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We denote by P(x, D) a general second-order elliptic operator with a principal
part of the form

B= Y D@D, with Y pU)ag = Cle (0.1)

1<i,5<d 1<4,j<d

where p¥ € ¢>°(R%R) is such that p” = p/*, 1 < i,j < d. The elliptic operator
under consideration is then

P=Py+ Y b (x)D;+ c(x),

1<i<d

where b, c € L®(R%), 1 < i < d. We denote by p the principal symbol of P given
by

p(x,§) = > pU(x)&&;.

1<i,j<d

We now consider a smooth function ¢ defined in a neighborhood V' of 2% and we
assume that di)(z°) # 0 in V. We set

S={zeV; () =v")}, Vi={zeV; i) >@")}
The hypersurface S is smooth in V.

Theorem 1. There exist X an open neighborhood of °, Y an open neighborhood
of 0 in R%, and a €>-diffeomorphism k : X — Y, such that:

1. We have k(z°) = 0 and

KViNX)={yeY; ys >0} and vx(SNX)={yeY; ys=0}



Figure 1: Local normal geodesic coordinates for the Laplace operator A = 97 +- - -+
9% in R%.

2. In the local coordinates y = k(x), the operator P takes the form

1 d

P =Dj+ 'Zlﬁ” (y)DiD; + Zl b'(y)D; + é(y),
i,j= i=

where the coefficients P are € in'Y and the coefficients b and ¢ are in

L=(Y),

3. Moreover there exists C > 0 such that

d—1 .

> 09 y)nm; > C')?, 0= (m, - na-1), y €Y.
2

Z7J:

Proof of Theorem 1. The proof is made of several steps.

Preliminary remarks FEach step of the proof is associated with the construction
of a change of variables, that is a smooth diffeomorphism. For simplicity, at each
step, the original and final variables with be denoted by x and y respectively. At each
step we shall start from an open neighborhood V' of 2°. The diffeomorphism & that
will be built for that step will then map X, a possibly smaller open neighborhood
of 2°, onto an open set Y of RY.

If 2 — y=k(x) = (ki(x),...,kqe(x)) is the built change of variables we then
have the following relation D,, = Z;.l:l(amimj (z))D,,. We denote by x'(z) = dk(x)
the differential of k which can be identified with its Jacobian matrix of k at x. If Q)
denotes the differential operator P after the action of the change of variables', that
is,

P(for)=(Qf)or, [fe&a(Y),

'In the course of the proof we shall not use the same letter for P and @, as is commonly done,
for avoid any confusion.




then if ¢(y,n) denotes the principal symbol of @ we have

q(k(z),n) = p(z,'s (x)n), =€ X neR’

In particular ¢(y,n) is a positive quadratic form, uniformly w.r.t. y € Y. In the
course of the proof, at every step we shall ignore first- and zero-order terms as they
are only required to have bounded coefficients, which is, and as they do not appear
in the smooth principal symbols. At each step P, will denote the principal part of
the operator obtained at the previous step, and (o will denote the principal part of
P after change of variables.

Step 1 By reordering the variables we can assume 9;1(2°) # 0 in V. We then
define the following change of variables y = x(x) by

yj = x; — ) forj=1,...,d—1,
ya = Y(z) — P(2°).

With the local diffeomorphism theorem, there exits an open neighborhood X of a°
such that x is a smooth diffeomorphism of X onto Y = x(X). Moreover we have
k(xp) = 0 and

RVinNX)={yeY; ya >0} and k(SNX)={y€Y; ys =0}

With this step we have preserved the assumptions of the theorem and we have
achieved the first point in the statement of the theorem. The next two steps will
not affect this property.

Step 2 We now have with 2° =0, S = {z € V; z4 =0} and ¢(z) = z,4.

For this second step, we aim to write Py in the new variables under the form

) -1 -1
Qo=D,, +2 21 q¢"“(y)Dy,D,, + ‘ZI q"(y)Dy,D,,.
i= 1,j=

If compared to the previous step, we thus want to also enforce ¢(y,eq) = 1, for

all y € Y, where ¢; = (0,...,0,1), i.e.,
d
p(z, 'K (z)eq) = 3 p?(2)(0ika(2))(0jka(x)) = p(z.drg(z)) =1, z € X. (0.2)

i,j=1

We thus obtain an equation that solely involves the coordinate function k4, in the
form of an Eikonal equation. Then, an admissible change of variables is for example

yj =kj(x) =x; forj=1,...,d—1, Ya = Ka(T),
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with kg solution to (0.2) and such that rg(z) = 0 if 24 = 0 and 9,,#4(0) = p?(0)~1/2.
The existence of a local smooth solution is given in Proposition 2 below, using that
p(0,p%(0)"2¢4) = 1 and 9¢,p(0, e4) # 0 as p?(0) > 0.

