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-.’Ill The main difficulty on an example

History: Godunov, VanLeer, Harten, Roe, Sweby, Shu-Osher ENO 88’, P. Lax (Gibbs phenomena, 2006) . ..
Modern: Shu, Bound-preserving high order accurate schemes 2013, ...

In Journal Computational Physics (27/10/2019), articles with : "maximum principle” (398), " TVD" (1016),
Introduction "ENO" (643), ...

Approximation of the Heaviside step function H(x — 0.43)
with high order real polynomials 2 < deg(p) < co.

o
7

//\ Tchebycheff —
in e

A\/\\/

0 02 04 08 08 1

- Tchebycheff interpolation = huge oscillations
- Bernstein interpolation = no oscillation but low order approximation
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-.’Ill The Lukacs(-Markov) Theorem

Introduction

Take the convex set P C P,: PY ={p€ P,:p(x) >0Vxe[0,1]}.

@ First case: n = 2k. Then p € P, if and only if there exists
(a, b) € Px x Px_1 such that

p(x) = a(x)* + x(1 — x) b(x)?.

@ Second case: n =2k + 1. Then p € P; if and only if there exists
a, b € Py such that

p(x) = x a(x)* + (1 — x) b(x)*.

@ Non-uniqueness 1 = 12 + x(1 — x)0% = (1 — 2x)* 4+ x(1 — x)2°.
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_!Ill A simple direct proof

@ n=2:p(x)= (\/p(O)(l—x)—«/p(l)x)z—kx(l—x)\b;.

Introduction >0
@ ne2N:
n/2
p(x) = [T pi(), with p; € P,
j=t
n/2 ) Z5
= H ‘aj(x) + i\/ij‘ 2 o |z
j=1
n/2 2 I
— TT (a0 +iv/xT=x)b)
j=1
2
= ’a(x) + i\/Wb‘ = a(x)* + x(1 — x)b°
@ nc2N+1: )
xp(x) = p(x) = 4(x)? + x(1 — x)b* = (xa(x))? + x(1 — x)b%.
Simplify by x.
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-.’Ill Two bounds

Unn ; ={p € Pay| 1= pa € Py},

Introduction

e p € P;: the Lukacs theorem yields the representation
p=a +bw (1)
where w(x) = x(1 — x) is the weight.

e 1—pe¢c P similarly
l1-p=c+d°w (2)

e Therefore p € Us, iff there exists 4 polynomials (a, b, ¢, d) such that
1=a>+bw+c?+d*w.

Set
u”:{(avbzc7d)ePnXPn—1><PnXP,,_l

such that 1 = a% + b?w + ¢* + d2w}.
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-.’Ill Basic properties

e Consider the algebra

A aa +wbB H4cy 4wdd,
B =a8 —ba +cd  —d~,
C =ay —wbl —ca +wdp,
D =aé +by —cf —da.

Introduction

One has the weighted 4-squares Euler identity

A+ B*w+C*+D*w = (a2 + w4+ d2w) (a2 + BPw + 47 +52w) .

- Euler. Novi commentarii academiae scientiarum Petropolitanae, 1760.

e Take (a, b, c,d) € U, and («, B8,7,0) € Um. Then (A, B, C,D) € Unim.
The usual quaternions are i? = j> = k? = ijk = —1. Writing

e=a+iby/w+jc+kdyw € Q,,
e=a+iByw+jy+kiyw € Qn,
E=A+iByw+jC+kDy/w € Qnim,

the algebra is rephrased as E = ¢& and |E[* = |¢|*|e|.
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DEMONSTRATIO )
THEOREMATIS FERMATIANI
_OMNEM-NVMERYM_PRIMVM _FORMAE 471

54 DEMONSTRATIO

femper in quatoor quadrata faltem in frackis refolui poteft.
Multiplice enim et i e

ESSE SVMMAM DVORVM QVADRATORVM.
AVCTORE LEONARDO EVLERQ
§ 1. ’

Cum nuper eos effem contemplatus numeros, ‘qui
ex additione. duorum quadratorum oriuntur, plu-
"res demonftraui proprictates, quibus tales numer
funt praediti: neque tamen meas -meditationes €0 Vsque'
perducere licuit, vt huins theorematis, quod Fermatius
olim Geomelris demonfirandum  propofuit , “veritatem
folide oftendere potwiffem. Tentamen tamen demon-
ftrationis tum expofui, vnde certitudo huius theorematis
multo luculentivs €lucet, etiamfi_criteriis rigidae demons
ftrationis deftituatur: neque dubitavi, quin iisdem veftic
giis infiftendo tandem -demonftratio defiderata facilins
obtineri poffit; -quod quidem ex eo tempore mihi ipf
vl venit, its, vt tentamen illud, fi alia quaedam le-
¥is confideratio accedat, in rigidam demonfirationem
abeat.  Nihil .quidem " noui in hac re me pracftitifis
gloriari poffum, cum ipfe Fermatius iam demonftratio=
nem huius tt is elicuifle fe 5 verum,
quod eam nusquam publici iugfs Fecit, eius jd&ura pe~
rinde ac ‘plurimorum  aliornm  egregiorum  huius viri
inuentorom - efficit, vt, quae nunc dermum de his deper<
ditis rebus quali recuperamus, €a non immérito pro
Douis jnuentis habeantor,  Com enim nemo’ vnquam

