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Rational points

Let X be a smooth projective variety defined over a number field.

Suppose that X is simply-connected, has points everywhere locally
and no Brauer-Manin obstruction. Does it have a rational point?

@ Probably not in general.

e Conditional counter-examples constructed by Sarnak & Wang,
Poonen and Smeets.

@ No unconditional counter-example is known.
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Rational points on surfaces

Let X be a smooth projective surface defined over a number field.

Suppose that X is simply-connected, has points everywhere locally
and no Brauer-Manin obstruction. Does it have a rational point?

@ Probably yes when X is a rational surface (conjectured by
Colliot-thélene and Sansuc in the 1979).

@ Probably not always when X is of general type.
@ What about K3 surfaces?

Conjecture (Skorobogatov)

The Brauer-Manin obstruction is the only obstruction for the
Hasse principle on smooth and proper K3 surfaces.
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Kummer Surfaces

Special case - Kummer surfaces.

k - a number field;

A - an abelian surface over k;

Yo — A - a 2-covering, by which we mean a twist of the map
A -2 Aby a class a € H(k, A]2)).

t:A— A, (x) = —x, also acts compatibly on Yj;

Xo = Kum(Y,) := the minimal desingularisation of Y, /¢, is called
the Kummer surface attached to Y.

F/k quadratic = AF[2] = A[2] and « interpreted in H!(k, AF[2])
classifies the 2-covering Y/ — AF.

X, = Kum(Y[)) for every quadratic extension F/k.

{AF} £k - the abelian surfaces associated to X,.

Diophantine problem of interest

Assuming finiteness of I1I for all associated abelian surfaces, find
sufficient conditions for the Hasse principle to hold on X,.
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Previous results

Skorobogatov & Swinnerton-Dyer (2005) - sufficient conditions
when A = E; x Ep and E;[2], E>[2] have trivial Galois action. X is
then a smooth and proper model for y? = f(x)g(z) where

deg(f) = deg(g) = 4 whose cubic resolvants define E; and E;.
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Previous results

Skorobogatov & Swinnerton-Dyer (2005) - sufficient conditions
when A = E; x Ep and E;[2], E>[2] have trivial Galois action. X is
then a smooth and proper model for y? = f(x)g(z) where

deg(f) = deg(g) = 4 whose cubic resolvants define E; and E;.

Skorobogatov & H. (2015) - sufficient conditions when

A = E; x E; where E1[2] and E3[2] have full Galois action, and
when A = Jac(C) with C : y? = f(x) hyperelliptic, deg(f) =5
irreducible separable. X admits an explicit model as a smooth

complete intersection of three quadrics in P°.

Both results use variants of Swinnerton-Dyer's method. Pioneered
by Swinnerton-Dyer in 1995, established as a general method by
Colliot-Thélene, Skorobogatov and Swinnerton-Dyer (1998), and
later extended and simplified by Wittenberg (2007).

Applies in principle to surfaces which are fibered into curves of
genus 1, typically requires the assumption finiteness of 111 and
Schinzel's hypothesis (not needed for the Kummer surface variant)
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Main result

A - Jacobian of y? = f(x) = [[7_o(x — a:).
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Main result

A - Jacobian of y? = f(x) = [[7_o(x — a:).
d:= H,-<j(aj —a;) #0.
Al2] = {(c0, .-, €5) € pSle0 - ... - €6 = 1}/ 12
H(k, A[2]) = {(bo, ..., bs) € G®|by - ...- bs = 1}/G (G := k*/(k*)?)
For a class b € HY(k, A[2]) associated Kummer surface is
.- bix? B biaix? B bia?x? B
b ; f’(a,-) N ; f’(a,-) N ; f’(a,-) N

Theorem (H. 2016)

Let A, {a;}, b be as above. Assume that g—é, s Z—g are linearly
independent in G and that for every i = 1,...,5 there exists a place
w; such that val,,(a; — ap) = valy, d = 1 and val,,(b;/bg) = 0.
Assume that the 2-primary torsion subgroup of 111 is finite for
every quadratic twist of A. Then the BM obstruction is the only

one for the Hasse principle on the Kummer surfaces X.

