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1. INTRODUCTION

In the field of algebra we often encounter objects described as sets, equipped
with certain operations, which are required in turn to satisfy certain axioms. For
example, a monoid is given by a set with one binary operations, which is associative
and unital. When every element acts invertibly we say that the monoid is a group.
In modern mathematics it is very useful to consider such algebraic structures on
objects more general than sets. For example, if we replace sets by smooth manifolds
we get the notion of a Lie group. If instead we consider algebraic varieties we get
algebraic groups. In order to properly define such notions it is useful to describe
the algebraic structure diagrammatically, that is, as certain arrows in the category
we choose to work in. For example, a binary structure on a object X can be
represented by an arrow X x X — X. This makes sense whether X is a set, an
algebraic variety, or something more exotic, as long as we know what the product
of two objects are. This product can be something that behaves quite differently
from the usual cartesian product of sets. For example, if we work in the category
of abelian groups, and take the product to be the tensor product operation, then a
monoid object will now be a ring.

To make this approach work we need a convenient way to encode algebraic
structures that is independent of the specific type of objects in which we want to
realize it. A successful framework for doing so is by using the notion of an operad.
An operad encodes the information of an algebraic structure by specifying in a
suitable way what are the operations, and what rules they are required to follow.
For example, the operad that encodes the structure of a monoid is usually called
the associative operad. The operad that encodes the structure of a commutative
monoid is called the commutative operad.

In the realm of homotopy theory this approach encounters a new subtlety. This
is because operads encode the algebraic structure using strict rules that the ope-
rations must obey to (such as associativity), but when dealing with objects with
a homotopical nature (such as spaces, chain complexes, or even categories), we
actually need to let our algebraic axioms hold only up to homotopy, in a suitable
delicate sense where all homotopies need to be specified compatibly (this is usu-
ally called up to coherent homotopy). For example, consider a topological space
X and let z € X be a point. The fundamental group of X is defined to be the
group whose elements are homotopy classes of paths in X from z to itself, where
the group operation is given by concatenation. This invariant is very important in
algebraic topology. However, to some extent what is more interesting is the object
that you get without identifying homotopical paths, that is, the topological space of
all paths from = to . We would like to say that this is a topological group with the
operation of concatenation. Alas, a direct examination shows that concatenation
is not, strictly speaking, associative. It turns out, however, that it is associative up
to (coherent) homotopy.

In order to encode algebraic structures in which the rules only hold up to cohe-
rent homotopy one can use the homotopy theoretical avatar of operads, which are
called co-operads. In the passage from operads to co-operads some new phenomena
arises. One such phenomenon, which is the center of the course, is the fact that
commutativity now comes in many flavors. More precisely, between the classical
associative and commutative operads there is now an infinite tower of intermediate
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operads
Ass = El,EQ,Eg,,

which ”converge” in a suitable sense, to the commutative operad E., = Com. The
operad E,, is known as the little n-cube operad. This hierarchy of commutativity
levels can already be seen when considering monoid structures on categories (which
have a certain limited level of homotopyness): between the notion of a monoidal
category (which is an E;-structure) and a symmetric monoidal category (which is
an Eo-structure) there is an an intermediate option known as a braided monoidal
structure, which corresponds to an Es-structure. In spaces, the typical examples of
E,.-monoids are the n-fold loop spaces. May’s recognition principle (see also work
of Boardman and Vogt) states that these are exactly the group-like E,-monoids in
spaces.

We will start the course by recalling some homotopy theoretical preliminaries
surrounding the notion of co-categories. We will then discuss symmetric monoi-
dal oco-categories and oc-operads, setting up the stage for the study of algebraic
structures in a homotopy theoretical setting. We will then introduce and study the
main object of interest in this course, the little n-cube operad. We will prove a key
result, known as Dunn’s additivity theorem, which roughly states that specifying an
E,-structure is equivalent to specifying n commuting E;-structures.

One of the interesting features of E, -algebras are their relations to the topology
of n-manifolds. In particular, given an E,-algebra A with a suitable equivariance
structure (taking values in a sufficiently nice oco-category) and an n-manifold M
with a corresponding tangential structure, we may integrate A along M to obtain
an object [,, A, known as the factorization homology of M with coefficients in A.
We may think of these construction as either producing homological invariants of
manifolds out of E,,-algebras, or as producing homological invariants of [E,,-algebras
out of manifolds: both point of views yield interesting insights. In addition, in
the former point of view the resulting homology theories for manifolds can be
characterized axiomatically, as we will describe towards the end of the course,
following the approach of D. Ayala and J. Francis.

We note that any abelian group A can be considered as an E,,-monoid in spaces.
The factorization homology [,, A is then simply the chain complex €, (M, A) with
coefficients in A, whose homologies are H,(M,A). If we replace A by a general
E,-monoid is spaces X then we get a nonabelian generalization of classical homo-
logy. When X is group-like, May’s recognition principle gives that X ~ Q™Y for
some space Y. In this case, Lurie’s nonabelian Poincaré duality states that [,, X is
naturally equivalent to the mapping space from M to Y, that which can be consi-
dered as a generalization of cohomology to nonabelian coefficients. We will outline
the mathematics needed to establish this theorem in the final parts of the course,
following the ideas of Lurie.

The passage from X to its n-fold delooping Y can itself be considered as a
variant of factorization homology: it is obtained by taking the reduced factorization
homology of X along the n-sphere. This operation can be done for E,-algebras
taking values in any nice oco-category €, as long as they admit an augmentation
(which is what makes reduced homology make sense). This procedure takes an
augmented [E,-algebra and yields an augmented E,,-coalgebra. On the other hand,
given an E,-coalgebra, we may take its reduced factorization cohomology along
the n-sphere and obtain again an [E,-algebra. In spaces this reproduces the looping
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delooping procedure, where we note that every space is canonically an E,,-comonoid
for every n. In general, this delooping process is closely related to Koszul duality
for E,,-algebras. Given a closed n-manifold M one then obtains a canonical map
from the factorization homology of A along M to the factorization cohomology
of the “n-fold delooping” of A along M. In sufficiently nice cases this map is an
equivalence, yielding Poincaré-Koszul duality. We will describe these ideas without
proof in the last part of the course, following recent work of D. Ayala and J. Francis.

2. PRELIMINARIES ON 0o-CATEGORIES

The point of departure of modern algebraic topology from traditional point-set
topology is arguably the introduction of homotopies between maps. This has some
remarkable consequences: it yields a notion of a homotopy equivalence between to-
pological spaces, leads to the focus on invariants which respect this new equivalence
relation, such as homotopy groups and homology groups, and demands modifying
various non-homotopical construction to accommodate homotopy. This last point
may seem surprising. If the notion of a homotopy between maps is natural from a
topological point of view, how come many natural topological constructions do not
respect homotopy equivalence? for example, if f: X — Y is a continuous map
and y € Y is a point, then the fiber f~!(y) c X is not a homotopy invariant notion:
it is not stable under a continuous deformation of f or y, nor under replacing X
or Y by homotopy equivalent spaces. A modern answer to this question is that
the introduction of homotopies between maps means that we are no longer working
in the category of topological spaces we thought we were working in. Indeed, this
would explain why some constructions don’t work anymore: these constructions
are usually categorical, given by various limits and colimits, and hence should not
be expected to make sense once the category we are working with changes.

But then in what category are we working in? One potential answer is that
we should consider the homotopy category of spaces. This is the category whose
objects are spaces and whose morphisms are homotopy classes of maps. This point
of view is powerful, but has some serious drawbacks. Besides the general feeling
that some crucial information got lost (what about homotopies between homotopies,
homotopies between homotopies between homotopies, and so on?), working with
the homotopy category does not explain the modifications that various categories
constructions need in order to become homotopical. For example, the notion of
the fiber f~'(y) of a map f : X — Y is replaced in algebraic topology with
the notion of the homotopy fiber of f, which is the space of pairs (z,7n) where
x is a point of X and 7 is a continuous path in Y from f(z) to y. This is an
example of switching from a limit to its corresponding homotopy limit, and yields a
satisfyingly homotopy invariant replacement. It is not, however, the corresponding
limit in the homotopy category of spaces. In fact, the homotopy category of spaces
does not admit limits and colimits in general! If we choose the homotopy category
as our categorical framework when studying spaces, then we will need to accept
that the vast majority of our homotopically modified constructions, including all
homotopy limits and colimits, are not determined by the underlying categorical
structure, and thus need to be considered as additional structure. This is of course
a valid approach, which in fact leads to Grothendieck’s theory of derivators, though
conceptually it is not very satisfying, at least if we wish to hold on to the idea that
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the homotopy versions of our categorical constructions should be justified by some
manifest universality.

We are hence led to ask the following: is there a category in which we can consider
topological spaces in such a way that homotopy limits and colimits will become
limits and colimits with respect to this category? The answer to this question is
yes - if we accept to expand what we mean by a category. Indeed, homotopies
between maps are something that looks kind of familiar from a categorical point of
view: it looks like morphisms between maps. Indeed, we can concatenate them, and
there is a trivial homotopy from a map to itself. It hence seems that we have a kind
of a categorical structure stacked on itself: we have objects (spaces), morphisms
(continuous maps) and then morphisms between morphisms (homotopies). This
seems to just almost work, but then fails at a surprising point: concatenation of
homotopies is not, strictly speaking, associative (nor unital). But it almost is. It
is associative and unital up to homotopy between homotopies. A traditional way
to solve this problem would then be to replace homotopies by homotopy classes of
homotopies. This indeed yields something that looks very categorical (it is in fact
a 2-category in which all 2-arrows are invertible). Unfortunately, this “enhanced
homotopy category”, though keeping more of the information available than the
homotopy category, suffers from the exact same problem: it does not provide a
universal justification for homotopy limits and colimits. In fact, inspecting this
solution we may see that it is very similar to the solution of taking the homotopy
category. Indeed, up to some point-set topology subtleties we can describe the
homotopy category as obtained by remembering from each mapping space its set
of path components, while the extended version as obtained by remembering from
each mapping space its fundamental groupoid.

At this point it is starting to be clear that in order to obtain a satisfying solution
we would need to remember the information “all the way up”. In other words, we
need to have some kind of a categorical creature in which we have objects, mor-
phisms, (invertible) morphisms between morphisms, (invertible) morphisms bet-
ween morphisms between morphisms etc. The informal name for such a creature is
an (oo, 1)-category. Here the oo symbols stands for the fact that we have morphisms
in all dimensions, and the 1 stands for the fact that the morphisms above dimension
1 are invertible (in a suitable sense). To make this idea precise is not trivial, and
took the mathematical community a few decades to develop. Historically, several
potential models for the notion of (oo, 1)-category were suggested, and after a while
they were all shown to be equivalent to one another. In this course we will mostly
make use of the model developed by Joyal and Lurie, and which appears in the
literature as either quasi-category or co-category. In these notes we will use the
latter name.

2.1. Two models for (o0,1)-categories. Before we discuss co-categories let us
consider a more basic idea. Instead of inventing a whole new notion of a higher
category, why not use an already existing extension of category theory, the notion
of an enriched category? In this setup we consider categorical structures in which
the set morphisms is replaced by some other type of object. An example relevant
to our story will be to take our enrichment in the category Seta of simplicial sets.
Recall that a simplicial category C consists of

- a set of objects Ob(C);
- for every two objects x,y a simplicial set Mape(x,y) € Seta;
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- for every three objects z,y, z a composition rule
Mape (2, y) x Mape (y, ) — Mape(2, 2)

which satisfies the associativity axiom.
- for every x € Ob(C) a designated vertex Id, € Mape(z, ), which is a two-sided
unit with respect to composition.

If « is an object of € then we will usually write x € € as a short for z € Ob(€). We
note that every simplicial category € has an underlying ordinary category €, whose
objects are the same as those of € and such that Homg(z,y) is the set of vertices
of Mape(,v).

Definition 2.1.1. A simplicial functor € — D between simplicial categories con-
sists of a map of sets ¢ : Ob(€) — Ob(D), together with maps Mape(z,y) —
Mapq, (p(z),p(y)) for every x,y € C, which are compatible with the composition
operation and preserve identity vertices.

Remark 2.1.2. There is also an associated notion of a simplicial natural transfor-
mation (though we will not make much use of it in this course): if ¢,1 : € — D are
two simplicial functors then a simplicial natural transformation 7 : ¢ = 1 consists
of a map 7, : o(x) — ¥(z) in the underlying category € for every z € € such that
for every z,y € € the composed map

(Ty)*
Mape (z,y) — Mapp (p(2),¢(y)) — Mapyp (o(2),¥(y))
and the composed map

Mape (2, ) — Maps ($(2), (1)) C2 Map (9(2), (1))

coincide.

To see how this might work as a model for (oo, 1)-categories let us look again
at our motivating example of spaces. Given two spaces X,Y and two maps f,g :
X — Y, a homotopy from f to g is by definition a map of the form [0,1]xX — Y
which restricts to f on {0} x X and to g on {1} x X. Similarly, homotopy between
homotopies can be expressed as a map D? x X — Y (where D? is the 2-disk)
and so on for higher homotopies. Having in mind simplicial sets we may suggest
the following manner to efficiently encode all this information at once. Given two
topological spaces X, Y let us denote by Map(X,Y’) € Seta the simplicial set whose
n-simplices are given by

Map(X,Y),, := Homro, (|JA"| x X,Y")

where |A"| is the geometric realization of the n-simplex. We then see that the ver-
tices of Map(X,Y") are the continuous maps X — Y and the edges in Map(X,Y")
are exactly the homotopies. Similarly, any homotopy between homotopies can be
encoded by a suitable 2-simpelx A? x X — Y, and so on for higher homotopies.
Generalizing from our example of interest we may consider the idea that simplicial
categories can be used as a model for the notion of (oo, 1)-categories. In turns out
that indeed any (oo, 1)-category can be represented by a simplicial category. This
simplicial category will however not be unique, and in order to use this as a model we
have to understand when two simplicial categories model the same (oo, 1)-category.
Given a simplicial category €, let us denote by Ho(€) the ordinary category whose
objects are the objects of € and such that Homp,e)(X,Y) := mo| Mape (X, Y)].
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Definition 2.1.3. Let ¢ : € — D be a simplicial functor between simplicial
categories. We will say that ¢ is a Dwyer-Kan equivalence if it satisfies the following
two conditions:

(1) For every z,y € Ob(C) the map Mape(z,y) — Mapq (@(x), (y)) is a weak
equivalence of simplicial sets.

(2) The induced functor Ho(€) — Ho(D) is an equivalence of categories.

We will say that two simplcial categories C,D are Dwyer-Kan equivalent if they

can be connected by a zig-zag of Dwyer-Kan equivalences.

Two simplicial categories should be considered as modeling the same (oo,1)-
category precisely when they are Dwyer-Kan equivalent. We can then say that
(00, 1)-categories are modeled by simplicial categories up to Dwyer-Kan equivalence.
This model has the advantage of behaving very much like ordinary categories,
and so many categorical arguments pass through without change. However, while
simplicial categories are useful to encode and construct individual (oo, 1)-categories,
they are not as convenient when it comes to encoding functors between (oo,1)-
categories. Informally speaking, if ¢ : € — D is a functor between (oo, 1)-categories
then we should be able to find simplicial categories G D which model € and D such
that ¢ can be represented as a simplicial functor & : € — D. However, such an %)
will not necessarily exist for every choice of simplicial categories modelling € and D.
In particular, given a fixed pair of simplicial categories, it is not easy to understand
directly what are the functors between the corresponding (oo, 1)-categories, not to
mention that we would like to have this collection of functors organized into an
(o0, 1)-category as well (much like for ordinary categories).

We shall now present another model for the theory of (o0, 1)-categories, which has
the advantage of being particularly amenable to the formation of functor categories.
This amenability will also make this model very well suited for defining the notions
of limits and colimits, which will finally give us a universal justification to the
add-hoc constructions of homotopy limits and colimits in spaces. Recall that for
0 <i <n the ¢’th horn of A" is the subsimplicial set A} ¢ A™ spanned by all the
(n - 1)-faces of A™ which contain the vertex 1.

Definition 2.1.4. An co-category is a simplicial set € with the following property:
for every 0 < ¢ <n the dotted extension exists in any diagram of the form

(2.1) A —¢C
7
Ve
|
Ve
ATL

To obtain a preliminary intuition as to why Definition 2.1.4 makes sense let us

explain how ordinary categories can be interpreted as oo-categories via their nerves.

Definition 2.1.5. Let J be a small category. We define the nerve of J to be the
simplicial set N(J) given by

(2.2) N(J),, = Homeat([n],T)

where [n] is the category corresponding to the poset (partially ordered set) {0, ...,n}
with its usual linear order.

We invite the reader whose is not familiar with the following fact to prove it
themselves:
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Exercise 2.1.6. Prove that the nerve functor N : Cat — Seta is fully-faitful and
its essential image consists of those simplicial sets for which every diagram as (2.1)
admits a unique dotted extension.

The above exercise tells us that we can think of ordinary categories as a par-
ticular type of simplicial sets, and furthermore that this type of simplicial sets is
characterized by a certain unique lifting condition. The notion of an co-category is
then obtained by removing the uniqueness part of this condition.

Given an oco-category C we will call the vertices of C its objects, and if we have
an edge e : A — € then we will call it a morphism from x := e|s(0) to ¥ = €|p1},
in which case we will also use diagramatic notation and write this edge as an arrow
x —> y. For a subset S ¢ {0,...,n} we use the notation A% ¢ A" to denote the |S|-
dimensional face of A™ whose vertices are S. Given an object x € € we will consider
the degenerate edge s(x) on x as the identity Id, : x — x. Given a 2-simplex
0: A2 — @ we will depict it diagramatically as

N

where z,y,z are the vertices obtained by restricting o to A% At} and A2
respectively, and f, g, h are the morphisms obtained by restricting o to A0} At12}
and A{%2} respectively. We can think of o as designating a homotopy from g o f
to h. However, it is important to note that in an co-category there isn’t a specific
edge which is go f. Instead, we may consider any triangle of the form (2.3) to
be exhibiting h as the composition of f and g. In particular, there could be two
different triangles 0,0’ : A2 — @ of the form (2.3), with different edges o|a 0.2y =
h # h' = 0/ However, in this case the edges h and h" will be homotopic in
a suitable sense: indeed, let 7: A2 — A! — € be the degenerate triangle such
that 7|a0.2y = T|at02y = f and T|a01) = s(«) is degenerate on x. The triangles o, 0’
and 7 then determine a map p: A3 — € such that p|a01.2 =T, plato2.s) = o and
plac2s =o', Since € is an co-category the map p extends to a map p: A3 — C.
The 2-simplex p|ao.1.3y then determines a diagram in € of the form

T
h
r—>2

which we will consider as a homotopy from h’ to h. In this sense, while the compo-
sition of two morphisms in an co-category is not strictly speaking uniquely defined,
it is uniquely defined up to homotopy. Elaborating on this argument one can show
that the collection of compositions of f and g can be organized into a simplicial set
which is a contractible Kan complex (see Remark 2.3.11 below). We may thus say
that composition of two morphisms in an co-category is essentially defined. This
essentially defined composition is associative in the following sense: if f:z — v,
g:y— z and h:z — w are three arrows in € then we can compose the three of

(2.3)

(2.4)
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them in two different ways. We can either choose triangles of the form

(2.5) y
VN

r——————> 2
s /
w
exhibiting ¢ as the composition of f and g and s as the composition of ¢ and A, or
choose triangles

(2.6) y

exhibiting ¢’ as the composition of ¢ and h and s’ as the composition of f and
t’. We claim that in this case s is homotopic to s’. To see this, it will suffice
by the argument before to show that there exists a triangle in € exhibiting s as
the composition of f and t’. To find such a triangle we note that the two triangles
in (2.5) together with the right triangle in (2.6) together determine a map p: A3 —
€. Since € is an co-category we can extend p to p: A®> — €. The triangle p|a0.1,3
then exhibits s as the composition of f and ¢'.

The above considerations concerning the essential well-definition and associati-
vity up to homotopy of composition of arrows in an co-category have in particular
the following outcome: we can define an ordinary category Ho(€) whose objects
are the vertices of € and such that Hompyq(e)(,y) is the set of homotopy classes of
arrows from z to y. This category is known as the homotopy category of €. There
is an evident map € — N(Ho(C)) which sends each arrow to its homotopy class.

Definition 2.1.7. Let C be an oo-category and f :x — y an arrow in C. We will
say that f is invertible if there exists an arrow ¢ : y —> x and triangles as in (2.3)
exhibiting Id, as the composition of f and g and Id, as the composition of g and f.
In this case we will also say that f is an equivalence in C from x to y. We will say
that an object x € € is equivalent to y € € if there exists an invertible arrow from
x to y. In this case we will write x ~ y. We note that, essentially by the definition
of Ho(C), an arrow is invertible if and only if it maps to an isomorphism in Ho(C),
and two objects are equivalent if and only if they become isomorphic in Ho(C).

Definition 2.1.8. Let X,Y be two simplicial sets. We will denote by Y X the
simplicial set such that

(YY), = Homgeg, (A" x X,Y).
We will call Y the mapping simplicial set from X to Y.

Proposition 2.1.9 (Joyal). If € is an co-category then for every K € Seta the
mapping simplicial set CX is again an oo-category.
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We will think of € as the co-category of K-indexed diagrams in €. If K is
also an oo-category then we will also call ¥ the co-category of functors from K
to €. When we want to emphasize this point of view we will denote C¥ also by

Fun(K, C).

Definition 2.1.10. Let ¢ : € — D be a map of co-categories. We will say that
@ is an equivalence if there exists a 1) : D — € such that v o ¢ is equivalent to
Ide in the oco-category Fun(C, ) and ¢ o9 is equivalent to Idp in the co-category
Fun(D, D).

Definition 2.1.11. We will say that an oo-category C is an oo-groupoid if every
arrow in € is invertible.

Theorem 2.1.12 (Joyal). Let C be an oo-category. Then € is an oo-groupoid if
and only if it is a Kan complez, that is, if and only if the dotted extension exists in
any diagram of the form (2.1) where 0 <i < n.

We will give a proof of Theorem 2.1.12 in §2.3 below.

Definition 2.1.13. Given an oco-category € we will denote by €* ¢ € the subsim-
plicial set such that an n-simplex o : A™ — € belongs to €* if and only if the edge
0| atisy 1s invertible for every 4,j € {0,...,n}. Then € is also an co-category, and
every morphism in € is invertible, i.e., C¥ is an co-groupoid. By construction, €= is
the maximal sub-oco-groupoid of €, that is, it contains any other subsimplicial set
of € which is an co-groupoid.

Remark 2.1.14. By Theorem 2.1.12 the oo-groupoid €~ is a Kan complex and con-
tains any other Kan subcomplex of C.

Remark 2.1.15. Given a topological space X, its singular simplicial set Sing(X) is
Kan, and is hence an oo-groupoid by Theorem 2.1.12. We may thus call Sing(X) the
fundamental co-groupoid of X, an invariant which refines the classical fundamental
groupoid of X. The counit map |Sing(X )| — X is a weak homotopy equivalence
of spaces, and so the fundamental groupoid captures all the information on X up
to weak homotopy equivalence. On the other hand, if Z is a Kan complex then the
unit map Z — Sing|Z| is an equivalence of oo-categories (Definition 2.1.10) and
so every Kan complex is (canonically) equivalent to the fundamental groupoid of a
space. Elaborating on this argument we see that the notion of co-groupoids is es-
sentially equivalent to that of topological spaces up to weak homotopy equivalence.
Alternatively, if we restrict attention to CW complexes, then every weak homotopy
equivalence is a homotopy equivalence, and so we may say that the notion of oco-
groupoid is equivalent to that of a CW-complex up to homotopy equivalence. The
idea that spaces are essentially oco-categories in which every morphism is inverti-
ble is known as Grothendieck’s homotopy hypothesis, and is one of the conceptual
pillars of higher category theory.

2.2. Constructions of co-categories. In this section we will discuss two ways to
construct an oo-category starting from from classical data. The first is via forming
coherent nerves of simplicial categories. This operation can also be used to show
the equivalence between the model of simplicial categories and that of co-categories.

Definition 2.2.1. For every n > 0 let us denote by €(A™) the simplicial category
whose objects are the numbers 0, ..., n and whose mapping simplicial sets are given
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by Mapg(any(7,5) = N(P(i,7)) where P(7,j) € Sub({0,...,n}) is the poset of sub-
sets of {0,...,m} whose minimal element is ¢ and whose maximal element is j (in

particular P(i,57) = @ if ¢ > j). The composition rule is induced by the poset map
P(i,7) x P(j, k) — P(i, k) which takes (A, B) to Au B.

The association [n] —» €(A™) determines a functor from the category A°P to the
category Cata of simplicial categories. Since Seta = Fun(A°P,Set) is a category of
presheaves (of sets), the functor € : A — Cata admits a unique colimit preserving
extension

¢:Setp — Cata &(X) = g(ilirgl( C(A™)

where the colimit is taken of the category of simplices of X. By equally formal
arguments the functor € admits a right adjoint:

(2.7) N: Cata — Seta N(€)y = Homcat, (C(A™), €).

we note that we used the same notation in (2.7) as we did for the nerve functor of
Definition 2.1.5: indeed if C is a simplicial category whose mapping simplicial sets
are discrete (i.e., Cis a actually an ordinary category) then (2.7) coincides with (2.2)
and we may hence consider (2.7) as an extension of the nerve functor from ordinary
to simplicial categories. The functor (2.7) is also known as the coherent nerve
functor.

Definition 2.2.2. Let us say that a simplicial category C is locally Kan if for every
X,Y € € the mapping simplicial set Mape(X,Y") is Kan.

Remark 2.2.3. Recall that in simplicial sets we have a well-behaved Kan replace-
ment functor

Ex® :Seta —> Seta

which sends every simplicial set X to a Kan complex Ex™(X) equipped with a
natural weak equivalence X — Ex™(X ). One can then check that the functor
Ex® preserves cartesian products, and so if we have a simplicial category € then
we can apply it to all mapping objects in €. This yields a locally Kan simplicial
category Cpx= together with a Dwyer-Kan equivalence € — Cpye.

Theorem 2.2.4.

(1) If C is a locally Kan simplicial category then N(C) is an oo-category.

(2) The functor N sends Dwyer-Kan equivalences between locally Kan simplicial
categories to equivalence of oo-categories, while the functor € sends equivalences
of co-categories to Dwyer-Kan equivalences.

(3) If € is a locally Kan simplicial category then the counit map €(N(C)) — C is
a Dwyer-Kan equivalence.

(4) If D is an oo-category then the natural map D — N(€(D)gx=) is an equiva-
lence of oo-categories.

We may summarize Theorem 2.2.4 by saying that the functors € — N(€) and
D — €(D)gx=~ determine an equivalence between the notion of locally Kan sim-
plicial categories (up to Dwyer-Kan equivalence) and that of co-categories (up to
equivalence of oo-categories). This equivalence can in fact be set up in the more
powerful framework of Quillen model categories.
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Definition 2.2.5. We will say that a map K — L of simplicial sets is a categorical
equivalence if for every oco-category € the induced map

(eH)* — (ef)*
is an equivalence of Kan complexes.

Theorem 2.2.6.

[Bergner| (1) There exists a model structure on Cata, which we will call the Dwyer-Kan
model structure, whose weak equivalences are the Dwyer-Kan equivalences and
whose fibrant objects are the locally Kan simplicial categories.

[Joyal] (2) There exists a model structure on Seta, which we will call the categorical mo-
del structure, whose weak equivalences are the categorical equivalences, whose
cofibrations are the levelwise injective maps and whose fibrant objects are the
oo-categories.

[Joyal-Lurie] (8) The adjunction € 4 N is a Quillen equivalence between these two model struc-
tures.

We remark that the fibrations in the categorical model structure, which are
called categorical fibrations are not easy to describe in general, but become easy to
describe when the codomain is an co-category.

Definition 2.2.7. Let p: X — Y be a map of simplicial sets. We will say that p is
an inner fibration if it has the right lifting property with respect to horn inclusions
of the form A? ¢ A™ with 0 <4 <n, that is, if the dotted lift exists in any diagram
of the form

(2.8) AP ——= X

J 4\L
Ve

Y p

Ve

A" ——Y

with 0 <i<n.

Remark 2.2.8. The map X — A is an inner fibration if and only if X is an
oco-category.

Proposition 2.2.9 (Joyal). Let ¢ :C—> D be a map between oo-categories. Then
@ 1s a fibration in the categorical model structure if and only if it is an inner fibration
and in addition for every x € C and any invertible arrow f : o(x) — y in D there
exists an invertible arrow f:x — 7 in C such that (p(f) = f.

Let us now go back to our motivating question and show that we can describe
spaces as forming a suitable co-category. Recall from earlier courses that we have
two equivalent models for the homotopy theory of spaces (with homotopy equi-
valences). The first consists of a model structure on the category Top of spaces
whose weak equivalences are the weak homotopy equivalences, whose cofibrant ob-
jects are the CW-complexes, and where all objects are fibrant. The second consists
of the Kan-Quillen model structure on the category Seta of simplicial sets whose
weak equivalences are the maps which induce a weak equivalence on geometric re-
alizations, whose fibrant objects are the Kan complexes, and where all objects are
cofibrant. These two model categories are related via the Quillen equivalence

| -|:Seta = Top: Sing.
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We may hence choose any one of these models in order to construct our co-category
of spaces. If we start from Top then we can do this by defining the simplicial
category CW whose

- objects are the CW-complexes;
- for two CW-complexes X, Y the simplicial mapping set Mapey (X,Y) is given
by Mapew(X,Y), = Homr, (|A™] x X,Y).
On the other hand, if we start from the Kan-Quillen model structure on simplcial
sets then we can consider instead the simplicial category Kan whose

- objects are the Kan complexes;
- for two Kan complexes X, Y the simplicial mapping set Mapg,, (X,Y") is given
by Mapge,,(X,Y),, = Homges, (A" x X,Y).
Both CW and Kan are locally Kan simplicial categories. Furthermore, the functors
Sing and | - | are both Dwyer-Kan equivalence

Sing : CW — Kan |- |: Kan — CW,

and so it makes essentially no difference which option we choose for our model. In
modern homotopy theory, it is often customary to take Kan.

Definition 2.2.10. We define the oo-category of spaces
8 := N(XKan)
to be the coherent nerve of the simplicial category of Kan complexes.

Remark 2.2.11. Technically speaking, § is a large oco-category, that is the set of
n-simplices §8,, is a proper class. However, this co-category is locally small, that is,
its mapping spaces are all small.

In a similar fashion we can now define the oo-category Cate of (small) oco-
categories. Let QC be the simplicial category whose objects are the co-categories
and such that for each €, D € QC we have Mapq(X,Y') = Fun(X,Y), the maximal
oo-groupoid of Fun(X,Y). Then QC is locally Kan by Theorem 2.1.12, and we
define

Cato := N(QC)
to be its coherent nerve. We will refer to Cate as the co-category of co-categories. If
€, D are oo-categories then we will usually denote Mapq (€, D) simply by Map(€, D).

We will now discuss a second major source of co-categories, which arise as locali-
zations of ordinary categories by a collection of weak equivalences. More generally,
one can localize co-categories by a collection of edges. Let us recall the definition.

Definition 2.2.12. Let C be an co-category and let W be a collection of arrows
in €. Let f:C — D be a functor which sends every arrow in W to an invertible
edge in D. We will say that f exhibits D as the localization of C with respect to W
if for every oco-category € the induced functor

Map(D, €) — Map(€, €)

identifies Map(D, ) with the subspace of Map(C, €) counsisting of those functors
€ — & which send every edge in W to an equivalence in €. In this case we will
also write D ~ C[W1].

The following variant of Definition 2.2.12 is also terminologically useful:
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Definition 2.2.13. We will say that a map € — D of co-categories is a localization
map if it exhibits D as the localization of € with respect to the collection of all
maps in € which are sent to equivalences in D.

By general considerations we have that the localization of € with respect to W
is unique as soon as it exists. One way to prove its existence is via the formalism
of marked simplicial sets.

Definition 2.2.14. A marked simplicial set is a pair (X, F) where X is a simplicial
set and F is a collection of edges in X which contains all the degenerate edges. We
call the edges in E the marked edges.

We will denote by Setj the category of marked simplcial sets (and maps which
send marked edges to marked edges). The forgetful functor Seti — Seta to
simplicial sets has both a left adjoint and a right adjoint. The left adjoint sends
X € Seta to the marked simplicial set X? which is X with only the degenerate
edges marked. The right adjoint sends X € Seta to the marked simplicial set X#
which is X with all edges marked. If € is an co-category we will denote by G the
marked simplicial set which is € with the marked edges being the invertible arrows.

Given two marked simplicial sets X,Y we will denote by Mapf(X,Y") the sim-
plicial set given by the formula Map#(X,Y),, = Homsgeq s ((A™MFx X,Y). If C is an
oco-category and (X, E) is any marked simplicial set then Map!((X, E), ) is by
construction the subsimplicial set of (€*)* spanned by those diagrams X —s €
which send E to invertible edges. Since (CX)* is a Kan complex it follows that
Map!((X, E),€!) is a Kan complex as well.

Definition 2.2.15. We will say that a map X — Y of marked simplicial sets is a
marked categorical equivalence if for every oco-category € the induced map

Mapu(Y7 eh) - Mapu (X7 eh)
is an equivalence of Kan complexes.

Theorem 2.2.16 ([5, §3]). There exists a model structure on Sety, which we will
call the marked categorical model structure, in which the weak equivalences are the
marked categorical weak equivalences, the cofibrations are the injective maps and the
fibrant objects are the marked simplicial sets of the form C4 for an co-category C.

Furthermore, the forgetful functor (=) : Seth — Seta is a right Quillen equivalence
to the categorical model structure on Seta.

Let € be an co-category and let W be a collection of edges in €. Given an oo-
category D, the data of a map ¢ : € — D which sends W to equivalences in D
can be encoded as a map of marked simplicial sets ¢, : (€, W) — Di. Comparing
Definition 2.2.12 an Definition 2.2.15 we see that ¢ exhibits D as the localization
of C by W if and only if ¢, is a marked categorical weak equivalence.

Corollary 2.2.17. An localization C[W™1] exists for every co-category € and col-
lection of arrows W.

Proof. One can simply take a fibrant replacement with respect to the marked ca-
tegorical model structure. ([

Remark 2.2.18. The marked categorical model structure on Setj is combinatorial
and in particular admits a functorial fibrant replacement. This means that the
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formation of localizations (C,W) ~ C[W~!] can be made functorial in the pair
(C,W). Furthermore, one can show that the cartesian product of two marked
categorical weak equivalences is again a marked categorical weak equivalence. It
then follows that the functorial localization procedure preserves cartesian products
up to equivalence, that is (C x C")[(W x W) 1]~ [W=1] x €'[(W')7].

Notation 2.2.19. If M is a model category with class of weak equivalences W then
we will denote the localization M[W '] also by M., and call it the underlying oo-
category of M.

Remark 2.2.20. If M is a model category then M would usually be a large category
and hence technically not covered by Corollary 2.2.17. This issue can be bypassed
by using suitable set theoretical machinery, such as Grothendieck universes. Of
course, such an approach will only assure us that M., exists as a large co-category,
i.e., one in which the sets of simplices are a proper class. However, it could be shown
that in the case of model categories Mo, will always be locally small, e.g., it will
be equivalent to the coherent nerve of a large simplicial category whose mapping
spaces are small Kan complexes.

A situation in which the underlying oo-category M., of a model category M is
especially accessible is when M is a simplicial model category.

Definition 2.2.21. A simplicial model category is a model category M, equipped

with the additional structure of a simplicial category such that the following two

conditions hold:

(1) The enrichment of M in simplicial sets admits tensors and cotensors, that is, the
functors Mapy(—, X), Mapy (X, -) : M — Seta admit enriched left adjoints.

(2) If i: A— B is a cofibration in M and p: X — Y is a fibration in M then the
map

MapM(B7 X) - MapM(B7 Y) ><MapM(A,Y) Ma'pM(Av X)
is a Kan fibration, which is furthermore trivial if ¢ or p are trivial.

Ezxamples 2.2.22. The Kan-Quillen model structure on Seta and the marked cate-
gorical model structure on Set} are both simplicial model categories. On the other
hand, the categorical model structure on Seta and the Dwyer-Kan model structure
on Cata are not simplicial.

Remark 2.2.23. Condition (2) of Definition 2.2.21 implies that when X is cofibrant
and Y is fibrant the mapping simplicial set Map(X,Y) is a Kan complex.

Definition 2.2.24. Let M be a simplicial model category. We define M° ¢ M
to be the full simplicial subcategory spanned by the fibrant-cofibrant objects. By
Remark 2.2.23 we have that M° is locally Kan.

Proposition 2.2.25. Let M be a simplicial model category. Then there is a cano-
nical equivalence of oo-categories

N(OV®) & M.

Remark 2.2.26. Applying Proposition 2.2.25 to the Kan-Quillen model structure
on simplicial sets shows that the oo-category 8 which we defined in §2.1 as the
coherent nerve of Kan is equivalent to the localization of Seta by weak homotopy
equivalences. A similar claim holds for Cate, that is, Cate, is equivalent to the
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localization of Seta by categorical equivalences. To see this, we can replace the
categorical model structure on Seta (which is not simplicial) by the (simplicial)
marked categorical model structure on Set} in which the simplicial enrichment is
given by Map#(X,Y) above. We then have that QC is isomorphic to the simplicial
category of fibrant-cofibrant objects in Set , and so we can apply Proposition 2.2.25
to deduce that Cate, ~ (Set} )oo. The latter is also equivalent to the localization of
the categorical model structure since the forgetful functor Setj — Seta is a right
Quillen equivalence.

