Chapter 2

Elements of harmonic analysis

2.1 Riesz-Thorin interpolation theorem

Lemma 2.1.1 (Three-line theorem, Phragmen-Lindel6f principle). Let F(z) be bounded and con-
tinuous on the strip 0 < x < 1 and analytic inside. If |F(it,y)| < My and F(1 +it,y) < My for all
y, then

|F(z,y)| < M{ " M3, for all x € [0,1].

Proof. It is sufficient to consider M; = My = 1. By considering the function F(z) := F(z)ee(zkl)7
we reduce to the case lim,_,o |F(z)| = 0, and the conclusion follows from the Maximum Principle.
O

Proposition 2.1.2 (Riesz-Thorin interpolation theorem). Let (X, y) and (X, i) be measure spaces.
Let 1 < pi,p2 < oo and assume that Y C LPY(X,p) N LP?2(X, ) is dense in both LP'(X, ) and
LP2(X,p). Let T be a linear operator defined on'Y taking its values in measurable functions on
(X, 1) and assume that 1 < q1,q2 < oo, My, My are such that

”TfHqu()?ﬁ) < Mj”f”ij (X7 :U’)a fOT’ all f ey and] € {172}
Then for all 6 € [0, 1]
ITF oz < MM I flooxyy  forall €Y,

where
1 0 1-6 1 0 1-6
+ + :

p pm p2 4 @ @

Proof. The conclusion is obvious if # = 0 or 8 = 1, so assume 0 < 6 < 1. If p; = ps = oo, then the

theorem follows from the Hélder inequality, thus we may assume p; < 0o or py < oo, which allows

us to consider only f being a step function with finite set of values. Note that we can assume that Y

contains such functions (extending 7" by density if needed; we could also assume that Y = LPr*NLP2).
We need to estimate

sup{(T'f,9) : [[flle < L [lgll o < 1},

with the supremum taken over step functions with a finite set of values:

fZZGjIAj7 gzzbkak'
J k
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(Attention to the case ¢ = q1 = g2 = 1).
For 0 < Rz <1 we set

1 1—=z2 z 1 1—2 z
= +

p(2) o p2 q(z) ¢ 2
6:) = Y lagl e Ly, p(z) = 3 T e,
j K
We apply the three-line the(])rem to (To(z),¢(2)). O
2.2 Real analysis

In this section, we follow Chapter 1 from the book [1].

Proposition 2.2.1 (Minkowski inequality). If (X, u), (Y,v) measure spaces, 1 < p < q < 0o and
f: X XY — Ry is measurable, then

Hy = ||f(’y)||Lp(X)HLq(Y) < H.I = ”f(‘/l“) )”L‘I(Y)HLP(X)

Proof. We can assume that f > 0 and, upon replacing f by f?, also that p = 1. Let g € LY (Y).
We have

/Y a(v) /X f(ay) dedy < /X 1£(, Yo lgll o e

by Hoélder inequality. O

2.2.1 Young inequalities for convolutions

Recall that for f, ¢ functions on R% we denote

(F+o)@) = [ Fa=ow)dy

whenever this expression makes sense.

Proposition 2.2.2 (Young’s inequality). Let f € LP(R?), g € L4(RY). If

then
1f*gller < [[flleellgllLa-

Proof. If ¢ = 1, this follows from Minkowski inequality. If ¢ = p’ and r = oo, this follows from
Hoélder inequality. The remaining cases follow from Riesz-Thorin. O



2.2.2 Weak LP? spaces

For a measurable function g we define
g2, = sup Mpfa : [g(a)| > A}
A>0

Lemma 2.2.3 (Markov inequality). For any measurable g, ||glle < |lgllra- O

Proposition 2.2.4 (Refined Young’s inequality). Under assumptions of Proposition 2.2.2, if 1 <
p,q,T < 00, there exists C' > 0 such that for all measurable f,g

1f*gllr < [ Fllzellgllze,-

Corollary 2.2.5 (Hardy-Littlewood-Sobolev inequality). If o € (0,d) and (p,r) € (1,00) satisfy

p d r’
then
- 17" fller < Clfllze-
Proof. The function |z|~“ is in the space Lg,/a(Rd). O

In order to prove the refined Young inequality, we use the following tool.

