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Motivation
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n = 7 packets

X1+ Xo
Source has n coded packets Xy + X

X3+ X4
X1+ Xo + X3

Broadcast information in the network

with minimal number of transmissions



Probabilistic Forwarding with Coding

Coding scheme n coded packets e k received packets

*Source has n coded packets.

*Code is such that reception of any k out of
the n coded packets by any node, suffices to
recover the information from the source.
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Probabilistic forwarding of coded packets
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*Source transmits all n coded packets to its one-hop neighbours.
*Other nodes transmit each packet w.p. p, do nothing w.p. 1 — p.

« Bach packet is forwarded independently of other packets
and other nodes.




Forwarding probability p = 0.72

Packet 1: X

Packet 2: Y

10 15 20 29 30

+ 1ransmissions = 161
Fraction of receivers — 0.861

Packet 3: X-+Y
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Formal Problem Statement

e a connected graph with /N nodes

e number of coded packets, n

e number of packets to receive for decoding, k

e 0 close to 0
e retransmission probability p

Define

R = { nodes that receive at least k out of n coded packets }

Want to find

® Di..,.s = minimum p such that £,

® Tkends =

Ri.n| = Rp.n: number of successful receivers

Rk‘m

N

> 1 — 0. (near broadcast)

o s |tOtal #£ transmissions over all N nodes|



On Grids

Probabilistic forwarding on the Probabilistic forwarding on the
m X m grid I',, 7? lattice

We will use the site percolation process on Z?
to obtain estimates of p ,, s and 77, 5



Site percolation on Z?*- Transmitters

e Associate each vertex (site) u of Z* with a Ber(p) r.v. X,,.
The vertex is open if X,, = 1; else closed.

e FFor two open sites u and v, v is said to be in the component of u
(v € Cy), if there is a path of open sites from u to v.
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Site percolation on Z?*- Transmitters

e Associate each vertex (site) u of Z? with a Ber(p) r.v. X,.
The vertex is open if X,, = 1; else closed.

e For two open sites u and v, v is said to be in the component of u
(v € Cy), if there is a path of open sites from u to v.

e Probabilistic forwarding of a single packet over Z? is modelled by
site percolation on Z* conditioned on the origin 0 being open.

e Nodes transmitting the jth packet (for fixed j € [n]) may be
viewed as open sites in the component of the origin. Call this
cluster of nodes as Cp .

L

e The total number of transmissions is simply Z?:l Co,;
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Site percolation on Z*- Receivers

e Probabilistic forwarding of a single packet over Z* is modelled by

site percolation on Z? conditioned on the origin 0 being open. DO @) @) oo o
4 QOO+
o . . . P+ 98000
e Nodes transmitting the jth packet (for fixed j € [n]) may be 0493900008
viewed as open sites in the component of the origin. Call this :zgtt LaBS
cluster of nodes as C ;. ‘ O ‘"“’ 108
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e The total number of transmissions is simply > ", |Co . SRREREN

e The boundary, dC ; is the set of all closed sites
which are adjacent to a site in Cj ;.
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e The set (g™ := Co; U 0Cy; is called the extended cluster
of the origin.

Transmitters < open cluster of the origin
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Receivers < extended cluster of the origin




Site percolation
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For site percolation on Z#, there exists p. € (0,1) s.t. for p > p.,

e There exists a unique infinite open cluster (I0C), C, almost surely.
. ~ 0.59 for site percolation

e Hence, there also exists a unique infinite extended cluster (IEC), C®" a.s.

e O(p) := percolation probability, i.e., P(0 € C) e T
e 0°*'(p) := extended probability, i.e., P(0 € C*V) ® e e
0(p)

Lemma: 0°"(p) = 'y

Proof: {0 € C} ={0 € C™" and 0 is open }



Site percolation

For site percolation on Z#, there exists p. € (0,1) s.t. for p > p.,

e There exists a unique infinite open cluster (I0C), C, almost surely.
. ~ 0.59 for site percolation
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e Hence, there also exists a unique infinite extended cluster (IEC), C®" a.s. YY Y

e O(p) := percolation probability, i.e., P(0 € C)
e °*'(p) := extended probability, i.e., P(0 € C*)

Ergodic theorems

| 0
Lemma: 0 (p) = op)
e lim |Cﬁ£m\ = 0(p) a.s. and in L’ g oxt .
m—oo M Proof: {0 € C} = {0 c O and 0 1s open}
ext
e lim O O D = 6°(p) a.s. and in L'

m—00 m?