2.3. Left and right fibrations. Let X be a nice topological space. A classical
result in algebraic topology asserts an equivalence between the category of covering
spaces Y — X and the category of functors II; (X) — Set, where IT; (X)) is the
fundamental groupoid of X, i.e., the groupoid whose objects are the points in X and
whose morphisms are homotopy classes of paths. A similar phenomenon happens
in ordinary category theory. Recall that a functor 7 : € — D of ordinary categories
is said to be left fibered in sets if for every z € € and every morphism f:7(z) — y
in D there exists a unique arrow f:x —> § in € which maps to f. The notion of a
functor right fibered in sets is similarly defined using lifts of morphisms y — ().
One then has a classification of functors left fibered in sets over a fixed category
D, analogous to the topological story of covering spaces: they correspond exactly
to functors D — Set from D to sets. In particular, given 7 : € — D we may
construct the corresponding functor D — Set by associating to each y € D the
set m1(y) of objects of € lying above y. If f:y —> ¢’ is map in D then for each
x e 71 (y) there exists a unique lift f:a—>a' of f starting from 2. We may hence
associate to f the map of sets 771 (y) — 7~ 1(y’) given by z + 2’. This association
preserves composition by the uniqueness of lifts. In the other direction, if we start
from a functor F : D — Set then we can associate to F a functor 7 : [, F — D left
fibered in sets where [;, F is the category whose objects are pairs (y,a) where y is
an object of D and a is an element of F(y). A morphism from (y,a) to (y',a’) is a
map f:y — y’ in D such that fi(a) = a’ (where we denoted by fi: F(y) — F(y")
the map associated to f by F). The category fD F is also known as the category of
elements of F, and in a more general context as the Grothendieck construction of
F. In a dual manner, the notion of a functor right fibered in sets will correspond
to contravariant functors from D to Set.

In this section we will discuss the co-categorical avatar of this story, which are
known as left and right fibrations. We first note that since we are replacing cate-
gories with oco-categories, we will naturally want to replace the notion of sets with
that of spaces, or more precisely, co-groupoids. We hence cannot expect to have a
definition in which we require a lift to be unique, but only unique up to equivalence.
Even more, we may want something such as unique up to a contractible space of
choices. Let us see how such a definition can be made in the setting of co-categories.

Definition 2.3.1. Let 7: X — Y be a map of simplicial sets. We will say that 7
is a left fibration if it has the right lifting property with respect to horn inclusions
of the form A}, ¢ A™ with 0 < ¢ < n, that is, if the dotted lift exists in any diagram
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of the form
(2.9) A ——= X
L
7 s
7
7/
A" ——=Y

with 0 <7 < n. Dually, we will say that « is a right fibration if is has the right lifting
property with respect to the horn inclusions A}, € A™ such that 0 <7 <n.

We would like to explain how one can think of the lifting condition in 2.9 with
i =0 as a kind of “unique lifting property” for arrows with a fixed domain. For
this, we will need a construction of the co-category of arrows with a fixed domain.

Definition 2.3.2. Let X,Y be two simplicial sets. The join X *Y of X and Y is
the simplicial set given by
(X+Y)= ] XixYnis,
i=—1,...,n
where by convention we set X_; = Y_; = . We note that X =Y comes equipped

with two natural inclusions X < X *Y < Y. The special cases where one of XY
is A% will be denoted as

XP=X+A"  Y9I=AxY.
Remark 2.3.3. The join operation » can be considered as a simplicial model for the
join of topological spaces. However, in the simplicial case the join is not symmetric,

and generally X *Y #Y » X. For example, the 1-simplices in X =Y which are not
in X or Y all go from X to Y, and not the other way around.

Remark 2.3.4. Tf C, D are ordinary categories then N(C) » N(D) is the nerve of the
ordinary category € which contains € and D as disjoint full subcategories and such
that the hom sets from every object of € to every object of D are singletons, while
the hom sets from every object of D to every object of € are empty. In particular, if
D = % then N(C)" is the nerve of the categorical right cone on €. Similarly, N(€)<
is the categorical left cone on C.

Definition 2.3.5. Let C be an oo-category and p : K — € a map from a simplicial
set K. We will denote by €/, the simplicial set given by

(C/p)n = Hompg (A" x K, €),

where Homg (-, -) refers to the set of morphisms which preserve the given map
from K. Similarly, we will denote by €, the simplicial set given by

(Cp/)n = Hompg (K » A™,C).

If K =A% and p: A° — @ picks the object x € € then we will also denote C/p and
€y, by €/, and €,/ respectively. Similarly, if K = Al and p: A — C picks the
arrow f:x — y then we will also denote €/, and €, by €,y and Cy, respectively.

If € is an oco-category then we will see below that for every p : K — C the
simplicial sets €/, and €, are co-categories as well. Given a K-indexed diagram
p: K — Cin an oco-category C, the objects of €/, are given by maps p: K9 —¢
extending p. Similarly, the objects of C,,; are given by extensions p: K > — €. We
will call €, the oco-category of left cones on p, and €, as the oo-category of right
cones on p.
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Ezample 2.3.6 (over co-categories). Given an object x € C, the co-category €/, can
be described as follows: the objects of €/, are maps f:z — x from some z € € to
. A map in €/, from f:z— x to f': 2" — x is given by a triangle o : A? ¢

of the form
[ Y
T

(2.10)

which we consider as a map ¢ : z — 2z’ together with a homotopy exhibiting f as
the composition of g and f’. We will call €/, the oo-category of objects over x.
Similarly, we will call the co-category €, the co-category of objects under x.

Remark 2.3.7. If C is an ordinary category and x € C is an object then N(C)/,
coincides with the nerve of the ordinary category €/, of objects over x.

We are now ready to explain how Definition 2.3.1 can be considered as an essen-
tially unique lifting property for arrows with a fixed domain. Let w: C — D be a
map of oco-categories. Identifying (9A™)< = AF*! and (A™)9 = A" we see that
7 satisfies the right lifting property with respect to A3+ ¢ A"*! if and only if for
every x € C, the dotted lift exists in any diagram of the form

(2.11) aA™ C.)

7
v
- T
-
-

A" —— D/

In other words, if and only if the map €, —> Dy (,), is a trivial Kan fibration for
every x. We interpret this as the co-categorical analogue of the unique arrow lifting
property: it says in particular that the fiber €, — Dy (,y, over a fixed arrow
fim(x) — y is a contractible Kan complex.

We will see in §2.4 that, in analogy with the situation in ordinary category theory,
left fibrations over a fixed co-category D essentially correspond to functors from D
to co-groupoids, where the functor corresponding to a left fibration 7 : ¢ — D is
given informally by the “formula” y + 7~!(y). Similarly, right fibrations correspond
to contravariant functors from D to co-groupoids. For now, let us focus on concrete
constructions and examples of left (and right) fibrations. We note that in ordinary
categories, a canonical example of a functor D — Set is given by the functor
corepresented by an object z € D, that is, the functor y —» Homop(z,y). The
category of elements of this functor is simply the category [, Homp(z,-) Dy
of objects under x, where the projection to D given by [z — y] —» y. If D is
an oco-category then we have the oo-categorical construction of the under category
D,/ described in Example 2.3.6. We would like to show that this indeed results
in a left fibration D,, — D. More generally, we will show that for every diagram
p: K — € the projection €, — C is a left fibration (and similarly that €;, — C
is a right fibration).

Recall the following terminology: we will say that a class of maps in Seta is we-
akly saturated if it closed under pushouts (along any map), transfinite compositions
and retracts.

Definition 2.3.8. We will say that a map of simplicial sets X — Y is
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(1) inner anodyne if it belongs to the smallest weakly saturated class of maps
generated by Al — A" for 0 <i<n.

(2) left anodyne if it belongs to the smallest weakly saturated class of maps gene-
rated by Af — A" for 0<i < n.

(3) right anodyne if it belongs to the smallest weakly saturated class of maps ge-
nerated by Al — A" for 0 <i < n.

We note that the condition of being a left (resp. right) fibration is equivalent to
the condition of having the right lifting property with respect to all left (resp. right)
anodyne maps. Similarly, the condition of being an inner fibration is equivalent to
having the right lifting property with respect to all inner anodyne maps.

Lemma 2.3.9. Let f: Ay = A and g: By = B be inclusions of simplicial sets and
consider the map
h:AygxB H Ax By — AxB.
AgxBg
Then the following holds:

(1) If f is left anodyne then h is left anodyne.
(2) If g is right anodyne then h is right anodyne.
(8) If f is right anodyne or g is left anodyne then h is inner anodyne.

Proof. Let us begin with Claim (1). Let us fix g and consider the class of all f such
that the h is left anodyne. Using the fact that the functor (-) » g preserves pushout
squares and filtered colimits one can check that this class is weakly saturated. It
will hence suffice to show that it contains all horn inclusions of the form A}’ ¢ A"
for 0 < ¢ <n. On the other hand, if we fix f to be A} € A" then the collection of all
g such that h is left anodyne is also weakly saturated. It will hence suffice to show
it for f the inclusion A} ¢ A™ for 0 <4 <n and g the inclusion OA™ ¢ A™ (these
maps generate the weakly saturated class of inclusions). In this case the map h

identifies with the inclusion
Ar_L+m+1 c An+m+1
: c

which is indeed left anodyne. The proof of (2) is completely dual to (1).
To prove (3) we argue in the same manner to reduce the claim to checking that
the maps

(2.12) AP »A™ ] A" 0A™ — A"+ AT
AT DA™

and

(2.13) AT« AT [ AT X AT — AT« A"
BAW*A?

are inner anodyne when 0 <7 <n and 0 < j <n. But (2.12) is just the horn inclusion
APl APl and (2.13) is the horn inclusion Aﬂ:?ﬂ — A™**L 1 Since

both i and m+j+1 are strictly between 0 and m+n+1 we get that (2.12) and (2.13)
are inner anodyne, as desired. ([

Corollary 2.3.10. Let € be an oo-category and p: K — C a diagram. Let Ky ¢ K
be a subsimplicial set and write py = p|k, : Ko — €. Then the projection

Cpr — Cpyy
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is a left fibration which is furthermore a trivial Kan fibration if the inclusion Ky ¢ K
is right anodyne. More generally, if m : € — D is an inner fibration then the
projection

Cpt — Cpo/ X0, Dpy
is a left fibration, which is furthermore a trivial Kan fibration if the inclusion is

right anodyne. Dually, the projection
Crp — Crpo X0, Dpp
is a right fibration which is furthermore a trivial Kan fibration if the inclusion

Ky € K is left anodyne.

Remark 2.3.11. Applying Corollary 2.3.10 to the case where K = A and Ky = A%}
we may conclude that for every map f:x — y in C the projection

(2.14) Gy — €y

is a trivial Kan fibration. In particular, for every g : y — 2z the fiber (Cy/),
of (2.14) is a trivial Kan complex. We may interpret (Cys/), as the space of com-
positions of f and g (its vertices consists indeed of maps h : x — z together with
a triangle exhibiting h as the compostion of f and g). We may then interpret the
contractibility of (€s), as the statement that composition is well-defined up to a
contractible space of choices.

Our goal in this section is to prove Joyal’s Theorem 2.1.12, which characterizes
Kan complexes as those oco-categories in which all morphisms are invertible. We
begin with some auxiliary results.

Lemma 2.3.12 ([5, Proposition 2.1.1.5, 2.1.1.6]). Let 7: € — D be a left fibration
of oo-categories. Then the following holds:

(1) The functor m detects invertible maps, that is, an arrow f:x — y in C is
invertible if and only if w(f) is invertible in D.

(2) For every object y € C and every invertible arrow f : x — 7(y) in D there
exists an arrow [ : T —> y in C such that ©(f) = f.

Proof. We begin with Claim (1). Let g be a homotopy inverse to w(f) in D, so
that there exists a triangle in D of the form

m(y)
w(f) g
)/ < \w(x)

Since 7 is a left fibration we can lift this triangle to a triangle in € of the form

N

Xr——m—m>T

m(x

for some §. It follows that f admits a left homotopy inverse in €. Since 7(g) = g is
an equivalence in D the same argument shows that § has a left homotopy inverse
f"in €. In particular, the image of § in Ho(C) has both a left and a right inverse
and is hence an isomorphism there. It follows that the image of f in Ho(C) is an
isomorphism and so f is invertible in C.
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Let us now prove (2). Let g : 7(y) — « be a homotopy inverse to f in D, so
that we have a triangle

(2.15) m(z)

N
m(y) m(y)

Since 7 is a left fibration there exists a morphism §: y — T such that 7(3) = g.
We may then lift (2.15) to a triangle

7N
Id
Yy Y

in @ for some f:% —> y. Then W(f) = f and so f is the desired lift. O

Proposition 2.3.13. Let 7 : € — D be an inner fibration and f : x — y an
invertible arrow in €. Then the dotted lift exists in any diagram of the form

(2.16) A ——2¢C
!
Ve
7/
A" —— D
with n > 2 which maps A% ¢ Ay to the edge f.

Proof. The lifting problem (2.16) is equivalent by adjunction to the lifting problem

(2.17) A0} G/A{z ..... n}

1 -
A —_— 6/8A{2 ..... n} XD/OA{Q ..... n

Since m : € — D is an inner fibration the right vertical map in (2.17) is a right
fibration by Corollary 2.3.10. Now the composed arrow

G/BA{2 ,,,,, n} XP

is a composition of right fibrations by Corollary 2.3.10 (and the fact that right
fibrations are closed under base change) and the edge determined by the lower
horizontal map in (2.17) is sent to an invertible edge in € by our assumption. It
then follows from (the dual of) Lemma 2.3.12(1) that this edge is already invertible
in e/aA{z ..... n) X o D/A{z,,.,,n}. The desired lift now follows from (the dual

of) Lemma 2.3.12(2). O

Corollary 2.3.14 (Joyal). Let C be an oo-category. Then f:x — y is an invertible
arrow if and only if the dotted lift exists in any diagram of the form

(2.18) Ay ——¢C

7
Y
|
v

ATL
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which maps A0 € AP to the edge f.

Proof. The “only if” direction follows from Proposition 2.3.13. To show the “if”
direction note that if the dotted lift exists in any diagram of the form (2.18) even
just for n = 2,3 then in the homotopy category Ho(€) pre-composition with f
induces a bijection Homyy,(ey (v, 2) = Homyo(ey(w, 2) for any z € €, and so f is
an isomorphism in Ho(€) (and hence invertible in €) by the Yoneda lemma. d

Proof of Theorem 2.1.12. 1If C is a Kan complex then every extension problem of
the form (2.18) has a solution and hence every arrow in € is invertible by Corol-
lary 2.3.14. On the other hand, if every arrow in C is invertible then the same is
true for C°P? and hence Corollary 2.3.14 applied to both € and C°P implies that
@ has the extension property with respect to every horn extension A’ ¢ A™ with
0<i<mn,sothat Cis a Kan complex. O

We finish this section with another interesting corollary:

Corollary 2.3.15. Let C be an oo-category and x € C an object. Then for every
y € C, the fiber (Cy/)y of Cyy —> € over y € C is a Kan complex.

Proof. The map (C,;), — A is a base change of a left fibration and hence a left
fibration. It follows from Corollary 2.3.14 that every arrow in (C,/), is invertible,
and hence (C,/), is a Kan complex by Theorem 2.1.12. O

Corollary 2.3.15 motivates the following definition

Definition 2.3.16. Let C be an oo-category and z,y € C. We will denote by
Maplé(x,y) = (ew/)yv

and refer to it as the mapping space in € from zx to y.

Remark 2.3.17. Definition 2.3.16 is somewhat asymmetric. Indeed, we could instead
first take the right fibration €/, and then take its fiber (C;,), over x € €, which
is usually denoted by Mapg(x,y). This results in a different, though canonically
homotopy equivalent, Kan complex. Furthermore, if € is obtain as the coherent
nerve of a locally Kan simplicial category D and z,y € D are two objects then

Mapg(z,y) = Mapg (2, y) = Mapy, (2, y).
We will hence often simplify notation and denote either one of the above spaces
simply as Mape(x,y).

The definition of mapping spaces also allows for the following definition:

Definition 2.3.18. We will say that a map of oo-categories ¢ : € — D is fully-
faithful if it induces an equivalence Mape(z,y) — Mapq (p(2),o(y)) for every
x,y € C.

Remark 2.3.19. The condition that ¢ : € — D is an equivalence of oco-categories
(Definition 2.1.10) is in fact equivalent to the condition that ¢ is fully-faithful
and essentially surjective (that is, every object in D is equivalent to an obejct
in the image of ). This is not evident from Definition 2.1.10, which is phrased
in terms of the existence of an inverse functor. To show this one can use the
Quillen equivalence between the categorical model structure and the Dwyer-Kan
model structure on simplicial categories. In particular, ¢ is an equivalence in the
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sense of Definition 2.1.10 if and only if it is a categorical equivalence in the sense
of Definition 2.2.5, and since every object in Seta is cofibrant and € is a left
Quillen equivalence we have that ¢ is a categorical equivalence if and only if it is
mapped to a Dwyer-Kan equivalence in Cata. One can then show Mape(z,y) ~
Mapg(e)(7,y) and so €(p) is a Dwyer-Kan equivalence if and only if ¢ is fully-
faithful and essentially surjective.

2.4. Cartesian and cocartesian fibrations. In §2.3 we discussed left and right
fibrations of co-categories. These are the co-categorical analogues of ordinary func-
tors € — D fibered in sets. In the classical setting, the association F ~ [D g,
which associates to a functor F: D — Set its category of elements, determines an
equivalence of categories

Fun(D, Set) — Fib***(D),

where the right hand side refers to the full subcategory Fib™'(D) ¢ Cat /o spanned
by those € — D which are fibered in sets, that is, for which arrows admit a unique
lift given a lift of their domain (see §2.3). It is natural to wonder what can be done
if start with a functor not into sets but into categories. Here we encounter a small
subtlety: the category Cat of (small) categories is actually a 2-category: in addition
to objects (categories), and morphisms (functors), it also has morphisms between
morphisms (natural transformations). Equivalently, it is a category enriched in
categories (mapping sets are replaced by mapping categories). The notion of a
diagram in Cat is therefore a bit subtle: the right notion to use here is that of a
pseudofunctor
F:D — Cat.

This means that we associate to each object x € D a category F(x) € Cat, to each
morphism f: x — y in D a functor f,: F(x) — F(y), and to each composable pair

of morphisms x 4, Y 2, 2 in D a natural isomorphism 7¢4: g1 0 fi = (go f). We
then enforce a certain compatibility condition for each triple of composable arrows

x R Y 2 LN w. Here for simplicity we assume that F is strictly unital, that
is, it sends the identity morphisms to the corresponding identity functors (though
morally we should have also required here that this would only hold up to a specified
natural isomorphism; there is however a very simple procedure that replaces every
weakly unital pseudofunctor by a strictly unital one, and so we will ignore this
point).

Now, given such a pseudofunctor F : D — Cat, we may assemble the various
categories {F(z)}zep into a global category [, &, known as the Grothendieck con-
struction of F. More precisely, if we denote by fi : F(z) — F(y) the functor
associated to f:x — y by F, then [, F is the category whose

- objects are pairs (z,a) where x is an object of D and a is an object of F(x);
- morphisms from (z,a) to (y,b) are pairs (f,p) where f: 2 — y is a map in
D and ¢: fia — b is a map in F(y).

Composition of maps is defined in a straightforward way using the natural isomor-
phisms 774 : g1 o fi = (go f)1. The category fof admits a natural projection
7 [ F — D given by (x,a) » z. The somewhat surprising feature of the
Grothendieck construction is that it actually does not forget any information: the
original pseudofunctor F: D — Cat can be reconstructed from 7. To see how this
works let us introduce the following definition:



24 YONATAN HARPAZ

Definition 2.4.1. Let 7 : € — D be a functor of ordinary categories and let
f i — y be a morphism in €. We will say that f is m-cocartesian if for every
morphism ¢ :x — y in € and every factorization

(2.19) () 22 o(2)

7
go(f)l e
7
m(y)

of w(g) through 7(f), there exists a unique factorization

(2.20) x—2s

4
fi d
/

Y
of g through f whose image in D is (2.19).

Exercise 2.4.2. Let F:D — Cat be an D-indexed diagram of categories and let
7 [5F — D be the projection from the Grothendieck construction as above.
Show that an arrow (f,¢) : (z,a) — (y,b) in [, F is m-cocartesian if and only if
@ fia — b is an isomorphism.

Definition 2.4.3. Let m: € — D be a functor of ordinary categories. We will say
that 7 is a cocartesian fibration if for every object x € € and morphism f : w(z) —
1y, there exists a m-cocartesian morphism f:z — ¥ lying above f.

Remark 2.4.4. The definitions of cocartesian edges and cocartesian fibrations can
be dualized in an obvious manner. In particular, given a functor 7 : € — D with
opposite 7P : C°P — DP an arrow f:x — y in C is 7w-cartesian if and only if it
is m°P-cocartesian when considered as an arrow in C°P, and = is a cartesian fibration
exactly when 7°P is a cocartesian fibration.

Example 2.4.5. If F: D — Cat is a D-diagram of categories then the projection
7 [ F — D is a cocartesian fibration: indeed, for every (z,a) € [, F and
[+ — y we have the m-cocartesian lift (f,1ds,): (z,a) — (y, fia).

Definition 2.4.6. Let D be a small category. We define Fib®“(D) to be the 2-
category whose objects are the cocartesian fibrations 7 : € — D, whose morphisms
are functors

C— ¢

N

over D which send m-cocartesian edges to m'-cocartesian edges, and whose 2-morphisms
are the natural transformations which are compatible with the projection to D.

The precise way in which the Grothendieck construction does not loose any
information is summarized in the following folk theorem:

Theorem 2.4.7 (Grothendieck’s correspondence, see, e.g, [4, Theorem 1.3.6]). The
Grothendieck construction determines an equivalence of 2-categories

/ : PsFun(D, Cat) — Fib®°(D)
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between the 2-category of pseudofunctors D — Cat and the 2-category of cocarte-
sian fibrations over D.

The equivalence of Theorem 2.4.7 is of fundamental importance in ordinary ca-
tegory theory, but is also useful in practice, since cocartesian fibrations over D are
more benign creatures than functors D — Cat. One problem with the latter is that
it requires using the large category Cat, and so forces us to take into account some
set theoretical issues. This issue will less concern us in this course. A more interes-
ting problem is that the 2-categorical nature of Cat makes the notion of diagrams
D — Cat a rather intricate type of mathematical object (involving various cohe-
rence isomorphisms), while the notion of a cocartesian fibration [D F — D is much
simpler in that respect. When passing from ordinary category to higher category
theory, this second issue becomes considerably more important. In particular, if D
is now an oo-category, then a diagram of oco-categories indexed by D is something
that is very difficult to write down explicitly, while the (co-categorical generaliza-
tion of the) notion of a cocartesian fibration over D is a much more accessible type
of structure. This makes the notion of cocartesian fibrations of co-categories, which
we will discuss below, utterly indispensable in higher category theory.

In order to generalize the definition of a cocartesian edge to the oco-categorical
setting it will be useful to formulate the unique relative extension property in terms
of the associated map of nerves 7 : N(D) — N(€) (which we also denote by ).
Indeed, a pair of maps of the form f:x — y,g:x — 2z in D can be encoded as a
map of simplicial sets fvg: A2 — N(D), and a factorization of (g) through 7(f)
can be encoded as a map of simplicial sets A% — N(€). If we drop the uniqueness
condition, then the mere existence of a relative extension amounts to the existence
of a dotted lift in the resulting square

fvg

A(Q) — N(D)
A2 N(e)

Somewhat surprisingly, the uniqueness can also be phrased as a similar lifting con-
dition using the horn inclusion A3 = A3.

Ezercise 2.4.8. Suppose that the morphism f: 2 — y in D has the (non-unique)
relative extension property. Then f has the unique extension property if and only
if a dotted lift exists in any square of the form

A3 —Z=N(D)
L
A3 ;N(C)

in which o sends the edge A{®M c A3 to f.

Definition 2.4.9. Let m: X — S be a map of simplicial sets and let f: 2 — y
be an edge in X. We will say that f is m-cocartesian if for every n > 2 a dotted lift
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exists in every square of the form

(2.21) AT s X

A" —— S

in which ¢ maps A{®!} ¢ Af to f. Similarly, we will say that f is w-cartesian if
the same holds when we replace o : Aj — X in 2.21 by a map 7: A] — X such
that 7 maps At"=17} to f.

FEzxercise 2.4.10. Let m: X — S be an inner fibration.

(1) Show that f:x — y in X is m-cocartesian if and only if the dotted lift exist
in any diagram of the form

n P
oA —L > X,

L

A" —— Sa(a)/
with n > 1 and such that p(0) = f.

(2) Let 2 € X be a vertex and f: m(z) — y an edge in S. Let X ¢ X, XS, (ay/ {f}
be the subsimplicial set spanned by those f : x — 7 which are w-cocartesian
edges in X. Show that X is either empty or a contractible Kan complex.

(3) Let f:x — y and f': 2 —> 3y’ be two arrows in X which map to the same
arrow f in S. Show that if f is equivalent to f’ in Xa) XS (o {f} (the latter is
an oo-category since 7 is an inner fibration) then f is w-cocartesian if and only
if f' is m-cocartesian.

Definition 2.4.11. Let 7 : X — S be a map of simplicial sets. We will say that

m: X — S is a cocartesian fibration if the following conditions hold:

(1) = is an inner fibration, i.e., 7 satisfies the right lifting property with respect to
all horn inclusions A} - A™ with 0 <4 < n (this condition is automatic when
X and S are nerves of discrete categories).

(2) For every x € X and every edge f:m(x) — y in S there exists a m-cocartesian
edge f:a — 7 such that 7(f) = f.

FEzxzample 2.4.12. The terminal map 7w : X — =% is a cocartesian fibration if and
only if X is an oo-category, in which case the m-cocartesian edges are exactly the
equivalences by Corollary 2.3.14.

Remark 2.4.13. By definition the property of being a cocartesian fibration is inva-
riant under base change. In other words, if 7 : X — S is a cocartesian fibration
and T'— S is any map then X xgT — T is a cocartesian fibration. In particular,
if 7: X — S is a cocartesian fibration then the fiber 771(s) is an co-category for
every s€S.

Definition 2.4.14. Let S be a simplicial set. We define FibX(S) to be the
simplicial category whose objects are the cocartesian fibrations 7 : X — S and
such that for two cocartesian fibrations 7 : X — S and 7’ : Y — S the mapping
simplicial set Map(X,Y") is the simplicial set of Fung(X,Y)® spanned by those
maps X — Y over S which send m-cocartesian edges to m’-cocartesian edges. It
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can then be shown that Fib°(.9) is a locally Kan simplicial category, and we define
FinX°(S) := N(FinX°(S)) to be its coherent nerve.

We then have the following higher categorical analogue of Theorem 2.4.7:

Theorem 2.4.15 (The Lurie-Grothendieck correspondence). For S € Seta there
is an equivalence of co-categories

(2.22) Ung : Fun(S, Cate, ) — Fib®°(S)
such that

1) Ung is compatible with base change along maps T — S.
s
2) Ung reduces to the tautological identification
s

Fib®°(*) = Cate, 24 Cate = Fun(*, Cate,)

for S =x.
(8) If S =N(D) is the nerve of a discrete category D and F: D — Cate factors
through Cat ¢ Cateo, then Ung (F) is naturally equivalent to [, F.

We will then say that the cocartesian fibration Ung (F) — S is classified by &,
and will refer to Ung as the oo-unstraightening functor.

By compatibility with base change we mean that if T'— S is a map of simplicial
sets then under the Lurie-Grothendieck correspondence the functor Fib““(S) —
Fib®“(T") given by (X — S) » (X xgT — T') corresponds to the restriction
functor Fun(S, Cate, ) — Fun(T, Cate, ). Combined with the “normalization” con-
dition for S = * this means that if 7 : X — S is a cocartesian fibration classified (up
to equivalence) by a functor F: .S — Cato,, then for every s € S the oo-category
F(s) is equivalent to the fiber 771 (s).

Remark 2.4.16. The dual statement of Theorem 2.4.15 for cartesian fibrations yields
a similar equivalence between the co-category Fib“™' (S) of cartesian fibrations (and
functors which preserve cartesian edges) and Fun(S°P, Cate ).

Given a cocartesian fibration 7 : X — S, the fiber X, := X xg {s} over any
vertex of S is an oo-category by Remark 2.4.13 and Example 2.4.12. We would like
to illustrate the idea encapsulated in Theorem 2.4.15 that X, depends functorially
on s. In particular, given an arrow f:s — s’ in S, we would like to construct the
transition functor fi: Xy — X, associated to f. Informally speaking, we would
like to do this by choosing for each x € X a cocartesian edge fiz—a covering
f in a way that is compatible along X;. One way to describe this procedure is by
a lifting property for natural transformations:

Proposition 2.4.17. Let m: X — S be an inner fibration and consider a lifting
problem of the form

(2.23) KxA 2o x
i -7
e - 4
KxA' 2 g
Assume that for every vertexr v € K there exists a w-cocartesian edge f:p(v) — x

lifting H({v} x AY). Then there exists a lift H : K x A* — X in (2.23) such that
H({v} x A') is w-cocartesian for every ve K.
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We note that given a cocartesian fibration 7 : X — S, solving the lifting pro-
blem (2.23) can be described as follows: if we are given a diagram p : K — X
and a natural transformation H : K x A! — S from mop : K — S to some
map ¢: K — S, then we can lift H to a natural transformation H in X starting
from p. Furthermore, we can choose this natural transformation to be pointwise
m-cocartesian.

We will prove Proposition 2.4.17 by working simplex by simplex. For this we
will need the following lemma:

Lemma 2.4.18. Letm: X — S be an inner fibration and consider a lifting problem
of the form

(2.24) oA" x Al ] A< A Eo X
AR x A0} ~ 7 l
| )

A" x Al z S

forn>1. If p(Af% x A1) is m-coCatesian then the dotted lift exists.

Proof. Fori=0,...,nlet g; : A"*' — A" x A! be the n+1 simplex given on vertices

by the formula
[ Gy <
7i(d) ‘{(a’—l,l) j<i

Consider the filtration Z,,1 € Z,, € ... € Zy = A™ x Al such that Z,,. is the top left
corner of (2.24) and for i = 0,...,n the subsimplicial set Z; is obtained from Z;,1
by adding the (n + 1)-simplex ;. Let us construct the dotted lift 7 inductively on
each Z;. For this, we observe that the n-faces of ¢; are all contained in Z;,1 except
the face across from the 7’th vertex. It follows that we have a pushout square of
simplicial sets

n+1
Ai —> 441

|

An+1 Zz‘

Since 0 < ¢ < n+ 1 we see that any partial extension p;4+1 : Z;41 — X can be
extended to p; : Z; — X, either because 0 < ¢ < n+ 1 or, when ¢ = 0, by the
assumption that p sends A0} x A to a 7-cocartesian edge. O

Proof of Proposition 2.4.17. We argue inductively on the skeleton of K. We first
define 7 on {v} x A! for every vertex v € K by choosing 7-cocartesian lifts. Given
n > 1 we then extend 7 from the (n - 1)*™® skeleton to the n'" skeleton simplex by
simplex using Lemma 2.4.18. (I

Construction 2.4.19. Let 7: X — S be an inner fibration and f:s — s’ an
edge in S such that for every x € X there exists a m-cocartesian edge of X lifting
f- Consider the commutative diagram

(2.25) X, ———=X
|
X, x Al ——= §
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where the bottom horizontal map is the composition X, x Al — Al ﬂ S. By
Proposition 2.4.17 there exists a dotted lift in (2.25) which sends {z} x Al to a
m-cocartesian edge for every x € Xs. This can be interpreted as a natural trans-
formation from the fiber inclusion ¢ : Xg < X to some other functor ¢/ : X, — X
whose image is contained in the fiber over s’. In particular, ;' determines a map
fi: Xy — Xg. It can be shown that this functor is equivalent to the functor
X, — X, associated to f by the functor x : § — Cats classifying 7, and in
particular does not depend on the choice of lift (as long as it is “pointwise” -
cocartesian). We will refer to the fi : X, — X above as the transition functor
associated to f.

An important particular case of cocartesian fibrations is the following;:

Proposition 2.4.20. Let w: X — S be a cocartesian fibration. Then the following

conditions are equivalent:

(1) 7 is a left fibration.

(2) Every edge of X is m-cocartesian.

(3) For every s € S the co-category n~1(s) is an co-groupoid.

(4) The functor classifying 7 takes values in the full subcategory Grp,, S Cateo
spanned by oo-groupoids.

In particular, the Lurie-Grothendieck correspondence descends to an equivalence
Fun($,8) — Fib'"(9)

between the oo-category of functors S — 8 (resp. S°P — 8) and the oco-category
of left (resp. right) fibrations over S.

Proof. The equivalence of (1) and (2) is by definition, and the equivalence of (3) and
(4) is by the base change compatibility of the co-unstraightening functor (2.22). The
implication (2) = (3) is obtained by restricting attention to m-cocartesian edges
contained in a fiber and using Example 2.4.12. To see that (3) = (2) observe that
every arrow in C factors as a composition of a w-cocartesian arrow followed by an
arrow contained in a fiber, and so if (3) holds then every arrow is equivalent to a
m-cocartesian arrow, and is therefore m-cocartesian (see Exercise 2.4.10(3)). O

Let us now say a few words about the proof of the Lurie-Grothendieck corre-
spondence (see [5, §3]). The main idea consists of finding suitable model categories
which model the co-categories on both sides and then constructing explicit Quil-
len equivalence between them. This is done by using the category Setx of marked
simplicial sets. Recall from Theorem 2.2.16 that there exists a model structure on
Sety whose underlying co-category is Cate,. The path to the proof of the Lurie-
Grothendieck correspondence passes through the following steps:

(1) Let € = €[S] be the simplicial category generated from S. Then the model
structure of Theorem 2.2.16 induces a model structure on the functor category
(Set} )¢ whose underlying co-category is Fun(S, Cate, ).

(2) The category (Setp );si of marked simplicial set over S* can be endowed with
a model structure whose underlying oco-category is Fib““(S).

(3) There exists a Quillen equivalence

St : (Seta)ysr — = (Setx)®: Ung
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which is suitably compatible with base change, and such that for S = * the
resulting Quillen equivalence St} - Un] is naturally equivalent to the identity.
Furthermore, if S = N(D) is the nerve of a discrete category and F : D — Cato,
factors through Cat € Cate,, then Ung (F) is naturally equivalent to the nerve
of [, F (with the marked edges being the cocartesian ones).

The Quillen functors St and Ung are known as the straightening and unstraigh-
tening functors. The co-unstraightening functor Ung of Theorem 2.4.15 is the one
induced on underlying co-categories by Ung.

2.5. The relative nerve. In this section we will describe an alternative and equi-
valent construction for the co-unstraightening which is valid when S is the nerve
of an ordinary category. This construction is combinatorially simpler than that of
St and reflects what happens in the co-categorical analogue of the Grothendieck
construction more transparently. In [5, §3.2.5] this construction is described under
the name the relative nerve construction.

Definition 2.5.1. Let D be an ordinary category and F : D — Seta a functor.

Define a simplicial set Ng(D) as follows. An n-simplex of N5 (D) consists of

(1) A functor o :[n] — D.

(2) A collection of simplices 7g : A% — F(o(max(S))) for every non-empty subset
S ¢ [n] such that for every S’ ¢ S ¢ [n] the diagram

(2.26) AT s F(o(max(S')))

L

AS s F(o(max(S5)))
commutes.
Forgetting the collection (7g) we obtain a natural map 7 : Ny (D) — N(D).

Remark 2.5.2. The compatibility condition (2.26) implies in particular that the
collection 75 : AS — F(o(max(S))) is completely determined by the collection
7(0,..,i} for i = 0,...n, and so we could have replaced in Definition 2.5.1 the compatible
collection {75} by a compatible collection {7y, . ;1}. However, choosing all the 75
makes the simplicial structure on Ng(D) more evident.

Ezample 2.5.3. If F: D — Seta is such that F(x) is the nerve of an ordinary
category G(z) for every z € D then Ng(D) is naturally isomorphic to the nerve of
the Grothendieck construction of G. In fact, a more general variant of this claim is
true, see Proposition 2.5.9 below.

We note that the the fiber of Ng(D) — N(D) over x € D is canonically isomor-
phic to F(x). In particular, a vertex of Ny (D) can be identifies with a pair (z,a)
where z is an object of D and a is an object of F(x). Similarly, an edge from (z,a)
to (y,b) is given by definition by a pair (f,«) where f:x — y is an arrow in D
and «: fa — b is an arrow in F(y), where we have denoted by fi: F(z) — F(y)
the map associated to f by J.

