Soliton resoliition
-‘or energy- critical Wave Maps
wn The ecluivarian'\'. Case

j&cek jendrej'
(C NKS & Universitd Sorbonne Taris Mord)

jo{nt work  withe  Andrew Lawne
(Hassa,d'\use:tts Institute o,‘. Ted«nologj)

Seminar  on generak Qetat»‘v@cﬂ , L3JLL
januarj 12+h, 2023



)Enerqj— aritcol  wWave maps equa.t\bﬂ

"Definition”  An application ¥ : R™*— S'c R*
15 @ wWave map v‘- ks a critical ?oinJC o_ﬁ the Lajra.ncjm

£ (FE7Y) = 4 S (10 o1 = |%¥)) .

Natural ancd035 oA\’. Linear waves tn o  nonlinear, geometric se:lttina,

Euler- Lajra,nje equa,tion.:
S <) - AF (6,x)=~ (13, ¥ (60~ | 7T 2)|?) F(t,=).

Local well- posedness  and 3[05(‘& Well- posedness .i-or small data :
Klainerman, Selberg, Machedon Tataru, Tao, ... (1993~ 2002 )



, Eclquq,rfa.nt Wave maps

We study the dyoemics (long +ime behavior) of lame solutions,

but onlj n a  speual case !

W (1, ros®, r5in6) = (siny (5 cos (£6), siny (byr) sin(k6), cos y(5,0)).
Here, ke {1,2,--f is the equivariance degree , telR, re (O, o)
Equation for y :

L(“M") Oy (69— y(b0)- 13 y(b) + s 2y () = 0.
Lagrangan + £, = 71 §§ (9"~ @)~ 2200 rarae

Ener% ' E(\VO, \,/o) ')TS (\\/o (9 \y) + Kosin® % ) rdc

)

km etic potenticd




j Scalfﬂﬂ invariance cand Criﬂc,alifj
l{- A Solves (NMk> and  A>O, then
Ya (-t) v) = Y(-EK) —g) Solves ( Nﬂk) as well.

MOrcover) E( Ya) \h) = _E(\y) \1/) AN enersj—— critical

l)r'olalem

Note : % A << Cl.) then \-|/>‘ ls  Concentrated

and evolves —"-a.s‘t .

Local 'i:heor\j) small data ‘H\emﬂl

-Enersj norm : (v, \yo)lla = | %“L‘ + "%"% )

s = g% rde, 2 -5 (G + 5 w2 ) rae .
Il small = e, I = E (% %) -

Finite ene sectors E’M - (\%)\yo) E (% \.|/) <02,
\’Sj { l\m \\;o()r)" m, l\nr\ \-Yo(")’“y }

—0



Yo N (\VO) \,./°)e E= 50)0 A T (\VO’ 4’0)6 go)‘

Tl-_._____________ S -
/\/\ o~

\/ - ( \_/ <

Theorem (5|’\a:['a,k—5’cruwe 1994, k=1 '
- (Bu.rcb Planhon — Stadker — Tahvildar Zadeh 200% ) k> 2 )

Eciua,{t'or\ (\'\le) s l.oga,l.lj wQ,LL—Posec\ wn  each %\h\‘\:e
€r\6rgj sed’or) tn  the sense °‘Y’ si‘mnﬁ solutions . J

Linearsation around y=0": :\yl_— ‘_z\y‘_--‘!-’arxy'_-a-%\h_——‘o.
W V15 small, the nonlinear eﬁed:s become neﬂlfﬁihle -?or l&rﬁe times:

M I+ E(v %) is  small eﬂoujh, then  exists 3\0\:@\3 and
i | (), Q)T ), Ay g =0 v
)

Thesc reswlts are Consec[uences ofr Stridhavtz  estimakes .




) Sta,tionarj solutions  ("solitons” or “bubbles”) \
Minmisers o{ E:
x on &,.. -~ constunt '-"-und:ions

* On £m,m+| e (MW+ Zarctan (Fk/,/\.‘)) O)) /)‘>O
A>O

xk on L., (m3T~2arctm(rl7¢\h>,O))

¥ on other sectors o~ ﬁ
We dendte  Q(A:= 2arctan(rt), Q,:= Q(-/2) for 2>0.