Site Percolation and Probabilistic Forwarding

e Prob. forwarding of a single packet over Z? is modelled using
site percolation on Z?* conditioned on the origin 0 being open.

e 1 packets <> n independent site percolation with 0 open in all.
® Ri.(I'),) := {sites in I',,, that receive at least k out of n pkts}

e We are interested in finding

B -
{"p E|Rﬁ.;.n(rm.)' > 1 — 5}

Pkon,s — 111 {p

Theorem

For p > p., we have

lim Rk,n(r-’m) — ]P(Y > k)j

m—oC

where Y ~ Bin (n, (0% (P))Q)




Site Percolation and Probabilistic Forwarding

e Prob. forwarding of a single packet over Z? is modelled using
site percolation on Z?* conditioned on the origin 0 being open.

e 1 packets <> n independent site percolation with 0 open in all.
e Ry, (I',) = {sites in ', that receive at least k out of n pkts}

e We are interested in finding

_ 1 -
{'p E|Rﬁ:,w.(rin.)' 2 1 e 5}

Pk.n,s = 111 {p

Theorem

For p > p., we have

lim Rk,n(r-’m) — P(Y > k)j

m—oC

where Y ~ Bin (n, (0 (P))Q)

Intuition
For k = n = 1, receivers < C&*!

(0°*(p))* = 0°*(p) x 6°(p)

A\
|Cextﬂrm‘

P(0 € C°*)

lim [E
m—oo m?2

For 111ultiple packets,

Z Z Qext 99}{t )) (1 _He:{t(p))
t=k T'C[n]
—/_/

T|=
P(0 € IECs indexed by T only)

n—t

P(O e C} Kt) = Z (t) (eext (p))j (1 _ pext (p))t—j

J

C)7 := {sites in at least k out of the ¢ IECs }



Site Percolation and Probabilistic Forwarding

Intuition
For k = n = 1, receivers < Cg&*t

(0°*(p))* = 0°*(p) x 6°*(p)

A\
|Cextﬂrm‘

P(0 € C°*)

. 1 ]
Pkn,s = 111 {p Cip W Rknfn,(r?rl) > 1 — 5}

Theorem

lim [E
m—oo m?2

For p > p., we have

For Hmltiple packets,

[im sz,n(r?ﬂ,) — IED(Y > k);
. Z Z Qext 99}{t ) (1 B He:{t(p))ﬂf—t
where Y ~ Bin (n, (0°(p))?) L S —

T|=
P(0 € IECs indexed by T only)

Thn. 6~ NMZ0(Pr.n.6) 0" (Dk.n.s) t

P(0 € C}ix;) — Z (;) (Qext (p))j (1 _ pext (p))t—j

J=k

C)7 := {sites in at least k out of the ¢ IECs }



Comparison with simulations

231X 31 grid
+501 X 501 grid
from above theorem

Pk.n.s ~ min {p I[D(Y > ]{j) >

Y v
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where Y ~ Bin (m (0°(p)) ) Number of coded packets (n)
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Conclusion: Introducing coded packets with probabilistic |
Number of coded packets (n)

forwarding on the grid reduces the expected number
of transmissions while ensuring a near-broadcast.




Random Geometric Graphs

What is an RGG?
Intensity: A

Generating G,,~RGG(\) on I',,, = [%, %]2

e Sample the number of points, N ~ Poi(Am?).

e Choose points X1, Xo, -+, Xy uniformly and
independently tfrom I',,,. These form the points of a

Poisson point process, @ , and constitute the
vertex set of the RGG.

e Place an edge between any two vertices which are
within unit distance of each other.



Formulation

Where 1s the source?

e Include source at the origin.
e &Y = ¢ U {0}; Resulting graph G
e Palm probability PY(:) = P(®° € -)

Is it always connected?
e Component of the origin, Cy = CO(G?H).