Proposition 2.5.4. Let D be an ordinary category and F : D — Seta a functor
such that F(x) is an oo-category for every x € D. Then 7 : Ny (D) — N(D) is a
cocartesian fibration. Furthermore, an edge (f,«) : (x,a) —> (x,b) is w-cocartesian
if and only if o : fia — b is an equivalence in F(y).
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Proof. Let us first show that 7 is an inner fibration. Consider a lifting problem of
the form

(2.27) A" — > N5 (D)

7
Ve
Ve
7 \L

7
A" —7Z=N(D)

with 0 <7 <n. For every S ¢ [n] other than [n] and [n] \ {i} the map p provides
us with an S-simplex 75 : A% — F(o(max(S))) which satisfies the compatibility
condition 2.26. The collection of composed maps

A% I F(o(max(S))) — F(o(n))

then determines a map p’ : Al — F(o(n)). The data of the dotted lift is than
equivalent to an extension of p’ to a map p’ : A" —s F(o(n)). This extension exists
by our assumption that F takes values in oco-categories.

Let us now consider a lifting problem as in (2.27) with ¢ =0 and let p': A} —
F(o(n)) be as above. By Corollary 2.3.14 the desired extension exists if p'|t0,1)
is an invertible edge of F(o(n)). This will indeed by the case if the edge 7(g 1} :
A0 5 F(g(1)) is invertible. We may hence conclude that a general edge
(f,a) : (z,a) — (y,b) as above is m-cocartesian if the edge « : fia — b is an
equivalence in F(y). Conversely, if (f,«) is m-cocartesian then we can deduce that
a : fix — y is an equivalence from Corollary 2.3.14 by considering the lifting
problem (2.27) as above when o : A™ — N(D) factors through the surjective map
A" —s A" which sends A{%1} isomorphicaly to A'. To show that 7 is a cocartesian
fibration it will hence suffice to show that if f : x — y is an arrow in D and a € F(x)
is an object then there exist b € F(y) and an equivalence « : fia —> b. But this is
clear: just take b= fia and « the identity on fa. O

Remark 2.5.5. Proposition 2.5.4 implies in particular that when ¥ : D — Seta
takes values in co-categories the relative nerve Ng(D) is an co-category. The map-
ping spaces in this co-category can be explicitly described. Specifically, if xz,y € D
are two objects and a is an object of F(x) then there is a natural isomorphism of
simplicial sets

(2.28) N5 (D) (w,a) *Na () FW) = 11 FW) frays

f:x—)y

where the coproduct ranges over all maps f:x — y in D. Taking the fibers over
a particular b € F(y) we may conclude that

Mapy, (py((,a), (y,0)) = ] Mapg,)(fia,b).

f:m—»y

Remark 2.5.6. If 7: F — F' is a natural transformation such that 7, : F(z) —
F'(z) is an equivalence of co-categories for every x € D then the induced map T, :
Ng(D) — N4 (D) is an equivalence of co-categories. Indeed, the discussion above
shows that if 7 is levelwise essentially surjective then 7, is essentially surjective
and the formula in (2.28) shows that if 7, is levelwise fully-faithful then 7, is fully-
faithful (see Remark 2.3.19).
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Remark 2.5.7. In Definition 2.5.1, if we assume instead that F : D°P — Seta
is a contravariant functor form D to Seta then we can define the cartesian ver-
sion of the relative nerve N7 (D) —s N(D) whose simplices are given by pairs
(0,{7s}) as in Definition 2.5.1 where 75 is now a simplex of F(o(min(s))) instead
of F(o(max(s))). The projection NV (D) —s N(D) is then a cartesian fibration
which is the one corresponding to F by the Lurie-Grothendieck correspondence for
cartesian fibrations.

Remark 2.5.8. Let § : D — Seta be a diagram of oco-categories indexed by an
ordinary category D. Then the fiber of 77 : N5(D) — N(D) over an object z € N(D)
is canonically isomorphic to F(z). Let f: 2 — y be a map in D corresponding to
a map of simplicial sets o : Al — N(D). Consider the lifting problem

(2.29) F(x) Nz(D)

L

F(x) x (—— N(D)

where the bottom horizontal map is the composition F(x) x Al — Al 2, N(D).
Unwinding the definitions we see that we can construct a lift in (2.29) by sending
an n-simplex in F(x) x Al given by a pair (1, p) € F(z), x (Al), to the n-simplex
of N5(D) given by the data (o,{7s}sc[n]) Where 0 = 070 p: A" — N(D) and
75 : AY — F(o(max(9)) is given by the restriction of p: A" — F(x) to AT if
p(max(S)) = 0 and the composition p|as : A% — F(z) EiN F(y) if p(max(S)) = 1.
We then see that the resulting natural transformation H : F(z) x A! — Ng(D)
is point-wise m-cocartesian by the description of w-cocartesian edges in Proposi-
tion 2.5.4, and that H|y,).a0 maps F(z) to the fiber F(y) of 7 over y via fi. We
may hence conclude that the transition functor F(z) — F(y) associated to 7 (see
Construction 2.4.19) is exactly fi.

We finish this section with another version of the Grothendieck construction,
this time for a family of simplicial categories indexed by an ordinary category D.
Given a functor F: D — Cata, let [, F be the simplicial category whose

- objects are pairs (x,a) where x is an object of D and a is an object of F(z);
- The mapping simplicial set from (x,a) to (y,b) is given by

Mapfg)'f((x7a)7(y7b)): H Mapg(y)(ﬁ%y)

ftm—wy

where the coproduct is taken over all maps f: 2 — y in D, and f : F(z) —
F(y) is the simplcial functor associated to f by F.

We then have the following observation:

Proposition 2.5.9. Let D be an ordinary category and F : D — Cata a diagram
of simplicial categories. Let NF : D — Seta be the composition of F with the
coherent nerve functor. Then there is a natural isomorphism of simplicial sets

N(stt) > Ny (D)

which is compatible with the projection to N(D).
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Proof. Let © : [n] — Seta be the functor i » A% In view of Remark 2.5.2
we see that given an n-simplex o : A™ — N(D), the lifts 7: A — Ny (D) of o
are in bijection with natural transformations

(2.30) O =0"NF

of functors from [n] to Seta, where we have identified o with a functor [n] —
D. By adjunction, a natural transformation as in (2.30) is the same as a natural
transformation

(2.31) €O = *F,

where we denote by €0 : [n] — Cata the composition of © and € : Setp —> Cata.
Explicitly, a natural transformation as in (2.31) is given by a collection of simplicial
functors p; : C(A{O’“"i}) — F(4) for i = 0,...,n, such that for every i < j the diagram

(ALY 5 F(4)

L

¢(AL0Th) — F(j)

commutes. We claim that this is the same data as a map 7 : €(A") — f[n] o F
over [n] (and hence the same data as an n-simplex of N( [, ) lying above o).
Indeed, for each i = 0,...,n let &F; : [i] — Cata be the restriction of o*F to
[7] ={0,...,3} € [n]. Given an n as above we may restrict it to a map

miﬁ(A{O’“"i})—’f ?i%[i]xmf -
[i] [n]

over [¢] for every ¢ = 0,...,n. We now observe that since 4 is terminal in [i] we
have a natural functor f[i] F; — F(¢) (which maps each F(i') ¢ f[i] F; for ¢! <i to
F(7) via the map F(i") — F(i) determined by the functor F). Composing these
functors with 7; we get a compatible collection of functors

7 €(A 1) — F(5).
The association n — {7}, } then gives the desired bijection. O

2.6. Limits and colimits in co-categories. A major advantage of the model of
oo-categories over that of simplicial categories is that it allows for a straightforward
definition of limits and colimits.

Definition 2.6.1. Let C be an co-category and x € C an object. We will say that
x is final if Mape(y, ) is contractible for every y € €. Dually, we will say that x is
initial if Mape(z,y) ~ + for every y € C.

Remark 2.6.2. Tt follows from Remark 2.3.17 that if C is an ordinary category and
x € C is an object then x is final (resp. initial) in € in the usual sense if and only
if  is final (resp. initial) in N(C) in the sense of Definition 2.6.1. More generally,
if € is a locally Kan simplicial category then z is final in N(€) if and only if it is
homotopy final in € in the sense that Mape(y,x) is weakly contractible for every
y e C.

Definition 2.6.3. Let C be an oo-category and p: K — € a diagram in €. We
will say that a left cone p: K<Y — € is a limit cone if it is terminal as an object
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of the co-category C/,. Similarly, we will say that a right cone p: K¢ — € is a
colimit cone if it is initial as an object of C/,,.

Remark 2.6.4. Given a simplicial set K, the embedding of the cone point {*} ¢ K<
is left anodyne. It then follows from Proposition 2.6.8 below and Corollary 2.3.10
that if p: K< — C is a limit cone with p :=p|x and x := p(*) then in the diagram

G/p/ ) \e/w
N4

both top projections are trivial Kan fibrations. This expresses the idea that if p is
a limit cone then the object x = p(*) represents the functor classifying the right
fibration €/, — C.

Theorem 2.6.5. The classical notion of homotopy limits and colimits in spaces,
coincides with the notion of limits and colimits in the co-category 8. More generally,
in any model category M the construction of homotopy limits and colimits, as given,
for example, by the explicit construction of Bousfield and Kan, coincides with limits
and colimit in the underlying co-category Mo, .

The cocartesian fibration modelling a diagram of co-categories can also be used
to express its limits and colimit without making any reference to model categorical
homotopy limits and colimits. More precisely, we quote the following assertion,
which is a combinatorion of [5, Corollary 3.3.3.2, Corollary 3.3.3.4, Corollary 3.3.4.3,
Corollary 3.3.4.6].

Theorem 2.6.6. Let 7 : C —> D be a cocartesian fibration of co-categories classified
by a diagram x : D — Cate,. Then the colimit of m in Cate is equivalent to the
localization of € (Definition 2.2.12) by the collection of m-cocartesian edges, while
the limit of m in Cate is equivalent to the oo-category of sections D — € of w
which send every edge to a m-cocartesian edge. The analogous statemet holds if we
replace Cato, by the co-category 8 of spaces and w by the corresponding left fibration.

Our next goal is to show that limits and colimits are essentially unique once
they exist. Given their definition via initial and final objects we may formulate this
uniqueness as follows:

Proposition 2.6.7. Let C be an oo-category and let Cy € C be the full subcategory
spanned by the final vertices. Then Cq is either empty or a contractible Kan complez.

Proposition 2.6.7 will follow rather directly from the following:

Proposition 2.6.8. Let w: C— D is a right fibration of oco-categories. Then the
following conditions are equivalent:

(1) The fibers of m are trivial Kan complezes.
(2) m is a trivial Kan fibration.
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Proof. We first note that (2) = (1) since the base change of a trivial Kan fibration
is a trivial Kan fibration. Now assume that the fibers of 7 are contractible Kan
complexes. We need to show that a dotted lift exists in any square of the form

(2.32) oA" 7 =@

Ll

A" —T oD

If n = 0 then this follows from the fact that the fibers of 7 are not empty. We may
hence suppose that n > 1. Consider the composed map H : A" x Al — A" — Cin
which the first map is given on vertices by the rule (4, 1) ~ 7 and (¢,0) — 0. Consider
the restriction H' := H|ganxat, which we can consider as a natural transformation
from the constant map OA™ — D with value 7(0) to wo : 0A™ — D. Since 7 is
a right fibration we can use the (dual version of the) lifting property for natural
transformations given in Proposition 2.4.17 to lift H' to a natural transformation
H :9A" x Al — € from some o’ : JA" —> € to o, and such that 7o’ : JA™ —s D
is constant with value 7(0). In particular the image of ¢’ is concentrated in the
fiber over 7(0). Since this fiber is a contractible Kan complex by assumption we
can extend ¢’ to a map 7' : A" — C such that 77’ : A" — D is constant with

value 7(0). The maps H and 7/ together then determine a diagram of the form

(2.33) AT x Al ] A"xAl ——e¢
DATxAL0) -7 J
A" x Al D

Note that we assumed that n > 1. The top horizontal map in (2.33) then sends
the edge A%} x Al to an edge which lies over the identity 7(0) — 7(0) in D,
and which is hence invertible by Lemma 2.3.12(1). Since any invertible edge is -
cocartesian (Example 2.4.12) we can apply Lemma 2.4.18 to deduce that the dotted
lift exists in (2.33). Restricting this lift to A™ x A1} then yields a lift in the original
diagram (2.32). O

Corollary 2.6.9. Let C be an oo-category and p : IA™ — C a map. If p(n) is
final in C then p extends to p: A" — C.

Proof. By adjunction we can transform this extension problem into a lifting problem
of the form

(2.34) oAt T G/U(n)
|
Arl T ¢

where the desired lift exists by Proposition 2.6.8 since the projection €,y —> €
is a right fibrations whose fibers are contractible Kan complexes.

Proof of Proposition 2.6.7. This follows immediately from Corollary 2.6.9. O
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Ezxercise 2.6.10. Let m: € — D be a cartesian fibration of co-categories. Assume
that for every x € D the fiber €, := Cxp {x} over x has an initial object. Show that
any lifting problem of the form

oAn L ¢

Ll

A" —Z =D

with n > 1 has a solution as soon as p(A{O}) is initial in €5 (g). Deduce that if we
denote by €y ¢ € the collection of all objects which are initial in the fiber then the
restriction 7|e, : Cg — D is a trivial Kan fibration. Hint: argue as in the proof of
Proposition 2.6.8 and use (the dual of) Corollary 2.6.9.

Definition 2.6.11. Let ¢: X — Y be a map of simplicial sets. We will say that ¢
is cofinal if for every co-category € and every diagram p:Y — C the induced map

€y —¢C

pa/
is an equivalence of co-categories. Dually, we will say that ¢ is coinitial if for every
oo-category € and every diagram p:Y — C the induced map

Crp — Crpq
is an equivalence of co-categories.

Example 2.6.12. Tt follows from Corollary 2.3.10 that any left anodyne map X <Y
is coinitial and any right anodyne map is cofinal. In fact, it can be shown that
any cofinal map arises in this way up to a categorical equivalence (see [5, Corollary
4.1.1.12)).

It follows directly from the definition that if ¢ : X — Y is a cofinal map then
for every diagram p:Y — C in an oo-category C we have that p admits a colimit
if and only if pg : X — € admits a colimit and that a given cone p: Y> — €
is a colimit cone if and only if pg : X¥ — € is a colimit cone. Similarly, if ¢ is
coinitial then the same claim holds for limits instead of colimits. The operation of
restricting along cofinal /coinitial map is a very common process in the computation
of limits and colimits. It is hence important to be able to identify when a given
map of simplicial sets is cofinal/coinitial. One of the principal criteria in practice
is given by the following fundamental theorem:

Theorem 2.6.13 (Quillen’s theorem A for oo-categories). Let ¢ : X — € be a
map of simplicial sets whose codomain is an oo-category. Then q is cofinal if and
only if for every y € C the simplicial set X x¢ €, is weakly contractible. Dually, q
is coinitial if and only if for X xe €, is weakly contractible.

For reasons of scope we will not describe the proof of Theorem 2.6.13. We refer
the interested reader to [5, §4.1.3].

2.7. Kan extensions. Let ¢ : € — D be a functor of co-categories and let € be
a third co-category. Then we may associate with ¢ the restriction functor

©* :Fun(D, &) — Fun(C, ).

In many cases the need arises to go the other way, namely, starting from a functor
1 : € — D, to extend it to a functor ¢’ : D — &. To be more precise, by a left
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extension of ¢ along ¢ we will mean a pair (¢p’,7) where ¢’ : D — € is a functor
and 7 :1) = p*¢ is a natural transformation (that is, an arrow in Fun(C, &) from
P to ¢*1’). The collection of such extensions can be organized into an co-category,
which we call the co-category of left extensions of ¥. To see how this is done,
consider the left mapping cone

Cone{; =[exA'] [] Dx Al
CxAil}

Then the data of a triple (1,v’,7) as above is literally the same as the data of
a map of simplicial sets Cone{; — &. Restriction along € x A0} ¢ Cone{; then
determines a categorical fibration

(2.35) Fun(Conea,E) — Fun(C, &)

whose fiber over ¢ € Fun(C, €) is the desired oco-category of left extensions of 1.
Dually, we define a right extension of ¢ along ¢ to be a pair (¢',7) where ¢’ :
D —> & is a functor and 7 : ¥’ = 1) is a natural transformation. These can be
organized into an co-category by considering the right mapping cone

Coneg =[exA'] [] Dx A0}
exA{0}

in which case we can identify right extensions with objects in the fiber of the
categorical fibration

(2.36) Fun(ConeE’, &) — Fun(C, &)
over 1.

Definition 2.7.1. We will say that 7: 1) = ©*1' exhibits ¢’ as a left Kan extension
of ¥ if (¢,¢’,7) is initial in the fiber of (2.35) over ¢. Dually, we will say that
T p*" = ) exhibits Y’ as a right Kan extension of 1 if (1,4’,7) is final in the
fiber of (2.36) over .

Remark 2.7.2. One can show that the restriction
Fun(Conei, &) — Fun(C, &)

is a cartesian fibration. Tt then follows from (the dual of) Exercise 2.6.10 that if
every 1) : € — &€ admits a left Kan extension and we denote by I*"‘unL(ConeI«‘,7 &)c

Fun(ConeZ;, &) the full subcategory spanned by those triples (,1’,d) which corre-
spond to left Kan extensions of ¢ along ¢ then the projection

FunL(ConeI;, &) — Fun(C, &)

is a trivial Kan fibration. More generally, if we do not assume that every 1 admits
a left Kan extension but instead we take some full subcategory X ¢ Fun(C, &) such
that every 1) € X admits a left Kan extension then the projection

FunL(ConeI;, €) xpun(e,e) X — X
is a trivial Kan fibration.

The main result that we will need about left and right Kan extensions is their
relation to the notions of limits and colimits described in 2.6. We will describe
this result without giving the proof, and refer the interested reader to [5, §4.3]. To
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phrase this result, we first note that the cones ConeI;J and Coneg

which are generally not oo-categories. To fix this, let us define
L 1
MSD = N[W]([l]) — A
to be the cocartesian fibration obtained by applying the relative nerve construction

of Definition 2.5.1 to the diagram [¢] : [1] — Seta determined by the arrow
@:C—> D in Seta. We have inclusions

L
G‘»MWHD

are simplicial sets

identifying € with M{; x a1 AL and D with M{; x a1 At} Consider the commutative
diagram

(2.37) exAlll —sexAl
D x At M

where the right vertical map is constructed as in Remark 2.5.8.

Lemma 2.7.3. The map

L L
Coneg, — Mg,

determined by the square (2.37) is a categorical equivalence.

Remark 2.7.4. Since the map Cx A} — @x Al is a cofibration and the categorical
model structure is left proper it follows that the pushout defining Cone{; is also a
homotopy pushout. The claim of Lemma 2.7.3 is hence equivalent to the claim that
the square (2.37) is a homotopy pushout square in the categorical model structure.

Proof of Lemma 2.7.3. Since the coherent nerve functor is a right Quillen equiva-
lence there exists a map @ : € — D of fibrant simplicial categories such that the
arrow N(&) : N(€) — N(D) is levelwise categorically equivalent to ¢ : € — D. In
addition, we may choose @ to be a cofibration in Cata. By Remark 2.5.6 and Re-
mark 2.7.4 we may then prove the claim for N(&) instead of ¢. By Proposition 2.5.9
the square (2.37) for N() is the image under N of the square of simplicial categories

(2.38) Cx {1} ——=€x[1]

D x {1} Hf[u[@]

where we have denoted by [$] : [1] — Cata the functor corresponding to the arrow
p: ¢ — D. Inspecting the square 2.38 we now see that it is an actual pushout
square in Cata. Since § was chosen to be a cofibration in Cata and Cata is left
proper the square (2.38) is also a homotopy pushout square. The claim now follows
from the fact that N is a right Quillen equivalence and hence preserves homotopy
pushout squares consisting of fibrant objects. O

By Lemma 2.7.3 we have that Fun(J\/[S]j,7 &)~ Fun(ConeIS;7 &) is equivalent to the

category of triples (1,1, 7) as above. We will then say that a functor ) : MI;, — &
is a left Kan extension if in the corresponding triple 7 exhibits 1’ as the left Kan
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extension of ¢ along ¢. In other words, 1 is a left Kan extension if it is initial in
the fiber of 15‘1111(3\/[{;7 &) — Fun(€, &) above 9|¢.

In the next theorem we will employ the following terminology. For each y € D,
let us denote by J,, := € x)t M. Inspecting the relative nerve construction we see
that there is a natural isomorphism of simplicial sets J, = € xp D/,. The natural
map J, —> C canonically extends to a map J; —> M which sends the cone point
to y. We then have the following key statement:

Theorem 2.7.5 ([5, §4.3.3]). Let ¢ : € be a functor and suppose that for every
y €D the composed functor J, — C -, € admits a colimit in €. Then

(1) There exists a left Kan extension 1 : M{; — & such that |e = 1.
(2) An arbitrary functor 1 : Ma — & with Y|e =1 is a left Kan extension if and
only if for every y € D the composed map 35 — M — & is a colimit cone.

Remark 2.7.6. It follows from Theorem 2.7.5 that if ¢ : € — D is a functor and
Dy is a full subcategory of D such that ¢ factors through ¢y : € — Dy, then if
0 :1p = p*yp’ exhibits ¢’ : D — & as a left Kan extension of 1 along ¢ then § also
exhibits 9|p, as a left Kan extension of ¢ along ¢g.

A useful property of left Kan extensions which we will need is the following, also
known as the pasting lemma for left Kan extensions:

Proposition 2.7.7. Let B 262D be two composable functors and € another
oo-category. Suppose we are given three functors

and two natural transformations § : Y = @*Pe and §' : Ye = p*pp. Suppose
that & ezhibits 1¥e as a left Kan extension of v along ¢. Then &' exhibits Vp
as a left Kan extension of e along p if and only if the composed transformation
Yy = @ e = @ p o exhibits Yo as a left Kan extension of ¥s along po p.

A dual story exists for right Kan extensions by using the dual version of the
relative nerve construction (see Remark 2.5.7) to define a cartesian fibration

(2.39) ME =NI([1]) — A!

classified by the diagram (A!)°P — Cat,, corresponding to [D £ C]. We then
have the dual statement of Theorem 2.7.5 phrased using limit cones instead of
colimits cones.

3. SYMMETRIC MONOIDAL 00-CATEGORIES

3.1. Introduction. Recall that a monoid is set M together with an associative
product - : M x M — M which admits a unit 1 € M. We say that M is commutative
ifx-y=y-xeM for every x,y € M. In many natural situations we are faced with
categories € which posses a similar structure, namely, we have a product operation
® : CxC — € which obeys similar axioms. Alas, in the case of categories, we do not
expect to have a product which is associative on the nose, but only up to a natural
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isomorphism. As a result, the definition of the notion of a monoidal product on a
category becomes slightly more elaborate:
Definition 3.1.1. Let C be a category. A monoidal structure on C consists of

(1) a product functor ® : € x € — C;
(2) an object 1 € C, known as the unit object;
(3) a natural isomorphism

ax7y72:(x®y)®zi>a:®(z®y),

known as the associator;
(4) natural isomorphisms

)\I:1®xi>x and p$:x®1—;>x,

known as the left and right unitors.

We then require that the associator obeys the pentagon identity, which says that
the diagram
(3.1)

(wez)®(y®2)

Aw@z,y,z Qw,z,y®z

(weor)®y)®z we(z®(ye=z))

Aw,zQy,z

(we(z®y))® 2z

we ((rey)®2)

commutes, and that the associator and the unitors satisfy the triangle identity,
which says that the diagram

Az,1,y

(rel)oy z®(1®y)
TRy

commutes.

The situation becomes even more elaborate if we want a monoidal structure
which is commutative, or as it is usally called in this context, symmetric.

Definition 3.1.2. Let C be a category. A symmetric monoidal structure on C
is a monoidal structure (®,1,ay . 2, Az, pz) together with a natural isomorphism
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B,y:x®y = y ® x such that B; , o By ; = Id;ey and such that the diagram

r,Y,z Bl‘.' z
(x®y)®za*y>x®(y®z)*y®>(y®z)®x

Bm,y@udl layf

Ay,z,z

1d®B,, .
(y®r)®@2z—>y®(r®z2) —=yQ(2®1x)
commutes.

Examples of symmetric monoidal categories in nature are abundant: sets with
cartesian product (more generally, any category in which cartesian products exist),
sets with disjoint union (more generally, any category in which cocartesian products
exist), abelian groups with tensor product etc. Similarly, in higher category theory
we will often wish to consider oo-categories equipped with a symmetric monoidal
structure, such as spaces with cartesian products, or chain-complexes with (derived)
tensor products. To make higher category theory useful in such situations we
need to be able to generalize Definition 3.1.2 to the realm of co-categories. This
is not a trivial task: indeed, the fact that in categories we had to replace the
associativity, unitality and symmetry axioms by their analogue “up to a natural
isomorphism” (and then require suitable coherence conditions) is just the tip of the
iceberg of what we can expect if we replace € with an co-category. For example, the
pentagon axiom (3.1) should now be replaced with a homotopy making the diagram
commute, and this homotopy should be part of the structure, thus prompting higher
coherences and so on. This approach becomes unfeasible at some point (especially
when the symmetric structure is introduced). Instead, we need to find a way
to encode all these coherences implicitly, similar to the way in which cocartesian
fibrations encode the coherence conditions of diagrams. In order to do this it will be
convenient to introduce the category of finite pointed sets. For n > 0 we will denote
by (n) the object corresponding to the finite pointed set {0, ...,n} with 0 as its base
point. We will denote by Fin, the skeleton of the category of finite pointed sets
spanned by the objects (n) for n > 0. We will denote by (n)° = (n)~ {0} = {1,...,n}
the complement of the base point in (n).

Construction 3.1.3. Let C be a symmetric monoidal category. We construct a
category C® whose
- objects are pairs (n, (z1,...,2,)) consisting of a non-negative integer n and a
family of objects in € parameterized by (n)°.
- maps from (n, (21, ...,2,)) to (m, (Y1, ..., Ym)) are given by maps « : (n) — (m)
in Fin,, together with, for every j =1,...,m, a map in € of the form
it ® Ty Y.
I ey " Yi
We will denote by 7 : €® — Fin, the natural projection (n, (x1,...,x,)) ~ (n).

We now claim that, similarly to the case of the Grothendieck construction des-
cribed in §2.4, the entire symmetric monoidal structure on € can be completely
reconstructed from C® together with the functors 7 : €® — Fin, and the identifi-
cation of the fiber G?w with C. To see this, we first observe the following:

Lemma 3.1.4. An edge (o, {f;}) : (n,(21,...,xn)) — (M, (Y1,.-,Ym)) in C® is
m-cocartesian if and only if each f; : ®jeq-1(5yTi —> y; is an isomorphism. In
particular, ™ is a cocartesian fibration.
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FEzercise 3.1.5. Prove Lemma 3.1.4.

By the Grothendieck correspondence (Theorem 2.4.7) we may associate with
7 : C® — Fin, a pseudofunctor Fin, —> Cat, which sends a finite pointed set (n)
to the category €™ and a map of finite pointed sets « : (n) — (m) to the functor oy :
C" — €™ given by ai(z1,...,Tn) = (Y1, -, Ym) With 3 = ®eq-1¢j)7;. In particular,
the monoidal product itself is encoded in the functor oy : €2 — @ associated to the
map « : (2) — (1) given by «(0) = 0,a(1) = (2) = 1, and the associator can be
reconstructed from the natural isomorphisms ;o (1)1 2 v = (82)1 o ay associated
with the commutative square of finite pointed sets

(3)
y
(2)

where for j = 1,2 we denote by 5; : (3) — (2) is the unique pointed surjective map
such that B;l(j) ={j,j+1}.

We may consider the association € — €® as an operation which transforms a
symmetric monoidal category to a cocartesian fibrations over Fin,. However, not
every cocartesian fibration over Fin, can be obtained in this way: indeed, the fiber
G?n) over (n) (equivalently, the category associated to (n) by the corresponding

pseudofunctor) is always the n-fold cartesian product of the fiber 6?1)' To phrase
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this condition more precisely let us introduce some terminology.

Definition 3.1.6. We will say that a morphism a : (n) — (m) is active if a~1(0) =
{0} and that it is inert if a™1(j) € (n) contains exactly one element for every
je{l,..n}.

Remark 3.1.7. Every morphism in Fin, can be factored as an inert morphism
followed by an active morphism in an essentially unique way. In addition, this
factorization is initial in the category of factorizations whose second map is active
and terminal in the category of factorizations whose first map is inert.

Notation 3.1.8. For an (n) € Fin, and ani = 1,...,n let us denote by p’ : (n) — (1)
the inert morphism such that (p*)~*(1) = {i}.

We then have the following folk theorem:

Theorem 3.1.9. The association C +— C® induces an equivalence between the 2-
category of symmetric monoidal categories, symmetric monoidal functors and sym-
metric monoidal natural transformations and the full sub-2-category of Fun®®®(Fin, )
spanned by the cocartesian fibrations D — Fin, with the following property: for
every (n) € Fin, the functor

n

determined by the maps p*,...,p" : (n) — (1) is an equivalence of categories.

Remark 3.1.10. We have not defined terms “symmetric monoidal functor” appea-
ring in Theorem 3.1.9. It consists of a functor ¢ : € — D between symmetric

monoidal categories together with a specified isomorphism 19 = F(le) and a
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specified natural isomorphism g, 4 : F(z) ® F(y) — F(z ® y) which satisfy several
compatibility conditions with respect to the associators, unitors and symmetry iso-
morphisms of € and D. Theorem 3.1.9 tells us that this data is essentially the same
as the data of a functor €® — D® which preserves cocartesian edges, a notion
which is considerably simpler in comparison. This reflects the fact that the “fibra-
tion” picture encodes homotopy coherences in a much more efficient manner than
the “algebraic” picture. When passing to symmetric monoidal co-categories this
improvement makes a critical difference.

Theorem 3.1.9 suggests the following way to define the notion of a symmetric
monoidal co-category:

Definition 3.1.11. A symmetric monoidal co-category is a cocartesian fibration
7 : €% — N(Fin,) such that for every n the map

1 7Y . =
(prsespl') (?‘f’n) - E 6?1)

determined by the transition functors of p, ..., p" : (n) — (1) (see Construction 2.4.19)
is an equivalence of oo-categories. We will denote by € := (3‘?’1) the fiber over 1, and

will refer to it as the underlying oo-category of C®. In this situation we will also
say that 7 : @® — Fin, ezhibits C as a symmetric monoidal co-category.

If 7:C® — N(Fin,) and 7’ : D® — N(Fin,) are two symmetric monoidal
oo-categories then we define a symmetric monoidal functor from C® to D® to be a
functor €% — D?® over N(Fin, ) which sends m-cocartesian edges to m’-cocartesian
edges.

Remark 3.1.12. The notation €® in Definition 3.1.11 is merely suggestive in light
of the discussion in §3.1, we do not mean that €% is obtained by applying some
construction to C.

Remark 3.1.13. Let C® — N(Fin,) be a symmetric monoidal co-category with
underlying oo-category C = G‘(%). Using Construction 2.4.19 we see that the active

morphisms (0) — (1) and (2) — (1) determine functors
A°—€ and ®:€xC—C

which are well-defined up to a contractible space of choices. The first of these
functors determines an object of € which we will denote by 1 and refer to as the
unit object of €. One can then check that the unit object 1 and the product ® satisfy
the axioms of a symmetric monoidal category up to homotopy. In particular, the
homotopy category Ho(C) inherits a canonical symmetric monoidal structure.

3.2. Examples and constructions. In this section we will review some examples
and constructions of symmetric monoidal co-categories. We first note the following
immediate example:

Ezample 3.2.1. If C is an ordinary category then the nerve of the category C®
constructed in §3.1 is a symmetric monoidal co-category.

The following proposition provides a large source of symmetric monoidal oo-
categories:
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Proposition 3.2.2 ([6, Proposition 4.1.7.4]). Let C® — N(Fin.) be a symmetric
monoidal co-category with underlying co-category € = 8?1) and let W be a collection
of morphisms in C which contains all equivalences and is closed under 2-out-of-3.
Suppose that for every f:x — y, f' 2’ — y" in W the map fQf' : 201 — y&y’
is again in W. Then there exists a symmetric monoidal oo-category D® — N(Fin,)
and a symmetric monoidal functor f: C® — D® such that

(1) for every symmetric monoidal co-category E® — N(Fin,) the induced map
Fun®(D?®, £%®) — Fun®(C®, £®)

1s fully-faithful and its essential image consists of those symmetric monoidal
functors C® —s &% such that the underlying functor € — & sends W to inver-
tible edges;

(2) the induced functor fi1y: € — D on underlying oo-categories exhibits D as the
localization of C with respect to W.

Remark 3.2.3. In the situation of Proposition 3.2.2, the existence of D such that (2)
holds essentially follows from Remark 2.2.18, which says that the association (C, W) ~
C[W™1] can be made functorial and products preserving. Indeed, by the Lurie-
Grothendieck correspondence the cocartesian fibration €® — Fin, corresponds to
a functor x : Fin, — Cate, given by the formula (n) — €™. The hypothesis in Pro-
position 3.2.2 implies that x can be considered as a diagram of relative co-categories,
that is, a diagram in the co-category of co-categories equipped with a collection of
arrows. Performing localization levelwise we obtain a functor x’ : Fun, — Cate
which by the Lurie-Grothendieck correspondence can be encoded again as a co-
cartesian fibration D® — N(Fin,). Since localization preserves products D% is
a symmetric monoidal co-category, which satisfies (2) by construction. The main
non-trivial point of Proposition 3.2.2 is that D® will actually also satisfy (1).

A prominent source of examples of Proposition 3.2.2 comes from symmetric
monoidal model categories. These are model categories equipped with a closed
symmetric monoidal structure (that is, the tensor product has left adjoints in each
variable separately) which is compatible with the model structure in following sense:

(1) For every pairs of cofibrations f: A — B,g: X — Y the pushout-product

AeY [ B® X — B®Y
A®X
is a cofibration, which is furthermore a trivial cofibration if either f or g is

trivial.
(2) The unit 1 € M is cofibrant.

We note that in a symmetric monoidal model category the tensor product ® does
not necessarily preserve weak equivalence in each variable separately, and so (M, W)
will not usually satisfy the hypothesis of Proposition 3.2.2. However, the axioms
above do imply that the full subcategory M¢ ¢ M of cofibrant objects is closed under
tensor products (and contains the unit) and hence inherits a symmetric monoidal
structure. Furthermore, the pushout-product axiom (1) implies that tensoring with
a cofibrant object X ® (=) : M — M is a left Quillen functor and hence preserves
weak equivalences between cofibrant objects. This means that (M€, W) satisfies
the hypothesis of Proposition 3.2.2 and so the oco-category M¢[(W¢)™!] inherits
a canonical symmetric monoidal structure (here we denotes by W€ the collection
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of weak equivalences between cofibrant objects). Fortunately, it follows from the
general machinery of model categories that the natural map

MW — MW = Meq
induced by the inclusion M¢ € M is an equivalence of co-categories. We may hence

conclude that if M is a symmetric monoidal model category then the underlying
oo-category Mo, inherits a canonical symmetric monoidal structure.

FEzample 3.2.4. The Kan-Quillen model structure and the categorical model struc-
ture are both symmetric monoidal with respect to cartesian product. It then fol-
lows that 8§ and Cate inherit canonical symmetric monoidal structures (see Re-
mark 2.2.26). These symmetric monoidal structures are the corresponding cartesian
symmetric monoidal structures, see §3.3.

Ezample 3.2.5. Let R be a ring. Then the category Ch(R) of unbounded chain-
complexes over R can be endowed with the projective model structure in which the
weak equivalences are the quasi-isomorphisms and the fibrations are the levelwise
surjective maps. Furthermore, this model structure is compatible with tensor pro-
ducts of chain-complexes, and so Ch(R) is a symmetric monoidal model category.
The underlying oo-category Ch(R)., then inherits a canonical symmetric monoidal
structure.

Another plentiful source of examples comes from symmetric monoidal simplicial
categories:

Definition 3.2.6. A symmetric monoidal simplicial category is a simplicial ca-
tegory € equipped with the same type of structure (®,1,a, A, ) as in the defini-
tion of an ordinary symmetric monoidal category (see Definition 3.1.2) only that
® : Ex € — C is a simplicial functor and a, A and p are simplicial natural transfor-
mations (see Remark 2.1.2).

Construction 3.2.7. Let C be a symmetric monoidal simplicial category. We
construct a simplicial category C® whose
- objects are pairs (n, (z1,...,2,)) consisting of a non-negative integer n and a
family of objects in € parameterized by (n)°;
- the simplicial set of maps from (n, (z1,...,2,)) to (m, (y1,...,ym)) is given by

n

L[ HMa‘pG(®iEa‘1(j)xiayj)a

ai{n)—>(m) j=1
where « ranges over all maps from (n) to (m) in Fin,.
We will denote by 7 : €® — Fin, the natural projection (n,(z1,...,2,)) = (n),
which is a simplicial functor (where we consider Fin, as a simplicial category whose
mapping objects are discrete simplicial sets).

Proposition 3.2.8. Let C be a locally Kan symmetric monoidal simplicial category.
Then the map

N(C®) — N(Fin,)
is a cocartesian fibration which exhibits N(@) as a symmetric monoidal co-category.

