y, [{7 Purdy U(8(P), Qu )yl =inve, 3 [{7, Pur)y U(8(P), Qu),]-
w'eM’ w'eM’
Let us now plug in P = Q,, for some w € M’'. By construction we have that
(0(Quw),Qur)y vanishes at both vy and v; whenever w # w’ and so we obtain

vy, [(7, )y U(8(Qu)s Qu) ] = inve, [{7, Pu)y U(0(Qu), Qu)y]-

Now if w # wo then (0(Qw),Qw), is unramified and non-trivial at both vy and v;
and so for such w we obtain

(30) valy, (7, Pw)y = valy, (7, Pw), mod 2

while if w = wg then (0(Qw ), Quw), is unramified and non-trivial at vy but is trivial
at v1, and so we obtain
Valvo <77 Pwo ))\ =0 mod 2

We now observe that val,, (7, Py, ), must be odd. Indeed, otherwise Equation (30)
would hold for all w € M’, and so there would exist a @ € A[2] such that v/ =
v+ dp(Q) is unramified, and hence trivial, at both vy and v;. It would then follow
that +' satisfies the Selmer condition of Sela(A) at all places except possibly wy.
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Since the image of 7" in Vi is orthogonal to the image of 6(Q.,) in Vr to (28)
we may conclude that ' satisfies the Selmer condition of A at wy as well, i.e.,
7" € U c Sely(A) nSely(AF). But this would imply that Sely(AT) is generated by U
and 9 (A[2]), contradicting the above. We may hence conclude that valy, (v, Py, ),
is odd and so

0e€Z/2 w+w
valy, <'Yan>>\+Va1v1 ('Y»Pw>/\ = {1 eZ;Q w:wg'

It then follows that the class (7, Py, )y € H'(k,u2) does not split in the minimal
field splitting kg for all 3’ € U and splitting (v, Py), for w # wy. Consequently,
there must exist an element o € T’y such that 8'(c) =0 € A[2] for every 5’ € U and
(v(0), Py), = 1€ gy for every w # wo, while (y(c), Py, ), is non-trivial. Then v(co)
must be equal to @, , as desired. ([l

Now recall that we have an element § € U such that (8, Quw,), and (o, Qu, ),
are two different non-trivial classes in H'(k,u2). It follows that for any two
elements €,,€p € 112 there exists an element 7 € I'y, such that (a(7), Qu, ), = €a and
(B(7),Quw, )y = €p. For our purposes let us set

o= (-1)@MNGF and g4 = (<1)1BNGE

Let B ¢ Sely(AF) be the subgroup generated by U and v and let p, Ap, : Bx B —>
Z/2 be the alternating form constructed above. Since p,(8') = §'(c) =0 for every
B’ e U it follows that p, A p-(8',8") = 0 for every 8’,5” € U € B. On the other
hand, since pr (7) = 7(r) = Qu, We have py A pr (8',7) = log(_y) (3'(7), Quo)y for
every 3’ € U. Applying Proposition 4.11 with B the subgroup generated by U and
v and with the elements o,7 € I';, we obtain a quadratic twist F' = k(v/a’) such
that (with a”’ = a’a and F" = k(v/a"")) we have
(1) Sely(AF") contains U and v and dims Selp(AF") = dimy Sely (AF).
(2) For every ', 8" € U we have (5',ﬁ")§£~ = (,6",5")32.
(3) For every 8’ € U we have (ﬂ',fy)i};u = (6’,7)22 +(ps A pr)(B,8"). In particular
(a,’Y)SE'I =0 and (ﬁ,v)izn #0.
Let V ¢ Selp(AF ”) be the subgroup consisting of those elements which are un-
ramified over M’, so that we have a direct sum decomposition Sely(AF ”) =Ve
0 (A[2]). Property (1) above implies that V is generated by U and ~ ¢ U. Let
Ve = V nSely(AF ”). Since all the elements of V° are in particular orthogonal
to 8 with respect to the Cassels-Tate pairing, Properties (2) and (3) above imply
that V° c U. Since all the elements of V° are also orthogonal to v with respect
to the Cassels-Tate pairing, Properties (2) and (3) further imply that g8 ¢ V° c U
while o € V°. This means in particular that Condition (B4) holds for (AF",a).
By Lemma 4.2 we have that (AF”,a) is admissible, i.e., Condition (B1) holds as
well. Finally, since Sel}(AF") is a direct sum of V° and the image of the 2-torsion
we may now conclude that dimsSely(A7") < dimy Sel®(A). It follows that the

quadratic extension F’' has the desired properties and so the proof is complete.
|

