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)Enerqj— aritcol  wWave maps equa.t\bﬂ

"Definition”  An application ¥ : R™*— S'c R*
15 @ wWave map v‘- ks a critical ?oinJC o_ﬁ the LCLjra.ncjm

()= £ (C (1T~ 2 ¥)") deat .

Natural &ncJ035 O‘Y' Linear waves tn o  nonlinear, geometric se:lttina,

Euler- La.ﬁra,nje equa,tion.:
N Flox)— A¥(ex)=—( 13, ¥ (0P~ |7 T &) ¥, =).

Local well- posedness  and 3[05(‘& Well- posedness .i-or small deata :
Kla.inerma.m) Se,l.berj) Sterbenz, Tat&ru) qu_‘ (Hqs“ 2002)



, Eclquq,rfa.nt Wave maps

We study the dyoemics (long +ime behavior) of lame solutions,

but onlj n a  speual case !

W (1, ros®, r5in6) = (siny (5 cos (£6), siny (byr) sin(k6), cos y(5,0)).
Here, ke {1,2,--f is the equivariance degree , telR, re (O, o)
Equation for y :

L(“M") Oy (69— y(b0)- 13 y(b) + s 2y () = 0.
Lagrangan + £, = 71 §§ (9"~ @)~ 2200 rarae

Ener% ' E(\VO, \,/o) ')TS (\\/o (9 \y) + Kosin® % ) rdc

)

km etic potenticd




j Scalfﬂﬂ invariance cand Criﬂc,alifj
l{- A Solves (NMk> and  A>O, then
Ya (-t) v) = Y(-EK) —g) Solves ( Nﬂk) as well.

MOrcover) E( Ya) \h) = _E(\y) \1/) AN enersj—— critical

l)r'olalem

Note : % A << Cl.) then Ya ls  Concentrated

and evolves —"-a.s‘t .

Local 'i:heor\j) small data ‘H\emﬂl

-Enersj norm : (v, \yo)lla = | %“L‘ + "%"% )

s = g% rde, 2 -5 (G + 5 w2 ) rae .
Il small = e, I = E (% %) -

Finite ene sectors E’M - (\%)\yo) E (% \.|/) <02,
\’Sj { l\m \\;o()r)" m, l\nr\ \-Yo(")’“y }

—0
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Theorem (5|’\a:['a,k—5’cruwe 1994, k=1 '
Planchon — Staker — Tahvildar Zadeh 200% ) k> 2 )

Eciua,{t'or\ (\'\le) s l.oga,l.lj wQ,LL—Posec\ wn  each %\h\‘\:e
€r\6rgj sed’or) in  the sense °‘Y’ si‘mnﬁ solutions . J

Linearsation around y=0": :\yl_— ‘_z\y‘_--‘!-’arxy'_-a-%\h_——‘o.
W V15 small, the nonlinear eﬁed:s become neﬂlfﬁihle -?or l&rﬁe times:

M I+ E(v %) is  small eﬂoujh, then  exists 3\0\:@\3 and
i | (), Q)T ), Ay g =0 v
)

Thesc reswlts are Consec[uences ofr Stridhavtz  estimakes .




) S)Co.tionarj solutions  ( solitons)
Miwmisers o{ E:

* on &,.. -~ constunt functions
x o Epmg —> (mIT+Zarctan (rk/’»\">) O)) A>0
xk on L., (w7 - Qarctax\.(r'7¢\h> , O) , A0
%X on other sectors —~=> ﬁ

We dendte Q(+):= Qard:tm(r")) ORE Q(v/2) for A>O.

. ‘{ej role wn  the deSc\-L‘Phbr\, Ojr the d:jna,m(cs 0%— Lcu-je solutions.



‘SQC]UCnfL.O’L soliton resoh{:fonj

!
Theorem (Ca’ce— Keniq — Lawrie— Schlag 12, Cate 13, :)ia. Kem’a 15)

Let v fintte energy wave map for keil,Z}.
1) ‘-Y» T <, then there exist m,leZ, Ne N, t.—»> T,,
O< A << Agn << ..o <= ()‘N,r\. << Ti= e, Wlar-->WE {"‘) '}

and (\\/o*) \-YO*)E (SO)L 5udh ‘that

N
lim | (), y &) = @+ Z 4y v, ¥l =0.

2) |—$ Ti =00, then there exist meZ, ‘\\GJMO) t,— o,
g< 3\,)“ << AZ,r\- <<... << (>‘N,r\ << _t“) -5 € {-‘) )}
and solution o{ the Nlt'near wave eciua.t{or\ such thak

Lin | (e, )= (mr + 21, Q i (8, v (&) =0




% (t)’ .

