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Here, X and Y will denote Banach spaces with their norms denoted by |||,
||.|ly-, or simply ||.|| when there is no ambiguity.

1 Linear operators in Banach spaces

An operator A from X to Y is a linear map on its domain, a linear subspace of X, to
Y. One denotes by D(A) the domain of this operator. An operator from X to Y is
thus characterized by its domain and how it acts on this domain. Operators defined
this way are usually referred to as unbounded operators. One writes (A, D(A)) to
denote the operator along with its domain. The set of linear operators from X to
Y is denoted by Z(X,Y).

If D(A) is dense in X the operator is said to be densely defined. If D(A) = X
one says that the operator A is on X to Y.

The range of the operator is denoted by Ran(A), that is,

Ran(A) = {Az; x € D(A)} C Y,
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and its kernel, ker(A), is the set of all z € D(A) such that Az = 0.
The graph of A, G(A), is given by

G(A) ={(z,Az); x € D(A)} C X xY.

We naturally endow X x Y with the norm [|(z,y)||%y = lzl% + |¥]/;- which makes
X x Y a Banach space. One says that A is a closed operator if its graph G(A) is a
closed subset of X x Y for this norm. The so-called graph norm on D(A) is given
by

25y = lellx + Az = [z, Az Xy
The operator A is closed if and only if the space D(A) is complete for the graph
norm ||'HD(A)'

If a linear operator A from X to Y is injective, one can define the operator A~*
from Y to X such that

D(A_l) = Ran(A), Ran(A_l) = D(A), A71A = IdD(A), AAT = IdRan(A) .

One says that A is invertible and A~! is called the inverse operator.
If (A1, D(A)), (Aa, D(A2)) are two linear operators from X to Y one defines
that the operator B = A; + Ay with domain D(A;) N D(A,).

2 Continuous and bounded operators

An linear operator A from X to Y is said to be continuous if it is continuous at
every x € D(A) or equivalently if it continuous at x = 0. This is equivalent to
having M > 0 such that ||Az|,, < M||z|y for all z € D(A). One says that A is a
bounded operator. The positive number

[Az(ly

M
repia ]| x

M =
is called the bound of A, and denoted by [|Al| &y y or simply [|A].
Note that linear operator from X to Y that fails to be continuous are such that

Az
|| ||y
we;;(om ||93||x

This justifies the name unbounded for general linear operators from X to Y.

Theorem 1 (closed-graph theorem). Let A be such that D(A) is a closed linear
subspace in X. Then, A is bounded if and only if A is a closed operator.
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For a proof see for instance [4].

Remark 2. While one aspect of the proof of the closed-graph theorem is involved
and based on the Baire lemma, one can also easily prove the following statements: if
Ais closed and A is bounded then D(A) is a closed linear subspace in X. Hence, if a
A is densely defined, closed and bounded then D(A) = X: the operator is bounded
on X toY.

Note also that any bounded operator A with domain D(A) can be uniquely

extended to D(A), as a bounded operator with the same bound, thus leading to a
closed operator.

We shall denote by #(X,Y) the set of bounded operators A on X to Y, that
is, such that D(A) = X. In the main text, if we speak of a bounded operator
A: X — Y without any mention of its domain, this means that D(A) = X, that is,
Aison X toY.

Remark 3. Following the above remark assume that A is a closed linear operator
from X to Y that is invertible and such that A~! is bounded. As A~! is also closed
for obvious reasons we find that Ran(A4) = D(A™!) is a closed subset of Y.

3 Spectrum of a linear operator in a Banach space

We consider here a linear operator from X to itself. Omne says that A\ € C is
in the resolvent set p(A) of an linear operator A from X to X if the operator
AId —A is injective, and the inverse operator (AId —A)~! has a dense domain
D((AId—A)7') = Ran(AId—A4) in X and is bounded. If A € p(A) then we set
the resolvent operator as Ry(A) = (AId —A)~!. The spectrum is then simply the
complement set of p(A) in C. We denote it by sp(A).

The spectrum of a linear operator is often separated in three disjoint sets:

1. The point spectrum that gathers all A € C such that the operator A 1d —A is
not injective. Such a complex number A is called an eigenvalue of A and the
dimension of the the kernel ker(AId —A) is the geometric multiplicity associ-
ated with this eigenvalue. An element of ker(AId —A) is called an eigenvector
or, often, an eigenfunction in the case the Banach space X is a function space.

