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F-nei-qy-ci-iticalwavema-psequat.nl
finition

"
An application ¥ : R

'"
→ Sac Rs

is a wave-map-if.it is a critica point of the Lagrangien

L(¥) := { f5 ( tof ¥12- la Et) dxdt .

Natural analogsoflinearwaves-inana-inear-ge-on-et-isettie.iq .

Euler- Lagrange equation :

§ Ect, x)- Ect
,
>c)= - ( tof¥(tox) /2- IDEE,>c)f) ☒(tox) .

Local Welt- posedness and global Welt- posedness for small data :

Klainerman
, Selberg, sterbenz, Tatarie, Tao, . . . (1993-2002)



F-quivariantwavemaps-westudy.tkdynamics ( long time behavior) ofl-argesdutionsb.at
orly in a Special case :

¥ (t) rasa, i- sine) = (sïnyltr) Cos (Ko), siny (ti) sir(KO) , cosy(tr)) .

Here
,

K c- {1,2, . . .} is the-quivaria-nedeg.ec , t c-R, re (O, os)

Equation for y :

CWM.IQ?yCt,i-)-Qy(t,i-)-f-Q.y(t,i-)+zE-sin(2yCti-Y-----
Lagrangien : £, := ST § ( (cfy)"- (Qu)' - k%Î→ ) rdrdt

Energy : F-(yo , vi. ) := IT § ( vif + (Ory.)' -1 k%Ë) rdr
-1 potentielKinetic



scalinginvarianceand-c-it.cat/f
y Solves (Wilk ) and 7>0

,
then

* (tn) :=y(¥ , ) salves (WM") aswell .

l'Yoreover
,
F- ( ya , y;) = F- (y, yi) → energy- critica

problem
Note : if 7 « 1

,
then ya is concentrated

and Evolues fast .

Localtheoryssmalld-atatheo-y-I-nergynoi-millly.is)HÊ : = Nishi + 11¥14?, ,
cs

Hui:/là := { iérdr, Hy.tk?:--f(lQy.Y+#xi)i-di- .

Kyoka Small ⇒ Illya , # Hé = F- (Xavi) .

Finite energy section : Emm { (yori) : F- ( yo ,y;) < os ,
limy.fr)=mI, limydr)=nI } .

1-→ 0 1-→ as



(Yo , Ivo)EE=Eo, Yo ^ (Yo , Ivo) c- Eon

Ï-~→
.

Planchon - Stalker-Tahvildar Zadeh 2003
,
K>2)Ë÷÷::::÷::::::Ï!ÏÏÏÏÏÏ÷Ï÷÷ÏÏÏEquation (Wilk) is locally week- posed in each finite |

Linéarisation atound 4=0 : Q L L L L

Ë!ùïËüiï÷ïï÷Ïi÷ïïüÏisiii.si?;i::;::i-t-s--os
÷÷:÷÷÷:÷ïïÏ:÷÷÷¥!e.is#.*-..::l



stationarysdutionslsolitons-Minimi.se
rs of F- :

* on Emm → constant functions

* on En.mu → (MIT+ Zartan /"À) , o), 1>0
* on En

>ma
→ (MI - Zartan /"Yak) , d) , 1>0

* on other section → $

We dénote QG) : = Zartan (rt)
, Qa:=Q(RH) for 1>0 .

• Key role in the description of the dynamics of large solutions.



sequentialsolitoni-esdut.io#-
-heoren#¢ôte-Kenig-Lawiie-Sehlagl2,CôteB,]ia_Kenigl5)
--

Let y a füüte energy wave map for k c- { 1,2 } .
1) If I, < os, then there exist in,LEZ, NEIN ,

tu→ T+ ,

0<7
,
>n
« 7am« . .

_

« 7µm «I - tn , 4,22 , - -
- sur C- {- I, I}

and ( 4.*, vi.* ) E Eo, , such that

Lin |/ (y(tn) , vjltn))- int-1 ;Ë
, ↳Qg.