(vt T ;
/W
MmN

f

Te—tn

Corollary (CKL‘S)
£ (W)\P)GE and E(\y)\i/)<8k7\) Then W scatters.

M\




Kemark s

X |r‘L 'U\e, Iolou——uP CLLSQ) »gundo,mental. Qa,rh'er resulks

0—{— Christodoulou ) Shatah— Tahwildar Zadeh and Struwe

% Oulside of the L(tjh’t Cone, Convergence tn Continuaus time
) €n
e

|~ \

n convergence

/ ?2"\/::2:.“ (\':'mc NE ‘(—‘) ' \\ {or cor\ic- tine

rBE(Q /

4//; E=E(yv5 ) E=E (v, \)
7r, ,\r

X general»‘zes to Gny ke {I)Z)..-} ,

\ ‘\Fr oposition ( (ste) [

\n‘—) n 'H\Q O.‘>ove l‘eSu.H:) N= 1) or YW= L=

LI\ D)

then the decomposition  holds ~Y—or Continuous +ime.

—_— e ]

Do thes cle(.omposi{-ions hold w1 continuous +ime unCondeonalltj?




Soliton  Kesolution ijec‘t‘urej

(Theorem  (Duyckaerts — Kenig~ Martel— Merle, March 2021)

Let Y @ -ffni’ce energy wave map for k=1.

D1} T2 <o, then thee exst mleZ,Ne N,

O< A\ @< Npl)<< ..o << NB)<<To=% , Wtas-->1€ §=1,)]
and (w* $X)€ EoL suk thak

N
tu—r;l'n " (\)/('t), L,}({')) - Gn’)'\"—r; Y Q%(a"‘ Y:} \1-/0*)’)8 =0

2) |—‘)- T, =00, then there exist meéZ, NEN,,

|

Q< A,0)<< Al)<< .. << NyW<< 1, 5,5 vwe -1,
and o solution o{ {:he lnear wave e(iucchor\. such that

le. “ (\Y(t ), Y(t)) (“"T"'Ll er&)‘\-\yl_(t\) w(t \)“ =

g

—



Kemarks
% The {»irs‘l‘ result o% this fjpa af,or & model
which ¢ not Cci't?le'telj {nfejrab]e Was obtained

buj Duyckarrls, Kem’j and Mede w2012
Afor the enerﬂ\j~c,r{{-6uxl -‘—oc.usir\s wave QC‘u&—‘tion.
with  the power  nonlitearity inkroducing
the method of enegy _chanmnels.

% Ceneralized +o all odd dimension in 201

b:j the same authors
% The Proof. o} the last theorem @ enerqy Channels

Our  conkribution Vs to prove, using rather difterent vdeas,
thak the last result holds «%or any ké{l) 2, 3)}



Soliton ’Qesol.utior\ Corljec‘turej

| Theorem (2.- Lawrie , junﬁ 202\)

Let Y & finite Qergy vave map tor ketl 2 5. _{
D1} To <9, then there exst mleZ, Ne N,

O< 3\,({)<< ’)\2( L& . << QN({-)<<T+»{ , Wlar-o € {-—I) I}
and (w# $r)€ EoL suk ‘hak

N
Lt | (y(e), ¥ () =6+ Z 4 Qut w5 Mg =0

2) f T.=ce, then there exist meZ, NeN,,

Q< AB)<< Apl)<< .. << NGB << &, 1,15, 1, € §-1,)]
and ~p_  solution of ‘l:he linear wave eciua:t\or\. sudh  that
L le H (y(t), \y(t» (mr-\-L’L Qx&_)‘\-\yl_(t\) v (E \)“ =

p—



‘l?emarks
* The. radicl crtoeal Yan3~ H\:\\S Ec‘ucdc\'or\ 19 c,losd.'a

relaed ¥ the 2-e.c‘u£vax6ant Wave maps equakin
and Could also be treated by our method.
¥ No solukions with N>4 hose been construcked dor k=1.
For k22, . ond J.—Lawrie  construcked
and studied the “huo—bubble solutions’.
Prior constructions nclude Kn’eﬁer- Snleg —Takaru  for ke )25
and Qa,\ohaél— Codruianski (blou~u‘> with \l=i>.
% The soliton resolution ([)robkm. U5 tnspired
bd the theoy of CO\’WPl&'td\j \'\'\'basraut srjs’cems

and numertcal  Stmulations |



) Main ideas o{- the «?roo%
The desired c‘ecomPosit{on. holds —?—or a time Seglucnce,,
We need to Pre\ler\‘c the .Y—ol\om\«a SLenoro

c,lose 'l:o -%(Lr %row\, oloSc ‘o
mulk— bubble AN k- bublle S~ ~D multi- bubble
(,owﬁ-{%w—a,h‘or\. "collision” C,o\'\f‘—fsjuqutbm Cof\%\'c\}urahbn
( 1