2. The continuous spectrum that gathers all A € C such that the operator AId — A
is injective, has a dense image, but its inverse (AId —A)~! is not bounded.

3. The residual spectrum that gathers all A € C such that the operator AId —A
is injective but does not have a dense image.



In the case A is a closed operator, if A € p(A) then D(R)(A)) = Ran(AId —A) =
X (see Remark 3). Hence, in this case, A € p(A) if and only if AId —A is injective
and Ran(AId—A) = X because of the closed graph theorem (Theorem 1). For
Xo € p(A), if we set Ly = (A\gId —A)™!, then Ly is a bounded operator on X and we
may write

Ald—A = (Mg Td —A) (Id +(A — Ag) L)

For [A\ — Ao| < || Lo||™" one then finds that Id+(\ — A\g)Lo is itself invertible with
a bounded inverse. Consequently, the resolvent set is an open set in C and the
spectrum is closed. Moreover, one finds that on p(A), the map A — R)(A) is
holomorphic. We refer the reader for instance to Chapter 3.6 in [4].

4 Adjoint operator

If X’ be the dual space of a Banach space X, that is, the linear space of bounded
linear forms on X, we equip X’ with the strong topology associated with the norm

[2*)xr = sup [{z", z)].
ex

x
llzll x <1

With this topology X’ is a Banach space.
If A is a linear operator from X to Y densely defined, one sets

D(A*) ={y* €Y', 3C >0, Yz € D(A), [{y*, Az)y'y| < C|lz|lx}.
If y* € D(A*), there exists a unique z* € X’ such that
<y*,AZL'>y/7y = <[L’*,£L'>Xl7x, T € D(A)

Uniqueness follows from the density of D(A) in X. One then sets A*y* = x*, which
defines a linear operator A* from Y* to X* with domain D(A*).

Proposition 4. The operator (A*, D(A*)) is a closed operator.

Proposition 5. If the operator A is a bounded on X toY then D(A*) =Y’ and
A* is a bounded operator on Y to X'. Moreover [|A|l 4(xyy = |A*|| 2(vr x1)-

5 Fredholm operators

Let A be a linear closed operator from X to Y. The nullity of A, nul A, is defined
as the dimension of ker(A). The deficiency of A, def A, is defined as the dimension

of Y/Ran(A). Both nul A and def A take value in NU {oco}.
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Definition 6. A linear operator A from X to Y is said to be Fredholm if
1. it is closed;
2. Ran(A) is closed,;
3. both nul A and def A are finite.

One then sets the index of A as ind(A) = nul A — def A.

5.1 Characterization of bounded Fredholm operators

We denote by FZ(X,Y) the space of Fredholm operators that are bounded on X
into Y. The following result states that those operators are the operators in B(X,Y)
that have an inverse up to remainder operators that are compact.

Theorem 7. Let A € B(X,Y). It is Fredholm if and only if there exists S €
B(Y, X) such that

SA=Idx +K*  AS=1Idy +K", (5.1)

where K* € B(X,X) and K" € B(Y,Y) are compact operators. In particular, S is
Fredholm and ind(A) = —ind(.5).

For the proof we shall need the following lemma.

Lemma 8. Let A € B(X,Y) and K € B(X,X;) be compact, with X, Y and X;
Banach spaces, and C > 0 such that

/I < C(llAzlly + [ K2llx,), (5.2)
for x € X. Then, Ran(A) is closed.

Proof. Let (y,), C Ran(A) be a converging sequence in Y. Set y = limy, and
consider a sequence (x,), C X such that Az, = y,. Set also Xy = ker A.

First, assume that d,, = dist(x,, Xy) is bounded, say d,, < R. Thus, for any
n € N there exists Z,, € X, such that ||z, — Z,| y < R+ 1. Replacing z,, by x, — &,
we have found (z,), C X such that Az, =y, with (z,), bounded.

Then, (Kx,m))n converges in Xi, for some increasing function ¢ : N — N.
With (5.2) we have

[Zpm) = Toem) | x S NAZpm) = Zoem) ly + K (Zpm) = Zoem)) |l »

implying that (z,())n is a Cauchy sequence in X complete. We denote by x its
limit and, as A is bounded, we find Az = lim Az, = y.
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Second, we assume that d,, = dist(z,, Xy) is unbounded. By contradiction, we
prove that this second case does not occur, which yields the conclusion.