"
-14¥ , vi.

*)//
{
=D

.

n→ es

2) 1f 7- = os , then there exist in c- Z, N c-No , tn→ os
,

0 < 7 ,,n
« Azn << . . _

« 7N
, n
« tn

,
~
, , 22 , . . _ , 2N C- {- 1,1}

and y, solution of the Linear Wave equation such that

|,,µ*,*,,⇒÷ç⇒÷µ,µµç
n-> as



✗ (tn)
"

""""Ë°Ë
.

MIT
←

>

c-
→

t

Icotoary ( (KLS)lflysvic-EandF-ly.io#thenyscatters.f/



Remaries
* In the blow-up case

, fundamenta earlier results

of Christodoulou
,
Shatah- Tahvildar Zadeh and Struwe

* Outsider of the Light Cone, convergence in continuous time
ta

convergence
.

F- =
.

' U for cont. time
a-ÏLËËÉËËTÉÉ"- •* time⇐**⇒

""⇒ÏËÏÊËÊÏÏÏËÏ:*,
r r

ËËËÏÊËY""%If, in the ciboire result
,
N= 1

,
or ~,

= ↳= . . _

=
in ,

then the decomposition holds for continuous time .

Dothesedecompositionshdd-ntinuoustiine-nondi.tn]



àtonResdutnjtr✓
Theorem(Duyckærts-Kenig-MartetMerle,March202X
-

Let y a fïnïte energy wave map for 1<=1 .

1) If I, < os, then there exist in,LEZ, NEIN ,

0<7
,A)« 72¥ . .

_

« INH)«I - t , riras - -
- rive {- b '}

and ( 4.*, vi.* ) E Eo, , such that

Lin |/ ( yltby.lt )) - En)T+Ë
, ↳Qg.# 4¥ , vi.

*)/le=D .

+→1-
+*÷ . . *.. *.. .* *⇒ *µ ,0<7 ,A)« Adt)-< . . .

« 1µA)« t , ~
, , ra , . . . > ↳ c- {-1,1}

and y, solution of the Linear Wave equation such that

*

u.mx#,...,;,....,.**,,,..,,,...-/
+→ as



Remaries
* The first result of this type for a model

which is notazrpetefy intégrable was obtained

by Duyckaerts, Kenig and Merle in 2012

for the energy-critica focusing wave equation
with the power nonlineaiity , introducing
the method ofen-ergychannels.it
Generalized to all add dimension in 2019

by the same author

* The prof of the Iast theorem : energy charnels

Our contribution is to prove , using rattier different ideas,
that the Lost result holds for any K c- { 1,2, 3, . . . }



àtonResdutnjtr✓
Theorem(J.-Lawrie,June202F
-

Let y a füüte energy wave map for KE { 1
, 2,3, . . . }

1) If I, < os, then there exist in,LEZ, NEIN ,

0<7
,A)« 72¥ . .

_

« INH)«I - t , riras - -
- sine {- b '}

and ( 4.*, vi.* ) E Eo, , such that/ ⇐ µ, *+, _*+÷:*:* ,÷⇒µ⇒ . |t-54

2) 1f 1-+ = as , then there exist MEZ, N c-No ,

0<7 ,A)« Adt)-< . . .
« ANH)« t , ~

, , ra , . . . > ↳ c- {-1,1}
and y, solution of the Linear Wave equation such that

limlllylt-bjvlt-H-lmt-j-Z.z.az#,-y(t-l,~idt-DHE--0.L-→ as



Remaries
* The radial critica Yang-Mills equation is closely

related to the 2-equivariànt wave maps equation
and could also be treated by our method

.

* No solutions with N> 1 have been Constructd for 4=1 .
For K>2

,
J . and J .

- Lawrie Constructed

and studio the
"

two- bubble solutions
"

.

Prior constructions include Krieger- Schley -Tatarie for k€4,2}
and Raphaël- Rodnïanski (blow-up with N= 1) .

* The soliton resolution problem is inspired
by the Theory of Completely intégrable systems
and numerical simulations

.