FEzample 3.2.9. The simplicial categories Kan and QC of co-groupoids and oo-
categories respectively satisfy the assumptions of Proposition 3.2.8 with respect to
cartesian products. We hence obtain an induced symmetric monoidal structures
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on 8§ = N(Xan) and Cats = N(QC). These structures agree with those of Exam-
ple 3.2.4 (see [6, Corollary 4.1.7.16]) and both coincide with the respective cartesian
symmetric monoidal structures (see §3.3).

A large supply of symmetric monoidal simplicial categories comes from symme-
tric monoidal simplicial model categories. These are the symmetric monoidal model
categories M which admit a symmetric monoidal left Quillen functor ¢ : Setx —> M,
in which case they automatically acquire the structure of a simplicial model cate-
gory (see Definition 2.2.21). In this case the simplicial enrichment associated to the
simplicial structure will endow M with the structure of a (symmetric monoida) sim-
plicial category. However, the resulting simplicial category will not be locally Kan
in general, and so we cannot apply Proposition 3.2.8 directly. On the other hand, we
have the full simplicial subcategory M° ¢ M spanned by fibrant-cofibrant objects,
which is locally Kan and satisfies further that N(M?°) ~ M,. Unfortunately, M° will
generally not be closed under ®: the tensor product of two fibrant-cofibrant objects
will generally not be fibrant anymore. The solution to this problem is however not
complicated:

Proposition 3.2.10. Let M be a simplicial symmetric monoidal model category,
and let M®° ¢ M® denote the full subcategory spanned by those (n,(x1,...,Tn))
such that x1,...,x, € M°. Then the map

N(M®*°) —s N(Fin,)
is a cocartesian fibration which exhibits N(M°) as a symmetric monoidal co-category.

Remark 3.2.11. If M is a simplicial symmetric monoidal model category then
N(M°) = Moo = ME[(W€)™!] can be endowed with a symmetric monoidal struc-
ture by either Proposition 3.2.2 or by Proposition 3.2.10. These two symmetric
monoidal structure are however equivalent to each other, see [6, Corollary 4.1.7.16].

3.3. cartesian and cocartesian symmetric monoidal structures. Let C be an
oo-category which admits finite coproducts, that is colimits for diagrams indexed by
finite sets. Then we can expect that C can be endowed with a symmetric monoidal
structure in which the monoidal product is given by the categorical coproduct.
Similarly, if € admits finite products then we can expect to have a symmetric
monoidal structure with the operation of cartesian products. In this section we will
see how to express these symmetric monoidal structures explicitly in the formalism
of symmetric monoidal co-categories.

We begin with the case of coproducts. Define a category I'* as follows:

- The objects of I'* are pairs ((n),i) where (n) € Fin, and i € (n)°.

- A morphism in T'* from ({n),%) to ({m},J) is a map of pointed sets a : (n) —

(m) such that a(i) = j.

The category I'* admits an obvious forgetful functor I'* — Fin, sending ({n),?)
to (n).

Definition 3.3.1. Let € be an co-category. We define CU to be the simplicial set
whose n-simplices are pairs (o, p) where o : A" — N(Fin,) is an n-simplex of
N(Fin,) and p: A" xn(pin,) N(I'*) — C is a map of simplicial sets, where the fiber
product is taken with respect to 0. By construction the simplicial set €Y comes
equipped with a map € —s N(Fin,) sending (o, p) to o.
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We note that the vertices of Gl can be identified with pairs ({n),Z) where
(n) € Fin, and T : {(n)} xn(pin,) I* 2 (n)° — € is a map, which we can identify
with a tuple T = (21, ...,x,) of objects in C. Similarly, an arrow of CL consists of a
tuple (o, f) where a : (n) — (m) is an arrow in N(Fin,) and

(3.2) f:A! xN(Fing) I = N(Jy) — €

is a map, a data which we may identify with s triple (Z,7, {f;}) where T = (21, ..., 2,,)
is an n-tuple of objects in €, ¥ = (y1,...,Ym) is an m-tuple of objects in € and
fi: @i — Ya(iy is a map for each i € a7 ((m)°) ¢ (n)°.

Ezxercise 3.3.2. Suppose that € is a locally Kan simplicial category. Define a sim-
plicial category CH as follows: the objects of CH are pairs (n, (z1,...,2,)) as in
Construction 3.2.7 and the simplicial mapping sets are given by

m

Map((na (mlw-wxn)a(mv (ylvmaym)) = H H H Map(?(xivyj)v

a(n)—>(m) j=1lica=1(j)

where « ranges over all maps from (n) to (m) in Fin,. Show that there is a canonical
isomorphism of simplicial sets

N(eH) = N(e)H
where the left hand side is constructed as in Definition 3.3.1.

Proposition 3.3.3 ([6, Proposition 2.4.3.3]). Let C be an oo-category. Then 7 :
€U —s N(Fin,) is an inner fibration and an arrow

(aa {fl}) : ((TL) ) (xla azn)) - (<m> ) (ylv ~~~aym))

as above is m-cocartesian if and only if for every j =1,...,m the collection of maps
fi: @i — y; foriea ' (j) exhibit y; as the coproduct of {x;}ica-1(;)- In addition,
if C admits finite coproducts then w is a symmetric monoidal structure on C, which
we call the cocartesian symmetric monoidal structure.

Proof. Let us show that 7 is an inner fibration. Consider a lifting problem of the
form

(3.3) A7 P el

|
A" —% N(Fin,)

With 0 <7 <n. The n-simplex o determines a sequence of composable arrows

(ko) =5 (k1) =5 25 (ky,)

in Fin,. For j,j" € {0,...,n} let us denote «; j : (kj) — (kjs) the composition
of aj,...,ccy—1. By the construction of CU this lifting problem is equivalent to an
extension problem of the form

(34) A:L XN(Fin*) F* ﬁ (‘3

e
e
re
7
7

A" XN (Fing) T
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We note that A" xy(pin,) I'* can be identified with the nerve of a poset J, whose
objects are pairs (j,a) with j € {0,...,n} and a € (k;)° and such that (j,a) < (j',a’) if
and only if j < j" and «; j:(a) = a’. We then observe that m-simplices A™ — N(J,)
are in bijections with pairs (7,a) where 7: A™ — A" is an m-simplex in A™ and
a € (kT(O)>O is such that o, (g),-(m)(a) € (kT(m))o. Furthermore, such a simplex is
non-degenerate if and only if 7 is a non-degenerate m-simplex of A”™.

Let A ¢ (ko)° be the subset containing those elements a € (ko) such that ag,,(a) €
(kn)°. Using this explcit description we see that the non-degenerate simplices of
N(J5) that are not in A} xx(pin,) ' are either of the form (Af0m} ) for a € A or
of the form (Af0-+%m} q) for a € A, for a fixed a the latter simplex is the i’th face
of the former, while all the other faces of the former are contained in A} xx(gin,) '™
It follows that the simplicial set N(J,,) is obtained from A} xy(gin,)I™* by performing
a pushout along A! ¢ A" for each a € A. Since € is an oo-category it follows that
the dotted extension exists in (3.4), and so the dotted lift exists in (3.3). We may
hence conclude that @ —s N(Fin,) is an inner fibration.

Let us now consider a lifting problem as in (3.3) with ¢ = 0 and such that p
sends the edge A%} to an arrow given by (a, f) : ({(n),Z) — ((m),7) as above,
where T : (n)° — € can be identified with a tuple (z1,...,2,), ¥: (m)° — € can
be idetified with a tuple (y1,...,¥m) and

(3.5) ? H Al XN(Fin*) ]_—‘* = N(ja) — e

can be identified with a collection of maps f; : 2; — ya(i) for each i € a™'({m)°) ¢
(n)°. Such a lifting problem is then equivalent to an extension problem as in (3.4)
with i = 0. Let B ¢ (k1)° be the subset containing those elements b € (k;) such that
1.n(b) € (kn)°. The non-degenerate simplices of N(J,) that are not in Af xx(pin,)I'*
are either of the form (A{%"} ) for a € A or of the form (AtL+"} b) for be B.

the 0’th face which is (A"} ag(a)). We then see that N(J,) is obtained from
AY *N(Fin,) I by performing, for each b€ B, a pushout along a map of the form

(36) Sb * 8A{17n} N Sb * A{l,.“,n}

where S, € A is the preimage of b. Hence to solve the extension problem (3.4) we
need to solve a series of extension problems of the form

(3.7) Sy x OALn} —=¢
Sb *A{l,.“,n}

Let Ty, : Sy —> € be the restriction of 7 : (n) — €. The extension problem 3.7 is
equivalent to the extension problem

(3.8) oAllmh — > e
/1
| -
Al

Let fy: Sp* AU} — @ be the restriction of (3.2) to Sy, * Al c Al XN(Fin,) L - By
Corollary 2.6.9 we see that the extension problem 3.8 is solvable as soon as f; is
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initial in Cz,, that is, as soon as f; is a colimit diagram. We may thus conclude that
the edge (7,7, {fi}) is m-cocartesian if (and in fact only if) for each b € (m)° the
collection of maps f, : £, —> yp for a € S}, exhibit y, is the coproduct of {z4}qes, -

Now assume that € has coproducts. In this case we have by the above that for
every ((n), (z1,...,2,)) in G and every a : (n) — (m) there exists a cocartesian
edge ((n), (z1,...,xn)) — ({(m), (y1,..,ym)) lying above «, and so 7 is a cocar-
tesian fibration. To finish the proof we need to check that the transition functors
along the inert maps p’: (n) — (1) induce an equivalence

(3.9) e(L}l) ~ 1‘[ e{ll).
Inspecting the definition 3.3.1 we now observe that base change

e rin,) N(Fins)in — N(Fin, )i
is canonically isomorphic to the relative nerve construction (see Definition 2.5.1)
of the functor (Fin,)iy, —> Seta which sends (n) to e and each inert map
a:(n) — (m) corresponding to an injection o’ : (m)° — (n)° to the restriction

(/)" e’ — elm)”

along o’. In particular, there is a canonical isomorphism of simplicial sets Ggl) =
(™" and the transition functor i th) — CH) is equivalent to the projection to
the it factor ™" — @, hence the equivalence (3.9). O
Remark 3.3.4. Proposition 3.3.3 implies that CH is an co-category as soon as € is an

oco-category (even if C does not admit finite coproducts). The mapping spaces in CLI
can then be explicitly identified: given T = (z1,...,x,) € Ggl) and ¥ = (y1,...,Ym) €

G{;In) we have a canonical isomorphism of simplicial sets
H e@‘/ )

m) je{m)°

where T; := T|,-1(j) : @ '(j) — C is the restriction of T to the preimage of j. We

hence obtain a canonical equivalence of spaces

Mapeu(((n), ), ((m), 7)) = _(])_I< [T II Mape(wiy).

ax{n)—>(m) je(m)° iea=t (5)

eg XN(Fin*) eL}n 2 I_I
/ (m) a(n)

We now turn our attention to the case of products. Define a category I'* as
follows:
- The objects of I'* are pairs ({(n),I) where (n) € Fin, and I c (n)°.
- A morphism in I'* from ({n),I) to ({m),J) is a map of pointed sets «: (n) —
(m) such that a”(J) c I.
The category I'* admits an obvious forgetful functor I'* — Fin, sending ({n), )
to (n).

Definition 3.3.5. Let C be an oo-category. We define C* to be the simplicial set
whose n-simplices are pairs (o, p) where o : A" — N(Fin,) is an n-simplex of
N(Fin,) and p : A™ xx(pin,) N(I') — € is a map of simplicial sets, where the
fiber product is taken with respect to . By construction the simplicial set cx
comes equipped with a map €¢* — N(Fin,) sending (o, p) to 0. We note that for
(n) € Fin, the fiber ’é(xm is canonically isomorphic to the simplicial set of functors
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N(P,)°? — € where P,, denote the poset of subsets of (n)°. We then define
€% ¢ €% be the subsimplicial set spanned by those vertices whose corresponding
functors ¢ : N(P,,)°P — @ satisfy the following property: for every I ¢ (n)° the
maps ¢(I) — p({i}) for i € I exhibit ¢(I) as the product in € of the objects

{p({i})}-

Proposition 3.3.6 ([6, Proposition 2.4.1.5]). Let C be an oo-category which admits
products. Then the projection € — N(Fin, ) ezhibits C* as a symmetric monoidal
oo-category whose underlying oo-category s (‘3<X1> = C. We will refer to C* as the
cartesian symmetric monoidal structure.

4. 00-OPERADS AND THEIR ALGEBRAS

4.1. From colored operads to co-operads. Our goal in this section is to define
and study the notion of co-operad, which is a central object of interest in this course.
The notion of an oo-operad is essentially an oo-categorical version of the classical
notion of a colored symmetric operad. In this course all operads will be colored and
symmetric, and so we will generally omit these adjectives from our discussion. The
notion of an operad allows one to encode algebraic structures abstractly in a way
that is independent of the specific type of objects in which we will wish to realize
them. Similarly, an co-operad allows one to do so in a higher categorical manner,
so that the axioms of the algebraic structure can be imposed only up to coherent
homotopy. We begin with the basic definitions pertaining to the case of ordinary
categories.

Definition 4.1.1. A (colored, symmetric) operad O consists in

- a set Ob(0) of objects (sometimes called colors);

- for every finite set I, every I-indexed collection of objects {x;};c; and every
object y € Ob(O) a set Mulg ({;},y), which we call the set of multimaps from
{@;}ier to y. We will generally denote such multimaps as arrows {z; }ier — ¥.

- for every finite collections {z; };e; and {y;};jes, every map of finite sets a: [ —
J, and every object z € Ob(0) a composition map

(41) [ H]Mulo({mi}im-l(j),yj)] X Mulo({yj}jeJ, Z) — Mulo({xi}id,z).

- for every object z € Ob(O) a designated identity multimap Id, € Mulp ({z},z)
which is (left and right) neutral with respect to the composition map above.

If T has cardinality n then we will say that {x;};c; — v is a multimap of arity
n. The composition rule is required to be associative in the following sense: for

every sequence of maps [ —s J -, K of finite sets with v = o «, every triple of
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collections {x; }ier, {Y; }jes, {2k } ke and every object w € Ob(0), the diagram

[T Mul({@;}ica-1 5y, 95) x Mul({y;} jes, w)

jeJ

H Mul({a:i}im_l(j), yj) X H Mul({yj}jeﬁ-l(k), Zk) X Mul({zk}keK,w) Mul({xi}id, w)
jeJ keK

H Mul({xi}ie’y*(kyzk) x Mul({ 2k } kerc, w)
keK

comimutes.

A map of operads ¢ : O — P consists of a map of sets Ob(O) — Ob(P) together
with maps Mule ({; }ier, y) — Mulp({p(2;) }ier, p(y)) for every finite collection
{z;}ier and object y, which are compatible with the composition operation and the
identity multimaps.

Remark 4.1.2. Every operad O has an underlying category whose objects are the
objects of O and whose morphism sets are given by Mul({z},y). We may hence
consider an operad as a category with additional structure, namely, the multimaps
{x;}ier — y. Some authors hence use the term multicategory to talk about these
kinds of operads.

Example 4.1.3. Let C be a symmetric monoidal category. Then we may associate
to C an operad as follows: the objects of O are the objects of € and for every finite
collection {z;};; and object y € C we set

Mule({Zi}ier,y) = Home(®;zi, y).
We will refer to this operad as the underlying operad of C.

Warning 4.1.4. If € is a symmetric monoidal category then C can be completely
reconstructed from its underlying operad by the Yoneda lemma. However, if C
and D are two symmetric monoidal categories then a map of operads € — D is
generally not the same as a map of symmetric monoidal categories. The latter
is given by a symmetric monoidal functor while the former corresponds to a lax
symmetric monoidal functor from € to D.

The main motivation of the notion of an operad is that it can be used to encode
the information of an algebraic structure.

Definition 4.1.5. Let O be an operad and € a symmetric monoidal category. An
O-algebra in C is a map of operads O — €, where C is considered as an operad by
Example 4.1.3.

Example 4.1.6. If O has only multimaps of arity 1 then O is simply a category. In
this case an O-algebra in a symmetric monoidal category C is the same as a functor
of ordinary categories O — C.

Examples 4.1.7.
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Let Com be the operad with a single object * and such that the set of multimaps
Mulcom ({* }ier, *) contains a single element for every finite set I (in particular,
Com is terminal in the category of operads). If € is a symmetric monoidal
category then the data of a Com-algebra in € consists of an object A € € (the
image of *) together with maps ®;c; A — A for every finite set I, which satisfy
a compatibility condition for every I — J. Unwinding the definition we see
that this is exactly the data of a commutative algebra structure on A.
Let Triv be the operad with a single object * and such that the only multimap
is the identity. Then a Triv-operad in a symmetric monoidal category € is
simply an object of € with no additional structure. We will refer to Triv as the
trivial operad.
Let Poi be the operad with a single object * and such that the set of multimaps
Mulpe;i ({*}ier, *) contains a single element if |I| < 1 and is empty otherwise.
Then the data of a Poi-algebra object in a symmetric monoidal co-category €
consists of an object A € C together with a map 1 — A from the unit of €. We
will refer to Poi as the operad of pointed objects.
Let Ass be the operad with a single object * and such that for a finite set I
the multimaps {*},c; — * are given by linear orderings on I (composition is
defined by concatenating linear orders). If € is a symmetric monoidal category
then the data of an Ass-algebra in € consists of an object A € C (the image
of *) together with maps ®;c;A — A for every finite linearly ordered set I,
which satisfy a compatibility condition for every order preserving map I — J.
Unwinding the definition we see that this is exactly the data of an associative
algebra structure on A.
Let AssInv be the operad with a single object * and for a finite set I, the
multimaps {*};c; —> * are given by pairs (<,e) where < is a linear order on
I and e: I — {-1,1} is an assignment of signs to each i € I. Composition of
multimaps is given by the concatenation of linear orders, reversal of linear orders
according to signs, and multiplication of signs. For example, the composition
of the multimaps

{*}ie{l,Z} M {*}ieu} R
is the multimap

(o hiergy 270

Algebras over AssInv in a symmetric monoidal category C are known as algebras
with involution. They are given by an associative algebra object A equipped
with an isomorphism 7: A — A°P, where A°P denotes the same algebra with
multiplication reversed.

The examples above all have a single object. Here are some examples with several

objects:

Ex
(1)

amples 4.1.8.

Given an operad O we can produce another operad MO such that Ob(MO) =
Ob(0)x{a,m}, and such that the set of multimaps Mulyo ({ (2, ¥;) }ier, (2, w))
is equal to the set Mulg ({x; }ier,2) if w=1y; =a for all ¢ or if w=m and y; =m
for exactly one 7, and is empty otherwise. The data of an MO-algebra in € is
given by a pair A, M where A is an O-algebra and M is a functor from the
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underlying category of O to C, equipped with an action of A. We will refer to
M as an A-module, though the exact meaning of this notion depends on O. For
example, in the case of O = Com we get that A is a commutative algebra object
and M is an A-module in the usual sense. When O = Ass we have that A is an
associative algebra object and M is an A-bimodule.

(2) Let LAss ¢ MAss be the sub operad with the same objects where we only take
those multimaps {(*,¥;)}ier — (*,w) in MAss such that either w =y, = a or
such that w = m and in the corresponding linear ordering on I the unique i such
that y;, = m is last. Then the data of an LAss-algebra in C is given by a pair
A, M where A is an associative algebra object and M is a left module over A.
If instead of last we required first then we would get a suboperad RAss € MAss
whose algebras are pairs of associative algebras and right modules.

(3) Given an operad O, let PO be the operad with the same objects as MO
and such that the set of multimaps Mulpo ({(z,v:) }ier, (2,w)) is equal to
Mule ({2; }ier, 2) if w = y; = a or if w = m and y; = m for at most one 1,
and is empty otherwise. Then the data of a PO-algebra in € is given by a
triple (A4, M, f) where A is an O-algebra, M is an A-module (in the sense of (1)
above) and f: A — M is a map of A-modules. For example, a PAss-algebra
consists of an associative algebra A, a bimodule M and a map of bimodules
fiA— M.

(4) As above, the operad PAss contains two suboperads PLAss, PRAss ¢ PAss
whose algebras are given by pairs (A, M, ) where A is an associative algebra
object, M is a left (resp. right) module and f: A — M is a map of left (resp.
right) modules. In this case, the data of f is equivalent to that of a map in € of
the form 1 — M, and we may consider M as a left (resp. right) module object
in the symmetric monoidal category €y, of pointed objects. We will refer to
such (left or right) modules as pointed modules.

When passing to a higher categorical setting, the notion of an algebraic structure
(say, on an object in a symmetric monoidal co-category €), is more subtle: we need
to let the axioms of our algebraic theory hold only up to a (specified) homotopy,
and these homotopies need to be compatible up to higher homotopies, etc. As
with previous types of constructions discussed in this course, trying to keep explicit
tabs on all coherence homotopies becomes unfeasible in general. We hence need
a formalism in which the notion of an algebraic structure could be defined in an
oo-categorical setting, such that all the required coherence homotopy will be taken
into account implicitly. The formalism of co-operads is meant to do exactly that.

The idea of how to encode oo-operads can be traced back to Example 4.1.3: if
symmetric monoidal categories are a particular kind of operads, then it makes sense
to try to define co-operads by weakening the definition of a symmetric monoidal
oo-category. Recall that if C is an ordinary symmetric monoidal category then we
can view it as a symmetric monoidal co-category by constructing the category C®
over Fin, (see Construction 3.1.3) and then taking the nerve. A key observation is
that if we start with an operad O instead of a symmetric monoidal category then
we can still construct an analogous category O® over Fin,, only that in general it
will not be a cocartesian fibration.

Construction 4.1.9. Let O be an operad. The category O% is defined as follows:

- its objects are pairs (n, (21,...,2,)) consisting of a non-negative integer n and
a family of objects in O parameterized by {1,...,n}.
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- maps from (n, (x1,...,2,)) to (m, (y1, .-, Ym)) are given by maps « : (n) — (m)
in Fin,, together with, for every j =1,...,n, a multimap in O of the form

fi Azitiea1 Gy — V-
We will denote by 7 : O® — Fin, the natural projection (n, (x1,...,z,)) + (n).

We emphasize that this time 7 is not a cocartesian fibration, i.e., not every edge
in Fin, admits cocartesian lifts. However, some edges in Fin, do have cocartesian
lifts: if a: (n) — (m) is an inert map and (n, (z1,...,2,)) is an object of O% lying
over (n) then maps f: (n,(z1,....,2,)) — (m, (y1, .., ym)) lying above « are given
by specifying, for each j =1,...,m, a map f; : x; — y; in the underlying category
of O, where i € {1,...,n} is the unique element mapping to j by «. It is then not
difficult to check that f is m-cocartesian if and only if each f; is an isomorphism
in the underlying category of O. We then see that each inert map « : (n) — (m)
admits a cocartesian lift starting at an arbitrary object over (n). This means that
7 becomes a cocartesian fibration when restricted to the subcategory Fin'™ ¢ Fin
consisting of all objects and all inert maps.

Similarly to the case of symmetric monoidal category, the operad O can be
completely reconstructed from the category O® together with the forgetful functor
m: O® — Fin,. For example, the underlying category of O can be identified with
the fiber Of’l) = 771({1)). More generally, suppose that n >0 and for 1 <i < n let
p': (n) — (1) be as in Notation 3.1.8. Since p’ is inert it has by the discussion
above an associated transition functor pj : O?n) — O‘f’l) (see Construction 2.4.19),

?

and the collection of transition functors p{ determines an equivalence Of’n) > (O‘f’”)".
‘f’n) we may hence identify it with a sequence z1,...,x, € Of’l)
intrinsically. Furthermore, if T is an object of OZ@M which corresponds to the tuple

(1,..,zn) and y € O%’D ~ O then maps from T to y in O%® which lie above the

Given an object in O

unique active map (n) — (1) are in bijection with multimaps {x;}; — y in O.
Elaborating further along these lines one can also reconstruct the composition of
multimaps in O.

The discussion above, together with the definition of a symmetric monoidal co-
category (see Definition 3.1.11), suggest that we might attempt to define an oco-
operad as an co-category O® over Fin, which satisfies certain conditions. As far as
we know defining co-operads in this way was first done in by Lurie (see [6, §2.1.1]).

Definition 4.1.10. An occ-operad is a map of oco-categories 7 : O® — N(Fin,)
such that the following conditions hold:

(1) For every T € O® lying above (n) and every inert map « : (n) — (m) there
exists a m-cocartesian edge f: 7T — ¥y lying above a.
(2) For every n the transition functors pf, ..., pi* (whose existence is guaranteed by
(1)) induce an equivalence
n
® _= ®
0% — (0F)) -
(3) Let g € O® be an object lying above (m) and for each j =1,...,mlet f; : 7 — y;
be a m-cocartesian edge lying above p/. Then the maps {f;} exhibit 7 as the
relative product of yi,...,ym in O® over N(Fin,) in the following sense: for
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every T € O® the square

Mapge (7,7) [T, Mapye (7,:)

| |

Mapgy, ((n), (m)) —— Mapg,, ((n), (1))

is a cartesian square in 8.

In this case we will also say that 7 exhibits O® as an oco-operad.

Ezample 4.1.11. If O is an ordinary operad and O® is obtained from O via con-
struction 4.1.9 then the map N(0®) — N(Fin)) exhibits N(O®) as an co-operad.
In particular, all the examples of (4.1.7) also yield examples of co-operads. We note
that Com® is equivalent to Fin, itself and Poi® is equivalent to the subcategory of
Fin, consisting of all objects and all maps « : (n) —> (m) such that |a~1(4)| < 1 for
i=1,...,n. Similarly, Triv® is simply the subcategory of Fin, consisting of all inert
maps.

Ezample 4.1.12. Let € be an oco-category and let 7 : G — N(Fin,) be as in
Definition 3.3.1. Then Proposition 3.3.3 implies that CU satisfies Condition (1) of
Definition 4.1.10. Arguing as in the final part of the proof of Proposition 3.3.3
we see that 7 : Gl — N(Fin, #) is in fact an co-operad (even if C does not have
coproducts). We call CU the cocartesian oo-operad of C.

Generalizing Example 4.1.11 we may also construct oo-operads starting from
simplicial operads. Recall that a simplicial operad O is given by the simplicially
enriched version of Definition 4.1.1: we have a set of objects Ob(0) and for every
collection of objects {x;}ie; indexed by a finite set I and every object y € Ob(0), a
simplicial set Mapy({x;},y) of multimaps from {z;};; to y. The composition of
multimaps is then given as in (4.1) by replacing sets with simplicial sets. Given a
simplicial operad O we may perform the analogue of Construction 4.1.9 to obtain
a simplicial category O® whose

- objects are pairs (n, (z1,...,2,)) consisting of a non-negative integer n and a
family of objects in O parameterized by {1,...,n}.
- the simplicial set of maps from (n, (z1,...,2,)) to (m, (y1,...,ym)) is given by

I_I ﬁMUIO({xi}ieafl(j)ayj)

a(n)—(m) j=1
where « ranges over all maps from (n) to (m) in Fin,.

As before we have the forgetful functor 7 : O® — Fin, sending (n, (z1,...,7,)) to
(n). In what follows we say that a simplicial operad O is locally Kan if the simplical
sets Mulg ({x;},y) are all Kan.

Proposition 4.1.13. Let O be a locally Kan simplicial operad. Then the map
N(O®) — N(Fin.) ezhibits N(O®) as an co-operad. We will refer to the co-operad
N(O®) as the operadic nerve of O.

In §5 below we will use the operadic nerve construction in order to define the
little n-cube oo-operads E,, which serve as one of the main objects of interest in
this course.
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Definition 4.1.14. Let 7 : O® — N(Fin.) be an oco-operad. We will say that a
map f:T — g in O% is inert if it is m-cocartesian and 7w (f) is inert.

Definition 4.1.15. Let O®,P® be two co-operads. A map of co-operads is a map
of co-categories O® — P® over N(Fin,) which sends inert maps to inert maps.
We will refer to oo-operad maps from O to P as O-algebras in P. We will denote
by Algy(P) € Funy(pin,) (0%, P®) the full subcategory spanned by the oo-operad
maps.

Remark 4.1.16. The terminology of Definition 4.1.15 is motivated by the example
where P® = €% is a symmetric monoidal co-category, in which case we should think
of oo-operad maps O® — C® are the homotopy coherent analogue of the classical
notion of an algebra over an operad in a symmetric monoidal category.

Definition 4.1.17. Let Op denote the simplicial category whose objects are the
oo-operads and such that Mapop((‘J@, P®) = Alg(P)*. Then Op is locally Kan and
we define the oo-category of co-operads to be its coherent nerve

In [6] Lurie constructs a simplicial model category whose underlying co-category
is Op,,. Let us denote by Ei, the collection of edges of N(Fin,) which correspond
to inert maps. Given an oo-operad m : O® — N(Fin,) we will denote by O%!
the marked simplicial set whose underlying simplicial set is O® and whose marked
edges are exactly the inert maps. We note that the map 7 then becomes a map of
marked simplicial sets 7 : O — (N(Fin. ), Fi,).

Definition 4.1.18. Let p: (X, E) — (Y, F) be a map of marked simplicial sets
over (N(Fin,), Ei,). We will say that f is an operadic equivalence if for every
oo-operad O® the induced map

Ma‘p%\I(Fin*)((YvF)a (0%)) — Mapk(Fin*)((K F),(0%)Y)

is an equivalence of Kan complexes, where Mapf(l(Fin*)(—, -) denotes the subsim-

plicial set of Map!(—,~) spanned by the maps which preserve the projection to
N(Fin,) (see §77).

Theorem 4.1.19 ([6, §2.1.4]). There exists a simplicial model structure on the
category (Setp)/(N(Fin,),Ew) Of marked simplicial sets over (N(Fin,), Ey) whose
weak equivalences are the operadic equivalences, whose cofibrations are the mono-
morphisms and whose fibrant objects are those of the form O®4 for O® an co-operad.
The underlying oco-category of this model structure is naturally equivalent to Op., .
We will refer to this model structure as the operadic model structure.

Recall that if € is an co-category which admits finite products then € can be en-
dowed with a canonical symmetric monoidal structure €* — N(Fin, ) in which the
monoidal operation is given by cartesian products (see §3.3). Since C* is canonically
determined by € (given that it has finite products), we might hope that the notion
of an algebra object in € (with respect to some oco-operad O%) could be phrased
without making a reference to the theory of symmetric monoidal co-categories. To
make this precise let us introduce the following notion:

Definition 4.1.20. Let € be an co-category which admits finite products and let
O%® be an oo-operad. An O-monoid in € is a functor ¢ : O® — €, such that for every
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7 € O® and every collection of inert maps f; : © —> x; lying above p’ : (n) — (1)
the maps (f;)« : o(T) — p(z;) exhibit p(T) as the product of p(x1),...,o(x,) in
C. We will denote by Mone(€) c Fun(C, &) the full subcategory spanned by the
C-monoid objects.

Given an oo-category € which admits finite products, we may consider the as-
sociated cartesian symmetric monoidal co-category C* as representing the functor
0% » Monge (€). More precisely, observe that the forgetful functor I’ — Fin, ad-
mits a canonical section sending (n) to the pair ({(n),(n)"), and so by construction
we have a canonical map ¢ : € — €. We then have the following universal
characterization of C*:

Proposition 4.1.21. Let C be an oo-category which admits finite products. Then
the functor ¢ : € — € is a monoid object in C. Moreover, this monoid object
is universal in the following sense: for every oo-operad O%®, composition with ¢
induces an equivalence of co-categories

Algy (€) — Mong (@)

where on the left hand side we consider C as endowed with the cartesian symmetric
monoidal structure C*.

We finish this section with the following proposition which gives a convenient
criterion for when a map of co-operads is an equivalence.

Definition 4.1.22. Let ¢ : O® — P® be a map of co-operads. We will say that ¢
is a Morita equivalence if restriction along ¢ induces an equivalence of co-categories

Mong (8) — Mongp(8).

Proposition 4.1.23. Let ¢ : O® — P® be a map of co-operads. Then the following
are equivalent:

(1) ¢ is an operadic equivalence.

(2) ¢ is an equivalence in the oco-category Op.,.

(8) For every oo-operad Q% restriction along ¢ induces an equivalence of oo-
categories Algy(Q) — Alg,(Q).

(4) The map O — P on underlying oo-categories is essentially surjective, and
for every symmetric monoidal oo-category C®, restriction along ¢ induces an
equivalence of oo-categories Algy(€) — Algy (€).

(5) ¢ is essentially surjective and a Morita equivalence (see Definition 4.1.22).

Proof (sketch). (1), (2) and (3) are equivalent essentially by construction and (3) =
(4) = (5) by Proposition 4.1.21. To finish the proof we will show that (5) implies
(3). Let us hence assume that ¢ satisfies (5). Then ¢ is essentially surjective
and since O, P are oco-operad it follows that ¢ is also essentially surjective on inert
arrows. It then follows that if Q% is an co-operad then a functor P® —s Q% over
N(Fin,) is an co-operad map if and only if the composition O® — P® — Q% ig
an oo-operad map. We are hence reduced to showing that the restriction functor
Funypin, ) (P®,2%) — Finn(pin,)(0%,Q9%) is an equivalence of oo-categories for
every Q®. For this it will suffice to show that the map O® — P® is an equivalence
of oco-categories. Since we assumed that ¢ is essentially surjective it is left to check
that ¢ is fully-faithful. Since O%® and P® are co-operads it will suffice to check that
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if € 0% and y € O are objects then the induced map
(4.2) Mapge (Z,y) — Mapge (¢(Z), ©(y))

is an equivalence of spaces. For i =1,....,n let f; : T — x; be an inert map lying
above p' : (n) — (1), so that we can think of the mapping spaces appearing in (4.2)
as the spaces of multimaps {z1,...,2,} — vy and {@(x1),...,0(xn)} — ©(y).
Summarizing the discussion so far what we need to check is that if ¢ satisfies (5)
then it induces an equivalences on all spaces of multimaps.

We now invoke some more advanced oo-categorical machinery which states that
given = € O the forgetful functor

evy : Mong(8) — 8

which sends an O-monoid in spaces to the space associated to the object z, admits
a left adjoint F, : § — Mone(8) whose value on a given space Z is usually called
the free O-monoid generated from Z at x. Furthermore, these free monoids admit
an explicit description (see [6, §3.1.3]):

evy I4(2) = [[[Mapo((2, ... x),y) - Z" ]ns,

n>0
where (z,...,x) denotes an object of O which corresponds to the tuple (=, ..., )
under the (canonical) equivalence O, =~ Oﬁ), and ¥, is the permutation group
on n elements which naturally act on Mapy ((z,...,x),y) - Z". In particular, if ¢
induces an equivalence Monp(8) — Mongo(8) then it also induces an equivalence
To(Z) = p*F (1) (Z) for every space Z. Setting Z = » we obtain that ¢ induces an
equivalence
Mapo ((@,....2),y)ns, — Mapyp((¢(2), ... 0(2)),(y))ns,

for every n and hence an equivalence
Mapo ((2, ..., ©),y) ~ Mapo (2, ..., 2), y)nx, X(x)s, {*} —

Mapo ((¢(2), -, 9(2)), e (Y))ns, X(x)s, {*} = Mapyp((@(2), ..., 0(2)),(y))
for every m. This finishes the proof if the underlying co-category O is a connected
Kan complex. In general, to handle non-equivalent 1, ..., x, one can do a similar
argument using the left adjoint of the forgetful functor

z, : Mong(8) — 8"

which sends an O-monoid in spaces to the n-tuple of spaces associated to the objects
T1yeeey Ty (I

.....

4.2. Weak oo-operads and approximations. The notion of an co-operad defi-
ned above is somewhat rigid. It is hence useful sometimes to consider mild genera-
lizations, which are more amenable to various constructions. In this section we will
focus on one such notion, which we call a weak oco-operad. This notion is somewhat
add-hoc (we are not aware of any literature using this particular definition), and
for the purposes of these notes it should be considered as merely a tool in order
to prove results on co-operads. However, we note that it does admits quite a few
interesting examples which arise naturally, and can be considered as a variant on
the theory of operator categories.

Recall that a map ¢ : € — € of oo-categories is called a subcategory of C if
the induced map Mape, (z,y) — Mape(e(z),t(y)) has (-1)-truncated homotopy
fibers (that is, it is equivalent to an inclusion of a set of components). In this case
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we will often omit ¢ and simply write Cy € € (though we do not mean by this that
¢ is injective on the level of simplicial sets). A subcategory Cy € € is called wide if
the induced map €5 — C€* is an equivalence of co-groupoids. In this case we will
say that an arrow of C belongs to Cy if is equivalent in eA" to an arrow which is
in the image of Cp. In particular, when Gy € C is a wide subcategory then every
equivalence in € belongs to Cg.

Definition 4.2.1. Let C be an oo-category. By a factorization system on € we will
mean two wide subcategories ™, @3* ¢ @, whose maps we call the inert and active
maps respectively, such that the following two conditions hold:

(1) Every morphism h: 2 — z in € can be factored as a composition x 2z, Y Ny
such that f is inert and g is active.
(2) For every commutative square in € of the form

(4.3)

R

x z
7
v
Yy

oW
such that f is inert and g is active the space of dotted lifts is contractible.

Remark 4.2.2. The notion of a factorization system given in Definition 4.2.1 is
also sometimes called an orthogonal factorization system or a unique factorization
system. It is stronger than the notion of a weak factorization system commonly
found in litterature on model categories, in which the lifting solutions in (4.3) are
not required to be essentially unique.