Proposition 2.2.6 (Atomic decomposition). Let (X, u) a measure space, p € [1,00), f € LP(X)
positive. There exist sequences of positive real numbers (cx)kez and functions (fx)kez such that

supp f; Nsupp fi, = 0,
p(supp fr) < 281

k
[frllee <277,

1
I <D <20fII%.

kEZ
Proof. We set
A = inf{\: p(f > \) < 28},
Ck = 25)%7
fro = Dy <p<n f-
We will check all the requirements. O

Remark 2.2.7. Many other decompositions of this type are used in harmonic analysis. We will
encounter at least one more example, the Littlewood-Paley decomposition.

Proof of Proposition 2.2.4. Next lecture. O



2.3 Fourier transform

In this section, the presentation is often close to the one in Chapter 4, Volume 1 of the book by
Muscalu and Schlag [2].

Let 4 be a complex-valued Borel measure on R? of finite total variation. We define its Fourier
transform:

(Fu)(€) = file) = / e wEy(da),  VEERY

Rd
We see that [ is a bounded continuous function.
If f € L'(dz), we set Ff :=F(fdx).
2.3.1 Fourier transform on the Schwartz space

It is useful to extend the Fourier transformation on functions which are not in L'. In order to do
this, we introduce the space of tempered distributions.

Definition 2.3.1. The Schwartz space S(R?) is the space of complex-valued functions f € C°°(R?)
such that for any multi-indices o, 3 € N¢

229 f € L°(RY).
We say that a sequence f, € S(R?) converges to f € S(R?) if for any multi-indices «, 8
lim [|290°(fn — f)||z = 0.
n—0o0
Proposition 2.3.2. The Fourier transform F is continuous S — S.

Proof. This follows from the formulas:
(i0)
(i€)

~

f€)
f

o Fa®f)(©),
“F(&) = F(2*f)(€).
O

Proposition 2.3.3 (Fourier inversion theorem). The Fourier transform takes S(R?) onto S(R?).
For any f € S(RY),

flz) = (2m)~¢ /R ) EF(E)dE, Vo eRL (2.3.1)

Proof. We need the following fact. For any e > 0 we have (see Exercise 2.6.2):
d
2

2
\

/ lrE—51E1? d¢ = (2£> 5 (2.3.2)
R4

€

Using this, we can write, for any € > 0:
(2m)~¢ / o f(©)e 3 de = (2m) / £/ e f(y)e 2K dy g
R4 R4 R4
=em [ 1) [ SR agay
R4 R4

l1z—y |2

=) f | e te




When € — 0, the left hand side tends to the right hand side of (2.3.1), and the right hand side tends
to f(x). This finishes the proof. O

Definition 2.3.4. A tempered distribution on R? is a continuous linear functional on S(R?), that
is a linear functional ¢ : S(RY) — C such that (¢, u,) — (¢, u) whenever u, — u in S(R?).
We say that a sequence ¢, € S(R?) converges to u € S(R?) if (¢, u) — (¢, u) for all u € S(R?).

Proposition 2.3.5. If ¢ € S'(R?), then there exists C, N > 0 such that for all u € S(R?)

(¢, u)| <C Z HmaaﬁuuLw(Rd)-

|| <N,|BISN
Proof. Exercise 2.6.4. O

Example 2.3.6. If f is locally integrable and there exists k such that (1 + |z|) 7% f(z) € LY(R%),
then we define Ty € &’ by the formula

(Ty,u) = /Rd fudz.

Note that traditionally we do not use the complex conjugate in this case.

