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Ener35-crtticmL harmonic map heakt —‘flow

el For @ map F: R*— 5°cR?
ks gnergy W defined by
—E(\PO) = %S \V“K\Z dx .
The  harmonic map heat flow i +the 3radt€nt Hlows
-X—or B wikth  respect To the L*  tnner produck
¥ : [OT,)x R"— S*= R?,
(HMHF) zq/(q o \
QY = A¥Y + |VEI'¥
( Bels— Sampson, 1964)
_Enerﬂf_\ {cle,mt'@cj . E%E(Y(t"»:_g \Q{Y (‘\:)x)\zc\x



, Ec[quq,rfant maps

We study the dyoemics (long +ime behavior) of lame solutions,

but onlj nw a SPech\,L case :

Y ('t) r o960, rsin Q) = (siruy(t,r) Cos ('ce), sy (t,r) s{n(k@)) Cos Y(’c)r)).

Here, ke {1, 2,--{ 5 the equivariance degree , telR, re (9 )
EC'UCCHOY\ FFOI' \l/ . —[;(L\\/\ n 'Ec,w\g(o“ QQ '\Y“

R

e | k-
(HM HFk,) g-l: Y (t)r) :9\' “”(t’r)-" —Ffa" \}/(t)r)" 2t sin (ZY(’c;r))

Enegy:  E(%)= Ely,)=T § (@ £k ) cac

-dit E (\Y(t).)) = - 27\'5 Ca't \i,(t)r))z vdr =-27 “T(Y({,‘»“E



j Sf-alfﬂﬂ invariance cand Criﬂc,alifj
l-i— \t/ Solves (HHHE) and  A> O, then
() = y(G,3)  sebes (HMHE) as well.

Moreover) E( Ya ) = -E(\I/) NN Qnersj—— cribical

l)r'olalem

Note : % A << Cl., then Ya ls  Concentrated

and evolves —"-a.s‘t .

Local 'i:heor\j) small data ‘H’\QOrﬂl

'Energj norm : l'xyollz :=S ((Qr%)z + % \\/:'> rdr,
o] z —~
Il small =l llf = E(\\/o)
Finite enerjj sectors gm)m = {\\/ﬁ,‘ E(\\/o <w,

L e i =T §



SN v, €E=&,, W Yo € o,

Theorem  (Struwe  1985)
. X L,mez) Vo€ EL,«\ ) Al T. >0 max. time of existence
v [OT)—> & sdlution of  (HMHF) such that y(O)="s -
. '-g- —E_(C/J) then J€.>0 sudh thak N >0
L&?r\ﬂ) "Y (+ )|.£ (i‘ﬂ =z &, (enev3\3 Loncentm:\:\'on)

¥ O+t €6, <Th W have

te @
EM{®) + 27§ § Oy rorat = E(y®) .
X °



)Sto.tionarj solutions  ("solitons’)
Minimisers o{ E:

* on &,.. -~ constunt functions
x o0 Epumy — (mTT+2actan (vk/ﬁ">) o), A>0
xk on L., (w7 - Qarctax\.(r'7¢\h> , O) , A0
%X on other sectors —~=> ﬁ

We dendte Q(-):= Qard:tm(r")) ORE Q(v/2) for A>O.

. ‘{ej role wn  the deSc\-L‘PJabrL Ojr the djna,m(cs 0%. lcu-je solutions.

Kemark,  Stakionary seltions of (HMHF) are called
ho.\‘monf (& ma\as_ rzzq ‘51 a,no\ (,orresponc\ 'Eo meromm?k;c,
-Y\,\ndfions and ks Con juﬁa‘tes (Edls — Wood ) |9F5 )




“Bubble decomPosihbr\. \

Man Theorem (3.—Laurie, 2022)

Let ke N and Yy a -finite energy solution of (HHH‘FK).

1) W— T, <9, then <there exist m,leZ, Ne N,

O< N\ W< V)<< ... << AN&)«@?}T st € i1 1]
and wr€ EpL suh that

N
JEE;L-Q " Y(Jc) o Gﬂh; L Qmjva"' Yo*)“e =0.

2) f T.=ce, then there exist meZ, NeN,,
o< 3\'({- << xz(t)<< . << (XN(%)<<F) -5 W € {-‘) )}

N
ii“” “ y(E)— (mw"'% 'L\,'ij&))“g:o
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COmmentS

*  Sudh a decom\;osi)c{or\ ) but 4or o time Sequence
s knoun even for (HMHF): Qing 95, Ding~Tian 95,
NG.X\S 96/ Q{c\j- Tian 9%, ‘rowff\j 9%F

X The o‘uesﬁon of existence and de,sc,r\’f\)‘cion
Q-Y— solutions Con‘faini\\\tj G 3i\le(\ number o% bu bbles
Teniing MLVSLB open . Relaked resulks indude *

- ih%i,ni‘\:e, time bubble. trce Construction -?or the wrikical
heat eclu.a:ttox\ b\\j L Pino, Nusso and Wel, 202\

- ‘gini“:& ‘Hme_ blow-up (,or\s'hruct\"o(\ -Y»of \<.=1
\)3 Qa?\\aél, and édf\webef, 201%

~ stabilik Q 1w +the ener norm v k23
\9:) J %%w‘\:@fson, Nakanish: gc?nd TSCLL)‘%;OIO



% The case T <0o? 0{» the Main T heorem
Wacs Qﬁﬁeﬂtid\n settled b:j vaa der Houk 2003)
who ?rovec\ usinﬁ Max . Pr{mc\;le, that @ this wne N=4