Erercise 4.2.3. Let (G C*') be a unique factorization system on C.

or a map h : x — z let us denote by C,//. = (C./)/n the oo-category o
factorizations
T—y Ly
of f. Consider the full subcategory C.//. xe,, (3;‘“/ € €,/). consisting of those
factorizations h = g o f such that f is inert and the full subcategory €,//. xe,,
6'7? € C,//. consisting of those factorizations h = g o f such that g is active.
Show that if h = go f is a factorization such that f is inert and g is active then

(f,g) is final when considered as an object of C,;,. xe,, ;“/ and initial when
considered as an object of Cy/. xe,. 67?.
(2) Deduce that for every morphism % : x — z in € the full subcategory € ¢ €/,

consisting of those factorizations
f g
rT——y—z
of h such that f e @™ and g € €2, is a contractible Kan complex.

(3) Show that if = N Y 2, 2 are two composable arrows such that f is inert then
g is inert if and only if g o f is inert. Similarly, if ¢ is active then f is active if
and only if go f is active.

Definition 4.2.4. A weak oo-operad is an oco-category C equipped with a facto-
rization system (C™,€*') and a full subcategory Cg € € such that the following
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condition hold: for every x € C there exists a finite set I, and a collection of maps
fi @ — x; in C" indexed by i € I, such that z; € Cf* and the associated functor

I, — € xem G
is coinitial (where CI' = Gy N €™M is the preimage of Gy in €M),

We will refer to maps of € which belong to G and as inert and active respecti-
vely, and to the objects of Ci* as the basics.

Definition 4.2.5. By a functor of weak oo-operads we will mean a functor between
the underlying co-categories ¢ : € — D such that
-  sends inert maps to inert maps, active maps to active maps, and basics to
basics;
- for every x € C, the induced map €7 xe Cg" — D} xp Dy is coinitial.

Remark 4.2.6. Let (€,C C2t @) be a weak oco-operad. The condition that
(‘37; xein €' admits a coinitial map from a finite set is equivalent to the condi-

tion that G‘/ra‘: X @in G})“ decomposes as a finite disjoint union of co-categories, each of
which possesses an initial object. Let

(4.4) I, € CJ xem Cff

be the full subcategory spanned by those objects which are initial in their compo-
nent. Then I, is categorically equivalent to a finite set, and the inclusion (4.4) is
coinitial. In particular, up to categorical equivalence we may assume that the I, in
Definition (4.2.4) are given by the canonical choice of (4.4). If ¢ : € — D is now a
functor that sends inerts to inerts, actives to actives and basics to basics then the
condition that ¢ is a map of weak oco-operads is equivalent to the condition that
for every x € € the functor ¢ maps I, to I, bijectively.

Definition 4.2.7. Let (€,C™ €' €M) be a weak oo-operad and let € be an oo-
category with finite products. A C-monoid object in € is a functor ¢ : € — & such
that pfe is a right Kan extension if ¢|em (see §2.7). By Theorem 2.7.5 this is
equivalent to saying that for every x € € the collection of maps f; : p(x) — p(x;)
for i € I, exhibit p(x) as the product in € of the objects {¢(x;) }ier, -

Remark 4.2.8. If ¢ : € — D is a functor of weak oo-operads in the sense of
Definition 4.2.5 and € is any oo-category with finite products then restriction along
¢ sends D-monoids in € to C-monoids in €.

Ezxample 4.2.9. For any factorization system (G, €2*) on € we can choose Cg = €
as our subcategory of basics and get an associated weak oo-operad. We then have
Mone(€) = Fun(C, &) for every €&.

Ezxample 4.2.10. In any oco-category € we have two canonical factorization systems:
the one where the inerts are the equivalences and the actives are all maps and the
one where the inerts are all maps and the actives are the equivalences. In addition,
any full subcategory Cp ¢ € can serve as a subcategory of basics for the former, in
which case ¥ : € — & is a monoid object if and only if ¥(c) is terminal in & for
every c ¢ Cq.

Ezample 4.2.11. If 0® — N(Fin,) is an co-operad then the co-category O® has an
associated structure of a weak co-operad where (O®)™ consists of the inert maps,
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(0®)2* consists of the active maps, and the subcategory of basics consists of the
objects which lie above (1).

Example 4.2.12. The category A°P admits a structure of a weak co-operad, where
p : [n] — [m] is active if p(0) = 0 and p(n) = m, is inert if it is of the form
p(i) =i+ a for some a, and the full subcategory of basics is {[1]}. More generally,
the Leinster category of any perfect operator category is a weak oo-operad.

There is a map of weak co-operads A°P —s Ass® which sends [n] to the pointed
set {*,(0,1),(1,2),...,(n=1,n)} 2 (n - 1) of consecutive edges in [n] (plus an extra
base point). Restriction along this map induces an equivalence

MOHASS® (8) i> MOHAOP (8)
for every oo-category € with finite products.

Ezample 4.2.13. If C, D are two weak oo-operads then the cartesian product € x D
has a naturally associated weak oo-operad structure, where a map (f,g) : (z,y) —
(2',y") is inert (resp. active) if and only if f is inert (resp. active) in € and g is
inert (resp. active) in D, and the full subcategory of basics is Cox Dy € CxD. If €
is an oco-category with finite products then Monexp (€) ~ Mone(Monp (€)).

Definition 4.2.14. Let ¢ : € — D be a functor of weak co-operads. We will say
that ¢ is a weak approzimation if the following conditions holds:

(1) For every y € C the homotopy fibers of G%t — @7;’“(1/) are weakly contractible.
(2) The map ¢ 'DI* — DI is a localization map (Definition 2.2.13).

We will say that ¢ is a strong approzimation if it is a weak approximation and the
map ¢ D' — DN is an equivalence of co-categories.

Ezample 4.2.15. The map ¢ : A°? — Ass® of Example 4.2.12 is a strong approxi-
mation. This follows from the fact that for every [n] € A°P the functor (AOP)7[°:L] —
(Ass®)7;t(["]) is an equivalence of categories and (Ass‘(%))i“ ~ cp’l(Assf’l))in ~ ok,
Remark 4.2.16. If ¢ : € — D and ¢’ : @' —> D’ are weak approximations of weak
oo-operads then (p, ") : € x €' — D x D’ is a weak approximation as well.

Remark 4.2.17. Consider a homotopy pullback square of co-categories

7

P_*.0

.

) AN

If ¢,D and € are given weak oo-operad structures such that ¢ and v are weak
oo-operad maps then P inherits an associated weak oo-operad structure where a
map in P is inert (resp. active) if and only if its image in € and D is inert (resp.
active) and Pg := Dy xgo Co. In this case, if ¥ is a strong approximation then 1)’ is
a strong approximation.

Our main interest in weak approximations comes from the following result:

Proposition 4.2.18. Let ¢ : € — D be a weak approrimation map of weak co-
operads and let € be an oo-category which admits small limits. Then the restriction

(4.5) p* : Monp (&) — Mone(€&)
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is fully-faithful and its essential image consists of those monoid objects 1 : € — &
such that 1/}|¢_1 Din factors through Dg. In particular, if ¢ is a strong approximation

then (4.5) is an equivalence of co-categories.
The proof of Proposition 4.2.18 will require two lemmas:

Lemma 4.2.19. Let ¢ : € — D be a map of weak approximation of weak oo-
operads. Then for every object y € C and every map x — ¢(y) in D, the full
subcategory X € €y xn, - Dyyyoy) spanned by those (g:y" — y,h:x — ¢(y'))
such that h is inert, is weakly contractible.

Proof. Let Xy ¢ X be the full subcategory spanned by those (¢g:y" — y,h:ax —
©(y")) such that in addition g is active in €. We then note that if (g,h) is an
object of X then the comma oco-category (Xo)(g4,n), is equivalent to the co-category
of factorizations of g as g = g” o g’ such that ¢(g’) is inert in D and g¢” is active in
C. This co-category admits an initial object, given by any factorization g = g"" o ¢’
such that ¢’ is inert in € and ¢” is active in C (see Exercise 4.2.3). It then follows
that the inclusion Xy € X is cofinal (in fact, that it admits a left adjoint) and is
hence a weak homotopy equivalence. To show that X is weakly contractible it will
hence suffice to show that Xy is weakly contractible. We note that Xy maps to
the oco-category of inert-active factorizations of f in D. The latter category is a
contractible Kan complex by Exercise 4.2.3 and so it will suffice to check that the
homotopy fiber over a given factorization x — 2’ — ¢(c¢) is weakly contractible.
But this follows directly from our hypothesis that ¢ is a weak approximation. [

Lemma 4.2.20. Let ¢ : € — D be a functor of weak oo-operads and set C¥ :=
e D™ and CF = ¢ Dy Then for every oco-category & with limits and every
C-monoid object 1 : € — & we have that Y|ee is a right Kan extension of <P|e;;’~

Proof. Consider the full subcategory inclusion

(4.6) e (€)™ c G;j/ xe CF

where the left hand consists of those g : y — 3’ on the right hand side which are
furthermore inert in € (this subcategory is indeed full by Exercise 4.2.3(1)). We
claim that the inclusion (4.6) is coinitial. To see this, observe that for g:y — 3/

in (‘,’5/ xe €F the comma oo-category [(?lyl; xe (C5)™]/y can be identified with the

yll
N
g

of g such that g' is inert and ¢(y") € D°. This co-category embeds in the co-category
Cyl1y xe,, €, of all factorizations g = g o g’ with ¢ inert. By Exercise 4.2.3(2)

oo-category of factorizations

(4.7)

Yy y'

the latter has a final object given by any factorzation g = ¢’ o ¢’ as in (4.7) such
that ¢’ is inert and ¢" is active. In this case, since g and ¢’ map to inert maps in
D we have by Exercise 4.2.3(1) that ¢” must map to a map in D which is both
inert and active, and hence an equivalence. It then follows that ¢(y”)Dy and so
the factorization (g’, ¢") belongs to [6;“/ xe (€F)™]/y. We may thus conclude that
the latter oo-category has final objects and is therefore weakly contractible. The
inclusion (4.6) is consequently coinitial.
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It now follows from Theorem 2.7.5 that ¢|e+ is a right Kan extension of ¢|cs
if and only if ¢
subcategory of C™ which contains €' the latter condition holds whenever 9 is a
C-monoid object, as desired. (Il

e is a right Kan extension of ¢[esym. Since (€™ is a full

Proof of Proposition 4.2.18. C% := ¢~ 'D" and ey = ¢ 1D be as in Lemma 4.2.20.
Let us say that a C-monoid ¢ : € — € is locally constant (relative to D) if ¢[es
factors through DI, We will denote by Mong®(&) ¢ Mone(€) the full subcate-
gory spanned by the locally constant monoid objects. By definition the restriction
functor (4.5) lands in locally constant C-monoids, thus yielding a functor

(4.8) p* : Mongp (&) — Mong®(€)

The key idea of the proof is that (4.8) admits an inverse which is given by right
Kan extension along ¢. More precisely, let

m: M= NE([1]) — Al

be the cartesian fibration (2.39) classified by the diagram (A')°P — Cat.,, cor-

responding to [D £ C]. As we outlined in §2.7, the oo-category of functors
M — € is equivalent to the co-category of triples (¢,1)’,d) consisting of a functor
1 : € — &, a functor ¢’ : D — &€, and a natural transformation ¢ : ' o = ).
Consider the following two properties a functor 1) : M — & can have:

(1) tle is a locally constant monoid object and the natural transformation ¢ :
1" o o = 1) exhibits ¢’ as a right Kan extension of v along .

(2) |p is a monoid object and the natural transformation & : ¢’ o p = 9 is an
equivalence.

To prove that (4.8) is an equivalence it will suffice to show that for a given v :
Mg — &, Condition (1) is equivalent to Condition (2). Indeed, assume this claim
for the moment and let X ¢ Fun(Ml;, &) be the full subcategory spanned by those
o) which satisfy either of those equivalent conditions. Consider the diagram

(4.9) X

N

Mon{°(€) Monp (&)

Since we assumed that € admits limits we have by Theorem 2.7.5 that every
¢ : C — & admits a right Kan extension ¢ : M — &. Since X is determines
by Condition (1) the left diagonal projection in (4.9) is obtained from the cocar-
tesian fibration Fun(ij,&) X Fun(e,&) Monk°(&) — Monk®(&) by restricting to
those objects which are final in their fiber, and is hence a trivial Kan fibration
by Exercise 2.6.10. On the other hand, since X is determined by Condition (2)
the right diagonal map in 4.9 is obtained by restricting the cartesian fibration
Fun(ME, &) Xpun(D,e) Monp (€) — Monyp (€) to the full subcategory spanned by
those objects which are initial in their fiber, and is hence a trivial Kan fibra-
tion as well. In particular, (4.9) determines an equivalence between Monqp (€) and
Mong“(€). This implies that (4.8) is an equivalence is well, since we can iden-
tify (4.8) up to homotopy with the composition of (any) section Monp(E) — X
and the projection X — Mong®(¢&).
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We shall now prove that Condition (1) and Condition (2) are equivalent. Let I
M — € be such that |e is a locally constant C-monoid object. By Theorem 2.7.5
the condition that v is a right Kan extension is equivalent to the condition that for

every x € D the composed map (M, X ) — M v, € is a limit diagram. Let
Jz € Myxat € be the full subcategory spanned by those objects [z — y] € M, x5 €
whose corresponding arrow f: 2z —> ¢(y) in D is inert. We claim that the inclusion
Je € My xoq € is coinitial. Concretely, what we need to check is that for every
arrow in D of the form f : 2z — ¢(y), the comma co-category (J,),s is weakly
contractible. This comma oco-category can be identified with the full subcategory
X € €y %D,y Dajjoy) consisting of the pairs (g : ¥ — y,h : 2 — »(y'))
such that h is inert, and is hence weakly contractible by Lemma 4.2.19 and our
assumption that ¢ is a weak approximation. We then get that the second part
of condition (1) is equivalent to the condition that for every x € D the restricted

diagram 1, : I3 — M v, € is a limit diagram. Using again Theorem 2.7.5 this

is equivalent to saying that lee : ©*¥'|er = ¥|ee exhibits ¢'|pin as a right Kan
extension of 1|ee. Consider the commutative diagram

(4.10) ¥ ——Din

|

¢ — D

By Lemma 4.2.20 we have that ¢|e+ is a right Kan extension of ¢[es. Since Din ¢
DM is a full inclusion a double application of Proposition 2.7.7 and an application
of Remark 2.7.6 imply that Condition (1) is equivalent to the following condition:
(1) e is a locally constant monoid object, ¥|p is a monoid object, and the natural
transformation dles : ¢*9'|cr = |es exhibits ¢'[pm as a right Kan extension
of Yle¢ along ¢o: €f — D
Let us hence focus our attention on the restricted functor ¢q : € — Di". Let
Mo = NF¥oI([1]) — A!
be the associated relative nerve, so that we have a natural inclusion of simplicial
sets Mo € M. Let ¥y = ¢|n,. Since ¥|e is a C-monoid object Condition (2)
can be checked only for objects in €F. To finish the proof it will hence suffice to
show that @0 is a right Kan extension if and only if the natural transformation
dles : p*Y'|er = Y]ey is an equivalence. Now since we assumed that 1)|e is a locally
constant C-monoid object it follows that (@O)|@g factors through Di. The desired

result now follows from assumption that the restriction functor Fun(DI, &) —
Fun(€f, &) is fully-faithful since € — D is assumed to be a localization functor.
O

We finish this section with the following result which allows one to relate two
different weak co-operad structures on the same oco-category C.

Lemma 4.2.21. Let C be an co-category and let (G, 2t Cy) and (Gi“/, eact’ @)
two weak oo-operad structures on € such that ein’ c @in gpd @t c @2t Let € be
an co-category with finite products. Then the following assertions hold:
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(1) Suppose that C; = Cy and that for every morphism f : x —> y in C™ such

that y € Cy and every factorization x i y' AR y of f such that f' is in e’
we have that y' is in Cy. Then ¢ : € — & is a monoid object with Tespect to
(e’ 2’ @) if and only if it is a monoid object with respect to (€™, €3 €y).
(2) Suppose that €™’ = @ @act’ = @<t gnd @ c €. Then 1 : € —> & is a monoid
object with respect to (G, €2 Cy) if and only if it is a monoid object with
respect to (C™, €2t @) and in addition v ein US @ right Kan extension of v

in .
eO

Proof. Let us first prove (1). Let = € C be an object and write Ging = ein’meo. Then
our assumption implies that the inclusion Gi“; ) xe eing c (?;“/ xe G is coinitial. Tt
then follows that 1) : @ — & is a monoid object with respect to (Gin,, Qact’ Co) if
and only if it is a monoid object with respect to (€, @2t €).

To prove (2), we first note that the “if” direction follows from the pasting lemma
for right Kan extensions (Proposition 2.7.7). To show the “only if” direction note
that since C* € €™ is a full subcategory which contains Ci' we have by Remark 2.7.6
that if ¢ : € — € is a C-monoid object then ein is a right Kan extension of ¢
in which case ¥ must also be a right Kan extension of ¢

in
[Chet

ein by Proposition 2.7.7. 0O

4.3. Tensor products of oco-operads. Let O®, P® be two oco-operads. In this
section we will discuss how to associate to O® and P® a new oco-operad Q%, called
the tensor product of O® and P®, which enjoys the following mapping property: for
every symmetric monoidal co-category € we have a canonical equivalence

Algg (€) ~ Alg (Algy(C)),

where Alg,(€) is endowed with a symmetric monoidal structure induced from that
of €. Recall first that if (I,ig) and (J,jo) are two finite pointed sets then their
smash product

IAT=TxJ][{io} x JuTIx{jo}]

is the finite pointed set obtained from the cartesian product of I and J by collapsing
{io} x J and I x {jo} to a point (which also serves as the base point of I A J). The
operation of smash product determines a symmetric monoidal structure on the
category of finite pointed sets, and hence also on its skeleton Fin, spanned by
the finite pointed sets (n) for n > 0. In particular, for (n),(m) € Fin. we have
(n) A {m) = (n-m).

Construction 4.3.1. Let 0%, P® be oco-operads. We define (Algy (P))® to be the

simplicial set whose n-simplices are pairs (o, 7) where o is an n-simplex of N(Fin,)
and 7: A" x P® — P® is a map which fits in a commutative square

(4.11) A" xP® — T - C®

o]

N(Fin,) x N(Fin, ) —* N(Fin,)

and such that if f:% — 7 is an inert map in P® and i € [n] then 7 sends Al x f
to an inert map in P. One can then check that the projection Alg§(P) — N(Fin,)
given by (0,7) + o exhibits (Alg, (P))® as an co-operad. We will refer to Alg§ (P)
as the oco-operad of O-algebras in P.
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Remark 4.3.2. When C® is a symmetric monoidal co-category Alg$ (€) is a symme-
tric monoidal co-category for every oco-operad O. This is the “pointwise” symmetric
monoidal structure on algebras.

Definition 4.3.3. Let O®, P® Q% be oco-operads. An a bifunctor of co-operads is
a commutative diagram of the form

(4.12) 0 xPe — 7 QO

| |

N(Fin,) x N(Fin, ) —* N(Fin,)

such that for every inert morphism f : T — % in O® and every inert mor-
phism g : Z — w in P®, the arrow ¢(f,g) is inert in Q®. We will denote by
BiFun(0®,P®;Q®) the full subcategory of Funy(gin,)(0® x P®,Q®) spanned by the
bifunctors.

Remark 4.3.4. For oo-operads O®, P®, Q% we have a canonical isomorphism of sim-

plicial sets
BiFun(0%,P®; Q%) ~ Alg, (Alg,»(Q)).
Definition 4.3.5. We will say that a bifunctor ¢ : O® x P® — Q% exhibits Q%

as the tensor product of O and P if for every oco-operad R®, composition with ¢
induces an equivalence of co-categories

Algo (R) — BiFun(0®, P®; R®) = Alg, (Algs(R)).
It follows by standard arguments that if a tensor product of O® and P® exists
then it is essentially unique. To show that a tensor product always exists it is
convenient to employ the model structure of Theorem 4.1.19. In particular, if O%®

and P® are two co-operads then we may consider the cartesian product of marked
simplicial sets 0% x P®" as an object of (Setx )/(N(Fin,),E,,) Via the composed map

O x PO — (N(Fin, ), Bin) x (N(Fin), i) — (N(Fin, ), By ).

The following is the a formal consequence of the model categorical setup of Theo-
rem 4.1.19:

Proposition 4.3.6. A bifunctor ¢ : 0% x P® — Q% ezhibits Q¥ as the tensor
product of O® and P® if and only if the associated map

@8 5 PO, QB

is a weak equivalence in (SetZ)/(N(Fin*)’Ein) with respect to the operadic model struc-
ture of Theorem 4.1.19.

We note that Proposition 4.3.6 implies in particular that a tensor product of
0% x P® always exists: just take any fibrant replacement of O%! x P®4 in the
operadic model structure.

Remark 4.3.7. Let ¢ : O® x P® — Q% be a bifunctor of co-operads such that the

induced map (0%)1yx (P®)(1y — Q‘?D is essentially surjective. It then follows from

Proposition 4.1.23 that ¢ exhibits Q® as the tensor product of O® and P?® if and if
the induced map
Mong (8) — Mong (Mongp(8))

is an equivalence of co-categories.
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Unfortunately, fibrant replacements in the operadic model structure are not very
explicit in general and not easy to compute. One way to overcome this issue is by
using the construction of wreath products.

Construction 4.3.8. Let O%®,P® be two oo-operads. Then P® is in particular
an oo-category and we may defined the simplicial set (P®)I as in definition 3.3.1.
We note that (P®)I is now equipped with two different maps to N(Fin,): one is
the projection 7 : (P®)! — N(Fin,) associated to the construction (=) as in
Definition 3.3.1, and the other is the composed map

p: (P2 — N(Fin)! — N(Fin),

where the first map is induced by the oo-operad structure P® — N(Fin,) and
the second is the map N(Fin)! — N(Fin) which sends a tuple ({(n1),...,{nx)) to
(ny + ... +ng). We then define the wreath product of O® and P® to be the fiber
product

OLR R —— L

0® ——— N(Fin,)

and we equip O%® : P® with the map to N(Fin,) determined by the projection to
(P2 followed by p: (P®)Y — N(Fin,).

We can identify an object of O® : P® with a tuple (7, (¥y,---,7,)) where T is
an object of O% lying above (n) € N(Fin,) and %,...,7, are objects of P®. A
morphism in 0% : P® from (7, (Yy,---,9,)) to (', (¥],...,Y,s)) is given by a map
f:T — 7 in O® lying above a map «a : (n) — (n’) together with a collection of
maps g; : y; — g'a(i) in P® for every i € ™1 ({(n’)"). We will say that such a map
is inert if f is inert in O® and each g; is inert in D®.

The projection I'* — Fin, determines a map P® x N(Fin,) — (P®)I given
informally by the formula (g, (n)) » (¥,...,5). We then obtain a commutative
diagram

(4.13) O® x p® O®  P®

~

N(Fin, )

Theorem 4.3.9 ([6, Theorem 2.4.4.3]). Let O° and P® be two oco-operads and
let By, be the set of of inert arrows in O® 2 P®. Then (4.13) determines a weak
equivalence

0% x PEh — (0% P, Eyy)
in the operadic model structure of Theorem 4.1.19.

We will not prove Theorem 4.3.9 here. We will however prove the following
variant, which is sufficient for our needs, concerning the closely related notion of
monoid objects. For this, let us consider the co-categories O%® x P® and O® : P® as
weak oo-operads (see §4.2). More precisely, we may consider each of O® and P®
as a weak co-operad by Example 4.2.11, and then consider the cartesian product
0% xP® as a weak oco-operad by Example 4.2.13. To put a weak oo-operad structure
on the wreath product we use the following construction:
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Definition 4.3.10. Let O® be an co-operad and € a weak oco-operad. Define their
wreath product as O®2€ := 0% xy(pin,)CH. We then endow 0®:€ with the structure of
a weak co-operad by stating that a map (f,{g:}): (T, c1,...,¢cn) — (¥, d1,...,dy) i
inert (resp. active) if f : Z — 7 is inert (resp. active) in O® and each g; : ¢; — dy(;)
is inert (resp. active) in € (where « is the image of f in N(Fin,)). We define the
subcategory of basics in O® 2 € to consist of the objects of the form (x,c) where
x € O% lies above (1) € N(Fin,) and ¢ belongs to €.

We propose the following variant of Theorem 4.3.9:

Theorem 4.3.11. Let € be an oo-category which admits small limits. Then re-
striction along the map @ : O® x P® — 0% P® induces an equivalence

Monge,pe (€) — Mongexpe (&) ~ Monge (Mongpe (€)).

Proof. The idea of the proof is to first replace the weak co-operad structures on
0% x P® and O® : P® by coarser ones (i.e., ones in which there are more inert
maps). With these new weak co-operad structures the map ¢ will becomes a strong
approximation (see Definition 4.2.14), and so we will be able to deduce a comparison
from Proposition 4.2.18. We will then use Lemma 4.2.21 to relate the result back
to the original weak oo-operad structures.

We define the coarse weak oo-operad structure on O® x P® to be the product
structure (Example 4.2.13) associated to the operadic structure on O® (Exam-
ple 4.2.11) and the trivial weak co-operad structure on P® in which all maps are
inert and Py = P (see Examples 4.2.10 and 4.2.9). Similarly, we define the coarse
weak oco-operad structure on O®:P® by taking the wreath weak co-operad structure
(Definition 4.3.10) associated to the same trivial weak co-operad structure on P®.

We now claim that ¢ is a strong approximation of weak co-operads with respect
to the coarse structures. For this we first need to check ¢ that for every (7,7y) €
O® x P® the induced map

® ® coarse ® 129 coarse

act act )/(57(57---@))

has weakly contractible homotopy fibers. But this is true because the map (4.14)
is in fact an equivalence of co-categories: both the left and right hand side are
equivalent to (0%, )7 because the active maps in the coarse structure on P® are
only the equivalences. To show that ¢ is in fact a strong approximation we now
note that the subcategory of coarse-basics and coarse-inert maps in 0% : P® is
(O‘(gb)ﬁ g1y P2 € 0% xy(riny (P®)H, and its inverse image in O® x P® is exactly
the same oo-category, considered as a subcategory of O® x P® in the obvious way.

We thus established that ¢ is a strong approximation. It then follows from
Proposition 4.2.18 that restriction along ¢ induces an equivalence

(4.15) MonSSaise, (£) —> MonS, (&) ~ Mongs (Funges (£)).

We now wish to compare coarse O%® :P®-monoid objects with fine O® : P®-monoid
objects. Define the mized weak co-operad structure O® : P® to be the one in which
the active-inert factorization is the one of the fine structure while the subcategory
of basics is the one of the coarse. In particular, the subcategory of mixed basics
with mixed inert maps can be identified with (O‘f’n): x (P®)n. We may readily
verify that this is indeed a weak oo-operad structure. Applying Lemma 4.2.21(1)
we may deduce that a functor v : O® : P® — & is a monoid object with respect to
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the coarse structure if and only if it is a monoid object with respect to the mixed
structure. Applying Lemma 4.2.21(2) we may identify fine monoid objects with the
full subcategory

(4.16) Monfi 0 (€) € Mon®5ies, (€) = Mon&aiss (€)
spanned by those coarse monoid objects ¢ : 0%:P® — & such that ¢|(O® )= oy is
m/

a right Kan extension of 1| ( ):. Unwinding the definitions we see that the

0% )ZX(CP‘8

(1 e
equivalence (4.15) identifies the full subcategory (4.16) with the full subcategory of
Monge (Fun(P®, £)) spanned by those O®-monoid objects in Fun(P®, &) which take

their values in the full subcategory Mongpe (€). The desired result now follows. [J

5. THE LITTLE CUBE 0o-OPERADS

5.1. Definitions and basic properties. In this section we will introduce and
study the basic properties of the little n-cube co-operads E,,.

Definition 5.1.1. Let U,V ¢ R” be two subsets of R”. We will say that a map
f:U — V is a rectilinear embedding if it is an open embedding which is given by
a formula of the from

(5.1) flxy, . xn) = (@121 + b1,y ooy a2y + by)

with a;,b; € R such that a; > 0. If {U, };cs is a collection open subsets of R™ indexed
by a finite set I and V € R™ is another open subset then we will say that a map
f:1;U; — V is a rectilinear embedding if it is an open embedding and the
restriction of f to each U; is rectilinear. We will denote by Rect(I1;c; U;, V') the
space of rectilinear embeddings endowed with the topology as a subspace of (R2")!.

Definition 5.1.2. Let Ef denote the simplicial operad with a single object 0" and
such that

Mulga ({0" }ier,0") = Sing(Rect(0" x I,0")),
where Sing denotes the singular simplicial set functor. Composition is given by the
composition of rectilinear embeddings.

We note that since the singular complex of a space is always a Kan the simplicial
operad Eﬁ is locally Kan.

Definition 5.1.3. We define the little n-cube co-operad to be the operadic nerve
E7 = N((Ep)®).

By Proposition 4.1.13 we have that E® is indeed an co-operad.

Variant 5.1.4. Definition 5.1.2 could naturally be made (and historically this was

the way it was done) in the setting of topological operads rather than simplicial,

that is, operads in which the sets of multimaps are replaced by topological spaces.

In particular, we may define the topological variant E°P of the little n-cube operad
to be the topological operad with a single object O™ and such that

Mulgeor ({0" }ier,0") = Rect(0" x I,0").

We then have that Eﬁ is obtained form E!°P by applying the functor Sing to all
spaces of multimaps.
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Variant 5.1.5. For n > 1 the little n-cube co-operads admit a natural variant where
we also consider cubes with partial boundary. More precisely, let 0% = [0, -1) x ot
and let ETAL” o denote the simplicial operad with two objects object 0", 05 and such
that

Mulga ({ X }ier,Y) = Sing(Rect(] [ X;,Y)),

for X;,Y € {0",05}. We note that there are no open embeddings from 0O} to O"
and that every open embedding from 0" to O} is contained in (0,1) x o"!. We
define Eg 5 to be the operadic nerve of Eﬁa, and refer to it as the operad of little
n-cubes with boundary.

Ezample 5.1.6. When n = 0 we have 0" = (=1,1)° ~ %, the space with one point
by convention. For a finite set I the space Rect(0" x I,0°) is empty if |I| > 1 and
consist of a single point if || < 1. In particular, E§* is isomorphic to the operad Poi
of Example 4.1.7(5), whose algebras are pointed objects, and E§ is isomorphic to
the operadic nerve of Poi.

Ezample 5.1.7. When n = 1 we have o' = (-1,1). In this case every rectilinear
embedding f : 0! x I — 0! determines a unique linear ordering on I by i < i’ <
£(0,4) < f(0,4"). This association determines a map of simplicial operads

(5.2) EY — Ass,
which in turn determines a map of simplicial categories
(5.3) (ED)® — Ass®.

We claim that (5.3) is a Dwyer-Kan equivalence. Since it is bijective on objects it
will suffice to show that (5.2) induces a weak equivalence on spaces of multimaps.
Suppose that |I| = k. Then we can identify the map

1 1
Mul]ElA({D }ielaD ) — MUIASS({*}ielv *)

with the projection
Z xIso({1,....,k},I) — Iso({1,...,k},I),

where Z ¢ Rect(o! x {1,...,k},0") is the subspace consisting of those rectilinear
embeddings f : o' x {1,...,k} — o' such that f(0,i) < f(0,i") whenever i < i’.
It will hence suffice to show that Z is contractible. Indeed, Z can be identified
with the convex subset of R?* consisting of those (al,b!,...,a",b*) e R?* such that
a'>0,b' >-1+a', 0" >0 +a" ! +a’ and b¥ <1 -a*. We consequently obtain an
equivalence of co-operads

E® = N(Ass®).

Ezample 5.1.8. Similarly to E?, the oo-operad Ei@a also has discrete spaces of
multimaps, and is equivalent in turn to the nerve of the ordinary operad PRAss
of Example 4.1.8(4), whose algebras are given by a pair of an associative algebra
object and a pointed right module over it.

Definition 5.1.9. Given an open n-manifold M (see Definition 6.1.1), we will
denote by Conf(I, M) the space of all injective maps I — M, endowed with
the topology as a subspace of M!. We will refer to the points of Conf(I, M) as
configurations to the Conf(I, M) itself as the configuration space of M.
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Lemma 5.1.10. Let I be a finite set. Then the map evg : Rect(O™ x I,0") —
Conf(I, M) obtained by restricting along I = {(0,...,0)} x I - 0" x I is a homotopy
equivalence.

Proof. Given a configuration f:I — O" let us denote by

e(f)=min _min_|f;(7) - f;()]

o
the minimum distance between the points in f(I) (in the taxi-driver metric) and
by

e'(f)=min_min (1-]f;()])

the minimum distance between the pomts in f(I) and the boundary of the cube.
Let €”(f) = 7min(5(f2)’s (D and let

@ :Conf(I, M) — Rect(O" x I,0")
be the map which sends f: 1 — O" to the rectilinear embedding

Pr(1, e nyi) = f(0) + " () (@1, ).
Then ¢ is continuous (since min is continuous) and evg ¢y = f. To finish the proof it

suffices to note that the map g = @ey,(g) from Rect(o" x I,0") to Rect(0" x I,0")
is homotopic to the identity. An explicit homotopy is given by

Ht(g)(xlv .. :L‘n,l) = (bZ +a§(t)$17 7bil +a (t)ll?n),

where al (t) =ta’ +(1 t)”(evo(g) and a’, b’ are the constants determining glgn x(;}-

3%
(I
Corollary 5.1.11. The space Rect(Q™ x I,0") ~ Conf(I,0") is (n — 2)-connected.

Proof. We argue by induction on |I|. If T = @ then the space Conf(I,0") is a
singleton. Otherwise, let ig € I be an element and consider the projection

(5.4) Conf(I, M) — Conf(I', M).

where I' = I\ {ip}. Then (5.4) is a Serre fibration whose base is (n — 2)-connected
by the induction hypothesis. By the long exact sequence in homotopy groups it
will suffice to show that the fibers are (n - 2)-connected. Now the fiber over a
configuration f: I’ — 0" is given by 0" \ f(I"). To finish the proof we hence need
to verify that the complement of a finite number of points in 0" is (n—2)-connected.
In fact, it is a classical result that the complement of k£ points in O" is homotopy
equivalent to a wedge of k spheres of dimension n — 1. We note that when n < 2
this can be verified by hand. When n > 3 the proof is classical using Van-Kampen’s
theorem and Alexander’s duality. O

For every n > 0 the identification 0"*! = 0" x (-1, 1) determines a map of simpli-

cial operads EA — IEA .1 which acts on spaces of operations by taking the product
with (-1,1). We then obtain a map of co-operads E2 — E® ;. Using Corol-
lary 5.1.11 and the fact that weak equivalences in the operadic model structure of
Theorem 4.1.19 are closed under filtered colimits we can now deduce the following:

Corollary 5.1.12. The colimit of the sequence
(55) ]EO —> ]E1 —_— EQ — ...

in the co-category Op,, is equivalent to the terminal co-operad Com®.
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With Corollary 5.1.12 in mind we will sometimes denote N(Com®) also by E,.
We can think of (5.5) as a sequence interpolating between the associative operad
Ass® ~ E; and the commutative operad Com® ~ E.,. In particular, it encodes
algebraic structures with higher and higher levels of commutativity.

5.2. Dunn’s additivity theorem. Our goal in this section is to formulate and
prove Dunn’s additivity theorem, which identifies E,, as the n-fold tensor product
of E; with itself. We can phrase this idea informally as follows: providing an E,,-
algebra structure on an object = in a symmetric monoidal co-category € is equivalent
to providing a collection of n associative algebra structures which commute with
each other.

In the definition below we use the fact that the simplicial operad Eﬁ has a
single object, and so we can identify the objects of the simplicial category (IE),AL)®
of Construction 4.1.9 with the objects of Fin,.

Definition 5.2.1. For integers n,k > 0 let
Pt (BR)® x (E)® — (Eniy)®
be the map of simplicial categories which sends the object ((m),{(l)) to the object
(m-1) and for every pair of maps « : (m) — (m') and S : (I) — (I’) sends the
component
[] SingRect(o" xa '(i),0") x [] Sing Rect(0* x g71(4),0")
ie(m/)° Je(y®
of Map(gajega)e (({m), (1)), ({m"),(I))) to the component
Sing Rect(0™* x o1 (i) x B71(j),0"*) ¢ Map(EA%)@((mJ) Am’-1'))

via the rule (f;,g;) = fi x g;. Passing to coherent nerves we obtain a bifunctor of
oo-operads.

Pn,k

(5.6) E® x E®? E®

l l

N(Fin,) x N(Fin, ) —*> N(Fin,)

Theorem 5.2.2 (Dunn’s additivity theorem). The bifunctor (5.6) exhibits E,,
as the tensor product of E,, and Ey,.

The remainder of this section is devoted to the proof of Theorem 5.2.2. Let
us consider E,,; as a weak oo-operad with its operadic weak structure of Exam-
ple 4.2.11, and E,, xE;, as a weak oco-operad endowed with the product structure of
Example 4.2.13. Combining Proposition 4.1.23 and Proposition 4.1.21 it will suffice
to show that restriction along (5.6) induces an equivalence of co-categories

(5.7) Monge k(S) = MonngEg(S) ~ Monge (Mong, (8)),

where 8 denotes the oco-category of spaces. Our first step is to reduce the higher
categorical complexity of the problem by replacing E® by a suitable discrete model.