Definition 2.3.7. For any continuous operator A : S — S we define the operator A : 8" — &' by
the formula:

(A'p,u) = (¢, Au).
The Fubini theorem implies Flu = Fu for u € L'(R?), hence we will write F instead of F*.
Analogously, we define 9% := (—1)I/(§*)! itp. If § € S, then we define ¢ * 6 by
(@ 0,u) = (o2 [ 0y~ 2)uly)dy).
R4

Proposition 2.3.8. The usual properties of the Fourier transform continue to hold. For anyu € S':

e U(E) = F(z = ulx — a))(€),
€ —w) = F(eu)(8),
Fla e u(Az))() = A™a(/),
Flux*0) =16, forall6 € S.
Proof. Exercise 2.6.5. O

Proposition 2.3.9. Let ¢ € S(RY) be such that {¢,u) for all u € S(RY) with suppu C R\ {0}.
Then ¢ is a polynomial, in other words ¢ is a finite linear combination of the Dirac delta and its
derivatives.

Proof. Exercise 2.6.6. O
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Proposition 2.3.10. For any a € (0,d) there exists C(a,d) such that
F(lz|7*) = Cla, d)¢|*.
Remark 2.3.11. The functions |z|~* are called Riesz potentials.
Proof. Exercise 2.6.7. O

Proposition 2.3.12 (Plancherel formula). For all f € L?>(R%),

d
2

H]:fHLQ(Rd) = (2m) HfHLZ(Rd)-
Proof. Exercise 2.6.8. O

Proposition 2.3.13 (Hausdorff-Young inequality). For all p € [1,2] and f € LP(RY) the inequality
i .
H}-f”Lp’(Rd) < @2m) ¥ || fll o (ray is true.

Proof. This is clear for p = 1, for p = 2 follows from Proposition 2.3.12, and for the remaining
values from the Riesz-Thorin theorem. 0

Lemma 2.3.14 (Bernstein inequality). There exists Cq > 0 such that if f € S(R?) is such that
supp f C {|¢| < R}, then for any multi-indezx «

10°F |l Lagray < Clor, d)RIFIV/P=HD| £ gay,  forall1 < p< g < oo

Proof. Considering g(z) := f(x/R), we reduce the proof to the case R = 1. Indeed, g is sup-
ported in the unit ball (see Proposition 2.3.8), |glirge) = Rd/p”fHLp(Rd) and [0%g|| poray =
R_laHd/qHaafHLq(Rd)-

In order to prove the lemma for R = 1, we write O/C“Tf(f) = (ig)o‘)’(\(f)]?(g), where ¥ € C is
identically 1 on {|¢| < 1} and suppx C {|¢| < 2}. In particular y € S(R?). Taking the inverse
Fourier transform we obtain 0%f = f x F-1((i€)*Y). Let r := (1/(p') + 1/q)~1 > 1 (the last
inequality follows from ¢ > p). Proposition 2.2.2 yields

1% Fllza < IF 1@ O I fllze < Cla, d)| fllzr,
with
C(a,d) := max(||F (&) X)L, IF (1) *X) | <)
a

Remark 2.3.15. A more careful analysis shows that one can take C(a,d) = C;Hal, where Cy

depends only on d.
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2.4 Sobolev spaces

Definition 2.4.1. For any s € R the Sobolev space H® is defined as the completion of S in &’ for
the topology defined by the norm

Il = ([ -+ ePriferae)

Lemma 2.4.2. . For any s > % there is the inclusion H*(RY) C C(R?) and there ezists Cs > 0
such that for all f € H*(RY)

£l oo ray < Csllfll s ey
Proof. Exercise 2.6.9 O
We denote Sy the set of functions u € S such that supp@ € R?\ {0}.

Definition 2.4.3. For any s < g the homogeneous Sobolev space H? is defined as the completion
of Sy in &’ for the topology defined by the norm

Il = ([ leP17@7ag)

Proposition 2.4.4 (Sobolev embedding). Let s < % and let p > 0 be determined by the relation

1 1 s 2d

2 p d T PTu s

There exists a constant C = C(s,d) such that
1flzoay < Cllflgogay,  for all f € H¥R?).

