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Random Network Dynamics

Random Network Dynamics - A reduced Echo
Chamber model

SN S T (VATIVETE i E T TSR I IR EEIRSI AR interpretation of random network dynamic September 8, 2021 2/27



Random Network Dynamics

A reduced echo chamber model

We consider discrete-time dynamics on discrete state spaces!

Figure: A reduced Echo Chamber model S = (5;):en-
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Random Network Dynamics

Particle configuration representation on line graph

n==4

m=4

Figure: Translation of existing edges (blue) in G to occupied sites (blue) in the
line graph L. Existing edges are interpreted as k particles occupying sites on L.

SN S T (VATIVETE i E T TR I IR EEIRSI AR interpretation of random network dynamic September 8, 2021 4/27



Random Network Dynamics

Exclusion processes on graphs

Definition
Let L = (V, E) be a simple connected graph with |V| =7 € N and
ke {1l,...,a—1}. Denote by P a stochastic matrix. An exclusion

process of k particles in discrete time nx := (7k:t)ten on L is a Markov
chain on the set of configurations

Sk={ne{0.1}"| Inl =k}
defined by the transition matrix Q = (qy,u)y uc{0,13v 8iven for

n,p € {0,1}Y by

P(v, W)Ly =1=pu(w) n(w)=0=p(v)s N1 7F I
n(u)=p(v)Vug{v,w}

D D n=

Anu =
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Random Network Dynamics

Translation of dynamics to line graph
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Translation of dynamics to line graph
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Random Network Dynamics

Generalized Exclusion processes on graphs

Definition

Let L = (V, E) be a simple connected graph with |V| =7 € N and

k €{l,...,n—1}. Denote by (P"),cr01}v, =« @ family of stochastic
matrices. A generalized exclusion process in discrete time

Nk = (Mk:¢)ten of k particles on L is a Markov chain on the set of

configurations
Sk ={n€{0,1}] |n| = k}

defined by the transition matrix Q@ = (qy,u)y uc{o,1}v 8iven for

n, € {0,1}" by

P (v, W)l (v)=1=p(w)m(w)=0=p(v)s 1 F I
n(u)=p(v)vugiv,w}

1- Z”;ﬁy] An,us n=u.

Qnu =
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Construction of an appropriate state space

Canonical state space of 7
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k-particle graph (kPG)

Definition
Let L = (V, E) be a simple graph and consider for k € {1,...,|V|} the
graph £y = (Vy, €) with Uy, = {v C V||v| = k} and (v,10) € & if and
only if

vAw = {v,w}, (v,w) € E.

We call £ the k-particle graph (kPG) associated to L.
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Construction of an appropriate state space

Visualization of £,

Figure: The cycle graph L = (V, E) with |V| =7 =8.
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Construction of an appropriate state space

Visualization of £,

Figure: £ associated to cycle L = (V,E) with |V|=iA=8and k =2.
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Construction of an appropriate state space

Visualization of £,
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Figure: £ associated to cycle L = (V, E) with |V| =i =8 and k = 3.
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Construction of an appropriate state space

Visualization of £,

[
.
.
. .
. P
'3
.
L \ R »
. P » o
T .
. . < »
.'
X o« . | =
. o oo
. AN 3
. (3 o.
3 A e
o« ¥ .
®
» .
. . .
. “ L >
* .
° e e
o,
. '}
.
..
.
.

Figure: £ associated to cycle L = (V, E) with |V| =7 =8 and k = 4.
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An associated Markov chain

An associated Markov chain &,

Lemma

Let L = (V,E) be a connected simple graph k € {1,...,|V| —1}. Then,
there is a Markov chain &y on £y such that if L is a line-graph of some
graph G the chain Gy is equal in law to the reduced Echo Chamber model

process.
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An associated Markov chain

The importance of vertex induced sub-graphs J
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An associated Markov chain

Vertex induced sub-graphs

Definition

Let L = (V, E) be any simple graph and v C V. Then the graph

L, = (v, Ey) with (v,w) € E, if and only if v,w € v and (v,w) € E is
called the vertex induced subgraph of L on v.

We denote by degl(v) the degree of v € v in L,.
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An associated Markov chain

Echo chamber model as a Markov chain on £,

Theorem (Cattiaux, F.)

Let L be a connected simple graph, i = |V| and k € {1,...,7—1}. The
transition matrix PkA of &y on £ satisfies

1 1
K dea(v) —deg(v) 1 1 vAw = {v,w}; (v,w) € E,
po = 1 1
k;v,ro — , b=1to,
‘oo k deg(v) — deg(v) + 1
0, otherwise.

