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F-nergy-critica-lharmoniemaphea-tfwdef.fr
a map ¥0 : R2→ 5,2<1123

its energy is defined by

F- ( Eo) := ES /DIYP dx .

The harmonic map heat flow is the gradient flow
for I with respect to the L2 inner product :

¥ : [ 0
, 1) ✗ R2→ 52e IR?

CHMHF) { ¥ e.)= ¥
,

QUI = ¥ + /DE /2¥

( F-eus- Sampson , 1964 )

Energy identify : ¥+E(EH, .D= -ÇIÇEK, >c)pdx



Equivariante
We Sturdy the dynamics ( long time behavior) ofL-argesdutionsbutonly.ina Special case :

¥ (t) 1- cas⊖, Tsin ⊖) = (sïnyltr) Cos (Ko), sinylt,Hsin(KO) , cosy(tr)) .

Here
,

K c- {1,2, . . .} is the Equivariante9E , TER, re (9es)

Equation for y :

(HMHF
.
) 9- + Ctr)=âH⇔_±qËËËÏÏËÏÏ#

"

Energy : F- (E)= F-(y ) := TÊ /Cory.)2+ᵗ"¥¥ ) rdr
£7 F- (yet ) . )) =- 2T}@ yct, r))2rdr=-2T 11-1-44, -DHÛ



scalinginvarianceand-c-iticaitylfysdve.es(HMHF,) and I> 0, then

* (tir) := Y (¥ , ) Solves (HMHFA) as wek .

l'Yoreover
,
F- ( ya ) = F- (Y) → energy- critica

problem
Note : if I « 1, then Ya is concentrated

and Evolues fast .

Lxaltheoryssmalld-atatheo-y-II-nergyna-milly.lt?:--[ ( (Oryo)' + ¥402 ) rdr ,
"Yokas Small ⇒ Ily.ME ≈ F- (y )

Finite energy section : Emm {y : F- ( Yod < os ,
limyscr)=mI, Linn ydr)=nI } .

1-→ 0 1-→ os



Yo C- {= {
0,0 Yo ^ Yo C- Eqt

YÏ-~:
Tienen ( Struwe 1985)
• l

,
MEZ

, ✗ ◦ C- Ee,m , 7 ! Il >0 max. time of existence,

y:[0,7)→ Een solution of (HMHF,,) such that y D=yo .

• 1f Tt < os , then 7E. >O such that H to >0

2

limsup AYAH {(+≤%, ≥ Eo (energy concentration)t→Te

• V0≤ t
, ≤ ta<Ti we have

F- (Y (ta)) + 21T ÎÎ (0+4*7)? rdrdt = F- (YA)) .

ti °



stationarysolutionsfsditonai-Minimi.se
rs of F- :

* on Emm → constant functions

* on En.mu → (MIT-12autant'À) , O), 1>0
* on {

mini
→ (MI - Zartan (Max) , d) , 1>0

* on other section → ∅

We dente Q (r) : = Zartan (rt)
, Q,:=Q(rA) for 1>0 .

• Key role in the description of the dynamics of large solutions.

÷:÷⇔÷÷::: :::::: :::: :::::-,ha-noni.mg≥ R2→ $2 and correspond to nneromorphic



BÈDE

Theorem-E-iw-ie.FM#--Nandyafini.teenei-gysolution of (HMHFK) .
I) If I, < os, then there exist in>LEE, NEIN ,

0<1
,A)« 72¥ . .

_

« INH)«Ift , riras - -
- une {- b '}

and yé E Eon such thatI ILin |/YA) - ENT-1 ;Ë ↳Qz.# YÎ)//{=0 .

+→Te

2) 1f 1-+ = - , then there exist MEZ, N c-No ,

0<7 ,A)« Idt)-< . . .
« ANH)«ft

'

, ~
, , ra , . . . > ↳ C- {-1,1}

limllylt-l-lmlT-l-EZJQz.at/Le--I+→ es
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Comments
* Such a decomposition, butfo-atisequence.us

known eten for (HMHF) : Qing 95, Ding -Tian 95,
Wang 96, Qing- Tian 97, Topping 97

* The question of existence and description
of solutions containing a given number of bubbles

remains largly open .
Related results include :

- infinite time bubble tree construction for the critica
heat equation by Del Pino

,
Musso and Wei

,
2021

- finite time blow-up construction for K= 1-
by Raphaël and Schweiger, 2013

- Stability of Q in the energy norm for k≥3
by Gustafson , Nakanishi and Tsai , 2010



* The case I, < • of the Main Theorem

was essentially settled by Van der Hout in 2003,
who proved using max . principle that in this case N=1

* It is possible that the case Ties
could also be attacked using max . principle

* Our approach does not retry on it,
hence gives hope of généralisation to (HMHF) .



canpactnessL-emma.tl
Multi- bubble : Q ( nn,Î ,Î) :=mT+¥~j(Qg.