Proof. We can assume f € S(RY) (for f € H*(RY) will follow by density). Let g := .7:_1(|£]5f(£)),
so that f = F~1(|¢|7%) * g. Now we use the Hardy-Littlewood-Sobolev inequality. O
2.4.1 Stationary and non-stationary phase

We now study oscillatory integrals, that is integrals of the form

1) = [ e e

where a € C°(RY) and ¢ € C(R?%). We are interested in the asymptotic behaviour of I()\) as
A — +00. Notice that if ¢ is a non-trivial affine function, then Proposition 2.3.2 implies that |I(\)]
decays faster than any power of \. The lemma below generalises this fact.

Lemma 2.4.5 (Non-stationary phase). If V¢ # 0 on suppa, then for any N > 1 there exists
C(N,a,¢) > 0 such that
II(\)| < C(N,a, )\, as A — oo.
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Proof. Consider the differential operators

1 V¢ -Vu N 1 uVao
== L*u:=—-V. | ——5].
YT veE u=Av (|v¢\2)

We have Le"*? = ¢"*? hence integration by parts yields

T = | [ Ve @ayae = | [ 0w Vate gl < [ [0 Vae)]ae < CN.a.03,
O

Lemma 2.4.6 (Stationary phase). Assume that all the critical points of ¢ belonging to supp a are
non-degenerate, in other words

& €suppa and Vo) =0 = det (V2¢(§0)) # 0.
Then there exists C(a,¢) > 0 such that
IV < Cla, A2, as A — oo.

Proof. Let x € C* be a cut-off function, that is x(x) = 1 for |z| < 1 and x(z) = 0 for |z| > 2.
Since non-degenerate critical points are isolated, in supp a there is a finite number of them. Call
them &;,...,&n. For each critical point &;, let

O i= [ M aex(VAE - &) e

Obviously |I;(A)] < C(a)A\"2. Set

Io(A) =10 = S L) = / MOG(£) de,

Rd

where a(§) = (1 — Zﬁlx(ﬁ(f — &j))a(§). From the non-degeneracy condition, there exists
c(a, ¢) > 0 such that
Vo) = ela, @)V, V& € suppa.

We also have the following improved version.

Lemma 2.4.7. Assume that & is the only critical point of ¢ in supp a and that it is non-degenerate.
Then for any k € N there ezists C(k,a, ¢) such that

dk —i _d_
| SO I)| < Ok a, A5, as A oo
Proof. -

Corollary 2.4.8. Let oga-1(£) be the surface measure of the unit sphere S9=1 C RY. Then
Floga(z) = i (af) + e Fluw_(af),  |a > 1,
where wy are smooth and for all k € N there exists Cy > 0 such that
la,lfwﬂ < Ckr_%_k, for all v > 1.
Proof. O
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2.5 Littlewood-Paley theory

Lemma 2.5.1 (Partition of unity over a geometric scale). There exists a radial nonnegative function
Y € C®(R?) such that suppy C {3 < x <2} and

o

> w@Ur)=1,  Vz#£0.

j==oc

Proof. We take y € C* a radial non-increasing cut-off function such that y(x) =1 for |z| < 1 and
x(x) =0 for |z| > 2. We set ¢(x) := x(x) — x(2z). O

Definition 2.5.2. For j € Z we define the homogeneous dyadic block Aj and the homogeneous
low-frequency cut-off operator Sj:

Ajui= (27 Dju = F IS =20 [ (F@ (e~ 9)d,

Sjus= 30 Aju= F () = 20 [ (F@ )t — ) dy.

J'<J

Lemma 2.5.3. The operators Aj and Sj are bounded LP — LP for all p € [1,00], with bounds
independent of j.

Proof. Exercise 2.6.12. O

Note that Aj and S’j are Fourier multipliers, and as such they commute with other Fourier
multipliers, like convolutions, derivatives, ...
The formal homogeneous Littlewood-Paley decomposition is

Id=>Y A,
JEZ

but in what sense the series converges is, for now, unclear.
Definition 2.5.4 (Homogeneous Besov norms). Let s € R and p,r € [1,00]. For any u € Sy we
define )

lullgy, = (30271 Asuli )"

JEZ
We call || - || 5 the homogeneous Besov norm.
p,T

Remark 2.5.5. We can think of the homogeneous Besov norms as follows. For each j € Z, take
the LP norm of Aju, multiply it by 27% and take the I” norm of the resulting sequence.

