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This paper is dedicated to J. J. Erpenbeck, pioneer in the study of shock
and detonation stability

Abstract. The rigorous study of spectral stability of strong detonations was begun by Erpen-
beck in the 1960s. Working with the Zeldovitch—von Neumann—Déring (ZND) model, he identified
two fundamental classes of detonation profiles, referred to as those of decreasing (D) and increasing
(I) type, which appeared to exhibit very different behavior with respect to high-frequency pertur-
bations. Using a combination of rigorous and nonrigorous arguments, Erpenbeck concluded that
type I detonations were unstable to some oscillatory perturbations for which the (vector) frequency
was of arbitrarily large magnitude, while type D detonations were stable provided the frequency
magnitude was sufficiently high. For type D detonations Erpenbeck’s methods did not allow him
to obtain a cutoff magnitude for stability that was wuniform with respect to frequency direction.
Thus, he left open the question of whether the cutoff magnitude for stability might approach +oco
as certain frequency directions were approached. In this paper we show by quite different methods
that for type D detonations there exists a uniform cutoff magnitude for stability independent of
frequency direction. By reducing the search for unstable frequencies to a bounded frequency set, the
uniform cutoff obtained here is a key step toward the rigorous validation of a number of results in
the computational detonation literature. The detonation profile P(z) is a stationary solution of the
ZND system depending on the single spatial variable x € [0, +00), the reaction zone. The spectral
stability of the profile is governed by a nonautonomous 5 X 5 system of linear ODEs in « depending
on the perturbation frequency as a vector parameter. Difficulties in the analysis are caused by the
existence of frequency directions ¢ for which two of the eigenvalues of this system cross at a particular
point z = z(¢) in the reaction zone. Such points z(¢) are called turning points. A necessary step
in obtaining a uniform stability cutoff is to obtain explicit representations of the decaying solutions
of the system that are uniformly valid for frequencies near turning point frequencies. The main
mathematical difficulty addressed here is to produce such uniform representations for frequencies
near the particular turning point frequency (oo for which the associated turning point ((so) is +00.
As part of the stability application here, we provide methods for handling turning point problems
on unbounded spatial intervals, including problems where the turning point occurs at infinity.
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Part I. Introduction.

The most commonly studied model of combustion is the Zeldovitch—von Neumann—
Déring (ZND) system (0.1), which couples the compressible Euler equations for a re-
acting gas (in which pressure and internal energy are allowed to depend on the mass
fraction A of reactant) to a reaction equation that governs the finite rate at which A
changes. In three space dimensions with coordinates (z,y, z) the ZND equations for
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the unknowns (v, u, S, \) (specific volume, particle velocity u = (u*, u¥, u*), entropy,
and mass fraction of reactant) are given by the 6 x 6 system [E2, FD]:

dw+u-Vo—ovV-u=0,
(0.1) Ju+u-Vu+ovVp =0,

S +u-VS =—rAF/T =9,

oA +u-V=r,

where p = p(v, S, \) is pressure, T is temperature, AF is the free energy increment,
and r(v, S, A) is the reaction rate function. A steady planar strong detonation profile
is a weak solution of this system depending only on z with a jump (the stationary
von Neumann shock) at « = 0. Without loss of generality we study profiles of the
form P(z) = (v,u,0,0,S5,\), where v > 0 is the z-component of particle velocity.
The solution is constant and supersonic (u > ¢o, where ¢y is the sound speed at z) in
x < 0, the quiescent zone,! and satisfies a nonlinear system of ODEs in the subsonic
reaction zone x > 0. In order to be a weak solution of (0.1) in a neighborhood of
2z =0, P(z) must satisfy an appropriate Rankine-Hugoniot condition at x = 0:

(0.2)
u u 1
(;)+ = (;)+ =m, pp —p- =m*(v- —vy), ey —e_ = §(p+ +p-)(v- —vy),
A-‘1— :)\—7

where e(v, S, \) is the specific internal energy and + denotes states to the right (resp.,
left) of the discontinuity. The jump conditions for the von Neumann shock, (v,u, S)+,
considered as a gas dynamical shock, are the same as those in (0.2). There is a well-
defined limiting state Py = limy_ 100 P(z) with A(co) = 0, and the range of u on
[0,00) is a compact subinterval of (0, c0).

The rigorous study of spectral stability for strong detonations was begun by
Erpenbeck [E1] in the 1960s. Working with the ZND model, in [E2, E3] he iden-
tified two fundamental classes of detonation profiles, referred to as those of decreasing
(D) and increasing (I) type, which appeared to exhibit very different behavior with
respect to high-frequency perturbations. Using a combination of rigorous and non-
rigorous arguments, Erpenbeck concluded that type I detonations were unstable to
some oscillatory perturbations for which the (vector) frequency was of arbitrarily large
magnitude, while type D detonations were stable provided the frequency magnitude
was sufficiently high. For type D detonations Erpenbeck’s methods did not allow him
to obtain a cutoff magnitude for stability that was uniform with respect to frequency
direction. Thus, he left open the question of whether the cutoff magnitude for stability
might approach +o0o as certain frequency directions were approached. In [LWZ1] we
identified the mathematical issues left unresolved in [E2, E3] and provided proofs, to-
gether with certain simplifications and extensions, of the main conclusions of [E2, E3],
in particular, high-frequency instability of type I detonations. However, the paper
[LWZ1] also failed to resolve the above question for type D detonations. In this paper
we show by quite different methods that for type D detonations there exists a uniform
cutoff magnitude for stability independent of frequency direction, thus establishing
high-frequency stability of type D detonations.

n the quiescent zone we take A\ = 1.
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The spectral stability of a ZND profile is governed by a nonautonomous 5 X 5
system of linear ODEs in z depending on the perturbation frequency (7,¢) as a
parameter [E2, E3, LWZ1]:

(0.3) 4 _ ~G'(x,7,€)0 on z > 0.

dx
Here the system defined by the matrix G(x, 7, €) is obtained by linearizing the ZND sys-
tem about the profile P(x) and taking the Laplace transform in time and the Fourier
transform in the transverse spatial variables (y, z). The matrix G is the transpose of
G, the variable 7 € C is dual to time, and € = \/a? + 32, where («, )€ R? is dual to

(y,2).2 We have
(0.4) G(x,7,6) = —(A"(x)) 7] +icAY(z) + B(x)]

for matrices A*, AY, and B given in section 20. The x-dependence of these matrices
enters entirely through the profile P(x).> The reduction from a linearized system of
dimension 6 to one of dimension 5 and from (c, 8) to € uses the rotational symmetry
of G with respect to the transverse velocity components.*

In [E1] Erpenbeck defined a stability function V (7, €) whose zeros in the right half-
plane R7 > 0 (“unstable zeros” ) correspond to perturbations of the steady profile P(x)
that grow exponentially in time. The computation of V requires the evaluation within
the reaction zone of the solution 6(z, 7, ) of (0.3) which satisfies the condition that 6
remains bounded for fixed (7,¢) with 7 > 0 as  — oo, and 6 decays exponentially
to zero for T > 0 as x — o0o. As we will see, this condition determines 6 uniquely
up to a constant multiple. We shall refer to this solution 6 as the decaying solution,
even though it is merely bounded for certain purely imaginary 7 values.

Following the notation of [E2, E3], we write 7 as

(0.5) T = (g,

where ¢ € {z € C: Rz >0} and € > 0 is large.’ Thus we can rewrite (0.3) as

% = (e®g + ©1)0, where

(0.6) Po(r,¢) = {(A%(2)) ™" - (¢I +iAY(2)}",
®1(z) = {(A"(2)) "' B(a)},

The eigenvalues p;(x, ¢) of the matrix ®g, which is given in (20.2), play a crucial
role in all that follows. They are

(0.7) = —K(KC+ s)/nu,  p2 = —K(KC —s)/nu, pz = pa = ps = C/u,

2Thus, /27 is the transverse wavenumber. We briefly retain the perhaps confusing notation
e for the large quantity \/a? + 82 to facilitate comparison with [E1, E2], where that notation was
used. In most of the paper we work with h = 1; see Notation 0.1.

3In fact, we show in section IT that P(x) can be expressed as P(z) = P(\(z)).

4We refer to [E1] and to the introduction of [LWZ1] for the details of the derivation of (0.3) and
for additional background on the ZND system.

5In [E2, E3] Erpenbeck used a decomposition 7 = ¢ + v, but v played no role in his treatment
of type D profiles and can be set equal to zero.
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where with ¢z = —v?p, (v, S, \)

(0-8) s(x,¢) =/ +cin, k() =/1-n=u/c.

The square root defining s, regarded as a function of (, is taken to be the positive
branch with branch cut the segment [—ico,/7, ico,/7] on the imaginary axis. Thus, in
particular, we have

s = |s| when ¢* + ¢2n > 0,
(0.9) s =i|s| when ¢* 4+ ¢2n < 0 and ¢ = i|¢],

s = —i|s| when ¢ + ¢2n < 0 and ¢ = —i|(].
One checks that only pq has, for 8¢ > 0, negative real part; consequently, for a fixed
¢ with R¢ > 0 the system (0.6) has a one-dimensional (1D) space of solutions that

decay to zero as x — +oo. The eigenvectors corresponding to the uj;, 7 =1,...,5,
are the respective columns of the matrix

ms _ms _11'7:1 0 0
KU KU n
o
(0.10) T,O)=(T T T3 Ty T5)=| —i —i S0 0],
il S

where m = % is the mass flux.

From the formulas (0.7), (0.8) we see that for any fixed value of ¢, the eigenvalues
w1 and o are distinet except at values z = z((), where s2(z,¢) = ¢* + gn(z) = 0;
at such values the first and second columns of 1" are parallel. The eigenvalues po and
w3 are distinct except at = values where ( = u, and then the second and third rows
of T are clearly parallel. For all other values of = the matrix T'(z,() is invertible.5

A complex number ¢ with ¢ > 0 is defined in [E2] to be of Class (iii) or Class
(ii), respectively, when there exists . € [0, 00] such that s(z.,{) = 0 or ¢ = u(z).
All other ¢ are said to be of Class (i). Thus we have

Class (i) = ¢ : R = 0 and min(eon?) < [¢] < max(eon?)},
(0.11) Class (i) = {¢: 3¢ =0 and minu < ¢ < maxu},

Class (i) = {all remaining ¢ € C with R¢ > 0}.

Class (iii) (resp., (ii)) consists of two (resp., one) bounded closed interval(s), and the
minima appearing in (0.11) are positive. In contrast to [E2, E3] we are able to treat
Class (i) and Class (ii) frequencies by a single argument. The argument is based on
the observation that for such ( the eigenvalue p; remains well separated from the
others. So for us the important partition of (— space is

(0.12) {¢ e C:R¢ >0} = (iii) U (iii)“.

6For certain types of profiles and choices of ¢, there may be more than one z-value where T'(z, ¢)
is singular.
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NoTAaTION 0.1. (1) When working with Class (iii) values of ¢ we will usually
suppose ¢ = i|C|. The same results hold with the same proofs when ( = —i|C|, but
certain formulas change slightly. Thus, for some statements it is helpful to define

(0.13) Class (iii) . = Class (iii) N {¢ = 4[(]}.

We let (iii)9. denote the interior of the closed interval (iii).

(2) Henceforth, we shall use the parameter h = 1/e instead of € and, in view
of (0.5), we shall denote the stability function by V(C,h) instead of V(7,¢) and the
decaying solution of (0.6) by 6(x,(, h) instead of 6(x,T,¢).

DEFINITION 0.2. A detonation profile P(x) is said to be of type D (resp., type 1)

if the function c3n = c2 — u? satisfies

(0.14) %(cgn) = %(cg —u?) <0 (resp., >0) on [0, +00).

For profiles of type I it was shown in [E2, E3, LWZ1] that the stability function
V (7, ¢) generally has zeros in o7 > 0 (unstable zeros) for all transverse wavenumbers
e above a certain cutoff.” In this paper we are concerned only with profiles of type D.
In the case of more general profiles, by considering intervals on which ¢7 is increasing
or decreasing, stability and instability results can be proved by combining the results
for T and D type profiles (see, for example, [LWZ1, Theorem 5.2, part e]).

We suppose from now on that P(x) is a type D profile. In this case

(0.15) (i), = {¢ = 4l¢] = con'/?(00) < [¢] < con'/?(0)}.

DEFINITION 0.3. We refer to class (iii) as the set of turning point frequencies.
For each ¢ € (iii), there is a unique v = x(¢) € [0,00] such that s(x(¢),() = 0. We
refer to x(¢) as the turning point associated to ¢. The map x(¢) : (iii), — [0,00] is
bijective. We set (o = icon'/?(0) and (s = icon'/?(c0) and note that x((y) = 0 and
2(Cx) = +00. We refer to x(Cx) as the turning point at infinity.

For ¢ € (iii),, ¢ # Co, consider an interval [0, K] that does not contain the
turning point z(¢). On any such interval the matrix T'(x, ) is invertible, and we can
use WKB methods to construct® approximate solutions of order h™ of the system
(0.6) associated to each of the eigenvalues p; of the form

(0.16)
0z, h) = RO [0 @) hfia(2,) + -+ + B fin ) (@,0)]

Here
(017) hl(xac) = / Mi(iC/,C)dxl, k1(07<) = 07 and fi,O = E(xag)
0

We do not need explicit formulas for the other quantities appearing in (0.16). For
our purposes it is only important to specify the leading term of 6; uniquely, and the
condition (0.17) does this. More generally, for a given ( € {R¢ > 0} approximate
solutions of this form can be constructed on any compact z-interval where T'(z, ()
is invertible. Classical sufficient conditions for approximate solutions of this type to

"Theorem 5.2 of [LWZ1] gives a precise statement.
8See, for example, Chapters 5 and 6 of Coddington and Levinson [CL].
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be close in relative error to true exact solutions of (0.6) for h small are given, for
example, in [LWZ1, Theorem 3.1].

Observing that [01(0,¢, k) — T1(0,¢)| < Ch|61(0, ¢, k)| we give the following defi-
nition.

DEFINITION 0.4 (Type 601). Consider 6(x,(, h), the decaying solution of (0.6),
and suppose ( lies in P(h), a subset of V¢ > 0 that may depend on h. We say that 0
is of type 01 at x = 0 on P(h) if there is a nonvanishing scalar factor s(¢,h) so that,
giwen any 6 > 0, there exists an hg > 0 such that

(0.18) (¢, h)0(0, ¢, h) = T1(0, Q)| < 8|T1(0, )| for ¢ € P(h), 0 < h < ho.

Remark 0.5. Let K be a subset of R¢ > 0. Erpenbeck realized in [E2] that in order
to show that the stability function V(¢, k) is nonvanishing for ¢ € K for h sufficiently
small, it suffices to show that the decaying solution 6 is of type #; at + =0 on K. In
[E2, E3, LWZ1] it was shown for type D profiles that 6 is of type 6; at x = 0 on K
when K is either a compact subset of (i) or a compact subset of {RR¢ > 0} \ (iii).”
These papers did not consider sets K containing either of the endpoints (p, (s of
(iii) ., nor did they provide a uniform treatment of the set [¢| > M. Moreover, values
of ¢ in (iii)q were treated by arguments completely different from those used to treat
nearby values in ¢ > 0. In this paper the main result will be proved by showing
that 6 is of type 61 at = 0 on the full set R¢ > 0. The proof here gives a uniform
analysis near all points in (iii) , including the endpoints, and a uniform analysis for
|| > M. In section 2.1 we give a very simple example illustrating how a second-order
equation with a turning point at x = +oo transforms to Bessel’s equation under a
suitable transformation.

1. Assumptions.

Assumption 1.1. The thermodynamic functions appearing in the ZND system
(0.1), p (pressure), T (temperature), AF (free energy increment), and r (reaction
rate) are real-analytic functions of their arguments (v, S, A).

Assumption 1.2. The steady strong detonation profile P(z) = (v, u, 0,0, S, A) is of
type D. It is a real-analytic function of x in the subsonic reaction zone [0, 00). There
exist constants C;, i = 1,...,4, such that

(1.1) 0<Clgm:£SCQ<1and0<C3§u§C4forallx€[0,oo).
co

Assumption 1.3. The rate function satisfies
(1.2) Tlamo =0, A <0, ry[x=0 =0, rs|x=0 = 0.
This assumption is satisfied, for example, by rate functions of the form
(1.3) r = —kpo(T)A,
where p is density and k > 0 is a reaction rate constant, such as the Arrhenius rate law

(1.4) r = —klexp(—E/RT) (E is activation energy).

9Theorem 5.2, parts (a) (b), of [LWZ1] gives a treatment of such sets K.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/24/15 to 194.254.165.1. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1806 OLIVIER LAFITTE, MARK WILLIAMS, AND KEVIN ZUMBRUN

Analogous to V((,h), one can define a stability function L;({) for the von
Neumann shock, considered as a purely gas dynamical shock. This was first done
in [E4], and Erpenbeck’s L;(¢) turned out to be a nonvanishing multiple of the
Majda stability determinant for shocks defined in [M] 20 years later. The functions
V(¢,h) and L1(¢) are described in section 21.

Assumption 1.4. The stability function for the von Neumann shock, Li({), has
no zeros in |¢ > 0. This means that the equation of state of the unreacted explosive
is such that the von Neumann step-shock would be stable if the reactions behind it
were somehow suppressed. This assumption, which is also made in [E2, E3, LWZ1],
allows us to concentrate on effects that arise solely from the reactions; it always holds,
for example, for step-shocks in ideal polytropic gases.

2. Main result. Our main result is the following theorem.

THEOREM 2.1. Consider a strong detonation profile of type D wunder
Assumptions 1.1, 1.2, 1.3, and 1.4. There exists an hg > 0 such that for all RC > 0,
the stability function V(¢,h) # 0 for 0 < h < hy.

As explained in Remark 0.5, to prove the theorem it suffices to show that the
decaying solution 6(z, (, h) of (0.6) is of type 61 at = 0 on the set {¢ > 0}. This
property of 6 is a consequence of Propositions 10.6, 10.12, and 10.18, which treat (;
Proposition 12.8, which treats points in (iii)i, and Proposition 13.1, which treats (p;
Corollary 11.3, which treats compact subsets of {f*¢ > 0} \ (iii); and Proposition 14.1,
which treats |¢| > M for M large. Section 21 shows how Assumption 1.4 and the fact
that 6 is of type 61 at x = 0 imply Theorem 2.1.

The main difficulty in proving existence of a uniform stability cutoff is to obtain
explicit representations of 6 at = = 0 that are uniformly valid for frequencies near
turning point frequencies. For the finite turning point frequencies ¢ € (iii)$, the
three-step strategy is to show first that 6 is of type 6; to the right of the turning
point z(¢),!° then to perform a matching argument involving Airy functions with
arguments depending on ((,h) as a parameter to show that 6 is of type 6; just to
the left of x(¢), say, at z({) — 9, and finally to match using a basis of exact solutions
close to the approximate solutions {6;}2_; (0.16) to conclude that 6 is of type 6; on
[0, 2(¢) — d]. This strategy encounters special problems when the endpoint frequencies
(o and (- are considered, and those problems are most serious in the case of (, to
which all of Part II is devoted. For this frequency it is clear that the first step in
the strategy does not even make sense since x((~) = 4+00. The main novelty of the
paper is our strategy for dealing with the turning point at +o0c. The case ( = ( is
distinguished by the fact that this is the only case where the point at which 6(z, (, h)
must be explicitly evaluated in order to compute V((, k), namely, x = 0, is itself a
turning point: z(p) = 0.

In the remainder of this section we discuss our approach to analyzing the turning
point at infinity. The profile P(x) converges at an exponential rate to its endstate
P(+400),

(2.1) |P(z) — P(+00)| < Ce ™ for > 0 as in (4.7),

and we use this property in section 4 to analytically extend P(z) to a half-plane of
the form

(2.2) W(Mop) :=={z € C: Rz > My}

10This is to be expected, since 6 is the decaying solution and Ry (z,¢) <0
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This immediately gives an analytic extension of the governing system (0.6) to W(Mp).
For any angle 6 such that 0 < 6 < 7/2, define the infinite wedge

(2.3) W(Mo,0) :={z € C: |arg(x — My)| < 8} C W(My).

For ( € {R¢ > 0} near (o and z € W(My, 0) the eigenvalues {p;(z,()};=1,2 are well
separated from {p;(x,({)}j=34,5. In section 5 we use this fact to construct a 5 x 5
conjugator Y (x, (, h) such that the map 6 = Y (x, (, h)¢ exactly transforms the system
(0.6) to block diagonal form on W(Moy, 0):

d . (An(z,(h) 0
(24) h@(b B ( 0 Aza(z, ¢, h)) »

where the blocks A1 and Asy are 2 x 2 and 3 X 3, respectively. The conjugator
has the form Y = Y7Y5, where Y7 gives an approximate conjugation to block form
(5.8) and Y> solves away the error in the approximate conjugation. The matrix Y; =
(Po, Qo,T5, Ty, Ts) for vectors Py, Qo defined in (5.6) and satisfying

(25) Ty = Py + sQq, To = Py — sQq for T1,T5 as in (010),

and the entries of the matrix Y5 are constructed by solving certain integral equations
on W(Mjy, 0) by a contraction argument. Unlike T'(x, ¢), the matrix Y;(z, () is always
invertible. The analytic extension of the system (0.6) to W(Mj) gives us a freedom
to choose integration paths that play an important role in this and later contraction
arguments.

The block A7 has eigenvalues close to the crossing eigenvalues 1 (z, (), ua(z, ().
Thus, for ¢ near (, we have reduced the problem of constructing the decaying solution
of the governing system (0.6) on [My, +00) to constructing the decaying solution of
the 2 x 2 system %9251 = A11(x,(, h)¢1. In section 5 we rewrite this 2 X 2 system as
equivalent second-order equation (5.28),

(2.6) R,y = (C(2,¢) + hr(x, ¢, h))w, where C(+00, () = 0,

and we focus on solving this equation on an infinite strip of the form T g := {z € C:
Rx > M, |Sz| < R}. Note that for M large enough, Thr r C W(My, ). In section 6
we show that a transformation of the form ¢t = t(z,¢) = f(¢)e **/2 for u as in (2.1)
and some f({), transforms (2.6) into an equation that is a perturbation of Bessel’s
equation:

P2 (2 Wiy + tWy) = (12 + &5 )W

(27) i [(tz + a2)t2b1 (t, C) + tgbg(t, C) + thbB(tv ¢, h)]W on W,

where W, the image of the strip T,z under the map t = ¢(x, (), is a bounded wedge
in {Rt > 0} with vertex at t = 0 (see (6.13)).

Before returning to (2.7) we illustrate how Bessel’s equation arises from a very
simple model equation with a turning point at +o0o0 by a similar transformation. This
model provides motivation for introducing (2.7) and already indicates the importance
of the parameter a/h which appears below in the definition of regimes I, II, and III.

2.1. Model problem: Solution in terms of Bessel functions. Consider the
equation

d?w
2—dx2 = (6721 + oz2)w,
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which becomes under the change of variable t = e™7

P2 (t2wyy + twy) = (£ + o®)w.

Thus, the turning point at x = +oo for @ = 0 becomes a turning point at ¢ = 0.
Setting z = h~'t and observing the scale-invariance of the left side, we obtain

d>w dw
2| 2 2.2 2
h [z W—an] = (h"z" + o*)w,
which suggests that the good parameter is = h™'a. In this case, the equation
becomes

22u,, + zu, — (22 + BHu = 0.

We recognize this as the “modified Bessel’s equation” [O].'! One may thus deduce
that u(z) = AJg(iz) + BY;s(iz); using z = h~'e™® one obtains

w(x) = AJyp-14(ih ™ e ™) + BYjp-1,(ih~te™™),

and classical expansions for Bessel functions can now be used to decide which solutions
decay or remain bounded as x — oo for different choices of the complex parameter «.
A connection between turning points at infinity and Bessel functions is discussed
in [DL].

In (2.7) the parameter a = () € C satisfies a? = i(¢ — () and & is a nonvan-
ishing multiple of a. The strategy now is to construct solutions of (2.6) on the strip
T r that decay as Re — 400 by constructing solutions of (2.7) on W that decay as
t— 0.

At first it is not at all clear whether and in what sense the perturbation, given
by the second line of (2.7), is “small enough” for (2.7) to be helpfully regarded as a
perturbation of Bessel’s equation. Bessel’s equation is a very singular equation, with
a regular singular point at 0, an irregular singular point at co, and turning points for
certain choices of (&, h); it is a delicate matter to understand perturbations of such a
singular object. If one ignores the perturbation in (2.7) for a moment, it can be seen
that the behavior of solutions to (2.7) depends on both the phase of &({) and on the
relative magnitude of @ and h. Accordingly, in section 9 we identify three different
parameter regimes for (a(¢), k). With 3 = &/h these are

I: |B| > K, 0<argf < g — 0, where K is large and § > 0,
]3| > K, 5 -5 <arg B < 7,
II: 3] < K.