If fact, up to a subsequence we have d, > 1 and limd,, = +o0o. For any n €
N there exists #, € X, such that d, < ||z, —Z,||y < d,, + 1 and we set 2, =
&, — Zn. Naturally, we have dist(z,, Xo) = d,. If we set u,, = 2,/||2,||x we have
dist(un, Xo) = dn/||2n |l x yielding dist(u,, Xo) > d,,/(d,,+1). Using that t — t/(t+1)
is increasing on [0, +00) we find that dist(u,, Xo) > 1/2.

We now see that Au,, = y,/||zn|ly converges to 0 as lim ||z,|y = +oo and that
(K Uy(n))n converges in Xy, for some increasing function 1 : N = N. With (5.2) we
have

[ty = vyl S 1 AUp) = tpen))lly + K (Wpm) — vpm)ll x>

implying that (wy(m))n is a Cauchy sequence in X. Set u = lim u,). By continuity,
we have Au = 0, meaning that v € X, in contradition with dist(u,, Xy) > 1/2
obtained above. |

Lemma 9. Let X be a Banach space and K € B(X, X) be compact. Then ker(Id +K)
1s finite dimensional.

Proof. If © € ker(Id+K), we have x = —K(z). In particular, the unit ball in
ker(Id +K) is the image of bounded set by the compact operator K. It follows that
the unit ball of ker(Id +K) is compact and thus, by the Riesz theorem, ker(Id +K)
is finite dimensional. |

Proof of Theorem 7. First, assume that (5.1) holds. The first identity gives ker(A) C
ker(Id +K*), with the latter space finite dimenstional by Lemma 9.
From the first equality in (5.1) we deduce

llly < [1Azlly + 1K 2]

By Lemma 8 this implies that Ran(A) is closed. As Y/Ran(A) = Ran(A)*, prov-
ing codim Ran(A) < oo amounts to proving that Ran(A)* is finite dimensional.
From the second equality in (5.1) we have Ran(Idy +K") C Ran(A) and thus
Ran(A)* C Ran(Idy +K")*. By Corollary 2.18 in [1] we have Ran(Idy +K")* =
ker(Idy: +(K")*) and the latter space is finite dimensional by Lemma 9.

Second, assume that A is Fredholm. As dimker A < 0o, there exists X a closed
linear subspace of X that is a complementary subspace of ker A4, that is, X @ker A =
X in the algebraic sense and moreover the projections associated with this direct
sum are continuous. Similarly, as codim Ran(A) < oo and as Ran(A) is closed,
there exists also Z complementary subspace of Ran(A) in Y. We refer for instance [1,



Section 2.4]. Observe that the projections Iy, 4 onto ker A and I onto Z associated
with the above direct sums are compact since dimker A < co and dim Z < oo.

We consider the bijective map A : X — Ran(A) given by Az = Az. As X and
Ran(A) are Banach spaces if equipped with the norms inherited from X and Y, the
open map theorem shows that A is an isomorphism. We denote by S its inverse
map and we set S = S(Idy —II;) We then find that

AS = AS(Idy —I1,) = AS(Idy —II,) = Idy —II.
We also write
SA=S5A=SAIdy —ye ) = SA(Idx —Tlier a) = Idx —Tlier 4,
which concludes the proof. ]

Proposition 10. Let A € B(X,Y). It is Fredholm if and only if there exist K; €
B(X,Zy) and Ky € B(Y', Zy) both compact, with Zy and Zs Banach spaces, and
C > 0 such that

Izl < C(1Azlly + 1 Ki2ll,,), vl < CUAY 0 + 1K2y" )1 5,).
forxe X andy* €Y',

Remark 11. The first part of the proof shows that one can use the compact op-
erators K; = K‘ € #(X,X) and K, = (K")* € B(Y',Y’), that are given by
Theorem 7. Then one has Z; = X and Z, =Y.

Proof. By Theorem 7, if A is Fredholm, there exists S bounded from Y to X such
that

SA=1Idy +K*, AS =1dy +K",

with K : X — X and K" : Y — Y both compact operators. With the first identity
we obtain

lzllx S IJAz]ly + [ K ] -
With the second identity we compute S*A* = Idy +(K")*, yielding
1yl S MA™ [ + 1) ]y

Conversely, if |z]|y S [[Az|ly + [|Kiz||,,, for some K; : X — Z; compact,
we consider a sequence (x,), C ker(A) such that ||z,|y = 1. Then, up to a
subsequence, (K;z,), converges in Z;. Writing

Hxn - meX S Hlen - lem”Zp



we find that (x,), is a Cauchy sequence and thus converges as X is a complete. The
unit ball of ker(A) is thus compact; ker(A) is thus finite dimensional by the Riesz
theorem.