o’
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Swinnerton-Dyer's method for Kummer surfaces

A - an abelian surface with a principal polarization coming from a
symmetric line bundle on A. X, = Kum(Y,) has points
everywhere locally and no Brauer-Manin obstruction.

o Step 1: find a quadratic extension F = k(+/a) such that Y/
has points everywhere locally. Replacing Y, with Y/ we may
assume without loss of generality that Y, itself has points
everywhere locally. In particular, o € Sely(A).

o Step 2: find a quadratic extension such that Sely(AF) is
generated by « and the image of the 2-torsion.

e = conclude that III(AF)[2] is generated by the image of a.
By assumption ITI(AF) is finite and the Cassels-Tate pairing is
alternating (Poonen-Stoll) = the dimension of IIT1(A)[2] is
even = II(AF)[2] = 0= YF(k) £ 0 = X.(k) # 0.

Problem
Sometimes step 2 is not possible (without further assumptions)
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Extending the method

o Step 2: find a quadratic extension such that Sely(AF) is
generated by «, the image of the 2-torsion, and a small
subgroup of “unavoidable elements”.

@ Step 3: find a quadratic extension such that the subgroup
Sel3(AF) C Sely(AF) generated by those elements which are
orthogonal to all of Sely(A) with respect to Cassels-Tate
pairing is generated by « and the image of the 2-torsion.
Assume WLOG that this holds already for A itself.

e = conclude that the subgroup III° C III[2] generated by
those elements which are orthogonal to II1[2] is generated by
the image of a. By assumption III(A) is finite and the
Cassels-Tate pairing is alternating = the dimension of
[I1° =2 TII(A)[4]/III(A)[2] is even
= 111° =0 = Y (k) # 0 = Xu(k) # 0.
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The second step

F/k - a quadratic extension.

M = A[2] = AF[2].

For v a place - W,, W C H(k,, M) the images of A(k,),
and Af (k).

Note dimy W, = dimy W =4 = %dimg H(k,, M).

Compare the groups

Sely(A) = {8 € H'(k, M)|loc,(B) € W, }

Selo(AF) = {8 € H(k, M)|loc,(B) € W[}
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Comparing Selmer groups

Compare the groups

Selo(A) = {8 € H'(k, M)|loc,(B) € W, }
Sel} (A) = {5 € H'(k, M)|loc, (5) € W, }

T - the (finite) set of places where W, # W,

W, == W,/(W, N WF) and W, .= WF (W, 0 WF).
r, = dimy, W, = dim, WC

Vr C @veTWC

—F
V7I:— - @VETW

v

- the image of Sel>(A).
- the image of Sely(AF).
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Sel} (A) = {5 € H'(k, M)|loc, (5) € W, }

T - the (finite) set of places where W, # W,
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Comparing Selmer groups

Compare the groups

Selo(A) = {8 € H'(k, M)|loc,(B) € W, }
Sel} (A) = {5 € H'(k, M)|loc, (5) € W, }

T - the (finite) set of places where W, # W,

W, == W,/(W, N WF) and W, .= WF (W, 0 WF).
r, = dimy, W, = dim, WC

Vr C @yer W, - the image of Selo(A).

VE C @V€TWC - the image of Sely(AF).

dim2 Se|2(AF) — dim2 Se|2(A) = dim2 V-,E — dim2 VT-

Lemma (Mazur-Rubin)

dimy V7 +dima VE <) " ry
veT
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Comparing Selmer groups (continuation)

Mazur-Rubin Lemma
dimy V7 + dim; Vﬁ <D ety
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Mazur-Rubin Lemma
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The Weil pairing induces the non-degenerate local Tate pairing

U s H (ks M) x HY (ks M) — H2 (K, i2) = Z,/2

with W, and W/ maximal isotropic.
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Comparing Selmer groups (continuation)

Mazur-Rubin Lemma

dimy Vr +dimy VE <Y 11

Proof.