It turns out that the perturbed Bessel problem (6.13) can be analyzed in regimes I,
II, and IIT by using suitable transformations of dependent and independent variables
to reduce (6.13) to the normal form

(2.8) Wee = (€™ + (€)W,

where m = 0, 1, or —1, respectively, u, is a large parameter, and 1 depends on the
perturbation in (2.7). In regimes I and II the correct choice of large parameter is
u = = &/h and a basis of solutions of (2.8) can be writtenin terms of exponentials

1 The standard Bessel’s equation is 22U, + zU, + (z2 — 1/2)U =0.
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and Airy functions, respectively (see Propositions 10.2 and 10.8). In regime IIT the
large parameter is u = 1/h and solutions of (2.8) are expressed in terms of the modified
Bessel functions I, K3 (Proposition 10.14).

Control of the function 1 in (2.8) is gained by careful estimates of the functions
b;, i = 1,2, 3, appearing in the perturbation (see, for example, Proposition 6.3). The
analysis also makes use of some classical methods [O] for constructing solutions to
(2.8) on large subdomains of C. To complete the analysis of the turning point at oo,
one must unravel the many transformations leading from (2.6) to the normal form
(2.8), identify the explicit form of the solution that decays as x (the original =) goes
to oo, and show that this solution is indeed of type 6; at x = M, the real point on
the left boundary of the infinite strip Tas,g. Provided ¢ lies close enough to (., the
point x = M will lie to the left of any of the corresponding turning points x(¢). From
here it is then relatively easy to conclude that 6 is of type 61 at x = 0 for  near (.

Remark 2.2. We have limited the exposition here mostly to the case of an idealized
single-step exothermic reaction, for which A is scalar. In the case of a multistep
reaction, the A-equation becomes a system of ODEs, with multiple decaying modes ~
e~ "%y;, where v; is in general complex with $t7; > 0. One can then apply the analytic
stable manifold theorem of [LWZ2] to obtain an analytic extension of the profile to a
wedge W(Mo, 0) for some @ > 0. Likewise (see [LWZ2]), we may conjugate the turning
point at infinity to a 2 x 2 block analytic on the same wedge. In some circumstances
the presence of multiple reaction steps can prevent us from recasting the 2 x 2 block
in the form (2.7). Nonetheless, under the condition that ; is real and

(2.9) Ry; > 2y for j #1

the analysis of this paper gives, independently of the results of [LWZ2] just mentioned,
high-frequency stability of type D detonations also in this more general case. This
extension is discussed in detail in section 11. The following example is a multistep
case where condition (2.9) is satisfied.

Ezample 2.3. In equations (4.3)—(4.5) [S, p. 8], there is described a model three-
step chain-branching reaction given by F — Y; F + Y — 2Y; Y — P for a fuel F,
radical species Y, and product P, corresponding to initiation, chain-branching, and
chain-termination reactions, with rates

(210) r; = feej(l/TI—l/T)’ rg = yfeeB(l/TB_l/T), re =1y,

and reaction dynamics df /dz = —r; — rp, dy/dx =r; + rg — ro, where f and y are
mass fractions of Fand Y; Ty > T|,—0 > Tp; Tr > Tp > T(c0); and 0; >> 0 >> 1.
This has been proposed in [K, SD, SKQ] as a realistic model for hydrogen-oxygen
detonations studied experimentally in [AT, St], wherein “a small amount of reactant
is converted into chain-carriers, which may be either free radicals or atoms, by means
of the slow chain-initiation reactions, while the rise in concentration of chain-radicals
is retarded by chain-termination steps which occur either through absorption at the
vessel walls or through three-body collisions in the interior” [SD]. Setting A = (f,y),
the vector of reactants, and linearizing about the equilibrium A = (0,0), we obtain

a, (_691<1/T11/T<oo>> 0 ) N

(2.11) A= ) o

verifying the condition 1 = 1 << pg = e1(/T1=1/T() provided 6; >> 1 and
T(OO) > T7.

3. Discussion and open problems. High-frequency instability was established
for type I detonations in [E2, E3, LWZ1]. Hence, Theorem 2.1 completesthe program
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of [E2, E3] for determining the high-frequency stability behavior of ZND detonations
belonging to the two main classes I and D identified by Erpenbeck. Having a uni-
form high-frequency cutoff for stability is of more than abstract interest. As noted
in [LS, KaS], numerical stability computations are both computationally intensive
and delicate, with many features difficult to resolve or extrapolate in various asymp-
totic limits. The use of rigorous analysis to truncate the relevant parameter regime
to a closed, bounded region is thus a critical, but up to now missing, part of any
numerical stability investigation. Bounding the set of possibly unstable perturbation
frequencies is a step toward the rigorous validation of the existing numerical results
on multidimensional stability of type D ZND detonations.

Results in one dimension corresponding to the high-frequency results given here
may be found in [Z1]. However, we emphasize that the multidimensional setting
is essentially different from that of one dimension, being more complicated both
physically—in one dimension, high-frequency stability holds automatically for all
types of detonations—and mathematically—in one dimension, nontrivial turning points
do not enter, so that the analysis can be carried out using the more familiar tools
of repeated diagonalization and (a useful modification of) the gap lemma, under the
mild hypothesis of C" coefficients for the eigenvalue ODE. Here, by contrast, our
arguments use in important ways our assumption of analytic coefficients. This is
not mathematical convenience but reflects the inherent difficulty of the problem; in a
companion paper [LWZ2], we show by explicit counterexamples that the conclusions
made here may fail for coefficients that are C" or even C'*.

The stability result of Theorem 2.1 and the instability results of [LWZ1] concern
the multidimensional stability (or instability) of ZND detonations with respect to
high-frequency perturbations. A fundamental open problem is to establish full multi-
dimensional stability of ideal gas ZND detonations with one-step Arrhenius reaction
rate in the small-heat release and high-overdrive limits, generalizing the 1D results of
[Z1] and giving rigorous validation to the formal observations of Erpenbeck in [E1, E5].
This would represent the first complete (i.e., covering all frequencies), rigorous result
on multidimensional stability of any detonation wave. Again, given the delicacy of
numerical computations on this subject, any such analytical signposts are invaluable.

We note that the 1D argument of [Z1], applied word for word together with
the result of Majda [M] on multidimensional stability of ideal gas shock fronts, gives
already by a simple continuity argument bounded frequency multidimensional stability
of ideal gas ZND detonations with one-step Arrhenius reaction rate in the small-heat
release and high-overdrive limits. The methods of this paper provide a starting point
for treating the remaining high-frequency regime.

Another possibility opened up by our analysis is the treatment of stability in the
multidimensional ZND limit of reactive Navier—Stokes (rNS) detonations. Establish-
ing a close link between ZND and rNS stability functions for small viscosity/heat
conduction/diffusion would instantly give a large number of spectral stability and
bifurcation results for rNS; in one dimension such results were proved in [Z2]. Solving
this problem would involve giving a multiparameter extension of the turning point
analysis carried out here, with viscosity, heat conduction, and species diffusion as the
additional parameters. As noted in [CJLW, Z2], the nonlinear implications of spec-
tral stability (“normal modes”) analysis are far from clear for ZND, which includes
all the difficulties of the nonreacting Euler equations and more. For rNS, on the other
hand, which incorporates mechanisms for dissipation, there is a much better chance of
translating results on multidimensional spectral stability /instability into correspond-
ing nonlinear stability/instability results. In one dimension a number of results of
this type are given in [TZ].
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As a direction beyond ZND, we mention the rigorous treatment for Maxwell’s
equations of “hybrid resonance” or “X-mode” heating of fusion plasma at the “cutoft”
frequency where light and plasma frequencies collide. This frequency corresponds to
a finite but singular turning point [DIW]. For parallel electric and magnetic fields,
there is exact decoupling into “ordinary” (O) modes governed by Airy’s equation, and
“extraordinary” (X) modes governed by a singular cousin which is a perturbed Bessel
equation similar to our equation (2.7). Exact conjugation tools like those we have
developed here may be useful for completing this singular ODE analysis.

Finally, the uniform estimates given here are potentially useful for general turning-
point problems on unbounded spatial intervals, both for spectral stability analysis as
here and for resolvent estimates toward linearized and nonlinear stability or instability.

Part II. The turning point at infinity.

4. Analytic extension of the profile to a half-plane. The analytic extension
of the profile P(x) to a half-plane given in this section turns out to be important for
the construction in the next section of the conjugator to block form near co. For that
an extension merely to a strip like 7%/, r does not appear to suffice.

In view of Assumptions 1.1, 1.2, and 1.3, the nonzero components of the detona-
tion profile P(x) = (v,u, S, ) := (¢, \) satisfy a 4 x 4 system of ODEs on [0, 00) of
the form.

*1 (") =) (0) = (%)

where F(P) and h(P) are real-analytic. Here the equation -LF(P) = 0 expresses
conservation of mass, momentum, and energy (see [FD, p. 98]) and can be integrated
to give F(q, \) = F(P(+00)), an equation that determines ¢ as a function ¢ = Q(\).'2
With Q(A\) = (Q(A), A) the system thus reduces to a scalar problem of the form

(4.2) %)\ = h(Q(A)A, A0) =X >0,

where for some constants ¢, co

(4.3) —c1 < h(Q(N)) < —ca <0 on [0, Ag].

The condition (4.3) implies

(4.4) [AM(z)] < Ce™%% on [0, 00),

and thus P(x) = (Q(\(x)), M(x)) satisfies

(4.5) |P(2) - P(s0)| < Ce2, where P(ss) = (Q(0),0).

The next proposition gives more precise information on the profile for x large.

PROPOSITION 4.1. For My large enough, the profile P(x) extends analytically to
a solution of (4.1) on a half-plane W(My) := {x € C : Rz > My}. The extended
profile has a convergent expansion

(46) P([I’) =Py + Pie " + P26_2'uz + .-+ on W(Mg),

2Here Q()) is actually a branch of a multivalued function.
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where p = —h(Q(0)) > 0 and the P; are constant vectors. Thus, P(z) satisfies
(4.7) |P(z) — P(c0)| < Ce™ M on W(M).

Proof. (1) In view of the above discussion it suffices to show that A(z) has an
expansion like (4.6) (with A\g = 0) on W(My) for M, large. Let us set H(A\) =
h(Q(N)), so p=—H(0) and

d
4. — A= )\H
where H () is analytic in a neighborhood of A = 0.
(2) We have H(\) = H(0) + AK (), so

1 1

(4.9) AN H )

— AR()\)

for some functions K(\), R()\) analytic near A = 0. Multiplying (4.9) by A\, and using
(4.8), we obtain

Az
(4.10) 5 n= RO

Let V()\) = fo)\ R(s)ds and set A\(x) = e7#*T(x). Noting that InT is a primitive of
the left side of (4.10), we obtain by integrating (4.10) from M; to = for M; large

(4.11) InT = uV(e " T(x))+ Coy,

where Cy = Cy(M;) is a known constant. Defining K(7,b) = InT — pV (bT") near
the basepoint (Tp,bo) = (€92, 0), we can solve K(T,b) = Cy by the implicit function
theorem to obtain

(4.12) T(b) =€+ ab’ for b <6
j=1

for some ¢ > 0. Thus, A(b) := bT(b) is analytic for [b| < &, which implies A(z) =
A(e™#®) is analytic for = such that e#®* < §, that is, Rz > —% := My. The
expansion (4.12) implies

(4.13) M) = eCoe e 4 Z aze”UTDE on W(My),
j=1

so P depends analytically on e+ 13 a

5. Conjugation to block form near infinity. Here we perform a conjugation,
based on Proposition 5.2 below, of Erpenbeck’s 5 x 5 system

(5.1) h%@ = (Pg(z,¢) + hP1(x))0 := G(x,(, h)b

13 A similar analysis of profiles was given in [L].
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to block form

d - All(x7<7 h) O
(5.2) hﬁ(b - ( 0 A22($a<7h)) ¢

on an infinite wedge
(5.3) W(Mo, 0) :={x =x, +iz; € C:|arg(x — My)| <6}, My>>1,

contained in the half-plane W(Mj) to which the profile P(z) = (v,u,, S, \) has been
analytically extended. On W(Mj) we have

(5.4) |P(z) — P(c0)| < Ce#R®

for 1 > 0 as in Proposition 4.1.
Define the 5 x 5 matrix

(5.5) i=(FP Qo T3 Ty Ts),

where
0 m - 0 0
S 0 i 0 0

(56) P(): —1 aQOZ O 7T3_ % 7T4: 0 7T5: 0
0 —mabs 0 1 0
0 —maPA 0 0 1

Thus, we have

(5.7) Ty = Py +8Qo, To =Py —35Qo, s=1/¢C*+ c&n(x),

for Th, T as in (0.10). Setting 0 = Y10%, we have

d A9 0 d d
5.8 h—f® — 11 o h 11 12 92
(58) dx < 0 A(2J2> * (d21 da2) "’
where
(5.9)
<
N2C K . O O d

_kE& _ Kk u Y;
Ah = & B) Ap=[0 ¢ 0 (Z“ 312) =Yl -y

“Thw T w 0 0 < 21 22 T

Since the eigenvalues of Ay, are separated from those of A9,, we can apply
Proposition 5.2 below to find a second conjugator, bounded and analytic in its argu-
ments,

o I hOzlg
(510) Yé(it,g,h) - <h0[21 I > 9
such that if we set 0% = Y5¢, we have
hi¢ _ A(l)l + hdi1 + h2511 0
dx 0 A% + hdas + h?Bas )’
All(xacvh) 0
A1 L=
(5 ) QS < 0 A22 (CE, Cv h) (b’
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where

(5.12) P11 = di2co1, PBaz = dajans.

Setting Y = Y1Y5, we conclude that 6 satisfies (5.1) on the wedge W(Moy,0) if and
only if ¢ = (i;) defined by 0 = Y ¢ satisfies (5.11), where the 2 x 2 block

Ay (z,¢h) = (“ Z) = (Q 2) + O(h) with

(5.13)

LeEMMA 5.1.  The functions di1(z) and dig(x) decay exponentially to 0 on
W(Mo,0) as Rx — oo at the same rate as A(z).

PROPOSITION 5.2. Let 6 be any angle such that 0 < 0 < 5. There exist positive
constants My, ho and a neighborhood w > (s such that for ¢ € w and 0 < h < hy, the
conjugator Yo(x,(,h) as in (5.10) can be constructed on W(My,0) with ci2(x,(,h)
and a9y (x,(, h) bounded and analytic in their arguments. Moreover, there exists a
well-defined endstate ao1(00) and we have estimates

(5.14) |08 (21 (2, ¢, h) — an1(00, ¢, h)) | < Cph~ ke HRe

for u > 0 as in Proposition 4.1.
Remark 5.3.
(1) The proofs are given in section 15. The differential equation satisfied by as; is

d
(515) h%agl = AgQOQl — 042114?1 + d21 + h(dggagl - Oégldll) - h2a21d12a21.

The argument uses the fact that the eigenvalues of A, (oc0,() and AYy(cc,() are
separated and close to the imaginary axis for ( near (. Using the fact that ds;
converges exponentially to its endstate da1(00),

(5.16) |da1 (2, Q) — da1 (00, Q)| < Ce™#R7,

and that dio satisfies a similar estimate but with dj2(c0) = 0, one can show that ags
has a well-defined endstate and that the estimates (5.14) hold. These estimates are
the key to the treatment of the b3 term in the perturbation of Bessel’s equation given
by (2.7).

(2) The above lemma and proposition imply that the function 511 (z, ¢, h) decays
exponentially to 0 on W(My, §) as Rz — oo at the same rate as A(z). Thus, the same
holds for the O(h) terms in (5.13).

A valuable tool for understanding the behavior of solutions of (5.1) as © — oo is
the conjugator M (x,(, h) described in the following proposition.

PROPOSITION 5.4 (“[MZ] conjugator,” [MZ, Lemma 2.6]). Consider any N x
N system L6 = A(z,(,h)0 on [0,00), for ((,h) near a fized basepoint (C,h) €
{R¢ >0} x (0,1], where A is analytic in its arguments. Assume there is a corre-
sponding limiting system %000 = A(00,(,h)0~ and that

(5.17) |A(2, ¢, h) — A(oo, ¢, h)| < Ce P for some B > 0.
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Then there exists a neighborhood O > (¢, h) and an N x N matriz M (x,(, h), analytic
in its arguments © € [0,00], (¢,h) € O, and uniformly bounded together with its
inverse, such that 0(z,(,h) is a solution of =60 = A(x,(,h)6 on [0,00) if and only if
O~ defined by

(5.18) 0= M(x,(,h)00

is a solution of the limiting system. Moreover, for k € {0,1,2,...} M satisfies
|0 (M (2, ¢, h) — I)| < Cre™0% for any 0 < § < B, uniformly for (¢, h) € O.

From the matrix formulas given in section 20, it is not hard to see that the
eigenvalues of G(z,(,h) (5.1) are

Wy = pj(z,¢) + O(he™ ), j =1,2,3,4,

(519 b = ps(.€) ~ b2 1 O(he ),
where 7, < 0 and y is as in Proposition 4.1.1% Thus, the eigenvalues of the limiting
system G(oo,(, h) are u;(00,(), j = 1,2,3,4, and pus(00,() — h=2(c0). For RC > 0
only p1(00, () has negative real part, so use of the conjugator M (x,(, h) shows that
for R¢ > 0, the system (5.1) has a 1D space D((, h) of decaying solutions on [0, o).
Lemma 5.1 implies that Ajj(co,(,h) = AJ(00,(), so the eigenvalues of
Aq1(00, ¢, h) are pj(00, (), 7 = 1,2. Use of the [MZ] conjugator again implies that for
RC¢ > 0 the equation

d
(520) h%(bl - All(x7<a h)d)l
has a 1D space of decaying solutions D1 ((, h). Thus, we must have

(5.21) DG H) = (V.60 ()« on € DaC .

Next we reduce (5.20) to an equivalent scalar second-order equation. Letting g

for the moment denote any primitive of %l, and making the transformation
(5.22) b1 = T ¢y,
we obtain the system
d ~ —a b\ - d—a
(5.23) h%ﬂﬁ = < c a) o1, = 5

Setting ¢1 = (%), we rewrite the first row of (5.23) as
(5.24) o =0b"Y(hit' + i), where’ = d/dz,

and hence the second row of (5.23) becomes

20p—1~1\/ g~l_ 04_2 ~ g~/
(5.25) R2(b=1a) +h(bu) —<c—|— b)u+bhu.

14The details are given in section 2 of [LWZ1].
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1/25

Defining w = b~ /2% and'® using the identity

1 I
(5.26) b @) = (§b3b’) wA+ b2,
we obtain in place of (5.25)
’ 1 !

(5.27) h2w'” = (be + a®)w — hb (9) w— K23 [ =b730 ) w.

b 2
With A9} = (¢ §) as in (5.9), we can rewrite (5.27) as
(5.28) huw" = (C(x,¢) + hr(z, ¢, h))w
where

Cla,¢) = be + (%) — (2 + () (@) and

2 , /
hr(x,¢,h) = (be+a?) — <@+ <d;g) ) — hb (%) — bbb (%bgb’) .

PROPOSITION 5.5. The function r in (5.29) satisfies r(co,(, h) = 0.

Proof. The functions appearing in the expression for r can all be expressed in
terms of the components of Ay, di1, and 311, so the proposition follows directly from
Lemma 5.1. d

Making the following choice of g such that %g@o = #,

(5.29)

d @ d d
(5.30) @O(x,g,h):a; (oo,(,h)-x—i—/oo[a; (s,g,h)—“;r (oo,(,h)} ds

we have shown that solutions of h%gbl = Aq1(x,(, h)¢; are given by

v pl/2 0 w w
(531) ¢1 —=eh (ab1/2 . h%(bfl/g) b1/2> <h%w) = K($a<7h) (h%w) )

where (w, h-Lw) satisfies

(5.32) ( ) ( Cler) + (e, 1) 3) (h%w)'

Remark 5.6. Since %£%(c0,(, h) = 1112 (00, () = C"z (00), we see that g is the
sum of a term with real part <0 nd by Lemma 5.1, a term that decays exponentially
to 0 as x — oo.

Using Remark 5.6, for R¢ > 0 we obtain

(5.33) D(C,h) = span ¥ (z, ¢, h) | K@ GN) (h w> ,
0

where (w, hw,) gives a decaying solution of (5.32). Erpenbeck’s stability function
V (¢, h) is expressed in terms of 6(0, ¢, h), where 0(x,(, h) € D((, h).

Our next main task is to construct explicit asymptotic formulas for the exact
solutions of (5.32) that decay to zero as x — oo.

151t does not matter which branch of the square root we use here, as long as we always use the
same one.
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6. Reduction to a perturbation of Bessel’s equation in the general case.
In the general case we must consider (5.28),

(6.1) R*w” = (C(x,¢) + hr(z, ¢, b)) w,

where C(z,¢) = (¢% + ¢Zn(z))b*(x). Here the z-dependence enters only through the
detonation profile P(x) = (v,u,S,\), and b = —k/nu.
Since ¢? + ¢3n = (¢ —ico\/N)(¢ +ico\/7), we can write

(6.2) O(2.€) = (e(2) + ) D(,0),

where

(6.3) e(2) = cov/i(x) — co/i(00), 0 = i~ o), D(@,C) = (~iC + coy/())b ().
We have

(6.4) D(00,¢) > 0 for ¢ = ilc],

so the function D(x,() is strictly bounded away from 0 for z large and ¢ near (o
(the latter frequency being the endpoint of (iii) | corresponding to the turning point
at infinity). We take ¢ in a small neighborhood of (» in ¢ > 0. Note that e(x) is
strictly positive on [0,00) and decreases to 0 at an exponential rate (case D).

For the wedge W(Mj, #) in Proposition 5.2 we now choose M > My and R > 0
such that the strip

(65) TM,R = {$:$T+i$i cx. > M, |$Z| SR}CW(MQ,G),

and consider (6.1) on Ths,z. Proposition 4.1 implies that e(x) has an expansion similar
to A(z) (4.13) on T g, so in particular

(6.6) e(x) = ae " + m(x)e ", where a > 0, |m(zx)| < Ce *7,

and m(z) is real-valued on [M, +00).
Setting d(x, () = D(x, () — D(o0,(), the problem (6.1) can now be written

(6.7)
h*w" = (ae™"* + a® + m(x)e ") D(x, Q)w + hr(z,(, hyw

= (ae™" + a®) D(oo, Q)w + [(ae™** + o®) d(z, {)+m(z)e " D(z, ()] w + hr(z, (, h)w.

Recalling that the az-dependence in d(z, () enters only through the profile, using
(4.6), and setting t = %\/aD(oo, ¢)e **/2 we can rewrite d(z, ¢) using the ¢ variable
as

(68) d(‘T(t)v C) = thl (tv C)a

where by is analytic in £ and O(1) on the bounded wedge W(() with vertex at ¢t = 0,
which is the image of the strip T, g under the change of variable t = ¢(x, ¢). Similarly,

(6.9) m(z)e " D(x,¢) = t3by(t, C),
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where by (t,¢) = O(]t]) and is analytic in ¢ on W(¢). The function r(x,(, h) is more
complicated and must be handled carefully. Equations (5.29) and (5.11) show that
the xz-dependence in r enters through the components of

(a) P(x), P (), P" (),

(b) hB1, hzﬁil, hBBﬁa where 811 = di2a2;.
Thus, Proposition 5.5 and Lemma 5.1 allow us to write

(6.11) r(z(t), ¢, h) = t%bs(t, ¢, h),

where bs is analytic in ¢ and O(1) on W(().

DEFINITION 6.1. Recall that W(() was defined below (6.8) as the image of the
strip Tarr under the map t = t(x,¢). It will be convenient to work on a slightly
smaller wedge W that is independent of ( and symmetric about the horizontal axis.
So we define W :={t € C: |argt| < ey, 0 < [t| < ez}, where €1, €2 are small enough
positive constants so that W C W(C) for ¢ near (o . Since (6.4) holds, after shrinking
W D (o0, we can choose €1 and €2 so that VW still contains the image of Ty g under
the map t = t(x,¢) for all € w for some M' > M, R’ < R.