Similarly we find that ker(A*) is finite dimensional. As Ran(A) is closed by

Lemma 8 we have Ran(A) = Ran(A) = ker(A*)* by Corollary 2.18 in [1] implying
that codim Ran(A) < oo as codim Ran(A) = dim(X/Ran(A)) = dimker(A*). N

Corollary 12. Let A € FA(X,Y) and F be a closed subspace of X. Then A(F) is
closed.

Proof. As A € FA(X,Y ), we have the estimations of Proposition 10 and the first
one applies to Ajp. By Lemma 8 we conlude that Ran(A4p) = A(F) is closed in
Y. |

The set FAB(X,Y) of bounded Fredholm operators has some important topolog-
ical properties.

Theorem 13. The set FAB(X,Y) is open in B(X,Y).

Proof. Let A € FA(X,Y). By Proposition 10 and Remark 11 we have
|2l S 1Azl + 1K 2l s Iyl S 1A Y | + 1K)y ]y

with the compact operators K* € B(X, X) and K" € B(Y,Y) given by Theorem 7.
With these two inequalities we see that there exists € > 0 such that

Izl S 1A+ B)zlly + 1K), [y lly S 1A+ B) Y |x + 1K) Y [ly-

for B € (X,Y) such that ||B|4yyy < €. By Proposition 10 we then find that
A+ Be FAX,Y). |

Theorem 14. The maps FA(X,Y) — N

nul : A — dimker(A) and def : A — codim Ran(A)

are both upper semi-continuous. Moreover, the index map, ind = nul — def, is con-
stant in each connected component of FA(X,Y).

Proof. Let A € FA(X,Y). As we have nulA = dimker(4) < oo, defA =
codim Ran(A) < oo, and Ran(A) is closed, there exists X and Y that are com-
plementary ker(A) and Ran(A) in X and Y respectively, that is,

X @ker(A) =X and Ran(A)@Y =Y, (5.3)



with moreover X and Y closed (see Section 2.4 in [1]). Set Z = X @Y. For
T € B(X,Y) we define kr € B(Z,Y) given by

pr(r+y)=Tr+y, z€X,ycY.

Observe that r 4 is bijective. Note that |[kr, — k|| g(zy) < [T — T2l g (xy)- Thus,
for T € #(X,Y) chosen such that [T — Al 4y, < ¢, the operator rr is also
bijective, since the set of bounded invertible operators from Z into Y is open in
B(Z,)Y),and T € FA(X,Y) by Theorem 13, for € > 0 chosen sufficiently small.

Below, T' is chosen such that [|T" — Al| &y yy < &. We have k(X x {0}) = T(X)

and, as k7 is an isomorphism, we have

codim T(X) = codim r7(X x {0}) = dim Y. (5.4)

As T'(X) C Ran(T), we thus find that
def T = codim Ran(7T") < dimY = codim Ran(A) = def A4, (5.5)

meaning that the map 7" — def T' is upper semicontinuous at A.

As kp is an isomorphism, we find that ker(T) N X = {0}. Since ker(T) is
finite dimensional, codim X < oo, and X closed, there exists a finite dimensional
complementary subspace X of X & ker(7T), that is,

X =X @ X @ker(T). (5.6)
Note that T(X @ X) = T(X) @ T(X) = T(X) yielding
codim T(X) + dim T'(X) = codim T'(X),

that is, def T + dim X = def A, since X NkerT = {0} and using (5.4)(5.5). In
turn, from (5.3) and (5.6) we conclude that nul 7'+ dim X = nul A. Together, these
last two equalities show that ind(7") = ind(A).

Finally, as we now have nul A —nul 7" = def A — def T', we also conclude that the
map T+ nul T is upper semicontinuous at A. [

Given a bounded operator A € FA(X,Y), we saw above that small perturba-
tions B € #(X,Y) neither affect its Fredholm property nor its index as one remains
in the connected component of A in FA(X,Y"). The following Proposition shows if
K € #(X,Y) is compact, then A+ K also remains in the connected component of
A, without any size assumption on K.