. ‘{ej role wn  the deSc\-L‘Phbr\, Ojr the d:jna,m(cs 0%— Lcu-je solutions.



[A bsence o-g self— simi,l.a,\'i,’c»

Theorem  ( Christodoulow, Tahvidar - Zodeh, Shakah 1992)
|§- Ti <o +the max. time 0% existence o-‘- Y,
then —?or Qvery ol >0

T.—t

UM, [ (fat\/)z -t—(gr\\z)z-l- L:; \Yl] vde = O.
t->T (T
Tl\eorew: (CBJCQ/ Kems) Lawrie.,/ golwl.o,a 20\5)

I§ To=0c2 the max. time of existene of vy,

then &ov e\Ier\\j >0

t=-A .
Lim Lim 9\,»? S [ (fat\y)z -1-(%\\/)2-{- % \Yl] vde = O.

A toS » e




—>

(T\'\e e,\'\er33 i the 5“6&(\ reSiom —> O as t"t»)

“Theorem ( Struwe 2003)
\%— <0, then there exist ‘bc—>TU meZ) LE {’\) \?
and O< A\ <K T.-t.  sud that %or al >0

‘\L::vc: \\(\’((t“) 9\“,-)) (X“(Dt\)((’c,\)’)‘“- ))-—(mf\T—F’LQ , O>“‘E(\-5Q)=O°



yﬁea‘uen‘cia,\. soliton resOl.u‘cion\

EWM Neh\l) meZ, T=(1,, -, )€ {—l,\f“,
A=(N - A)e (0@, A< N <Ny,
we  dendte

Q(mﬁ",?;v) ‘= mTA—Z’LS(QN~W> € Ek,m.

Wihe N L: m—Zm- .

[ N T A, we wh Q(m,N)
CL multl — bubble Con%_ic\sur&.ﬁom.




[,Se,que,n‘cfa\, saliton re,soLu’ciorQ
Theorem ( Cste QOIS') Jia— \(,e,ms 20 l’-]—)
@ I_ﬁ, T+<m) then there exisk (ka‘,* , H) M, T’)&T\,twat-:

lim | G = = Qo Yy + 0 () = U2

) M- ,Xn/‘ k. (Xn K
- FZ‘.Q V/}\“"’ﬁs * K N/en-“tv\)) ] =O.
@ l"' T4 = then there exist (\\’L.QQH_)) N)m)?)—x,th—»oo:
}LW;', [\‘\Y(h\“\YL(t)— Q(MJT‘,?\)\\;+ “rat'\\/(b\)— tf\h(th)\\é

+ Mi ('XJ"“/%.,,\\K + (““)ﬂ/tn)\‘] =0

=

Qemamk Coavergence in  continuous 'Hm& ouckside oS’Y Conen
, .« W2
@ Yol >0: k‘f{ (\\ Y- \\’*\\wg-\-(f%t(n—b))* 19y G}~ \\’*\‘\\}(vaxm&))) =0.

@ No>0 t&“ﬂ’)\f ( “ Y ()C)‘ Y (%) “:_L(‘_,/ oL’c)+ “fat‘YO‘) ‘gt\'\’t.(t)“[_f(raow)) =Q.




—>

E — BE(vyo¥x) ("CSP- -EL,(\Yl-)gt\‘YL.))

Question © Does the demeosihbr\ hold in Contiauous time 7
'_Er\nem3'~ Cou,isiot\s n the red rejuof\. .
(Bxcluded doall bubbles have the same s{ﬁn.)



10

-1

-2

-3

10

-3

-3

10

10



{'COn'E(nuous time  soliton ruotuﬁog
TheorewL ( J-— Lawrie 2021 )
@ P{- T, <w, then +there exists —’X’?[O)T;) —>(€7,w)H Sudn ‘thak

L [ €)== Qi RN + I3y (-5 13

2T M-l ( 9\] () >k f}\H ({_) k ]
N %‘ M) + ( fr-v)) 1=0
@ \% T =02 then there exists T: [O/oo)-—) (Q w)" sudh thakt

i [ Iy @ -y -2, X + Iy O3 Bl
N o < ®,
- Z( o’(ﬂ/ﬁj...(t)) + (9\ 07%) ]=o.