Setting & := %a\/D(oo,C) and

(6.12) 22%, 8=

(6.10)

o o
Ea ﬁ - Ea
we obtain the following two equivalent forms for (6.7):
(a) W2 (2 Wy + tW3) = (2 + &®)W
+ [(£2 4 a?)t?b1 (¢, ¢) + t°ba(t, ¢) + ht?bs(t, ¢, h)] W on W,
(b) (2*We.. + 2W2) = (2 + )W
+ [W%(2% + 5)2%01 (h2, Q) + h2’ba(hz, C) + ha?bs(hz, ¢, )] W,
where 2 lies in the wedge Z;, = W/h.16
Remark 6.2. For later reference we note that if we set t = ¢(z) and W(t(z)) =
w(z), then the right side of (6.13)(a) is %(O(ZIJ, ¢) + hr(z, ¢, h))w.
PROPOSITION 6.3. The functions bi(t, (), ba(t, (), bs(t,(, h) satisfy the following

estimates. Here b1(0,(), for example, denotes the limiting value of by as t — 0, and
ke{0,1,2,...}.

(6.13)

(a) [0F (br(t,¢) = 01(0,¢))| < Cilt]*F,
(6.14) (b) |9Fba(t, )| < Crlt]*F,

(c) |0 (bs(t, ¢, h) — b3(0,¢, k)| < Cilt]* R,
The estimates are uniform for h € (0,1], ¢ in a small neighborhood of (o in RC > 0,
and t € W (as in Definition 6.1).

Proof. (1) Recall t = %\/aD(oo, ¢)e#®/2_ Given a function f(z) analytic on the
strip T, g, let

()= f [~ 210g —22
(6.15) N0 ._f( log - aD(@jg_))

16Tn (6.13) the functions b; are nonvanishing constant multiples of their former selves.
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be the corresponding function on V. Suppose
(616) |8k ‘ < Cre™ \w\p,’ S TMR

Then since |z| ~ —= ln |t], (6.15) implies

(6.17) 10, f*(t)| < Creli IHWM < O4t],

and by induction
(6.18) |0F F*(1)] < Crlt>*.

(2) To estimate b; we use the fact that the z-dependence in D(z, () enters only
through the profile P(x) and write D(x,({) = E(P(x),(). We have

D(x,¢) — D(00,¢) = (P( / Op E(P(c0) + s(P(x) — P(x0)), ()ds
2 (2)by (H(x), ¢

where b1(t,{) — 01(0,¢) = f*(¢) for a function f(z) which satisfies (6.16) in view of
the expansion (4.6), so we obtain (6.14)(a).

(3) To estimate ba we use (6.9) and the fact that m(z) satisfies the estimates (6.16).
Thus, f(z) := m(x)D(x, () satisfies the same estimates. Since by(t) = t(t) W;’O,
the estimate (6.14)(b) follows from (6.18).

(4) FEstimate of bs. Terms not involving 17 in the expression for bs can be
estimated like b1; the worst terms involve 817 and its derivatives, where z-dependence
enters not only through the profile P(z) but also through ao;(x,(, h). For example,
consider the term

(6.19)

(6.20) hf11b = hdizaa:b,

which appears in the expression for +(bc — bc).!” Lemma 5.1 and the argument

giving (6.6) show that dio = e"*(a + m(x)) for some (new) a and m(x) satisfying
|m(x)| < C~#R* Thus

(6.21) hB11b = e"*(a + m(x))hag b == t*(x) B3 (t(z), ¢, h).

Since ag satisfies the estimates (5.14), using the explicit form of = z(t) we obtain
(6.22) |0F (Bs(t,¢, h) — B3(0,¢, b)) < Clt*Fht=*

by arguing as for b;. The functions h%agl and h2j—;a21 also satisfy the estimates

(5.14) (now with endstates 0), so the terms involving derivatives of 811 (recall (6.10))
can be estimated in the same way. O

"Here and in the rest of step (4) we use 311 to denote the appropriate entry of the 2 x 2 matrix
B11; recall (5.11). A similar remark applies to di2 and a21.
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7. Differential equations with singularities, turning points, and a large
parameter. Consider equations of the form

(7.1) Woo = (u?f(0) + g(o))w

on a domain D C C, where u is a large real or complex parameter, and the functions f
and g are analytic except at boundary points or isolated interior points of D. Under
certain conditions on f and g the problem (7.1) can be usefully transformed by a
change of dependent and independent variables into one of the normal forms:

(7.2) Wee = (u?€™ + (€)W,

where m = 0, 1, or —1, and ¥ can be expressed explicitly in terms of f and g. The
transformation of independent variable in these cases is, respectively,

@e= [ 12w
& o) 362 = [

@262 = [

0

where o is a zero or pole of f in (b), (c), respectively [O, Chapter 10]. With ¢ = fl—‘g

one defines W = 6~ Y/2w and then finds
d2
) -1/2 - —1/2
(7.4) Y(€) =07g(o) + ¢ / de? (U / ) :

The problem (7.2) is easily solved in the elementary case when 1 is identically
zero, so it is natural to use variation of constants and integral equations to solve the
general case. This program is carried out in detail in Chapters 10, 11, and 12 of
[O], which treat the respective cases m = 0, 1, —1. The elementary solutions are
exponentials e*“¢ in the case m = 0 and Airy functions in the case m = 1.

In the case m = —1, it is shown in [O, Chapter 12] that if g has a simple or double
pole at o = g, and we define v by

V2 —1

4

(7.5) = (0= 00)°9(0)lo=00;

then under the above transformations (7.1) takes the form

(7.6 Wee = (L +ui9) w = (£ + 52+ 2w,

2(8)
¢
in (7.6) as the “elementary equation”; its solutions are the modified Bessel functions

21, (2u€'?) and €2K, (2ug'/?).

where ¢ is analytic at £ = 0. We now take the equation obtained by neglecting

8. Three parameter regimes. It is not yet clear whether and in what sense
the equations (6.13) are useful perturbations of Bessel’s equation. The answer turns
out to depend on both the phase of @ = /(¢ — () and the relative magnitude of
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a and h.'® Here  lies in a small neighborhood of (., in R¢ > 0. Let 8 = a/h. For
K > 0 sufficiently large and a fixed small § > 0 we distinguish the following three
regimes, which exhaust the relevant a:

L |8 > K,0<arg 3<% — 4, where 6 > ¢, (for £; as in Definition 6.1).
IL[B] > K, 5 —d<argB< 7.
1L 8] < K.

It will turn out that the perturbed Bessel problem (6.13) can be analyzed in
regimes I, II, and III by reducing to the normal form (7.2), where m is respectively
0,1, —1.

8.1. Regime I. To get an idea of how this works in a simple setting closely
related to our perturbed problem, consider the modified Bessel’s equation

1 B2
(8.1) Wy, + ;wz = <1 + ?> w,

where first we take 8 = a/h as in case I and z = t/h for t € W (Definition 6.1). So
zZ € Zy = W/h
Setting w = Wz~ % to eliminate the first derivative, we obtain

. g2\ .1
(82) Wyy = 1+ ; w — @U} on Zh.

Next set v(og) = w(Bo) for o in the rotated large wedge W/hB = W/a = Z, to
obtain

1 1
_ 22
(83) Voo = ﬁ (1 + ;) v — EU on Za,

which is a problem of the form (7.1) with

1 1
(8.4) u=p, f(a):l—k;, g(cr)z—@.

Note that the condition § > ¢; in the definition of regime I implies that the points
o = +i, where f(c) = 0, do not lie in Z,, for 8 in regime I. As shown in [O, Chapter 10],
the transformations

(8.5) fz/fl/Q(cr)da, v = VYW

change (8.3) into a problem satisfied by W (&) of the normal form (7.2) with m = 0
and

_gl0) 1 d_2 1
(8.6 YO =50y T P do? <f1/4(0)) |

Remark 8.1. The problem (8.3) has a regular singularity at 0 and an irregular
singularity “at oo,” but no turning points (which are points where f(o) = 0) in Z,.
The wedge Z, is bounded for fixed «, but since o can be O(h) for some g in regime I,

18The square root is positive when its argument is positive.
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and since we are interested in uniform estimates as b — 0, the domain Z, can become
unbounded as h — 0. Thus, we effectively have a singularity at infinity.

In our application to Erpenbeck’s stability problem we study (6.1) in the original
x variables on the infinite strip Tz, (6.5), and we need to know how the solution that
decays at x = oo, which corresponds to 0 = 0, behaves at x = M, which corresponds
to o = e~“M /h, for some C > 0. Obtaining an explicit formula for the exact decaying
solution at * = M is the main step before extending the solution to x = 0, where
the stability function can be assessed. A great advantage of the method presented
in Chapter 10 of [O] is that it produces an asymptotic representation of the exact
solution at once on the entire (large) domain Z,. If instead one tried, say, to use
the theory of regular singularities to construct the decaying solution near o = 0, and
another method to construct a solution near infinity (i.e., for ¢ = O(1/h)), there
would remain the difficult problem of matching up the two expansions somewhere in
between.

8.2. Regime II. Next consider (8.1) again, but with large § with argument
close to /2. So 8 = i7, where arg 7 is close to 0. Rewriting (8.2) with 52 = —+2
and setting v(o) = w(yo) now for o € W/(—ia) =: Z_;,, we obtain instead of (8.3)

(8.7) Voo = 72 <1 — %) v — év on Z_q.

This problem has singularities at zero and infinity as before, but now there is a turning
point, namely, o = 1, in the interior of Z_,,, since arg(—ic) is near 0. Instead of
having turning points converging to z = 0, or running off to infinity in the original x
variables, the device of considering v(o) = w(vyo) yields a problem with a single fixed
turning point and large parameter © = . Using the new variables £ and W defined

by

deN? or—1  f o (AN
o R A AL
2

) with m =1 and

transforms (8.7) into the normal form (

~g(o) 1 & 1 !
(8.9) P(§) = % — 1) = (flT(a)> , where g(o) = 1

The method of Chapter 11 of [O] yields an expansion of the exact solution of (8.7)
valid on Z_;,, a large wedge (growing as h — 0) with vertex at 0 = 0 and turning
point 0 = 1 in its interior.

8.3. Regime III. Now we consider (8.1) for || < K, which includes the case
corresponding to the “turning point at infinity,” 5 = 0. Here it is best to work in the ¢
variables on the bounded (h-independent) wedge W. The equation in these variables
is

1 1 a?
(8.10) Wyt + W= 53 (1 + t_2> w.

Setting w = vt~!/? we obtain

1 o? 1 1 B*—;
(8.11) U“:ﬁ<1+t_2>v_@v:ﬁ(v)+< e 4)von)/\/,
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where we have used the fact that 52 is now comparable in size to 1/4 to group these
terms together.
One might regard (8.11) as a problem that is already in the normal form (7.2)

with m =0, u =+, and ¢ = 62;% and try to apply the method of Chapter 10 of [O].
This does not work; the integrals of |¢)| on paths starting at 0 need to be finite in order
to solve the integral equation arising in the error estimates, but such integrals blow
up. One can see from (8.6) that f must have a singularity at ¢ = 0 to balance that
of g at t = 0 in order for such integrals to be finite. Instead, one might regard (8.11)
as a problem of the form (7.1) with u = &, f(t) = 1 + i‘—;, and g(t) = — 4= and use
transformations like (8.5) to reduce (8.11) to the normal form (7.2) with m = 0 and
a different 1. This also fails; the function 1) now depends on @ = O(h), and though
the integrals described above are now finite for fixed h, they blow up as h — 0.

Instead we proceed as follows. Setting t = 2s'/2 and 0(s) = s'/4v(2s/?), we
obtain

. 1 p2—1\. WwW?
(812) Vsgs =— (E +4—82> v on T

This problem already has the form of the “elementary equation” corresponding to the
case m = —1 of section 7 and has solutions that can be expressed in terms of modified
Bessel functions. There is no singularity at oo now, since W2, which is bounded, is
independent of h; turning points are absent as well from (8.12).%°

When we consider the perturbed Bessel equation in this frequency regime, we
will obtain an equation like (8.12) with the same ¢g(s), but with ﬁ replaced by # I
where f =1 4 f,(s), with f, the perturbation given in (9.6).

9. Transformation of the perturbed Bessel’s equation. Next we describe
how transformations like those described above can be applied to the perturbed equa-
tions given in (6.13). Recalling the definition of 8 = 5(¢,h) from (6.12) and the
formula for D(oo, () (6.3), we see that corresponding to ¢ in the each of the parame-
ter regimes of section 8, we have, respectively,

I: |B| > Ky, -6 <arg B < L — 01, where d; > €; for 1 as in Definition 6.1,20

IL B > Ky, T — 6 <argf< T,

I0I: |3 < K.

Here 0 < K; < Ky, 6; > 0 is small, and K; can be made arbitrarily large by
taking K in section 8 large.

9.1. Regime I. Applying the same transformations as in section (8.1) to the
perturbed equation (6.13)(b), but with 5 now playing the role of 3, we obtain instead
of (8.3) the equation

(9.1) Voo = (Bzf(a) + g(a)) von W/a := Zs,

90bserve, though, that turning points are present in the first equation of (8.11) for arga = Z.

2
They converge to zero as h — 0 since o = O(h).
20Since (6.4) holds, we see that after shrinking w 3 (o if necessary, we can describe regime I here
using a 41 > &1 provided § > €1 for § as in the definition of regime I in section 8.
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where g(0) = — 1Lz as before and

f(o) = folo) + fp(o), where
folo) =1+ % and f,(0) = (&%0* + a®)bi (a0, ) + aoba(ao, ¢) + hbs(ao, ¢, h).

Remark 9.1. Tt will be important later to take the perturbation f,(o) sufficiently
small on the relevant domain (e.g., Z5 or Z_;5). This will be the case provided ao,
a, and h are small enough. One makes o small by restricting ¢ to a sufficiently small
neighborhood w 3 (. Since ao € W, ao is small when W, a wedge with vertex at 0
defined in Definition 6.1, is small; more precisely, |@o| < &2 for £2 as in Definition 6.1.
When &5 is reduced, M must be increased so that W still contains the image of [M, c0)
under the map ¢t = t(x, () for all ¢ € w.

9.2. Regime II. Writing B2 = —42, where arg# is close to zero, and applying
the same transformations as in section 8.2 to the perturbed equation (6.13)(b), but
with 4 now playing the role of v, we obtain instead of (8.7) the equation
(9.3) Voo = (72 f(0) + g(0))v on W/(—id) := Z_;a,

where g(0) = — 12 as before and (since hy = —id)

f(o) = folo) + fp(o), where
1
(94)  folo)=1- o and f,(0)
= (a® = & 0%) by (—ido, () — idoby(—iao, ¢) + hbs(—iao, ¢, h).
Clearly the function f, will be small under the same conditions as described in
Remark 9.1.

9.3. Regime III. Starting now with the perturbed equation in the ¢ form
(6.13)(a) and making the same transformations as in section 8.3, in place of (8.12)
we obtain

(9-5) Dss = (%f(s) + g(s)) 0 on W?/4,
where g(s) = 5425_21 and
f(s) = fo(s) + fp(s) with
(9.6)  fo(s) = é and
fols) = é (45 + a®)b1 (252, C) + 25"/2b9(25'/2,C) + hbs(25'/2,¢, B)| .

Note that each of the perturbations f, as in (9.2), (9.4), or (9.6) is determined
once W, ¢, and h are specified, where W is the wedge defined by the choice of constants
€1, €2 as in Definition 6.1. Thus, we can write f,(-) = fp(-,€1,€2,(, h). Remark (9.1)
and the estimates of b;, j = 1,2, 3, of Proposition 6.3 directly imply the following.
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PROPOSITION 9.2. Let f, be a perturbation as above. Set Ny = €2+ | — (ool + I,
where €9 appears in the definition of W. Then given 61 > 0 there exists d2 > 0 such
that

Np < 82 = |fplre(zs) < 61 for regime 1,
(9.7) Np < 02 = |fplre(z_,4) < 01 for regime 11,
Ny < 02 = |8 fpl 1o w20y < 01 for regime III,

Remark 9.3. In later arguments we will reduce the perturbation f, by reducing
N,. We do not include €1 (as in Definition 6.1) as one of the summands in the
definition of N,, since in that case shrinking NN, could produce a wedge W that no
longer contains the image of [M,oco) under the map ¢ = ¢(x,(), even for large M.
Although there are restrictions on the size of ¢; (for example, in the definition of
regime I), Proposition 9.2 implies that for almost all purposes it suffices to shrink NV,
as defined above.

10. Leading term expansions. In this section we describe the form of the
leading term expansions for exact solutions to the perturbed problem in each of the
frequency regimes described in section 9. In each case the £ variable is defined as
in (7.3) for appropriately chosen lower limits g, where f is given by (9.2), (9.4), or
(9.6). In each case one achieves the normal form (7.2) by defining W (£) and ¢ (¢) as
described in section 7.

The main things to check are that “progressive paths” of integration can be chosen
as required by the contraction arguments and that the integrals involving (&) that
arise in the error estimate converge at the singularity at zero and (in the cases of
regimes I and II) at the singularity at infinity. These points are explained in the
following discussion and in the proofs.

10.1. Regime I. Recall the definitions of the variables

(10.1)

t= 2 aD(oo,C)e*’””/g, z= %, a = zom/D(oo,Q), B = %, o= % eW/a = Z;.
[ 1

When f,(0) in (9.2) is neglected, the integral defining {(o) is easily evaluated by
trigonometric substitution and yields

7 (14s%)12 2\1/2 o
10.2 = — ds=(14o +lo ,

where the branches of square root and logarithm are the principal ones. Here oy is
the point on the positive real axis at which the right side of (10.2) vanishes. Using,
for example, the fact that for small |o|, £ = log(30) + 1 + o(1), while for large
lo|, € = o + o(1), it is not hard to draw a picture of the domain in the {—plane,
Z¢, that corresponds to the large wedge Z5 under the map (10.2) (Figure 7.2, in
[O, Chapter 10]). Progressive paths are of two types: those along which %(B{) is
nondecreasing, and those along which %(35) is nonincreasing. The choice of such
paths is obvious in the £-plane and using

(10.3) Y(§) = 0% (4 —0?)/(1+0%),
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one sees that in this case (f) neglected) the integrals

3
(10.4) / [t(s)| d|s|, where o1 =0, o2 = o0,
€(o5)

are finite along such paths.?!

When f, is included in the definition of f, the domain in the &-plane corresponding
to Z5 under the map £ = f;g f1/2(s)ds is a small perturbation of Z¢ when f), is small,
and progressive paths are again easy to choose on an appropriate subdomain. Using
the estimates of Proposition 6.3 for the functions b;, j = 1,2,3, appearing in the
definition of fp,, one can show that integrals (10.4) involving the redefined ¢ () are
again finite.

To get started it is necessary to show that the map o — £ defines a good, global
change of variables.

PROPOSITION 10.1. For fy and f, as in (9.2) let

(10.5) (o) = /U(fo + )2 (s)ds,

[¢]

where o is (as before) the point on the positive real axis where the right side of (10.2)
vanishes. For perturbations f, with Ny sufficiently small (recall Proposition 9.2) the
function & = &¢(0), is a globally one-to-one analytic map of Z5 onto the open set
which is its range.

In the next proposition Z5 s is an open subdomain of Z5 containing the image of
the segment of the z-axis, [M, c0), under the map x — 0. The domain Z; , is defined
as 5;1 (Ag), where A¢ (described precisely in the proof given in section 16) is an open
domain in §-space on which progressive paths can be chosen.

PROPOSITION 10.2. Suppose 8 as defined in (6.12) lies in regime 1. For f, as in
(9.2) taken sufficiently small (by the choices explained in Remark 9.1), the perturbed
Bessel problem (9.1) has exact solutions

vi(0) = &2(0) () +m(B,€(0)))
(10.6) . }
v2(0) = &/%(0) (¢ +-ma(B, (o))

on Zs.s, where the error terms satisfy

N _ C | iis
(10.7) 30 [oens (50| < 1 V).

Remark 10.3. The proof, given in section 16, is based on Theorem 3.1 of
Chapter 10 of [O] and the estimates of Proposition 6.3. The result of [O] constructs
solutions

(10.8) Wi(€) = eV L i(B,6), j = 1,2,

of

= (32 where = glo) 1 d—2 .
(10.9) Wee = (B +1(§))W, where (&) flo)  f34(0) do? (f1/4(0)> ’

21Here “co” should be interpreted as a point at the far right extreme of the large wedge Z5.
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by solving the integral equation satisfied by 7; (obtained by variation of parameters).
When j = 1 the equation is

m(B,€) = / K(&v) l ﬂz + w(v)n%(ﬁ,v)] dv, where

(10.10) K(&v) = 2( Bl&—v) _ (U 5))

and the integral is taken on progressive paths. This equation is solved on the domain
A¢ = &(Z24,5) by iteration. The progressive path property of A¢ gives a useful point-
wise estimate of |K (&, v)|. Together with a uniform bound on the integrals (10.4),
this yields convergence of the sequence of iterates.?? Convergence of the sequence of
differentiated iterates follows from a similar pointwise estimate of |0¢ K (£, v)| and the
property K (&, &) =0.

Consider the first-order system corresponding to (6.1):

(10.11) h% (;:2) = <C(a:,€) +Ohr(x,<, h) (1)) (hzuv) '

The next proposition describes the solutions of (10.11) that are bounded for ¢ = 0
and decaying for ¢ > 0 as  — oo in [M, 00), when B((, h) lies in regime I. Recall
that Proposition 10.2 is valid for a small enough choice of wedge W, neighborhood
w 3 (~, and hg such that 0 < h < hg.

PROPOSITION 10.4 (choice of decaying solution). Choose M large enough so
that W contains the image of [M,00) under the map t = t(z,¢) for all { € w. After
shrinking w and reducing hg if necessary, we have, for ( € w and 0 < h < hqg such
that B(C, h) lies in regime 1, that the bounded (resp., decaying) solution of (10.11) on
[M,o0) for RC =0 (resp., R¢ > 0) is given by

(10.12) w(z) = z(2) Y0, (0(x)).

Here vy is defined in (10.6) and the maps x — z(x) and x — o(x) are defined by
(10.1). The corresponding decaying solution of Erpenbeck’s 5 X 5 system (5.1) is thus
given by the formula in (5.33) for this choice of w(x). .

Having identified the exact decaying solution of Erpenbeck’s system for g in
regime I, the next step is to show that this solution is of type 61 at = M (recall
(0.16) and Definition 0.4). Since x = M is to the left of any turning point x(¢) for
¢ € w when w is small, it will then be rather easy to conclude that the exact decaying
solution is of type 01 at x = 0. This will allow us to deduce that the stability function
V (¢, h) is nonvanishing for 8 in regime L.

ProPOSITION 10.5 (decaying solution is of type 6; at « = M). Fiz M as in
Proposition 10.4. Let 0(x,(, h) be the exact decaying solution of (5.1) identified in
Proposition 10.4, and let 61(x, (, h) be the approxzimate solution given by (0.16). There
exist hg > 0, a neighborhood w 3 (~, and a nonvanishing scalar function H(xz,(,h)
defined for x near M such that

C
10.13 H(x,(,h)0(x,( h) —01(x,( h)| < ————
(10.13)  [H(z, ¢, h)b(x, ¢ h) = b1(x, ¢, h)| < B

where C' is independent of x near M and of ( € w, 0 < h < hg, such that B lies in
regime 1.23

|01(x, , h)| for x near M,

22Tt is not necessary to take |3 large to obtain convergence. See Theorem 10.1 of Chapter 6 in [O].

23Recall that for B(C h) in regime I we have h < ‘;‘ < i << 1.
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The final step in the treatment of regime I is to show that the exact decaying
solution of (5.1) is of type 61 at x = 0. In fact, we show next that a multiple of 6 is of
type 61 on all of [0, M]. The explicit formula (21.1) for the stability function V (¢, h)
in terms of 0(0,(,h) shows then that V(¢,h) is nonvanishing for (¢, k) in regime I
when Assumption 1.4 holds.