Remark 2.5.6. One can check that, up to a constant, the definition of the Besov norm does not
depend on the choice of the function .

Remark 2.5.7. One also defines homogeneous Besov spaces, but there are some functional-theoretic
subtleties which we would like to avoid here.
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Proposition 2.5.8 (Duality for Besov norms). For any s € R and p,r € [1,00] there exists C > 0
such that

(6,00 < Clolg e Nl Vud € So

and
|ull g <C sup (¢,u),  Vue S,
" 6EQ

where Q" is the set of ¢ € So such that [[¢ z-s < 1.
) p,,'r/
Proof. O

Proposition 2.5.9. For any p € [2,00) there exists Cp, such that for all u € Sy
lullze < Cpllullgo -

For any p € (1, 2] there exists Cp, such that for all u € Sy
lull o, < Cpllullzo-

Remark 2.5.10. This result is a part of the Littlewood-Paley theorem, a fundamental result in
harmonic analysis, which is more difficult and hopefully we will not need it.

Proof of Proposition 2.5.9. 0l
Proposition 2.5.11 (Refined Sobolev inequality). Let 0 < s < g and p = %. Then

p—=

2 2
Iflle < ClUfll g2 AN
2,00

Proof. O

2.6 Exercises

Exercise 2.6.1. Prove the following special case of the Marcinkiewicz interpolation theorem. Let
(X, p) be a measure space and let T" be a sublinear positive operator, that is an operator satisfying

f>0=Tf>0, for all measurable f
T(af +bg) <aTf+bTyg, Va,b > 0 and measurable positive f,g.

Suppose moreover that T is bounded L' — L. and L> — L®°, in other words there exist constants
C1,Cy > 0 such that

sup A - p{Tf > A} < Crl| f| 1,
A>0

ITfllzee < Cool| fll o=

Then T is bounded LP — LP for all p € (1, 00).
Hint.

15



e Show that 7'(0) = 0 and T'(Af) = AT'f for all A > 0.

e It suffices to prove that there exists C' > 0 such that for all f,g satisfying ||f||z» < 1 and
lgll;»» <1 thereis (T'f,g) < C.

o Let f = Zj c;fj and g =), drgr be atomic decompositions of f and g. Let aj := (T'f;, gr)-
Thus (T'f,g) < Z( jk)ez? ajic;jdy. Using the Young inequality for the counting measure, prove
that it is sufficient to show that a;, < A(j — k) for some summable function A : Z — R.

e We will prove that there exist C,e > 0 (depending on C} and Cx) such that A(n) = C2—enl
works. We treat separately j > k and k > j.

k J
o If j >k, use |lgill 0 <2 2 28 || Tfj ||~ < C2" % and conclude.

e In the case j < k, choose some a € (1,p), and then prove and use the following bounds:

lgill g < 27725,

1 _j+1

a _ _ _I4 (i) =L (g— Jt+1
O Al A5 £ 27 U T o Ty S 272

T8l < -
Exercise 2.6.2. Prove (2.3.2).

Hint. Reduce to € =1 and d = 1. Define I(z) := [ et =3l d¢. The value of 1(0) is well-known.
There are at least two ways to conclude the proof:

e cither use complex analysis to show that e 27 I(x) is independent of z,

e or check that I'(x) = —zI(x) for all z € R.
Exercise 2.6.3. Prove the following generalisation of (2.3.2). Let z € C\ {0} with 2z > 0. Then

d

FleikPy = ()i

z

where 272 1= ]z\_%e_zge for z = |z]e’? with -5 <6< 3.

Hint. For Rz > 0, this follows from the unique continuation principle in complex analysis. In order
to treat the case Rz, use the fact that F is continuous &’ — S’.

Exercise 2.6.4. Prove Proposition 2.3.5.
Hint. Assuming the conclusion is false, construct a sequence u,, € S(R?) such that u,, — 0 in S(R%)
and (¢, u,) > 1 for all n.

Exercise 2.6.5. Prove Proposition 2.3.8.
Exercise 2.6.6. Prove Proposition 2.3.9.