Definition 5.2.3. Let D® be the operadic nerve of the ordinary colored operad
whose objects are the open subcubes of 0" (i.e., the images of rectilinear embed-
dings). Given a collection of subcubes Uy, ...,U, € 0" and an additional subcube
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V c o™ we let Mul({U;},V) be a singleton if all the U;’s are contained in V' and
are pairwise disjoint and empty otherwise.

We note that each subcube of 0" is homeomorphic to 0" via a unique rectilinear
homeomorphism (by which we mean a map given by a formula as in (5.1)). This
yields a map of co-operads

(5.8) p:D® — E&.
We now have the following lemma:

Proposition 5.2.4. The map (5.8) is a weak approximation in the sense of De-
finition 4.2.14 (where we consider both sides as endowed with the weak operadic
structure of Example 4.2.11).

Before we prove Proposition 5.2.4 we will need to require some results concerning
nerves of coverings of topological spaces. For this, let X be a topological space. We
will denote by O(X) the poset of open subsets of X. Let P ¢ O(X) be an open
covering of X. We may then consider P as partially ordered set, with the order of
inclusion. Suppose that for every z € X the subposet {U € Plx € U} is connected.
Then the canonical map
(5.9) colimU — X

UeP

is a homeomorphism of topological spaces. We can informally express this statement
by saying that X is obtained by gluing the various opens U € P. We note that the
colimit in (5.9) is the strict colimit calculated in the ordinary category of topological
spaces. It is natural to ask for a homotopical analogue of this statement, that is,
to look for conditions which insure that the canonical map

(5.10) hocolimU — X
UeP
will be a weak homotopy equivalence. We then recall the following result:

Theorem 5.2.5 ([6, A.3.1]). Let X be a topological spaces, let P be a poset and
P — O(X) a map of poset. Suppose that for every x € X the subposet {a € Plx €
Uy} is weakly contractible. Then the map (5.10) is a weak homotopy equivalence.

Remark 5.2.6. In Theorem 5.2.5 one can replace P by an arbitrary oco-category
equipped with a functor P — O(X). The reason why we chose the formulation
with posets is for simplicity of exposition, and since this covers all the cases we will
need in these notes.

The proof of this statement uses some machinery related to the theory of oco-
topoi, and we will not recall its proof. Let us note however that this question
was also addressed in classical algebraic topology, usually in the setting where P
is assumed to be closed under intersections (this condition automatically insures
that subposet {U € Plx € U} is weakly contractible for every x € X. In this case
the homotopy colimit appearing in (5.9) was then described using a specific model,
known as the Cech nerve of the covering, as follows. Given P, one first forms the
simplicial space Co(P) such that

a@- 11 AOu.

(Ut,...,Up)ePn+li=1
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It can then be shown that the geometric realization of this simplicial space is a
model for the homotopy colimit 5.10. The following can the be proven using clas-
sical methods (in particular, partitions of unity, which is why the assumption of
paracompactness was needed):

Theorem 5.2.7 (see, e.g.,[3, Corollary 4G.2]). Let X be a paracompact topological
spaces and P < O(X) an open covering. Then the natural map

[Ce(P)| — X
is a homotopy equivalence.

Remark 5.2.8. In Theorem 5.2.7 we did not assume that P is closed under inter-
section since this was not assumed in the classical setting and is not needed for
the claim of Theorem 5.2.7 to hold. The condition that P is closed under finite
intersections is only needed for the identification of |Ce(P)| with hocolimyep U.

Remark 5.2.9. Suppose that P ¢ O(X) is an open covering which satisfies the
following property: for every x € X and every U,V € P there exists a W € P
such that z €e W ¢ Un V. Then for every z € X the subposet {U € Plz € U} is
filtered (every finite subset has a lower bound) and is hence weakly contractible.
In this particular case one can construct a hypercovering Uy — X such that |U,| ~
hocolimyep U and prove Theorem 5.2.5 using direct arguments (not invoking oco-
topos machinery), see [2].

Corollary 5.2.10. Let M be a manifold and O(M) the poset of open subsets of

M. Let I be a finite set and P ¢ O(M)! be a subposet satisfying the following

properties:

(1) For every (U;)ier € P, we have U;nU; =@ fori+j.

(2) For each configuration f : I — M there exists an element (U;)ier € P such
that f(Z) € Ui-

(3) If (U)ier and (V;)er are two elements in P and f: I — M is a cofiguration
such that f(i) e U;nV; then there exists a (W;)er € P such that f(i) e W;.

Then the natural map

hocolim [ | Conf({i},U;) —> Conf(I, M)
(Ui)ier€P 1

is a homotopy equivalence.

Proof. The association (U;)ser = [y Conf({i},U;) determines an injective fully-
faithful map from the poset P to the poset of open subsets of Conf(I,M). The
desired result is now provided by Theorem 5.2.5 (in the situation of Remark 5.2.9).

O

Proof of Proposition 5.2.4. We first note that E‘f’l) ~ % and cp_lEf’l) = ID)‘?U has a final
®

object and is hence weakly contractible. This implies that the map ]D)g) 1)

a localization map. We hence just need to check Condition (1) of Definition 4.2.14,
namely, that for every collection of subcubes Uy, ..., U, the functor

(5.11) D).y — EDimy

has weakly contractible homotopy fibers. We first observe that both the left and
right hand sides are products of the corresponding oco-categories for the individual

— E® is
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U;’s. In other words, we may assume that m = 1. Consider the commutative
triangle

(5.12) (D23 (B2t

~ 7

(E9)™

The right diagonal map is a right fibration whose fiber over the object (1) € (E®)2<*
is a Kan complex which is naturally equivalent to the singular complex of Rect(0"™ x
(1)°,0™). It will hence suffice to show that (5.12) induces a weak homotopy equi-
valence between homotopy fibers above every (1) € (EF)*". Let X; — (Df)j;" be
the homotopy fiber of the left diagonal map over (I) € (E®)?“*. Unwinding the de-
finitions we see that (Df)?&t can be identified with the subposet of O(U) spanned
by those open subsets which are finite disjoint unions of subcubes. Let us call such
open subsets multi-subcubes. Under this identification the left diagonal map can be
written as V'~ 7o (V). We may then identify X; with the oo-category of pairs (V, p)
where V is a multi-subcube of U and p: 0" x (I)° — V is a rectilinear embedding
which induces a bijection of my. Equivalently, we can describe the objects of X; as
pairs ((V1,..., V1), (p1, .-, p1)) where Vi, ...,V are pairwise disjoint open subcubes of
U and p; : 0" —> V; is a rectilinear embedding. Let us denote by X; € O(U)"° the
subposet spanned by the pairwise disjoint tuples of subcubes (V1,...,V}) € O(U)”)Q,
so that we have a forgetful functor X; — X (which is in fact an equivalence) given
by ((V1,-s V1), (p1, -, o)) = (V1,...,V}). To finish the proof we now need to check
that the canonical map
hocolim  [] Rect(0" x {i},V;) — Rect(a" x (1)°,U)
(Vi Vi)eXa ge(iye
is a weak homotopy equivalence. In light of Lemma 5.1.10 we may replace rectilinear
embeddings by configuration spaces and prove instead that the canonical map
hocolim_ [] Conf({i}, Vi) — Conf({1)°,U)
(Vi,...,Vi)eX, ie(l)°

is a weak homotopy equivalence. But this now follows from Corollar 5.2.10 since
every intersection of cubes is either empty or a cube, and every cofiguration of
points is covered by at least one tuple of subcubes. O

Corollary 5.2.11. The restriction functor
Mongs (§) — Monpe (8)
is fully-faithful and its essential image is spanned by those D2-monoid objects 1) :

DE — 8 which are locally constant in the sense that the restriction to (D))
sends every arrow to an equivalence of spaces.

We now note that the bifunctor of co-operads of Definition 5.2.1 can also be
defined on the level of D®. Indeed, it is simply given by the functor of ordinary
categories

(513) DS xDf — D2,

which sends ((Us)ie(mye, (Vj)je@ye to (Ui x Vi) (ig)emyexqye (where we identified
(m)® x (1)” with ({m) A (1))°).
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Let us now recall from §4.3 the formation of wreath products. We then observe
that (5.13) factors as
D® ><]D)® —>D® 2]D® _’ng

where the second functor sends
(U1, Up)s (Vs Vi b oo AV VIR o (U V) ey ey

We can consider D® : D as a weak oo-operad with respect to the wreath product
structure of Definition 4.3.10.

Proposition 5.2.12. The composed map
(5'14) DS ZD% - D%H@ - Egﬂc
is a weak approximation of weak oo-operads.

Proof. Let us first establish Condition (2) of Definition 4.2.14. For this, we note that
the functor D x DY — DF DY identifies (Df )(1) x (DY )1y with a full subcategory
of (DF :DP) (1), and this inclusion is coinitial. In addition (DP)1y x (DY )1y has a
final object. It then follows that D : DP is weakly contractible and so the map
(DZ2DP) 1y — (E2,, )1y = * is a localization map.

We shall now prove that Condition (2) of Definition 4.2.14 holds. Fix an object
X = (U1, Un), (V1 s Vi AV, V™)) € DE DS, and set 1= 3, 1;. We
need to show that the functor

(5.15) (D2 :DEYisE — (B, )3

has weakly contractible homotopy fibers. We first observe that both the left and
right hand sides of (5.15) factor as the product over i = 1,...,m of the respective
oo-categories for X; = (Ui, {V{,...,V;'}) on the left and /; on the right. We may
hence assume that m = 1. Consider the commutative triangle

(5.16) (D2 2D2)SL 1 (ES, )it

T~

(]E )act

n+k

The right diagonal map is a right fibration whose fiber over the object (I’) €
(E® Jrk)‘aLCt is a Kan complex which is naturally equivalent to the singular complex of
Rect(o™ x (I)°,0" x (1)°). Tt will hence suffice to show that (5.12) induces a weak
homotopy equlvalence between homotopy fibers above every object (I') € (E®,, )"
Let us denote by Xy — (D® 2D®)7(C{] (Vi....vi)) the homotopy fiber of the left
diagonal map over (I') € (E®)**. To identify this homotopy fiber let us define
Voi=1eqye Vi € 0" x (1)° and consider the open subset

X =UxVeco"xof x(1)°=a0""* x (1)°

equipped with its two projections p: X — U and ¢: X — V. Let O(X,U) denote
the poset of pairs (W,U") where W is an open subset of X and U’ is open subset of
U which contains the image of W via the projection p: X — U, where we consider
O(X,U) as ordered by inclusion. The association

(U1, Un)s (Vs Vi b AV Vi) o (U < VU DY)
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identifies (D® zD‘f)j”(‘}t]){Vthl}) with the subposet O°"*¢(X,U) c O(X,U) spanned

by those pairs (W,U") which satisfy the following properties:

(1) U’ is a disjoint union of subcubes Uy, ...,U; € U.

(2) For each component U; € U’ the inverse image W np~1(U;) € X of U; in W
factors as a product U; x V' where V' ¢ V is a (possibly empty) union of
subcubes V7, ,Vl’

Under the identification (D :DF)7( (v, wiy) O°'*¢( X, U) the left diagonal map
in (5.16) can be written as (W, U") — mo(W). We may then identify X; with the oco-
category of pairs (W, U’, p) where (W,U’) € 9°"P¢(X U) and p: 0" x({I')° — W is a
rectilinear embedding which induces a bijection of my. Equivalently, we can describe
the objects of X; as tuples ((W,U’),n, (p1,...,p1)) where (W,U") € O°U*¢(X,U), n:
(I'Y° — mo(W) is a bijection of sets and p; : "% — W is a rectilinear embedding,
where by W, we mean the component of W determined by 7(i) € mo(W).

Let XY be the full subcategory of X;; spanned by those ((W,U’),n, (p1, .-, p1))
such that the map W — U’ is surjective on my. The inclusion DC?, ¢ Xy admits a
I‘lght adjoint Xy — xlof which sends ((VVa U,)v m, (pla E) Pl)) to ((Wp(W))7 m, (p17
and is hence a weak homotopy equivalence. It will hence suffice to show that the
map

DC?, - (E§+k)7(clt) X(E®, )t {
is a weak homotopy equivalence.

Let us denote by T?, the poset of pairs ((W,U’),n) where (W,U’) e O°"*(X,U),
W — U’ is surjective on 7y and 7 : (I')° — m(W) is a bijection. In particular
we have a natural forgetful functor Y?, — X (which is an equivalence). Given
(W,U"),n) € flo, the multi-subcube U’ ¢ U is completely determined by W (as its
image). We then see that the association ((W,U’),n) = (W;");cqye identifies T?,
with a certain subposet of O(X )(l')o. We shall henceforth adopt this identification
implicitly. To finish the proof it is left to check that the canonical map

hocolim  [] Rect(a” x {i},W;) — Rect(a” x (I')°, X)
(Wi, Wi )X i (17)°
is a weak homotopy equivalence. In light of Lemma 5.1.10 we may replace rectilinear
embeddings by configuration spaces and prove instead that the canonical map
hocolim ] Conf({i},W;) — Conf({I')*,X)
(Wl,...,Wl/)Ex?/ iE(l’)o
is a weak homotopy equivalence. We would like now to invoke Corollary 5.2.10
as in the proof of Proposition 5.2.4. The only additional detail we need to verify
(which was obvious in the case of Proposition 5.2.4) is that for every configuration

f (') — X there exists a (Wy,...,Wy) € flo, such that f(i) € W;. To see

this, let I ¢ U be the image of the composed map (I')° Tox 2 U. We may
then identify I with (m)° for some m (embedded in U) and we let a : (I') —
(m) be the corresponding active surjective map. Then we may choose small n-
cubes neighborhoods {U;}ie(m)e for each i € (m)° such that U; n Uy = @ when
i #i'. For each i € (m)° let J; € V be the image of the subset a~!(i) ¢ (I')°
under the composed map (I')° — X L V. We may then choose small k-cubes
neighborhoods {V}} e, for each j € J; such that V; n Vs = & when j # j'. The

1))
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object (Ua(j) % V;)jeqry € OC“be(X)(l,)o then belongs to y?, and the corresponding
open subset of Conf({I’)°, X) contains the configuration f, as desired. O

Proof of Theorem 5.2.2. We would like to show that (5.7) is an equivalence of oco-
categories. Consider the commutative diagram

(5.17) Monge  (8) — Mongg s (S) —— Monge (Mongs (8))

T |

MOHD%sz (8) — Monpe (Monmf (8))

where the right horizontal maps are equivalences by Theorem 4.3.11. By Proposi-
tion 4.2.18 and Proposition 5.2.12 the left diagonal map in (5.17) is fully-faithful
and its essential image is spanned by those monoid objects 1 : D® : D® — §
which send every arrow in (D® : Df)m to an equivalence. On the other hand, by
Proposition 4.2.18, Proposition 5.2.4 and Remark 4.2.16 the right most vertical
arrow is fully-faithful and its essential image is spanned by those monoid objects
¥ : DExDP — 8 which send every arrow in (D) x (DP)1y to an equivalence. To
finish the proof it will hence suffice to show that if a monoid object ) : D2:D® — 8§
sends every arrow in (D®) 1y x (Df)(1) to an equivalence then it sends every arrow
in (Df :DP)(1) to an equivalence. Indeed, let ) : D¥ : D — 8 be such a monoid
object. Then for every object ((Ut,...,Un),({},..,{V},....{})) in (DF:DP)1 the

map
DU s Un)s ({3 {V Y0 {3) — 0 (Us, V) ' H< >o¢(Uia {H

induced by the inert map (Uy,...,Up,), {}, ... {V},...., {}) — (Ui,, V) and the inert
maps (Ur,...,Un), ({}, -, {V}, ., {}) — (Ui, {}) for i # g, is an equivalence. In
addition, the monoid condition also implies that ¢¥(U;,{}) ~ *. We may then
conclude that 1 sends every inert map of the form

(5'18) ((U17 ooy Um)a ({}7 ey {V}v ey {})) - (Uioa V)

to an equivalence. By the 2-out-of-3 rule we then get that ¢ sends every map

(5.19) (U V" — (U1, Uy, ({3 AV S o (1)

whose domain is in (D®) 1y x (Df)1) to an equivalence. We now observe that any
object in (D®:DP )1y receives at least one map from an object in (DY) 1y x (DF )(1)-
Applying again the 2-out-of-3 argument we may conclude that 1 sends every map
in (DP :DP) 1y to an equivalence, as desired. O

Remark 5.2.13. Letting either k£ or n to be 0 in Theorem 5.2.2 we recover the claim
that Eg ® E,, ~E,, ® Eg ~ E,,, and so the forgetful functors Mong, (Mong, (€)) —
Mong, (€) and Mong, (Mong, (£)) — Mong, (£) are equivalences for every oo-
category with finite products €. More generally, if €® is a symmetric monoidal
oo-category then the forgetful functors

Alg]En (Alg]Eo (©)) - Alg]]in (©) - Alg]]io (AlgIEn (©))

are equivalences.
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Remark 5.2.14. A variant of the argument in the proof of Theorem 5.2.2 shows that
]E%k,8 : Efﬁ ® E. In particular, by example 5.1.8 we may identify E,, y-algebras
in € with E,-algebras in Algg, (€)= Algpga(C).

5.3. May’s recognition principle. Let (X, z() be a pointed connected topologi-
cal space. Then the loop space
QX = {p:[-1,1] — X|p(-1) = p(1) = z0},
equipped with the compact open topology, acquires a natural action of the topologi-
cal little 1-cube operad EEOP (see Variant 5.1.4), which can be described as follows:
given a rectilinear embedding f : 0! x I — 0!, the corresponding map
[ [[OX — QX
i€l
sends {p;}ier to the path ¢ : [-1,1] — X which is given by q(z) = pr(f71(¢)) if
t is in the image of f and ¢(t) = 2o otherwise. Here we consider 0! = (-1,1) as a
subspace of [-1,1] and p; : 0! x I — X is the map p;(t,7) = p;(t). More generally,
the n-fold loop space

Q"X = Q(Q(—(2X))) 2 {p: [-1,1]" — X[p(d[-1,1]") = 20}

acquires a similarly defined action of Ef°P. A famous theorem of May (related to a
large body of work of Boardman and Vogt on the topic) identifies the E°P-monoid
objects in Top which can be obtained in this way. To formulate May’s result we
will need the following definition:

Definition 5.3.1. Let X be a topological space equipped with an action of E°P
for n > 1. We will say that X is group-like if for every rectilinear embedding
f:0"x{1,2} — 0" the map

XXX (prlrf*) XXX

is a homotopy equivalence, where pr; : X x X — X is the projection to the first
coordinate and f, : X x X — X is the map associated to f by the action of E°P.

Theorem 5.3.2 (May [7]). Let X be a space equipped with an action of E°P. Then
the following conditions are equivalent:

(1) X is of the form Q™Y for some pointed (n —1)-connected topological space Y .
(2) X is group-like.

Theorem 5.3.2 gives an important relation between the theory of E!°P-monoids
in spaces and the theory of iterated loop spaces, and was historically one of the
motivations behind the introduction of the little n-cube operads. It is often referred
to as May’s recognition principle, since it can be considered as giving an internal
characterization of n-fold loop spaces in terms of the structure they acquire, which
then allows one to recognize them without knowing any explicit delooping. We
would like to formulate and prove May’s theorem in the setting of co-operads. For
this, let us first define the notion of being group-like in a more general context:

Definition 5.3.3. Let ¢ : E® — & be an E,-monoid object in € for n > 1. We
will say that 1 is group-like if for every active f:(2) — (1) in E® the map

(5.20) B((2)) — gy (1))

is an equivalence.
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FEzxzample 5.3.4. In the situation of Definition 5.3.3, suppose that & = 8§ is the oo-
category of spaces. Given a monoid object ) : E® — 8 let X := 4 ((1)) € § be its
underlying space. The map (5.20) can then be identified up to equivalence with a
map of the form

(5.21) Xxx Pl yox

where pr; : X x X — X is the projection on the first component and f, : X x X —
X is the multiplication induced by f. Now the map (5.21) respects the projection
on the first component on both sides. By the long exact sequence in homotopy
groups we have that (5.21) is an equivalence if and only if it induces an equivalence
on homotopy fibers of pr; over every x € X. Given a particular x € X, the induced
map on homotopy fibers over x can be identified with the map

(5.22) (eyx X — T S aixx

given by f-multiplication by z. We may thus conclude that X is group-like if and
only if for every active f : (2) — (1) in E®, the operation of f-multiplication by any

n’

point z € X is an equivalence. Replacing f with the composition (2) — (2) N (1),

where 7 lies over the map in N(Fin,) which switches 1 and 2, we see that this is
equivalent to saying that f-multiplication by x from the left or from the right is an
equivalence for every f and z. Finally, this condition does not depend on f, since
Map eyt ({2) , (1)) is either connected (when n > 1) or has exactly two components
(when n = 1) which are then switched by pre-composition with 7. We note that any
choice of f induces a structure of a monoid on mo(X), and the condition that every
point acts invertibly from the left and from the right is equivalent to the condition
that mo(X) is in fact a group.

In order to prove May’s recognition principle it will be convenient to replace
E® by a suitable strong approximation of it. Recall first that E® ~ N(Ass®) (see
Example 5.1.7). In addition, the category A°P has a natural structure of a weak oo-
operad (see Example 4.2.12) and we have a strong approximation map AP —» Ass®
(see Example 4.2.15). By Proposition 4.2.18 the restriction functor

Monpgs(€) — Monpes (&)

is an equivalence of co-categories. We note that we may also model E,-monoids
in this way using the additivity theorem. More precisely, let us consider the n-
fold product (A°P)™ = A°P x ... x A°? equipped with the product weak oo-operad
structure of Example 4.2.13. By Remark 4.2.16 the map (A°)" — (Ass®)" is
again a strong approximation and so

(5.23) Monporyn (€) = Monagseyn (€) * Mongey. (€) ~ Mong,, (&)

by Theorem 5.2.2.

We can also construct a similar type of strong approximation for the co-operad
Eg. Consider the one-arrow category [1] = ¢ —— e equipped with the weak oco-
operad structure in which all maps are active, only the isomorphisms are inert,
and the basics are {1} ¢ [1]. We have a natural map of weak co-operads [1] —
Poi® which sends 0 to (0) and 1 to (1). This map a strong approximation since
it induces an equivalence on active over-categories (and the second condition of
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Definition 4.2.14 is clear). We may then conclude that
Mong7(€) = Monp,i(€) ~ Mong, (€).
Unwinding the definitions we see that Monp1(€) € Fun([1], €) is the full subcate-

gory spanned by those arrows © — y in € such that z is final. Fixing a final object
* we then have a natural equivalence Mon;j(€) = €,,.

Definition 5.3.5. Let & be an oo-category with finite products. We will say
that a (A°P)"-monoid object N(A°P)" — & is group-like if it corresponds to
a group-like E,-monoid object under the equivalence (5.23). We will denote by
Mon%rAOp)n (€) € Mon(aeryn (€) the full subcategory spanned by the group-like A°P-
monoid objects.

Remark 5.3.6. Unwinding the definitions we see that a A°P-monoid object v :
N(A°P) — & is group-like if and only if the map

(5.24) w([2]) — (1) xw([1])
induced by the faces {0,1} ¢ [2] and {0,2} ¢ [2] is an equivalence.

Remark 5.3.7. In the situation of Remark 5.3.6, if ¢ : N(A°P) — € is group-like
then an a-priori stronger condition automatically holds: for every n the collection of
maps p; : ¥([n]) — ¥ ({0,4}) for i # 0 exhibit ¥([n]) as the product [T,.o ¥ ({0,}).
To see this let us argue by induction on n (the case n = 2 of (5.24) being the
base). Indeed, suppose the claim is true for some n > 2. The monoid condition
implies that 1 ([m]) =~ [17%" ¢¥({i,i + 1}) for every m and hence that ¥ ([m]) =
P({0,...,i}) x Y({i,...m}) for every 0 < i < m. Combining this with the induction
hypothesis we then conclude that
([n+1]) = ({0,...n}) xp({n,n+1}) = [ »({0,i}) xb({n,n+1}) =

4711—[ _1w({o,i} xp({0,m,m +1}) = 4711—[ 11#({071'}),

as desired.

In order to formulate May’s recognition principle co-categorically we would like
to view the formation of iterated loop spaces not as a topological construction but
rather as a higher categorical one, namely, as a form of a homotopy limit.

Definition 5.3.8. Let € be an co-category. We will say that a square of the form

y%*

b

* —> T
p

exhibits y as the loop object of x at p if * is a final object and the square is cartesian
in €. In this case we will also informally write y ~ Q,, or even y ~ Qx if the base
point is implied.

Ezxample 5.3.9. Consider the category Top of topological spaces equipped with the
model structure in which the weak equivalences are the weak homotopy equivalences
and the fibrations are Serre fibrations. Given a pointed space (X, xg), the inclusion
{zo} — X can be replaced with a fibration ev; : P,, — X where P,, is the space
of paths in X starting from z, and ev; is given by evaluating at the end point.
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One can then compute the homotopy pullback {zo} x% {zo} as the fiber product
P,y xx {zo} 2 QX. In particular, Definition 5.3.8 specializes to the classical notion
of a loop space in the case € = 8.

Let now &€ be an oco-category which admits final objects and pullbacks. We would
like to express the idea that loop objects €2,z in € carry a canonical structure of
a group-like E;-monoid object (in particular, this structure has nothing specific to
do with topological spaces). For this it will be convenient to work in the following
setting: let A, denote the enlargement of A obtained by including also the empty
linearly ordered set [-1]:= @ € A", For -1 <k <m let us denote by Ap, k] € Ay
the full subcategory spanned by the objects [k], [k +1],...,[m], so that Ap,,1 €A
when k > 0. We note that A[_; o) has two objects and a unique non-zero arrow
[-1] — [0]. In particular, N(A[_;,0) = A'. We then have the following:

Proposition 5.3.10. Let € be an oo-category with a final object + € € and let
P : N(AP) — € be a diagram. Then the following are equivalent:

(1) ¥([0]) ~ * and v is a right Kan extension of p|aov

[-1,0]"

(2) P|aer is a group-like A°P-monoid object and 1/}|(A?fl e is a right Kan exten-

sion of ¢|<A?§,u>“"

Proof. Let us say that a map in ASP is inert if it is either an inert map of A° or a
map whose codomain is [-1]. We note that any map whose codomain is [0] is inert
and hence any map in A" whose codomain is in A is inert. In particular, for
n > 1 the functor

-1,0]

(Aip)i[i X AP A -1,0] (AT [y % ace A -1,0]

is an isomorphism, and hence the second part of Condition (1) is equivalent to the
condition that 1’| acryin is a right Kan extension of /| A By the pasting lemma
for Kan extensions (Proposition 2.7.7) and Remark 2.7.6 we see that Condition (1)
is equivalent to the conjunction of the following three conditions

(1a) ¢ ([0]) = =;

(1b) ’(/J|(A$D)in is a right Kan extension of @[J|(Aop i and

(1c) w|(AFp yin is a right Kan extension of 1/)|A[ o

Similarly, Condltlon (2) above is equivalent to the conjunction of Condition (1c)
and the following three conditions:

(2a) Y|(acpyim is a right Kan extension of 1/}|(Aop BLE
(2b) w|(Aop e is a right Kan extension of @/}|{1}, and
(2¢) the map ¥([2]) — ¥ ({0,1}) x ({0,2}) of (5.24) is an equivalence.

Now for n > 2 the full subcategory inclusions

(525) (AOp)i[r; X Aop A[O 1 (AOP) XAOD A 1 1]

is coinitial: this follows from the fact that the only obJect in the right hand side
which is not in the left hand side is final and the left hand side is weakly contractible.
It then follows from Theorem 2.7.5 that Condition (1b) is equivalent to Condition
(2a). Furthermore, since there are no inert maps from [0] to [1] in A°P, the
same theorem implies that Condition (1a) is equivalent to Condition (2b). To
finish the proof it will suffice to show that Condition (1) implies Condition (2c).
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Let J ¢ (Aip)i[g]/ be the full subcategory containing (A%”)[a)) X acr A P o and in
addition the objects corresponding to the inclusions {0,1},{0,2} ¢ {O ,2}. Let

BT — AP Lg
be the composed diagram. Condition (1) implies that ¢’ is a right Kan extension

of its restriction to (A”)[2); xacr A([)E)l,o] and so by Theorem 2.7.5 and Proposi-
tion 2.7.7 the composed map

g9 _a® e
is a limit diagram. Let g ¢ J be the full subcategory spanned by the objects
corresponding to the inclusions {0},{0,1},{0,2} < {0,1,2}. Then it is easy to
check that J is coinitial in J. We may hence conclude that the composed map

g9 — A% Log

is a limit diagram. Since ¥([0]) =~ =* is final this exactly means that the map

Y([2]) — ¥({0,1}) x ({0,2}) = ¥ ({0,1}) xy(s0y) ¥({0,2} is an equivalence, as
desired. 0

Definition 5.3.11. Given an oo-category & with a final object we will denote by
€4 = Monp;1(€)

the oo-category of [1]-monoids in & We will refer to these monoids as pointed
objects in €.

Construction 5.3.12. Let € be an co-category with a terminal object * € €. Define
Xe € Fun(N(ASP), &) to be the full subcategory spanned by those functors % :

N(ASP) — & such that ¥([0]) ~ * and %) is a right Kan extension of ¢|Aop o We

may then identify the co-category &£, of Definition 5.3.11 with the full subcategory
&, € Fun(N(A 5)1,0 ,&) spanned by those v : N(AOE’LO ) — & such that ([0]) =~

/\

Consider the diagram
MOnN(Aop) (8)

where the left diagonal map is given by restriction along A°P ¢ AP (and is well-
defined in light of Proposition 5.3.10), and the right diagonal map is given by
restriction along A([)E)Lo] c ASP. By Remark 2.7.2 the right diagonal map is a trivial
Kan fibration. Choosing a section for this trivial Kan fibration we hence obtain a
functor

Qe: & — Monyaer)(€),
well-defined up to a contractible space of choices. Let us denote by
Qe : &, e, Monyaery(€) — €

the composed functor, where the second functor is given by evaluation at [1] € A°P.
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Lemma 5.3.13. Let Forget : &, —> & be the functor which sends [* — x] € &, to
x. Then there exists a cartesian square of the form

(5.26) Qe — =%

)

* ——— Forget
in the co-category Fun(€., &) such that for every [*+ — x] € €. the square

(5.27) Qe (z) —*(2)

l k

exhibits Qe () as the loop object of x at 7.

Proof. Recall that Q¢ is given by first choosing a section s : &, — X for the
trivial Kan fibration X¢ — €, and then applying the restriction functor X —
Monyaer)(€). In particular, for every [+ — z] € €, the functor s, : N(A) — &
is a right Kan extension of (sgg)h\I(AF_p1 o) and s, ([0]) = . Let J:= (AJ)[1y) xacr

Ac[)fl o) S0 that we can identify J with the category

|

o ——> oo,

The adjunction between the cone and slice constructions yields a natural map
o :J9 — AP which sends the cone point to [1]. We may then consider the map

p:E*xJ<—>8

given by the formula p(z,i) = s;(c(i)). The adjoint map J¢ — Fun(€,, &) can
then be depicted as a square of the form (5.26) which has the desired properties
by Theorem 2.7.5, since s, is a right Kan extension of (53?)|N(A‘[’f’1 o)) and s,([0]) is

final in €. |

In light of Lemma 5.3.13 we can consider the functor Q¢ : &, — Monaon (&)
as a refinement of the “loop functor” €, — & (which is well-defined by up to a
contractible space of choices) to a functor which takes values in A°°-monoids. In
other words, (¢ encodes a natural A°P-monoid structure (equivalently, associative
monoid structure, or an Eq-structure) on the loop object of every x € €.

We shall now apply the machinery above to the case € := § of spaces. Let us
denote by 82 ¢ 8, the full subcategory spanned by the pointed connected spaces.

Proposition 5.3.14. The functor
(528) ﬁo = ﬁs : 8* — MODAOD (8)

of Construction 5.3.12 restricts to an equivalence between the full subcategory 89 ¢
8. on the left hand side and the full subcategory Mon%,,(8) € Monaer(8) on the
right hand side.
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Before we prove Proposition 5.3.14 let us recall a certain important property of
the oo-category of spaces.

Definition 5.3.15. Let C,D be two oo-categories and ¢, : € — D two functors.
We will say that a natural transformation 7: ¢ = 1) is cartesian if for every arrow
f iz — y in € the square

(5.29) ¢(z) —=¥(z)

.

P(y) —=¥(y)

is cartesian in D.

Proposition 5.3.16. Let J be an ordinary category and p,q : N(J) — 8 two J-
indexed diagram of spaces. Let D,q: N(J)® — 8§ be two colimits cones extending p
and q respectively and let T : D = q be a natural transformation. If T:=Tly:p=¢q
is cartesian then T is cartesian.

Proof. This is a classical fact. One way to prove this is by representing p and g
by actual colimit diagrams of simplicial sets and 7 by a natural transformation
which is levelwise a minimal Kan fibration. In this case all the squares (5.29) will
necessarily be cartesian squares in simplicial sets, at which point it will be enough
to verify the 1-categorical analogue of the result for the category of simplicial sets.
There we can reduce to checking it for sets, which is clear. O

Proof of Proposition 5.3.14. By Remark 2.7.2 it will suffice to show that the follo-
wing conditions are equivalent for a given functor ¢ : N(A?) — 8:

(i) ¥([-1]) is connected and ¢ belong to X.
(ii) *|n(acr) is a group-like monoid object and 1 is a left Kan extension of 1)|x(aep)-

Suppose first that ¥|aer is a group-like monoid object and that 1 is a left Kan
extension of ¢|aer. Then t([-1]) is the geometric realization of the simplicial
object ¥|aer and since 1([0]) ~ * is in particular connected it follows that 1 ([-1])
is connected. To show that Condition (i) holds it will suffice by Proposition 5.3.10
to show that WA?: o)) is a right Kan extension of 1/)|A[05>170], which means, more

concretely, that we need to check that the square

(5.30) P([1]) ——»([0])

L]

¢([0]) —=([-1])

is cartesian. Let p: AY — ASP be the functor [n] ~ [n] * [0] ~ [n + 1] obtained
by concatenation with [0], and let p*t) : AP — 8, be obtained by precomposing
with p. The natural transformation p = Id (whose value at [n] identifies [n] as the
prefix of length n in p(n)) induces a natural transformation p*¢) — 1. We now
claim that the restricted natural transformation p*@|acr = @aer is cartesian in the
sense of Definition 5.3.15. Unwinding the definition of p what we need to check is
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that for every o : [n] — [m] the square

(5.31) ¢([m] * [0]) ——([n] = [0])

i |

P([m]) ————¢([n])

is cartesian. We now note that the collection of o : [n] — [m] in A for which (5.31)
is cartesian is closed under composition, and if it contains o and ¢’ o o then it
contains o’. It will hence suffice to show that (5.31) is cartesian for maps of the
form o : {i} = [n]. In this case, the square (5.31) becomes

(5.32) Y({i,n+1}) ——=¥(({0,....n+1})

l |

P({i}) ———¢({0,...,n})

We note that the monoid condition implies that ¢([m]) ~ H;-n:f)l ({4, j+1}) and

hence that ¥([n +1]) ~ ¥ ({0,...,i}) x ¥({i,....,n + 1}) and ¥([n]) ~ ¥({0,...,i}) x
P({i,...,n}). To show that (5.32) is cartesian it will hence suffice to show that

(5.33) v({i,n+1}) ——=({i,...,n+1})

| |

P({i}) Y({i, ..., n})

is cartesian. This now follows from Remark 5.3.6, according to which, when ) is
group-like, 1([m]) decomposes as [T, ({0,;}) for every [m]. We now note that
p*1 is a colimit diagram since it is a split simplicial object. By Proposition 5.3.16
we may thus conclude that p*p = ¢ is a cartesian natural transformation. Taking
the edge [0] — [-1] in AP we recover that (5.30) is cartesian, as desired.

Let us now assume that (i) holds. Then #|aer is a group-like monoid object by
Proposition 5.3.10. Since 8§ admits colimits it follows from Theorem 2.7.5 that there
exists a functor ¢’ : A — § and a natural transformation & : |aer = 9| ace
exhibits 1’ as a left Kan extension of 1|aer along A°P ¢ ASP. This means, in
particular, that (¢’,4) is initial in the oco-category of left extensions of t|acp, and
so there exists a natural transformation §” : 1" = 1) such that §'|aor 06 = Id. To
finish the proof it will suffice to show that ¢’ is an equivalence. Now since the
inclusion A°P ¢ AP is fully-faithful we know that §|ace is an equivalence. It will
then be enough to verify that §'([-1]) : ¥'([-1]) — ¥([-1]) is an equivalence.
Now ¢’ satisfies (ii) by construction and so by the argument above it also satisfies
(i). By Proposition 5.3.10 we then have that 1/}’|(A<[)5>1’1])m is a right Kan extension of

1/)’|A<[>_pl o Since the same is true for ¢ this means that the map §'([1]) : ¢'([1]) —
¥([1]) is equivalent to the looping of the map &' ([-1]) : ' ([-1]) — ¥([-1]).
Since the latter is a map between connected spaces and §’([1]) is an equivalence it
follows that ¢'([-1]) is also an equivalence, as desired. O

For n > 1 let us denote by
(5.34) Qy Mon(aeryn (8)« —> Monaer (Monaoryn (8))
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the functor of Construction 5.3.12 applied to Mon(aeryn(8). Let us denote by
Mon(aeryn (8)? € Mon(aceys(8) the full subcategory spanned by those (A°P)"-
monoid objects in 8§ whose underlying object is connected. The statement of Pro-
position 5.3.14 can now be bootstrapped from § to Mon(aeryn (8):

Corollary 5.3.17. For every n > 1 the functor (5.34) restricts to an equivalence
between the full subcategory Mon acryn (8)9 € Mon(aeeyn(8) on the left hand side
and the full subcategory Mon,,(Mon(aeryn(8)) € Monaes (Mon aeryn(8)) on the
right.