\SOme related vesults

% {Dujdca,e\-ts) \Ccm'ﬂ ) Merle 2010 _— Sequen‘tfaL
5olfuton resolution —-?D\' gju—Atu- usz O w 3D,

% /.Dujc,ka,er'ts ) I(,e,m'a ) Merde 2012 — Continuwows  time
energy Channels

% 3= Lawie 20F = clussfication Lor B € 2E(Q), k22
Cmdo.,\xa used estimates of inferactions belween solitons
Cve&uctior\ to a ”2—‘3%\3 ()rouemz\)

% %drt’guez 2019 — — k=4

x DVKX,M 209 : generalisation of 2012 resulk Yo all <dd dim.

m @uﬁckuﬁr'\'ﬁ, Kenig, Madel, Mere 2021 — settled k=41

usin3 en evgx:s Channels




| Existence of bubbles and multi- bubbles
The ansuer depenc\s on the ecruiva,riﬂncc Jass:
x k=123,  : blow-up  solutions with M=1 bubble

Krieger — Schlag — Tataru 208 ®dnianski— Sterbenz 2010
( TLQSC d"')'cﬂ Qa ) ’Qan,{inm- ’Qodnga,ngk‘: 201l )

l?lou—uf) with M22  unknown

* m&na other Construckions {or M=l exist -

x k=2 C T exisfence) um‘ciumess and asanxp’co{{c. cle,scn'?t(m
of pure tuo— bubble sdukine (3716, I~Lawrie 1#-20)
x k=4 no soluations with M22 are known

0o 1’)we. tuo— bubbles exist (QOAn‘ﬂuu_ )|8)
ho pure mulbti— bubbles  exust (3‘—Lq,wn'c’ un?uwshd)



[Thresholo( behavior : the )cuo-lmbbles\

Sim?lest case not settled by the sequentiol resulk :
M=2, 1v,= 1, 1.=-1.

Minimal possible energy 2E(Q) = 8kT.

T heorem (J.—PKD thesis 20\G>
Let k22. TThere exists a solution (YU \,/C> O-‘— (\/J MQ
Such that

im || (ves 4o )= (Que-a - @, =0,

t>0°

where K s an  explicit constant dePendfnj on k.,




10

-1

-2

-3

10

-3

-3

10

10



Theorem  ( Jo— Lawrie 2018 )

Let k22. 1§ (v, ) is @ solution of (WM,) in the sector
E=€5 of enegy E(y,y) s KT,

then either (\y, \‘/) Scatters wn both time directions, of
-?Orm'a & Ttwo- bubble 10 one time diredtion (i“ conl. ﬁm“\
and  scatters vn the other  dime  direchion.
“Theorem ( ). — Laawme 2020)

Let kzk. 1 (3, ¥) is @ solubion of (WM,) in the sector
E=€5 of eneqy E(y,§) s KT,

then eithee (v, ) scatters i both time directions,

or there exist 1,6€ {—I) I} A>0 and weR such that

k\/(Jc r) =1 Y (G > ) ; Y (t,r)e an(Qw)



) Main ideas of the proo} of soliton resolution

The desired c‘ecom[)osit{on. holds —?—or a time Seglucnce,,
We need to Pre\ler\\: the .Y—ol\om\«a SLengrld

c,lose 'l:o -%(Lr %row\, oloSc ‘o
mulbi—bubblle  IANAAD muki- bubble SN mudii- bubble
(,ow‘-{%w—a,hbr\. "collision” Qow‘—fsjuqutbm Cof\%\'c\}urahbn
( |

" Collison.  (Atme) ‘nterval”

Oc,c,um\\g an fr\%LnL’CQ number 05{— times (a no—reburn lemmaél.
* lnepired l:a (Dw\.jd((lertsf Merle, Nakanishi— delnﬂ)
Kn’eﬁer, Nakanishi— Sdn.\wa Lor single salton Which (5 linearly unstable.
% Here, inter—soltton tnferadions  play o similar vole
a> lnear {ns’ca.laih‘*\a in those orks ( - 3. - Lawnk g H")