Exercise 2.6.7. Prove Proposition 2.3.10.

Hint. Denote ¢ := F(|x|™). Prove that ¢ is homogeneous of degree a—d (which means (¢, u(\-)) =
A™¢p,u) for any A > 0 and u € S) and rotationally symmetric (which means (¢, u(R-)) = (¢, u)
for any rotation R and u € S). Set ¥(£) := |£]97*¢(¢) and deduce that 1) is homogeneous of degree
0 and rotationally symmetric. Show that - Vi) = 0 and (20, — 2;0;)1 = 0 for j # k in the
distributional sense. Taking an appropriate linear combination deduce that (Vi,u) = 0 for all
u € Sp. Deduce that 0;1) is a polynomial for all j. One should be able to conclude from here, but
to be honest at the moment I’'m not sure how.
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Exercise 2.6.8. Prove Proposition 2.3.12.
Hint. First prove, using Fubini’s theorem, that for any f,g € S we have [pq f(£)g(&)dé =

Jpa F(2)g(x) dz.

Exercise 2.6.9. Prove Lemma 2.4.2.

Exercise 2.6.10. Show that S ¢ H® if and only if s > —%. What about B;T instead of H*?
Exercise 2.6.11. Complete the proof of Proposition 2.4.4.

Exercise 2.6.12. Prove Lemma 2.5.3.

Exercise 2.6.13. Show that for any u € Sy and any s € R, p € [1,00],7 € [1, 0] the B;J norm of
u is finite.

17



Chapter 3

Strichartz estimates

3.1 The linear wave propagator
We consider the linear wave equation without potential from R? to R:

OPu(t,z) = Au(t, z), (t,z) € R x R w(t,z) € R.

Notice that there is no loss of generality in considering u(t,z) € R instead of u(t,z) € R™, because
in the vector-valued case the components u()) are decoupled.
We rewrite this equation in a standard way as a first-order in time system:

o <Z§zi;> - < Xqﬁ’éﬁ%) C (tz) €RxRYL w(t, ), alt,z) € R. (3.1.1)

We will write w := (u, @).

Definition 3.1.1. Let u = (u,u) € C([0,T],8" x §’). We say that u is a weak solution of (3.1.1)
if for all ¢ = (¢, ¢) € C([0,T1],S)

/{]T<¢,u—u>+<¢,

Proposition 3.1.2. Let s < 4. Denote H* := H* x H*™' and |jug||3: = \/HuOHQ-S + Huougs_l.

For all uwg = (up,u9) € H® and tyg € R there exists a unique weak solution u € C(R,S8" x S') of
(3.1.1) such that u(to) = wg. This solution satisfies:

ue C(RH),
|w(®) |3 = lluollns, for all t € R.

Let ~

We write u(t) = S(¢,t0)uo. Thus S(t,tp) is an isometry of H?® for all ¢,¢y and s < %.
We also consider the non-homogeneous equation

OPu(t,x) = Au(t,z) + f(t,z), (t,z) € R x RY, w(t,z) € R. (3.1.2)

18



Proposition 3.1.3 (Energy estimate). Let s < 4. For all ug = (uo, i) € H*, f € L}(I, H*™Y)
and ty € I there exists a unique weak solution u € C(R,S8" x 8') of (3.1.2) such that u(ty) = ug.
This solution satisfies:

ue C(I,H*),
t
llw(t)||ns < ||luollns + ‘ / £ )| o dt'], forallt € 1.
to
Moreover, if up(x) =0 for |z — x| < |t —to| + R and f(t',x) =0 for |v —xo| < |t —t'| + R, then
u(t,x) =0 for |z — zo| < R.
Remark 3.1.4. The last property is the finite speed of propagation.