The Weil pairing induces the non-degenerate local Tate pairing

U s H (ks M) x HY (ks M) — H2 (K, i2) = Z,/2

with W, and W/ maximal isotropic. Restricting to W, x W[,
summing over v € T and dividing by W, N W vyields
non-degenerate pairing

o W,x & W, — 172

veT veT

between two vector spaces of dimension r = ry. Quadratic

veT

. ; — —F
reciprocity = V1 C ®,c7 W, is orthogonal to VX C &,c7W,
and hence the sum of their dimensions cannot accede r.

Ol
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Comparing Selmer groups (continuation)

Mazur-Rubin Lemma

dimy Vr +dimy VE <Y 11

Proof.
The Weil pairing induces the non-degenerate local Tate pairing

U s H (ks M) x HY (ks M) — H2 (K, i2) = Z,/2

with W, and W/ maximal isotropic. Restricting to W, x W[,
summing over v € T and dividing by W, N W vyields
non-degenerate pairing

o W,x & W, — 172

veT veT
between two vector spaces of dimension r = > _+ r,. Quadratic

o - . —F
reciprocity = V1 C ®,c7 W, is orthogonal to VX C &,c7W,
and hence the sum of their dimensions cannot accede r (gap is
even by Poonen-Rains). O
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Assume M = A[2] has constant Galois action.

Example (Selmer stays the same)

T = {w,v1} and dimy W,, = dimy W,, = 4. Then
dimy V1 + dimp VE < 8.

dimy V7, dimy VE > 4 = dim, Selo(AF) = dim; Sela(A).

Example (Selmer decreases)

= {W, Vo, Vl}, dim2WV0 = C|im2WV1 =4 and dimQWW = 1.

dimy Vr +dimy VE <8+ 1=09.

dimy Vi > 5 = dimj Sely(AF) < dim, Selx(A) — 1.

Yonatan Harpaz



Reducing Selmer groups (preliminaries)

A - a principally polarized abelian surface such that M = A[2] has
constant Galois action. S - finite set containing all special places.
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constant Galois action. S - finite set containing all special places.
C,, - group of components of a Neron model for A at w € S.

Definition
A 2-structure for A is a set of multiplicative places R C S such
that the map

A[2] — @WGRCW/zcw

is an isomorphism = a basis {P,, } for M with (Q, P,,) = —1 if
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Weil pairing induces
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Reducing Selmer groups (preliminaries)

A - a principally polarized abelian surface such that M = A[2] has
constant Galois action. S - finite set containing all special places.
C,, - group of components of a Neron model for A at w € S.

Definition
A 2-structure for A is a set of multiplicative places R C S such
that the map

A[2] — @WGRCW/zcw

is an isomorphism = a basis {P,, } for M with (Q, P,,) = —1 if
and only if the image of Q in C,/2C,, is non-trivial.

Weil pairing induces
() HY(k, M) x M — H(k, u10)
Yielding isomorphism
HY (kM) = HY(k, 1)® o ({0, Pu))wer
= “natural coordinates” on H!(k, M).
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Reducing Selmer groups (preliminaries)

A - principally polarized abelian surface such that M has constant
Galois action. 6F : M — AF(k) — H!(k, M) boundary map.

Let F = k(\/a) be a quadratic extension and let P, Q € M be two
2-torsion points. Then

(5(P). Q) (57 (P). Q) = {["”]

<’D7Q>:_1
1 (P,Q)y=1
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A - principally polarized abelian surface such that M has constant
Galois action. 6F : M — AF(k) — H!(k, M) boundary map.

Lemma

Let F = k(\/a) be a quadratic extension and let P, Q € M be two
2-torsion points. Then
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Reducing Selmer groups (preliminaries)

A - principally polarized abelian surface such that M has constant
Galois action. 6F : M — AF(k) — H!(k, M) boundary map.
Lemma

Let F = k(\/a) be a quadratic extension and let P, Q € M be two
2-torsion points. Then

(6(P), Q)) (6F(P), Q) = {[i] <23F’>,Qq§>::_11

Corollary

L { Puss Py ) = 1 € iz then TT; (07 (Puy), Puy ) € HY(k, i2)
does not depend on F.

| A

Definition

| A

Let L/k be the minimal extension that splits all the classes of the
form [ <5F(PW,), PW/> € HY(k, 12) such that [], <PW,, PWI;> ~ 1.