* L 'Possib\e, that the case T\,zm
C.OLLLC\ also l?e a,t'tackd uS\'r\s Max. ?rinci?\&

x Our CLP/')road\ does nat rdj on it
hence 3(&5 \\ovz oﬂ— 3enerc.,\i60:bb\'\ o (HP‘\\—\\:)



‘LComPa.c‘tness L emma ‘

[y
Mudki- bubble : Q(m, 2, %) =wT+ 2 1. (Q,— 1)
J=\

Loga,\.ise& dis‘t&r\ce '\:o G Ml — l)\.\,\)\ol,e E " |
o . - T = N . PN k>/?‘
b (Y) 1= k) (= Q2D "'g( ) +(V)

Lemma  Lek Vo€ Epm, Sup E(Yw\ <oo, Q<g <»,
ond  Qssume that L [ \\T(\r“)”‘_z =O.
S _—
Then there existh o Subsecfu,em,e O-Y— ('\yw)) N) m,?) />\“)
T, >0 and K. — oo such —that 9\“M Sqeofn and
M-
. N 2 Q\n,,‘ k _
bim, ( “ N Q(m”\" (A“)ug("ia\fw) +3=Z\ ( /'Amjﬂ\ ) B O)

n—>o

-{n_ ?ar‘ticuh:»r 1{,\'VV\, SQv\ £ (q‘/“)-:o .

n- 2



)f\-opaﬁa:h'on steeo\ \

?“efﬁj denst\ﬁ . Q(’\\«> =3 ((9 \\/)2 i Sin” A

Locakized energy : By, ® z) = S e(~,) vdr
Lemma  (Struwe) D C sudn that N[0t =€,
Solukion  of  (HMHF) and R, R,R,,+>0
E(v®); o, R)<s E(v(0);, 0 Rev) + C%E(«\f(o))

E (v R, RS E(vl); R,R) 4 CE B (v (0)
/P\'oox— Le,t (P G Smodth -ﬁmd’.\bk\,
S (D) $ cdsdb + S e (¢ () § vdr
) X, o2
= S e(\\aUc\\) (Q vde -~ 2 S S Ny $drdcdE D

o ¢

§elaplo) gt vée + 4 S s (Ot v ot

Qo

< Se(w(tﬂ)!? cde & ZS S Or) (Br @) rdrat |



| Sequential  bubble decompositin. |

/_PL‘O\)OSi,‘HOV\- Let ’\r G ﬂanC)Ca 6ne.r33 solukien 0—‘- (\-\M\—\ﬁ)
sudh that TV, <co. There exist m,LE€Z, \\\el\\l) Uy € {—-l) I}
t.— T, , O< Njn << << Dy, << JT~t.  and Vo€ &g ¢
Q) lim Ty () = - QG AN =0

w~>on

() i Elw)= NE@)+ E(y)

@) Y o0 R,\vv\, E (v, O, oé\gT* ) NE(Q)
xm E(~vE) = Tt ,02) =0,

Gv) 3 g:IOT)= (0w) sud that
Jck—\»w-t( ( g(t)/ Tt ¥ “*\/("C\—”\\/J‘- mw“ﬁ(vzp&)»:o‘



E — NE(Q)
conv. E —_—> O

Continuows

time T — “E(\.‘J:)

>

CO\'\‘QS?ond.ix\j cesult \n Yhe caxce -[1 = f ( t) << \FE.
O< 9\\,“,44 .. << (X“ﬂ\' << H

E — NE(Q)
= — 0

>
7




) Collision ir\ter\!alﬁ\
Let D A Solution Q-Y. (HMH ), ‘bé[OT) Q<S><w QsKs\

We set dK_('E)S’) ‘=_1:,“é (“‘Y&)‘ Q(m)\. 3\)\ g( >S’)+Z y”\«-))
where [)‘K":? Qnd Am\ = &T;'t or S;

(/P"W\'m\'{ﬁ o & muwlb—bubble 1n the  excteror ccﬁiow T2 f)
We set d&):= d(k;0).
We kuow thak  lim d(£)=0, and wonk to prae dim d@®)=0.

>0 T,
. Lt OsKsN,| O<eg<q. We say La,b]l < (OT)
w o Collision interval with parametess €,q,K &
% dla)se, dlb)2q
% g :lab)=(0x) « d (t; p(D)s e Vela,b].



U(\‘ber{Or and <terior bubblesﬁ’l
Let K be minimak  such thadd 23>0, ¢—>0

and Collision iilervals [Q“ , bn] wikh ?arcm\dzrs €, U K -

dl) >0 = K u wl-ddind, ISKsN.

O K-bubble,  §x&) plt)

v e —
An st g bw

O ¢ A0 p(t)

S -
t=b.: not

O K-bubble,  §&) plx)

X S —




Length of the collision intervads

Lemma I C = C(y)>0 and ¢>0 such that
i-"» La, b] Collision \nterval with Paaneters (S) L K))
thea  b-a > C' A (a).

/_p_mﬂ; L‘— not, K would not be smalkest possible .

-t‘:a '. ﬁ\

/-\_/! >

A ()

(Propaﬂa;\:\'on Heed = K-th bubble s‘ta,\js coherent

AN
M

=b-
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L—E“A O% "H\e ?roo-‘i—\
We have €>0 @nd an infinike sequence
Lle,d) e Tayb) wth a—c. 2 @ Lor tele,d.)
and N n—w  Lmiof wf 5, o () >

n—=>om 56[&,&“‘_\

‘33 the "COm‘)Qctne% Lemma’ )

Lim. sup {gs;. . A (5) J T (yGI >0,
e Y ) S€ Lcn,dn

dn
§ 1T 6M)IE dsz AL - &!K;,

Cn
e

whidhv W im‘)osscu—e Sinte S “T(’\th))“l; dt < co.

o



