A NEW CEMENT TO GLUE NON-CONFORMING GRIDS WITH
ROBIN INTERFACE CONDITIONS: THE P, FINITE ELEMENT
CASE
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Abstract. We design and analyze a new non-conforming domain decomposition method, named
the NICEM method, based on Schwarz type approaches that allows for the use of Robin interface
conditions on non-conforming grids. The method is proven to be well posed. The error analysis is
performed in 2D and in 3D for P; elements. Numerical results in 2D illustrate the new method.
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1. Introduction. Our goal in writing this paper is to propose and analyze a
non-conforming domain decomposition generalization to P.L. Lions initial idea, [32],
in view of an extension of the approach to optimized interface conditions algorithms.
This type of algorithm has proven indeed to be an efficient approach to domain de-
composition methods in the case of conforming approximations, [12, 25]. This paper
presents the basic material related to so called optimized zero™® order method in
case of finite element discretizations, see citeGJMN for a short presentation. In the
companion paper [1], the case of the finite volume discretization was introduced and
analyzed. In the finite element case, our method is based on a new interface cement
using Robin conditions, and correspond to an equilibrated mortar approach (i.e. there
is no master and slave sides). Thus we name this new method “New Interface Cement
Equilibrated Mortar” (NICEM) method.

In Section 2, we present the method at the continuous level and then at the
discrete level. Then in Section 3, we give in details the numerical analysis, with
the proofs of well-posedness and error estimates both in 2D and 3D for P; elements.
Given the length of the paper, the numerical analysis for 2D piecewise polynomials
of higher order as well as convergence proofs for the Schwarz algorithm used to solve
the discrete problem is the subject of another paper. We finally present in Section 4
simulations for two and four subdomains, that fit the theoretical estimates.

We first consider the problem at the continuous level: Find u such that

L(u)=fin Q (1.1)
C(u) = g on 99

where £ and C are partial differential equations. The original Schwarz algorithm
is based on a decomposition of the domain €2 into overlapping subdomains and the
resolution of Dirichlet boundary value problems in the subdomains. It has been
proposed in [32] to use more general boundary conditions for the problems on the
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subdomains in order to use a non-overlapping decomposition of the domain. The
convergence factor is also dramatically reduced.

More precisely, let Q be a C*! (or convex polygon in 2D or polyhedron in 3D) do-
main of IR?, d = 2 or 3. This assumption is necessary to obtain minimal H? regularity
that provides the full first order convergence of the P; finite element approximation.
We could deal with lower regularity on the solution at the price of more technical
proofs in non integer Sobolev spaces.

We assume that Q is decomposed into K non-overlapping subdomains:

Q=uk, 0" (1.3)

We suppose that the subdomains QF, 1 < k < K are either C™' or polygons in 2D or
polyhedrons in 3D. We assume also that this decomposition is geometrically conform-
ing in the sense that the intersection of the closure of two different subdomains, if not
empty, is either a common vertex, a common edge, or a common face in 3D !. Let
n;, be the outward normal from QF. Let (Bk,¢)1<k <K ke be the chosen transmission
conditions on the interface between subdomains Q% and Q¢ (e.g. By, = aaTk + ag).
What we shall call here a Schwarz type method for the problem (1.1)-(1.2) is its
reformulation:  Find (ug)i<k<x such that

L(uy) = f in QF
C(ui) = g on 9QF NN
Bkl(uk) = Bk’g(Ug) on 90F N 8Q£,

leading to the iterative procedure

L) = fin QF
Cluptt) = g on 90F N OO
Bk,g(uz+1) = Bk7g(u?) on 90F N oY,

Let us focus first on the interface conditions By . The convergence factor of asso-
ciated Schwarz-type domain decomposition methods is very sensitive to the choice
of these transmission conditions. The use of exact artificial (also called absorbing)
boundary conditions as interface conditions leads to an optimal number of iterations,
[22, 34, 21, 20]. Indeed, for a domain decomposed into K strips, the number of iter-
ations is K, see [34]. Let us remark that this result is rather surprising since exact
absorbing conditions refer usually to truncation of infinite domains rather than in-
terface conditions in domain decomposition. Nevertheless, this approach has some
drawbacks: first, the explicit form of these boundary conditions is known only for
constant coeflicient operators and simple geometries. Secondly, these boundary con-
ditions are pseudo-differential. The cost per iteration is high since the corresponding
discretization matrix is not sparse for the unknowns on the boundaries of the subdo-
mains. For this reason, it is usually preferred to use partial differential approximations
to the exact absorbing boundary conditions. This approximation problem is classical
in the field of computation on unbounded domains since the seminal paper of Engquist
and Majda, [15]. The approximations correspond to “low frequency” approximations
of the exact absorbing boundary conditions. In domain decomposition methods, many

1This assumption is actually not much restrictive since in the case of a geometrically noncon-
forming partition, the faces can be decomposed into subfaces to obtain a geometric conformity
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authors have used them for wave propagation problems, [13, 14, 31, 5, 38, 29, 8] and
in fluid dynamics, [33, 19]. Instead of using "low frequency” in space approxima-
tions to the exact absorbing boundary conditions, it has been proposed to design
approximations which minimize the convergence factor of the algorithm. Such op-
timization of the transmission conditions for the performance of the algorithm was
done in [25, 26, 27] for a convection-diffusion equation, where coefficients in second
order transmission conditions where optimized. These approximations, named 002
(Optimized Order 2), are quite different from the ”low frequency” approximations
and reduce dramatically the convergence factor of the method.

When the grids are conforming, the implementation of such interface conditions on
the discretized problem is not too difficult. On the other hand, using non-conforming
grids is very appealing since their use allows for parallel generation of meshes, for local
adaptive meshes and fast and independent solvers. The mortar element method, first
introduced in [7], enables the use of non-conforming grids. It is also well suited to
the use of the so-called ” Dirichlet-Neumann”, [19], or ” Neumann-Neumann” precondi-
tioned conjugate gradient method applied to the Schur complement matrix, [30, 2, 37].
In the context of finite volume discretizations, it was proposed in [36] to use a mortar
type method with arbitrary interface conditions. To our knowledge, such an approach
has not been extended to a finite element discretization. Moreover, the approach we
present here is different and simpler.

The purpose of this paper is to set the basics, and present the associated analysis
in full details of such Robin type boundary conditions. Here we consider only interface
conditions of order 0 : By, = aaTk + ay. The approach we propose and study was
introduced in [17] and independently implemented in [28] for the Maxwell equations
but without numerical analysis. These results are the prerequisite for the goal in
designing this non overlapping method: use interface conditions such as OO2 interface
conditions (see [25, 27]). The implementation of such optimized order 2 transmission
conditions is already available for advection-diffusion problems, [23, 24].

2. Definition of the method. We consider the following problem : Find u
such that

(Id—Au=f inQ (2.1)
u=0 on 01, (2.2)

where Q is a C™! (or convex polygon in 2D or polyhedron in 3D) domain of IRY, d = 2
or 3, and f is given in L?(Q).

The variational statement of the problem (2.1)-(2.2) consists in writing the problem
as follows : Find u € HE () such that

/ (VuVo 4+ w)de = / fudz, Vv e Hy(Q). (2.3)
Q Q

Making use of the domain decomposition (1.3), the problem (2.3) can be written as
follows : Find u € H}(Q) such that

K K
Z/Qk <V(U|Qk) V(vjar) —|—umkv|m) dx = Z/Qk fiorvjordz, Vv € H&(Q)
k=1 k=1

Let us introduce the space H!(QF) defined by

HINQF) = {p e HY(QF), ¢ =0 over 90 N IN*}.
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It is standard to note that the space Hg(£2) can then be identified with the subspace
of the K-tuple v = (v1, ..., vx) that are continuous on the interfaces:

K
V={v=(v1,....vx) € [[ HHOQ"), Vk,(,k # £, 1 <k, L <K, vy = v, over 00 N 0Q}.
k=1

This leads to introduce also the notation of the interfaces of two adjacent subdomains
& = 90k n o’

In what follows, for the sake of simplicity, the only fact to refer to a pair (k,£)
preassumes that T'®* is not empty. The problem (2.3) is then equivalent to the
following one : Find u € V' such that

K K
Z/ (Vugp Vo + ugog) de = Z/ frupdz, YveV.
k=172 f=1"9"

The mortar element method cannot be used easily and efficiently with Robin interface
conditions in the framework of Schwarz type methods. In order to glue non-conforming
grids with Robin transmission conditions, it turns out to be useful to impose the
constraint vy = vy over 902F N AN through a Lagrange multiplier in H~1/2(9QF).

