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scalarfieldsindimension1-1-L.at
U(∅) : = f- ( l -0142

and consider the equation
(CSF) 0+201 - Qio + N'(d) = 0 ,
D= ∅ (tix), (t,>c) C- RAR ,

which is the Euler- Lagrange equation for the Lagrangien
I : = f5 (taï - I (Qu)' - V61)) dxdt .

F- ( do > À)=Eµ(à)+Ep(d.)= [ ( toi? -1-120×01.12+41100)) dx .

IR ÉTÉ potential
"

The space of states of finite energy is a union

0f four affine Spaces E-ç- i , {-çi , {↳→ and Ens
each parallel to E := t' (A) ✗ L' (R)



kinksgantik.in/-sand-nnulti-kinkconfigurations--/
Minimiserons of the energy

:

E
- i
,
-1 ,
{ ↳ | me> constant functions

E-
↳ i

mm> tank ('¥ ) , the Kinks

Ei
, -1 ms - tank t'¥ ) , the antikinks

We set Hlx) : = tante (Ê) .
For = Ca

, , az , . . . , an), a, ≤ az ≤ . . .
≤ an

,
we dénote

HCÊ ; x) : = 1- + ÈC- D'< (Hlx-an) + 1)
1<=1



n-bodyappioximatiorc.V.euHl . - a) as an "
extended particle

"

of mass M := F-
p
(H) = § .

• Potential energy of multi -Kink configurations
Êp ( ) := F-

p (H ( ))= nM - 8Ë e-
"""'- ak)

+
. . .

K=L

• Force acting on the K- th
"

particle
"

Fk (à) = - da,Êfà) = 8 ( e-"""
-"k)
- e-
""-ak-D)+ . . .

( by convention ao=- os, anti- os )
• r- body problem with attractive exponentiel nearest - neighbours

interactions

(NBP) M ai (f)= 8 ( e- (aka (t)-aide))- e
- (akh)-ax-it))) .



lÜdityofthen-bppimti(



kinkclusters-ID.eefinition A solution ∅ of (CSF) is a Kintzler
(for positive times) if there exists of : IR→R

" such that

lin (110+104)%2 +11pct)- HCÊCTDHÎ +Ë e- '
"
'"'
"'"""D)=p .

+→ cs Kil

ctxu-acterisatia~1i-cha.in of transitions between Vaara

of minimal possible energy

∅ is a Kink cluster ⇔ 7 ✗◦A) ≤ x, (t) ≤ . . .
≤ xnlt) such that

• Linn ∅ (t, x" (t)) = C- I)" YKE {0,1 , . . .

,
n }

+→ os

• F- (01,0+10) ≤ rep (H)

characterisation2i-asymptotr.caUy Static solutions

(analogues 0f parabdïc motions in Classica mechanics)

lin.nl/Q-o(t)Hj--O ⇔ ∅ or -∅ is a Kink cluster
+→ as



Asymptoticbehaviourofk.in/cclusters--
Explicit patabolic motion of (NBP)

ami (t)- axlt)= 2 log (Zt) - log "ⁿz , ai#n-il-2k-s-heoi-enr-1.lt
& is a Kink n- cluster

,
then there exist

continuousLy différentiable functions a, >Az , . . . > an : IR→ IR

such that get) := ∅ (t)- H (à
>

(t)) satisfis

lin ( Max / aw , (t)-alt) - (2 log (2T)- log "ⁿ_¥) /
+→ cs l≤Ken

+ max /ta,! (t)- (n-11-2k) /+ tllfgltllly-tllg.lt/lHa)--O.

/≤k≤ n



0rthogonalityconditionsan-dmoduat.nl
he decomposition ☒A)= Hlàlt)) + g. (t) is made vinique
by imposing the orthogonality conditions

os

(012TH) f 0×1-1 (x- akct)) glt, >c)dx= O fa- ke {b-→ n} .
-D

The map ∅↳ ( , g) is a difféomorphisme from a neighbourhood
of the set of widely separated multi- Kink configurations
to a manifold in R

"
× H ' (R) of codimension in .

"
Modulation method

"
:

( CSF) + Time différentiation of (ORTH ) →

→ coupled system of differential equations for and g.



F-xistenceofkink-custers-D-finition-lo.listance to multi- Kink configurations)

s ( d» À) := inf ( Moi.lk?+ltq-H(F) 11¥ + ËI e-
"""'-'"') .

I>EIR" K-1

Thus
, ∅ is a Kink n- cluster ⇔ lin s(∅(t↓∅ (t)) =D .