Proof. We only treat the case of smooth data.
In order to prove the finite speed of propagation, we consider the vector field in R!*¢

1
G(t,z) = (5((8tu)2 + | Vul?), —atuVu).
We compute
divgiva G(t, ) = 02udsu + 0;Vu - Vu — 8;Vu - Vu — dyulu = foyu.

Without loss of generality take tg = 0, xg = 0 and ¢t > 0. We apply the space-time divergence
theorem to the cone bounded by the disks D((0,z), R + |t|) and D((t,z), R). We obtain the so-
called energy identity:

1,
/Kfatud:c:/xlSRHtl2((u0)2+|Vu0|2)d:c+/x|<R2((8tu( 12 + [Va(t)? dx+/ VL ul do,

where K is the cone, M is the “side” of the cone and V' is the tangential derivative. If the first
two terms are identically zero, then the other two as well, which proves the claim. O

We can solve explicitly (3.1.2) by taking the Fourier transform in space variables. We obtain

sin(lelit —10) | " 5, ¢ysinlel =)

Ut, €) = Uo(€) cos([€](t — to)) + 1o € | f H s,

or equivalently

) sin((t=t0)|D) " sin(t—5)|D)
u(t) = cos((t — to)|D|)uo + D +/to Tf(s) ds.

We are led to study dispersive properties of the half wave propagators eFitlDl Note that we can

transform the wave equation to the half-wave equation formally by taking u, (t) := u(t) 4 ] Opu(t).

Denote
(x) == 1+ 22

Proposition 3.1.5. There eists C > 0 such that for all complez-valued f € S such that supp f C
{1 <l¢f <2} and allt € R

=P f || o < O 73| |- (3.1.3)
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Proof. Without loss of generality take the sign “4”. Let x(§) = x(|¢]) € C* be equal to 1 for
% < €] <2 and to 0 for |£] < % or £ > 4. By our assumption, we have

oMPLf = PIx(ID)) 1.
Taking the inverse Fourier transform, up to a normalising factor we get
("PLf) () = (K % f) (),

where

Ki(z) := /R , gy () dg.

Thus it suffices to show that

d—1

<@

~

1K e

Changing to polar coordinates, we find

o0 o0
Ki(x) = / eitrx(r)rd_l]:_la(r:c) dr = / e"(tilr|)x(r)rd_1wi(rx) dr,
0 0

where o is the surface measure of S?~! and we have used Corollary 2.4.8. If 3t < |z| < 2¢, the
conclusion follows directly from Corollary 2.4.8. If not, we integrate by parts. O

From Plancherel we have [|e**Ply|| 2 = ||¥|| 12, so (3.1.3) and Riesz-Thorin theorem yield

. 11 _ 1
Hei’ltlD"YHLq S C<t> 2(p/ p)tH,yHLp/’ Vf S S, p S [2700]

3.2 The TT* method

In this section, we prove general Strichartz estimates. For f a measurable function on R x R? and

p,q € [1,00] we define
1
P
1 lLooge = < / TR dt) .

Lemma 3.2.1. Let (pj,q;) € [1,00]? and 0; > 0 with > je10; = 1. Suppose that

Measurability.

j=1 j=1
Then
m 0. .
Iflzoze < [T g VS € SR xRY).
j=1
Proof. Exercise. O
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Definition 3.2.2. Let 0 > 0. We say that a pair (p, q) is o-admissible if

1 o o
-+ —=5, b,q,0 7& 2,00,1.
LiTo% )£ (o)

If o is known from the context, we can call such a pair admissible.

Remark 3.2.3. It is easy to see that in the case 0 = 0 we do not obtain anything interesting. We
would be forced to admit (0o, 2) is the only 0-admissible pair.

Theorem 3.2.4. Let U(t) be a bounded family of continuous operators such that
JU@OU* ()l < Clt— 1 Nflss Ve ER, fES. (3.2.1)

Let x : R? — C be a measurable function such that |x(t,t')| <1 for all t,t'. Then for all c-admissible
pairs (p,q)

Héxwa@WWﬁWMﬂ

with C independent of x.