LEMMA 1. Foru € HkK:1 H(QF), the constraint vy, = v, across the interface T'**
is equivalent to

K
Vp = (px) € H Hil/z(ﬁQk) with pr = —pe over T*t V.,
k=1 K
Z H=1/2(90F) < Pk, Vk >H1/2(BQ’<) =0. (2.4)
k=1

Proof: The proof is similar to the one of proposition III.1.1 in [11] but can’t be
directly derived from this proposition. Let p = (px) € H,Ile H=Y2(00%) with pj, =
—pg over T%* in (Hééz(l“k’e))’ sense. Then, there exists over each QF a lifting of
the normal trace py in H(div,2*). The global function P, which restriction to each
OF is defined as being equal to the lifting, belongs to H(div,Q) and is such that
(P.n)jpor = pr- Let now v € V. From the previously quoted identification, we know
that there exists v € Hg(€2) such that vior = vg. In addition,

/VV~P—/PVV:O.
Q Q

On the other hand,

K

/vi-P—/QPVV:Z(/mvv-P—/QkaV):ééﬂk(P.n)vzéégkpkvk,

k=1

so that (2.4) is satisfied.

Conversely, let v = (v1,...,vK) € Hszl H(QF) such that (2.4) is satisfied. Let

xz € 5 and let Yo CYe ClTy CITy C I'%* be open sets. There exists a function @ in
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D(T';) such that ¢(y) =1 for all y in ~,. With any ¢ € (Hééz(Fw))’, let us associate

pr) defined by

H—I/Z(an)< Pk, Wk >H1/2(an) = (Héé2(Fm))’< q, PWk >Hééz(1—‘$),vwk c H1/2(aﬂk),

H—1/2(BQE)< Pe, Wy >H1/2(3Qe) = — (Héé2(1‘m))’< q, pwy >H3({2(F$)’VW S H1/2(8Q€),
and p; =0, Vj # k,£.

By construction, p € Hle H~Y2(09%) and py = —py over I'**. Hence from (2.4),

K
Z H-1/2(99%) < Pk, Uk > [g1/2(90k)= 0.
k=1
We derive
H-1/2(00k) < Pk, Vk > [g1/2(90k)= — H-1/2(00¢) < Pe, Ve > H1/2(604)
thus,

(Hy20a)y < D PVR Z 2 ) T (g2 < D PV H A,y
and this is true for any ¢ € (H&éz (T'z))’, hence pvy, = v over 'y, and thus
Vg = Uy OVETr 7, VI € ke,
We derive vy, = vy a.e. over I'*?. which ends the proof of Lemma 1.

The constrained space is then defined as follows

V=ivoe (H Hi(ﬂk)) x (H H_WW)> ,
k=1

k=1
v = v and g, = —qp over I'MF Yk, (}, (2.5)

and problem (2.3) is equivalent to the following one : Find (u,p) € V such that

K K
Z/ (Vuvak + ukvk) dr — Z H-1/2(90k) < Pk, Vk >H1/2(3Qk)
k=1 QF k=1 2.6
K K (2.6)
= Z/ fropdx, Yuv € H Hi(Qk).
k=1"/9* k=1
Being equivalent to the original problem, with py = aaT“k over 0QF (recall that f is

assumed to be in L?(Q) so that ;T“k actually belongs to H~/2(9QF)), this problem
is naturally well posed.

Let us describe the method in the non-conforming discrete case. Standard mortar
methods are based on Galerkin approximation where both the trial spaces and test
spaces are defined by imposing a gluing condition on the Dirichlet values on the
interface by integral matching through mortar Lagrange multipliers. Here, we wish to
match Robin conditions (i.e. the combination of Dirichlet and Neumann condition) we
thus need to introduce a new independent entity representing the normal derivative
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of the trial function on the interface by increasing the set of trial function. This leads
in turn to an increase in the set of test functions that appear to be defined with no
glue. The method is no longer of Galerkin type but rather of Petrov Galerkin.

In all what follows we restrict the analysis to P; finite elements. The more general
case is the subject of another paper for sake of brevity.

2.1. Discrete case. We introduce now the discrete spaces. Each QF is provided
with its own mesh (classical and locally conforming) ’771’“ , 1 <k < K, such that

—k
QO = UTeT,f T.

For T € T}F, let hy be the diameter of T’ (hp = sup, e d(z,y)) and h the discretiza-
tion parameter

h= max hy, with hr = max hp.
1<k<K TeT}

At the price of (even) more technicalities in the analysis, possible large variations in

the norms of the solution ugr can be compensated by tuning the parameter hy. This

requires in particular that the uniform A is not used but all the analysis is performed

with hy. For the sake of readability we prefer to use h instead of hy. Let pThbe the
T

diameter of the circle (in 2D) or sphere (in 3D) inscribed in 7', then o7 = 2T is a

measure of the nondegeneracy of 7. We suppose that 7,* is uniformly regular: there
exists o and 7 independent of h such that

VTG’E{C, or <o and Th < hr.

We consider that the sets belonging to the meshes are of simplicial type (triangles or
tetrahedron), but the analysis made hereafter can be applied as well for quadrangular
or hexahedral meshes. Let P;(7T") denote the space of all polynomials defined over T
of total degree less than or equal to 1. The finite elements are of Lagrangian type, of
class CY. We define over each subdomain two conforming spaces Y,* and X} by :

Y = {on €CO@Y), wonyp € PUT), VT € T,

k k
Xh = {vh,k € Yh R Uh,k\anﬂaQ = 0}

The space of traces over each T'** of elements of Y} is a finite element space denoted
by y,’j £ As we assumed that the domain decomposition is geometrically conforming,
then the space y;’f is the product space of the y}j’@ over each /£ such that T'*¢ % (). With
each such interface we associate a subspace W,f *of y;f’e in the same spirit as in the
mortar element method, see [7] in 2D or [4] and [10] in 3D. To be more specific, let us
recall the situation in 2D. If the space X }f consist of continuous piecewise polynomials
of degree < 1, then it is readily noticed that the restriction of X ,’f to I'*¢ consists
in finite element functions adapted to the (possibly curved) side T'** of piecewise
polynomials of degree < 1. This side has two end points that we denote as xlg’e and
z®* that belong to the set of vertices of the corresponding triangulation of T'*¢ :

[y k& ks

Ty, xy, g, 2y . The space W,]f’e is then the subspace of those elements of y,’j’f

that are polynomials of degree 0 over both [zf*, 2] and [z, 25]. As before, the
space W}’f is the product space of the W;f’g over each ¢ such that T*¢ = (). In 3D, we
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used specific notations from [10], given in Section 3.4.
The discrete constrained space is then defined as

K
Vh_{ uh7ph <HXh> X <HW}IL€>a
k=1
/k Z((Ph,k +aupk) — (=pPhe + oupg))Vn e =0, Yy e € W:’é, Vk, 0} (2.7)
'k,

Note that, for regular enough function

/k e((Pk + aug) — (=pe + aue) e = 0, Vo0 € LAY, VE, £,
Tk,

then pr = —p¢ and ur = uy, which allows us to make the link between the Robin
condition (2.7) and the Dirichlet-Neumann condition in (2.5).

Let 7, denote the orthogonal projection operator from L2(T**) onto W,
Then, for v € L2(T'**), 7y o(v) is the unique element of W,lf’e such that

[ et =y =0, o e 28)
k€

We remark that the constraint in (2.7) also reads
pr + ampo(ug) = T (—pe + aug)  over TR Yk £, (2.9)

The discrete problem is the following one : Find (uy,, Qh) € V}, such that

K
Yo, = (vn1, - n k) € [Ty X5

K K K
Z/ (Vuh,vah,k—i—uh’kvh’k) d;L‘—Z/ ph’kvmde:Z/ fk’l)h’kd.%'. (2.10)
k=1"9" k=17 09 k=1"9"

For the numerical analysis, we have to precise the norms that can be used on the
Lagrange multipliers p, . For any p € Hszl L?(09%), in addition to the natural norm,
we can define two better suited norms as follows

2

K K K 3
_ 2 —
TR D 55 S MU IR S
£k

k=1

where ||.|| stands for the dual norm of HO%O(I"M).

(H 0wy
We also need a stability result for the Lagrange multipliers, and refer to [3] for
2D and to the appendix in 3D (the proof is postponed to the appendix because it
needs ingredients that are developed later, in the analysis of the best approximation),
in which it is proven that,
LEMMA 2. There ezists a constant c, such that, for any ph e in W}f’e, there
exists an element w™** in XF that vanishes over OQF \ T** and satisfies

/ Pk ew P > ||phk£|| (2.11)
[kt Oo(Fk )’
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with a bounded norm

" * ) g1 ary < callpnpyel| (2.12)

(HE TR0y

We now provide an analysis of the approximation properties of this scheme.
3. Numerical Analysis.