-I)

Localised distance to a multi- bubble :

Spdy) : = int ( Hq- Qcm,ûÎN{(à *Ï("ix.+j' + (Ye)
"

)
"

Minnie,À j -1

Lemnna-l-et~nc-Ee.in , sup F- (Yn) < *, 04fr < os,
n→n

and assume that him
nus
lnlttxn)¥=O .

Then there exists a sub
sequence of (yn),M , m,Î,Î ,

Ro >O and Rn→ as such that 7mm ≤Rpn and

2

lin ( Hun- Qcm .FI?Nqernsni-Ë("""
µ
)
"

) - Q
n→cs j=L

in particular III. Srnpn (Tn)-O .



Propagationspeed~F-nergydensi.ly: e (yo) :=É( (dry)? -1¥ sirène)
R2

Localized
energy : F-(y ; R, , Rz) := S etg) rdr

R
,

Lemina (Struwe) 3- C such that y :[Qt]→ Een

solution of ( HMHFK) and R
,
R
, , Rz , r >0

F- (+ (t); O, R) ≤ F- (+ (o);D Rtr) + CÊE(~(o))
IHH); Rir, Ra-r) ≤ECYH) ; R ,Ra) -1 CE F- (+(O))
Let ∅ a Smooth function .

ÎÎ *Toi rdrdt-fel~ct.IO/2rdr
0 0 as

° tz

= { ecrits) à rdv -25 Sq
ti o

TAT ∅@drdrdt ⇒
as

§ etyltz)) 012 rdv + € Ë [ (0+-1)%12 rdrdt
tz as

≤ [ elyltiltèrdr + 255 (qu)" rat rdrdt .

tt 0



sequentialbubbhede-npos.to#Pr-oposition-Lety a finite energy solution of (HMHTI)
such that 1-

+
<os

.
There exist in,LEZ, NEN, 4,22 , - -

- MN C- {- b '}
tn→ Tt

,
0e Ai,n« .

. .

« 1N,n« TEE and YEE Ex :

(i) him My (tn) - yé - Q (m,Î, 115-0 .

n→os

(ii) tim F- ( rect)) = NE (a) + F- (¥)
+→Tt

tiii) Vx>0 lin F- (✗ (t) ; 0, ✗Et ) = NE (Q )
t-Il

¥:c
,

F-(+ (t)-YE ; LEE , a)=D ,

Civ) 7 g :[0,7, )→ (qu) such that

him ( slt)/Et + IHH)-4¥ - m'TAEG≥,#))) -
O

.

t-Il



^

F-→ 0
continuons

F-→ F- (YE )

¥
.

"⇔

Corresponding result in the case 1-+= os : p (t)« ft
0<7

,,n
«

. . .

« 7N
,n
« En

F-→ NE (Q )

F- → 0



cdlisioninterva.CLet y a solution of ( HMHF,,) , TÉQT), Open,O≤KEN .

We set delt;D - inf (Hult)-TE- Q(mÂÊNÊ⇔+Ëx("4.*))"
,

where IK :=p and ANH := JTFÎ or FL .

(Proximity to a multi- bubble in the exterior region r ≥s) .
We set d (t) : = ddt; o) .

We know that Lim dltn)-0
,
and want to prove him DAKO .

nous t→T+

Def Let O≤ KEN , ◦<«q .
We say [a)b) c (QI)

is a collision interval with parameters E
,R,K if

* d (a) ≤ E
,
d (b) ≥ y

* 7- % :[a)b)→(Qu) : daft; q (t)) ≤ EV-tc-L-a.to] .



lnteriorandexterior-bubbeletk.be
minimal such that 712>0, En-30

and collision intervale [an , bn] with parameters En , q, K
-

d (t)* 0 ⇒ K is week- defined , / ≤ K ≤ N .

f-an :

an ≤t ≤ bu :

O
✗

+= bn : not



Lengthofthecdlision-intervalslemma-J-C.IE(y) >O and { >O such that

if [a) b) collision interval with parameters (Giz, K),
then b-a ≥ C- ' 1

,< (a)
2
.

Fr001 If not, K would not be smalkst possible .

⇐a

:
Propagation speed ⇒ K- th bubble stays coherent⇐b :



I-ndofth-prfweha.ve
ce >O and an infinite sequence

[Cn
,
du] c [an, bn] with dn- en ≥ -7<6-5 forte [cmdn]

and V-rn-sosliminfinfn-osse-cn.ch] { 7<6) (✗
(Snl) ≥ E .

By the
"

Canpactness Lemina
"

,

limsup inf 7×6) HT (xls)) )/ La >0 ,
n-scssc-T.cn,du]
du

J 11TH (s)) /là ds ≥ -1×2 *¥ ,
Cn

which is impossible since Ë Itty HÉ dt < os .


