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/lSCCd.ar {-Celds n dimension 1+4 U(o)

|

Let UC0):= L (1-4%)
and consider the e,clua:h'or\
€57) Bte- 0+ WH)=0,
¢= $(tx), (t,x)e RxR ¥ ——

wWhich vs the TEuler — Loﬂra,nse eciuah'on ﬂi-or the La-amncju'cm.
2= (0(L6%- L(06) - UW) dxat.

E(4 &) =E, (§)+E0)={(£4’ « 1B + U(4) éx

R Kinekic f)oten‘t\h&

The space o«‘- states o,‘. -Y-ini{:e energy 15 Q@ unfon

o{— -i—our a«H{ne glaac,es 6-.,-., g..,.) 5.,-» and El,\)
each parallel o €:= H(R)«L2(R)



| Kinks, antikiks and mulki=kink confiqurakions

Minimisers o.f_ the e,ne\-jjz

E_l,-| 5 £ N ANNTD constant «‘-umﬁons
£ -1, AANAASD ‘ta.n‘x (x -2_—0' )) ;\:"\-Q kU’\.kS
6 = ~~~> ~tanh (’%)) the antikinks

We set H(x):= tanh (Ez')
F‘l-:()\-' 3 = (a‘)az)--‘)a’“>) O"sazs-nsa“) We Aenote

M, ) = 4+ kZ:_(—l)“(H(x—ak) +4)
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n-— bodj O.FFrox{ma,’Cion. J

« View H (- - a,) a5 an extended Part\'d,e. )
of mass M = —EP(H) = —%— .
Poteatial en erqy of mulki —kink cowﬂ-isuro:\?ions
E (D) =F(H@)= nM=- 83 ™™y
k=1

)

Force Ou.tir\s on the k-th ?cuticl.e "

~ N Ol L =@ -a-)
F@) ==, E @) =8 (o),

l):j Oorwer\.t\bn, CLO:—-m) Q"\+l=m )

= body problem  with axtrackive e.xPor\ea’cC&L negrest — r\eig‘r\\:om-

wterackons

(NB(P) M az (_t)= 8 ( e‘(akﬂch)—ak(b))‘ e"(CLk(.‘b)“G.«y.-\(t))>.
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| Kk clusters |
Delinition A solution é of (CS\'—') s & kiak - cluster
(-g—o&' f\osi,ﬂxle fime.s) '\-‘— there  exists 'c_f W= sudh thak

b (Ha@(t)n; +[le)-HE@ W), +g e‘(“**“t"“(*’>>=o.

Charicterisation 4 @ chain o.g. transitions  bebleen Vaoma
OS— mMunumnall PO$$§-51& wnegy

P 15 a kink duster < D X )< x,(B)s ... s x (k) suh thak
- lim 9y 2 () = (D Vke {Q1, ..., n}
E(d))?tq)) < n‘EP(H)

Chaosoccterisation 2 o Q.S\:)m?to‘\?im,un stakic  solutions
(anq.leues of parabolic mobions Jn classical mechanics )

lim 2,65 =0 © ¢ or -9 is a kink duster
o> L




TAsjm‘:‘totic_ behaviour of kink  clusters

Explicit parabolic motion of (NBP)

Oy, (B)—a, ()= 2 Log (2%) - log k(gk) L o) (9)= r\+\;2k |

Theomm i \-Y- d? 19 a kink n- cLuS‘ter) then there exisC

Qon,'tir\uOu.sLj differentiable -g\u\d?(ons A, R 5oy Bt K— R

sudh  khat gle)e= »(X)— H(T®) satisties

G (=0, (0 = (2 kg (2)~ Log 59‘%‘9‘)\

Lim. ( mMax
- lek<a

4 max [£al (= (w1-20]+ £ 12,9(0) s + tlg(e,)=O

ke n



Or‘thogona,\i\?j Condibions Gnd modulakion

The decomPosL’cior\ d)= H(@ @)+ 3(‘\:) 1 made unigue
b\j im]‘)osir\g the ov‘UﬂoSo nalib\\j CondiXcions

(orTw) g @xH(7C~ak(t))8(t,x)dx=O Lor kefl,n].

The map  ¢+> (@, 9) is o diffeomorphism Srom & neghborhood
of the sel ot widelj separaked mulky- kink Con%ic\suroct{ons
o o mw\i-‘-olc\ i RYx H\(K) of codimension .

" Modulation methed” -
(C‘)T—') + [ime differentiation of (orTH) —~>
~> C,O\x?\,e& 'injste,\’\'\ o,". diferential Q,C\ULCL’C(OV\S %o\- E? and 3



Existence of kink c\uste*'sx

Definttion,  (distance to  mulki— kick configurabions)

n-l

5 (4, 4) = iof (160G g.= HEDIG + 2 & )

b eiR™
Thus, ¢ is o kik a-duster < bin §(9(t),9.¢®) =0
X2
The position Vector =~ Jiven bj (0RTH) does not necessdsily
reach  the wf, bub it does wp To a constant :
n-\ —a,
12,4 O3 +1 - HE @)L+ & SO g (4e)30(6)

k=)

Theorem 2. 1£ L s sufficiently La,rﬁe, and 33,=((lo,\,---)ao,n)

suda that Qo i — Do >/L_) then Tthere exists a kink duster
p(E)= H(a:)(\?))—i-ﬁ(’c) such that @ (0)=a,
and S ¢(t), gth(‘b)) < (€L+‘\:2)—) for all £20.