3.1. Well posedness. The first step in this error analysis is to prove the sta-

bility of the discrete problem and thus its well posedness. Let us introduce over
(T, HHOF) x [T, L2(09%)) x [Tr, H: (%) the bilinear form

K K
a((u,p),v)) = ; /Qk (Vup Vg + ugvy) de — ; /{mk PrUEds. (3.1)

The space Hle H} (%) is endowed with the norm

2

K
[ <Z Uk||?{1(m)>
k=1

LEMMA 3. There exists ¢/ > 0 and a constant 8 > 0 such that

K
forah <, Y(w,,p,) € Vy, Ju, € H Xk,
k=1

a((up,py,) vn)) = Bl +lp, - Ollall« (3.2)

Moreover, we have the continuity argument : there exists a constant ¢ > 0 such that
K

V(up,p,) € Vi, Vo, € [T XK, al(wn,p,),00)) < elllunll + 1, -3 (lwgll-)- (3:3)
k=1

Proof of Lemma 3: In (2.11) and (2.12), we have introduced local H{ (T ¢) func-

tions that can be put together in order to provide an element w,, of Hszl XF that
satisfies

K
S [ pands =l (3.4)
o Joa

Let us now choose a real number v, 0 < vy < c% (where ¢, is introduced in (2.12)) and

*

choose v, = u;, — yw,, in (3.1) that yields
K
(g, 0)) =3 [ (T = ) + (s~ ) de
k=17

K
- ; /(mk pr(up — ywy)ds (3.5)



By (2.9), we can write

1
[ s = 1o [ (ot amau))? - (o - amew)?)ds
Tk,

k.2
1
= (ke (—pe + ag))? = (pr — o e(ur))?)ds
Q Jrk,e
1
< ((pe — oug)?® = (pr — g, (ug))?)ds
Q Jrk,e
1
< ((pe — ome(we))? = (pr — omy e(ur))?)ds
Q Jpk,e
+ el o (g (ug) — up)?ds

so that
z / pnds < 2375 [ (o= () s < o
k 1k<e

We refer to [7] in 2D and [4] or [10] equation (5.1) in 3D, where the approximation
properties of 7y, are proven.
Going back to (3.5), using (3.4) and Lemma 2 yields

a((up,p,),vn) = (1= cah)llu,llZ =l w1« +7th\|_7 .

1
> (2 = ca) 2+l 12 . — 22

2
1 v2c?
> (5 = cah) s | + (v = 55)lp, 125

Due to the choice of v, we know that, for ah small enough, (3.2) holds. The continuity
(3.3) follows from standard arguments (note that the norm on the right-hand side of
(3.3) is not the |[|.[[_1 ,~morm), which ends the proof of Lemma 3.

From this lemma, we have the following result :

THEOREM 1. Let us assume that ah < ¢, for some constant ¢ small enough.
Then, the discrete problem (2.10) has a unique solution (gh,gjh) € Vi, and there
exists a constant ¢ > 0 such that

lunll« + NP, 11 0 < el L2

From Lemma 3, we are also in position to state that the discrete solution (u,p,)
satisfies the following optimal error bound

lu—wplls +llp—p,ll-1. <c @}L71Erh}fEV}L(|\y—uhll* +lp=p,l-2)  (3.6)

and we are naturally led to the analysis of the best approximation of (u,p = %)

solution to (2.6) (or equivalently u solution to (2.1)-(2.2)) by elements in V.
9



3.2. Analysis of the best approximation in 2D. In this part we analyze the
best approximation of (u,p) by elements in V. As the proof is very technical for the
analysis of the best approximation, we restrict ourselves in this section to the complete
analysis of the 2D. The extension to 3D first order approximation is postponed to a
next subsection.

The first step in the analysis is to prove the following lemma

LEMMA 4. There exist two constants ¢; > 0 and ca > 0 mdependent of h such
that for all ngy in yh N H0 (I"c Z) there exists an element Vg3, in W, , such that

/rk Z(W,k + Tt (e, )Wes > callnekllTeoe.cy (3.7)

ekl L2(rrey < callmerllL2(omey.- (3.8)

Note that ng; and mi.e(ner) are associated with different grids. Then, we can prove
the following interpolation estimates :
THEOREM 2. For any u € H*(Q) N H(Q), let up = ugr, 1 < k < K,

u = (up)i<k<i ond let ppp = g%’; over each T5t. Then there exists an element

4y, in Hk L XF and p D, = (Pren)s Dren € W:’Z such that (4, p,) satisfy the coupling
condition (2. 7) and

12y, — ull. < Chz k|| 12>

3 (Tk:4)
k<é

< cah®(lurllm2ory + luell 2(ar)) + chliprel

| Pren — H™3 (Tk:0) H3 (Tk:0)

where ¢ is a constant independent of h and c.
If we assume more regularity on the normal derivatives on the interfaces, we have
THEOREM 3. Let u € H2(Q) QH&(Q), Uk = U|Qk, 1<k<K,u= (uk)lngK
and pge = ginz’ s in H%(Fk’[). Then there exists an element @, in Hle X;f and

b, = (Pren), Pren € VNV,’f’z such that (ty,, p, ) satisfy the coupling condition (2.7), and

K
- ch
@y, —ull« < Chz ||Uk||H2(m) + E‘ log A Z ||pk7€||H%(Fk,1{)
k=1 k<t

< CahQ(HUkHH"‘(m) + [Jwell g2 0ey) + ch?|log h|||pr.c||

|Dren — H3 (Dk0)

H’% (Fk,é)
where ¢ is a constant independent of h and c.
Proof of Lemma 4: We consider I'“* to be on the line y = 0. Remind that we have

denoted as xé m x? A flkl, .k the vertices of the triangulation of T'** that belong

to ', To any Mg, 0 yh N H& (I**) we then associate the element ek in Wh
follows

.,k .k
Ne,k ()" —2") Lk 4k 0k 0k
over |r X s

(@—al®) Jog™, 2y 15 over g™, x|

Yog = } Lk Lk [ _ Lk Lk
ORI ek Over R =\ ek over ]%/kxn_ﬂ
n - 0k n—1 £k
ekE £ J 1) over |25 || ab¥| Ny over |Eas |
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where 7721@ = ng,k(mf’e). By using a mapping onto the reference element [0, 1] and by
recalling that all norms are equivalent over the space of polynomials of degree 1 we
deduce in a classical way that there exists a constant ¢ such that

%0,k

Moreover, it is straightforward to derive

| L2(rrey < clmekllpz(rne.

/ (e + The(Nek))ek :/ Ne, ke, k +/ (The(Mek))? +/ Tt (Me,k) (Ve — Nek)-
k.t k.t k.t k.2

Then, by using the relation

1 1
Th,e(Nek) (Ve — Nek) = —5(7Tk,e(772,k))2 - i(w,k — k),

we obtain

1 1
/ (e + The(Mek)) Ve > / Ne ke k + 5/ (ke (ne,k))* — 5/ (Yek — nek)?
Fk,l’. 1’\1«,1’. Fk,l{ Fk,i.

We realize now that, over the first interval,

/ (nfkwfk—1(¢lk_nék)2):/ ( (i -1 (o) Vi 1
bkt 2 R R G ) WA G 7 LR

We observe, by computing separately each integral, that

Lk 4k 0k
/ (omath) 1 (- >2)/ (x — 25"
ittt @l o) 2@ g et o

o 1 0
By recalling that 1 is constant on Jz5*, "], we get that
0k ek ok
I o e e I o
ok _ Ok ok _ Ok : ok _ Ok o
Jag* et (2" —agt) 2 (2t - ag)? Job* 2t M (2" — 2g")?
and thus

0,k 0.k
/ ( booy) 1 G-a ) W?k:/ i k-
]ml,k 2,k li’k _ Z’k) 2 (xivk _ xg’k)2 ) ]Il,k 2,k )

oz [ (LE Ty o %1

Gk bk

The same holds true over the interval |z,’”,, z);*[. By summing up, we derive that

/ (e, + T (Mo ) ) ek > /
Tkt

2
Ura
Tk.£

which ends the proof of Lemma 4.

Proof of Theorem 2: In order to prove this theorem, let us build an element
that will belong to the discrete space and will be as close as the expected error to the
solution. Let ui, be the unique element of X defined as follows :
° (ullch)laﬂk is the best approximation of uj over 9QF in y,’jvf,
e ul, at the inner nodes of the triangulation (in Q*) coincide with the interpo-
late of uy.