PROPOSITION 10.6 (Decaying solution is of type 61 at x = 0). Let 8(x,(, h) be
the exact decaying solution of (5.1) identified in Proposition 10.4, and let H(x,(, h)
be the function referred to in Proposition 10.5. There exist hg > 0 and a neighborhood
w D (oo such that

(1014) |H(M7<v h)@([l’,c, h) _91(x5<7h)| <

C
- 01(x,(, h 0, M],
B m) e Gl on [0, M]

where C'is independent of x € [0, M] and of ( € w, 0 < h < hqy such that 3 lies in
regime 1. 3

Proof. Let 0;(x,(,h), 7 = 1,...,5, be exact solutions of (5.1) on [0, M]
(constructed as in [LWZ1, Theorem 3.1], for example) such that
(10.15) |0; — 0;] < Ch|0;| on [0, M],

where the approximate solutions 6; are defined on [0, M], an interval with no turning
points. The formulas (0.7) for the p;(x, () and the fact that 0 < x(x) < 1 imply that
there exists a neighborhood w 3 (o such that for « € [0, M] and ¢ € w, we have

(10.16) Rpp <0, Rpo >0, Rpy; >0, 5 =3,4,5,

and thus for hj(z,¢) = [ p;(2',¢)da’ we have

(10.17) —Rh1(M,C) :=a >0, Rho(M,() :=b> 0, Rh;(M,{) =c>0, j=3,4,5.
Expanding the exact solution solution H (M, (, h)0(x,(, M) in the given basis,
(10.18)  H(M,(,h)0(x, ¢ h) = c1(¢, )01 (z, ¢ h) + -+ + ¢5(¢, h)B5 on [0, M],

evaluating at © = M, and then using (10.30), (10.15), and Cramer’s rule, we obtain

e1(Ch) = 1+ O(L/1B(¢, W), e2 = O (= F /IB(C. 1))

a+c

(10.19) ¢j=0 (e* ; /|B(g,h)|) . j=3,4,5.

In view of (10.15) the behavior of the §; on [0, M] is given by the explicit formulas for
the 6;. Thus, it follows from these formulas and (10.19) that the 6; term dominates
on [0, M] or, more precisely, that (10.14) holds. O

10.2. Regime II. Recall the definitions of the variables

10.20 t=2=y/aD(oo,()e /2 = F=—if, 0=2¢€ Z_5.
( . ¥

> =+
| w

With [0, 1] denoting the line segment joining 0 to 1, we define Z.,4
connected subregion of Ro > 0 given by

—~

1) to be the simply

(1021) Zcut(]-) =Z ia \ [07 1]
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Set = := 2¢%/2. When f,(0) in (9.4) is neglected, we define (o) by

o (2 _1)\1/2 2 N1/2
(10.22) 5(0):/ @ds:(ag_l)l/mbg(M)’
1 s o

where the branch of (62 — 1)%/2 on Z.,(1) is positive for ¢ > 1, and the branch

2 \1/2
of log(w) takes negative (resp., positive) values in the limit as ¢ — a4,
0 < a < 1, from the upper (resp., lower) half-plane.?* The definition of Z(o) is

extended by continuity to a4 for 0 < a < 1. Observe that
(10.23) Z(ax) = Fib, for some b =b(a) >0, for 0 < a < 1,

and that Fib(a) are mapped to the same point on the negative £ axis under the map
= — £ Morever, the map o — £(0) turns out to extend analytically to a map of a
full neighborhood of ¢ = 1 onto a full neighborhood of £ = 0.

In this case (f, neglected) one can draw the domains in the = and ¢ planes
corresponding to Z.,:(1) under (10.22).2° Progressive paths in the ¢ plane now have
the property that on corresponding paths in the = plane (=) is monotonic, and it
is easy to identify such paths in the =Z-plane.

When f, is included in the definition of f, E and £ are now defined by (7.3)(b)
with f asin (9.4), where o0y is the point (close to 1) where f(og) = 0. In the definition
of E we now take o € Z.,1(00) defined by

(1024) Zcut(oo) = Zfid \ [07 00]7

where [0, 0¢] is the line segment joining 0 to 0g. We show below that, unlike Z(o),
the function £(o) extends across the cut to be analytic on all of Z_;5.

The domain in & space corresponding to Z_;5 under the map o — £ is a small
perturbation, when f, is small, of the domain in the case f, = 0, and progressive
paths are again not hard to choose. Using the estimates of Proposition 6.3 for the
functions b;, j = 1,2, 3, appearing in the definition of f,,, one can show that integrals
arising in the error analysis,

(10.25) /:

are finite. Here 1(€) is given by (8.9) with f asin (9.4) and g = — 5.

The next proposition, proved in section 16, is more difficult for regime II than its
analogue for regime I, since f = fy + f, vanishes at o9 € Z_;5.

PROPOSITION 10.7. For perturbations f, with Ny, sufficiently small (recall Propo-
sition 9.2) the function & = &5(0), which is initially defined on Z.yi(0o), extends
across the cut as a globally one-to-one analytic map of Z_;5 onto the open set which
s its range.

In the next proposition we use the notation

1/1(5)571/2‘ d|s| (on progressive paths),

(10.26)  Aig(z) = Ai(2), Air(=) = Ai(ze™>™3), Ay (2) = Ai(ze>F%)

24This branch takes values ib, 0 < b < g7 for o > 1.
25Drawings for the rather different case where f(o) = 0—12 —1 are given in Figures 10.1-10.4 of [O,
Chapter 10].
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We denote by Z_;5,s C Z_;5 an open subdomain, chosen as explained in the proof,
and containing the image of the segment of the z-axis, [M, o), under the map = — o.
We denote by A¢ the image of Z_;4 s under the map o — £(o).

_ ProrosiTioN 10.8. Suppose B as defined in (6.12) lies in regime 11, and set
B% = —4%, where argd is near 0. For f, as in (9.4) taken sufficiently small (by
the choices explained in Remark (9.1)), the perturbed Bessel problem (9.3) has exact
solutions

(10.27) 0;(0) = &12(0) (433 *¢(0)) + 0 (3,€(0)) ), j = 0,1,—1,
on Z_;a,s, where the error term n; satisfies
- c, ..
n; (3, 6)] < W|Azj(72/3§)|,
(10.28)

oen, 5. < 1= [0 (41520

for & € A¢ with |§] >> 1 and RE > 0.

Remark 10.9. Information about the error terms 7; for £ near negative infinity is
more complicated to state but is implicit in Proposition 10.10 in the case of 1;. For
explicit estimates of the 1n; we refer to Theorem 9.1 of Chapter 11 of [O].

The next three propositions are analogues of the last three propositions in
section 10.1.

PROPOSITION 10.10 (choice of decaying solution). After shrinking w and re-
ducing ho if necessary, we have, for ( € w and 0 < h < hy such that B(C, h) lies in
regime 11, that the bounded (resp., decaying) solution of (10.11) on [M,o0) for R¢ =0
(resp., RC > 0) is given by

(10.29) w(z) = z(z) V%0, (0(x)).

Here vy is defined in (10.27) and the maps x — z(x) and x — o(x) are defined by
(10.20). The corresponding decaying solution of Erpenbeck’s 5 x5 system (5.1) is thus
given by the formula in (5.33).

PropPOSITION 10.11 (decaying solution is of type 61 at © = M). Let 6(x,(, h) be
the exact decaying solution of (5.1) identified in Proposition 10.10, and let 01(x,(, h)
be the approzimate solution defined in (0.16). There exist ho > 0, a neighborhood
w S (oo, and a nonvanishing scalar function H(x,(, h) defined for x near M such that

(10.30)  |H(x,¢, h)0(x,( h) — 01(x, ¢ h)| < ﬁwl(x,g,hﬂ for x near M,

where C' 1s independent of x near M and of ( € w, 0 < h < hg such that B lies in
regime 11.

PROPOSITION 10.12 (decaying solution is of type 61 at « = 0). Let 6(z,(, h) be
the exact decaying solution of (5.1) identified in Proposition 10.10, and let H(x,(, h)
be the function referred to in Proposition 10.11. There exist hg > 0 and a neighborhood
w D (oo such that

(10.31)  [H(M,C,h)8(z,C,h) — 01 (z,C,h)| < ﬁwl(x,g,hn on [0, M],

where C'is independent of x € [0, M] and of ( € w, 0 < h < hqy such that j3 lies in
regime 11.
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10.3. Regime III. Recall the definitions of the variables

2
(10.32) t = =y/aD(co,()e /2 s = 12/4.
i
When f,(s) in (9.6) is neglected, the integral defining £(s) is
1
1/2 _ _ 1/2 _
(10.33) ¢ /0 Ve dt =57, so & =s,

and the relevant domain in the ¢-plane is the bounded wedge WW? /4. Progressive paths
in the &-plane are now either those along which both R¢'/2 and |€] are nondecreasing
or those along which both R¢'/? and |¢| are nonincreasing. The image of W?/4
under the map s — £1/2 is just W/2, and progressive paths are easy to choose in the
£'/2-plane.

When f, as in (9.6) is included in the integral defining &

(10.34) 261/2 = / Y2 (t)dt,
0

the image of W2 /4 under the map s — £!/2 is a small perturbation of W/2 when f,
is small, and progressive paths satisfying the above conditions are again not hard to
choose.

PROPOSITION 10.13.  For perturbations f, with N, sufficiently small (recall
Proposition 9.2) the function & = £7(s) is a globally one-to-one analytic map of W?/4
onto its image.

In the next proposition we denote by W, C W?/4 an open subdomain, chosen as
explained in the proof, and containing the image of the segment of the z-axis, [M, co)
under the map x — s given by (10.32). We let A¢ denote the image of W under
the map s — £(s). With o(s) as in (9.5) and W (€) defined by & = (%£)~1/21, the
problem satisfied by W has the form

1 1 32 —

where (with g(s) as in (9.5))2°
_ 145 g(s) | 4F(5)f"(s) =5 (s)
16 ) 6P)

Using the estimates of Proposition 6.3, one checks the finiteness of the integrals
required for the error analysis of Theorem 9.1 of [O, Chapter 12]:

(10.37) /j

J

(10.36) $(¢)

(b(t)t_l/z‘ d|t] (on progressive paths).

In this case there is no singularity at infinity, since A¢ is bounded independent of h.

PROPOSITION 10.14. Suppose 3 as defined in (6.12) lies in regime I11. For sf,(s)
as in (9.6) taken sufficiently small (by the choices explained in Remark (9.1)), the
perturbed Bessel problem (9.5) has exact solutions on Ws given by

(10.38) bi(s) =& 2 (9)W5(E(s)), 4 =1,2,

26Observe that when f(s) = 1/s and £ = s, we have ¢(£) = 0.
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where the W; () are exact solutions of (10.35) of the form

(@)W1 (&) = /2152612 /1) + mu (. ©),

10.39
(10:39) (b)Wa(§) = £/2 K 5(26"/2 /h) 4 ma(h, ).

Here the error term 1y satisfies

m1(h, &) < ChlEV?T5(2¢'2 /b)),

10.40
e 9m (h,€)] < Ch | (61215(2¢2/m) )|

for € € A¢ with |€/2/h| large. The error ny satisfies analogous estimates.

Remark 10.15. Information about the error terms n; for { near 0 is more com-
plicated to state but is implicit in Proposition 10.16 in the case of 7. For explicit
estimates of the 7; we refer to Theorem 9.1 of Chapter 12 of [O]. That theorem
deals only with real 3, but we show how the result can be extended to %B > 0in
section 16.

PROPOSITION 10.16 (choice of decaying solution). After shrinking w and re-
ducing ho if necessary, we have, for ( € w and 0 < h < hg such that B((,h) lies

in regime 111, that the bounded (resp., decaying) solution of (10.11) on [M,o0) for
RC =0 (resp., RC > 0) is given by

(10.41) w(r) = %mm»

where ¥y is defined in (10.38) and the maps x — t(x) and x — s(x) are defined by
(10.32). The corresponding decaying solution 0(x,(,h) of Erpenbeck’s 5 x 5 system
(5.1) is thus given by the formula in (5.33).
The next step is to show that this solution is of type 6; at x = M.
PROPOSITION 10.17 (decaying solution is of type 61 at © = M). Let 6(x,(, h) be
the exzact decaying solution of (5.1) identified in Proposition 10.16, and let 01(x,(, h)

be the approzimate solution defined in (0.16). There exist hog > 0, a neighborhood
w S (oo, and a nonvanishing scalar function H(x,(, h) defined for x near M such that

(10.42) |H(z,¢,h)0(x, ¢, h) — 601(x,, h)| < Ch|b1(xz, ¢, h)| for x near M,

where C' 1s independent of x near M and of ( € w, 0 < h < hg such that B lies in
regime I11.
The proof of the next proposition is exactly like that of Proposition 10.12.
PROPOSITION 10.18 (decaying solution is of type 6y at « = 0). Let 6(z,(, h) be
the exact decaying solution of (5.1) identified in Proposition 10.16, and let 01(x,(, h)
and H(xz,(,h) be as in Proposition 10.17. There exist ho > 0 and a neighborhood
w D (oo such that

(10.43) |H (M, ¢, h)0(z, ¢, h) — 61 (x, ¢, h)| < Ch|6y(z, ¢, )| on [0, M],

where C' is independent of x € [0, M] and of ( € w, 0 < h < hqy such that 3 lies in
regime I11.
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11. Multistep reactions. The treatment of the turning point at infinity in
the case of a scalar reaction equation works verbatim for type D multistep reactions
provided the reactant k-vector A(z) is analytic and has the structure

(11.1)
Az) = Ae ™ + m(x)e "*, where A is constant, p > 0, and |m(z)| < Ce H%R,

on a wedge W(My,0) for some 8 > 0. With (11.1) the function e(z) again has
the structure in (6.6) and the proof of Proposition 6.3, giving the estimates of the
functions b;, j = 1,2, 3, that appear in the perturbation of Bessel’s equation (6.13),
goes through unchanged. We now show that the eigenvalue separation condition (2.9)
implies (11.1); thus, Example 2.3 satisfies (11.1).

We write the equation satisfied by \ as

(11.2) %A = f(A) = BA+ N()\), where f(0) =0 and B = df(0),

and denote by IL,, Il the projections of C* onto, respectively, the weakly stable
subspace corresponding to the eigenvalue —pu; of B, and the complementary strongly
stable subspace. We can suppose A is already given as an R*-valued decaying solution
of (11.2) on R. For M, sufficiently large and 6 small enough, the problem (11.2) with

initial condition A|z=pr, = A(Mp) can be solved on the wedge W(My, 0) by a classical
contraction argument applied to the integral equation

(11.3) Mz) = B (0) + /I eBE=IN(A(s)) ds.
0

Here by a translation we have replaced My by 0. By (2.9) the weakly stable subspace
is simple with eigenvalue —pu := —pu1, so we can rearrange (11.3) as

Az) =e " (/\wS(O) + /Ow eIy N (A(s)) ds)
+ (831)\55(0) + /OCE eBE=I N (A(s)) ds) =T+1IL
Using |A(z)| < C|A(0)|e™ %% |N| < Co|\(x)|?, and the estimate
(11.4) ’eB(I_S)HSS‘ < Ce~2M@=9) where fi > 24,
which follows from the separation condition (2.9), we find that II is bounded in mod-

ulus by C3|\(0)|2¢=2*%* and so can be viewed as part of the second term on the right
in (11.1). Splitting I now as

[=eHe </\w5(0) +/ e“SstN()\(s))ds) —/ e M@=, N(A(s)) ds =: 1; 41,
0 T

we see that [Io] < Cy [ e #R(E=9)e2uRsq(Rs) < Cse2#R* and so I can be treated
like IT above. Setting

A= Ays(0) + /OO e** s N (A(s)) ds,
0

we obtain (11.1).
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The treatment of frequencies ¢ # (» with R > 0 does not require (11.1), so for
such frequencies the proofs in the scalar case work for multistep reactions as long as
the assumptions of section 1 hold. Thus, our main result, Theorem 2.1, holds also for
for type D multistep reactions under the additional separation condition (2.9).

Part III. Finite turning point and nonturning point frequencies.

o

In this part we treat nonturning point frequencies as well as frequencies ¢ € (iii)’
for each of which there exists a turning point z(¢) € (0,00). We also study the
upper endpoint frequency ¢y for which the corresponding turning point is the endpoint
2(Co) = 0 of the reaction zone [0, 00).

First we give a lemma that extends the map ¢ — x(¢) to a neighborhood of a
turning point frequency.

LEMMA 11.1. Fiz a basepoint € (iii):)_. There exist neighborhoods w > ¢ and
O 3 z(¢) and an analytic homeomorphism = : w — O, where x({) is defined to be the

unique Toot of

(11.5) F(@,¢) == ¢ + () = 0.
Moreover,
(11.6) S2(¢) >0 for RC > 0 and Iz(¢) =0 < RC = 0.

Proof. The profile P(z) is of type D, so 9, f(2(¢),{) < 0. The fact that z(¢) is

analytic thus follows from the implicit function theorem. We have

(11.7) O f (2(C), Qe (€) +2¢ = 0,

so z¢(() # 0 since ( # 0. Hence we have an analytic homeomorphism of some
neighborhoods w and O. Since S¢ > 0, (11.7) implies Sz (¢) > 0, which yields
(11.6). O B -

The frequencies ¢ € {R¢ > 0} \ (iii) := N, for which there are no associated

turning points, are divided into two sets:
(11.8) N =WNn{(l =M} uWNn{]<M})

for some sufficiently large M. The unbounded set is studied in section 14. The bounded
set was treated in [LWZ1] using the following theorem, which we reproduce here since
it is needed for the analysis of finite turning points. In this theorem the p;(z, (),
j=1,...,5, are the eigenvalues of ®¢(z,() given in (0.7), and p > 0 is the constant
determining the rate of profile decay in (4.7).

THEOREM 11.2 (see [LWZ1, Theorem 2.1]). (1) Consider the system (5.1)

1

(11.9) o=

[@o(z, C) + hdi(x)] 0
on an interval [a,00), a > 0, and for values of ¢ such that
(11.10) |pi(z,C) — pj(z, Q)| > Ce >0, j=2,...,5, for 0 < h < h(¢) small enough.

Then there exists an exact solution 6(xz,(, h) such that for any 0 < 6, < u

(11.11)
g — et J5 ui(s.Ch)ds [T1(z,¢) + O(h)]| < Ceche™ % et IS misChyds| o [a, 00),
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where Ty (z,¢) as in (0.10), and
(11.12) ,uﬁ = p1(z, ¢) + O(he™#%).

(2) Let K C {R¢ > 0}\ (iii) be compact. Then (11.10) and (11.11) hold on [0, c0)
with constants h(¢), C¢ that can be taken independent of ( € K.

(3) Let ¢ € (i), and § > 0. There exists a neighborhood wy > ¢ in RC > 0 such
that

(11.13) 2(¢) — 0 < Rx(C) < x(¢) + 6 for all € wy

and such that (11.10) and (11.11) hold on [x(C) + &, 00) with constants h(C), C¢ that
can be taken independent of ¢ € w1. B

As an immediate corollary of part (2) we have the following.

COROLLARY 11.3 (nonturning point frequencies). Let K C {R¢ > 0} \ (iii) be
compact. The exact bounded solution 6(x,() of (11.9) given by Theorem 11.2 satisfies

(11.14) 10(0,¢, k) — T1(0,¢)| < Cxch for 0 < h < hy,

where C'i and hg can be taken independent of ¢ € K.

The corollary implies that for ( € K, 0 < h < hg, the solution € is of type 6, at
2 = 0 and thus the stability function V((, h) is nonvanishing. In view of (11.11) and
(11.12), part (3) of Theorem 11.2 yields the following.

COROLLARY 11.4. Let w1 3 ¢ and § > 0 be as in (11.13). For ( € wy there is a
bounded, nonvanishing function H(x, ¢, h) and an hg > 0 such that

(11.15) |H(z,¢,h)0(x,(, h) —01(x, ¢, h)| < Ch|01(x,¢, )| on [2(C) + d,00)

for 0 < h < hyg.

In the next section we show that there is a nonvanishing scalar function s(¢, h)
such that s(¢, h)0(x, (, h) is of type 61 at £({)—26 for ¢ € wy. This is done by matching
arguments that use Airy functions to represent exact solutions on a full neighborhood
of the turning points. It then follows as in Proposition 10.12 that s(¢, h)0(x,(, k) is
of type 6, at x = 0.

o

12. Turning points in (0,00). We now fix a basepoint ¢ € (iii), with asso-
ciated turning point z(¢) € (0,00). The goal is to find a neighborhood w > ¢ and a
constant hg > 0 such that the stability function V' (¢, h) # 0 for ¢ € wand 0 < h < ho.
The first step is to conjugate the system (11.9) to the block form (5.11):

hi(b _ A9, + hdy1 + h2B11 0
dx 0 AYy + hdao + h?Bas )
Az, ¢, h) 0
12.1 =
( ) (b < 0 Agg(f,g,h) (b’

for ¢ near ¢ and z in a complex neighborhood of z(()

PROPOSITION 12.1. Let ¢ € (iii) and let 2(¢) € (0,00) be the corresponding
turning point. There exists a constant hg > 0 and simply connected open neighbor-
hoods w > ¢, O > x({) such that for { € w and 0 < h < hy a conjugator Y (z,(, h)
can be constructed on O with the property that 0(x,(, h) satisfies the Erpenbeck sys-

tem (11.9) on O if and only if ¢ defined by 6 = Y ¢ satisfies (12.1). The conjugator
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Y (x,(, h) is bounded and analytic in its arguments. The entries of the 2 x 2 block
A11(x, ¢, h) in (12.1) again have the form given in (5.13).

Proof. The conjugator is constructed as Y = Y1Ya, where Y7 (z, ) is given by (5.5)
and Ya(x, ¢, h) has the form (5.10). The entries of Y5 satisfy equations like (5.15) and
are constructed by a classical contraction argument; see, for example, Theorem 6.1-1
of [Wal]. The analyticity of the Y in x is a consequence of the fact that the profile
P(z) extends analytically to a complex neighborhood of (¢). As in Proposition 5.2,
the argument uses the fact that the blocks A9, (x, () and A%, (x,¢) in (5.8) have no
eigenvalues in common for (z,¢) € O X w for small enough O, w. O

Writing ¢ = (41, ¢2) and letting ¢o(x, ¢, h) denote any function such that %gpo =
a+d

43¢, we obtain by the same calculations that produced (5.31) that solutions of

hik¢1 = Ani(z, ¢ h)¢r in O are given by

v pl/2 0 w w
(122) (bl =eh (ab_l/Q - h(b_l/Q)gc b_1/2) (hwm> = K($7§7 h) <hwz> )

where (w, hw,) satisfies

(12.3) h% (;:2) - <C(a:,€) +Ohr(x,<, h) (1)) (hzuv) '

Thus, we can construct two independent solutions on O of the original system (11.9)
of the form

(12.4) 0 =Y, [FGM (h:fvf) :
0

using independent solutions of (12.3).

Remark 12.2. In the remainder of this section the simply connected neighborhoods
w > ¢ and O 3 z(¢) may need to be reduced in size a finite number of times. These
reductions will often be performed without comment.

The following propositions will allow us to construct solutions of (12.3) in terms
of Airy functions. Recall that for ¢ € (iii)gL the number z(¢) € (0,00) is the unique
root of (2 + c¢gn(x) = 0.

Let us write the function C(x,() in (12.3) as

Ca,¢) = (¢* + fn(a)b* () = (z — z(Q)d(, ¢),

12.5 1
(125) where d(z,() = /0 Cop(x(C) + t(x — x(C)), ¢)dt.

PrRoPOSITION 12.3. The equation

(12.6) (p2)?p = C(,0)
has a solution for (x,() € O x w given by
2/3

1
(12.7) p(x,¢) = (x(C) —x) (/ 3u®y/—d(x(C) + u?(z — 2(¢)). ¢) dU) :

0
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where the expression inside the square root and the square root itself are positive when
x is real and RC = 0. The function p is analytic in both x and ¢ and satisfies

(12.8)

(a) p(x(¢),¢) =0 for ¢ € w;

(b) for x real and R¢ =0, p(x, ) is real and p,(x,¢) < 0;

(c) for each ¢ € w, p(-,() is an analytic homeomorphism of O onto a neighborhood
OC 3 0;

(d) for R¢ =0, we have (—ip¢)(z(¢),¢) > 0.

Remark 12.4. The inequality (12.8)(d) implies that the map ¢ — p(x({),() is
an analytic homeomorphism of a neighborhood of ¢ onto a neighborhood of 0. From
(12.8)(b) and (d) we see that for ¢ near ¢, when R¢ > 0 we have Ip(z(¢),¢) > 0.
After shrinking w if necessary, we conclude that for real z near z(¢) and ¢ € w with
R¢ > 0, we have Sp(z, ) > 0. B

The system (12.3) is equivalent to the scalar equation

(12.9) h*we, = (C(x,¢) + hr(z, ¢, h))w.

Using (12.6), the property (12.8)(c), and for each ¢ € w making the changes of
variables

(12.10) y = p(,¢), W(y,¢) :==w(z(y,()),

we find that (12.9) takes the form (suppressing some ( arguments and setting

(12.11) B2 (@(y))dy (02 (@) Wy) = lyp2 (@(y) + hr(w(y), ¢, h)]W.
The transformation

(12.12) F) = (pe(a(y) /> W (y)

leads to

(12.13) 1 fyy = (y + haly, W) f, where q(y, h) = rp;* + hp, /2 d5 (p/?).