Theorem 15. Let A € FA(X,Y) and K € A(X,Y) be compact. Then A+ K €
F#A(X,Y) and ind(A+ K) = ind(A).



Proof. As A is Fredholm, by Proposition 10 there exist K; € B(X, Z;) and K, €
B(Y', Z3) both compact, with Z; and Z, Banach spaces, and C' > 0 such that

2]l x S 1Azlly + 1Kzl 5, 1y lly S TA Y | x + 1 K2y™]| 4, -
We thus have

2]l S 1A+ K)zlly + [|Kzlly + [ Kzl g,
"1y S WA+ K)o + 1B | + 12yl 5,

We then define

KllX%Y@Zl KQIY/%X/EBZQ

given by Ki(z) = K(z) + Ki(z) and Ky(y*) = K*(y*) + K,(y*). Both are compact
and we have

lzllx S NA+K)elly 1 Kizlyez, 1y lly S IA+E) Y x+ 1Koy gz,

We thus find that A + K is Fredholm by the converse part of Proposition 10.
Next, for the same reason A +tK € FA(X,Y) for any t € [0,1]. This implies

that A+ K and A lie in the same connected component of F.Z(X,Y"). Their index

is thus the same by Theorem 14. [ |

6 Linear operators in Hilbert spaces

Let H be a Hilbert space. By the Riesz theorem there exists an isomorphism J :
H' — H such that

(W uygp g = (Ju*,u)pm, uw*e H, uweH,

which allows one to identify H’ with H.

Let H; and H, be two Hilbert spaces. For an unbounded operator A from H;
to Hy with dense domain, its adjoint operator, as defined in Section 4, can then be
uniquely identified with an operator from Hs to Hy, that we also denote by A*, with
domain

D(A*) ={v € Hy; 3C >0, Yu € D(A), |(v, Au)p,| < C’||u||H1} C Hy,
and such that
(Au,v)g, = (u, A*v)y,, we D(A) C Hy, ve D(A") C H.

As a Hilbert space is reflexive we have the following result (see e.g. Theorem I11.5.29
in [4]).
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Proposition 16. Let (A, D(A)) be a closed and densely defined operator from H;
to Hy. Then, the operator (A*, D(A*)) from Hy to Hy is also closed and densely
defined. Moreover A™ = A.

We also have the following result (see Theorem II1.5.30 in [4]).

Proposition 17. Let (A, D(A)) be a closed and densely defined operator from H;
to Hy. If A™' exists and is bounded on Hy to Hy, then (A*)™1 exists and is bounded
on Hy to Hy and (A*)~" = (A71)*. Moreover, |[(A*) " o, 112y = 1A (i1

If A is an unbounded operator from a Hilbert space H into itself, the operator
is said to be symmetric if one has

(Au,v)g = (u, Av)g, u,v € D(A).

If its domain is dense, A* is well defined, D(A) C D(A*) and A* coincides with A on
D(A). One usually writes (4, D(A)) C (A%, D(A*)). The operator A is furthermore
said to be selfadjoint if D(A) = D(A*): we then have (A, D(A)) = (A*, D(A*)).

Observe that a symmetric operator may not be selfadjoint. Consider for instance
the operator A given by Au = Au with domain D(A) = €>°(Q)) C H = L?(Q), for
Q a bounded open set in R?. The operator A is symmetric as one has (Au,v)z2 =
(u, Av) 2, for all u,v € D(A). One sees readily that H*(Q) C D(A*). The operator
is not selfadjoint. A useful criterium is the following result; we refer to [5, Theorem
8.3] for a proof.

Theorem 18. Let (A, D(A)) with dense domain be a symmetric linear operator on
a Hilbert space H. The following three statements are equivalent:

1. (A, D(A)) is selfadjoint.
2. A is closed and ker(A* + i) = ker(A* — 1) = {0}.
3. Ran(A +1i) = Ran(A —1i) = H.

For a bounded operator A on a Hilbert space H, its adjoint operator yields a
bounded operator on H by what precedes and Proposition 5.

The following lemma due to [3, 2| is based on the closed-graph theorem and
allows one to quantify the inclusion of the ranges of two operators.