Proof. Let us denote by
(5.35) QSAUP)” : MOH(Aop)n (S,(.) — Mon(Aop)n (MOHAOP (S))

the functor induced by (5.28) upon taking (A°P)"-monoid objects on both sides.
Since 8? ¢ 8, is a full subcategory closed under finite products Proposition 5.3.14
implies that the functor ﬁéAop)n restricts to an equivalence between Monaopyn (8%)
and Mon(aeryn (Mon%., (8+)). It will hence suffice to show that under the identifi-
cations
MOn(Aop)n (S*) ~ Mon(Aup)n (8)*
and
Mon(Aop)n (MOHAOP (S)) =~ MOH(Aop)ml (8) ~ MOHAop (Mon(Aop)n (8)),

the functor ﬁéAop)n is homotopic to €2,,, and the full subcategory Monaepyn (Mon%., (8))
corresponds to the full subcategory MonR., (Mon aery=(8)). Now the second claim
follows from the fact that for every co-category € with finite products the forget-

ful functor Mon(aeryn(€) — € preserves products and detects equivalences, and

so in both cases the group-like condition is detected by the forgetful functor to
Mon,, (8). To prove the first claim let

:x:n = xMOn(Aop)n(S) c Fun(N(Aip), MOH(AOP)n (S))

be as in Construction 5.3.12, so that the functor €, is defined by choosing a section
to the trivial Kan fibration X,, — Monaer)n (8). and then restricting to A°P. By
the uniqueness of sections to trivial Kan fibration it will now suffice to show that
under the identification

Fun(N(A), Mon aery» (8)) = Mon aery» (Fun(N(AZ),8)),

the full subcategory X, on the left hand side corresponds to the full subcate-
gory Mon(aeryn(Xo) on the right hand side. Unwinding the definitions, this is
a direct consequence of Theorem 2.7.5 and the fact that the forgetful functor
Mon(aeryn (8) — 8 detects equivalences and preserves limits (because the inclu-
sion Mon(aery»(8) € Fun((A°P)",8) preserves limits and the evaluation evp :
Fun((A°P)™,8) — 8 preserves limits).

We will say that an co-category € is pointed if it contains an object * € & which
is both initial and final. In this case we will refer to such an object as a zero object.
Now suppose that & is an co-category with a final object. Then the forgetful functor

(5.36) &, — &

is a left fibration whose fiber over x € € is equivalent to the full subgroupoid of &,
spanned by those y — x such that y is final. This co-groupoid is contractible if
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and only if € is pointed. In this case, (5.36) is even a trivial Kan fibration by (the
dual of) Proposition 2.6.8.

Construction 5.3.18. Let € be a pointed co-category. Then (5.36) is a trivial
Kan fibration and so we may fix a section

p:&— &,
The choice of p is unique up to a contractible space of choices.

Ezample 5.3.19. By Remark 5.2.13 it follows that Mon(aeryn (€) ~ Mong, (€) is a
pointed oo-category for every oo-category with limits €. A zero object is given by
the the terminal object of £ equipped with its unique E,-monoid structure.

Now for every n > 1 let us denote by
(5.37)

~ Q,
Q;: : MOH(AOP)n (S) pﬁ Mon(Aop)n (5)* E—— MOHAOD (Mon(Aop)n (S)) = Mon(Aop)n+1 (S)

the composition of €, with the section p of Construction 5.3.18. We may then
define the iterated loop functor Q2" : 8, — Mon(aeryn(8) to be the composed
functor

~ 9] ar Qr_
(5.38) (708, —2 Monper (8) — = —= Mon(aer)n (8) .

Let 87 ¢ 8, be the full subcategory spanned by those pointed spaces which are
n-connected (i.e., have no homotopy groups in degree < n). We may now deduce
the following version of May’s recognition principle:

Corollary 5.3.20. For every n > 1 the iterated loop functor (5.38) restricts to
an equivalence between the full subcategory 87 ¢ 8, of pointed n-connected spaces
and the full subcategory Mon%erp)n (8) € Monaeryn (8) of group-like (A°P)"-monoid
objects.

Proof. For k = 1,...,n let us denote by Mon?;](fp)k(S) € Mon(aeryx(8) the full
subcategory spanned by those (A°P)*-monoids whose underlying space is (n — k)-
connected. Combining Proposition 5.3.14 and Lemma 5.3.13 we may conclude that
the functor (5.28) restricts to an equivalence

Qo : 8" — Monxat(8),
where we use the fact that any (n — 1)-connected (and so in particular connected)
A°P-monoid in spaces is automatically group-like by Example 5.3.4. Similarly,
by Proposition 5.3.14 for every k = 1,...,n — 1 the functor (5.37) restricts to an
equivalence
O : Mon?&’ip)k — Mon?&{fg)lku (8).

The desired result now follows by composing these equivalences. [

6. FACTORIZATION HOMOLOGY
6.1. Manifolds and framings.

Definition 6.1.1. Let n > 1 be an integer. By an n-manifold we will mean a
paracompact Hausdorff space M such that each x € M either has a neighborhood
homeomorphic to 0" or has a neighborhood homeomorphic to 0F. We will say that

M is open if every point has a neighborhood homeomorphic to O".
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If M is an n-manifold then we will denote by M ¢ M the subspace consisting of
those points which have neighborhoods homeomorphic to 0j, and refer to M as the
boundary of M. We note that M is an open (n — 1)-manifold and M° := M ~ M
is an open n-manifold. We emphasize that we do not require M nor OM to be
compact. Given two n-manifolds with boundary we will denote by Emb(M, N) the
space of open embeddings of M in N, endowed with the compact-open topology.

Definition 6.1.2. We will denote by Mﬂdﬁ the simplicial category whose objects
are the n-manifolds and such that

Mapyaqa (M,N) =Sing Emb(M, N).

We will denote by Mfld,, = N(MﬂdA) the coherent nerve of Mfld®, and refer to
it as the oo-category of n-manifolds. We will denote by MAd; ¢ MAd,, the full
subcategory spanned by the open n-manifolds.

Let us denote by Top(n) ¢ Emb(0"™,0") the subspace consisting of all homeo-
morphisms from O™ to 0". Then Top(n) is a topological group and the inclusion
Top(n) € Emb(O™,0") is a continuous homomorphism of topological monoids. We
recall the following fundamental result in geometric topology:

Theorem 6.1.3 (Kister-Mazur). The inclusion Top(n) ¢ Emb(0™,0") is a homo-
topy equivalence.

A direct consequence of Theorem 6.1.3 is that the monoid mo Emb(0",0") is
a group, and hence every embedding 0" — O" is invertible up to isotopy. Let
BTopA(n) c Mﬂdﬁ be the full subcategory spanned by 0”. It then follows that
the coherent nerve

BTop(n) := N(BTop™ (n))
is a Kan complex, which by Theorem 6.1.3 we can identify with the classifying space
of the topological group Top(n) (hence the notation).
Construction 6.1.4. Given an n-manifold M € Mfld,, we will denote by
M = (Mﬂdn)/]v[ XMﬂdn BTop(n)
equipped with its projection
p: M — BTop(n).

We will refer to M as the underlying space of M, and say that p is the classifying
map for the tangent bundle of M.

Remark 6.1.5. The map p: M — BTop(n) is a L right fibration by construction and
since BTop(n) is a Kan complex it follows that M is a Kan complex and p is a Kan
fibration.

Proposition 6.1.6. The Kan complex M is naturally homotopy equivalent to
Sing(M).

The proof of Proposition 6.1.6 will make use of the notion of a germ of an
embedding. For 0 <e <1 let us denote by 0"(¢) := (-¢,¢)™ cO".

Definition 6.1.7. Let M be an n-manifold and I a finite set. We define
Germ(I, M) = colim Sing Emb(o™(1/2%) x I, M),

and refer to it as the simplicial set of I-germs in M.
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Lemma 6.1.8. Let M be an n-manifold and I be a finite set. Then the natural
map

Sing Emb(0" x I, M) — Germ(I, M).
18 a homotopy equivalence of Kan complexes.

Proof. Tt will suffice to show that for every k > 0 the map Sing Emb(o™(1/2%) x
I,M) — Sing Emb(0"™(1/2%*1) x I, M) is a homotopy equivalence. Indeed, this
follows from the fact that for every e < &’ the inclusion i : 0"(g) ¢ O"(¢’) is an
isotopy equivalence: it admits an inverse p : 0" (¢’) — O"(e) such that poi is in
the path component of the identity in Emb(0™(e),0%(¢)) and i o p is in the path
component of the identity in Emb(a™(e"),n"(e’)). O

Remark 6.1.9. Using a suitable variant of the isotopy extension theorem it can be
shown that for every finite set I the evaluation at 0 map

Emb(0" x I, M) — Conf(I, M)
is a Serre fibration, and so the map
Sing Emb (0" x I, M') — Sing Conf (I, M)

is a Kan fibration. Since every n-simplex and every horn have finitely many non-
degenerate simplices it follows that the map

Germ(I, M) — Sing Conf(I, M)
is a Kan fibration as well.

Proof of Proposition 6.1.6. Consider the simplicial functor Sing : Mﬂdﬁ — Kan
which sends M to Sing(M) and acts on mapping spaces via the natural map
Sing Emb(M, N) — Map(Sing M,Sing N). Let Sing,, : Mfld, — 8§ be the in-
duced functor on coherent nerves. Then Sing,, induces a map of Kan complexes

M := (Mfldy,)/pr *vwad, BTop(n) — 8/sing i xs B

where B ¢ § is the full subcategory spanned by the contractible Kan complex
Sing(d™).

Let j : 0" — M be a map in Mfld,,, which we can identify with an object
of (Mfldy)/ar xaad, BTop(n). Then the induced map j. : Mapygq, (0",0") —
Mapygq, (3", M) can be identified with the inclusion of the homotopy fiber of the
map

MapMﬂdn(D", M) = (Mﬂdn)/M XNMAd,, {I:]n} — (Mﬂdn)/M XNMAd,, BTop(n)

over j. The same statement holds for 8§ with respect the base point determined by
Sing(j) : SingO"™ — Sing M. We then obtain a commutative diagram
(6.1)

Mapygq, (0", 0") —r Mapyqq, (0", M) —— (Mfld,, ) /5s *nad, BTop(n)

| | |

Mapg (Sing 0", Sing 0") — Mapg (Sing 0", Sing M) —————— 8/Sing M s B

: :

Sing o™ Sing M
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in which the first two rows are fiber sequences of spaces and the bottom verti-
cal maps are given by evaluating at 0 € SingO", and are weak equivalences since
Singd™ ~ * in 8. The middle right horizontal map is then an equivalence since
its fibers Mapg (Sing 0", Sing0"™) are contractible. I will now suffice to show that
the right most vertical map is an equivalence. For this, it will suffice to show that
the left square is homotopy cartesian for every j : 0" < M, or alternatively, that
the left external rectangle is homotopy cartesian. By Lemma 6.1.8 we may instead
prove that the equivalent square

(6.2) Germ(*,0") — Germ(*, M)

| l

Sing0" ———  Sing M

is homotopy cartesian, where the horizontal maps are induced by the fixed embed-
ding j : 0" — M. But this is because the right vertical map in (6.2) is a Kan
fibration (see Remark 6.1.9) and the square itself is strictly cartesian. (]

Definition 6.1.10. By a tangent structure we will mean a Kan complex B equipped
with a Kan fibration 7 : B — BTop(n).

Definition 6.1.11. Let B — BTop(n) be a tangent structure and let M be an
open n-manifold. A B-framing of M is a lift of the form

7
Ve
7
e

M BTop(n)

Ezample 6.1.12. When B — BTop(n) is an equivalence the notion of a B-framing
is vacuous. On the other extreme, when B ~ % the notion of a B-framing coincides
with a trivialization of the tangent bundle.

Ezample 6.1.13. When B — BTop(n) is the universal covering of BTop(n), a
B-framing is the same as an orientation. Similarly, when B is the 2-connected
covering of BTop(n) a B-framing is a topological spin structure.

Ezxample 6.1.14. By smoothing theory, when n # 5 the data of a smooth structure
on M is equivalent to the data of a framing with respect to the map BGL(n) —
BTop(n), and the data of a piecewise linear structure is equivalent to the data of
a framing with respect to the map BPL(n) — BTop(n).

Ezample 6.1.15. If N is an open n-manifold then we can take B = N with the map
7+ N — BTop(n) classifying the tangent bundle, in which case we will simplify
notation and write N-framing instead of N-framing. Then any open immersion
M — N (i.e., a continuous map which is locally a homeomorphism) gives an
N-framing on M, although not every N-framing is obtained this way (e.g., the
R-framing of S! cannot be obtained by an immersion of S* in R!). Note however
that by the Yoneda lemma every N-framing on 0" is equivalent to one which comes
from an immersion, and even an embedding, of O™ in N.

It what follows it will be useful to have a notion of a framing for n-manifolds with
possibly non-empty boundary. Consider the full subcategory BTopa(n) c Mfld,,
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spanned by the objects 0", 05. Given an n-manifold M we define the right fibration
m: Mg = (Mfdy)/ar *ovad, BTop? (n) — BTop?(n).

To understand this fibration it will be useful to extend the construction of germs to

cubes with boundary. For 0 < < 1 let us denote by 0% (<) := [0,€) x (-¢,e)""* c Op.

Definition 6.1.16. Let M be an n-manifold, I a finite set and X : I — {0O", 05}
an I-tuple of objects of BTopg(n). We define
Germ(X, M) := co}cim Sing Emb (| | X;(1/27), M),
i€l
and refer to it as the simplicial set of boundary X -germs in M. We will also denote
by Germgy (I, M) := Germ(0j, M) where O : I — {0,,0%} denotes the constant
tuple with value 0O7.

Lemma 6.1.17. Let M be an n-manifold, I a finite set and X : I — {o", 0%}
and I-tuple of objects of Topy(n). Then the natural map

Sing Emb ( LI X:. M) = Germ(X, M).
i€l
18 a homotopy equivalence of Kan complexes.

Proof. Same proof as Lemma 6.1.8. O

Remark 6.1.18. Using a suitable variant of the isotopy extension theorem it can be
shown that for every finite set I the evaluation at 0 € O} map

Emb(0j x I, M) — Conf(I,0M)
is a Serre fibration, and so the map
Sing Emb (0} x I, M') — Sing Conf(I,0M)
is a Kan fibration. Since every n-simplex and every horn have finitely many non-
degenerate simplices it follows that the map
Germy (I, M) — Sing Conf(I,0M)

is a Kan fibration as well.

Lemma 6.1.19. Let M be an n-manifold with boundary OM, I a finite set and
X1 —{0",04} and I-tuple of objects of Topy(n). Let In € I be the set of those
indices which map to 0" and I, € I the indices that map to O5. Then the restriction
map
(6.3)  Emb([]X;,M)— Emb (0" xIy, M°) x Emb (0" xI;,0M)

i€l

is a weak homotopy equivalence.

Proof. By Lemma 6.1.8 and Lemma 6.1.17 we may instead prove that the map of
simplicial sets

(6.4) Germ(X, M) — Germ(ly, M°) x Germ(Iy,0M)

is a weak homotopy equivalence. We first observe that on the level of simplicial

sets Germ(X, M) breaks as a product of Germgy(I1, M) and Germ(Iy, M). It will
hence suffice to show that the restriction map

(6.5) Germgy(I1, M) — Germ(Iy,0M)
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is a weak equivalence of Kan complexes. Let ¢ : 05 xI; — M be an open embedding
and consider the commutative square

(6.6)
1_1[ Germp({i},05 x {i}) —— H Germ({i},0" " x {i}) —— 1_1[ Conf({i}, Dg_l x {i})

| i l

Germgy (I, M) Germ(I;,0M) Conf(I,0M)

where the vertical maps are induced by ¢. The right square is cartesian on the level
of simplicial sets and is also homotopy cartesian since the right bottom horizontal
map is a Kan fibration (see Remark 6.1.9). For the same reason the external
rectrangle is homotopy cartesian (see Remark 6.1.18). We may hence conclude
that the left square is homotopy cartesian. In particular, the homotopy fibers of
the top left horizontal map are the same as those of the bottom left horizontal map.
Since every vertex of Germ(Iy,0M) is in the image of the vertical map for at least
one ¢ : 035 x I; — M it will now suffice to show that the top left horizontal map is
a homotopy equivalence of Kan complexes. Since this map breaks as a product of
maps which just need to show that

Germgp(*,03) — Germ(*,0"").

is a homotopy equivalence of Kan complexes. For this, it will suffice to show that
for every € > 0 the map of topological spaces

(6.7) Emb(0j(¢),0%) — Emb(a™ ! (e),0™ ™).
We claim that in this case the map
(6.8) [0,€) x (=) : Emb(0™ ™, 0" ') — Emb([0,¢) x 0™}, [0,¢) x o™ )

given by taking the product with [0,£) is a homotopy inverse to (6.3). Indeed,
the composition of (6.3) after (6.8) is the identity, and the composition of (6.8)
after (6.3) is homotopic to the identity via the homotopy f ~ f; where

— (s, fo(T)) s<t
Juls:@)i = {gtlf(gi(s,z)) s2t’

Here we use the coordinates s € [0,¢) and T € o™ !, fo: 0" ! — 0" ! the restriction

of ftos=0and g;:[t,e) xO" ! — [0,6) x@" ! is the homeomorphism given by

gt(r,f):(g,f ) O
Let

(6.9) q:BTop?(n) — Al

be the unique map which sends 0" to 0 and OF to 1.

Lemma 6.1.20. The map (6.9) is a right fibration classified by the functor [1] —
Cato, depicted by the arrow BTop(n—1) — BTop(n) induced by taking the product
with (-1,1).

Proof. Let BTopf‘(n) c BTopg(n) be the full subcategory spanned by 0OF and let
BTop, (n) := N(BTop2(n)) be its coherent nerve. Consider the functor

(6.10) v : BTop® (n) — BTop™(n)



94 YONATAN HARPAZ

which sends 0% to 0" and any open embedding f : 05 — 0O} to the open em-

bedding 0" —> (0,1) x 0™! — (0,1) x 0™ where the first arrow is the unique
rectilinear homeomorphism of this form and the second is obtained by restricting
f- We then observe that BTopa(n) is naturally equivalent to the Grothendieck
construction j[l][L] where [¢] : [1] — Cata is the functor corresponding to the

arrow of simplicial categories ¢ : BTop4 (n) — BTop® (n). It then follows by Pro-
position 2.5.9 that BTopy(n) xa1 Al 2 BTop(n),BTopy(n) xa1 At = BTop, (n)
and ¢ : BTop?(n) — A is a right fibration classified by the arrow

(6.11) N(¢) : BTop, (n) — BTop(n).

It will hence suffice to show that ¢ is weakly equivalent in the arrow category of
Cata to the functor BTop™(n - 1) —> BTop®(n) induced by taking the product
with (=1,1). To see this, observe that the latter functor factors as

BTop™ (n - 1) — BTop (n) —> BTop*(n)

where 7 is induced by taking the product with [0,1). It will hence suffice to show
that n is a Dwyer-Kan equivalence, that is that the map

(6.12) [0,1) x (=) : Emb(0"*,0" ) — Emb([0,1) x o™ *,[0,1) x o™ )
is a weak homotopy equivalence. But this now follows from Lemma 6.1.19 by the

2-out-of-3 property. O

By Lemma 6.1.20 the composed map My — BTopa(n) — Al is also a right
fibration. We note that the fiber My xa1 A%} is naturally isomorphic to the
simplicial set M. Let us denote by

8M = Ma X A1 A{l}

the fiber over A1} ¢ Al. The map (6.11) then naturally extends to a commutative
square of Kan complexes:

(6.13) oM M

S

BTop, (n) —— BTop(n)
We will refer to M as the underlying boundary of M.

Remark 6.1.21. By Proposition 6.1.6 we have that M ~ Sing(M°) ~ Sing M and by
Lemma 6.1.19 the map

Emb(0}, M) — Emb({0} x 0", 0M)

is a homotopy equivalence, and hence M is naturally equivalent to the Kan com-
plex OM obtained by performing Construction 6.1.4 to the (n — 1)-manifold M.
In particular, 9M =~ Sing )M by Proposition 6.1.6. Furthermore, one can show that
under these identification the top horizontal map in (6.13) is homotopic to the map
Sing 9M — Sing M induced by the inclusion OM — M.

Definition 6.1.22. By a boundary tangent structure we will mean a right fibration
of the form

By — BTopy(n).
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We will generally like to think of boundary tangent structure as a commutative
diagram of co-groupoids

(6.14) 0B——— B

| |

BTop, (n) — BTop(n)
where B := By xa1 A% and 9B := By x a1 AL,

Definition 6.1.23. Given a boundary tangent structure By — BTopy(n) and an
n-manifold M, a By-framing on M is a lift of the form

By

7
-
e
-

My —— BTopy(n)

Remark 6.1.24. If 0B = @ then any By-framed n-manifold is open, and the notion
of a Bp-framing coincides with a B-framing. In particular, we may consider the
condition of being an open n-manifold as a special case of framing.

Example 6.1.25. If N is an n-manifold then we can take By = Ny equipped with
its natural map to BTop,(n). Similarly to Example 6.1.15, if U is either 0" or 0Of,
then the data of an Na-framing on U is essentially equivalent to the data of an
open embedding U — N.

We close this section with the following lemma, which we will invoke several
times in the subsequent sections. Upon first contemplating the following lemma,
the reader is encouraged to take M = *.

Lemma 6.1.26. Let p: N — M be a continuous map from an n-manifold N to
an m-manifold M. Let I be a finite set, X : I —» {o", 05} an I-tuple of objects of
Topy(n). Let Disj(M) € O(M) be the full subposet spanned by those open subsets
V € M which are homeomorphic to disjoint unions of copies of O™ and O and let
P cO(N)! xDisj(M) be the full subposet spanned by those pairs ({U;}ier, V) such
that U; = X;, the U;’s are pairwise disjoint, and p(U;) € V. Then the canonical
maps

(6.15)
hocolim Emb(X;,U;) — hocolim Emb(] [ X;,p™(V)) — Sing Emb X, N
({Ui}7V)ePg ( ) VeDisj(M) (g r(V)) & (]7[ )

are both weak homotopy equivalences.

Proof. It will suffice to show that the composed map in (6.15) is a weak homotopy
equivalence: the left map can then be recovered by replacing N with p~' (V) and
M with a point and the right map will follow by the 2-out-of-3 rule. Let Iy € I be
the subset of those i’s such that X; = 0™ and let I; = Iy \~ I. By Lemma 6.1.17,
to show that the composed map in (6.15) is a weak homotopy equivalence we may
instead show that the canonical map

(6.16)

hocolim [] Germ({i},U;) x [ | Germy({i},U;) — Germ(Iy,N) x Germy(I1,N)
(UL V)eP et i
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is a weak homotopy equivalence. Consider the commutative square
(6.17)

hocolim Germ({i},U; x Germgy ({i},U;
({m}y)w}e_,lo ({5 )igl a({i}, i)

|

(?gﬁo&)mp [ ] Sing Conf({i},U;) x [ Sing Conf({i},dU;) — Sing Conf(Iy, N') x Sing Conf(I;,dN)
iV )€ Ge ], i€l

Germ(Ip, N) x Germy(I1, N)

We now observe that the natural transformation

[ Germ({i},U;)x [ [ Germy({i},U;) —> [ Sing Conf({i},U;) [ Sing Conf ({i},dU;)
1€lp 1€lq i€l 1€l

of functors from P to spaces is cartesian in the sense of Definition 5.3.15 since

it is cartesian on the level of simplicial sets and is levelwise a Kan fibration by
Remarks 6.1.9 and 6.1.18. By Proposition 5.3.16 we may conclude that (6.17) is
homotopy cartesian. It will hence suffice to show that the bottom map in (6.17) is

a weak homotopy equivalence. By Theorem 5.2.5 it will suffice to show that the for
every pair of configurations fy: Ip — N and f; : I; — ON, the subposet

{({U}, V) € Plfo(i) € Ui, f1(i") € Ui}

is weakly contractible. Indeed, this poset is filtered since N is an n-manifold and
M is an m-manifold.
O

6.2. Little cube algebras with tangent structures. In this section we will
discuss some variants of the little n-cube co-operad where we incorporate a tangent
structure. Algebras over these variants are closely related to algebras of the little n-
cube oo-operad: they can be described as certain “twisted” families of E,,-algebras.

Definition 6.2.1. Let E%O be the simplicial operad with a single object 0" and
p(n)
such that

Mulga  ({0"}ier,0") = Sing Emb(a" x I,0").

Top(n)

Remark 6.2.2. We point out that the difference between Definition 6.2.1 and Defi-
nition 5.1.2 is that in the former the embeddings are not assumed to be rectilinear.

Since the singular complex of a space is always a Kan complex the simplicial
operad E{‘ﬂop(n) is locally Kan.

Definition 6.2.3. We define the unframed little n-cube operad
. A
IE:’?iop(n) =N (]ETop(n))
A

to be the operadic nerve of ET_ p(n)" Identifying rectilinear embeddings as a subspace
of all embeddings we obtain a natural map of co-operads

® ®

ETL - IETop(n)'

Example 6.2.4. When n = 0 every embedding 0°x I —s 0° is rectilinear and we have

]E%)p(o) =E®. When n =1 the spaces Emb(0" x I,0') are homotopy equivalent to

discrete spaces and E%)
p(1)

AssInv of Example 4.1.7(5) which controls the theory of algebras with involution.

is equivalent to the operadic nerve of the ordinary operad
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A
Top(n)

category BTop™(n) of §6.1. We note that the natural map Emb(0" x I,0") —
[1;e; Emb(0",0") induces a map of simplicial categories

We may identify the underlying simplicial category of E with the simplicial

(Eﬁop(n) )® - BTOpA(n)Hv

where BTop(n)U is defined as in Exercise 3.3.2. Taking coherent nerves and using
Exercise 3.3.2 we obtain a map of co-operads

(6.18) E — BTop(n)U.

®
Top(n)
To relate this construction to the little n-cube oco-operad E®, let us denote by
Rect® (n) the underlying simplicial category of ]Eﬁ, that is, the simplicial category
with a single object 0" and such that Mapgecia(,,)(0",0") = Sing Rect(0",0").
Since the mapping spaces in Rect4 are contractible we have that Rect(n) = N(Rect® (n))
is a contractible Kan complex. We then obtain a commutative square of simplicial
categories

(6.19) (E2)® Rect® (n)U

| |

(E%Op(n))g’ —— BTop~(n)U

which, after passing to coherent nerves, yields a square

(6.20) E® Rect(n)U

—

ESp(ny —> BTop(n)!

of co-operads (see Example 4.1.12), in which the top right corner is equivalent to
the terminal co-operad N(Com®) (since Rect(n) is a contractible Kan complex).

Proposition 6.2.5. The square (6.20) is a homotopy pullback square of co-operads.
In particular, we may identify E® with the homotopy fiber of the map EZ

Top(n) ~
BTop(n)U.

Proof. We first note that all four co-operads appearing in (6.20) have underlying
oo-categories which are Kan complexes, and hence have the property that a map
in any of them is inert if and only if its image in N(Fin, ) is inert. It follows that if
0% is an co-operad then any map of co-categories from O® to any of the co-operads
in (6.20) will automatically preserve inert maps, and hence will automatically be a
map of oco-operads. It will hence suffice to show that (6.20) is a homotopy pullback
square of oo-categories. Since the coherent nerve is a right Quillen functor we may
instead show that (6.19) is a homotopy pullback square of simplicial categories. We
note that all four simplcial categories in (6.19) have the same set of objects as Fin,.
Comparing Construction 4.1.9 and the construction in Exercise 3.3.2 it will now
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suffice to show that for every (m) € Fin, the square of Kan complexes

(6.21) Sing Rect(0™ x (m)°,0") —— [] SingRect(a" x {i},0")

i€(m)°

Sing Emb(0" x (m)°,0") —— [] SingEmb(o" x {i},0")
ie(m)°
is a homotopy cartesian. To show this, let us extend this square to a diagram of
the form

(6.22) Sing Rect(o™ x (m)®,0") —— [] SingRect(a" x {i},0")

ie{m)°

Sing Emb(0" x (m)°,0") —— [] SingEmb(o" x {i},0")
ie(m)°

H Germ({i},0")

Germ({m)°,0")

Sing Conf ((m)°,0")

H Sing Conf({i},0")

where the vertical maps in the middle square are equivalences by Lemma 6.1.8. In
particular, the middle square is homotopy cartesian. Similarly, the vertical maps
in the external rectangle are equivalences by Lemma 5.1.10, and so the external
rectangle is homotopy cartesian. By the pasting lemma for homotopy cartesian
square, to show that the top square in (6.22) is homotopy cartesian it will suffice
to show that the bottom square in (6.22) is homotopy cartesian. But this is indeed
true since the right vertical map in this right most square is a Kan fibration (see
Remark 6.1.9) and the right most square itself is cartesian on the level of simplicial
sets. g

Definition 6.2.6. Let B — BTop(n) be a tangent structure (Definition 6.1.10).
We define the oco-operad E$ by the pullback square

E® ——— Bl

B l
E%p(n) —— BTop(n)H

We will refer to ES, as the B-framed little cube oo-operad.

Remark 6.2.7. When B — BTop(n) is an equivalence we have that E§ ~ E%p(n).
On the other extreme, when B =~ % we have by Proposition 6.2.5 that E%, ~ E®.

For this reason the co-operad E® is also called sometimes the framed little cube
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oo-operad. We may hence think of the co-operads E, as interpolating between E®

and E?ﬁop(n) by allowing various intermediate tangent structures.

We would like to understand the relation between the notions of E,-algebras
and Egp(n)-algebras in a symmetric monoidal co-category €%, or, more generally,
Ep-algebras for some tangent structure B —> BTop(n). For this, let us restrict
attention for the moment to the case where C® := £* is the cartesian symmetric
monoidal co-category associated to an oo-category with finite products €. In other
words, let us try to understand the notion of an E%Op—monoid in € in terms of the
notion of an E®-monoid in €. For this, we will once again make use of the theory
of weak oo-operads introduced in §4.2.

Let us consider the Kan complex B as a weak oo-operad in which every map
is both inert and active and By = B. We may then endow the cartesian product
N(Fin,) x B with the product weak oo-operad structure of Example 4.2.13. The
projection I'* — Fin, determines a map

(6.23) N(Fin,) x B — BU
given informally by the formula ({n),b) ~ (b,...,b). It is straightforward to verify

that this is map of weak oo-operads in the sense of Definition 4.2.5 (we note that
in both cases the active and inert maps are determined in N(Fin,)).

Definition 6.2.8. Let B —> BTop(n) be a tangent structure. We define [ E® to
be any oo-category sitting in a homotopy pullback square of the form

(6.24) [3E® — N(Fin,) x B
l i
ES, pu

We will consider fB E® as a weak co-operad via the pullback structure of Re-
mark 4.2.17.

Warning 6.2.9. The maps E§ — BU and N(Fin,) x B — B are generally not
categorical fibrations. To obtain an explicit model for [5E® one needs to first
replace these maps by categorical fibrations and then take the actual product of
simplicial sets.

Remark 6.2.10. When B ~ » we have [ E® ~E% ~E® by Proposition 6.2.5.
We then have the following key observation:

Proposition 6.2.11. The map [z E® — E% is a strong approximation of weak
oo-operads (see Definition 4.2.14).

Proof. By Remark 4.2.17 it will suffice to show that the map (6.23) is a strong
approximation. We first show that (6.23) is a weak approximation, that is, we need
to show that for every ({m),b) € N(Fin,) x B the induced map

(625) (N(FIH*) X B)?E(tm),b) - (BH)7E:IE,...,b)

has weakly contractible homotopy fibers. But this is true because the map (6.25) is
in fact an equivalence of co-categories: indeed, we can consider (6.25) as a map over
N(Fin*)%tn), and for a given active a : (m') — (m), the map on homotopy fibers
over a induced by (6.25) is given by the diagonal map * =~ B, — [Tiep By = *.
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To show that (6.23) is in fact a strong approximation we simply note that both for
N(Fin,) x B and BU the basics are those objects which lie above (1) € N(Fin,), a
map is inert if and only if its image in N(Fin,) is inert, and the subcategories of
basics and inert maps identifies on both sides with the Kan complex B. O

Applying Proposition 4.2.18 we now get the following:

Corollary 6.2.12. Let € be an oo-category which admits limits. Then the re-
striction functor

Monge (€) — Mon ge (&)
is an equivalence of oo-categories.

We now unwind the definitions to see what the notion of an [, E®-monoid in &
actually is. Consider the composed map

(6.26) e f E® — N(Fin,) x B — B.
B

Without loss of generality we may assume that we have chosen [;E® such that
7 is a categorical fibration. Since B is a Kan complex the map (6.26) is then
automatically a cocartesian fibration. Let us denote by Ef the fiber of m over
b e B. We then have a commutative diagram

E® — > {b} x N(Fin,)

[z E®2 ——— B x N(Fin,)

E®, BU
Ei?iop(n) ——— BTop(n)U

in which all squares are homotopy cartesian, and so the external rectangle is ho-
motopy cartesian. This yields an identification E® ~ E® by Proposition 6.2.5. The
cocartesian fibration 7 then corresponds to a functor x : B — Cate., all of whose
fibers are equivalent to E®. Furthermore, since 7 factors through the projection
N(Fin,) x B — B we see that the transition functors oy : Ef — E respect the
projection to N(Fin,). Since they are all equivalences they must also preserve inert
maps. In particular, all the transition functors are maps of co-operads Ef — EF.
We may then consider x as a B-indexed diagram of oco-operads, all of which are
equivalent to E2.

To translate this into an a description of the notion of an [ E®-monoid object
in € we note first that since (6.26) is a cocartesian fibration the data of a functor
¥ [ E® — & can be identified with the data of a compatible B-indexed family
of functors Ef — €. Unwinding the definitions we see that such a 1 is a monoid
object if and only if each ¢|E§ is an EP-monoid object. We may hence conclude

that [ E®-monoid objects in € correspond to compatible families 1y € MonEg(E)
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of EP-monoid objects. By Proposition (6.2.11) this description is valid for E} as
well.

Remark 6.2.13. Using a suitable generalization of Proposition 4.2.18 one can show
that the same description holds also for E%-algebra objects in symmetric monoidal
oco-categories which are not necessarily cartesian. More generally, for every oo-
operad O® the collection of maps EY — E% induces an equivalence of co-categories

Algg,, (0) = %lggl Algg, (0).

This, in turn, implies that the collection of maps Ef — E% exhibit Ef as the
colimit of the family {EP },cp in Op,,.

Ezample 6.2.14. When B = BTop(n) the fibration [BTOp(n) E® — BTop(n) enco-
des an action of the simplicial group Sing Top(n) ¢ Sing Emb(0™,0") on the little
n-cube oo-operad E&. On the level of spaces of operations, under the homotopy
equivalence

Map]E%((m) ,(1)) =~ Sing Emb (0" x (m),0") ~ Sing Conf({m)°,0")

of lemma 5.1.10, the action of SingTop(n) is given by the natural action of the
topological group Top(n) on the configuration space Conf({m)°,0"). Given an
E®-monoid in an co-category with finite products &, this action induces an action
of Sing Top(n) on the co-category Monge (€), which for o € Sing Top(n) we may
denote as 1 ~ 1)7. The data of an [ E®-monoid object in € can then be informally
described as the data of an E®-monoid v together with a compatible family of
equivalences T,, : ¢ ~ 17 for o € Sing Top(n).

Remark 6.2.15. In general, while each fiber Ef is equivalent to E®, this equi-
valence cannot be chosen compatibly over B. In other words, the B-family of
oo-operads [ E® — B is not equivalent to the constant family E® x B. 1In
particular, when B = BTop(n) the corresponding action of SingTop(n) on E®
is not equivalent to the constant action. For example, when n = 1 the group
Top(2) = Homeo(D?,D?) contains S’ as the subgroup of rotations. The restricted
action of S' on Conf({0,1},0™) = Conf({0,1},D?) is very far from being trivial:
choosing any base point in Conf({0,1},D?), the action of S* yields a homotopy
equivalence S' — Conf({0,1},D?). We hence cannot say that a [, E® is given by
a family of Ef-monoids (that is by a functor B — Monge(€)), but rather by a
twisted family, where the twisting is determined by the map B — BTop(n).