As 04k4(0) # 0, this holds in a neighborhood of 0. This implies, as in the first
step, with the local diffeomorphism theorem, that there exits an open neighborhood
X of 29 such that & is a smooth diffeomorphism of X onto Y = x(X). Note that the
sets {xq = 0} and {x4 > 0} are changed into {ys = 0} and {ys > 0} respectively.

Note that this second step has preserved the assumptions of the theorem.

Step 3 Now we have o =0, S = {z4 = 0}, ¢¥(x) = x4 and moreover P takes the

form
d—1

d—1 ..
B :Did_‘_Q;pld(‘r)Dle‘d_‘— Z pZJ(ZL')Dmej-

ij=1
We then write Fj in the following form
-1 , A
Py=(D,, + ap’ (2)Ds,)* + "21 q”(2) Dy, D,,, (0.3)
i= INES

where the coefficients ¢¥ are related to the coefficients p¥ in a smooth way that
needs not made explicit here. From the positivity of p(z,§) uniformly w.r.t. z in V'
we find that there exists C' > 0 such that

-1
> q7(x)&g; > ClE'P (0.4)

ij=1

Now build a diffeomorphism x +— k(z) = y so has to have
=
Dyd = Dxd + Z:lpz (I)ij,

and D,, as a linear combination of D,,,..., D fori=1,...,d — 1. In fact, we

shall built x~! by considering the following differential system

{zi: pi(z), x;(0)=y; fori=1,....d—1,

Td—1

(0.5)

We denote the solution of System (0.5) by z(y',t) with ¥ = (y1,...,ya-1). We
define k™! by k71 (y) = z(v/, y4) which is a local diffeomorphism that maps an open
neighborhood Y of 0 into an open neighborhood X C V of 0 by the Cauchy-Lipschitz
theorem. Through this change of variables we have

= 30,5 () D

J=1



which yields

d d d—1
Dyd = Z:l(ayd’%j_l(y))ij = Z:laydxj(ylvyd>ij = Dmd + Z:lpld(x)ija
J= J= 1=
and,

d—1
Dy, = Z(ayizj(y/; yd))DIj = Zl(ayizj(y/; yd))DIja i=1,...,d-1,
]:

j=1
as Oy, xq(y',t) =0fori=1,...,d — 1 since z4(y/,t) =t.

Note that the matrix (0y,2;(y’, ya))1<i j<d—1 is the identity for y; = 0 according
to the initial conditions in System (0.5). Thus, for Y chosen sufficiently small it
remains invertible. The vector fields D,., 7 =1,...,d—1, are then transformed into

d—1
Zj:l Cij(y)Dyj'
Following (0.3), in the new variable y, Py takes the form

d—1
Qo = ng + .Zlﬁij(y)DyiDyj'
ij=

Point 2 of the statement of the theorem is achieved. From the positivity of (¢¥(x))1<; j<a—1
in (0.4) we deduce that a similar positivity holds for (5”(y))i<i j<q—1 which gives
point 3 of the statement of the theorem .

Finally, observe that since ; = 1 > 0 and z4(y’,0) = 0, we see that the sets
{zy = 0} and {z4 > 0} are transformed in {y, = 0} and {y; > 0} respectively in a
neighborhood of 0. [ |

As above, we write z = (2/,z4) € R¥™! x R and similarly £ = (£,¢&,;) the
associated cotangent vectors.

Proposition 2. Let q(x,&) be a smooth real function defined in a neighborhood of
(0,m) in RY x R? such that q(0,n) = 0 and 9¢,q(0,m) # 0. Let f € €*(R¥1) be
real valued and such that d f(0) =n'. Then, there exists a neighborhood U of (0,7)
and g € €= (U), real valued, such that q(z,dg(x)) =0, for x € U, and the boundary
condition

g(2',0) = f(z'), for (2,0) €U, and dg(0) = n.

For a proof we refer to [1, Theorem 6.4.5].
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