11



Then, it satisfies

3
g, — ukll2a0r) < ch? luell gz, (3.9)
from which we deduce that
[k, — ukl L2 (k) + Ak, — ug|| 1 ory < Ch2||uk||H2(Q’°)7 (3.10)
and, from Aubin-Nitsche estimate
Hullch - ukHHf%(Fk,e) < Ch2||u/€||H2(Q’C)~ (3'11)
Ouy

We define then separately the best approximation p,ldh of pre¢ = ons over each T'%*

in W: ** in the L? norm. These elements satisfy for the error estimate

Ipker, = prellzaoney < chHprel 3 o, (3.12)

”pllclh - pkl”Hfé(Fk,e) < Cthk,fHH%(Fk,e)' (313)

But there is very few chance that (uj,,p) ) satisfy the coupling condition (2.7). This
element of (Hle X,’f) X (Hi(:1 W}’f) misses (2.7) of elements € ¢ and 7, 5 such that

/ (Phen + €re + Qupy)re = / (=Pirn + e + ugy)re, Yy € VNV;LC’Z (3.14)

k.t Tk.£

/k E(P}kh + e + aug, e = /k Z(—pieh — ex,0 + aujy) e, Yok € W (3.15)
Tk, Tk,

In order to correct that, without polluting (3.9)-(3.13), for each couple (k,¢) we
choose one side, say the smaller indexed one, hereafter we shall also assume that each
couple (k,£) is ordered by k < ¢. Associated to that choice, we define €z, € W,’f’e,
Nek € y,‘;*’“ N H (%%, such that (@, D, ) satisty (2.7) where we define

lgn = upy, + Z Rex(ner),  Pren = Doy +ene  (for k < 0), (3.16)
k<t

where Ry, is a discrete lifting operator (see [38, 6]) that to any element of yfj’“ N
Hg(T**) associates a finite element function over Qf that vanishes over 90\ T'** and
satisfies
£,k
Yw e Y, N H&(FW), (Rex(w))p,,, =w

IRk (W)l ey < cf|wl| (3.17)

1
H020(Fk,£)

where c¢ is h-independent.
The set of equations (3.14)-(3.15) for €k ¢ and 1y results in a square system of linear
algebraic equations that can be written as follows

/Fk [(Ek,é — o) Vke = /Fk ) e1¥r,e, Vi € W;]f’z (3.18)

/Fk Z(Ek,z + aner) ek = /Fk ) extek, Yoy € Wik (3.19)

12



with

€1 = —Dren — Pirn + (ugy, — Upp), (3.20)

€2 = —Phen — Pirn + (uky, — ugy). (3.21)

PROPOSITION 1. The linear system (3.18)-(3.19) is well posed.
Proof: With the notations above, (3.18) yields

€ke = The(amer +e1) (3.22)
and (3.19) yields

anek = T p(—€re + €2). (3.23)

As (3.18)-(3.19) is a square linear system, it suffices to prove uniqueness for e; and
eo null. From (3.22)-(3.23), we get

0= ne,k + ek Tr,e(Ne,k)

so that for all ¢y in W;If’e’

0= / (1ek + o0 (Me,k)) Ve k-
Tkt
By Lemma 4, this proves that 1, is zero, thus by (3.22), € ¢ is zero.

Let us resume the proof of Theorem 2: By (3.22) and (3.23) we have

1 -
/k Z(W,k + Tt (Ne,k) ) 0o = — /k 5(62 — me(e1))Vek, Yo € W;f’k- (3.24)
Tk Tk,

(67

To estimate ||prer,—Dk, ¢ H‘%(Fkl) and Hagh—UKHHl(QZ), we first estimate H’I?g,k||L2(Fk,E):

from (3.7) and (3.24) we get

1
cllmekl ey < =llea = mee(en)llzans ekl es) (3.25)

and using (3.8) in (3.25)

Imeilzzqoney < 22 llea = mielen)llzzqorsy

hence
¢
17,1l L2 ety < 7;(||62||L2(FM) + leallzarrey)- (3.26)
Now, from (3.20) and (3.21), for i = 1,2

leill L2 ooy < Phen +p;kh”L2(F’M) + oflug, — ullch”L?(Fkl)

and recalling that py , = Que — _ Oup

k0
on. = “om; — Ptk Over each I

[Pken +pékh”L2(1"k’£) < IPhen — Prell 20wy + 1PExn = Pekll2(rr0
gy, — wpp | 2oy < gy — wnllpeesey + llug, — wellp2qree
13



so that, using (3.9) and (3.12), we derive for i = 1,2

leill arrey < cah ([lukllma ey + luell mae) + ch? Iprell (Tho) (3.27)
and (3.26) yields
nekllLzney < eh? (lurllm2iory + lluellpz@o) + 7\\291@ eyt peey (3.28)
We can now evaluate ||pren, — pk’ZHH’%(Fle using (3.16) :
1Pren = Droell -3 iy < lewell g3 ey + 1Dken = Phtll g ey (3:29)

The term ||p,1dh - pk’e”H’%(I‘kvf) is estimated in (3.13), so let us focus on the term

[lex, g” 3oy From (3.22) we have,
||€k ZH (k) = O‘an k‘” ~ 2 (k) + ||61|| ~3(Tkt) + ||(Id - Wk,é)(an&k + 61)||H,%(Fk)£)- (330)
To evaluate ”elHH—%(rw) we proceed as for |le1||z2(pk.ey and from (3.11) and (3.13)
we have, for i =1, 2:

€4l ey < cah® (el s ey + el b (331)
The third term in the right-hand side of (3.30) satisfies

1(Zd = mre)(anee + el -3 ey < cVhllane i + e1]| 2 (or.e)-

Then, using (3.28) and (3.27) yields
10 )i+ 1)l ey < e sls o + elis ) + hlpiell 3 o (3:32

In order to estimate the term || x| n (3.30), we use (3.24):

f b (e |
1
2 NexPek = ek — The(Mek)) ek + — (e2 — Tr,e(e1)) e k-
Tk.L Tkt QO Jrk,e

Using the symmetry of the operator 7, we deduce

1
2/ Nexber = / (Yek — T (Ve k)0 + */ (e2 — mke(e1)) Ve k-
Tk.L Tk.L Q Jrk.e

Then, we have

1
|/rw NexPer] < cx/ﬁHW,ka(m,e)||W,k||H%(Fk,g) + —llea = (el g ey 1Vl g
and thus, we obtain

0 -3 ey < VRl oy + = lle2 = e en)| (3.33)

14

1 .
H™ 2 (Dkt)



Then, using (3.28) and the fact that
|2 — ﬂ-k,@(el)”H—%(Fk,z) < ”eQHH—%(Fk,E) + HelHH—%(Fk,tz) + llex — ﬂ-k,@(el)”H—%(l—\k,z)

< [lez|l tllenll -t uey +eVhllerllzare (3.34)

H*%(Fk,é) %(pk,e

with (3.27) and (3.31) yields
ch
ekl 3 ey < B (lunllzrz e + luell o) + —IPrell 3 ey

Using the previous inequality in (3.30), (3.29) yields

Pren — P < cah®([|luk |l g2 (ar) + lluell g2 (o)) + chllp.ell 3.35)

|H*%(FM) H%(Tke) (

Let us now estimate ||ty — wel| (o0
[den — well ey < llugn — well g ey + Z IRk (me.k) | 111 (026 (3.36)
k<t

and from (3.17)

[Rek(nese) | m1(ae) < CHW,kIIHé)(FM)

then, with an inverse inequality

_1
IRe.k(Mes) |t ey < ch™2([nekl L2 one)-

Hence, from (3.28) we have

(3.37)

c
IRes(ese)ll ey < chlllunllzzary + luellmeoe) + ~lpkell 3 ey

and (3.36) yields

~ &
lien — well g ey < chlluellgagaey + ch Y gl gz (o) + > > bkl 3.38)

k<t k<t

ird oy
which ends the proof of Theorem 2.

Proof of Theorem 3: The proof is the same that for Theorem 2, except that
the relation (3.12) is changed using the following lemma
LEMMA 5. The best L? approzimation p}wh of pr¢ satisfy the error estimate

3
1Phen — Pr.ellz2rrey < ch? |log h|||pk,e||H%(Fk,,g)- (3.39)
Therefore, (3.13) is changed in
< ch® |log hl||pke|

1
Hpkéh — Pk |H—%(Fk,Z) H%(Fk,l)

and (3.35) is changed in

e = Dl ey < o (s ey + el ) + e [og bllprell e

and (3.38) is changed in
- ch
[@en — well 1 (aey < chlluel| gz ooy + Chkz; kel 2oy + — [log Al ; Pw.ell 8 ey
< <

Proof of Lemma 5: Let Py, be the unique element of W;f ¥ defined as follows :
15



° (ﬁkgh)l[xl,k 20k ] coincide with the interpolate of degree 1 of py ¢.
1 "“n-—1
° (ﬁkzh)umé,k 2Bk and (ﬁkgh)‘[xz,k s coincide with the interpolate of degree 0
o T no1Tn
of Pk.,e-
Then, we have

1Dken = Procll7zroney < [Bren — prel T2 goney-

Using Deny-Lions theorem we have

lk fk[ +Ch3||

2
L2

2 ((TF:0) S ||]§Mh -

1 —
Hpkéh H (l« Zkﬂ”flfﬁ)
In order to analyse the two extreme contributions, we use Deny-Lions theorem

dpk ¢

3_7
”kah PleLQ Lk zk[)<0h || HLP(]z“‘ 4R

and thus

dpk ‘

[Pren — pi elng(]Ie kgtip < ch®~7

)
Then, we use the estimate

dpr.e I
dw E ey

dpk ¢
| o orey < cpl|

where ¢ is a constant. Thus we have

dpr.e
dx

2 3—7
br otk S PRS0

”ﬁkKh - iz(]m

HY (Dk.2)’
Now we take p = —log h and thus we obtain

dpklng

B 3
lPken — pk75||§12(]wé,k’w€,k[) < C(hQZOg(h)) [ dr m3 Tk’

In a same way we have

_ 3 dpk ¢
Hpkeh —pk,elliz(]xﬁipxﬁ,k[) < c(h?log(h)) || ||2 (T’

and thus we obtain
Ipken = Prllzznsy < ch [1og bllIprell 5 ey

which ends the proof of Lemma 5.