" Collison.  (time) vnkesval”
We need a no-rebum lemma.
* |n9|7ired La (Dw\.jd((lertsf Merle, Nakanishi— Sd\lnﬂ)
Kn’eﬁer, Nakanishi— Sdn.\wa Lor single salton Which (5 linearly unstable.
* Here, nfer—soliton interadtions flay o similar role
a> lnear {ns’ca.laih‘*\a in those orks ( f- 3 - Lawnk )W)




E\/m‘aL (dentity \
]-Y' Y 15 a smooth wWave wmap, then
div,, (%4 24, -2 Q-4 -6

HQ estimake the bou.nda,rn terms
-@rom above and the 5poce - Hme

{nteﬁraL of (’a(@‘ fFrom. below . T

" horizontal” bOunclana, $ << qukCQ,L mi
gg (9{4))2 vdedbt * 2 collision durakin,

5 i) =)

~x

(”Compactness Lemma”)
fem&(n(n% \)O\mdara : L’Snorc —for now
collision  duration = SPcLJo‘q,L scale €

-V



\ |nterior and  exterior bu,‘o‘oles\.
Lt Kefl2,, N}, [ab)eclT,T), O<e<q.
le saa [(L, b s o cdlsion interal with N-K exterior bubbles i}
x d() SE, db)se, D celab): d(c)ZrL

where d(t) s the distance o& v (k) (rrulbi— bubble
+ tadvotvon

* A e = ?K'(’c) sude thak w ‘he rcS\’oa \‘ZyK(t)
'\.\/(Jc)r') s g-dose to [(M~K)‘ bubble + \‘a.dfa,h‘om] :

NQ how Set K to be the smallet number suckh that

there exist >0, o sequence €, —>0
and G Sequ,e,n& ofF collision intervals [Qn ) lan,}
C,orrespondfnﬁ Yo these ?Qva,me‘cers &n, N and K-



L. emma 4C = C(\() 20 and >0 such that
1‘{» La, b] Collision  iriterval wikh Para,md’.ers (E) W K))
thea b-ac > C mun (}%K'(CL), )‘(K(b)))
where i 's  the scale 0% the K-th bubble.

(—M l% no)C) K wWould not be smallest Possible.
A

I Mmﬂk time Yo evolve .

[ fK,-\ kk)

SN T

}*\<. g




CO\’YL\)CL(fn ess L emMmma \)

Let Yn>O and Y @ sequence of wave maps ot bounded energy
Wa dq,{.mgd on the time ~aktervakl [O) S?YJ

5uwose 3 &>+ Sudh that
Rufa
L = S (Q)t%(t,r))z ~drdt =0O.

e fr J
“Then, up to Pass(ncé to a Subsec’uence ,; D € [Q fa]
Qand 1 << sR. such thak e ()
converjes to o multi—bubble —%or O r<nm Po -
Proo Quite relaked to the exis)c{ns Pnoo}s
of  sequential soliton sesolution (Cake, Jia-Keni),
based on the ’B&houri~8érard pofile decomposition. -




Modulation \

¥ Near @, and b, Y s dose W a mulki-bubble
and the Qnalysis Qbove does ot cupply
* I this case, the main  dynemical nformation
are the scales of the bubbles
¥ |Je obtan d»'«He\-em‘c{oV\ {ne.clua,wn'e.s on these scales .

,XW) ~ 2 A 2 NS
ln%Ormal\\ﬁ j — -'Ld"l.jﬂb A"X“ -+ ’\.jlj_lco &—3‘?

%X Error bounded by the enerqy of aitradtive interackions.
% The wfluence  of the exterior bubbles and radiakion
can essenh‘q,\\ﬁ be neﬂledec\ 335 enlaraina En -

X dned  wmodulakidn Pavcume‘l'erSI Qo.Pka}éL—SZe%‘ceL)\\ ) 5~-Laun’e aby



)_f. d stasts 9rowir\8 at t,, then NtF2t,

” LeWna. ”

dtt) db < Code) m () i} k22

d®) dt < CodlbYFlogaltd p(s) i 4.

§
S

The -‘flﬂn&l’ S)CEP 1s Yo Parti)cfor\ [Qm ‘On,} o
' i

T idermedale  modwlakon - -
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' moduladyon Unkermediate | (olltston
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