Rk?n(G%) - Successful receivers within Cy

. TRy (GO }
— ) ’ i > —
pkjnjé — {p : -‘CO(GTOTL) i : 5

Tk = B |total # transmissions|



Idea for Analysis

Probabilistic forwarding on RGG Probabilistic forwarding on RGG
within T'),, i.e., G, over R?, G°

T

We will use ideas from continuum percolation and ergodic theory
to obtain estimates of p; ,, s and 7., 5



RGG on the R? plane
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e Create a tiling of the R? plane.

e Generate independent Poisson point
process of intensity A on each tile.

e Add a point at the origin.

e Connect nodes within unit distance to
obtain GY.

Continuum percolation

e There exists a critical intensity, A.
s.t. for A > A, there exists a unique
infinite cluster, C' .

e Percolation probability:
O(\) =PY(0 e C)
e Frgodic theorem: For A > A,

COm] ™29 9(N) P-a.s..

A2



Palm probabilities

* Ergodic theorems: P a.s. results; IP - distribution of ®

*We need w.r.t. P9; distribution of ®° = ® U {0} We will show,
An example: Let A > A\, and G ~ RGG(\) lim E° ‘C; Fzm\ _ lim E _|C)\P| Em\_
m— o0 m m—r 00 t T

C(®): infinite cluster in G, C(®Y): infinite cluster in G
C(@°) NT| _ [C(®) N Ty
>
Am? B Am?

Case 1: Case 2:

K <06 a.s.

C(@°) Tyl [C(®) N T

‘C((I)O) il Fm‘ B ‘C(@) M ]-_\m‘ Am? }\ﬂ;f
C(d) Am? B Am? CiNT,,|
. N ; Am?




Prob. Forwarding and Marked Point Process

Marked point processes

e Associate each point, X, of ® with
a mark Z(X,) € K - space of marks

o P(Z € |®)~ II(:)
e [I(-) - Mark distribution
Single packet probabilistic forwarding

o K ={0,1}, II - Ber(p)
e Transmitters < Cy
e Receivers < {nodes in &~ adjacent to Cg } UCy




Prob. Forwarding and Marked Point Process

Marked point processes

e Associate each point, X, of ® with
a mark Z(X,) € K - space of marks
e P(Z € -|®)~ TI(-)

e [I(-) - Mark distribution

Single packet probabilistic forwarding

e K={0,1}, II - Berg_p) Mark: Z =1 Mark: Z =0

e Transmitters < C e R

e Receivers < {nodes in &~ adjacent to Cy U Co peb: @ Peb: @
Int.: Ap Int.: A\(1 — p)



Prob. Forwarding and Marked Point Process

Marked point processes

e Associate each point, X,,, of ® with
a mark Z(X,) € K - space of marks

« P(Z €|®)~ II()
e [I(-) - Mark distribution

Single packet probabilistic forwarding

e K={0,1}, I - Berg_p) Mark: Z =1 Mark: Z =0

e Transmitters < C e R

e Receivers < {nodes in &~ adjacent to Cg } UCy peP: ¢ Peb: @
Int.: Ap Int.: (1 — p)

Infinite cluster in ®T: C'*

Probabilistic forwarding of n pkts Infinite extended cluster: (ext
o K={0,1}"
ind

e Marks Z = (41, Zs,- -+ ,Z,), where Z;(-) ~ Ber(p) Vi



Main results
. Rﬁ. H(GD )

T

Pk.n,s — Ml {p 4J_|CD(G?H)\_ > 1—5}

Define
C}%, = {nodes present in at least k out of n IECs}

Theorem™: For Ap > A, ] _
Im i ”(GO ) L
m=roC ‘CU( m)| ) /\

Z Bem P°(0 € IECs indexed by T only).
TC[n|
|T|:t
where 6,7 = 07 (X, p) =P%(0 € C}%))
2
For Apk,n,s > Aes Thn,s = N Apgns (0(ADkn,s))

=1 (APk,n,6m" ) O(APk,n,5) X O(APk,n,s)



Thank you !