[—V\r\e case n=2 (kink - antikink PG.\:fS)‘l

Theorem.  ( J.= Kowalcegk - Lowrie 2022, preprint 2019 )
There exist a. C' function alt) and a solution ¢, of (C5F)
such that, for all t2 T, =T(c)

| alt)—- 193(2&' ’c)\s e L |ew- )c-ll5 t—3+£)

| ¢ (£) = CI= HE +a HE—a@)) Iy
+ 1 6.0 4 @®(3HC+at)+ AH(—at) | 2 < X5,

Moreovery if ¢ s any kink- antikink par,
then there exist t) %€ R such thak
d(t,x)= & (t-%, x-x).
gem&rlc For n=2 5 “there is uniqueness  ia T heorem 2.

\AQ Q.x?ec,t \»\,m'C\ueneﬁS -Q—OV 36\’\&\'0l n -



Welakted res uL’cﬂ

+ Wodaki, Ohkuma + "Mulkile-pde solutions of mkd\” 1982
(2- selitons  and 5 solitons wikh asymptotically equod- V?-\OCL)C@A‘-‘)-
- Wrieqer, Mastel, Raphail :” Tuo~ selikon— solulions *o Harlree” 2009

(construc:tiom of Z—solikons wikh  velouities Cmvevjinﬁ to O)
Theovem. 4 Jor n=2 was obtuined 53 j.)lg for cj\(d\/
and by 7).~ Kowsleayl— Lanric N9 $or (C5F).

. PmaLjsis of the Graw thakional  n- body problem
ou-CU‘d) 5&(1,\-{,) ... ’60-"%0

+ Hénon 'Fh found n independent  Conserved quarntities for (NBP)
+ Lan and \'JCL\'\S 722 construdted  soliton - Clusters

‘?OV O»n\sj n -gor 6enero.\,CseA @e\’\SC\m(n —_ Ono.



| Refined madulation
Modulation method CICCOM?OSC
qD(‘t)‘L)—"— H(T W), x) + 3({:,1) , T IR— R

e}

S /QXH(’x«ak(’c))g(t)x)c\x = 0.

—_—

lntrodu(,eoo the \localised wmomenta

Pk- (t) = -'—gm [(‘ \)VQLH (X- Q. (t)) -+ X"' ( t)x)gxg (‘tﬂ&) ch) (t)'x)d'k)
X L cut - o—Y——\: w the reﬂiom og_ k™ kink

a-|\
N () =a (v)
/ProrPosik\'-or\ Let S?('k) = 2 e M )= () .

k=\

Then [0+ lgIf = ¢t) and
M@ -p,®] 2 ¢@), |RO-F.RW)|g 12

T =log gt)



Ejec‘tior\ mechanism (

~ n-l -
Lt V@) =F, @)= aM = =83 & ™™™ |

k=1
ME )= P+ PO =-V (@) +...
c%c(" V(a’)(t’)) = - "‘\'K F(t)-V\/(E’(\:)) ~ ..

+= (-v@w) = L TVEOF L4 TO.VVE) 7o)

|
ME

~ ") 2 g} > )= +7.

— Lim Sup

toONn

min (ay, (9-a, ) - 2l | <.

Wemark Bounds on  max (au\ (V)-a, (\:)) Gre more dufficult.

lgk<n




| Construction of kink clusters |

Theorem 2. I£ L s sufficiently Lcu'ﬁe_ and &'3,=(ao,\)~- )C‘-o,n)
sudi that Qg —Gow 2L, then there exists a kink duster
()= H(E’ct))+3(t) such that R (0)=a,
and  S( k), 9.6() < (e+2) for all £20.

Overall Proo-‘- scheme (due to Martel ’QS);

- Y T>0 3§, solution of (C5F) Sakis{ying
the  condibions abok for teTqT]

-  pass to & Weak Wik Qs T — oo,

The Lk step s done \03 \'m?osfns wnitiak dakoe ok t=T

and ustns Touncasé — Micanda.  theorem (mul'\:i —dim  tnCermediate
value  theorem ).



["{ ink clusters a5 profiles of kink formation / Collapse \

Theorem. 3. Let >0 be suffluently small and lek (®)u
Solutions of (CSF) on time intervals [OTL] sakisfying
W hin 8 (00 (), O b (TW) = O

#)  8( )b (D) s for al *e[OTw)

i) 8 (4w (0), O dnl0) = q

Then, wp To extracking O subsequence, there  ®xist

O=n<a® <. <a®=q, dor jefl,., U

o dustec P9 of - a9 kinks and (X&))m such thak

b (X2 X9) = o S el L]

n-S0

\\Cbm(t)~[i+§_(—l)“(w)(17m(’c)" W)= [, =0 e uai

w .