3.3. Error Estimates. Thanks to (3.6), we have the following error estimates:

THEOREM 4. Assume that the solution u of (2.1)-(2.2) is in H2(Q)NH(?), and
up = ujgr € H2(QF), and let Diyp = g%’; over each T*t. Then, there exists a constant
c independent of h and « such that

K

g, = ull« + [lp, = pll-1. < c(ah® + 1) Z ull 2 ey + € Z
k=1

3 (kL)

+ [|1Dwen — pk,eIIQLQ(]Ie,EM%kD.



THEOREM 5. Assume that the solution u of (2.1)-(2.2) is in H2(Q) N H(D),

up = ujgr € H2(Q%), and Dk = g%’;' s in H%(I‘k’g). Then there exists a constant c

independent of h and « such that

K K
h
lwy, =l + 2, = pll-3 0 < clah® + 1) D ulmziery + ol + k) loghl Y > " lIpr.e
k=1 k=1 ¢

H% (Fk,@)

REMARK 1. Note that in most practical situations the normal traces py are more
reqular than what can be expected from the basic trace result that states

1Pel 13 ey < lluellra(ee: (3.40)

this can be due for instance to the fact that we have local regularity for w in the
neighborhood of the interfaces. In such generic cases, Theorem 5 should be used.
Indeed provided that the solution u of (2.1)-(2.2) is in Hszl H2(OF) and pp o = 94

ony,

s in H%(Fk’g) if we choose o as a constant independent of h then
luy, — ull« = O(h|log(h)]),

that is quasi optimal. In all these genereric cases, any choice of o in the large range

(%7 %) with any positive constants C1 and Cs, yields an optimal error bound

lw, — ull« = O(h).

The above result on the convergence of the discrete method is interesting as it lets a
lot of flexibility to choose « properly for other purpose. Indeed the matching (2.7) is
in practice obtained through an iterative algorithm (see (4.1)-(4.2) in the Section 4),
the convergence of which depends on « (not the convergence with h). In this respect
let us remind that in [16] the optimal choice o = % is proposed for the convergence
of the iterative algorithm. This is the subject of a future paper.

Note that the value of a = 7 in the expression py ¢+ auy is actually consistent at
the discrete level with the natural norm of the traces of u and the traces of the normal
deriwative of u on 0.

We want to emphasize however that in some rare and pathological cases where
(3.40) is the best that can be stated on the regularity of p, Theorem /4 is the only one
that can be used in order to get an error estimate: a

K
1
o, =l < e+ 1) s
=1

Under such an hypothesis: the solution w of (2.1)-(2.2) is in Hszl H2(Q%) and pry =
8uk

o IS only in H%(FM;) then a choice where o is a constant independent of h yields,

K

luy, = ulle <>l gzon
i=1

which does not provide any convergence. In order to get an optimal convergence rate,

we have to choose a parameter o that satisfies : o = - and then

K
llup, — ull« < Chz llull g2 (ony-

i=1

17



3.4. Analysis of the best approximation in 3D. In this section, we prove
Theorem 2 and Theorem 3 for a P;-discretization in 3D. The main parts of the proofs
of these theorems in section 3.2 are dimension-independent. Only Lemma 4 and
Lemma 5 are dimension-dependent, so we prove these lemma for a P;-discretization
in 3D. We shall use the construction proposed in [10]. In order to make the reading
easy, we shall recall the notations of the above mentioned paper. The analysis is done
on one subdomain Q¥ that will be fixed in what follows. A typical interface between
this subdomain and a generic subdomain §2, will be denoted by I". We denote by T the
restriction to I' of the triangulation 7;*. Let S(7) denote the space of piecewise linear
functions with respect to 7 which are continuous on I' and vanish on its boundary.
The space of the Lagrange multipliers on I', defined below, will be denoted by M (T).
In 2D, the requirement dim M (7) =dim S(7) can be satisfied by lowering the degree
of the finite elements on the intervals next to the end points of the interface. In 3D,
it is slightly more complex (see [4]). Thus, we shall use the construction proposed
in [10] with the following hypothesis

H.1 All the vertices of the boundary of ' are connected to zero, one, or two
vertices in the interior of I'.

Making hypothesis H.1, there are four kinds of triangles (see Figure 3.1):
1. Inner triangles i.e they don’t touch the boundary of T'.
2. Triangles labeled 1 which have only one vertex on the boundary
3. Triangles labeled 2 which have two vertices on the boundary
4. Triangles labeled 3 which have three vertices on the boundary

b

T2,a

Boundary of '

Fic. 3.1. Two different situations of 2D triangulation of the interface I', next to it’s boundary
(near cross points): in light grey (triangle labeled 1) a vertex c is connected to two vertices in the
interior of I', in dark grey (triangle labeled 3) a vertex ¢’ is connected to two vertices on the boundary
of T

Let V, Vy, 0V denote respectively the set of all the vertices of T, the vertices in the
interior of I', and the vertices on the boundary of I'. The finite element basis functions
will be denoted by ®,, a € V. Thus,

S(T) = span {®, : a € Vo}.
For a € V, let 0, denote the support of &,

Ua::U{TGT:aGT},
18



and let NV, be the set of neighboring vertices in Vy of a:
Ng:={beVy:beo,}
Thus,

Af;:: LJ /Vé

acdV

is the set of those interior vertices which have a neighbor on the boundary of I'. If
some triangle T' € T has all its vertices on the boundary of I, then there exists one
(corner) vertex which has no neighbor in Vy. Let 7. be the set of triangles T' € T
which have all their vertices on the boundary of I'. For T' € 7., we denote by cp the
only vertex of T' that has no interior neighbor (such a vertex is unique as soon as the
triangulation is fine enough). Let N, denote the vertices ar of NV which belong to a
triangle adjacent to a triangle T' € T.. Now, we define the space M (T) ! by

M(T) := span {Ci)a, a €V},

where the basis functions <i>a are defined as follows :

<I>a7 a €V \N
R b, + Z Abﬂ(bb a EN\NC
b, = bedVNo,
Do, + Z Apar®y + Bep a=ar €N,
bEOVNTar

the weights Ay, , being defined as in (3.41) :
(i) for all boundary nodes ¢ € 9V connected to two interior nodes a and b, if T 4
(resp. Th) denote the adjacent triangle to abe having a (resp. b) as a vertex and
its two others vertices on 9V, then the weights are defined such that (see [10])

Aco+Acy =1and |Top|Ace = |T2,0]Acyp,s (3.41)

(ii) for all boundary nodes ¢ € 9V connected to only one interior node a, then the
weight is defined by

Agg =1. (3.42)

(note that this case — not covered in [10] — actually corresponds to the previous
case where the boundary nodes ¢ € 9V is connected to two coincident interior
nodes a and b = a.
Toany u € S(T), u=3_,cy, u(a)®,, we associate v € M(T) wherev = 3"\, u(a)®,.
More explicitly, that means that to any u € S(7), we associate an element v € M (T)
as follows (see Figure 3.1):
(i) v is a piecewise linear finite element on 7
(ii) for all interior nodes a, v(a) := u(a)
(iii) for all boundary nodes ¢, by assumption we have two situations:

LM(T) is the notation introduced in [10], that we use here for the sake of clarity. Corresponding
to our previous notation, M(T) = W,’:Z
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e c is connected to two interior nodes denoted by a and b.
Then, v(c) := Au(a) + Bu(b) where

A+B=1and |T,|A = [Tr.|B (3.43)

e ¢ is not connected to any interior point. We consider the triangle adjacent
to the triangle to which ¢ belongs to. This triangle has one interior node
denoted by b. Then, we define v(c) := u(b).
We shall need the following technical assumption:

H.2 For any triangle Ts o having all three vertices on the boundary of T (see
Figure 3.1), we consider the two triangles Ty . and T1 ¢ surrounding Ts .. We assume
that there exists % <C< % such that

7. C
% mln(‘Tl,cL |T1,c”|) > §|T3,c/|'

We now prove Lemma 4 in 3D :

LEMMA 6. We assume hypothesis H.2 and that T is uniformly reqular. There
exist two constants ¢; > 0 and cg > 0 independent of h such that for all u in S(T),
there exists an element v in M(T), such that

/ (u+ 7)o > ex[ul2 . (3.44)
Dol z2ry < eallull 2y, (3.45)

where 7 denote the orthogonal projection operator from L?(T") onto M (T).