‘
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a, B € SelR(A) such that (8, P,,) does not split in L, := L - k(a).
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Reducing Selmer groups

Selo(A) = SelX(A) @ 6(A[2]), Sel¥(A) elements unramified over R.
a, B € SelR(A) such that (8, P,,) does not split in L, := L - k(a).

Find a quadratic extension F = k(/a) for a € k* such that:

- ais a square at every S\ {wp} and is a non-square unit at wp;

- ais a unit outside S except at two places vy, vi where a has odd
valuation. Furthermore, vy and vy split in Lg;

- The image of the 2-torsion plus (5 in WWO @WVO @Wvl has
dimension 5.

= we are in the situation of

Example (Selmer decreases)

T ={wo,vo, v}, dimQW\,0 = dimp W,, = 4 and dimQWW0 =1,
dimy V7 4 dimy VE <9,

dimy V7 > 2g 4+ 1 = dimj Sela(AF) < dim, Selo(A) — 1.
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Unavoidable elements

Given « € Sely(A) we may find a quadratic extension F/k such
that Selp(AF) contains o and is generated (modulu the image of
the 2-torsion) by elements which split in L. Let us call these the
“unavoidable elements”.
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Unavoidable elements

Conclusion

Given « € Sely(A) we may find a quadratic extension F/k such
that Selp(AF) contains o and is generated (modulu the image of
the 2-torsion) by elements which split in L. Let us call these the
“unavoidable elements”.

Elements which split in L, but do not split in k(«) can actually be
avoided. The truely unavoidable elements are those which split in
k(). However, for the purpose of the third step it is not important
what exactly is our group of unavoidable elements as long as it is
a-priori bounded by a fixed finite subgroup of H*(k, M).
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Step 3 - second descent

A - an abelian surface with a principal polarization coming from a
symmetric line bundle. Assume III(A) finite. Cassels-Tate pairing

(.)Cr : LI(A) x LI(A) — Q/Z

is then non-degenerate and alternating (Poonen-Stoll).
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Step 3 - second descent

A - an abelian surface with a principal polarization coming from a
symmetric line bundle. Assume III(A) finite. Cassels-Tate pairing

(.)Cr : LI(A) x LI(A) — Q/Z

is then non-degenerate and alternating (Poonen-Stoll).

a, 3 - elements of III(A). « determines a torsor Y, which contains
an adelic point (x,) € Y,(Ak). B determines a locally trivial
element of H(k, Pic®(Y,)) = H(k, A) and hence a locally trivial
class [Bg] € Br(Yy)/ Br(k).

Cassels-Tate pairing is given by

(v, ﬁ}CT = Bs(xv) vav Bs(x,) € Q/Z
Induces a (degenerate) pairing on Sel>(A)

Yonatan Harpaz
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A - an abelian surface as above. «, 3 - classes in H*(k, A[2]).
F/k - a quadratic extension such that o, 3 € Sely(AF)

YF - the 2-torsor of AF classified by a.

X, = Kum(Y[) - the associated Kummer surface (independent of
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WF C vF - the complement of the 2-torsion.
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Step 3 (continuation)

A - an abelian surface as above. «, 3 - classes in H*(k, A[2]).
F/k - a quadratic extension such that o, 3 € Sely(AF)

YF - the 2-torsor of AF classified by a.

Xo = Kum(Y[) - the associated Kummer surface (independent of
F).

WFE C vF - the complement of the 2-torsion.

U, C X, - the complement of the exceptional curves.

p: W(f — U, associated unramified 2-covering.

Lemma

There exists a class [Cg] € Br(U,)/ Br(k) (independent of F)
whose image in Br(W.)/ Br(k) coincides with the restriction of
[Bs] € Br(Y[L)/Br(k). In particular, if (x,) € Xo(Ax) is a point
which lifts to YF' then

< 6>CT - Cﬁ(Xv) - Z invy, Cﬁ(Xv) = Q/Z

v

Yonatan Harpaz



Step 3 (continuation)

A - an abelian surface with 2-structure R C S.