Remark 6.2.16. The data of a Kan fibration 7w : B — BTop(n) is the homotopy
coherent way of describing a space B equipped with an action of Sing Top(n) (the
space B is then given by the homotopy fiber of m over 0" € BTop(n)). We may
then combine the descriptions of Example 6.2.14 and Remark 6.2.15 as follows: an
/5 E2-monoid object in € can be informally describe as a family {¢s}, 5 of E2-
monoids in &, parameterized by B, which is equivariant with respect to the actions
of Sing Top(n) on B and Mongs (€). In particular, we have a compatible family of

equivalences Ty  : 1y = wg(b) for b e B and o € Sing Top(n).

We finish this section with a useful variant of the above construction for the
oo-operads E® , of little cubes with boundary (see Variant 5.1.5).
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Definition 6.2.17. Let E&

Topy (1) be the simplicial operad with two objects 0", 05
and such that

MulElA"opa(n) ({Xi}iela Y) = Slng Emb(]_[ Xi, Y)

for X;,Y e {O",0%5}. We will denote by
® . A
Etopy(n) = NETop, (n))
the operadic nerve of E%Opa(n).

@ )1y of E can be identi-
Topy (n) Topy(n)
fied with the co-category BTopy(n) described in §6.1, and that we have a natural

map of co-operads

We note that the underlying co-category (E

IE%Topa(n) - BTOpa(n)H

constructed exactly like the map (6.18) above.

Construction 6.2.18. Given a boundary tangent structure By — Topy(n) (see
Definition 6.1.22) we define the co-operad EQE}Q by the pullback square

® S u
EB@ Ba

| |

E’?opa(n) BTOpB(n)LI

Ezample 6.2.19. If By xa1 A = & then ER, = EG where B := By xa: A0}
Ezample 6.2.20. If By — BTopy(n) is an equivalence then Ef  ~ ]E%)pa(n). On
the other hand, if the composed map By — BTop,(n) — Al is an equivalence
then E%a ~ E® - This can be proven using a similar argument to the one used in
the proof of Proposition 6.2.5.

Remark 6.2.21. Arguing using suitable weak oco-operadic models as above one can
extract a description of E%a—monoids in an oco-category & in the spirit of Re-
mark 6.2.15. More precisely, given a boundary tangent structure By — Topy(n)
the map

Xn : B = By xa1 A — BTop(n)

determines a family {E? }ycp of co-operads (all equivalent to E®), and the map
Xn-1: 0B := By xa1 AMYY — BTop, (n) ~ BTop(n - 1)

determines a family {E®}.cop of co-operads (all equivalent to E®_,). Furthermore,
the commutativity of the square (6.14), determines, in a compatible manner, for
each ¢ € OB with image b € B, a bifunctor of co-operads Ef x E® — E?, which
is equivalent to the standard bifunctor (5.6), and hence exhibits EP as the tensor
product E; ® E. (by Theorem 5.2.2). The data of an E%a—monoid in € then consists
of two families {X}}pep and {Y.}eeoB, where each X is an Ep-monoid, each Y, is
an E.-monoid, and such that for every ¢ € 9B with image b € B, we have a right
action of X3 on Y., where we identify X; with an E;-monoid in E.-monoids via the
given identification E, ~E;  E. at c.
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Remark 6.2.22. Given a boundary tangent structure m : B — BTopy(n), the
description in Remark 6.2.21 can be used in order to express E%a as the colimit in
Opy, of a certain diagram

By — BTopy(n) — Op,,

where the second arrow can be informally described by the formula 0™ ~ E® and
o5~ E® .

6.3. Little cube algebras over manifolds.
Definition 6.3.1. Let M be an n-manifold. We define
1
E‘Jx\’/l = IE"?‘opa(n) XBTOPa(”)U M@

to be the co-operad associated to the boundary tangent structure My —> BTop,(n)
as in Construction 6.2.18. We will refer to E§, as the M-framed little cube oco-
operad.

Ezample 6.3.2. When M = 0" we have E§, ~ E® and when M = 0% we have
]E%[ o~ Eg 5

Ezample 6.3.3. If n =1 and M =1 =[0,1] is the unit interval then the notion of
an E®-algebra in a symmetric monoidal co-category € is equivalent to the data of a
triple (A, My, M1) where A is an associative algebra object, My is a pointed right
A-module and M is a pointed left A-module (see Example 4.1.8(4)).

As discussed in §6.2, the notion of an E,s-algebra in a symmetric monoidal oco-
category C® can be described via certain twisted families of E,-algebras and E,,_-
algebras, parameterized by M and OM respectively, where the nature of the twisting
is determined by the map 7 : My — BTop,(n) which classifies the topological
tangent bundle of (M,0M). In light of 6.1.6, we may expect that Eps-algebras
will admit a more geometric description in terms of the manifold M itself (as
opposed to its homotopical avatar Mp). To see this, we will define a certain discrete
approximation to the oco-operad E%,.

Definition 6.3.4. Let D})\’}d be the ordinary operad whose objects are pairs (U, p)
where U € {0",05} and p : U — M is an open embedding. Given objects
(X1,01); 0y (X, pm), (Yy) € DR, a multimap {(X;, p;}} — (Y,n) is given by a
commutative diagram

(6.27) L X
(Phwm /
M

where the horizontal arrow is an open embedding. We note that for any given
(X1,01)s s (Xom, pm ), (Y, m), there is at most one multimap {(X;,p;} — (Y,7)
(which is the case exactly when the images of p, ..., p,, are disjoint and contained
in the image of n). We will denote by DS, := N((D$4)®) the operadic nerve of DY},

Y

Construction 6.3.5. We define Mﬂdzrd to be the ordinary category with the
same objects as Mfld,, and such that Homygera (M, N) is the set Emb® (M, N)
of open embeddings M — N (considered without any topology). In other words,
Mﬂd?\ffd is obtained from MﬂdAA/[ by replacing each mapping simplicial set by its set
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of vertices. We will denote by BTopa®(n) € Mld>™? the full subcategory spanned

by {0",0%}, and by BTop®™(n), BTop™d(n) ¢ BTopgd(n) the full subcategories
spanned by 0" and 0O} respectively. Given an n-manifold M we will then denote
by
word or or
My = (MA*™) ps xogqora BTopg™ (n).
By construction we have a natural map Mfld>"® — Mfld5 which induces a map
NSy — M.

Remark 6.3.6. The map BTopy(n) — A! which sends 0" to 0 and 05 to 1 is
a cartesian fibration corresponding to the arrow (>4 : BTopS™(n) — BTop®“(n)
defined analogously to (6.10). It then follows that the composed map

—ord

(6.28) M, — BTopyd(n) — A!

is a cartesian fibration. We may identify the fiber of (6.28) over A% with poset of
opens in M which are homeomorphic to 0" and the fiber over At} with the poset
of opens in M which are homeomorphic to Of.

For X1,..., X,,Y € {0", 02} the map Emb® (I, X;,Y) — Sing Emb([I; X;,Y)
determines a map of simplicial operads ]D)ﬁffd — E& (which, in particular,

Topg(n)
forgets the embedding in M) and hence a map of co-operads
® ®
Drr — Eqop, (n)-

In addition, the underlying co-category (D%, )1y is naturally isomorphic to the nerve

—ord —ord
of M (g , and we have a natural map DY, — (M gr ) which sends a multimap as
in (6.27) to the collection of commutative triangles

(6.29) X;
N4

Now consider the commutative square of co-operads

Y

® ®
(6.30) Df, —E2

L

Mg — BTopy(n)H

— ord J—
where the left vertical map is given by the composition D%, — (M gr W — M g.

The square (6.30) then induces a map of co-operads

— 11
(6.31) Df; — My *Brop(mut Efop(ny = Eir

Proposition 6.3.7. The functor

—ord

(6.32) 1My — My

has weakly contractible homotopy fibers.
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Proof. Consider the commutative triangle

(6.33) e d Mo

~ 7

BTopy(n)

The right vertical map is right fibration and hence its homotopy fibers, which are
also its actual fibers, are oo-groupoids. It will hence suffice to show that (6.33)
induces an equivalence on homotopy fibers over every object of BTopy(n). Let us
hence fix such an object V € {0",05}. Then the (homotopy) fiber of the right
diagonal map in (6.33) can be identified with Sing Emb(V, M), while the homotopy
fiber Xy, — Mgrd of the left diagonal map over V' can be modeled by the full

—ord

subcategory of the comma oo-category (Ma )V/ = BTopa(n)V/ XBTop,y(n) Ma
spanned by those (p : U — M,n : V — U) such that 7 is an equivalence in
BTopg(n). Let Xy ¢ M‘gd be the full subcategory spanned by those p: U — M
such that U = V e {0",0%}. We may identify Xy with the full subposet of O(M)
spanned by those open subsets which are homeomorphic to either 0™ or 0. Then
the forgetful map Xy — Xy is a left fibration which corresponds to the functor
X([p:U — M]) = SingEmb(V,U) (where we note that any embedding V — U is
an isotopy equivalence when U = V). In particular, Xy is a model for the homotopy
colimit of x : Xyy — 8. We may then identify the map on homotopy fibers over V'
induced by (6.33) with the natural map
(6.34) hocolim  Sing Emb(V,U) — Sing Emb(V, M)

[p:U—M]eXy
This map is a weak equivalence by Lemma 6.1.26 applied to the map p: M — »
(with || = 1), and so the desired result follows. O

Proposition 6.3.8. The map (6.31) is a weak approximation in the sense of De-
finition 4.2.14.

Proof. Condition (2) of Definition 4.2.14 follows from (6.3.7). We shall now prove
that Condition (1) holds. Arguing as in the proof of Proposition 5.2.4 it will suffice
to show that for every p: V — M in (D%, )y € DY, the map

(DM 7? - (E )aCt

has weakly contractible homotopy fibers. We first note that the map (E%,)*" —

i’fiopa (n))"‘Ct is a right fibration (since it is the pullback of a right fibration), and
hence the map
(E )act N (ETOpa(n))act

is a trivial Kan fibration. On the other hand, a direct inspection shows that the
map (D )7;’3 — (D%, )aCt induced by p is an isomorphism of simplicial sets. It will
hence suffice to show that the map

(D)3 — (B )55
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has weakly contractible homotopy fibers. Consider the commutative diagram

(635) (D?})?(I:fi (E%opa(n));i‘c/t

o~

)act

®
ETOP@(")

Since the right diagonal map is a right fibration it will suffice to show that the
horizontal arrow in (6.35) induces a weak equivalence on homotopy fibers over any
object U € (E%}pa(n))a“, which we can identify with a tuple (Uy,...,U;) of objects

of Topy(n) by choosing cocartesian lifts to p' : (n) — (1). We now note that the
(homotopy) fiber of the right diagonal map over U = (U, ...,U;) is naturally equi-
valent to Sing Emb(I[,; U;, V). To describe the homotopy fiber of the left diagonal
map, let Py € O(V) be the subposet consisting of those open subsets W ¢ V which
are (abstractly) homeomorphic to either 0" or 0. Let Xz € P‘</l>o be the subpo-
set spanned by those tuples (Wy,...,W;) € (Pv)(l)o such that W; = U; € {0", 05}
and the W;’s are pairwise disjoint. Unwinding the definitions as in the proof of
Proposition 5.2.4 we see that the map induced by (6.35) on homotopy fibers over
(Uy,...,U;) can be identified with the canonical map

(6.36) hocolim  [] Sing Emb(U;, W;) — Sing Emb([ [ U;, V)

(W1, . WeXtr je(1)°

This map is a weak equivalence by Lemma 6.1.26 applied to the map p: V — =
(with I =(1)°), and so the desired result follows.
O

Let us say that a map

in (DY, )1y is an isotopy equivalence if the open embedding U — V is an equi-
valence when considered as an arrow in Mfld,,. Combining Proposition 6.3.8 and
Proposition 4.2.18 we may now conclude the following:

Corollary 6.3.9. Let & be an oco-category which admits limits. Then the restriction
map
Monge (&) — Monge (&)

is fully-faithful and its essential image consists of those DS, -monoids ¢ : DY, — &
whose restriction to (D%)u) sends isotopy equivalences to equivalences.

Remark 6.3.10. The content of Corollary 6.3.9 can be informally summarized as
follows: the data of an Ej;-monoid in € is given associating to every open subset
U ¢ M homeomorphic to either 0" or 0O} an object Ay € € and for every inclusion
Viu..uVy, cU such that V;nV; = @ a map Ay, x ... x Ay, — Ay which is an
equivalence when the inclusion is an isotopy equivalence.

Remark 6.3.11. The statement of Corollary 6.3.9 also holds for E,;-algebra objects
in a general symmetric monoidal co-category. This can be proven using a suitable
generalization of Proposition 4.2.18.



LITTLE CUBE ALGEBRAS AND FACTORIZATION HOMOLOGY COURSE NOTES 107

6.4. Factorization homology. Throughout this section, let us fix a symmetric
monoidal co-category C®. We wish to impose certain conditions regarding colimits
in €. For this we will need the following notion:

Definition 6.4.1. Let K be a simplicial set. We will say that K is sifted if the
diagonal map K — K x K is cofinal (see Definition 2.6.11).

Example 6.4.2. The category A°P is sifted.
We now impose the following hypothesis on C:

Hypothesis 6.4.3. € admits sifted colimits (that is, colimits indexed by sifted
simplicial sets). In addition, the tensor product functor ® : € x € — € preserves
sifted colimits in each variable separately.

We are now almost ready to define factorization homology. We first observe that
the active part (If'ﬂ%)p(n))aCt of E%)p(n) can be identified with the full subcategory
of Mfld,, spanned by those n-manifolds which are homeomorphic to a finite disjoint

union of n-cubes. We will denote by
E(M) = (M8d,) s *acia, (ES,, o)™

It will be useful to also have a discrete version of E(M). Let ]D)i?iopa(n) be the oo-
operad corresponding to the ordinary operad whose objects are 0,075 and whose

multimaps are given by the sets
Mulye =~ ({Xi}ier,Y) = Emb” (] ] X;,Y).

Topg(n

Define Disj(M ) := (Mfld,, )/ ar *ovid,, (E%)pa(n))“t, so that the natural map

® ®
]D)Topa(n) - ]ETopa(n)

induces a natural map

(6.37) Disj(M) — E(M).

Lemma 6.4.4. Let M be an n-manifold. Then the following holds:

(1) The map (6.37) is cofinal.

(2) The oo-category B(M) is sifted.

Proof. Consider the pair of functors

(6.38) Disj(M) — E(M) — E(M) xE(M).

We wish to show that both are cofinal. For this, it will suffice to show that first
map Disj(M) — E(M) and the composed map Disj(M) — E(M) x E(M) are
both cofinal. To make the proof more efficient we can organize these two claims
under a common generalization. Suppose that G is a finite group and p: M — M
is a G-covering map (so that M is also an n-manifold). Then for every open
embedding p : [[;U; — M with I a finite set and U; € {0",05} the pullback
U; xpr M — U of p then canonically splits as the projection U; x J; — U; where
Ji = mo(U; xm M) is naturally endowed with the structure of a G-torsor. The
association ({U;}ier, p) = ({Ui x {Jj}}ier,jes,p*p) then determines a functor from
Disj(M) to Disj(N), where p*p : X x5y M — N denotes the projection on the
right component. It will then suffice to show that the composed map

(6.39) Disj(M) — Disj(M) — E(M)
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is cofinal. Indeed, taking G to be the trivial group and p to be the identity map
M — M we get that the first map in (6.38) is cofinal, and taking G = Z/2 and p
to be the split 2-covering M [[ M — M we get that the composed map in (6.38)
is cofinal (where we note that E(M [ M) can be naturally identified with E(M) x
E(M)). Let us now prove that the composed map in (6.39) is indeed cofinal.

We fix a finite set I and an object 7 : V := [1;c; Vi — M of E(M). Consider
the comma oo-category Disj(M),, = E(M)n/ xgar) Disj(M). We need to show
that Disj(M),, is weakly contractible. We remark that the category Disj(M) is in
fact a poset which can be identified with the poset of open subsets of M which are
homeomorphic to a finite disjoint union of 0" and 0j. To simplify notation, let us
hence denote a general object (J,{Uj}jes,p: LI;Uj — M) of Disj(M) simply as
U c M, where U :=[]; U; is understood as an open subset of M of the above form.
The projection Disj(M),; — Disj(M) is then a left fibration corresponding to the
functor

U = Map i, ), (V> UxarM) = hofib, [Sing Emb(V, Uxy M) — Sing Emb(V, M)].

Since the base change functor hofib,, : § / Sing BEmb(V,3) ~ 8 preserves homotopy
colimits (this is a general property of base change functors in spaces) and using
Theorem 2.6.6 it will suffice to show that the canonical map

hocolim Sing Emb(V, U x,; M) — Sing Emb(V, M)

UeDisj(M)
is a weak homotopy eqliiyalence. This map is a weak equivalence by Lemma 6.1.26
applied to the map p: M — M, and so the desired result follows. O

Given two n-manifolds M, N, let us denote by Emb'°°(M, N) the space of those
maps M — N which restrict to an open embedding on each connected compo-
nent of M (endowed with the compact open topology). We define J\/EﬂdlfC be the
coherent nerve of the simplicial category whose objects are n-manifolds and whose
mapping spaces are given by Sing EmblOC(M ,IN). We then see that the active part
(BTop(n)1)?et of BTop(n)! can be identified with the full subcategory of MAd'
spanned by the finite disjoint unions of n-cubes. In addition, given an n-manifold
M we have a natural isomorphism of simplicial sets

(M) = (MA)) s Xpgqioe (BTop(n))>*.
The functor Mfd,, — MA® then induces a commutative square

E(M) ——— (]E%)p(n))bwt

i i

(M)t —— (BTop(n)H)
which determines a map of co-categories
r:E(M) — (EF,)™".

Suppose now that A:E$, — C® is an Ejs-algebra in €. We would like to consider
A as a functor that takes values in €, as apposed to C®. For this, we observe
that (1) is final when considered as an object of Fin?®*, and so there is a unique

* )
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natural transformation between (E%,)** — N(Fin}®") and the constant functor
(E®,)2* — {(1)}  N(Fin%""). We hence obtain a diagram of the form

(6.40) (E2,)t x Al A5 eeo

7
~
~
~
~
~
~

(E%,)** x Al —— N(Fin%*")

Since 7 : (€®)2°* — N(Fin®") is a cocartesian fibration we can lift this natural
transformation in an essentially unique way to a w-pointwise natural transformation
in €® from A to other functor (E%,)** — €® which factors through the fiber
€ =(C®)(1) € C®. We will denote the resulting functor by

A:(E%)* — €.
We note that A can be informally described by the formula z = A(71)®...® A(x,,),

where T € (E§,)*" denotes an object lying over (m) which corresponds to the tuple
(%1, ..., ) under the equivalence (EF;)(m) = [ie(mye (B3 1)

Definition 6.4.5. We define the factorization homology [,; A of M with coeffi-
cients in A as the colimit
A:=colimr*AeC.
M E(M)
Remark 6.4.6. In light of Lemma 6.4.4 restriction along Disj(M) — E(M) induces
an equivalence
/ A=~ colim A(U).
M UeDisj(M)
Remark 6.4.7. If Bg — BTopa(n) be a boundary tangent structure and M carried
a Bp-framing then we have a map of co-operads ¢ : Ef, — E3 , and so any E} -
algebra can be pulled back to an Eﬁ’/[-algebra to which we can take factorization
homology. In this case we will denote [,, p*A simply by [,, A. for example, if
A is an E?ﬁop(n)—algebra then A admits a factorization homology along any open
n-manifold, and if M is an open *-framed manifold then any E®-algebra admits a
factorization homology along M.

Remark 6.4.8. The formation of factorization homology can be made functorial in
M in the following sense. Suppose that A : Ei’ﬁop(n) —> C is an Ergp(,)-algebra
object. By Theorem 2.7.5, Lemma 6.4.4 and our Hypothesis 6.4.3 the functor

A: (Ei?iop(n))a“ — C associated to A as above admits a left Kan extension

(6.41) f( A Mfid, — €
along (E%m(n))a”Ct — Mfld,, which is given on objects by the factorization homo-
logy M~ [,, A (see Remark 6.4.7).

Remark 6.4.9. In the situation of Remark 2.7.5, it follows from Lurie’s theory of
operadic left Kan extensions (using our base hypothesis 6.4.3 and Lemma 6.4.4)
that the left Kan extension (6.41) refines to a map of co-operads

(6.42) f( A (Mfd,)° — €
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In this particular case one can even show that (6.42) is a symmetric monoidal func-
tor, that is, it preserves all cocartesian edges over N(Fin,). This eventually follows
from the fact that if M = My [] M; then the rule that sends (Xo — My, X1 — M)
to Xo I X1 — M determines an equivalence

(E%op(n))%c\;o x (]ETop(n))ZC\}l (H-‘?‘Top(n))a‘Ct

Remark 6.4.10. In the situation of Remark 6.4.9, if we replace Mfld,, by the oo-
category J\/iﬂdfa of By-framed manifolds for some boundary tangent structure By
and A : E%a — € is an Ep,-algebra object then the association M ~ [, A can
also be made into a symmetric monoidal functor

f( A (MfdB)® — e®.

Ezample 6.4.11 ([1, Corllary 3.12]). Let I be the unit interval. Recall (see Ex-
ample 6.3.3) that an E%-disk algebra in € is equivalent to the data of a triple
(A, My, M1) where A is an associative algebra object in €, My is a right A-module
in €;, and M is a left A-module in €; ;. In this case we have a natural equivalence

/J‘V[(AvMOu My) ~ My ®a M

Our next goal is to discuss the Fubini property of factorization homology. For
this, we will need to introduce the notion of a bundle map of manifolds with boun-
dary.

Suppose first that IV is an open k-manifold and F is an n-manifold, possibly
with boundary. Then we have the notion of a manifold bundle map from E to N,
which is, by definition a map p : E — N such that for every open embedding
p:0% — N the pullback p*E := E xy 0F — 0 admits a trivialization of the form
7:p*E = Px0OF with P an (n-k)-manifold (here by trivialization we simply mean
that 7 commutes with the respective projections to Dk). In this case the association
[p:0F — N]+~ Exy 0" determines a D y-algebra object in Mfld2, which we shall
call [p~!]. The local triviality of E now implies that all the 1-ary operations act
on [p~!] by equivalences, and by Remark 6.3.11 we have that [p~'] descends to an
essentially unique N-disk algebra object in Mﬂdz.

We would like to have a similar story when N is a k-manifold which is not
necessarily open (i.e., can have a boundary).

Definition 6.4.12. Let N be an k-manifold. By a manifold 0-bundle over N we

shall mean a map £ — N with E an n-manifold and such that the following

conditions hold:

(1) For every open embedding p : 0¥ — N the pullback p*E — oOF admits a
trivialization of the form p*FE = P x o* with P a (n - k)-manifold.

(2) For every open embedding p : Dg — N the pullback p*F — Dg admits an
identification of the form

>‘E—>P><I:|

\/

where P is an (n - k + 1)-manifold equipped with a continuous map f: P —
[0,1).
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In this case we will also say that p: E — N is a 0-bundle map.

Remark 6.4.13. If E — N is a manifold d-bundle then Ex(NNON) — (N\IN)
is a manifold bundle in the usual sense. Furthermore, if p : ON x [0,1) — N is
a tubular neighborhood of the boundary of N then the composed map p*E —
ON x[0,1) — ON is a manifold bundle as well.

Example 6.4.14. If N is 1-dimensional then the boundary of N is 0-dimensional.
In this case condition (2) of Definition 6.4.12 is vacuous, and so p: E — N is a
O0-bundle map if and only if it restricts to a bundle map over the interior of N.

Remark 6.4.15. If we consider fiber bundles over N as analogous to locally constant
sheaves, then the notion of a d-bundle can be considered as analogous to sheaves
on N which are constructible with respect to the stratification ON ¢ N.

Example 6.4.16. It is worthwhile to spell out what do d-manifold bundles over the
unit interval I look like. Let M be a n-manifold and P an (n—1)-manifold. We will
say that an open embedding p: (0,1) x P — M is a right P-collar if p([e,1) x P)
is closed in M for every € € (0,1). Similarly, we will say that p is a left P-collar if
p((0,e] x P) is closed in M for every ¢ € (0,1).

If My, M; are two n-manifolds, pg : (0,1) x P = My a right P-collar and p; :
(0,1) x P = M; a left P-collar then the topological space M := Mo Il 1)xp M1
is again an n-manifold which contains My and M; as submanifolds. Following [1]
we will refer to M as the collar gluing of My and M; along (0,1) x P. In this
case, M admits a natural d-bundle map M — [0, 1] which extends the projection
(0,1)x P — (0,1) and maps My~Im(pg) and M7 ~Im(p;1) to 0 and 1, respectively.

On the other hand, if p: M — [0,1] is any 0-bundle then by definition p|¢ 1) :
(0,1) x; M — (0,1) splits as a product (0,1) x; M =z (0,1) x P. If we now set
My = p~'[0,1) and M; = p~1(0,1] then the embedding (0,1) x P < Mj is a right
collar, the embedding (0,1) x P < M is a left collar and M = My II(g,1)«p M1 is a
collar gluing of My and M; along (0,1) x P.

We shall now explain how the notion of a d-bundle can be used to construct Ey-
algebras. Suppose that p: E — N is a manifold d-bundle and that E is equipped
with a Bp-framing for some boundary tangent structure By —> BTopg(n). Then
the association [p: U = N] » U xy E for U = 0",0} determines a Dy-algebra
object [p~'] in MfdZ2. The local models of Definition 6.4.12 imply that the 1-
ary operations coming from inclusions of 0" in O" or Of in O} act on [p!] by
equivalences, and so by Remark 6.3.11 we have that [p~'] descends to an essentially
unique Ey-algebra object in Mﬁdfé’ .

It 5: (J\/Eﬂng)® — C® is a symmetric monoidal functor then the composed
functor p.JF := Fo [p'] : Ef — € gives an [ON — NJ-algebra in €. This con-
struction can be used to produce a variety of interesting examples of cube algebras
over manifolds. We will also make use of it in order to formulate the Fubini pro-
perty of factorization homology and to define the property of being a homology
theory for manifolds in §6.5.

Let By — BTopg(n) be a boundary tangent structure and let A be an Ep,-
algebra. Let M be a Bs-framed n-manifold and N a k-manifold. Given a d-bundle
map p: M — N, let us denote by p, A : ]E}g\’, — C the composed functor

_1 A
£ ) (vtaBoye o g
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where [p~'] is the Ey-algebra object in Mfld2? associated to p: M — N as above.

Proposition 6.4.17 (The Fubini property, [1, Proposition 3.23]). In the above
setting the natural map

(6.43) fN poA —> fM A

is an equivalence.

Proof. By Remark 6.4.6 the left hand side of (6.43) is given by an iterated colimit

f peA~ colim p,A(U)=~ colim colim A(V)

N UeDisj(N) UeDisj(M) VeDisj(p~1(U))

which can be assembled to a single colimit indexed by the full subposet Disj(p) €
Disj(M) x Disj(N) spanned by those pairs (V,U) such that p(V) ¢ U, since the
forgetful functor Disj(p) — Disj(IN) is the cocartesian fibration classifying the
functor U + Disj(p~1(U)) (this follows from a general fubini property of colimits
along cocartesian fibrations). To show that (6.43) is an equivalence it will hence
suffice to show that the composed functor

Disj(p) — Disj(M) — E(M),

is cofinal. Let us hence fix a finite set I and an object ¢ : W := 1], W; — M of E(M).
Then the comma oco-category Disj(p),, sits in a left fibration Disj(p),, — Disj(p)
which classifies the functor

(U, V) = hofib, [Sing Emb(W, V) — Sing Emb(W, M)] .

Since the base change functor hofib, : 8;sing Emb(w,nmr) — 8 preserves homotopy
colimits we may instead show that the natural map
(6.44) hocolim Sing Emb(W, V) — Sing Emb(W, M)

(U,V)eDisj(p)
is a weak homotopy equivalence. The homotopy colimit in (6.44) can then be
rebroken into an iterated colimit:

(6.45) hocolim  hocolim Smg Emb(W, V) — Sing Emb(W, M).
UeDisj(N) VeDisj(p~t (U

We may then factor 6.45 into a composition of two maps
(6.46)

hocoli hocoli Sing Emb(W,V h lim Emb(W,p (U Sing Emb(W, M
UeODCISJ(IJI\%VeDgJC((I);llI? ing Emb( ) — 0C01m mb(W,p™ " (U)) — Sing Emb( ).

We now observe that the first map in (6.46) is a weak homotopy equivalence by
Lemma 6.1.26 applied to the identity map p~*(V) — p~1(V) and the second map
is a weak homotopy equivalence by Lemma 6.1.26 applied to the identity map
N — N. O

FEzample 6.4.18. The Fubini property can help us to decipher what is the factoriza-
tion homology along the circle. We first note that by Remark 6.2.13 the notion of
an Egi-algebra object in € is equivalent to that of a pair (A, 7) where A is an associ-
ative algebra A and 7: A — A is an automorphism (associated to the monodromy
along the circle). The projection p: S —s [~1,1] on the z-axis is a d-bundle map
and the E[_; ;j-algebra p, (A4, 7) can be identified with the triple (A’ ® A, A1, A;)
where A_; is a copy of A considered as a pointed right A°® ® A-module and A;
is a copy of A considered as a pointed left A°® ® A-module via the equivalence
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(Id®t) : A°?® A — A°? ® A. By the Fubini property and Example 6.4.11 we then
have that

A7) / (A7) 2 A®aorpa A
L= [ p4n)= Aoumen
is the 7-twisted Hochschild homology of A.

6.5. Axiomatic characterization of factorization homology. In this section
we will focus attention on open n-manifolds, i.e., those which do not have boundary.
Following [1], our goal is to consider homology theories on suitably framed open n-
manifolds. For this we will need to isolate a particular full subcategory of Mfld,,
spanned by manifolds which can be built in finitely many steps by gluing disks of
various dimensions. This gluing is defined via the notion of a collar gluing spelled
out in Example 6.4.16.

Let 00* denote the boundary of the m-cube, which is homeomorphic to the
(k—1)-sphere (where 90° = @ by convention). We have a canonical right do*-collar
(0,1) x 90* - o* embedded as the complement of {0} c O*. Let My be an open
n-manifold. If p: (0,1) x d0F x0™* — My is a left [0 0F x0" *]-collar then we will
say that

M=o" xg"* 11 My
(0,1)xo0k xgn-Fk

is obtained from My by adding an open handle of index k.

Definition 6.5.1. Let M be an open n-manifold. We will say that M is of finite
type if it can be obtained from @ by adding finitely many open handles. We will
denote by Mﬁdgn c Mfld,, the full subcategory spanned by open n-manifolds of
finite type. Similarly, if B — BTop(n) is a tangent structure then we will denote by
MAdZ M = MAZ xpeaq, MAAT. We note that the inclusion MAdZ™ ¢ MAdZ is
fully faithful and its essential image is spanned by those B-framed open n-manifolds
which are of finite type.

Example 6.5.2. Adding to My an open handle of index 0 is simply taking the
coproduct M = My[Io™. In particular, the n-disk 0" is an m-manifold of finite
type.

Ezample 6.5.3. 00! xo™* is obtained from 0f x 0" = 0" by adding a single

open handle of index k. In particular, 9 0¥*! xa0"* is an n-manifold of finite type.

Warning 6.5.4. The notion of an open handle is closely related, but not identical,
to the notion of a handle studied in classical geometric topology, which is usually
applied only to compact manifolds. However, if M is a compact manifold with a
finite handle decomposition in the classical sense, then the interior of M is of finite
type in the sense of Definition 6.5.1. In particular, it is known that any closed
manifold of dimension # 4 has a finite handle decomposition, and is hence of finite
type. On the other hand, in dimension 4 a closed manifold admits a finite handle
decomposition if and only if it is smoothable.

Definition 6.5.5. We will say that a manifold d-bundle p : M — N is open if
M is open, and we will say that p has finite type if for every U € N which is
homeomorphic to either O or Dg the fiber product M xy U has finite type.

Now let € be as in Hypothesis 6.4.3 and let B — BTop(n) be a tangent struc-
ture. In this section we will describe a certain class of symmetric monoidal functors
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MfAdZ ™ — @ which are called homology theories in [1]. The defining property of
these functors is that they satisfy ®-excision, a term we shall now define.

Definition 6.5.6. Let J : J\/[ﬂdff’ﬁn — € be a symmetric monoidal functor. We
will say that F satisfies ®-excision if for every open finite type 0-bundle p: M — I
the induced map

fIP*EF—n”F(M)

. . . - 0 F
is an equivalence, where p,J is the composed functor E% [p—>] (J\/[ﬂdiiB A )® —

as above.

e@

Remark 6.5.7. In light of Example 6.4.11 and Example 6.4.16 we may also (somew-
hat informally) phrase the ®-excision property as saying that for every collar gluing
M = Mo [ (0,1)xp M1 of finite type open n-manifolds the induced map

F(Mo) ®5((0,1)xpy T(My) — F(M)
is an equivalence.

Definition 6.5.8. Let B — BTop(n) be a tangent structure and € a presentably
symmetric monoidal oco-category. A B-framed homology theory is a symmetric
monoidal functor F : MAdZ™™ — @ which satisfies ®@-excision. We will denote by
H(MAdZ ™ @) ¢ Fun®(MAdZ™", @) the full subcategory spanned by the B-framed
homology theories.

Ezample 6.5.9. Let B — BTop(n) be a boundary tangent structure and let A be
a B-disk algebra. Then the symmetric monoidal functor ](7) s (MflaZimye ., @@

described in Remark 6.4.9 is a B-framed homology theory. This follows immediately
from Proposition 6.4.17.

Remark 6.5.10. If F : MAdZ™™ — @ is a symmetric monoidal functor then 3"|E%

is by definition an E%-algebra object. Remark 6.4.8 then furnishes a symmetric
monoidal natural transformation

Tl =50

B,fin
dn

of symmetric monoidal functors Mfl — C.

We now come to the main result of this talk.

Theorem 6.5.11 ([1]). Let F: MAdZ™ — @ be a homology theory for manifolds
and let A = 5'“|E% be the associated B-disk algebra in C. Then the natural map

(6.47) fM A — F(M)
of Remark 6.5.10 is an equivalence for every B-framed n-manifold M of finite type.

Proof. We prove by double induction on the open handle decomposition of M. For
integers 0 < k,m let us say that an open manifold M has type (k,m) if it can be
obtained from @ by adding finitely many handles of index < k out of which at most
m handles are of index exactly k. We first note that an open n-manifold is of type
(0,1) if and only if it is the n-disk, and the map (6.47) is an equivalence in this
case by definition.
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Now suppose we have proven that (6.47) is an equivalence for every B-framed
manifold of type (k,m) where either £ > 0 or kK =0 and m > 1, and let M be a
B-framed manifold of type (k,m+1). Then by definition there exists an n-manifold
My of type (k,m) and a left [0 0% x0™ *]-collar p: (0,1) x d 0¥ xa"* < Mj such
that

M:=oF xg* 11 M.
(0,1)x0gkxon-*
In this case the B-framing on M restricts to B-framings on My, (0,1) x 9 oF xa"=*
and 0F x0™ %, so that we can consider all of them as B-framed sub-manifolds of M.
Let p: M — [0,1] be the manifold 9-bundle of Example 6.4.16, which is open and
of finite type by construction (see Example 6.5.3 and Example 6.5.2), and consider
the diagram

(6.48) fipA— [;p.F

-
S A ——TF (M)

in which the vertical maps are equivalences since ¥ and [,_, A are homology theories.
To show that the bottom horizontal map is an equivalence it will hence suffice to
show that the top vertical map is an equivalence. We now observe that if U ¢ I is
an open subset homeomorphic to either O* or 0}, then p~'(U) is an open manifold
which is homeomorphic to either My, 0¥ x 0" % = o" or (0,1) x 9 ¥ xo" %, which
are manifolds of types (k,m), (k- 1,2) and (0,1), respectively By the induction
hypothesis the map

[ peA— @)

is an equivalence for every such U ¢ I, and so the top vertical map of (6.48) is
an equivalence, as desired. We may hence conclude that (6.47) is an equivalence
for every manifold of type (k,m + 1). By induction on m we now get that (6.47)
is an equivalence for every manifold of type (k,m’) for m’ > 0, and hence for
every manifold of type (k+1,0). By induction on k we now get that (6.47) is an
equivalence for any open n-manifold of finite type, as desired. O

Corollary 6.5.12 ([1, Theorem 3.24]). Restriction along E& - (MAdZ ™)@ de-
termines an equivalence

H(MAd? ™, e) = Algg, (@)
between B-framed homology theories with values in C and Eg-algebra objects in C.

Remark 6.5.13. We focused in this section on open n-manifolds, but there is no
obstacle in extending the notion of homology theories, as well as Theorem 6.5.11
and Corollary 6.5.12, to the case of n-manifolds with boundary. To do so, one just
needs to spell out what it means for an n-manifold with boundary to be of finite
type, a notion which can be formulated using suitable handles with boundary.

7. POINCARE-KOSZUL DUALITY
7.1. Factorization homology with support.

7.2. E,-suspension and E,-loops.
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7.3. Nonabelian Poincaré duality (after Lurie).

7.4. Poincaré-Koszul duality for dg-algebras (after Francis and Ayala).
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