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F-nei-qy-a-iticalwavema-psequat.in?'D-finition-?An application ¥ : R
'+2
→ 52e 1123

is a wave-map.it it is a critica point of the Lagrangien

LCIYQEP.it/:--'zSS(lQ-Y--t-lTxIY7dxdt .

Natural

analogsoflinearwaves-inana-ina-ge-o-t-isettii-g.EU
1er- Lagrange equation :

§ Ect, x)- Ect, >c)= - ( / #Ct, >c)f- / TEIVA,x)/2) Ect, x) .

Local week- posedness and global Welt posedness for Small data :

Klainerman
, Selberg, Machedon , Tatarie, Tao, . . . (1993-2002)



F-quivariantwavemaps-westudythed-y.name ( long time behavior) ofL-argesdutionsb.at
Orly in a Special case :

VI (t) 1- cas⊖, Tsin ⊖) = (sïny (ti) Cos (Ko), siny (ti) sin(KO) , cosy(tr)) .

Here
,

K c- {1,2, . . .} is the Equivariantegrec , TER, re (9es)

Equation for y :

CWMi.IQ?yCt,i-)-Qylt,i-)-f-Q-y(t,i-)+zkI-sin(2yCti-D-----
Lagrangien : £, := ST SS ( (qu)"- +T- k%Ïˢ) rdrdt

Energy : F-(Yo , % ) := T [ ( ui? + Cory.)2+ᵗˢÎ÷ ) rdr
↳ PÂTÉKinetic



scalinginvarianceand-c-iticaitylf~sdve.es(WMK ) and I> 0
,
then

* (tir) :=y(¥ , ) Solves (Wtf) aswell .

l'Yoreover
,
F- ( y, , %) = F- (y, yi) → energy- critica

problem
Note : À « 1

,
then Y is concentratedif

a
and Evolues fast .

LOcaltheoryssmalld-atatheo-y-II-ner.ggnorm : Illya , %) /If : = HYMIE + HYOHÎ, ,
cs

Hui:/là := { iétdr, 11%14+2 :-[ (Oryo)' -1¥ ui ) ,- Dr .
Hyllus Small ⇒ Hlx , iv. IIIè ≈ F- ( Yo, ie) .

Finite energy section : Emm { (Yoni) : F- ( yo ,video ,
limyscr)=mI, limydr)=nI } .

1-→ 0 1-→ as



(Yo , Yi)EE=Eo, Yoon (Yo , vide Eos

Ï-~
.÷::÷÷÷÷÷÷÷:÷:÷;;ÏÏ;ËÏËÏ;ÏËËÏ;ÏË=ÏVEquation (WMK) .is locally week- posed in each finite |

Linéarisation atound 4=0 :
L L L L

[ÏüËËËïïiÏïùÏÏÏïïï"ËÏ⇔ÏÏïÏÏ-"
t→±o÷:::::÷÷:ÏÏïÏÏ÷÷¥E÷÷"⇔⇔-l



stationarysolutionsfsditonI-orabubblesY-MMinimi.se
rs of F- :

* on Emm → constant functions

* on En.nu , → (MI-12autant'À) , O), 1>0
* on {

mini
→ (MI - Zartan (Max) , O) , 1>0

* on other section → ∅

We dente Q (r) : = Zartan (rt)
, Q,:=Q(rA) for 1>0 .

• Key role in the description of the dynamics of large solutions.

Remarks In the non- equivariant case, the Stationary solutions-

are cailedha-nni.EE R2→ $2 and correspond to

méromorphe functions and its conjugales (Fells - Wood , 1975) .



Absenceofself-similarity-Theorem-CC.hristodoulou
,
Tahvildar- Zadeh

,
Shatah 1992 )

If I, < as the max. time of existence 0f Y,
then for euery 2>0

±- t

[ ( # +(g)4- ¥+2] rdr = 0 .
lim 5
t-51

✗(Txt)

Theoreme ( Côte, Kenig , Lawrie, Sohag 2015)
If I, = as the max. time of existence 0f Y,
then for euery 2>0

lim lim sup Ë [ (0++5+0.4)?- ¥+2] rdr = 0 .

A-→os +→ as
✗t



tn

ËËËËÏ¥ï
"

(The energy in the green region → 0 as t-Il . )

Tieorenn ( Struwe 2003)

If I, < os , then there exist tn-54 , MEZ, re f1,1}
and O < In « Ti- tn such that for all R >0

III. fy (tn, tn . ), Index (tn , -1in . ))- (mtnQ , O )Ë%≤☐5-0.



sequentialsditonresdution-Give.ir
MEIN
,
MEZ

,
Î - G

, ,
. . .