Yonatan Harpaz



Step 3 (continuation)

A - an abelian surface with 2-structure R C S.
Selo(A) = SelX(A) @ 6(A[2]), Sel¥(A) elements unramified over R.

Yonatan Harpaz



Step 3 (continuation)

A - an abelian surface with 2-structure R C S.

Selo(A) = SelX(A) @ 6(A[2]), Self(A) elements unramified over R.
Sel3(A) C SelX(A) - subgroup of elements which are Cassels-Tate
orthogonal to all of Sely(A).

Proposition (Changing Cassels-Tate pairing by a quadratic twist)

Let 0,7 € [y be two elements. Then there exists a quadratic
extension F |k, unramified over S, such that Self (AF) = Self(A)
and such that for every o, 3 € SelX(A) one has

(@, BYer = (@, BYer + (a(o), B(r))
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Step 3 (continuation)

A - an abelian surface with 2-structure R C S.

Selo(A) = SelX(A) @ 6(A[2]), Self(A) elements unramified over R.
Sel3(A) C SelX(A) - subgroup of elements which are Cassels-Tate
orthogonal to all of Sely(A).

Proposition (Changing Cassels-Tate pairing by a quadratic twist)
Let 0,7 € [y be two elements. Then there exists a quadratic
extension F |k, unramified over S, such that Self (AF) = Self(A)
and such that for every o, 3 € SelX(A) one has

(@, BYer = (@, BYer + (a(o), B(r))

v

Corollary

Let o, 5 € Sel3(A) be elements. Suppose 3wy € R such that
(o, Pyy) s (B, Puo) € HY(k, 112) linearly independent. Then 3F /k
such that o € Sel3(AF) C Sel3(A) and 3 ¢ Sel3(AF).
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Step 3 - conclusion

A - an abelian surface with 2-structure R C S.

Definition

A multiplicative place w € S is minimal if the induced map
Al2] — Cy/2C, = Z)2

is surjective.
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A multiplicative place w € S is minimal if the induced map
Al2] — Cy/2C, = Z)2

is surjective = 3P, € A[2] with (Q, P,) = —1 if and only if the
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Corollary (end of proof)

Let o € SelX(A) be a non-degenerate element which is
Cassels-Tate orthogonal to all of Sel,(A). Suppose there exists a
minimal place w, € S\ R such that P, = g Pw. Then we
may always find a quadratic extension F /k such that « is the only
non-zero element of SelX(A) which is orthogonal to all of Sely(A).
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Step 3 - conclusion

A - an abelian surface with 2-structure R C S.

A multiplicative place w € S is minimal if the induced map
Al2] — Cy/2C, = Z)2

is surjective = 3P, € A[2] with (Q, P,) = —1 if and only if the
image of @ in C,,/2C,, is non-trivial.

Corollary (end of proof)

Let o € SelX(A) be a non-degenerate element which is
Cassels-Tate orthogonal to all of Sel,(A). Suppose there exists a
minimal place w, € S\ R such that P, = g Pw. Then we
may always find a quadratic extension F /k such that « is the only
non-zero element of SelX(A) which is orthogonal to all of Sely(A).
= X, = Kum(Y,,) has a rational point.

Yonatan Harpaz
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Concluding remarks

The method as presented above can be generalized to various
other types of abelian surfaces, assuming the existence of suitable
places with prescribed bad reduction (and finiteness of I1I)).

When A = E; x E; is a product of elliptic curves with all rational
2-torsion one can reproduce in this way the results of Skorobogatov
and Swinnerton-Dyer under a weaker form of “Condition (E)".
Alternatively, one may remove condition (E) all together at the
price of assuming the existence of more suitable places.

More cases: A = E; x Ep with Galois action on each E;[2] either
trivial, quadratic, or S3, under suitable assumptions.

It seems likely that a step of second descent can be added also to
the original form of Swinnerton-Dyer's method. In the good of all
possible worlds one can hope that this would allow one to remove
“Condition (D)" appearing in one form or another in most

applications of the method, at least in some geometric situations.
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