Mainideasoftheproof-Thedec.ir
ed decomposition holds for a time sequence .

We heed to prevent the following scenario :

close to for from close to
multi- bubble mn> multi- bubble msmulti- bubble

configuration
"
collision" configuration configuration

Uitt→
We reed a

no-i-eturnlemma.lt/nspiredbyDuyckaerts-Merle
,
Nakanishi- Schley ,

Krieger- Nakanishi- Schley for Ingle soliton which is linearty unstable .

* Here
,
inter- soliton interactions play a similar role

as Linear instability in those works _(Cf - J - Lawrie ' 17)



'

Virialidentity
1f y is a Smooth Wave map, then

dit
, (Goliad, - trq-dt-krQ.dk#sinYo)=-i-Qd

'

rt

from abde and the Space- time
multi- bubble

integral of 1-(0+10)' from bebw
.:*::*:*:

"

:

"

÷
:

5f (off)" rdrdt : Z collision duration
_

("Compactness Lemina") bubble

remaining boundary :

collision duration Z spatial scoute ?



lnteria-andexteriorbubble-Le.tk
c- { 1,2 , . . . , N } , [a) b) c [To,I) , O- E-y .

We Sag [a, b) is a collision Interval with N-K exterior bubbles if :

* d (a) EE
,
d (b) EE

,
3- cela, b] : d(c) 712

where d (t) is the distance of ✗ (t) to (multi- bubble
+ radiation )

* 3- curve r= pdt) such that in the region r>% (t)

✗ (tir) is E- close to [(N-K)- bubble + radiation] .

We now set K to be the Snails number such that

there exist y>0 , a sequence en→O

and a sequence of collision intervale [an, bn]

correspond
-

ing to these parameters En
, z and K .



Lemina 7C = Cly) >O and E >O such that

if [a) b) collision interval with parameters (çy, K),
then b-a 7 C min (Mda) ,Mdb)),
where My is the seale of the K- th bubble

.

troof If not, K would not be smalkst possible .

i

j
:

.".îmÏÏË*;ËiH



canpactness-emmahetf.noand yn a sequence of Wave maps of bounded energy ,

yn defined on the time interval [Qqn] .

Suppose 3- En→+ as such that
Rn ln

lin 1- | (Q-ynlt.it/2rdrdt--On-scsl"
o

Then
, up to passing to a subsequence , 7 tn C- [Qqn]

and 1- « rn E Rn such that yn (tn)

converges to au multi- bubble for Of 1- Es Tnfn .

PRI Quite related to the existing proofs
of sequential soliton resolution (côte, Jia- Kenig),
based on the Batouri - Gérard profileraposition .



Modulation
* Near an and bn , y is close to a multi- bubble

and the analysés above does not apply .

* In this case
,
the main dynamical information

are the Scales of the bubbles

* We obtain differential inequalities on these scales .

lnformally : 7g? = - y.

}:c , à ?ËÏ- + rjrj.io?!.-!I- .

* Error bounded by the energy of attractive interactions .

* The influence of the exterior bubbles and radiation

can essentially be neglected by enlarging En -

* Refined modulation parameters : Raphaël-Szeftel 'Il , J. -Lawrie
' 17

.



"

Lemina
"

1f d starts growing at to , then t'>to

t.is dct) dt E Cod#""µ ,dto) if k >2
to

Ë d (t) dt E Cod (t*)fËÂµ,<(to) if K-1 .
to

The final Step is to partition [an , ton] into

tmoduatinintermediatF.is#nternediatemFn.-.ld7Qn-0ds-
E

boundary
term boundary * (QU'rdr Z . . ./ term« MK absorbed by

Dothrak



ta

lnthesituationbelowux-const.im
adulation bd term E Salt) dt«Mx
intermediate#

_
. . . _ -X-fbd.tn

duration

collision | ffcdtutrdr Zuk§ . . . . . . _ *,intermediate /
Ïmodulationtq.my

1-