Let u € S(T), and the associate v € M(T) where v =3_ .\, u(a)®,. In order to
prove (3.44), we prove the following lemma:

LEMMA 7. We assume hypothesis H.2 and that T is uniformly reqular. Then,
there exists £ < C < 2 and ¢ > 0 such that, for u € S(T) and v € M(T) constructed
from w as explained above ((i)-(iii)), we have

/F(uv— %(u—v)Q) zc/FuQ. (3.46)

Proof of Lemma 7: Let us introduce the notation
C
Qri= [ (= G0,
r

We have
1

Qr = ZA(U+U)2 — (14 2C)(u —v)*.

In order to estimate Qr, we remark that
Qr=> Qr
TeT

where

1

Qr = Z/T(u—i-v)2 — (14 20)(u— )%

We consider the four kinds of triangles introduced above (after hypothesis H.1).
20



Inner triangles. On an inner triangle T', u = v so that for all C' > 0, we have

QTZC/U2
T
for ¢ <1.

Triangles having only one vertex on the boundary. Let T7 . be such a triangle (see
Figure 3.1). First notice that we have (remember u(c) = 0)

/T u? = % (u(a)2+u(b)2+(u(a)+u(b))2): % <2u(a)2+2u(b)2+2u(a)u(b)>

see for example [9] (IL.8.4). As for Qr, ., we have

_ T
QTI,C - 48

<(2u(a))2 +(2u(b))? + (Au(a) + Bu(b))
+(2u(a) + 2u(b) + Au(a) + Bu(b))? — 2(1 + 2C)(Au(a) + Bu(b))2>. (3.47)

Thus,

@, = Tl (S0 4 800 + 8u@al0) + 4(u(a) + ) (Auta) + Bu()

—4C(Au(a) + Bu(b))2) (3.48)

If we take C =1 in (3.48) and use A+ B = 1, we get:

Qr,. = ‘1:1180 <4u(a)2 + 4u(b)? + 4u(a)u(b) + 4AB(u(a) — u(b))? + 4(u(a) + u(b))2>

21/ u?.
2 T1,c

Hence, for all 0 < C < 1, we have:

1
QTM > 5/ U2-
T1,c

Therefore,

Qr,, > C/ u?
T

,c

for0<C<land0<ec< % We shall also use in the sequel the estimate:

‘Tl,c
48

Qr,. >

<8u(a)2 + 8u(b)? + 12u(a)u(b)>

7
> Ty %u(b)2. (3.49)
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Triangles having two vertices on the boundary. Let Ts , be such a triangle (see
Figure 3.1). As we will sum over all the triangles of type T3 ,, we introduce the
following notations: T ;_1 = Tb 4, To; = Top, w; = u(a) = v(a), w41 = u(b) = v(b)
and v; = v(c), see Figure 3.2.

We consider now a triangle 75 ; having two vertices on the boundary of the face
I. Let Ny = {4, Ty ; has two vertices on the boundary of I'}. First notice that we

have
Ty
/ u? = 7| 2.l <2u?+1>.
T2,i 12

oundary of I’

F1G. 3.2. Notations for the triangles having two vertices on the boundary of I' (triangle of type 2)

And we have

Ty,
QTz,i = | 42é | <4U?+1 + ’Ui2 + ’UZ'2+1 + (2Ui+1 +v; + Ui+1)2

(2007 g+ (0t vi+1>2>>

_ T2l
48

(8 H—l - 40’012 - 401}?+1 - 401)1‘1)1‘4_1 + 4ui+1(vi + ’UH_l)) .
Then,
|T2 il 2 2
Qr,, > 8ui,; — 6Cv7 — 6Cv7, | + duiy1(vi +vig1) |-

Defining F; := u;11v; and F; := u;11v;41 (cf. [10] page 11), we have:

Qr, . > / w2 1 22l <—6CU§ +4E; — 6Cv7, + 4Fi).
= 48

Now we sum these terms over all the triangles having two vertices on the boundary

of T.
|T2 i 2 2
E Qry,; > >+ E —6Cv} 4+ 4E; — 6Cv},, + 4F;

IENS Uieny 2,0 PN,

(3.50)
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The condition (3.43) leads to the inequality

T2 Bi 4 | Toi-1|Fie1 = (|T2] + |T2,i-1])07

(see equation after (3.19) in [10]), so that we get:

| Tyi|(—6CvZ + 4E;) + |Tai1|(—6Cv7 + 4F; 1) = (|Tas| + |T2i-1])(4 — 6C)0?.

This term is positive for C < 2/3. Hence for 0 < C < 2/3, inequality (3.50) becomes:
Z QT2,1‘ Z‘/ u?.
PN, Uieny T2,i
Therefore, for 0 < C < 2/3 and 0 < ¢ < 1,
Z QTM > c/ uZ.
iE€N> Uienp T2,

Triangles having all three vertices on the boundary. Let T3 . be such a triangle
(see Figure 3.1). We have to control:

C
Qr,,, = 5 |Toollu(®)?
by the integrals over the two triangles 77 . and T} . surrounding 73 . This can be
achieved using the assumption H.2 and using that from (3.49), we have

2T
48"
In conclusion, we have that (3.46) holds with ¢ = 1/4 for a constant C, 1 < C' <

Qr, .ut, > min(|T1 |, [T e |)u(b)

win

Proof of Lemma 6: Using the uniform regularity of 7, it is easy to check (3.45).
Using the definition of 7, as in (2.8), it is straightforward to derive

/F(u—|—7r(u))v:/Fuv—k/r(ﬂ(u))z—b-/rﬂ(u)(v—u).

Then, using the relation

m(w) (v —u) > —(m(u)* = - (v —u)?

Jtntypz [w-3 [0

Thus, for C' > %, we have

Jws stz [w-5 [

Then, using (3.46), we obtain (3.44) which ends the proof of Lemma 6.

leads to

Proof of Lemma 5 in 3D: Let pge, be the unique element of M(7) defined as
follows :
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1. pren is a piecewise linear finite element on T
2. for all interior nodes a, Pren(a) 1= pie(a)
3. for all boundary nodes ¢, by assumption we have two situations:
e ¢ is connected to two interior nodes denoted by a and b.
Then, pren(c) := Apk ¢(a) + Bpi¢(b) where

A—|— B=1and |T2,b|A = |T2,a|B

where T5, (resp. Tz;) denote the adjacent triangle to abc having a
(resp. b) as a vertex and its two others vertices on V.

e c is not connected to any interior point. We consider the triangle adja-
cent to the triangle to which ¢ belongs to. This triangle has one interior
node denoted by b. Then, we define Prep (b) := pie(D).

Like for the proof in 2D, we introduce the best approximation p},;, of px s = gt“l: over
T'in M(T). Then, we have
1 2 - 2
Pken — Pl 2(r) < ([Pren — Pk,£||L2(r)~
The right-hand side in the previous inequality can be written in the form
Pren = prelizy = Y Rr (3.51)

TeT

where
Ry = / (Pren — pre)?dz.
T

We consider again the four kinds of triangles introduced above (after hypothesis H.1).
Inner triangles. On an inner triangle T, pren = Y cpnr Pr,e(@)®q is the Py finite
element interpolation of p; , and we use Deny-Lions theorem :

Ry < ch3||pk,e||2%(T). (3.52)

Triangles having only one verter on the boundary. Let Th . be a triangle with
only one vertex on the boundary (see Figure 3.1). Let ¢ be the vertex of T7 . on 9V,
and @ and b the two vertices of T; . which are interior nodes. Then, for py ¢ € Py(T1,c)
we have prep, = pr¢. For a triangle (or a finite union of triangles) o C T, we need to
introduce the space L?P (o) of functions that are L? in the tangential direction to OT
and L? in the normal direction to dI', where OT" is the boundary of I". Then, using
Deny-Lions theorem, we have

Rr,, < ch* 5| Vprillzoc - (3.53)

Triangles having two vertices on the boundary. Let T, be a triangle with two
vertices on the boundary of the face I" (see Figure 3.1), T . and T; .~ the two triangles
surrounding 15 ;. We consider pyen, on the polygon op 1= 15y UT . UT . Then,
for pre¢ € Po(o2) we have Prep, = pre. Using a piecewise affine transformation and
Deny-Lions theorem, we have

_2
Rr,, S/ (Pren — prg)’de < ch® 7 | Vil 220 (o) - (3.54)

az
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Triangles having all three vertices on the boundary. Let T3 » be such a triangle,
and let T3, be the triangle adjacent to 15 as on Figure 3.1. Let 77 . and T3 . be
the two triangles surrounding 75 3. We consider pren on the polygon o3 := T3~ U
Ty UTh o UTy . Then, for pre € Py(os), we have pren, = pre. Using a piecewise
affine transformation and Deny-Lions theorem, we obtain

Rr, S/ (ﬁkéh_pk,é)deCh?)i%||Vpk,éHL2‘P(oa3)- (3.55)
o3

We proceed like for the proof of Lemma 5 in 2D and sum up the contribution (3.52)
with those derived from (3.53), (3.54) and (3.55). We obtain

_ 32
1Bien = Prellzaqey < chlpralll g o +eh” 22 IVPRel] 4 -
Then, taking p = —log(h), we get
_ 2 3., 13 2 2
[Pren — Proellz2(ry < c(h® 4+ h*(log(h)) )||pk,e||Hg(F),

which ends the proof of Lemma 5 in 3D.