4.4. Proof of the main theorem. In this section we will complete the proof of
Theorem 2.8. Let k be a number field and let Ay, ..., A, be principally polarized
simple abelian varieties over k, such that each A; has all its 2-torsion defined over
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k. For each i, let M; ¢ 0, be an extended 2-structure for A; such that A; has good
reduction over M; whenever i # j. Let A= A; x...x A, and let a € H'(k, A[2]) be
a non-degenerate element which is unramified over M = u; M; but which has a non-
trivial image in H'(k,, A[2]) for each w € M. We may uniquely write a = ¥; a;
with a; € H'(k, A;[2]). Let Y,, be the 2-covering of A; determined by «; so that
Y, =T1;Ya, is the 2-covering of A determined by «. Finally, let X, = Kum(Y,,) be
the associated Kummer surface.

of Theorem 2.8. To prove that Conjecture 1.1 holds for X,,, let us assume that the
2-primary Brauer-Manin obstruction to the Hasse principle is the only one for each
Y ie., that [Y.['] e H'(k, A) is not a non-trivial divisible element of III(AF") for
any F/k. Since H'(k,A) = @, H"(k, A;) and III(A) = @&;II1(A;) this is equivalent
to saying that [Y,] € H'(k, A;) is not a non-trivial divisible element of IIT(Af") for
any F.

In light of Lemma 4.2 we may, by possibly replacing A by a quadratic twist, as-
sume that (A, «) is admissible. Applying Proposition 4.8 we may find a quadratic
extension F'/k, unramified over M, such that (A ) satisfies Conditions (A1)
and (A2) above. Replacing A with AF we may assume that Conditions (A1)
and (A2) already hold for (A,a). By repeated applications of Proposition 4.10
we may find a quadratic extension F’/k, unramified over M, such that (AF,7a)
satisfies Conditions (B1) and (B4) above. Replacing A with A" we may assume
that Conditions (B1) and (B2) already hold for (A, «). By repeated applications of
Proposition 4.12 we may find a quadratic extension F”'/k, unramified over M, and
such that the subgroup Sel;( A ”) c Sely (AF ”) consisting of those elements which
are orthogonal to all of Sely(AF ") with respect to the Cassels-Tate pairing is gen-
erated by ajq,...,a, and the image of the 2-torsion. It then follows that Selg(Af")
is generated by a; and the image of the 2-torsion. Let ITI°(A") ¢ III(AF") be the
subgroup orthogonal to all of III(AF")[2] with respect to the Cassels-Tate pairing.
Then we may conclude that I_H°(AZF") is generated by the image of «, i.e., by the
class [Y,] "1 of Yvr " Since we assumed that [vr "] is not a non-trivial divisible
clement it now follows that III(AF"){2} is finite. The Cassels-Tate pairing induces
a non-degenerate self-pairing of ITII( A "){2}, which is alternating in our case by
Remark 3.10. This means, in particular, that if we write the abstract abelian group
II(AF"){2} as a direct sum @;Z/2" of cyclic groups then for each n it will have
an even number of Z/2"™ components. Now the multiplication by 2 map induces
an isomorphism III(AF")[4]/II(AF")[2] = TII°(AF") and so by the above we may
conclude that the 2-rank of II°(AF ”) is even. Since it is generated by a single
element it must therefore vanish, implying that [Y,7"] = 0. This means that Y,/

has a rational point and so X, has a rational points as well, as desired. O
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