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By convention, (N*)? = {e}, e is the sequence with length 0. A
tree w is a subset of % such that

mecuw,

B UV EwW=— UEuw,

m for any u € w, there exists N, € N such that uj € w if and

only if j € {1,..., Ny}.

For a tree w, (w, (Ay; u € w)) is called a marked tree where A, > 0
for all u € w.
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Notations: For u € w
e |u| = d,(e, u) is the generation of u,

o for all v € w, v < wuif and only if v is an ancestor of u and u, is

the only ancestor of u such that |u| = n,
e u* is the parent of u, the most recent ancestor of w.

Let V/(z) be the branching potential:

||

V(z):=— Z log A, = — Z log A,

u<z i=1
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Galton-Watson marked tree T

N with law (pg)ken on N such that Zkgo kpx > 1 and A random
variable on (0, o).
m Generation 0: one individual (e,1).
m Generation n > 1: generation n — 1 empty = generation n
empty. Otherwise, given generation n — 1, each individual
(u, A,) of generation n — 1 gives birth to N, individuals
(u',A,), i €{1,...,N,}, independently according to (N, A).
T: the genealogical tree of this population with root e.

Random environment: the random marked tree (T, A,; u € T).
P = law of (T, A,; u € T) and P* := P(-| non-extinction ).
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Random walk on Galton-Watson tree T

Given & = (w, A(u); u € w), X = (Xp) is a random walk under
{P¢; z € w} on w with Xy = e and probability transition:

& * 1 e~ V()
u u = p—
P ( ) ) 1_,_2&1 A(uk) e—v(u)+22’il e—V(uky?
E(y uly — Aw) e~V
u,u = .
P ( ’ ) 1_,’_2”(\/;1 A(uk) efv(u)_;'_zzlil e*V(uk)
«7 “wt MN“

?%Z

P@:éW@mw“miwm:AWomw)
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The slow random walk on Galton-Watson tree T

log-Laplace transform: (t) := log E[Z‘z‘:l e—tV(Z)} ,
Boundary case for the branching potential (V/(u))yew :

(1) =¢'(1) =0
m X is null recurrent,
m X is slow: P*- almost surely

1
llog n)p XXl =2, G > 0.

() Hu S8, se >
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Regular range of the walk

Let & = (w, A(u); u € w) a given environment.
The sub-tree {u € w; 3j < n: Xj = u} of w:

e X,
The regular range up to the time n is defined by:

Ry =#{uecw;, 3j<n: X;=u}.
Asymptotic of R,: in P*-probability

log n

R, — G > 0.

n n—o0o

(Arbcbibs, e 48
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Extensions of the regular range

Introduce the local time 7] of the vertex z at n:

gzn = Z ]l{Xk:z}'
k=1

We add some constraints both on the trajectories of the walk and
of the branching potential: for all b € (0,1), k,n € N*, let
Ek c Rk and introduce

AP = #{z € w; L7 > nb and (V(z1),...,V(2)) € EF'}
- Z ]l{zznznb, (V(z1),...,V(2))eEF}
ZEW

and
= n
= ZGZW Z, ]1{(V(zl)"“’v(z))EE,l,Z|}'
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Define

=B e VO sy € O1),

ZEw

and assume technical hypotheses only depending on the branching
potential V' and E,’,‘, k,n>1.

Theorem (Andreoletti-K. 21+)

If (log n)Y = o(log r,) for some v € (0,1) then in P*-probability

log™ %25”) — (1 — b)| Rz
o . ( )log n — 1 and E k N — 1
log ry n—00 log rp, n—o0

else in P*-probability

| +%(b) | +<@X
logn n—oo logn n—oo
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m Heavy range: %,(,b) =2 sew Ligrsney b€ (0,1)

log™ gb)
log™ %1~ — 1—b  in P*- probability.
logn n—oo

,@,(,b) ~ plmbto(l) o g p—bto(1)
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m High potential: ) = 2}7:1 Liv(x)>(log mey With a € (1,2)

logt %)X — |
%8 T 08T —1  in P*- probability.

(logn)>=1  n—oo

%X ~ ne—(bg n)*~1(14o0(1)) ~ Rne—(log n)a*1(1+o(1)).

n ~

v xy)

@T)“

AV
\/
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m Heavy range + high potential:

(b) _ .
P = 2izew L g viz)2(og nye v |2 j<i<)zly with § > 1

log 2% — (1 b)|
- (log f(7)a—1 AL v —f(8)  in IP*- probability.

BP) ~ e f(B)logn)* H(1+0(1)) o R o—f(B)(logn)* I (1+0(1)) o
/M//LE
with f : [1,00) — (0, 00) an increasing and continuous

s function such that f(1) = 1.

M»W“
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Sketch of proof

Recall
2P = #{zew, L > nP and (V(z1),...,V(2)) € E,|,Z|}

- Z {Lr>nb, (V(z1),..,V(2))€EF}

zew

Goal: show that %ﬁb) ~ ]E[%,(,b)] = nl_br§+o(1) with high
probability.

Upper bound: Markov inequality.

Lower bound: Bienaymé-Tchebychev type inequalities.
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Edge local time and excursions above the root e

Introduce the edge local time .4, of z at m:

m
e/Vzm = Z ]I{Xk_lzz*,Xk:Z}'
k=1

Let T =0and for any n > 1, T" =inf{j > T"1; X; = e}.
Remark: 2" = 4,7 + SN AT
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Introduce the edge local time N of z at m:

m
c/Vzm = Z ]l{Xk—1:Z*7Xk:Z}'
k=1

Let 7% =0 and for any n>1, T" =inf{j > T"*l;XJ- =e}.
Remark: Z" = 47" + le\gl JI/Z,T"

Fact: strong bias towards the root e:

Tn
— X €(0,00) in P*- probability.
nlog n n—oo

— we can study .4,7" instead of .Z.
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Let

&, = {z € w;|z| < (log n)® and V(z) > 3log n}.
where V(z) = max,<, V(u).

Fact: Any vertex in &, visited at least once during the first n
excursions above the root e is actually visited during a single
excursion.

~ Bin(n,P¥(Tx < Te))

Indeed, E7 =371 1imueprit TJLX =z}
—V(2) 50 we have

under P and P¥(T, < Te) <

| 3
P(3z €Y, : E7 > 2) < n*(log n)®e 38" = (%nn)'
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= %n(b) 2 > 71 #jn(b) where

Zj.n(b) 1= Z 1{./VzTL,//ZTf*12nb, (V(21),.-,V(2))eEFY
z€Y,
i.i.d with law %1 ,(b) under P¢.
E* Y71 %j,n(b)] = nE®[21,n(b)] and

B [#La(b)] = Y BO(AT = P)1
z€9,

{(V(21),,V(2)€ES "}
Varg(Zle R (b)) = nVar? (%1,n(b)) < nE¢ [%1 »(b)?] and

E‘g[%l,,,(b)z]: Z Pg(JVZTl\/g/VuTl an)]l

Z,UEY,

{(V(21),...,V(2))€EF}

XL i), V()

17/18



eThe law of 4,7
PE(A, T =0) =P¥(T, > T.) and for all k > 1

PE( AT = k) =PO(T, < T)PS(T, < T PL(T, > T.).
eThe law of .#,7" conditionally given (%Tl)vgz ;

A,T" ~ BinNeg (Ji/zzl,(ev(z*)_v(z))_l) under P¢.
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