A s tam

.y =ag —bp Ty

p « p
pp - g4 -+ 77 - 55, vt denominator fiar quadratus, |

et quows ifle o WP b rr ) guod
fi fam numerator in quatvor quacrata refolui queat, ipfa
fra@io sequabitur aggregato qliatuor quadratoram. At
numerator  pluribus modis i quatuor quadrata refolui
poteft; fi enim ponatur (za - bb 4 cc —- dd)
(pp -+ qq 77—+ 55) =ax+ jy + 25+ v, et
Ui uatuor nomerd, fi ioguli
£ ap-t-bg-ior-i-ds g giuiganmr per m;m“ngzlm
denominatorempp + gg -+
*- 55, dabunt rudices quatuor
quadratorum, quorum fimma
aequatur quoto propofito.
Nifi igitar ‘hi numeri #, y, z, et o finc diviibiles per
PP~ 49 =77 55, faltem in fiactis affignari pof=
funt quatwor quadrata, quoram formma acqualis cft
a4 bbojcC - dd
GUOLO F5 g+ rrose®
COROLL 1
94. Quae hic de quaor quadratornm fummis
fint demonfirata, ctiam ad fummas wiom, vel etiam
duotum “patent, cum nihil impediat, quominus vous, vel
dgq €X nuinetis 4, &, ¢, d, et p, g, 7, 5 fint aequales
aihilo, .

B=ar F bs ~ cp-dg
Y=as+4bri-cqg—dp

COROLL - .

o. Si igicur famma trium quadratorum  per
fommam quatoor, Vel etiam trium quadratoram - dividas
tor, quotus'certe erit fumma quator quadatorym.
COROL.
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-.’Ill A first result

e Then e = a+ iby/w + jc + kdy/w € Ui can be parametrized with 3
angles (0, ¢, ) € R?

Introduction

a(x) = cosfx + cosp(l — x),

b = Rcosy, R = 2sin (%52)
c(x) =sinfx+singp(l — x),
d = Rsin p.

In the sense of multiplication of quaternions, one has (U41)" C U,.
One shows any quadruplet g € U, admits a factorization in at most n
elements inUi: g = e e ... e, where all e1,... € Us. So U, C (Lh)".

Theorem (D.+Herda 2017): Let n = 2k. There exists a smooth function
from R3* onto U,. The smooth function is explicit and is 27-periodic with
respect to all its arguments.
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-_Illl Multivariate case (one lower bound only)

- Take a semi-algebraic set

Introduction

K:{xeRd such that gj(x) > 0 for g € P[X],1 < j gj*}.

- Take a SOS (Sum of Squares) real polynomial p € Q(i.)

Q(ii) = {p= Zg, <ZP3) 3 (iévp?f) = Zzgﬂf}

i=1

=1 j=1 i=1
S
]
T\\ 3 ix
2
= 05 T . \ Exemple: p(x) = E gi(x) E pi(x).
T o o o Jj=1 i=1
0 .—._._.S' -
B 5 Here gi = Aj. Also i, and deg(pjj)
0 05 1 "large enough”.
Figure 8: The simplex K and interpolation points for n = 4.

Barycentric functions A\1(x) =1 — x — y, A2(x) = x and A3(x) = y.

I
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Jil

Introduction

Putinar Positivstellensatz

Theorem (Putinar 93’, Lasserre 2010’, Powers):

Assume there exists is and a polynomial u € Q(is) such that {u(x) > 0}

is a compact set. Assume p € R[x] is strictly positive on K.

There exists iy such that p € Q(ix).

e The Putinar Positivstellensatz holds for the triangle.
Consider the the barycentric functions and polynomial

u=>Y_N{@=XN)+ D A eQd).

j=1 1<rj

One also has that
3 3

u=3 (Aj(l —N)’+(1- Aj)/\f) = NI-x)=1-> X
Jj=1 j=1

e The real issue is the control of i..
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-.’Ill References

Introduction . .
e Classical " polynomial” proofs of the Lukacs Theorem

- Szego Orthogonal polynomials, 38’ (complex algebra),
- Achiezer The classical moment problem 65’ (real algebra).
- Krein-Nudelman, 1977 (uniqueness of Lukacs representation).

e Main references

(link with real algebraic geometry, comments the 17th Hilbert problem)

- Lasserre, Moments, Positive Polynomials and Their Applications, 2010
- Powers, Positive polynomial and SOS: theory and practice, 2017.