< |/l

LP1LN

(3.2.2)

LP2 L%

Proof of Theorem 3.2.4 in the non-endpoint case. The proof is considerably easier in the non-endpoint
case p > 2, so we present it first.
Step 1. For f,g € C*(R,S) we define

T(£)i= [ XEOTOU ). gl0) dra.
where (-,-) is the L? inner product. By duality, (3.2.2) is equivalent to

T(F.9)] < Ol gl ot (3.23)

Step 2. We show (3.2.3) with (p2,¢2) = (p1,¢1). Interpolating between (3.2.1) and the L? — L2
bound we have

WU () < 1t — 2177 =D ()],
thus

UOU )£, 9(8) < Cle — ¢ 1173) 1 o lg @l = Ol =212 1 FE) g 90 o

and we conclude using Hardy-Littlewood-Sobolev inequality, using the fact that 2 < p < cc.
Step 3. We prove that

H /R U*(8) (1) dt

Denote T' = T, with x(¢,t) =1 for all ¢,¢'. Directly from the definition of T} we obtain

< CHfHLp’Lq" (3'2'4)
2

2
)
L2

ﬂﬁﬁz”éUWM®&

so (3.2.4) follows from Step 1.
Step 4. We prove (3.2.3) for any o-admissible pairs (p1, g1) and (p2, g2). By symmetry, without loss
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of generality we can assume ¢; < ¢o. Fixing ¢ and using (3.2.4) with ¢’ instead of ¢ and x(¢,t') f(t')
instead of f(t) we get

Lemma 3.2.1 and (3.2.2) for (p1,q1) = (p2, ¢2) thus imply (3.2.2) in the general case. O]

/R XEOUOUEE FEY | <ol

L2 L% LQIQ .

The endpoint case p = 2 is much more difficult. It was first settled by Keel and Tao [6]. The
Hardy-Littlewood-Sobolev inequality is not directly applicable. Instead, we will revisit its proof in
our particular setting. First, we write

T\ (f.9)=> Ti(f.9) = Z/ X (&N U@RU () f(H), g(t)) dtdt,
jez jer /R
where x;(t,t') == Iyi<j_y|<2it1X(t,t'). Our main goal is to prove (3.2.3) with p; = ps = 2 and
@ =q=q=2% < oo.

Lemma 3.2.5. There exists an open neighbourhood V' of (q,q) in R? such that for all (a,b) € V
and j € Z

. o o
T3(F.9) < €2 Dl ayrllgloprs Slat)imo—1-2 =2, (3:25)

Proof of Theorem 3.2.4 in the endpoint case, assuming Lemma 3.2.5. The proof is based on the atomic

decomposition lemma. O

Proof of Lemma 3.2.5. Considering U(t) := U(27t), f(t,z) := f(27¢t,2792) and §(t, z) := g(27¢t, 27 z)
we reduce to j = 0.

Step 1. We prove (3.2.5) for a = b = oco. This easily follows from (3.2.1).

Step 2. Using the non-endpoint case, we show that (3.2.5) holds for b = 2 and 2 < a < ¢, as well
as fora =2 and 2 < b < q. Step 3. We use interpolation. What exactly interpolation theorem are
we using?

O

3.3 Strichartz estimates for the wave equation

Definition 3.3.1. We say that a pair (p, q) is wave-admissible if there exists 2 < ¢ < ¢ such that
2 d-1 d-1

~ T b, 57 d 7& 27 o0, 3).
2 Tl paa e
Theorem 3.3.2. Suppose that (p,q) and (a,b) are wave-admissible and

Vo414, d
p q d U 2 '

Let u be the solution of (3.1.2). Then

lull zoza < C(llwollze + 1 fllpor )
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We first prove that the theorem is true if all the functions involved have spatial Fourier transforms
contained in {% < |€] < 2}. This is done using Theorem 3.2.4.

By scaling invariance, this implies that the conclusion holds if all the functions involved have
spatial Fourier transforms contained in {2/=! < |¢| < 2/%!} for some j € Z.

The third step is to “glue the Littlewood-Paley pieces”’, which we are now going to explain.

Note that Aj commutes with e/, Thus

AP f | Lora < CA;fIl o (3.3.1)
For fixed ¢ we can write:

[P = 37 AP 3,
“ JET

so the Minkowski inequality and (3.3.1) yield
1621l g < I

Finally, we use 3872 C L9,
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