4. Numerical results. We introduce the discrete algorithm : let (uj, ., pj, ) €
Xk x W}’f be a discrete approximation of (u,p) in QF at step n. Then, (uZil,pZJ,rcl)

is the solution in X,’f X W}’f of
/k (Vuﬁj;leh,k + uﬁ:’,’clvhvk) dx — / . pz;1U}L7kd$ = /k fkvmkdx, Vvhvk € X}]f, (4.1)
QFk a0 Qk

/k [(pﬁfkl +aup i n e = /k (Dbt ol e, VWne € Wyt (4.2)
ks Tk,
The convergence analysis of this iterative scheme is the subject of another paper.
We consider the problem
(Id = A)u(z,y) = 2°(y* - 2) = 62y® + (1 + 2% + y°)sin(ay), (z,9) €,
(z,y) = 2®y® +sin(zy), (z,y) € 99,

S

with exact solution u(z,y) = 23y? + sin(xy). In section 4.3 we consider the domain
Q= (-1,1) x (0,27), otherwise the domain is the unit square = (0,1) x (0, 1).

We decompose 2 into non-overlapping subdomains with meshes generated in an
independent manner. The computed solution is the solution at convergence of the
discrete algorithm (4.1)-(4.2), with a stopping criterion on the jumps of interface con-
ditions that must be smaller than 1078,

REMARK 2. In the implementation of the method, the main difficulty lies in
computing projections between non matching grids. In [17] we present an efficient
algorithm in two dimensions to perform the required projections between arbitrary
grids, in the same spirit as in [18] for finite volume discretization with projections on
piecewise constant functions.

4.1. Choice of the Robin parameter «. In our simulations the Robin pa-
rameter is either an arbitrary constant or is obtained by minimizing the convergence
factor (depending on the mesh size in that case). In the conforming two subdomains
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case, with constant mesh size h and an interface of length L, the optimal theoretical

value of @ which minimizes the convergence factor at the continuous level is (see cite-
Gander06):

™ ™

Qopt = [((L)2 + 1)((h)2 +1)]7.

In the non-conforming case, the mesh size is different for each side of the interface.

We consider the following values : amin = [((7)? + D((577=)* + D)3, tmean =

L
()2 + D)2 + DI, e = (D)2 + D((Z2)? + DIE, where Ay, hunean

and hyes stands respectively for the smallest, meanest or highest step size on the
interface.

4.2. H' error between the continuous and discrete solutions. In this
part, we compare the relative H' error in the non-conforming case to the error ob-
tained on a uniform conforming grid.

Definition of the relative H' error : Let K be the number of subdomains. Let
u; = ujgi, 1 <1 < K (where u is the continuous solution), and let (uy,); = (u,)q:
where u;, is the solution of the discrete problem (2.10). Now, let E.; = |lul|« and let
E; = [(u)i — will iy, 1 <i < K. Let E= (35 E?)'/2. The relative H' error is
then E/FE,,.

We consider four initial meshes : the two uniform conforming meshes (mesh 1 and
4) of Figure 4.1, and the two non-conforming meshes (mesh 2 and 3) of Figure 4.2.
In the non-conforming case, the unit square is decomposed into four non-overlapping
subdomains numbered as in Figure 4.2 on the left.

MMMMMMMMMM

F1a. 4.1. Uniform conforming meshes : mesh 1 (on the left), and mesh 4 (on the right)

Q3 Q!

Q' 02

F1G. 4.2. Domain decomposition (on the left), and non-conforming meshes: mesh 2 (on the
maddle), and mesh 3 (on the right)
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Figure 4.3 shows the relative H! error versus the number of refinement for these
four meshes, and the mesh size h versus the number of refinement, in logarithmic
scale. At each refinement, the mesh size is divided by two. The results of Figure 4.3
show that the relative H' error tends to zero at the same rate than the mesh size,
and this fits with the theoretical error estimates of Theorem 5. On the other hand,
we observe that the two curves corresponding to the non-conforming meshes (mesh 2
and mesh 3) are between the curves of the conforming meshes (mesh 1 and mesh 4).

H1 relative error versus the number of refinement
10 T T T T T

T
—— mesh1

— mesh 2
— - mesh3
—#— mesh 4
24— h
g
5]
o
g SIS A
3 \:x: .
Tt 3
10 "
10° I I I I I I I I I
0 0.5 1 15 2 25 3 35 4 45 5

number of refinements

F1G. 4.3. Relative H! error versus the number of refinements for the initial meshes : mesh 1,
(diamond line), mesh 2 (solid line), mesh 8 (dashed line), and mesh 4 (star line). The triangle line
is the mesh size h versus the number of refinements, in logarithmic scale

The relative H' error for mesh 2 is smaller than the one corresponding to mesh
3, and this is because mesh 2 is more refined than mesh 3 in subdomain Q*, where
the solution steeply varies. More precisely, let us compare for mesh 2, the relative
H' error in the domain Q' U Q2 U Q? to the relative H! error in the subdomain Q*
(which is the subdomain where the solution steeply varies). This comparison is done
in Table 4.1.

Refinement | (E? + E3 + E2)Y2/E., || E4/Ees | E/Ees

0 1.45e-01 1.46e-01 | 2.06e-01

1 7.17e-02 7.02e-02 | 1.004e-01

2 3.59e-02 3.49e-02 | 5.01e-02

3 1.79e-02 1.73e-02 | 2.49e-02

4 8.73e-03 8.46e-03 | 1.21e-02
TABLE 4.1

Comparison, in the case of mesh 2, for different refinements (column one), of the relative H"
error in the domain composed by subdomains Q, Q2 and Q3 (column 2) to the relative H' error
in the subdomain Q* (column 8). The fourth column is the relative H error in the whole domain.

We observe that, as expected, the relative H' error in the domain composed by
subdomains Q1, Q2 and Q3 (second column of Table 4.1) is balanced with the relative
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H' error in the subdomain Q* (third column of Table 4.1). Indeed, the mesh 2 is
more refined in the subdomain Q* where the solution steeply varies.

Refinement | (E? + E5 + E3)Y?/Ee, || Es/Eey | E/Ees

0 1.26e-01 2.04e-01 | 2.40e-01

1 5.57e-02 1.04e-01 | 1.18e-01

2 2.74e-02 5.22e-02 | 5.90e-02

3 1.36e-02 2.59e-02 | 2.93e-02

4 6.64e-03 1.26e-02 | 1.43e-02
TABLE 4.2

Comparison, in the case of mesh 3, for different refinements (column one), of the H' relative
error in the domain composed by subdomains Q', Q2 and Q3 (column 2) to the H' relative error
in the subdomain Q* (column 8). The fourth column is the H' relative error in the whole domain.

Let us now do the same comparison in the case of mesh 3. This mesh is coarser in
the subdomain Q* where the solution steeply varies. In Table 4.2, we observe that as
expected, the H! relative error in the domain composed by subdomains Q', Q2 and
2 (second column of Table 4.2) is smaller (almost half) than the H! relative error in
the subdomain Q* (third column of Table 4.2). That one is close to the H! relative
error in the whole domain (fourth column of Table 4.2).