E\/m‘aL (dentity \

I-Y' Y 15 a smooth wWave wmap, then

div ((a.pr Y, —zr QY -3y +‘6mY)--r(’%v)z

NQ estimate the bou,nd.a\':) terms

-ﬁrom. above and the space- time

m‘ceﬁraL SS(Q «y) rdrdt ffrom below

% Collision duration X spatial scale
honzonfa,L boundaﬂa, << SFCJ:\'CLL scale

% SS (9{\‘/)1 vdedt R collision  durakion

(”Compad:ness Lemm”)
* remo.(n(n% \)ou\r\dara :  reduction g - body

[

~x

mulii—bubble

— )




\ |nterior and  exterior bu,‘o‘oles\.
Lt Kefl2,, N}, [ab)eclT,T), O<e<q.
le saa [(L, b s o cdlsion interal with N-K exterior bubbles i}
x d() SE, db)se, D celab): d(c)ZrL

where d(t) s the distance o& v (k) (rrulbi— bubble
+ tadvotvon

* A e = ?K'(’c) sude thak w ‘he rcS\’oa \‘ZyK(t)
'\.\/(Jc)r') s g-dose to [(M~K)‘ bubble + \‘a.dfa,h‘om] :

NQ how Set K to be the smallet number suckh that

there exist \’L>O y @& sequence €, —>0
and G Sequ,e,n& ofF collision intervals [Qn ) lan,}
C,orrespondfnﬁ Yo these ?Qva,me‘cers &n, N and K-



LLemma 4C = C(\O >0 and £>0 such that
12". La, b] Collision  iriterval wikh Paramd'.ers (E)Q) K))
thea b-a > C mia(}qK(a), /AK(b)),
where i 's  the scale 0% the K-th bubble.

(—M l% no)C) K wWould not be smallest Possible.
A

b+
I Mmﬂk time Yo evolve .

[ fK,-\ kk)

SN T

}*\<. g




)Uowe Maps Wikh  small ki e,nerfmx

Lemma (»Com?(urncss Lemm&,“> et 57“> O) L= on )

Y defined for LelOp.) of bounded encrgy such thak

$n

N
im = § V(A rdrar =0

NN f‘f\ o O
Then ) vp to edtraction o% o SubSeciueme 5

there exist —>00 ) £ € [O,f,;]) M, 7 K: sudh thal

. — - T T
b [ I = QT MO oy * RN MG g

M|
9\,\,' K Q‘n,H K
+JZ< J/M'H) " ( /VQ X:O



Modulation \

¥ Near @, and b, Y s dose W a mulki-bubble
and the Qnalysis Qbove does ot cupply
* I this case, the main  dynemical nformation
are the scales of the bubbles
¥ |Je obtan d»LHerem‘ﬂ'oV\ ine.quo.,u]n‘es on these scales -

» v 2 3\“‘4 z ,>\}|
lﬂ%O\‘m&l\\ﬁ ,Xj _— -'LJ"LJ'HCJ a"‘? -+ ’\.jlj_lco Kt?

%X Error bounded by the enerqy of aitradtive interackions.
% The wfluence  of the exterior bubbles and radiakion
can essenh‘q,\\ﬁ be neﬂledec\ 335 enlaraina En -

X dned  wmodulakidn Pavcume‘l'erSI Qo.Pka}éL—SZe%‘ceL)\\ ) 5~-Laun’e aby



)_f. d stasts 9rowir\8 at t,, then NtF2t,

LeWna.

dtt) db < Code) m () i} k22

d®) dt < CodlbYFlogaltd p(s) i 4.

§
S

The -‘flﬂn&l’ S)CEP 1s Yo Parti)cfor\ [Qm ‘On,} o
' i

T idermedale  modwlakon - -

L | \
' moduladyon Unkermediate | (olltston

o d29-0| d>¢
oundQ
erm 0 i?::\dﬂ% Sg (a(\v)zrdr 2 M

<< MK Glosorbed ba
J§ Gue)iede
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