SN S T (VAT E T TR I IR EEIRSI AR interpretation of random network dynamic September 8, 2021 14 /27



An associated Markov chain

Lumpability and stationary distribution

Theorem (Cattiaux, F., Roelly)

Let L = (V,E) be a simple connected graph with n = |V/| and

k € {l,...,n—1}. Define for v,10 € Uy the equivalence relation v ~ 1w if
and only if Ly ye = Ly we. Write [b;] := {u € Bx|u ~ v;} the equivalence
class of v; and denote by | the number of distinct equivalence classes.

Then, the Markov chain & is strongly lumpable with respect to the
partition {[v1], ..., [v/]}.

SN S T (VAT E T TR I TR EEIRS AR interpretation of random network dynamic September 8, 2021 15 /27



Lumpability and stationary distribution

Theorem (Cattiaux, F., Roelly)

Let L = (V,E) be a d-regular graph with i = |V/| and k € {1,... 7 —1}.
Denote by 7 the stationary distribution of &. Then, for all equivalence
classes [v] under the equivalence relation ~ we have that all v,w € [o]
satisfy the identity m(v) = mi(10).
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An associated Markov chain

Convergence speed to equilibrium on d-regular
graphs
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L as a d-regular graph

If L is a line graph of some underlying graph G where G has n vertices,
then L is a strongly regular graph with

L =srg (”(”2_1),2(n—2),n—2,4).

We reduce, therefore, for this section our considerations to d-regular
graphs.

SN S T (VATIVETE i E T TR I IR EEIRSI AR interpretation of random network dynamic September 8, 2021 18 /27



An associated Markov chain

Convergence speed to equilibrium

Theorem

Let L be a connected d-regular graph on i vertices and k 6 {1,...,A—1}
with d + k +1 < ii. Denote for v,w € Uy and | € N byw “(v, rn) the
number of walks of length | from v to o along the edges in £. Then
there is a constant C(L, k) such that for k := diam(£x) and € > 0 the
transition matrix PkA satisfies

sup Y e —r(w) <21 -e)lF), a1 (1)

veY) =i
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An associated Markov chain

Convergence speed to equilibrium

Theorem

Let L be a connected d-regular graph on i vertices and k 6 {1,...,A—1}
with d + k +1 < ii. Denote for v,w € Uy and | € N byw “(v, rn) the
number of walks of length | from v to o along the edges in £. Then
there is a constant C(L, k) such that for k := diam(£x) and € > 0 the
transition matrix PkA satisfies

sup Y e —r(w) <21 -e)lF), a1 (1)

veY) =i

We know C explicitly but it is too large for a slide.
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Properties of G

Figure: The tri-star 7.

Note: What follows can be easily generalized for general cycles instead of
the triangle {71, 72, 73}.
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Reversibility of &

Theorem (F., Cattiaux, 2020, forthcoming)

Let L be any simple connected d-regular graph on i vertices with
d e {3,...,a—3}. Assume that L contains a tri-star T. Then, the
Markov chain &y is reversible on £ if and only if k € {1,2,7 —2,n1— 1}.
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Reversibility of &

Idea of the proof:
Construct a counterexample using 3 particles and Kolmogorov's criterion.
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Reversibility of &

Idea of the proof:

Construct a counterexample using 3 particles and Kolmogorov's criterion.
Idea: Moving out of a crowded neighborhood is more probable then
moving back into this specific neighborhood.
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Reversibility of Gy

Idea of the proof:

Construct a counterexample using 3 particles and Kolmogorov's criterion.
Idea: Moving out of a crowded neighborhood is more probable then
moving back into this specific neighborhood.

This is not the case for the classical exclusion process! []
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An associated Markov chain

Reversibility on complete graphs

Corollary (Cattiaux, F.)

Let L be a strongly regular graph with parameters (A, d,a, B) with a > 1.
Then, the process &y is reversible if and only if d € {2,7—2,7— 1} or
ke{l,2,A—2,n—1}.
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An associated Markov chain

Reversibility in social conflict model

Corollary (Cattiaux, F.)

Consider the process S = (S:)+ on a population of n individuals with k
relationships. Then the associated process & is reversible if and only if

n(n—1 n(n—1
n:3orke{1,2, (n21) _ o nln )—1}.

The probability go from one set of relationships back to the same
set depends highly on the order in which single relationships are
dissolved and recreated.
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An associated Markov chain

Figure: The tri-star 7 does never exist in bipartite graphs!
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Conclusions

Conclusions
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Outlook

@ Analyze complete Echo Chamber model,
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@ Analyze complete Echo Chamber model,

@ Generalized exclusion processes in random absorbing env.,
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Outlook

@ Analyze complete Echo Chamber model,
@ Generalized exclusion processes in random absorbing env.,

@ Establish links between the geometry of a graph and exclusion
processes.
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