> un)E{-1,1}
"
,

Î=(1 , . . -1m) c- (Qu)", 4<72 < . _ _

< 7m
,

we dente
M

Q ( nn,î,Î ; r) := MI-1¥, rj (Qxj -T) E Een
M

with l = m- ¥3.
.

1f 1 ,« 12« . . .

« 7M , we call Qcm,Î,Î )

a

n-uti-Enfiguration.TT Ë



sequentialsditonr-esoution-hqorem-lcote20157.io- Kenig 2017)
① 1f 1-+ < os, then there exist (Yuria) , M , nn, ,

II
,
tn→T+ :

III. [ Hylton)-✗* -Qlmsî, thé -1110++14)- nielle

+Ï Yan
,
;+Ë "

- tn))
"

] =0 .

j' = l

② 1f Te = os, then there exist (vôtre), M, in,Î,IÎ ,tu→ os :

lim [ Ilyltn) -alt)- Q ( nn ,PÈNà + 110++1tn) -Intitule
mes os

+Ë (7:41pm)
"

+ ("""Ytn)
"

] = 0 .

j' =\

Prenant Convergence in continuous time outside of cones :
2

① V-2>0 : ¥5,7
,

(HYH)-T#Huer≥✗(-4-+1)+1%44)-¥lÊ(r≥xt+-t)))-O -

②Va>0 : time (Hult)-xHH 'Hcr≥✗t'_ " YA)-d-YUH /{Îr≥#)=D.+→ as



ÏËËÏËËÎÏÏËÏËË
F-→ ME (Q )
F-→ 0

F- → F- (+*six) ( resp . E-<(Yu , d-YL) )

Question : Does the decomposition hold in continuous time?

Ennemy : Collisions in the red region .

(Excluded if all bubbles have the same sign .)



• •

↑ •

☆ M'

a q



COntinuoustiinesditon-resoutin-heorenr-CJ-Lawr.ie2021 )

① If I, <es, then there exists I? :[0,17)→ (Qu)
"
such that

¥
>¥
,

[ IHH) -q - QcmÎÎCTDILÎ + HOEYH)-¥ HE
+ ÎË (" "%µÀ + (""¥,

-À ] = 0 .

② If Ties , then there exists Î :[pas)→ (qu)
" such that

¥;ç [ Hylt)-Klt)-Q(mÎ, ÎHDIHÎ * NIYA)-qq.lt)NE
+ Ë (Ï

* (t))
"

-1 (+M'%)
"

] = 0 .

g- =L



Isomerelatedrsuts
* Duyckaerts, Kenig, Merle 2010 - sequential

soliton resolution for dfu-A.eu - v5 = 0 in 3D
.

* Duyckaerts , Kenig , Merle 2012 - continuous time;

energy charnels

* ]- Lawrie 2017 - classification for F- ≤ 2E (Q), k≥2;
crucially used estimated of interactions between solitons

( reduction to a
"

2- body problem
" )

* Rodriguez 2019 - il- K-1

* D,K,M 2019 : généralisation of 2012 result to all add dim .

* Duyckaerts, Kenig , Martel, Merle 2021 - settled 1<=1

using energy charnels



IF-xistenceofbubblesandmulti-bubbles-The.am
swer depends on the equivariance class :

* K=I ,2,3 , . . . : blow- up solutions with M= 1 Bubble

(Krieger- Schlaf-Tatarie
'08
,
Rodnianski- sterben 2010

Raphaël- Rodnianski 2011 )

blow-up with M ≥? unknown

* many other constructions for M = I exist .

* K =2,3, . . . : existence
, uniqueness and asymptote description

0f pure two- bubble solutions (J' 16, ] -Lawrie l'7-20)

* 1<=1 : no solutions with M ≥2 are known ;

no pure two- bubbles exist (Rodriquez
'

18)
no pure multi- bubbles exist (] .

- Lawrie
,
unpublished)



Mainideasoftheproof-L-Y-sditonreso-tin-f-hedesi.ro
d decomposition holds for a time sequence .

We heed to prevent the following scenario :

close to for from close to
multi- bubble my multi- bubble msmulti- bubble

configuration
"
collision" configuration configuration

LEisin-Einterv-loccuri.mgan Infinite number of times (ano-i-eturnlemma-J.lt/nspii-edbyDuyckaerts-Merle
,
Nakanishi- Schlag ,

Krieger- Nakanishi- Schlaf for Engle soliton which is linearty unstable .