This is a perturbation of Airy’s equation that we can rewrite as

(12.14) h (ij}) (e o) ()

The following proposition is a classical result of turning point theory. A reference
for the proof is [Wa, Theorem 6.5-1].

PROPOSITION 12.5 (exact conjugation to Airy’s equation). There exists hg > 0
and a conjugator P(y,(,h) = I + hQ(y,(, h), with Q bounded and analytic in its
arguments x € O, ¢ € w, 0 < h < hg,?"such that the transformation (f,hf,) = PZ
takes (12.14) into the equation

0 1
(12.15) hZ, = (y o) Z.

27Recall Remark 12.2.
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For any ¢ € w two independent solutions of (12.15) on O¢ (as in (12.8)(c)) are
given by

B Ai(h=2/3eE2mi/3y)
(12.16) Z+(y) = <h1/3ei2”/3Az’(h2/3ei2”i/3y) :

. . . . e e +d
We recall that the phase function g in (12.2) is required to be a primitive of 3¢,

where a = a+ O(h), d = d+ O(h) (see (5.11) and (5.13)). Since a = d is defined for
all x > 0 and for all {, and morever extends analytically to a complex neighborhood
of the positive real axis, we may (and do) henceforth take ¢q of the form

(12.17) oo, C, h) = /O a(s,C)ds + O(h).

Using the formula (12.4) for 6 and retracing through the changes of variables, we
obtain the next proposition.

PROPOSITION 12.6 (exact solutions of (11.9)). For each { € w two exact inde-
pendent solutions 0L (x,(,h) on O of the original 5 X 5 system (11.9) are given by
formula (12.4) with

(12.18)
~1/2 ~1/2
w _ Pz 0 f _ Pa 0
<hwr>i - (hpwdy(/’;lm) palc/2> <hfy>i B (hpwdy(pgl/Q) pgla/2> P(p, ¢, h)Z+(p).

Ignoring relative O(h) errors in (12.4), we obtain by these substitutions

oﬂ: (33, Cv h) ~
oo/h [bl/Z(pw)’1/2Ai(h’2/3peﬂ”/3)Po

(12.19) i b’1/2h1/3(pz)1/26i2”/3Ai'(h’2/3pei2”/3)Qo}.

We now choose § > 0 and a neighborhood w; > ¢ satisfying (11.13) as in
Corollary 11.4, and so that for O 3 z({) as Proposition 12.6 we have

(12.20) r(wr) Uz(¢) — 20, 2(¢) + 20] C O.
The next proposition shows that for H as in Corollary 11.4, a nonvanishing multiple
of the exact decaying solution H (z(¢) + 20,(, h)6 is of type 61 at z(¢) — 20.

PROPOSITION 12.7. Let x, = x(¢) — 26 and xp = () +25. For ¢ € wy there is

an hg > 0 and a nonvanishing scalar function o(C, h) such that
(1221) |Oé(<, h)H(IRa Cv h)@(a:L, Cv h) -0 (va Ca h)| < Oh|01 (va Ca h)|

for 0 < h < hyg.

The proof, given in section V, is based on expanding H(zg,(, h)0(z,(,h) in
a basis of local exact solutions of (11.9), B = {6_,0,05,04,05}, where the 6;,
j = 3,4,5, are of type 6; for approximate solutions ; as in (0.16). Using the ex-
pansions (16.66) for the Airy function, we show first that appropriate multiples of 6_
and 6 are, respectively, of type #; and 03 at xp. Corollary 11.4 and the explicitly
known asymptotic behavior (in h) of the elements of B at both xr and z1, then allow
us to conclude that (12.21) holds.
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Finally, the proof of Proposition 10.6 yields the following.
PROPOSITION 12.8. There is a neighborhood w1 > ¢ and an ho > 0 such that for
¢ € w1 and « as in Proposition 12.7,

(1222) |a(§7 h)H(xRa Ca h)e(xa Cv h) - 91 (CE, Cv h)| < Ch|91 (iC, ga h)' on [07 CEL]

for 0 < h < ho.

13. The turning point at 0. For the boundary point frequency (o € (iii)  the
point = 0, where we need explicit information about the exact decaying solution 6
in order to evaluate the stability function V((, k), coincides with the turning point.
This fact presents some new difficulties that we sketch after stating Proposition 13.1.

The first step in treating the turning point at z = 0 is to extend the detonation
profile p(z) analytically to a complex neighborhood of x = 0; this allows us to study
the Erpenbeck system (11.9) on a neighborhood of = 0. We can then immediately
extend Lemma 11.1 to obtain an analytic homeomorphism = : w — O, where now
z(¢p) = 0, w 3 ¢p and O > 0. Similarly, with no changes in the proofs we obtain
extensions of Theorem 11.2 (3), Corollary 11.4, and Propositions 12.1, 12.3, 12.5, and
12.6 to the case where ( is now (p. In particular, we obtain exact solutions 61 on O
satisfying (12.19). B

We now choose 6 > 0 and a neighborhood wy; > (p satisfying (11.13) as in
Corollary 11.4 and so that for O 5 0 as Proposition 12.6 we have

(13.1) x(wr) U[—26,20] C O.

The next proposition shows that for H as in Corollary 11.4, a nonvanishing multiple
of the exact decaying solution H (24, ¢, h)0 is of type 61 at 0.

PrRoPOSITION 13.1. Fix k > 0. There exists a neighborhood ws > (o with we C w1,
an ho > 0, and a nonvanishing scalar function «(¢,h) such that

(132) |Oé(<, h)H(257 <7 h)G(O, Cv h) - 91 (07 ga h)' S ﬁ|91 (07 Cv h)|

for ( € ws and 0 < h < hg. Both wy and hy depend on k.

As with Proposition 12.7 the proof involves working with a local basis of exact
solutions B = {#_,0,,03,04,05}, and again we make use of the expressions (12.19)
for 64 in terms of Airy functions. However, since p(0,(p) = 0, we cannot use the
Airy function expansions ((16.66), for example) when ¢ is too close to (y. Since the
arguments of the Airy functions in (12.19) are h=2/3p(z, ()e*?™/3 | we see that there
are two natural frequency regimes to consider:

regime A = {((, h) : [p(0, Q)h™*/3| < M,

(13.3)
regime B = {(C,h) : |p(0,)h™2/3] > M.

Here ¢ € wy and M is chosen large enough so that standard expansions of Ai(z) apply
in |z| > M; thus, we are able to use those expansions in the analysis of regime B.

In the proof of Proposition 12.8 for turning points in (0, c0), it was helpful that
the arguments of p(zg, () and p(zy, () were always close to 7w and 0, respectively, for
¢ near ¢, and thus e*2™/3p(zp 1, () stayed away from the negative real axis, where
the zeros of Ai and Ai’ are located. Now, however, the argument of p(0,¢) can take
on all values in [0, 7] for ¢ near (y. The analysis of 6 is complicated by the fact that
for arg(p(0,()) ~ /3, we have arg (e2™/2p(0,¢)) ~ .
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The formula (0.16) for the approximate solution ¢, shows that
(13.4) 01(0,¢, h) = Py(0,¢) + 5(0,0)Qo + O(h).

The proof of Proposition 13.1 makes use of the fact that for { near (y, the functions
5(0,¢) and p(0, () are both close to zero. This implies that the terms involving Qg
in both (13.4) and the expression (12.19) for #_ are small compared to the terms
involving Fp.

14. The case |[(| > M. We conclude Part III by treating the case |(| > M >>
1. We must show that there exists hg > 0 and M such that for all 0 < h < hg and
[¢| > M with ¢ > 0, the decaying (or bounded when 3¢ = 0) solution 6(x,(, h) of
Erpenbeck’s 5 x 5 system,

a

(14.1) h—

0 = (Po(x, Q) + hd1(2))b,
is of type 01 at x = 0. As noted above, this implies nonvanishing of the stability
function V' ((,h). Here there are no turning points, but the difficulty is to give a
uniform treatment of the noncompact set of parameters (. This case was studied on
p. 610 of [E3], but the choice of hg there was not uniform with respect to large ¢, and
so we are not able to use this result.

PROPOSITION 14.1. Let 0(x,(,h) be as just described and let ho = 1. There
exists M > 0 such that for || > M and 0 < h < hy we have

(14.2) 160, ¢, k) =T (0, Q) < Ch/[C],

where C > 0 is independent of (¢, h).
Proof. (1) First we rewrite 14.1 as

(14.3) %9 = % (éo(x,c) + %@1(3:)) ,

where @1 (z) = ((A%)"1B(z))! as before, and

(14.4) Po(z,¢) = L, = ©

o0 = m((Ar)_ )+ m((Ar)_ AY)

The eigenvalues of ®¢(z, () are jij(z,() = IlTluj(gc’O for p; as in (0.7).
(2) As in section 2 of [LWZ1], direct computation and the use of Assumption 1.3
shows that for > 0 as in (5.4)

0
Trow 5

(14.5) ((Aw)*lB)t(x) =0(e ")+ ( > , where row 5 = (k, %, %, %, —r\ /u).

This implies that the eigenvalues of ®g(z, ¢) + %@1(33) are
L3
4

1 - -
pi = mu3(x,g) - h% + O(he™ %), where ry < 0.

1 ~ -
Wi = muj(a:,o +O(he ™), j=1,2,3,4, h:=
(14.6)
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(3) Uniform separation of eigenvalues. Using the fact that

2Ks

/LZ(J;vC) —,LLl(JJ,C) = n—uv S([IJ,C) = <2+an($)a
(14.7)
pa(e.€) = (o ¢) =

and noting that s(z, () ~ ¢ for || >> 1, we obtain for large enough M
(14.8) |fi(z,¢) — (2, Q)| >C >0, j=2,...,5,

where C is independent of x € [0,00) and |[¢| > M. Moreover, since Ru; > Rpq,
j=2,...,5, we find from (14.6) that

(14.9) Rt (, ¢, h) — Ryt (2, ¢, h) > O(he ™), j=2,...,5,

uniformly for = € [0,00) and || > M.

(4) Conclusion. As a consequence of the separation inequalities (14.8) and (14.9),
we are in a position to apply (verbatim) the proof of Theorem 2.1 of [LWZ1] to the
system

o= 2 (Bo(r.0) + 51 ())

14.1 Lp=
(14.10) ==

where &y and h play the roles of, respectively, ®y and h in the earlier proof. For a
possibly larger choice of M, the argument there?® shows that 6 satisfies

(14.11)

0(x,C, h) — e Jo ui(s,¢h)ds [Tl (z,¢) + O(il)} ‘ < Che % e Jo 1 (5.6, R)ds on [0, 00),

where 0 < 6 < u, C is independent of || > M, and
(14.12) wi (s, ¢, h) = i(s, G, h) + O(he ™).
Evaluating (14.11) at = 0 we obtain (14.2). O

Part IV. Proofs for Part II.

15. Conjugation to block form. In this section we prove Lemma 5.1 and
Proposition 5.2.

Proof of Lemma 5.1. We give the proof for djo; the proof for dy; is quite sim-
ilar. The assertion for (7 then follows from [1; = di2as; and the boundedness
of 921.

Since the z-dependence of di2 enters only through the profile, it suffices to show
dy2(00) = 0. We have

o dll d12 . —1 —1 d
(15.1) D= <d21 d22> =Yoo -y ey

so we need only show that that (1,2) entry of Y1_1<I’1Y1 is 0 at © = co. Here dj5 is a
2 x 3 submatrix of the 5 x 5 matrix D.

28This argument is based on the Variable Coefficient Gap Lemma stated in Appendix A of [LWZ1]
and first proved in [Z1].
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On pp. 116-117 of [E2] Erpenbeck writes ®; = Wig + Wi, where Wigp(oo) = 0
and Wi, is a matrix whose first four rows vanish at c0.2? So it suffices to consider
Y, 'W11Yi(00). Suppressing evaluations at oo, we write

(15.2) Wiy = <wa wb) ,

0 0 0 0 0
(15.3) we=|0 0|, wg=1[0 0 O
x ok x ok %
Writing
_ ta tb -1 __ (Sa Sb
(15.4) Y, = (tc td) and Y| © = <Sc 5d> ,

the (1,2) submatrix of YlellYl is then sp(wety + watq). From (5.6) we see that

* 0 0
* 0 0 x 0 0
I R (I ]

Computing s,(wetp + watq) we find that all entries vanish. a

Proof of Proposition 5.2.

(1) Integral equation for asi. In order for Ys to conjugate solutions of (5.8) to
solutions of (5.10), we must have

d
(15.6) h@YQ = AY> — 2B on the wedge W = W(M,, 6),

where A and B are the coefficient matrices of (5.8) and (5.10), respectively. Direct
computation shows that the functions a2 and a1 must therefore satisty the equations

d
hﬁau = A(l)10412 — a12A82 + h(di1one — agadas) + diz — h20412d21012,

d
(15.7) h@am = A1 — a1 AV + h(dagany — agrdiy) + day — h*agidizas.

Thinking of the 3 x 2 matrix ao; as an element of C% and using obvious notation, we
rewrite the second equation as

(15.8) h%azl = (A(C, h) + O(e_“m)) o1 + (d21(oo, ¢) + O(e_“m))
+O(h*e ™) (az1, az1),

where (with slight abuse)

(15.9)
A(C, h)asr = A3,(00, Q)anr — a1 AT (00, () + h (daz(00, {)asr — asidii(00,()).

Here we have used (5.4) and the fact that di2(c0, () = 0.

29Here we use Assumption 1.3.
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The eigenvalues of AY,(00,() (resp., A% (00,()) are u;(c0,¢), j = 1,2 (resp.,
w;(00,¢), 7 =3,4,5). The six eigenvalues a;((, h) of A((,h) are differences A — A1,
where \; (¢, h) is an eigenvalue of A?j (00,¢)+hd;j(o0,¢). From the formulas (0.7) for
the p; we see that there exist constants a and hg and a neighborhood w > (. such
that all the eigenvalues a;((, h) satisfy

(15.10) Sa;(¢,h) >a>0for 0 <h < hg, (€w.

Given any g9 > 0, after reducing hg and shrinking w if necessary, we will also have
for all j

(15.11) |Ra; (¢, h)| <egfor 0 <h < hy, (€w.

In view of (15.8), we will construct co; as a fixed point of the map (analyzed below)

(15.12) Tagi(z) =h"" AN ) [O(e_“my)azl + (da1(00,¢) + O(e™+))

o0 —

+ O(h2e %Y (g, 0421)] dy,

where xz € W(My, 0), co_ is the point at co on the lower boundary of the wedge W,
and the path of integration is a straight segment.

(2) Estimate of A=) Write o = 2, + iz; and let y(s) = s + iy;(s) be
a parametrization of the segment from oco_ to z. If a((,h) = a, + ia; denotes any
eigenvalue of A((, h), we have

(15.13) Ra(x —y(s))) = ar(xr — 5) — ai(zi — yi(s)) == ar Ay — a; A\

Choosing €¢ in (15.11) such that 0 < g9 < atan6 and noting that |§7‘

estimate

| > tand, we

(1514) CLTAT — CliAi S €0|Ar| — Q|A1| S €0|A7«| — Q|AT| tan@ = —I€|AT|,
where kK = atanf — g > 0.
The Jordan form of the matrix A((, h) can have nontrivial blocks, but the semisim-

plicity of the eigenvalues p1;(c0) j = 3,4, 5, of AY,(00, () implies that such a block can
be at most of size 4 x 4.3° Thus, (15.13) and (15.14) yield the estimate

3
(15.15) eh_l““@vh)(f—y)‘ <C (1 L e sl ) et
= h

on the path y(s).
(3) Contraction. Using the estimate (15.15) we can choose K > 0 such that

(15.16)
WAy (o0, )y

<K for0<h<hgy (€w, x € WMy,¥).

30T his is because A(C, h) has at least three independent eigenvectors.
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In fact the integral in (15.16) is independent of x, so we call it D(¢, h). For later use
we note that for © = z, + ix; € W(Mo, 6),

T, .3 _—
(1517) h*l/ <1 + %) 6757‘ 13 ‘efﬂSdS S Ce*M$T'

oo

Denoting the set of analytic functions on W by H (W), we let
(1518) B = {0421 S H(W) : |0421|L°°(W) <K+ 1}

After increasing My if necessary, we see that (15.12), (15.15), and (15.17) imply that
T : B — B. Using the same facts and again increasing M if necessary, we see that
T gives a contraction on B. So we now have a solution asg; to (15.8) satisfying

(15.19) |a21|Loo(W) < K+1.

The contraction argument for a9 is similar, and we leave it to the reader.
(4) Decay of aa1 to its endstate. Recall that D((, h) is the (z-independent) inte-
gral in (15.16). From (15.12) and (15.17) we see that

(15.20)  |Tagi(x) — D(¢, h)| = |agi(x) — D(¢, h)| < Ce ™ for x € W(My, ),

S0 D(Cv h) = (21 (OO, Cv h)

(5) Deriwative estimates. The estimates (5.14) are obtained by differentiating
(15.12) and again applying (15.17). O

16. Regimes I and II. Regime II is the most difficult of the regimes to treat.
We give the proofs for this regime first; the proofs for regime I are generally similar
but much simpler.

16.1. Proofs for regime II. After establishing some notation, we give the
proofs of Propositions 10.7, 10.8, 10.10, and 10.11.

16.1.1. The change of variable o — &(o). An application of Rouché’s
theorem shows that for |f|pe~(z_,,) sufficiently small, the function f(o) =

(1— %)+ fp(o) has a unique simple zero o on Z_;5, and that o9 — 1 as | fp[L= — 0.
We set fo(o) :==1— 0—12 and introduce subscripts to distinguish

Er(o) = gﬁfg (o) = / Vfo+ fp (0)do, 0 € Zeyi(op) and
(16.1) =5, (0) = %fi(a) :/1 Vo (0)do, 0 € Zeu(1).

Our analysis of {s(c) is based on comparison with {y, (%), and for this we must
carefully choose the branches of the square roots in (16.1). Write

o+1

folo) = (o0 = 1)di (o), where dyi(0) = 5 and

0® =1+ 0% fy(0)

(16.2) f(o) = (0 — 00)ds,(0) where dy, (o) = — 5
(0 —o0)o

Now define

(16.3) Vfo(o) = Vo —1y/di(o) on Zeu(1),
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where /o — 1 is the branch on Z.,,;(1) that is positive for o > 1, and /d1 (o) = —V(;H,
defined on Ro > 0, is positive for ¢ > 0.3! Similarly, define

(16.4) \/7(0) = o — 09/ do,(0) on Z.yi(00),

where /o — o¢ on Z.,.(0¢) is given by
(16.5) Vo —og=+/0g 2 _ 1 with Vog ~ 1 and v+ — 1 as above,
00

and y/dy, (o) is close to \/di (o) for f, small. Other powers of o — gy on Z.,.(00) are
defined similarly.

Proof of Proposition 10.7.
(1) Analyticity on Z_,5. In the integral

3 3 [
(16.6) §Ef(cr) = 5/ Vs — o0\ do, (8)ds
oo
we make the changes of variable t = \/s — 0 and then ¢t = /o — 0¢ u to obtain
3 Vo—ao
(16.7) gaf(U) = / 3t2\/ de, (tz +op) dt
0

1
= (0 —00)? /0 3u?\/dy, ((0 — a0)u + 09) du.

Estimates given below (see step (3)) imply that the second integral in (16.7) is non-
vanishing on Z_;5 for f, sufficiently small. Thus, this integral has a well-defined
analytic logarithm, which we use to define roots of the integral.®? In particular, we
obtain?3

2/3

(16.8) £5(0) = (0 — 00) (/1 3u2\/dye ({0 = 00) @ + 00) du)

0

Using the above logarithm we define /&7 on Z.:(00) and we have

(16.9) V& & =/f on Zew(0o).

From (16.8) it is clear that &y is analytic on Z_;5. With (16.9) it follows that &} is
nonvanishing on Z_;5. Thus &y is a locally one-to-one, conformal map of Z_;5 onto
its range.

(2) Global injectivity. For some sufficiently small § > 0 and sufficiently large
K > 0 to be chosen, we divide Z_;5 into regions A, B, and C, where, respectively,
lo| < 0,8 < |o|] < K, and |o| > K. The first and main step is to prove injectivity of
& restricted to each of these subsets. The proof relies on the global injectivity of &y,
which follows from direct analysis of (10.22).

The next lemma is essential for proving the injectivity and mapping properties of

&r-

31This definition yields the branch of v/o2 — 1 used in (10.22).
32The logarithm is chosen so that its argument is close to zero for z large and positive.
330f course, we have a formula for £z, (o) similar to (16.8) in which o9 is replaced by 1.
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LEMMA 16.1. There exist constantse; = €;(fp) > 0, j = A, B, C, which approach
zero as N, — 0,3*such that

<ea/ ‘ﬁfo (%)‘ for o € A,

N—

(@) ‘ma) ¢,

<ep foro € B,

TN N

Sla 2a &9

(16.10) (b) ‘ff(a) =&

N—

(1
A

2
|

]
s

S~
IA
Q)
Q

Proof. Estimates (a) and (b

~~

- We set w = w(o,u) = (£ — 1)u® + 1 and write
2/3

g0

(16.11) @(a)—ffo(;o):(i—n[(aé / 13u2¢mdu)
) (/()13u2\/Mdu)2/3].

Thus, estimates (a) and (b) follow from the fact that given € > 0, we have (for small

fv)

(16.12) ‘03/2\/6100(00@) — \/dl(y)‘ < elw| for all (u,o) € [0,1] x (AU B).

To see this one computes (observing important cancellations) the difference in (16.12)
to be

w (08 -1+ Ugfp(crow))

Vw =T (\/Uéw — 1+ ogw? f,(oow) + /w? — 1) .

For w bounded away from 0 we can factor w — 1 out of numerator and denominator
(since (fo + fp)(00) = 0) to obtain (16.12) when (f, f}) is small. When w is near 0,
we obtain (16.12) since

(16.13)

(16.14) lo2 — 1+ of f,(oow)| < & when f, is small.

We remark that the individual integrals in (16.11) do blow up since w — 0 as
(o,u) = (0,1). In fact it is clear from (10.22) that

(16.15) €5, ()] ~ C(|In|o|))?/3 as o — 0.

Estimate (c). We use again the formula (16.13). Since |w| ~ |o]| for |o| large and
(62 — 14 02f,(0ow)| < & for f, small, we have |(16.13)| < ¢/|o|2 for |o]| large. The
estimate follows since |Ey, ()| ~ |o] for |o] large. O

(3) The nonvanishing of the second integral in (16.7) for small f, can be de-
duced from the above estimates of (16.13) together with the nonvanishing of the

(computable) integral

(16.16) /1 3u?\/dy (w)du.
0

34N, occurs in Proposition 9.2.
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(4) Region B. Writing
(16.17) (o) —&f(a) = (0 —a) (€5(a) + (o — a)h(o,a)) for o,a € B,

and noting that there exist positive constants C1, Cy such that [£}(0)] > C1 on B
and |h(o,a)] < Cy on B x B, we see that there exists x > 0 such that

(16.18) &f(o) # &f(a) for (o,a) € B x B,o # a,|o —a| < k.

Since region B is compact, £y, is injective on B, and 5}0 is everywhere nonvan-
ishing, there exists a constant C' > 0 such that

(16.19)

£t (ﬂ) — &4 (2)‘ > Cloy — o9 for all 01,05 € B.
oo g0

Suppose now that for all > 0 injectivity of ;| g fails for some perturbation f, with
|fps fplzeo(B)y < p. Then estimate (16.10)(b) implies that there exists a sequence of
perturbations f, 1, sequences of points o1, 02 in B, and a sequence of positive
constants ep 1, — 0 such that

01,k
0= 1Efot £ (01,6) = ot f (O2,6) | > ‘ifo <0—0)
o
(16.20) —ffg <02—(;k)‘ —EB,k ZC|O’1’]€—027]€|—637]€.
So |o1,5 — 02,5| — 0, which contradicts (16.18).
(5) Region A. For 01,02 € A we write
1
(1621) &)~ &5lon) = (01~ 02) [ €+ slor — o))
0

We claim that for J as in step (2) small enough, the integral on the right in (16.21) is
nonvanishing (and in fact very large) for small f,. Using the explicit form of f; one
computes directly (e.g., using partial fractions) that the dominant contribution to &
for o € A is a term of the form

C

16.22 __¢
( ) o(logo)l/3
Since argo ~ 0 for o € A, we deduce®®
(16.23)

1

, (024 s(or — 09) 1
— = |ds| >C————, wh > , 01,09 € A.
‘/0 &%, ( p ) S‘ AT CNIRE where |o1| > |02, 01,09

To see that (16.23) holds with &; in place of £,, we use the estimate

1 o €
! !
- J— L —
ff(a) aogfg <O’0)‘ = o||In|a||2/3’

35This can also be derived from the explicit formula (10.22).