— algorithms SOLLYA, SOSTOOLS, GLOBTIPOLY

e Own production with M. Campos-Pinto, F. Charles and M. Herda:
= algorithmic development of the idea of positive interpolation.

I
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-.’Ill Formulation

Consider the values of p at an unisolvent set of interpolation points x,

yr=p(x)ER 1<r<r.
Positive
interpolation

»

/
/

/

@0

Figure 8: The simplex K and interpolation points for n = 4. \\e take [,‘< = Iy

Definition of Positive interpolation (Charles, Campos-Pinto, D., SIAM, 2019) :

From the sole knowledge of (yr, Xr)1<r<r., compute iteratively some poly-
nomials (pj)i such that the SOS holds at the limit.
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Jil

Positive
interpolation

The p; € PY[X] with n; =

Parametrization

{%%J are the unknowns in

re Jx
=3 (z) |
i=1 1

j=

Pi(X) = X2 0 <m CAXT, XT = XPLLXEY,
U,;r: (Ci17ci2’.,,,C"J'*)t€]Rr* where r*:zj,*:l r,
D 5(X) = XX, |al,|8] < mj,

B(X) = diag (g1(X)D™(X), g2(X)D™(X), .. ., . (X) D"+ (X)),
B, = B(x,) € R**™ is a localizing matrix (Lasserre, Curto-Fialkow 2000).

It defines a real algebraic set, non convex and perhaps empty

Ik

U={U=(Us,...,U.) € (R")" | y, =D (BU;,Uj) for1<r<r}.

i=1

]
p. 13/ 25

Paris X111 2020



Jil

Positive
interpolation

The mathematical trick: duality

Project an arbitrary starting point V = (V;)1<i<,, € R™**™

1
minimize = g [U; — Vi||°.
veu 2 —

Consider a Lagrange multiplier A = (A,...,\,,) € R™ and

USRS (|U,- VIS A (B u,->> ~3 A
r=1

i=1 r=1

The optimality relation yields
M =V;, M) =1+ \B.
r=1
Assuming invertibility of M()) one gets

U= U;()\) = M(\) 'V,

Nesterov-Nemirovskii, Interior-point polynomial algorithms in convex programming, 1994.
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-.’Ill Duality recovers convexity and coercivity

Take V = (V1,...,V,.) = Id € M,,(R), eliminate U(\) = M(\)!
and introduce the dual functional

G(N) = te(M(A) ) + (Ay).

Positive
interpolation The first and second variations of G are
oG .
() = = U, BUI) +
PG " B
on N = 2; <BrUI(A)7 M(X) BsU,(A)>.

Lemma: G is convex over its domain
D = {\ € R™ such that M(\) > 0}.

Theorem: Take p, > 0 over [0,1]. Then G is coercive.

The general case: Assume the matrices B, linearly indepedant. Take
p € Q(i)(K). Same results hold for arbitrary small perturbations p. > p.

- D.+ Herda, Iterative Calculation of Sum Of Squares, accepted in SINUM.
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Sketch of the proof
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Jil

Positive
interpolation

Hint of the proof: The asymptotic cone
Co ={M 27 AB 2 0}

Lemma (Equivalence between the following points)

@ For any A € Cs, one has (\,y) > 0.
@ There exists polynomials p; for1 < j < j, and 1 <i < r, such that

rx Jx

200 =3 (a0

i=1 \j=1

Proof: For W € R™, define the vector sw = ((B-W,W)), ., € R"™
Coo = {X € R™ such that (sw,\) >0 for all W € R™}.

Use the Generalized Farkas Theorem.

The first assertion is equivalent to y = > "=, aisw; where o; > 0 for all 7,
and r, is "large enough”.

It is rewritten asy = > %, sz, for Z; = (a;)%W,-.
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-_Illl Discrete descent methods (codes by Maxime)

Take H(t) = H(t)* > 0. Consider the ODE
A(0) =0,
N(t) = —H(t)"'VG(A(t)).
Discretization yields an non constrained descent method under the form

Numerical )\m+l = )\m — TmH;IVG(Am), AO = 0,

results

l Hir l Tm l name
I adapted Gradient
I 4+ 7mV2G(Am) adapted Backward
V2G(Am) ~1 Newton
amVG(Am) @ VG(Am) + V2G(Am) | =1 Mod. Newton
100 % > | % Data

= y | —— Sum of squares

%w ot I z

> S . s

? = Newton _;

S 108 Modified Newton =

= +— Gradient Descent

i o Implicit Euler
10712

0 10 20 30 10 50

0 02 04 06 08 1
Iteration m z
I

I
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-’.Ill Motzkin(x, y) = x2y* + y?x* — 3x2y?