Lemma 19. Let K : Hi — H and Ky : Hy — H with H, Hy, and Hy Hilbert
spaces and K1 and Ky linear and bounded. The following statements are equivalent:

1. We have Ran(K;) C Ran(Ky);
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2. There exists a bounded linear map ® : Hy — Hy such that K1 = Ky o0 ®;

3. There exists Cy > 0 such that

1K 2, < CollK32)ly,, 2 € H. (6.1)

Moreover, if the second statement holds, then one can choose Co = ||| 4y, u,)
in (6.1). Conversely, if Cy > 0 is the best possible constant for which (6.1) holds,
then there exists © as in the second statement such that || ®| oy, 4, = Co-

Proof. We start by proving that the first statement implies the second statement.
Note that the converse is obvious.
We thus assume that Ran(K;) C Ran(K5). Let uy € Hy. Then

L(Ul) = {U c H27 Kl(ul) = KQ(U)}

is a nonempty closed affine subspace of Hy. We denote by ®(u;) the orthogonal
projection of 0 onto L(u;), characterized as the unique element w of L(u;) such that

Vo € L(uy), (w,v—w)g, =0. (6.2)

Observe that L(u) = ®(uy) + ker(K3) and (6.2) means that ®(u;) is orthogonal to
ker(K3).

The operator ® : H; — Hs is linear and we prove that the graph of ® is closed.
In fact, consider two sequences (u\™), C Hi, (u$™), C Hy such that

W =ow!), W = uin Hy, Y — u,in Ho.
n—oo n—oo

Then K;(ul”) = K,(u{") giving in the limit K;(u;) = Ko(us). Moreover ul™ is
orthogonal to ker(K5) giving in the limit us orthogonal to ker(K,). Hence uy =
®(uq), that is the graph of ® is closed. The closed graph theorem then implies that
® is a bounded operator. There exists Cy > 0 such that [|®(u1)l|, < Collually,-

Having proven the equivalence of the first two statements, we now show that
they imply the inequality of the third statement. Note that having Ks(us) = K7 (uq)
implies

(ubKik(Z))fh = (u2>K§(z))H2> z € H.

For z € H we set uy = K(z) and set uy = ®(uy), with ® as defined above. This
gives

KT (), < M)l g, 15 () 1ty < Coll 25 (), 155 ()
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which gives || K7 (2)]y, < CollK5(2)]|y, for 2 € H.
Finally, we prove that the third statement implies the second one. We thus
assume that there exists Cy > 0 such that

Vze H, |K{(2)|lg, < CollK3(2)| a,- (6.3)
Let u; € Hy. We define the linear map

U : Ran(Kj) C Hy — C
K3(2) = (K7(2), un)m, -

This map is well defined. In fact if w = Kj(z) = K;(2') then Ki(z2) = K;(Z) by
(6.3). We have, for w = K3(z),

(W (w)| < K7 ()| g, [lwall g, < Collwll g, Nl g,

that is, the map ¥ is bounded and || ¥[| < Col[u1]|,. We then denote by ¥ the map

Ran(Kj) — C that uniquely extends ¥ to the Hilbert space Ran(K}) endowed with
the inner product on Hy. We have ||¥| = [|¥[| < Co||usl|y,. By the Riesz theorem,
there exists up € Ran(K3) such that [[us|,, = [[¥]| < Col[ur||y, and

U(w) = (w, us) py, w € Ran(K3).

We define the map ® : H; — Hs by us = ®(uq). It is linear and bounded. For
z € H, we set w = Kj(z) and we obtain

(K7 (2), ), = (K3(2), ®(wr)) s,

and thus for all z € H we have (z, Ki(u1))g = (2, Ko(®(uy)))m. That is, K;(uy) =
K5(P(uy)). The proof is complete. [

A corollary is the following result that characterizes the surjectivity of a bounded
operator.

Corollary 20. Let K : Hi — H with H,, H Hilbert spaces and K linear and
bounded. The following statements are equivalent.

1. We have Ran(K) = H;
2. There exists a bounded linear map ® : H — H; such that Idg = K o ®.
3. There exists Cy > 0 such that

2]l < Coll K7, - (6.4)
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Moreover, if the second statement holds, then one can choose Cy = ||®| gy p,)
in (6.4). Conversely, if Cy > 0 is the best possible constant for which (6.4) holds,
then there exists © as in the second statement such that || @] 4y 4,y = Co.

Remark 21. Note that if we decide to not identify the Hilbert spaces H and H;
with their respective dual spaces we then obtain the characterization

el < Coll K2l . (6.5)

We may also decide to identify H; with its dual and not H and wvice versa.
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