(16.24)
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where ¢ — 0 as N, — 0. To prove this we write out the derivatives in (16.22)
explicitly, forming two differences A; — Ay and By — B in the obvious way, and use
Lemma 16.1(a) to estimate

1 2/3 1
(16.25) |A1—A2|::‘</ 3u2\/d00du) —(/ 3u2\/d—1du)
0 0

2/3
e

< —F.
= |Inof*/?

Here and below d,, is evaluated at ogw, and d; is evaluated at w. Since o—o¢ ~ gp ~ 1
we have |By — Ba| <

(16. 26)
el ([ oam) ([ ) ([ o) ([ )
< \/cr—o(/oluzx/d—ldu)g — (/Oluz’\/ﬂdu)g (ﬁ/{)lu‘l%du)‘

1 5 1 1
+ / uzw/dgodu) — 1 du oy du ||.
<0 <0'g/2 0 \V O'g

By (16.12) and the computation that produced (16.22) we see that the second line of
(16.26) is dominated by the right side of (16.24).

Next we show that the third line of (16.26) is dominated by the right side of
(16.24). We write

! d dy_ L & L oy
(16.27) —2X L = (d{, ) —=+ 4 ):=C+D.
\V4 do’o \/—05/2 0 0.61 \V4 G’o \/ G’o \/I

Using (16.12) we obtain by the computation that produced (16.22) that the contribu-
tion from the term involving D to the third line of (16.26) is dominated by the right
side of (16.24). To estimate the contribution from C' we write after observing some
cancellations

(16.28)
(1 — 0§ — o fp(oow)) + (w — Dog fr(oow) o V1w

C = .
(w—1)%05 Vodw? — 1+ a2w? f,(oow)

We claim |C| < ¢ for (u,0) € [0,1] x A when N, is small, and thus the contribution
from the term involving C' to the third line of (16.26) is dominated by the right side
of (16.25). To estimate C' we note that when w is bounded away from 0, (w — 1)? can
be factored out of the first factor in (16.28) yielding

1
(16.29) d, (oow) — Uiéd'l(w)‘ = ‘ /0 (1= 8)f, (00 + s(cow — 00))ds| < e

2

The second factor is treated similarly. Here we use that f)(cow) and f}(cow) are
both small for w bounded away from 0 when NN, is small (recall Proposition 6.3). For
w near 0 the smallness of C' follows from the smallness of f,(oow)w

(6) Region C. For 0 € Z_;5 with |o| large the correspondence Z¢ <+ &y is one-to-
one, so it suffices to show =y is one-to-one on region C.
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Choose 0 < k < 1 and for 0,a € C with |0 — a| < k|o| write

(0 —a)

(16.30) Ef(0) —Ef(a) = (0 —a) |Z(a) + /0 (1—-5)E%(a+s(oc—a))ds| .

For |o| large we claim
(16.31) =% (0)] < &/lol,

where € — 0 as N, — 0. Since [E}(a)| ~ 1 for |a| large, the modulus of the right
side of (16.31) is > 1|0 — a| for ¢ small enough. The estimate (16.31) follows by
direct computation after noting |f}(co)| < ¢/|o| for |o| large. For example, using
Proposition 6.3 we estimate the term

(16.32) | — a2abl(—iao, ¢)| < Clallac| < /|0 since |ao| < 2e,.

The formula (10.22) shows that there exists m > 0 such that

(o} a
Efo <—> =T (—)' > m|o —a| for 0,a € C.
g0 oo

For |0 — a| > k|o| (0,a € C) use estimate (16.10)(c) to write

(16.34)
= (Z)_=, (& =, (2 )|_
=fo %0 =fo % =fo %0 gc

- - _ a m
2r(0) - (a)| 2 =5 ()| Gl
for e small enough.

(7) Adjacent regions. Recall that the regions A, B, C' are determined by the choice
of parameters § and K. The above arguments show that there exist dy, Ky such that
for 6 < g and K > Ky, &y is injective (for N, small) on each of the regions A, B,C
determined by the choice (4, K). It is immediate from (10.22) and the estimates
(16.10) that &¢(o1) # &f(o2) for o1 € A, o2 € C, so it remains to consider ¢; in
adjacent regions.

Choose positive constants J; and Kj, j = a,b, such that §, < d, < dp and
Ky, > K, > Ky, and which have the following additional property. There exists
M > 0 such that if A;, B;,C; are the regions determined by the choice (J;, K;), we
have

(16.33)

—ec

(16.35) |€r(0)| < M for o € B, and |£(0)| > M for o € Ay, U Cy,.

Suppose now that o1 € A,, 02 € B,. Considering the two cases 01 € Ay, 01 € By
and using (16.35) and the above results for single regions, we conclude &5 (01) # &5(02).
The case 01 € By, 02 € C, is treated similarly. 0

Proof of Proposition 10.8. In order to apply Theorem 9.1 of [O, Chapter 11],
we must choose a suitable open subdomain of the {-plane on which to solve (16.36)
below. There are three requirements:

(a) The domain should include the image of an interval [M,occ) under the map
x — & (here, x € Ty g asin (6.1)), where M can chosen independent of the parameters
(. h).

(b) It must be possible to choose “progressive paths” (defined below) for all points
in the domain.
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(¢) The integrals (10.25) should all be finite; more precisely, there should be a
finite upper bound independent of the choice of path and of relevant parameters such
as ¢ and h.

(1) Choice of &-domain. Let v(o) be a solution to the perturbed Bessel problem

(9.3) on the dilated wedge Z_j4. In the new variables & = ¢&¢(o),
v = (%)~1/2W the problem (9.3) becomes
(16.36) Wee = (7€ + 9 (€))W.

We are not able to solve (16.36) on the full open set {7(Z_;5), because of problems
choosing progressive paths created by the perturbation f,. Instead, we explain how
to choose a subdomain where such paths can be chosen and which also contains the
image of the segment of the z-axis, [M, 00), under the map x — £. At first we ignore
the right boundary segment of Z_;5 and treat the wedge as if it were infinite.

We begin by specifying a domain in the =-plane. For small positive constants x,
¢ both less than 1, let Az(k,e) = A= U Bz, where Az and Bz are the open subsets
of C defined as follows. Az is the connected open set bounded by the parametrized
segments

(16.37)  {it:t>0},{t:t >0}, {t—i(kt+e):t>—c},{—c+it:t>re—e},
while Bz is the connected open set bounded by the segments
(16.38)  {it:t >0}, {t:t >0}, {t+i(st+e):t>—c},{—ec+it:t < —re+e}.

Next let A¢(k,e) = A¢ U Bg UR, where A¢ is the image of A= under the map E — ¢,
where the branch of the 2/3 root is defined by taking —37” <arg= < 0 for 2 € Az,
and 0 < arg= < 37” for Z € B=. Observe that A¢(k,¢) is an open neighborhood of
the real axis whose intersection with R¢ = ¢ has width ~ #2/3 for ¢ > 0 large and
width ~ [t|71/2 for t < 0, |t| large.

It follows from the formula (10.22) that the image of Z_;5 under o — &, (-)
contains a subdomain of the form A¢(k,¢) for some choice of , €. This is because
the image of Z.u(09) under o — ¢, (Z) contains a set of the form Az(x,e).*® By
Proposition 10.7 and the estimates of Lemma 16.1 we deduce, after further reduction
of N, if necessary, that £;(Z_;5) must also contain a subdomain of the form A¢(x,¢)
for some smaller k and €.

Finally, we recall that the dilated wedge Z_;5 = W/(—i&) has a right boundary
arc of radius eo/|@| >> 1, where €5 is the radius of the right boundary arc of W
(Definition 6.1). Thus, we define Az(k,¢e,e2) to be the bounded open set obtained
by cutting off A=(k,e) with this boundary arc. With A¢(k,¢e,e2) the corresponding
¢ domain, we can repeat the procedure of the previous paragraph to deduce that
£¢(Z_;a) contains a subdomain of the form A¢(k, ¢, eh) for some g} < £9.%7

We may now define the subdomain Z_;5 s appearing in the statement of Propo-
sition 10.8 as

(16.39) Zoigs =& (Delr,e,h)) .

This domain contains the image of [M’, 0o) under the map z — o, where M’ is slightly
greater than M (we have M’ = M + O(]1n(1 — £¢)|)).

36We have Zj, (o) ~ o for o > 0, |o| large.
37Using estimate (16.10)(c) we can take e = (1 — £¢)ea.
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(2) Choice of progressive paths. Define the sectors Sg, S1, and S_; by |argo| < §~,

7 <argo <7, and —7 < argo < — %

~ 37
for f as in (6.12)). From the definition of regime IT we have for some small 6 > 0,

respectively. Let w = arg? (recall ¥ = —if

(16.40) -0 <argy <0.

DEFINITION 16.2. Let A C C be a connected open set, let OA denote its boundary,
and take j € {0,1,—1}. We say that progressive j-paths can be chosen in A provided
there exists a point o € OAN e‘in/BSj, possibly at infinity, such that for all £ € A
there is a path P; from £ to o in A with the following properties:

(a) As v traverses P; from & to «y, the real part of (7%/3v)3/? is nondecreasing.
The branch of (3%/3v)%/% is chosen so that R(3%/3v)3/? > 0 in e=2/38; and so that
this real part is < 0 in e~ 2/38, k £7.

(b) The path P; has a parametrization v(T) such that v" is continuous and v’
always nonvanishing or consists of a finite chain of such paths.>

Remark 16.3. For example, in the case j = 1 the correct branch of (5%/3)
the one for which

3/2 ig

(16.41) —g+27r—2?w§argv§5§+27r—2?w.
The condition in part (a) of the definition is linked to the choice of weight functions
E;(z) defined in section 8.3 of [O, Chapter 11]. The definition of E; and S; reflects
the fact that Ai;(z) is recessive in S; and dominant in Sy, k # j.

For a given j it is easy to draw level curves of the correct branch of R(5%/3¢)
A picture in the case j = 0, argy = 0 is given in Figure 9.1 of [O, Chapter 11].
Aided by such a picture together with the explicit description of the (drawable) region
A = A¢(k,e,€)) given in step (1), ones sees that progressive j-paths can be chosen
in A for j = 0,1,—1. The point a; € A N e~2™/38; is chosen to be a point where
R(3%/3€)%/2 > 0 is maximized on d9ANe~2"/3S;. Depending on the value of w = arg 7,
the point a1 or a_1 may need to be taken at infinity.

3/2.

(3) Finiteness of the integrals fijh/}(s)s*l/z‘ d|s|. By “finiteness” we mean here
a finite bound that can be taken independent of the choice of j-progressive path and
of the parameters €1, €2, (, and h appearing in the definitions of ¥ = §((,h) and
fplo) = fplo,e1,€2,(, h) (recall Proposition 9.2). Here ¢ € woo, a neighborhood of
(0, and 0 < h < hg, where €9, wo, and hg were chosen in step (1) above and in the
proof of Proposition 10.7 to make f, sufficiently small; moreover, |7 > K7 (regime II).

Clearly, for a given fixed N > 0 we need only check the finiteness when at least one
of |al, €] is > N. Observe that A is unbounded on the left (¢ < 0) and, although
A is bounded on the right for fixed h, there are choices of (¢, k) in regime II for which
the right boundary moves to infinity as h — 0. Thus, A is effectively unbounded in
both directions.

With f = fo + fp for fo(o) = % and f,, as in (9.2), function () in (8.9) may
be rewritten

(16.42)
_ 9 " 1(\2 § £9(o) . 1
P(E) = Toe? + [4f(0)f"(0) = 5f'(0)?] T679(0) + (o) where g(0) = L

38This definition corrects an ambiguity in the definition given in section 9.1 of [O, Chapter 11.]
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Here and in the remainder of this step { = &f. Letting 1o(¢) denote the function
obtained by replacing f by fo in (16.42), but leaving & = £,3Y we compute

5 £o?(0? + 4)
1662 4(02 —1)3

(16.43) Po(§) =

observing an important cancellation. We can write

3 N £9(2)
fo+fp)  fo+ fp

(16.44) () = 5 + [4(fo + F) (£ + 1) = 5(f5 + £3)°] T6(
=o(§) +11(8),
which defines ;. First we check the finiteness of the integral
§
(16.45) / |k (s)s™ /2] d]s|

when k£ = 0.
Observe that when |o| is small or large, we have [£| large With RE <0 or >0,
respectively, and |fp|/|f0| << 1. For |o| large by (10.22) we have 0% ~ $£3, so (16. 43)

implies ¥y(§) ~ 7= . For |o| small we have |¢| large and (10.22) 1mphes
2, 13/2
(16.46) 0~ 2exp —§|§| -1).
In this case (16.43) implies 1o (&) ~
Next consider (16.45) when k = Flrst we write
§ £ ( fp) &g €9 ( fp)
16.47 1-3 and ~=1-=.
( ) 16(f0+fp) f fo f0+fp fo fo

Now we can read off the (largest) terms appearing in ¢; and estimate them one by
one. For example, the terms involving second derivatives are (ignoring some constant
factors)

£ L& £ L& £f
1648 f " +f// (_ _3_17 , f f// S _3 p ; f f// P
( ) P( 0 p) f03 fél 0Jp f3 fél 0 fO
Now f;, is given by (9.4), so we can list the terms appearing in f,’ (ignoring some
constant factors):

(o — &*0?)av], oa’b), a’by,
(16.49) odPbly, a’bh,
a’hby,

where the b; derivatives are d/dt derivatives (¢t as in Proposition 6.3). Using Propo-
sition 6.3 we obtain

bll = O(|d0|)7 blll = O(l),
(16.50) by = O(1), by = O(las|™1),

1
b= Ollaah, 1 =01 ).

39The definition of &y involves fp.
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and recall that we have for o0 € Z_;5 D f]l(A),
(16.51) |&o| < eg (for e as in Definition 6.1).
We now estimate two typical terms from (16.48):

502][;0

11 fp
(16.52) el —o| £-0e).

2

When |o]| is large, the right side of (16.52) is < C¢|/|o]?, so the finiteness of the
corresponding terms in (16.45) is clear from |o|> ~ 5|¢[3. When |o| is small the
finiteness follows from (16.46).

"

Next consider one of the “worst” terms appearing in %, namely, the one corre-
0

sponding to the term c@3by from (16.49). When |o| is large we have, using (16.50),

4

g ~3p1
[CEEVER
since |&| < e2/|o|. This gives the finiteness of the corresponding term in (16.45) at
right infinity. When |o| is small, we write

& _ C

(16.53) ‘5 < Cléod (a0) ™| = Clellal® < O <

4

(16.54) k _oa®y| < Clello®]|a¥ lao] = Clellalol’

@ —1)

so the finiteness at left infinity follows from (16.46).

Next consider the term in Ef;’ corresponding to the term &*hb4 in (16.49). When
0

|o| is large we have

ot

1
. A2hb! | < AR < 2 < 2'
(655 |es Tt < ety < clelll? < c/le
When |o| is small,
4
(16.56) '5(Uzaf1)zd2hbg <C 504@%%',

so finiteness at left infinity follows again from (16.46).

The estimates corresponding to the remaining terms in 1 are entirely similar to
those above.

(4) Conclusion. We have now checked that all the requirements for an applica-
tion of Theorem 9.1 of [O, Chapter 11] are satisfied, so this concludes the proof of
Proposition 10.8. d

Proposition 10.10 describes the decaying solutions of (10.11) on [M,cc). In the
proof we will of course use the fact that Aiiq(z) is recessive in the sector Si;.

Proof of Proposition 10.10. The explicit formulas for 3 and 4 = —i show that
for 3 in regime II, we have

(16.57) argy < 0 and argy =0« RC =0.

The image of [M,00) under the map @ — & is a curve that approaches left infinity
in A¢ (16.39) as ¢ — oo. The image of [M,o00) under x — 52/3¢ thus lies for x
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large enough in the interior of S; when argy < 0. So Proposition 10.8 implies that
w(z) = z(z)~?v1(o(x)) gives a decaying solution of (10.11) on [M, c0), and thus

(16.58) O(x,C,h) = Y (2, ¢, 1) K@QMQ$J
0

is a decaying solution of (5.1). Here we use the fact that the explicit estimates of 7;
and O¢my given in Theorem 9.1 of Chapter 11 of [O] imply their contributions to w(x)
and w, () decay as well. The matrix K involves a factor of e#9/" so here we have
used Remark 5.6. When ¢ = 0, Remark 5.6 and the formula for w imply that 6 is
the desired bounded and oscillating, but not decaying, solution of (5.1). O

In the proof of Proposition 10.11 we will sometimes speak of “relative errors of
size O(p)” defined as follows.

DEFINITION 16.4 (relative error). When a term n(p) depending on a small pa-
rameter p (and possibly other variables) in an expression A = B+n satisfies for some
positive constant C',

(16.59) Inl < Clpl|Bl,

uniformly with respect to all the variables on which A, B, and n depend, we say that n
is a relative error of size O(p). When n =mn1+---+nn and n; satisfies |n;| < C|p||B|,
we say that n; contributes a relative error of size O(p).

Proof of Proposition 10.11.

(1) The proof is based on the formula (16.58), the expression for w(x) given by
Proposition 10.8, and a standard expansion of the Airy function.

Recall the definitions of the variables

2

(16.60) t==+y/aD(co,()e "2 5 =

t
L Eary__zﬁvo'

QIIN

The variable z occurs in (6.13)(b), but now instead of W(z) we write w(z) and we
will abuse notation by writing, for example, w(z) = w(z) to mean W (z(z)) = w(x).
The variable o occurs in (9.3) and (9.4). Recalling the tranformations that relate the
dependent variables w(z) of (6.13)(b) and v(o) of (9.3), we have

(16.61) v(o) = w(30) = w(§o)(F0)/? = w(z)2/2, 2z € W/h, so
w(z) = =~ H0(0) = 71 2(0) (4 (*6(0) + m(3.€(0))) . 0 € Z-ia.

(2) We first express the factor C(x, () + hr(z, , h) appearing in the equation for
w(x) in terms of { = {¢(o), where f = fo + fp. Using Remark 6.2 and (16.9), we
obtain

(16.62)

~2

%(C(x, ¢) + hr(z, ¢, h)) = h?2? [(1 — %) + (h?2% + a®)by (hz, ) + hzby + hbg}

= —a%0? [(1 - iz) + (@ — a20?%)by (—iaa, ¢) — idoby + hb3:|
o

= —a*0*f(0) = —a0%¢(&,)°.
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The function /€ was defined on Z.,:(20) just below (16.8), so we can use the equation

(16.63) —gz’da\/g&, = /C(x,0) + hr(z,C, h)

to define a branch of v/C' + hr on the corresponding z-domain. Since the argument
of —ido\/E¢" is close to zero for x near M ,** we have

(16.64) VC + hr = —/(% + ¢2n(z) b(z) +O(h) = —s(z,{)b(z)+O(h) for x near M
and thus
(16.65) —gida\/gﬁo = ghz\/gfg = —s(x,()b(x) + O(h) for x near M.

(3) Preliminaries. We will use the standard asymptotic expansions valid for |z|
large on |argz| < w — 4:

[ee]

(16.66)  Ai(z) ~ —— (—1)° %
. ~ 714 - _57
2/met/t £ X
1/4,—x 2
Al (z) ~ —% g(—l)S%, where x = 523/2, ug = vy =
In the expression for the approximate solution 61,
(16.67) O(x,( ) = enM @O EOT (g, ¢),
we have
(16.68)
K2(C K
Ty = Py + sQo and, with uq(z,{) = a+ sb, wherea = ——, b= ——,
nu nu

ha(,¢) = /0 (e, ()da’ = /0 ale!,O)da’ + /0 s(2', Ob(e')de = hug + By,

Since Lo (x, ¢, h) = 934 = 224 1 O(h) = a + O(h), we obtain
(16.69) vo0 — h1a = O(h) + C,({, h) near x = M, where C,(¢,h) = O(1).

(4) Approzimations. Using the formula (16.61) for w(z) and the expansions

27mi

(16.66), and setting ¢ = e~ 3

32/3¢. for x near M we approximate?!

(a) U)(Z) ~ 2—1/25(;1/2142-1(;}/2/35) ~ % 2{,—1/25(;1/28_%11)3/21?/)_1/47

v
(16.70) (b) w.(2) ~ 212,12 Ai" (3%/%¢)5% 350%

1 _ _ _2mi _2,3/2
o~ 1/2501/2e F -2y

2y

40This is because z is large with argz ~ 0 for = near M.
“Here the roots of ¢ are defined for |arge| < m — 6.

w1/4:)/_1/3§o'-
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In the first “~” of (16.70)(a) we have ignored the n; contribution to w, while in
the second “~” we have ignored contributions from terms in the expansion of Ai(z)
corresponding to s > 1. The computations below will make it clear that these approxi-
mations contribute relative errors of size O(1/f) in our approximation of 6(z, (, k). In
the approximation (16.70)(b) we have ignored similar terms contributing relative er-
rors of the same size. In addition, we have ignored the term d. (z~/2¢, /%) Ay (32/3¢€),
which contributes a relative error of size O(h). Thus, we obtain
i 3/2

(16.71) h%w - —ghzwz ~ gh% SM2e1/20= 2 o= B /a1 3
for x near M.

(5) Using the formula (16.58) for the exact decaying solution ¢, we find

(16.72) O(x,C,h) ~ e [BY2wPy + b2 (hw,) Qo).

Here we have ignored relative errors of size O(h) by ignoring the O(h) entries in
Y5 (recall Y = Y1Y5) and the (2,1) entry of K, which is of size O(h). Plugging in
(16.70)(a) and (16.71) we obtain*?

(16.73)

1 i
0~ eV <—2ﬁb1/2zl/2501/2¢1/4> {Po + %bilhzwl/ze’ % ’771/3&:@0}

2y
From (16.65) and b = b+ O(h) we find

— Sb 7 ha /€ = s(2.0) + O(h),

= egp_%?—F%’?fS/Q < ! b1/2z_1/2§o_1/21/)_1/4) |:PO - gb_th\/EgoQo} '

A (22082 _ e B, D _1d 256302
(16.74) - (375 ) = \/55022— T O0) =5 ——hiy + 0(1) = 35¢
_hu | Go(C,h)
== 2 +0(1)
near x = M. With (16.69) we obtain
(16.75) 20 Zser = MO g ¢y

ere g = =p— + g2(z,(, h) with g1 = and go = near x = M. Using
h g1(6,) ¢.h) with O(1) and o(1 M. Usi

(16.74) and ignoring another O(h) relative error, we can now rewrite (16.73)
(16.76)
e (z, 1
0 ~ et t (mbl/%—l/?g;l/?w—l/‘*) Ty = G(x, ¢, h)0y (x,C, h) near z = M,

where the nonvanishing scalar function
1

(16.77) G(x,(, h) = edek (2ﬁ

b1/22_1/25;1/2¢_1/4> .

42Here we use ¢ = e_%ifylw\/f.
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Setting
(16.78) H(z,¢,h) = Gz, ¢ h),
we obtain the estimate of Proposition 10.11. d

16.2. Proofs for regime I. This subsection gives the proofs of Propositions
10.1, 10.2, 10.4, and 10.5. We begin by examining the change of variable ¢ — £7(0).

Proof of Proposition 10.1. The proof is parallel to that of Proposition 10.7 for
regime II, but simpler.

(1) The analyticity of ¢ follows immediately from the fact that f + f, is nonvan-
ishing on Z4 for N, sufficiently small. This nonvanishing makes regime I much easier
to treat than regime II.

(2) Estimates of {y—&; . Here we provide the analogue of Lemma 16.1 for
regime I. For IV, small we have

(16.79) Vot fo = Vo + O(fs/ Vo) on Za.

Thus, given K >> 1, there exists a positive constant € = ¢(N,), which can be taken
to approach 0 as N, — 0, such that

[€7(0) = &o(0)] < € for |o| < K,

(16.80) 1€ (o) — &gy (0)] < €lég,(0)] for |o| > K.