+→ cs

The position Vector à given by (ORTH) does not necessary
reach the inf, but it does up to a constant :

11f10 (t) /là -11110 (t)- HCÀCTDHHÎ *Ë e- """'
'"- """"⇒ (014-1,0+011+1)

1<=1

Tieorenr-2.1f L is sufficientLy large and Ê=(aoi, - - - , aqn)
such that aqui- Go, " ≥ L, then there exists a Kink cluster

∅ (t)= H (à
>HD -1g (t) such that à

> (o)-Ê

and S ( ∅ (t), d-∅(t)) ≤ ( eh+E)
- '

for all t ≥0 .



t-hecasen-2lkink-antikinkpa.rs#|
Theoreme ( ] . - Kowalczyk- Lawrie 2022, preprint 2019 )
There exist a C" function alt) and a solution de of (CSE)

such that
, for all t ≥ -6=1-0 (e)

l alt)- hag (253T ) / ≤ t
-2"

, la'A) - E
" / ≤ t-3" ,

Il ∅, (t) - ( I - H (• +alt))-1 Hl. - alt))) /lui
+ MÉA) + alt) (Qctk. + alt)) -10×1-11. -alt))) /La ≤ t-2".

Moreover
, if to is any Kink- anti Kink pair,

then there exist to, x. E IR such that

∅ (t, >c)= de (t- to, x- xD .

R-ein.fr n=2, there is
'

u-niqueness-i.ir Theorem 2 .

We expect uniqueness for general n .



Relatedre-sutsw.tn/adati,Ohkuma
:
"

Multiple- pole solutions of mkdv
"
1982

(2- solitons and 3- solitons with asymptoticallyequalvelociti.es) .
• Krieger, Martel, Raphaël :

"
Two- soliton- solutions to Hartree

"

2009

( construction of 2- solitons with velocitiesconvergi.mg to O )
• Theorem I for n=2 was obtained by ] .

'
18 for gkdv

and by ] . - Kowalczyk- Lawrie
'
19 for (CSF) .

• Analysions of the gravitationat r- body problem
Pollard

,
Saari

, . . .
' 60- '70

• Hénon '74 found in Independent Concerned quantifies for (NBP)
• Lan and Wang

'22 Constructd soliton n- clusters

for any n for generalised Benjamin - Ono .



Refirent!
• Modulation method : décompose

∅ (t, >c)= H (à> (t)
,
x) + get, x) , : R→R

"

cs

IH (x- auct)) g. (tox) dx = 0 .

• Introduce the localised momento
cs

pa (t) :=
- S [C- 1)"IH (x-axHD-lxkltsxkxgltsxDQ-olt.sc)dx,
-cs

✗ K - cut - off in the region of Kt
" Kink

Proposition [et gct) : = Ë e-Calcutt)
-aka))

.

- -

Kel

Then HEALTHÛ -1 Hgct> 11¥ ≈ slt) and

/Mai (t) - pk (t) / ≤ slt) , / pict)-Fida> (t)) /≤ _Ûg÷ .



F-jectionmechani.sn#LetV(a):--T=p(aT)-nM=
-8Ë e-""""") 1-

_ _ .

Kil

MÉ '(t)= j'(f) +. . . j' (f) = -TNCÊCT)) + . . .

¥ (- V( (t))) = - fyp-Yt.TV (à>(t)) -1 . . .

§Î (-Vcàct))) = MI /TIVCÀCTD /2-# j'A) •Ttvlàctpct)
+

. . .

→ g
" (t) ≥ slt)2 → slt) = t

-2
.

→ limsup | min (aw , (t) - auct)) - 26Gt / < os .

c-→ cs t≤ Ken

Rema Bounds on max (aw, (t) -aklt)) are more difficult .
/≤ Ken



cavstructionofkinkclusters-Treorem-2.ltL is sufficientLy large and à!=(aoi, - - - , aqn)
such that aqui- Go, " ≥ L, then there exists a Kink cluster

∅ (t)= H (à
>
(TD) -1g (t) such that à

>Cotai

and S ( ∅ (t), d-∅(t)) ≤ ( eh+E)
- '

for all t ≥O .

Overall prof Schema ( due to Martel
'
05) :

- YT >0 701, solution of (CSF) Satisfying
the conditions above for + c-[QT]

- pass to a weak Limit as 1-→ os
.

The first step is done by imposïng initial data at ti

and using Poincaré - Miranda theorem (multi-dim intermediate
value theorem ) .



l4nkdustersasprofiksofkinkformation/Cdlaps÷-|
_heorem3✓. Letty>O be sufficientLy small and Iet (Qu)m
solutions of (CSF) on time intervale [0,7m] Satisfying
i) line S ( tonton)

, Ibm (Tm)) = 0
mis

ii) S ( loin(t),Qdm(t)) ≤ n for all + c-[0,-1m]
iii) 8 ( Olinto), Qdm (d)=p .

Then
, up to extracting a subsequence, there exist

D= n'" < n
'"
<
. . .

< n'" = n
, for je { 1 , . . ., l}

a cluster P"' of n"
'
- n'+" Kinks and (✗Î ') ," such that

ein (✗Ï "- ✗ m'i' ) = as for je { 1, . .

,
l- l } ,

trucs

|/ olmlt) - [ 1-+ÎC- 1)"
""'

(P"'(t , . _✗m'i')- I )] //
µ ,
-70 lac . unit.

E- I in t -