One has (67'): a) Motzkin(x) > 0 for all x € R?,

+1

b) Motzkin # Z/L:1 p? for all possible real polynomials p;.

10" 107! —+—808
4— Weighted
g
Numerical ] %
results A 1074 €100
&
——S08 4
g 4— Weighted
107° 10-17
0 20 40 0 20 40
Iteration Iteration

Left) Motzkin(1 — x,1 — y).
Results with our algorithm: center) g; = );, right) gi=1
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-_Illl Typical application: a practical certificate of
positivity

- Charles, Campos-Pinto, D.: Algorithms for positive polynomial approximation, SIAM J. Numer. Anal, 2019.

gr(x) = 10(x — 1/2)* + 11 with optimal iteration number.
Numerical Function f, and nterpaiant polynomial . n =4 uncton , and nterpolant poynomial
results . . *

p=01>0

LG

np=-01<0

I
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-.Illl Optimal iteration number and h-convergence

- Charles, Campos-Pinto, D.: Algorithms for positive polynomial approximation, SIAM J. Numer. Anal, 2019.

Let n =2k +1 and f € W"1>°(0,1) be a positive function over [0, 1].
Denote f4(-) = f(-h) for 0 < h < 1.

A simplified Newton-Raphson scheme allows to compute a sequence of
positive polynomials p™ € P} for m = 0,1,... with oscillating polynomials
(a™, b™) € P2 and the odd order Lukacs representation

Numerical
results

p"(x) = xa™(x)> + (1 — x)b"(x)>.

Theorem
There exists hy > 0 such that for all 0 < h < hg, then

(a™, b™) =5 (2™, b™).
At iteration m, one has ||p™ — fp||Loc(0,1) < Chmin(n+1,2(m+1))

The optimal number of iterations is m = k.

Similar results hold for n = 2p.
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_Ijll An application to PDE

Consider the advection equation

Oiu+adku=0, xeR, t>0, a=1,
U(X,O) = UO(X)a x €R,

Numerical Algo. for the update of uj':
results a) standard Lagrange interpolant pae of u2M for j — ko < r < j+ ki,
b) positive interpolation pZ°sP°! «— pl*&: with opt. num. of iterations,

c) update uj*" = pRos Pl (AXx — aAt).

l Ax “nzl[ n=23 [ n=>5 [ n=17 ‘
20 0.195 | 0.0045767 | 0.00020966477 | 0.000016399842
40 0.109 | 0.0005707 | 0.00001083749 | 0.000000551818
80 0.058 | 0.0000725 | 0.00000039502 | 0.000000006955
160 0.029 | 0.0000091 | 0.00000001303. | 0.000000000065
320 0.015 | 0.0000011 | 0.00000000041 Emac.

order ~1 ~3 ~5 ~7

I
Paris X111 2020 p.22/25



Jil

Numerical
results
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_!Ill FV implementation

ENO-inspired method: cellwise to pointwise linear interpolation, linear
Lagrange interpolation, positivity restoring using pos., interpolation, ...
Schemes are conservative, stable and full order of convergence is observed.

[ Ax “ n=1 [ n=3 [ n=2>5 [ n=7 ]
20 0.03791 0.000800990 0.000022346530 0.000001284228
Numerical 40 0.00964 0.000052541 0.000000460477 0.000000023856
results 80 0.00242 0.000003355 0.000000008021 0.000000000168
160 0.00060 0.000000211 0.000000000132 Emac.
320 0.00015 0.000000013 Emac. €mac.
order ~ 2 ~ 4 ~ 6 ~ 8

Numerical result at time Tend = 1 for the numerical advection of
f(x) = max (1 — 10 x (x — 0.5)?,0) for 0 < x < 1.
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-.’Ill Wrap up

e This presentation described first steps to adapt distant descendants of
the 17th Hilbert problem to numerical analysis and computational methods.

Combination of real algebraic geometry, convex analysis, numerical analysis
and scientific computing.

Numerical

results e Natural developments: acceleration and optimal implementation of the

new iterative algorithms. Couple with PDE solvers, DG methods, ...

e Many open questions for positive interpolation with quaternion algebra
for two bounds: the quaternion algebra yields unconditional control of the
Gibbs phenomenon.

Tchebycheff —
ernstein 1)
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