(3) Injectivity. Parallel to the proof of Proposition 10.7, we divide Z5 into subre-
gions A, B, and C consisting of o with respectively small, medium, and large modulus,
and first prove injectivity on each subregion. The arguments used to treat regions B
and C' in the case of regime IT can be repeated (almost) verbatim here. The treatment
of region A is much the same as before, but easier. Again, one starts with (16.21)
and shows that the integral has large modulus. The case of adjacent regions can be
treated as in regime II to finish the proof. O

Proof of Proposition 10.2. In order to apply Theorem 3.1 in [O, Chapter 10],
there are three requirements:

(a) We must choose a suitable subdomain Ag of the ¢ plane on which to solve
(10.9). The domain should include the image of an interval [M,co) under the map
x — & (here, x € Ty r as in (6.1)), where M can be chosen independent of the
parameters ((, h).

(b) It must be possible to choose “progressive paths” (defined below) for all points
in the domain.

(¢) The integrals (10.4) should all be finite, with bounds independent of the choice
of path and the parameters ¢ and h.

(1) Definition of progressive paths. Let A C C be an open, connected set and let
OA denote its boundary.

(a) We say that progressive 1-paths can be chosen in A provided there exists a
point a; € JA, possibly at infinity, such that any point £ € A can be linked to ay
by a path P; in A such that as v traverses P; from «; to &, the quantity %(Bv) is
nondecreasing.

(b) We say that progressive 2-paths can be chosen in A provided there exists a
point ap € JA, possibly at infinity, such that any point £ € A can be linked to as
by a path Py in A such that as v traverses P from «s to £, the quantity %(Bv) is
nonincreasing.
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The paths are assumed to have a parametrization with the same regularity as
described in Definition 16.2(b).

(2) Choice of the domain Ag¢. At first we ignore the right boundary segment of
Zs and treat this wedge as if it were infinite.

For small positive constants k, ¢ define a domain A¢(x, ) to be the open set
whose boundary consists of the segments

(16.81) {t+ic:t <0}, {t—ic:t <0}, {t+i(st+e):t>0}, {t—i(kt+e):t>0}.

Recall that we have
log(2) + 1+ o(1) for |o| small,
(16.52) o) = 81E) 1+ oll) for o]
o+ o(1) for |o| large.

Together with the formula (10.2) for &y, this implies that when arga& ~ 0, the open
set £5,(Za) contains a set of the form Ag(x,e) for some choice of k, €. Proposition
10.1 and the estimates (16.80) then imply, after further reduction of NN, if necessary,
that the perturbed domain {;(Z4) also contains a subdomain of the form A¢(k, ¢) for
some smaller x and £.43

Recall that the dilated wedge Z5 has a right boundary arc of radius e5/|a| >> 1
for £ as in Definition 6.1. We define A¢(k, €, €2) to be the bounded open set obtained
by cutting off A¢(k,e) with this boundary arc. We then repeat the procedure above
to conclude that 7(Z5) contains a subdomain of the form Ay = A¢(k, €, ) for some
gh < &o (but close to e2). Finally, we define the subdomain Z; s appearing in the
statement of Proposition 10.2 as

(16.83) Zas =& (De(k e, 6h)).

Provided N, is small enough, this domain contains the image of [M’, c0) under the
map = — o, where M’ is slightly greater than M.

Next consider the other extreme case where arga = 5 —0. The wedge Z5 = W/a
then consists of points o with

™

2

™

(16.84) —e1 — 5

+i<argo<er——+96, 0<]o| <ea/|d]

for €1 < ¢ as in Definition 6.1. Using (16.82) and the formula (10.2) for £y, we see
that £f,(Z4) contains a domain, call it Ag¢(p1, p2,€2), similar to A¢(k,¢e,e2) above,
except that the part of Ag(p1, p2,e2) corresponding to small (resp., large) |o| consists
of points satisfying®*

(16.85) p1 < € < pa, respectively, p; < argé < pa,

for constants p; such that

(16.86) —61—g+5<p1<p2<81—g+5.

43Helpful drawings of the range of &, are given in Figures 7.1 and 7.2 of Chapter 10 of [O].
44There is a sharp bend in the domain, downward and to the right, which occurs near points
&5, (o) for o close to —i, since fo(—7) = 0. However, note that —i ¢ Z5.
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As above the estimates (16.80) imply that for N, small the perturbed domain £;(Z5)
contains a set Ag = Ag(p1, p2,e2) of the same form for a slightly different choice of
(p1, p2,€2), and we define

(16.87) Zas =& (Aelpr, p2, €3))-

As before this set can be chosen to include the image of [M’, co) under the map  — o,
where M’ is slightly greater than M. .

Domains A¢ corresponding to other choices of § in regime I are chosen by the
method just described. If we write & = (a1 +ia2), a progressive 1-path is characterized
by the property that its tangent vector v +ivs at any given point satisfies vya;—voas >
0; that is, the vector (vi,v2) makes an angle < § with (a1, —az). A sketch of the
range of admissible tangent vectors shows that progressive 1-paths can be chosen in
the domain A¢ described above if we take a; to be any point at left infinity in Ag.
Similar considerations show that progressive 2-paths can be chosen if as is taken to
be a point on the right boundary arc of A¢ where %(35) is maximized.

(3) Finiteness of the integrals fij|¢(7“)| d|r|]. The argument is much like that
for regime II, so here we focus on the main differences. First observe that since

E(0) = [ \/F(s)ds,
(16.88) /ﬁw@ﬂﬂﬂzi/ W(E@)VT@)| dlol,
P - 1(P)

for a given path P in A¢. So we must check the finiteness of the integral on the right
at 0 and oo.
We have f = fo+ fp, where fy and f, are now defined in (9.2), and

" 2
(16.89)  (&f(0)) = ?8 + 4f(a)1fo3 517 where g(o) = —4}7 and f' = do f.

Observe that for IV, small,

1 T |0 S
(16.90) VI0) ~ VFolo) ~ {g for |o| small,

1 for |o] large.

Letting 1¢o(co) denote the function obtained by setting f, = 0 on the right in (16.89),
we have
10%(4 —o?)

16.91 =_2 1\ -/
( 6.9 ) Q/JO(U) 4 (1+O’2)3 )
so the integral on the right in (16.88), with ¢(£(o)) replaced by 1o (o), is integrable
at 0 and at co. We note that in the computation of ¢y(c), a bad term of order O(1)
near o = 0 cancels out.

Next define 11 (o) by

(16.92) B(E7(0)) = Yo(0) + 1(0).
Writing

[ Y SR RN WS S ST N
(16.93) bﬁ&_ho Pt )’%+hﬁ ﬁ(13h+ )
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we see that the main contribution of g/f to 1y is

9 _ O(0?) near o = 0,
f8 1 0(%) near oo,

so the corresponding contributions to (16.88) are finite.

It remains to consider the contribution of (4ff” — 5f2)/16f2 to v;. The terms
involving second derivatives have the same form as the terms in (16.48) after setting
the factor of £ there equal to one. The terms in f;' have the same form as (16.49), and
the estimates (16.50) still apply. We estimate the contribution of one of the “worst

(16.94)

terms” appearing in ! namely, the one corresponding to the term a?hbY in (16.49).

P
3
When |o| is large we have

4

g
(0-2 + 1)2

The corresponding contribution of (16.95) to (16.88) is thus integrable near infinity.
When |o| is small,

(16.95) a*hby| < C

dzh%‘ < C/|o)?.

0.4
(0-2 + 1)2

so the corresponding contribution to (16.88) is integrable near o = 0.

The estimates corresponding to the remaining terms in ¢ are similar to those
above.

(4) Conclusion. We have now checked that all the requirements for an applica-
tion of Theorem 3.1 of [O, Chapter 10] are satisfied, so this concludes the proof of
Proposition 10.2. d

Proof of Proposition 10.4. The image of [M, +00) under the map = — £(o(z)))
is a curve that remains close to the real axis and approaches left infinity in A as
& — o0o. Thus, R(BE(o(x))) — —o0 as z — oo for B in regime 1. Since &, (o) = O(L)

g

(16.96) a*hby| < C

1
04d2hﬁ‘ = |o'a?| < |o|*,

for o near 0 and z = o3, we have
(16.97) 27 V2(2) e 2 (o () = O(1/|B|Y?) for large |z|.

Together with the estimates for 7; in Proposition 10.2, the above statements imply
that for w(x) given by (10.12), (w, hw,) is a decaying solution of (10.11). O

Proof of Proposition 10.5. (1) The proof is parallel to that of Proposition 10.11,
so we focus on the main differences. Recall the definitions of the variables

t
(16.98) t = ; aD(oo,C)e_#rﬂ’ 7= E’ o=

] @

With notation similar to (16.61) we write w(z) for the unknown function W (z) in
(6.13)(b) and

(1699 w(z) == buile) = =1 V20) (KO £ mi(B.6(0))) . o € .
(2) Using Remark 6.2 and &, = /f, we obtain
(16.100)

%(C(x, ¢) + hr(x, ¢, h)) = 620> [(1 + %) + (@® + a20%)b1 (a0, ¢) + aoby + hbg}

=a%0*f(o) = a*o?e2.
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Thus,

(16.101)

%da&o = ghzfg =/C(x,¢) + hr(x,(, h) = —s(x,C)b(x) + O(h) for x near M.

(3) Approzimations. Using the formula (16.99), for = near M we approximate
() w(z) ~ 2712, 12,
- 1 -
(16.102) (b) wy(2) ~ 271/25;1/26656505 = 27 1/2el/25¢
In (16.102)(a) we have ignored an O(1/|3]) relative error coming from the 7; con-
tribution to w. In the approximation (16.102)(b) we have ignored a similar term

contributing a relative error of the same size. In addition, we have ignored the term
dz(z*1/2§;1/2)e'85, which contributes a relative error of size O(h). Thus, we obtain

(16.103) hw, = —ghzwz ~ —%hzl/%},/?e@i

for  near M.
(4) Using the formula (16.58) for the exact decaying solution 6, we find as before

(16.104) O0(z, ¢, h) ~ e [ 2wPy 4+ b2 (hw,) Qo).

Plugging in (16.102)(a) and (16.103) we obtain

(16.105) 0 ~ 75 (b1/2z—1/2§;1/2) [Po - Eb_lhzgng} .
2
From (16.101) and b = b+ O(h) we find
o1 —
_§b hzé-a' - S(xac)—’_o(h)a

4 gey— ¢ 1, _ o2 _1d _
(16.106) %(ﬂé)— 5022— - +0(1) = d$h1b+0(1) near x = M

1
h
for hyp as in (16.68). As in (16.75) we obtain

hl(x7<)
h

(16.107) % + B¢ = +g(z,(,h) near v = M

for a function g as in (16.75). Using (16.106) and ignoring another O(h) relative error,
we can now rewrite (16.105) as

(16.108) 6 ~ et (b1/2271/2§;1/2) Ty = G(x,(, h)01(z,(, h) near x = M,

where the nonvanishing scalar function

(16.109) Gla,C,h) = efe™ (b1/2271/21/2).
Setting

(16.110) H(x,¢,h) =G Yz, ¢ h),

we obtain the estimate of Proposition 10.5. a
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17. Regime III. In this section we prove Propositions 10.13, 10.14, 10.16, and
10.17. Recall that f = fo + fp, where

(17.1)
fo(s) = % and f,(s) = % [(45 +a®)by (2512, ¢) + 251209 (25Y/2,¢) + hbs(25Y/2, ¢, h)| .

First we prove Proposition 10.13, which concerns the change of variable defined by

(17.2) 2612 (s) = /OS fY2(r)dr for s € W2 /4.
Proof of Proposition 10.13. For N, small we have

(17.3) JF= %(1 +21(s)) where |e1(s)| << 1:

thus, £(s) is analytic on W?/4. From (17.3) and (17.2) we obtain

(17.4) VE(s) = V(L +e2(s)), lea(s)] << 1,

and thus, since ¢~/2¢, = \/F, we have
(17.5) &s(s) =1+ e3(s), where |es(s)| << 1.

This implies injectivity on W2 /4 since

! 1
(17.6)  [&(s1) —&(s2)| = |(s1 — 82)/0 Es(s2 +r(s1 — s2))dr| > §|81 — sl O

The proof of Proposition 10.14 can be based on Theorem 9.1 of Chapter 12 of
[O] in the case where 3 > 0. However, the latter theorem does not treat the case of
/3 nonreal needed here, and the proof given in [O] fails in that case.*® We show next
how the proof of this theorem can be modified to treat the case RE > 0.

Proof of Theorem 9.1 of Chapter 12 of [O] for RE > 0. (1) The modified argument
uses the following estimates for the Bessel functions I,,, K, proved in section 16 of
[02]. Let M denote a bounded subset of the half-plane v > 0. For v € M and
|arg z| < w/2 we have

(17.7) |1, (2)| <kVo(2), |K.,(2)] <EkX,(2),
where

e =l ) < e
(17.8) “1L|Z|2 : 1zl

6 =2 <8, @) =1 (v 26,

2|

where o = Rv > 0 and 4 is an arbitrary number in the range 0 < § < % The constant
k is independent of p and z but depends on §.

45For example, the properties of the weight function €, (z) defined in (8.08) of Chapter 12 of [O]
are derived using the fact that when v > 0, the modified Bessel function K, (z) does not vanish in
|arg z| < w/2. But when v = i|v| # 0, for example, K, has infinitely many zeros on the positive real
axis [FS].
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(2) Next, in place of the weight function €, defined in (8.08) of [O, Chapter 12],
we redefine €, as

1/2
(17.9) & (2) = ( ) forve M, |argz| < /2.

It is easy to check that for v € M

z 1
¢, (x) ~ A N1l Targe e
[2]*, |z| small

(17.10)

In2 |e?|, |z| large
€, (z) ~ f < 4.
() {(ln ﬁ)*%|z|0‘, |z| small or |v]

For |z| of intermediate size €,(z) is continuous and bounded away from 0 for each
v € M, positive upper and lower bounds can be chosen independently of v € M,
|arg z| < m/2.

Following [O] we next define functions 9, (z) and ¥(z) by the equations

(17.11)
|L(2)| = €,(2)M,(2) cos¥(z), |K,(2)] =&, (2)M,(2)sind(z), for |argz| < 7/2.

v

Thus,
(17.12) M, (2) = [€,2(2)L,(2)* + € (2) | K () P]/2.
Using (17.7) and (17.10) one readily verifies

m+ﬂ’ |z| large ,
(17.13) M, (2) <C 1, |z] small, |v] > 6,

(In |17|)1/2 ,|z| small, |v| < 6,
where C' can be chosen independent of v € M. One can now define bounded constants
Wi, j = 1,...,4, as in (8.26), (8.27) of [O, Chapter 12]; they can now be chosen
independent of v € M.

(3) With these definitions the remainder of the proof of Theorem 9.1 in [O, Chap-
ter 12] goes essentially as before. For example, in the error estimate for the solution
expressed in terms of I, progressive paths are those along which both ®t'/2 and [t]
are nondecreasing as ¢ passes from 0 to £. It follows from this and the properties of
¢, given in and below (17.10) that &, (ué'/?)&, (ut'/?) < N, for some N that can
be chosen independently of ¢, ¢ and the particular progressive path being considered.
Here v > 0 is a large parameter, taken to be % in our application to Proposition
10.14. Thus, the key estimate (9.08) of [O, Chapter 12] of the kernel K (&, v) in
the integral equation for the error term still holds, but with 2 replaced by a larger
constant.46 O

46The estimate of K(&,v) just above (9.08) in [O, Chapter 12] (¢ is used in place of & there) is
incorrect, but a slightly modified estimate of |K (€,v)| leading to (9.08) is easily given.
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Proof of Proposition 10.14. In order to apply this version of Theorem 9.1 in [O,
Chapter 12], there are three requirements:

(a) We must choose a suitable subdomain Ag of the ¢ plane on which to solve
(10.35). The domain should include the image of an interval [M, oo) under the map
x — & (here, x € Ty r as in (6.1)), where M can be chosen independent of the
parameters ((, h).

(b) It must be possible to choose “progressive paths” (defined below) for all points
in the domain.

(¢) The integrals (10.37) should all be finite, with bounds independent of the
choice of path and the parameters ¢ and h.

(1) Definition of progressive paths. Let A be an open, connected subset of {£ :
|argé| < w/2} and let QA denote its boundary. We suppose 0 € OA.

(a)We say that progressive 1-paths can be chosen in A provided that any point
& € A can be linked to the origin by a path P; in A such that as v traverses P; from
0 to &, both Rw'/? and |v| are nondecreasing.

(b)We say that progressive 2-paths can be chosen in A provided there exists a
point a € A with the following property: any point £ € A can be linked to a by
a path Py in A such that as v traverses Py from «a to &, both Rw!/2 and |v| are
nonincreasing.

The paths are assumed to have a parametrization with the same regularity as
described in Definition 16.2(b).

(2) Choice of the domain A¢. Recall the definition of W from Definition 6.1, we
see that

(17.14) W?/4={scC:|args| < 2e1, |s| < e3/4}.
The estimate (17.4) implies
(17.15) |€(s) — s| < eos|, where g9 << 1,

and therefore the image of WW? /4 under the map s — £(s) will contain

2
(17.16) dei={eeci el <o, < -0 |

If we take o to be the point on the right boundary arc of A¢ where R¢1/2 is maximized,
it is obvious that progressive 1- and 2-paths can be chosen in A¢. For example, in
the £€1/2 plane one can choose these paths to be line segments. Moreover, the domain
A¢ contains the image of [M’, 00) under the map x — &, where M’ is slightly greater
than M (we have M’ = M + O(]In(1 — e¢)|). We define the domain W, appearing in
the statement of Proposition 10.14 to be

(17.17) W = € H(Ag).

(3) Finiteness of the integrals f§|¢(r)7'_1/2|d|r|. Since A¢ is bounded independent
of h (and (), we need only consider behavior of the integrals near the origin. Recall
that

_1-4p L 9(s)  Af(s) /" (s) — 517(s)

(17.18) H&) = —T5¢ 7(5) 16f3(s) ’
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where f = fo + fp as in (17.1). Clearly, we must look for some cancellation of the
singularity of ¢ due to the vanishing of ¢ at s = 0 and the singularity of f at s = 0.
Let us first rewrite f as f(s) = £ + fa(s), where

(17.19) a:=1+a?b1(0,¢) + hb3(0,¢, h)

« S / _ s / _
fos) = 2 (b1(25%2,¢) = 1(0,¢)) N h (b3(251/2,¢, h) — b3(0,¢, 1))

S S

252(251/2,0) '

+ (4b1 + S12

The estimates of Proposition 6.3 for the b; imply that fa(s) = O(S), and thus

S

(17.20)  f(s) = 3(1 +0(s)) = /f = g (14 0(s)) = €2 = as + O(s?).
This gives £(s) = as + O(s?), and thus

1-482  1-—4p? — 42
(17.21) 1655 - af (1+0(s)) = = af +0(1) = A(s) + B(s).
Set fo(s) = 2. A short computation shows
1799 A 9(s) 4fo(s) ~6’({) —5fg*(s) _ 0.
) A TS RTYN
Since the contribution of B(s) to

3

17.23 “1/2)q
(17.23) | oty

is finite,” it just remains to examine the contribution of

g(s) | 4f()f"(s) =5F2(s)\ [ 9ls) | 4fo(s)e(s) = 5fo*(s)
(17.24) <f(8)+ T6/5(s) ) <f0(s)+ 16753) )

Recall f = fo + fo. Thus, the terms in (17.24) involving second derivatives are

(ignoring some constant factors)*®
7 " 1 f Y 1 f 3 ~//f
(17.25) Fa(f5 + 1) (f— —3%) . fofs <f— —370?4) . Jo f—

Setting q(2sl~/2,§, h) = b3(251/?,C,h) — b3(0,¢, h), we consider for example the con-
tribution of fa := hq/s to f5/f¢ (one of the “worst” terms in (17.25)). We compute

(17.26)
f s2 ., s s 5 _ 1 5 -
722 == ) = ﬁh {qtts 2 24t 5/2 1 9¢s 3} = ﬁh {qtt — 5 12 4 9¢s1
0

4THere we use d¢ = £sds and (17.5).
48 Compare (16.48).
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The estimates of Proposition 6.3 show that the right side of (17.26) is O(1), so its
contribution to the integrand of (17.23) is O(s~2), which is integrable near 0. The
terms in (17.24) involving first derivatives are estimated similarly.

(4) Conclusion. We have now checked that all the requirements for an applica-
tion of Theorem 9.1 of [O, Chapter 12] are satisfied, so this concludes the proof of
Proposition 10.14. O

Next we show that for R > 0 the decaying solution of (10.11) is given by

(17.27) w(z) = %ﬁl(s(x)) = 2;/325;1/2 (61/215(251/2/@ +771(B,€)) :

Proof of Proposition 10.16. As © — oo we have s — 0 and {(s) — 0. Recall from
(17.4) and (17.5) that

(17.28) &(s) = s+ea(s), &(s) =1+ep(s), where |g;(s)| << 1,

so in estimating w(xz) we can ignore the factors multiplying I 5 and n1. For |z| small
with |arg z| < 7 we have

(17.29) 115(2)] < k2?7,

Since RB > 0 for RC > 0, this implies decay of the term involving I5 as z — oo.
The estimate of 7 in Theorem 9.1 of Chapter 12 of [O] implies that this contribution
decays to zero as well. Differentiating (17.27) and arguing as above we obtain that
w, also decays to 0 as = — o0. d

We now show that the exact decaying solution 6 of Erpenbeck’s system (5.1)
identified in Proposition 10.16 is of type 01 at x = M.

Proof of Proposition 10.17. The proof runs parallel to that of Proposition 10.11.
The variables are

2 S
(17.30) t = ; aD(oo,g)e—W/Q, t = 251/2’ 251/2 — / \ f(r) dr.
0

(1) We recall from Remark 6.2 that

~2
(17.31) %(C(x, ¢) + hr(x, ¢, b)) =12 [(1 + %) + (£ 4+ ®)by(t,C) + thy + hbs| .

Using (17.30) and recalling the definition of f(s) (17.1), we rewrite this as
(17.32) %(C(x, ¢) + hr(x,¢,h)) = &% + 452 f(s) = &% + 4s2¢1E2
For x near M and ¢ € w we have |C(x,()| > k > 0, argC(z,() ~ 0. We have
& = O(h) in regime III, so (17.32) implies
(17.33) ps€~V2¢, = O+ hr 4+ O(h) = —s(x, )b(z) + O(h) for & near M.
(2) For |z| large with |argz| < 5 we have asymptotic expansions [AS, Chapter 9]

eZ

B(z) ~ \/%

/ ez

V2mz

where (14 O(1/z)) can be expanded explicitly in powers of z7L.

(1+0(1/z)),
(17.34)

(1+0(1/2)),
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(3) Approximations. Using the formula (17.27) for w, the expansions (17.34), and
the fact that

(17.35) ae ) =€

we approximate for x near M

V2 1/2¢1/2 1 1 1/2
W~ Lo T-(26Y2 /1) ~ plg=1/2¢1/4p1/2 26 /h7

V2, 1 t \/51 12
BV e—1/201/270 (9¢1/2 jpyLe—1/2¢ b [ 21201720174 262 /h
hwe ~ ==& PTG (2677 /1) 7677 —R&ThTE e :

Here we have ignored relative errors of size O(h) associated with higher-order terms
in the expansions (17.34), with n;, and with other terms in the expression for hw;.
This gives

(17.36)

/2
(17.37) hw, = —ghtwt ~— _% t551/2h1/2§71/46251/2/h.
™

(4) Using the formula (16.58) for § and ignoring O(h) relative errors as in (16.72),
we obtain

(17.38) O0(z, ¢, h) ~ e [ 2wPy 4+ b2 (hw,) Qo).

Substituting in the expressions for w and hw, and using (17.33), we find

wo | 261/2 [h 1, _ B B
O~en TR <b1/2 ﬂ;gs 1/251/4> {Po—%b L2 ¢ 1/2620}

vo | 2e1/2 h 1
core s (g in ol

(17.40) %(2&1/2) = ¢ Y2, us = bs(x,¢) = bs(x, ) + O(h) near x = M

(17.39)
We have

for hip as in (16.68). As in (16.75) we obtain

@ 251/2 o hl(xac) _
;) +—h == +g(z,¢,h) near v = M

for a function g as in (16.75). Thus, we can now rewrite (17.39)

(17.42)
1 (2 1
0 MRS (bw\/ 2£;€;”2£”4> Ty = G2, ¢ )01 (2,¢, h) near & = M,
™

(17.41)

where the nonvanishing scalar function

(17.43) Gz, ¢, h) = et (bl/%/%%&s“?g“‘*) .

Setting
(17.44) H(z, ¢ h) = G~ (z, ¢ h),
we obtain the estimate of Proposition 10.17. d
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Part V. Proofs for Part III.