* Here
,
inter- soliton interactions play a similar role

as Linear instability in those works _(cf . J . - Lawrie ' 17 )



'

ViriaLidÂty✓
1f y is a Smooth Wave map, then

from abor and the Space- time

integral 550++5rdrdt from belar

* """

""""

÷"*⇒""ËË:* collision duration ≥ spatial scoute
*

"

horizontal" boundary « spatial sale

("Compactness Lemina")



cdlisioninterva.CL
et
y a Wave map, TÉQT), Open,O≤KEN .

We set
.

didt;D :Ë:# (10++4)-ÜKËHyHt~é±Q(mÎÆNÊËË("4.*))
"

where IK :=p and IN+ , := {T'_
- t blow-up case

t global case

(Proximity to a multi- bubble in the exterior region r ≥s) .
We set d (t) : = ddt; o) .

We know that Lim dltn)-0
,
and want to prove him DAKO .

non t→T+

Def Let O≤ KEN , 0s«q .
We say [a)b) c (QI)

is a collision interval with parameters E
,R,K if

* d (a) ≤ E
,
d (b) ≤ E

,
Je c- [a

>
b] such that d (c) ≥y ,

* 7- % :[a)b)→(Qu) : daft; µ (t)) ≤ EV-tc-L-a.to] .



lnteriorandexterior-bubbeletk.be
minimal such that 712>0, En-30

and collision intervale [an , bn] with parameters En , q, K
-

d (t)* 0 ⇒ K is week- defined , / ≤ KEN .

⇐an : Æ±
r

0 pct)an≤ t ≤ Cn :

xm.IE#(N-K)-bubb-krt--cn
: ËÆ¥ËÏ→

r

0 pct)
Cn≤ t ≤ bn : ×ç¥(N-Ktb_

r

E- bn : üEᵈ¥ÊË→r



Lemina 7C = Cly) >O and E >O such that

if [a) b) collision interval with parameters (E) y, K),
then b-a ≥ cnn.in (µ ,< (a) ,Mdb)),
where MK is the Seale of the K- th bubble

.

Fr001 If not, K would not be smalkst possible .
+↑

ÎmvmËÏÊËÂ
aËË

≥flic



wavemapswithsma-inetienrgyl.ee
mince (

"

Compactness Lemina
") Letpn> O, Rn→ os

,

Tn defined for te [Qqn] of bounded energy such that

ln Ryn

him 1- 5 f (d- Yn)? rdrdt =D .

nisos ln O O

Then
, up to extraction of a subsequence,

there exist rn→ os , tn C- [Qqn] , M , M,E , 1nF such that

line [ llyftn)- Q (moi, În )hË≤ rngn) + "QYnltn)HÎG≤ rnsn)n-ses

+Ï %
" ,)
"

+ Ë%Ü ] = 0
5- 1

Prod We follow Jia- Kenig .

Main idee : Batouri- Gérard profile decomposition .



Modulation
* Near an and bn , Y is close to a multi- bubble

and the analysés above does not apply .

* In this case
,
the main dynamical information

are the Scales of the bubbles

* We obtenir differential inequaliti.es on these Scales .

1)

InformaUy : 7g. ≈ - y.

}:c , à + rjrj.at?j.-!,- .

* Error bounded by the energy of attractive interactions .

* The influence of the exterior bubbles and radiation

can essentially be neglected by enlargîng En -

* Refîned modulation parameters : Raphaël-Szeftel 'Il , J. -Lawrie
' 17

.



1f d starts growing at to , then t'≥toLᵉⁿ
+*

S d (t) dt ≤ Cod (t*)"ᵗµ ✗(to) if k ≥2
to

Ë dlt) dt ≤ Cod (t*)ÆÉµ<(to) if H-1 .
to

The final Step is to partition [an , bn] into

tnE-iin-EiateaisininterYF-E.nld ≥ On-00 d≥ E

boundary
term ( boundary ffldtllrdr ≥Y . . .term
« µ,, absorbe, by /HÆrdr



ta lnthesituation.be/ow,Mk-const:-
modulation bd term ≤ Sdltdt«µ
intermedia'¥
_ .

. _ _ .HᵗÏ duration
collision | f5 (Qittrdr 2M£! . .

. . .
. _

⇔intermediate /
ÏÏÏÎÎmodulation

↑ça
1-