4.3. Error estimates for a solution with minimal regularity. In this sec-
tion we propose an example where the assumptions of Theorem 4 hold, but not the
one of Theorem 5, to illustrate the optimality of Theorem 4 in the minimal regular
case. The first difficulty is to construct such a solution. We propose, for J > 1 a
given integer, the solution u; defined on Q = (—1,1) x (0,27) by

_ 652z, y) — ds(z,y), >0
7(@) ‘{ —(¢s(~22,y) — ds(~2,y)), <0’

with

smh sinh(j(z — 1))
Zsm (7y) "~ j2cosh(j)

The interface T' is located at x = 0. For J sufficiently high, tidious computations
show that there exists ¢ > 0 such that
< CJ2, ||UJ||%_]2(Q) S ClOg(J)

| 2(I) 2(I)
Therefore, for J sufficiently high, from Theorem 4 and Theorem 5, we have

8’ILJH2 8’&JH2

<clog(J), |

1 h
lwsn — sl < chy/log(J) + cmin(a log(J), E' log(h)[J). (4.3)
Thus, considering the case
C1 C2

with 8 > 0 given, the assumptions of Theorem 4 hold uniformly in J. This is not
the case for the assumptions of Theorem 5, and from (4.3), there exists a constant ¢
independent of J and h such that

ety — sl < chy/=Tog(h) + emin(h® /—log(h), h*~*llog(R))).  (4.5)
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REMARK 3. For numerical simulations, c; and co must be tuned carefully. First,
the frequencies are restricted to J < hll where hy is the mesh size over the interface.
From the definition of J in (4.4), the condition hy > ()2 ensures that J < e
Then, on one hand co must be choosen not too small so that, in the right-hand side
of (4.3), the second term does not become too small than the first term. On the other
hand co must be small enough to observe the error estimates.

In order to illustrate the error estimate (4.5), we consider the non-conforming
meshes represented on Figure 4.4. Then the meshes are refined four times, by cutting
each triangle into four smaller ones (e.g. the mesh size is divided by 2 at each refine-
ment). To compute the H! error, we consider a finest grid obtained from the initial
one with the mesh size divided five times by a factor 2 (with 744401 vertices in domain
1 and 1090065 vertices in domain 2). The non-conforming solutions are interpolated
on the finest grid to compute the error. We take ¢; = 0.08 and ¢y = Tllm' We start
with J = 1 on the initial mesh. Then the values of J at each refinement are 2,7, 22
and 63. The computations of the H! norms are done on a grid obtained from the
finest one with the mesh size divided by a factor 2. The non-conforming converged
solution, at each refinement, is such that the residual is smaller than 10~7.

Initial Mesh zoom at (X,y)=(0,2m)
6
N
=
|
5 g .
X :
%
: N N N
% =K Y]
4 ] > %
3 8 pt /]
i
> %
3 g g zoom at (x,y)=(0,0)
= -
4 | /]
2 | =
(] %
| N %
% |
1K 5
|
0
-1 0 1

F1G. 4.4. Initial non-conforming meshes: global meshes (left) with a zoom at corners (right)

Figure 4.5 (left) shows the relative H! error versus the mesh size. We observe that
the error tends to zero at the same rate than h?, for § = % (star curve). This result
fits with (4.5) and thus illustrates the optimality of the theoretical error estimates
of Theorem 4. Figure 4.5 (right) illustrates the dependance of the error versus the
Robin parameter « defined by (4.4). We represent on the interface the difference of

the exact solution and the computed solution in absolute value, after three refinements
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H? relative Error

107

1071

(i.e. h = 0.0233), for § = § and for § = 1. We observe that decreasing ¢ increases
the error as expected.

0.01 T T T T T T
—#— Error with 8=1/2 error with 8=1/4
N 0.009 - error with 6=1/2 |4

0.008

0.007

0.006

0.005

0.004

0.003

0.002

0.001

10°

10

F1G. 4.5. Relative H' error versus the mesh size, in logarithmic scales, for 6 = % (left), and

error on the interface for 6 = % and for 6 = % (right)

4.4. Convergence : Choice of the Robin parameter. Let us now study
the convergence speed to reach the discrete solution, for different values of the Robin
parameter «, which is taken constant on the interfaces. The unit square is decomposed
into four non-overlapping subdomains with non-conforming meshes (with 189, 81, 45
and 153 nodes respectively) generated as shown in Figure 4.6. The Schwarz algorithm
can be interpreted as a Jacobi algorithm applied to an interface problem [34]. In order
to accelerate the convergence, we can replace the Jacobi algorithm by a Gmres [35]
algorithm.

Mesh

091

08

071

06

e

0.4

03

02

\ N A A

0.1t

Fic. 4.6. Domain decomposition in 4 subdomains with non-conforming grids

On Figure 4.7 we represent the relative H! error between the discrete Schwarz (left
part) and Gmres (right part) converged solution and the iterate solution, for different
values of the Robin parameter . We observe that the optimal numerical value of
the Robin parameter is close to ayneqn and near gy, and g, defined in Section
4.1. Moreover the convergence is accelerated by a factor 2 for Gmres, compared to
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Schwarz algorithm, and the Gmres algorithm is less sensitive to the choice of the
Robin parameter.

10671 (@__) 10671 (a_ )
max . max
15.347 () 10° E NS 15.347 ()
___28.786(a ) ___28786(u, )
min’ min
— 107 A\ 40

)

100 200 300 400 500 600 700 [ 5 10 15 20 25 30 35 40
iterations iterations

FIG. 4.7. Relative H' error between the discrete Schwarz (left part) and Gmres (right part)
converged solution and the iterate solution, for different values of the Robin parameter «

4.5. Conclusions of the numerical results. The numerical results on the
relative H' error between the continuous and discrete solutions correspond to the
theoretical error estimates of Theorems 4 and 5. As seems natural, we also observe
that, for a fixed number of mesh points, the relative H'! error between the continuous
and discrete solutions is smaller for a mesh refined in the region of the domain where
the solution steeply varies, than for a mesh which is coarser in that region. Note
finally that, in term of convergence speed to reach the discrete solution, the Robin
parameter o must depend of the mesh size, and our simulations show that o = @mean
is close to the optimal numerical value.

Appendix A. Inf-sup condition. The purpose of this appendix is to show that
for Lemma 2, the proof of [3] can be extended to the 3D situation. Indeed the main
ingredients required for the extensions have been proven in [10]. Let us first recall
a standard stability result in higher norms of the L? projection operator 7y, from
L?(T'**) onto y,’jvf N H} (%) orthogonal to W}/f’e.

LEMMA 8. Making the hypothesis that the triangulation T;* is uniformly regular,
there exists a constant ¢ > 0 such that

1
Yo € Hip(TH), |1kl s < c|jvf

1 1 .
Hozo(Fk,E) H020(Fk,2)

Proof of Lemma 8: From (3.46) we deduce a uniform inf-sup condition between
YEEA HY (TR and W0 in L2(DF4). Tt results that the projection operator 7y ¢ is
stable in L?(I'**) and thus there exists a constant ¢; > 0 such that

3 (Pt _ 1
Vv € Hgo(T™7), (v — Tg,evl|L2(rrey < c1h? HUHHO%O(FH)’
1
Let 74 ¢ denote the orthogonal projection operator from H,(I'*+*) onto y,’j’meg (TF4)
1 1
for Hg (T**) inner product. Then, for all v in HZ, (I'**),
1Tk evll 4 < lwwevll sl TR N [

HE (TH) HE (TF1) HE (TF1)
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Then, with an inverse inequality, there exists a constant co > 0 such that

< vl

_1,_ ~
4+ coh™2 H?Tk7(1) — 7Tk7[U||L2(Fk,€).

Hﬁ-kl H %( k/) H(J%O(Fk,e)
Thus,
17003 ey < W8 o 2h 2 ERE Oy

and then, with ¢ = 1 + ¢/co ,we have

1
= 2 l
Ievls e Sellol s W0 € H (TR,

2( ko£y T HZ Tk

which ends the proof of Lemma 8.

Proof of Lemma 2: From the definition of the (Hl/Z(Fk )" norm, for any pp, ¢

- 1
in W}]f’e, there exists an element w*¢ in HZ (I'**) such that

N4
]

k.l k.l
wt = < wrT >
jﬁhephk! (Hoy? Ty S Phoksts Ho?(Tk:0) = ”ph*l”‘a2<pkz»/ HE (DR’

and w*? can be chosen such that

[[w™

HO%O(F’C,Z) ||phk£|| H2(1'\k Z))/

We apply now the projection operator on w** from Lemma 8. We derive that
7o (Wht) = wh € y “n HH (TR and

ek

| 1 < c[|phk.ell

h 1 )
H2 (Fk 1/) HOZO(Fk,l))/
and
k.t _ k.t
Ph,k Wy = Ph kW " = ||ph k e||
Tkt ke 00(1"" £y

It remains to lift wh over ¥ this is done by prolongating w,’j’é by zero over 9QF\ T'F+*

and lifting this element of H 2 (0QF) over QF as proposed in [6], which ends the proof
of Lemma 2.

Appendix B. The authors would like to thank Martin J. Gander for his help
in the implementation of the method, especially for his development of an optimal
algorithm to compute projections between arbitrary grids in two dimensions, that we
used for our numerical results.
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