18. Turning points in (0, c0). Here we prove Propositions 12.3 and 12.7.
Proof of Proposition 12.3. For ¢ = 0 and x < () we take

(18.1) p*?(x,¢) = / V() —yv/—d(y, <) dy,

where the square roots are taken to be positive.?? Making the changes of variable

t = +/x({) —y and then ¢t = u\/x({) — x, we obtain

(182)  p2(@.0) = —(@(¢) — )Y / 3u%y/—d(@(0) + (x — ()2, O) du

which implies (12.7). The analyticity of p in z and ¢ and the properties (12.8)(a)—(c)
are evident from the formula (12.7). Property (12.8)(d) is proved by differentiating
p2p = C(z,¢) with respect to ¢ and evaluating at # = x({). The analyticity of both
sides of (12.6) implies that p is a solution on O X w. O

Proof of Proposition 12.7. (1) First we show that appropriate multiples of §_ and
04 are, respectively, of type 61 and 02 at zi. For ¢ € wy and x near zg, p(x, () takes
values near the negative real axis. Noting that we must take

(18.3) —m < arg(h2/3pet?i/3) < &

in order to use the expansions to rewrite the expressions in (12.19), we obtain for x
near rp

1 ,
(18.4) f_ ~ e B30 i=0)"2 (mb”%”z(hmmm“)1/4> [Po+s(x,¢)Qo]-

Here we have used®®

(18.5)

_z(h—2/3p6—27ri/3)3/2 _ 2
3

—gih_l(—p)g/2 and ip,b~t(—p)Y? = s(x,¢) + O(h).

Similarly, we obtain for x near xp
(186) 0y ~ e F3H T <2fb1/ 207 V2 (203 pe2mif3) -1/ 4) [Py — s(2,O)Qu.

For x near zp and ¢ € w; we have
(18.7)
2. * 2,
—Sin @) = [ sblu.) dy = Zi(=p)* e~ 5.0) and so

R—0

‘ _ 2. 3 wre 2. 3/
| b0y dy==3i-p) w0+ [ sbla ) dy+ Zi(=p)* e 5.0).
0 0

49Here we use the fact that d(y, ¢) is negative for real y near z(¢) € R.
50Recall that p2p = C(x,¢) = s2b% and that for ¢ = i|¢| € w1 and real = near zg, we have

s = ils| = iy /I¢]2 = cgn(x).
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Since p1(x,¢) = a+ s(z,¢)b and Ty (x, () = Py + sQo, (18.4) implies

(18.8) 0_(z,¢,h) ~01(x,(,h)G_(z,(, h) for  near xp where G_(z,(, h)

1 .
_ pL/2 ) =1/2(},—2/3 pp—2mi/3)~1/4
<2 N ( pe )

IR—5
X exp l—% </ sb(y, ¢) dy + ;i(—p)?’/Q(xR — 4, C))] k- (@G:h)
0

for a function k_ = O(1). Similarly, we obtain from (18.6)

(18.9) O4(x,C,h) ~ O3(x,(, h)Gy(x,(, h) for x near xp where G4 (z,(, h)

1 ,
_ pL/2 )= 1/2(=2/3 ) ,2mi/3)~1/4
<2 N ( pe="""7)

TR—0
X exp [% </0 sb(y, ) dy + ;i(—p)3/2(9€3 -, C))] ek+(@Gh)

for a function ki = O(1).
From (18.8) and (18.9) we see that the functions

(18.10) 01 := GZ' (xR, ¢, h)0_(2,¢, h) and O := G (xR, ¢, h)04 (2,  h)

are exact solutions of (11.9) on O, which are respectively of type 61 and 6 at xz.%!
For later use we note that the growth rates in h of the factors G;Fl(:r: Rr,C, h) are

(18.11)

R+(C,h) :== h™ Y% exp

TR—0
i%% (/O sb(y, ¢) dy + %i(—p)m(m -9, C))] :

(2) Computations like those that produced (18.4) and (18.6) show that for x near
x 1, we have

~ 1 ,
(18.12) f_ ~ eP+3h10"? <ﬁbl/2px”2(h2/3pe2m/3)1/4> [Po + s(2,¢)Qol,

© —1 1 ;
0, ~ 6T0+%h 1,8/2 (mbl/szl/Z(hQ/Bpe%mB)1/4) [PO + S(ZIJ,C)QO],

since b~ p,/p = s(x,¢) + O(h) for x near z;, and ¢ € w;.”? From (18.12) and the
fact that Th = Py + sQ) it is evident that

(18.13) 0_(x,¢,h) ~01(x,(,h)K_(x,¢, h) for x near xy,

for a nonvanishing scalar function K _.

51Caution: It is not necessarily true that 1, for example, is of type 61 for x # z .
52Recall that p(z,¢) > 0 for real x near 1, and for ¢ € wy such that ¢ = i[(]|.
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(3) Ezact solutions 0;, i = 3,4,5. After shrinking the neighborhoods O and w;
and reducing ¢ > 0 if necessary, we choose an open ball B(¢, R) centered at x(¢) such
that

(18.14) r(wr)Ulrr,rr] C O C B(x((), R/2)

and such that the profile p(z) has an analytic extension to B((,R). The exact

solutions 6;(x, ¢, h) are constructed for ¢ € w; from approximate solutions 6; of the
form (0.16), which are defined initially on [0,21], and then extended to a simply
connected neighborhood of {zr,,zr} by analytic continuation in

(18.15) S :=B(x((),R)N{x: Sz >0} \ z(ws2), where w; CC wo

and wy is a slight enlargement of w;. As explained in section 4.2 of [LWZ1], the 6;
are exact solutions of (11.9) and satisfy®?

(18.16) 0;(z, ¢, h) — 0i(x, ¢, h)| < ChlBi(x, ¢, h)| in S for ¢ € w.

Like 6;, i = 1,2, the functions 6;, i = 3,4,5, are solutions of (11.9) in a full neigh-
borhood of z({) for ¢ € wq; however, the asymptotic behavior (18.16) is known only
in S.
(4) Growth rates. From the expressions (0.16) for the ¢; we can read off the
growth rates with respect to h of the 0;(x,(,h), i=1,...,5 at xg for ¢ € wy:
01(zxp, C h) : en®Jo M@ O)+s@OwW dy . (AQ)/h
(18.17) Oa(zR,C,h) : en RS aw.O=s@w.ObW)] dy .- (BO)/h,

0i(xr, ¢, h),i>3: e RICT Tty v (/N

(5) Expand H(xz g, ¢, h)0(x,(, h). The exact bounded (or decaying) solution H (z g, , h)0

on [zg,00) extends analytically to a complex neighborhood of [0,00]. On S we can
expand it as

(18.18) H(zpr, ¢, h)0(x, ¢, h) = c1(, h)0y + -+ +e5(¢, h)fs for ¢ € wy.

Corollary 11.4 implies that H(zg,(, h)0(x,, h) is of type 61 at xr. Evaluating (18.18)
at xp and using Cramer’s rule and (18.17), we determine the growth rates of the
coefficients in (18.18):

(18.19) ¢1(¢, h) = 1+0(h), ¢z = O(heAMO=BONMY " c; — O(heA=CEN/M) 1 > 3,

where

(18.20) A(Q) — B(O) = 20 s(y, Ob(y) dy and A(Q) — C(C)

0 [ (st ) - )

53The proof by a contraction argument is based on being able to choose “progressive paths” in S;
see Theorem 3.1 of [LWZ1].
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(6) Conclusion. Using (18.10), (18.11), (18.12), and (18.19), we can now read off
the growth rates at x of the individual terms in the expansion (18.18):

(a) e1(C,)1(zz, ¢ h) 1+0( ) - R-(¢,h)

hl/ﬁexp[ 0 a(y,C) dy + 3P3/2($L,C))} :
(18.21) (b) c2(¢, h)Ba(wr, ¢, h) : heM =B/ R (C h)
x h1/6 exp [hﬂ% i a(y,¢) dy + 3p3/2(xL,C))} :
(©) (¢, h);(xr,C,h), i AQ=COV/h , RE Jo " iy dy.

First we compare the rates in (18.21)(a),(b). Recalling the expressions (18.11) for
Ry, and noting from (18.20) that

(18.22)

AQ=BE/h oy (__3%/ s(y, ) bdy) < exp< 3%/ s(y, O)b dy)

and from Remark 12.4 that

(18.23) S(—=p)¥?(xr — 6,¢) <0 for ¢ € wi,
we obtain
(18.24) |c2(C, h)B2(z L, ¢, h)|/ler (¢ h)0y (2L, ¢, h)| < Ch.

Next we compare the rates in (18.21)(a),(c). From (18.23), the fact that
Rp*?(zr, ) > 0, and

(18.25) en (AR 3t Eutn ) < AR swObdy | AR [T alu.0) dy

we see that

(18.26) les(¢, h)Bs(zr, ¢ h)|/|ea(C, h)br(zL, ¢ h)| < Ch.

Thus, ¢1(¢, h)01(zr, ¢, h) is, for small h, the dominant term in the expansion (18.18)
evaluated at xr. Since ¢1(¢,h) =1+ O(h), we see from (18.13) and (18.10) that the
estimate of Proposition 12.7 holds with «(¢, h) := G_(xg, ¢, h) K~ (xr,(, h). |

19. The turning point at 0. This section gives the proof of Proposition 13.1.

Proof of Proposition 13.1.

(1) Basis of exact solutions near 0. As noted before the statement of Proposition
13.1, we have exact solutions 0+ on O > 0 satisfying 04 (z,(, h) ~

(191) e«po/h |:b1/2(pr)—1/2Ai(h—2/3pe:|:27n’/3)P0 + b—1/2h1/3(pz)1/2€:t27ri/3

XAi/(h_2/3p€i2m/3)Qo}

modulo O(h) errors. Exact solutions 6; and 3, which are respectively of type 6;
and 0y at xp = 20, are again given by the formulas (18.10). Here the functions
G;l(%, ¢, h) have growth rates in h, R+((, h), given by (18.11).
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To construct exact solutions aj, j =3,4,5, near x = 0, we use the block diagonal
form provided by our extension of Proposition 12.1 to a neighborhood of x = 0. The
3 x 3 block Ass(x, ¢, h) in (12.1) has semisimple eigenvalues

(19.2) wi(x, ¢, h) = pj(z,¢) + O(h) = % +O(h), j =3,4,5.

Since this block has no turning points, we can apply standard results (for exam-
ple, Theorem 3.1 of [LWZ1]) to construct exact solutions ¢ j(z,(,h) of Ly ; =
Aso(z, ¢, h)g2 ; on [0,30] satisfying

19.3)  |éoi(z, ¢, ) —en o i(s:Odsg (1 ¢ B)| < Oh|en Jo mils:Ods| 5 =3 45
\J J J

for appropriate a; = O(1). We then obtain exact solutions §j of type 6; on [0, 3] by
setting

0

(19.4) 0; =Y (z,(,h) ((bz ) , j=3,4,5,
5J

where Y is the conjugator of Proposition 12.1.

We note that the elements of the basis B = {0 ..., 05} have the growth rates at
xR = 2§ given by (18.17).

(2) Expand H(26,¢,h)f. As in (18.18) we expand the exact solution H (20, ¢, h)6
in the basis B and, after evaluating at xp = 29, we again obtain the growth rates
(18.19) for the coefficients ¢;(¢, h), j=1,...,5.

(3) Regime A. We show that for (¢, h) in regime A, the term c16 is the dominant
term in the expansion (18.18) at x = 0. Observe that for all ( € w; we have

(a) argp(0,¢) € [0, 7], and thus
(19.5) (b) arg(e=2"/3p(0,¢)) € [-27/3,7/3], while
(c) arg(e®™/?p(0,¢)) € [27/3,57/3].

In case (b) the zeroes of Ai(z), which all lie on the negative real axis, are avoided;
thus, there exist positive constants A; such that

(19.6) Ay < JAi(h=3p(0,¢)e2m/3)| < A, for (¢, h) in regime A.

~1/3

Ignoring an error of size h , we have

(19.7)  6_(0,¢,h) ~ b 2(py) "2 Ai(h=23pe2"/3) Py == q(0, ¢, h) Py in regime A,
With (18.10), (18.11), and (18.19) this gives for some positive constant C,
(19.8) le1 (¢, h)61(0,¢,h)| > CR_(¢,h) = Ch™/6

)
x exp Hm ( | sblw0) ay+ St <>)] .

Similarly, we obtain

|02 (Cv h)§2 (07 Ca h)| < Che%%%(fo% sb(y.<) dy) R+ (Ca h)v where

5
—%% (/O sb(y,¢) dy + §i<—p>3/2<a, O)] :

l¢; (¢, h)B;(0,¢,h)| < Che%“J?(S(%C)Q(y)—n%@)dy’ j=3.4,5,
where in the last estimate we have used [0;(0,¢, k)| = O(1), j = 3,4, 5.

(19.9) R (¢,h) =h Yexp
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Recalling (18.23), from (19.8) and (19.9) we see that in regime A at z =0
(1910) |0252/61§1| S Ch and |Cj5j/61§1| S Ch7/6, j = 3,4, 5,

and thus ¢10; is the dominant term in the expansion (18.18) at = 0. Using (18.10)
and (19.7) we obtain

(19.11) 61(0,¢, h) = G=1(26,¢,h)q(0,¢, h) Po.

Since 01(0,¢,h) = Py + s(0,()Qo + O(h), for fixed x > 0 we therefore obtain (13.2)
with «(¢, h) := G_(26,¢, h)q1(0,¢, k) provided (¢, h) lies in regime A, ¢ € wo, and
0 < h < hg for small enough ws > ({y and hy.

_ (4) Regime B with argp(0,() away from /3. First we determine the size of
¢101(0,¢, h) in regime B. By (19.5)(b) we can use the expansions (16.66) of Ai(z) and
Ai'(z) for all (¢,h) in regime B to obtain, modulo O(h) relative errors,

e181(0,¢,h) ~ k(G WR- (¢, m)e™ §(1* 00T
(1912) Xb1/2p$—1/2(h—2/3p(07C)e—Qﬂ-i/B)—l/él
% [Po bl pLe 2SR (R=2/3 (0, ¢)e~2mi/3Y /2]
where k(¢,h) = O(1) and is bounded away from 0. Letting argp(0,¢) = 8 € [0, 7]
and noting that for ¢ near (p the second term inside the brackets is small compared
to the first, we obtain for some positive constant K

(19.13)
c101(0,¢, h) > Keh RS sb.0 dy+3i(=0)*/(0.0)| (0, ¢) |71/ Aeh &1p0.01 cos(3)

For a small positive £y we note that for 3 € [0, % —&o] (resp., 8 € [% 40, 7)), c202
has an expansion similar to (19.12), except that ¢; is replaced by ¢a, R— by Ry, and
all factors of e~27/3 are replaced by ™%/ (resp., e=*7/3). Thus, for 8 € [0, % — &0
we obtain

(19.14)  282(0,¢, h) < Chet 2RI s6w:0) dy) o= R(Jg sb(w.0) dy+5i(=p)*/*(6:0))

 1p(0, Q) VA IO cox ()

while for 3 € [§ + €9, 7| We obtain

(19.15)  ¢282(0,¢, h) < Che® 2R sbw:0) dy) o= R(Jg sb(w.C) dy+5i(=p)**(5:0))

12

X [p(0, Q)| VA= OO cos(5),
From (19.14) and (19.13) we see that at =0
(1916) |Cg§2/01§1| < Ch for ﬂ S [0, g — Eo:| .

The same estimate holds for g € [% + 9, 7|, but this is much less clear since now
cos(36/2) < 0! Inspection of (19.13) and (19.15) shows that the estimate holds for
this range of S provided

(19.17) R (i(—p)g/z(& C)) > 1p(0, Q)I*/*| cos(35/2)] for ¢ € wa,
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where wy C wj is a neighborhood of {y. Writing ¢ = (. + i(; and setting v =
a’rg(_p(57 C))7 we have

(19.18) SI(=p*2(5,¢)) = |p(8,¢)[*/* sin(37/2),

and (12.8) implies v < 0. Now 7 is close to zero and, by (12.8)(d), we have |Sp(d, ¢)| >
Cl¢rl, so

Sp(0
(19.19) |sin3v/2| ~ |37/2| ~ ; ftany| = ; ‘Jp( <)

sl = cilal /1060
With (19.18) this implies
(19.20) S(=p*2(8, Q)| = C11¢]1p(8, 02

To have (19.17) it now suffices to choose ws so that

16 11p(8, O

(19.21) |cos(38/2)] < C4 1p(0, )3/

for ¢ € wo.

Using (12.8) again, we have

(19.22) p(0,¢) = p(0, o) +p¢ (Go) (¢ = o) +O(IC = Col*) ~ CI¢ ol = C1Gr, (¢~ o).

When |p(0,¢)| ~ |¢ — Co| ~ [¢r], we can choose we so that |p(d,C)|/[p(0,¢)| is large
and thereby arrange to have (19.21). When |¢,| < &|S(¢ — o)| for £ small, we must
have § close to 7. Setting « = 7 — 3 we have

(19.23) |cos(38/2)| = |sin(3a/2)| ~ |tan | ~ [Sp(0, )| ~ [

[Rp(0,0)1 10, Q)1
We can now shrink ws if necessary, so that [p(d, ¢)|/|p(0, )| is large for € wa, thereby
arranging to have (19.21). This establishes (19.17),* and thus for (¢, h) in regime B
we have at © = 0,

(1924) |02§2/01§1| < Ch for ﬁ S {g + 50,7T:| s g € ws.

The estimate (19.9) for j = 3,4, 5 still holds for regime B, so (19.13) and (19.17)
imply that at x =0
(1925) |Cj§j/61§1| < Ch for C € Wy

and (¢, h) in Regime B, when § € [0, 5 — 0] U [§ + g0, 7]. With (19.16) and (19.24),
we obtain (13.2) as before for these (¢, h). B
(5) Regime B with arg p(0, () near w/3. To treat 02 we now use the fact that for

large |z| with |arg z| < 27/3
Ai(—2) ~ o 1/2,-1/4 lsin (7 + %) ZO: ary~2* — cos (7 + %) zozbw—zk_ll
A (=z) ~ —m 2R lcos (7 + g) Z cry 2P+ sin (7 + g) zo:

dk72k1]
0

(19.26)

54The argument shows that (19.17) holds for ¢ € we when 3 € [eo, 7].
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where 7 := 223/2 [AS, 10.4.60, 10.4.62]. We write, for example,
(19.27) Ai(h=21p(0,¢)e?1%) = Ai(~h~2eim/%(0,C)),
where now arg(e~""/3p(0,¢)) := 0 is close to 0. We have

(19.28)

@(h—?/%—”/%(o, 0%+ %) ’ < Cet 3IPOOP s

and (19.15) now holds with the exponential on the right in (19.28) replacing that on
the far right in (19.15). Since arg(p(0, ¢)) is near /3, we have || ~ |¢—Co| ~ |p(0, )],
so we can arrange to have (19.21), with |sin(36/2)| now in place of |cos(35/2)|,
by choosing we so that [p(0,¢)|/|p(0,¢)] is large for ¢ € wy. Thus, we can obtain
the estimates (19.24) and (19.25) for this range of 5, and the estimate (13.2) is a
consequence of these as before. a

Part VI. Appendices.

20. Coefficients appearing in the linearized systems. The matrix coef-
ficients appearing in the reduced system (0.4) are

u —v 0 0 0 0 0 —v 0 0
vpy, w0 wvps vpy 0 0 O 0 0
A* =10 0 uw O 0 |,AY=wvp, 0O 0O wps wvpx|,
0 0 0 wu 0 0 0 O 0 0
0 0 0 O U 0 0 O 0 0
(20.1)
—u/ v 0 0 0
P —u(cg/v?) w0 wpls wp)
B= 0 o0 o o0 |,
-0, S0 —dg —Dy
—7y N o0 —rg —ry
where () denotes differentiation with respect to z and ¢z = —v?p, (v, S, \).
The matrix ®o(z, () in the system (0.6) is computed in [E3, p. 112] to be
_(1_—77)< _m_C _am 0 O
nu nu 1-n
_(1-n¢  (A=-n)¢ 0 0 0
- mmu nu
(20.2) o, = | W T c g
(1*77)2:DSC (1—n)ps¢ ips <
(111“7;)1%( (117?73ZAC ﬁ S <
nm2u nmu m u

This computation can be done using (0.6) and (20.1).

21. The stability function V({,h). The stability function V' ({, h) is given
by

1
Here m = u/v, the mass flux, is a constant independent of x,

2(1 = n4)g4/m
Tyny +2(1 —n4)g+
0
—m(v— — vy )Ny
0

v —v
21.2 H'= ——*
( ) v_Tyny
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and HY has the single nonzero component (HY)3 = m(v_ —v4). By vy, for example,
we denote components of the profile states Py := P(0+) just to the right and left of
the von Neumann shock, and

1
(21.3) 9+ =Ty — 5(”— — V4 )Ps+t-

The expression (21.1) for V(¢, h), found in [CJLW], is simpler than the expression
derived in [E1] and used in [E2, E3]. The equality of the two forms of V' was proved
in section 4 of [CJLW].

The stability function for the von Neumann shock, L1(¢), which appears in As-
sumption 1.4, is given explicitly in [E2] as

_ U—(l—Xv) €+<(<—|—/§+3+) CQ
Li(¢) = - 0 - + 1y (1 - uwﬂ ,
(21.4) =2 (1)1 - xo)v_ps/T, X0 =14/ v_.

From the expression (21.1) and the fact that

(21.5) Ly(¢) = =T1(0,¢) - (CH' + iHY),

it is clear that Assumption 1.4 implies that V (¢, h) is nonvanishing for small 7 when
0(0,¢, h) is of type 0.

22. Classical asymptotic ODE results used. Here we state the theorems
from [O] that are used in this paper. To keep this section brief, we state the results
only in the simplified form that we actually use; also, we refer to earlier parts of
this paper for definitions of some terms that appear below. We note that Theorem
22.3 below is an extension of Theorem 9.1 of [O, Chapter 12], to the case where the
parameter v satisfies ' > 0 instead of just ¥ > 0. The extension was proved in
section 17.

For a parameter v € C with |u| large, we consider equations of the form

(22.1) Wee = (u?€™ + (€)W, where m = 0,1, —1,

on a simply connected, open subset A, possibly unbounded, of the complex &-plane.
The function 1 is analytic on A but may have singularities at isolated points on its
boundary. The following three theorems deal respectively with the cases m = 0,1, —1.

THEOREM 22.1 (Theorem 3.1 of [O, Chapter 10]). Let m = 0 in (22.1) and
suppose |argu| < w/2. For j = 1,2 let a;j € OA and suppose that for any € € A a
progressive j-path can be chosen in A from «; to £.°°Suppose also that there is an
upper bound for the integrals

3
(22.2) / [t)(s)|d|s| on progressive j-paths,
ay

which is independent of £ € A. Then (22.1) has solutions W; on A satisfying
(22.3) W) = €T (0, ), § =12,
where the errors n; satisfy the estimates (10.7).

55Such paths are defined in step (1) of the proof of Proposition 10.2.
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With Ai(z) the standard Airy function, we set
(22.4) Aig(2) = Ai(z2), Air(z) = Ai(ze 2™/3), Ai_i(z) = Ai(ze>™/3).

THEOREM 22.2 (Theorem 9.1 of [O, Chapter 11]). Let m = 1 in (22.1) and for
small 6 > 0, suppose |argu| < 6. For j =0,1,—1 let o;j € OA and suppose that for
any & € A a progressive j-path can be chosen in A from a; to £.5% Suppose also that
there is an upper bound for the integrals

3
(22.5) / [(s)s™2|d|s| on progressive j-paths,
o

which is independent of £ € A. Then (22.1) has solutions W; on A satisfying
(22.6) W;(€) = Aij(u®3€) +1;(u, ), j = 0,1, -1,

where the errors n; satisfy the estimates (10.28).

THEOREM 22.3 (Theorem 9.1 of [O, Chapter 12],). Let m = —1 in (22.1) and
suppose u > 0. We now assume A C {§ : |argé| < w/2}, 0 € DA, and that ¥(&) has
the form

v’ -1 9§
22. = RSP
(22.7) 0o = g + 22
where ¢ is analytic at £ = 0. Let a1 =0, as € A and suppose that for j = 1,2 and
any £ € A a progressive j-path can be chosen in A from aj to €57 Suppose also that
there is an upper bound for the integrals

3
(22.8) / |p(s)s™/2|d|s| on progressive j-paths,

which is independent of £ € A. Then (22.1) has solutions W; on A satisfying

(@)W1 (&) = €21, (2ue™?) + m (u, €),

22.9
(229 (b)Wa(€) = €2 K, (2u&"?) + na,

where the errors n; satisfy the estimates (10.40).
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