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Constructing a sequence of random walks
strongly converging to Brownian motion

Philippe Marchal

CNRS andcole normale supérieure, 45 rue d’Ulm, 75005 Paris, Fanc

We give an algorithm which constructs recursively a seqa@fisimple random walks dA converging almost surely
to a Brownian motion. One obtains by the same method comnditigersions of the simple random walk converging
to the excursion, the bridge, the meander or the normaligedgnbridge.
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1 Introduction

It is one of the most basic facts in probability theory that random syadker proper rescaling, converge
to Brownian motion. However, Donsker’s classical theorem [1] onlyestatconvergence in law. Various
results of almost sure convergence exist (see e.g. [2, 3] and the referkamn)tbut involves rather
intricate relations between the converging sequence of random walks amditiregl Brownian motion.

The aim of this paper is to give an explicit algorithm constructing aisege of simple random walks
on Z converging to a Brownian motion. This algorithm is described in twe section and leads to the
following

Theorem 1 There exist on a common probability space a far@}; n > 1) of random walks oz, and a
linear Brownian motior(B;, 0 <t < 1) such that:

(i) for every n, 8 has the law of a simple random walk with n steps starting at 0,

(i) almost surely, for every € [0,1], as n— o,

Sy
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An important feature of our construction is that it can be adapted to ¢onditversions of the random
walk, yielding the following generalization:

Theorem 2 There exists a familyS", n > 1) of random walks ofZ, starting at 0 where for every n"S
respectively:

(1) has lengtt2n and is conditioned to return to O at tinga,

(2) has lengtt2n, is conditioned to return to 0 at tinfn and to stay positive from time 1 2 — 1,

(3) has length n and is conditioned to stay positive from time 1-td.n
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and such that almost surely, for everg {0, 1], q]zm] /+/n (or S{‘m] //n in the third case) converges B

where(B; 0 < t < 1) is respectively:
(1) a Brownian bridge,
(2) a Brownian excursion,
(3) a Brownian meander.

A similar result holds for random walks biased by their local time at 0 amgde@ing almost surely to
the Brownian pseudobridge.

Theorem 3 There exists a familyS", n > 1) of random walks ofZ of length2n with § = S}, = 0 such
that:

(a) for every pathP of length2n satisfyingPy = P2, = 0, P(S" = ) is proportional tol/L°(?) where
LO(P) is the number of visits df of P, R R

(b) almost surely, for every4 [0, 1], S{'zm]/\/ﬁ converges to some reB} where(B;, 0<t<1l)isa
normalized Brownian pseudobridge.

Our algorithms constru@&" recursively and are therefore interruptible. Notice that even if one dates n
want strong convergence, the natural method to construct a discrete \arierBrownian pseudobridge
consists in running a random walk upTg, theN-th return time to 0, for larg#l, and then rescaling. But
this method has the major drawback tE&fy) = .

It is well-known in combinatorics that there exist natural bijectioaseen binary trees and excursions
of the simple random walk. In this context, the construction wel stesicribe in case (2) of Theorem 2
is a pathwise counterpart of the tree-generating algorithm introdudéq and which can be described
simply as follows. Start with a tree with just a root and two childoéthe root. Then recursively: choose
a random edge, splitit into two edge®; ande, with a vertexv betweere; andey, and add new edgs
connected only te, either to the right or to the left &b. It is obvious that one generates this way random
binary trees with the uniform distribution.

Finally, let us mention that the convergence rate for our constructioneaoinded by

El/olﬁ_

/n

for some constant > 0. This indicates a slower convergence rate than the optimal one, which is
O(logn/+/n) and is achieved in [2].

The algorithms generating the converging sequences of random (@&llkare described in the next
section. The proofs of Theorems 1 and 2 are sketched in Section 3. Furthks eexd the proof of
Theorem 3 are given in Section 4.

Bt

C
dt] < e 1)

2 Construction of the random walks

2.1 Some terminology

Recall that an excursion is a part of a path between two consecutive zeros ahe thaginder is the part
of the path after the last zero. If the meander of a ik positive, a point in the meander is visible
from the right if

P(t) =min{®(n), n>t}.
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Finally, we call a positive hat a sequence of a positive step followeal tggative step. A negative hat is
defined likewise.

Let us describe a procedure to extend a pthSuppose tha®(T) > 0. Thenlifting the Dyck path
before time Tmeans the following. Let

T'=1+supin<T, 2(n) < P(T)}

Then form the new patf® by inserting a positive step at tinTé and then a negative step at tifhe- 1.
Remark that ifP(T — 1) = 2(T) — 1, thenT' = T and lifting the Dyck path before tim& amounts to
inserting a hat at timé&.

Fig. 1: Lifting the Dyck path before time T

2.2 The algorithm for Theorem 1

T T
Fig. 2: Inserting a hat at time T

We shall in fact describe an algorithm generatifig= S"~1. One construct§?" by adding a last
random step tg". First choose?! at random. Then to generag&*?! from $™:

I. Choose a random tinteuniformly on{0,...2n— 1}.
I1.1f $"(t) = 0, insert a positive or negative hat at titneith respective probabilities 1/2-1/2.

I11.1f tis in a positive excursion,
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1. with probability 1/2 insert a positive hat at tinhe
2. with probability 1/2 lift the Dyck path before timte
IV. If tis in the meander of" and if this meander is positive,
1. If t is invisible from the right, or it is visible from the right ang"(t) is even, proceed as in IIl.
2. If tis visible from the right ang"(t) is odd,
a. with probability 1/2 insert at timéa positive hat,
b. with probability 1/2 insert at timétwo positive steps.

If tis in a negative excursion or in a negative meander, the procedure éx#ict analogue ofl or V.
Of course, all the choices are assumed independent.

2.3 The algorithms for Theorems 2 and 3

In case (1) of Theorem 2, begin wigll the empty path. To obtai@t! from S", choose a random tinte
uniformly in {0,...2n} and apply proceduré orl11.

In case (2) of Theorem 2, begin wigh a positive hat. To obtai6™?! from S", choose a random tinte
uniformly in {1,...2n— 1} and apply procedurié|.

In case (3) of Theorem 2 begin wi a positive step. Then to obtaB"*! from $"~1, choose a
random timet uniformly in {1,...2n— 1} and apply procedurtV. To obtainS" from $"~1, just add
a last random step. Remark that in each case, the algorithm of Theorem 2 isejusstriction of the
algorithm of Theorem 1 to the subpart of the path we are considering.

Finally for Theorem 3, begin witl$' a positive hat. To obtais™"* from S, choose a random time
t € {0,1,...2n} with probability proportional to

e 1LifS'(t) >0

e 1-1/kif S'(t) =0, wherek denotes the number of zeros®¥ This includes the first and the last
zero, so for instancke= 2 in the beginning.

Then apply procedurd or 1.

Remarks. In Case (2) of Theorem 2, it should be clear that the algorithm is justrslation of the tree-
generating algorithm described in the introduction, for a suitablécehaf the bijection between Dyck
paths and binary trees. In particular, in Rémy’s algorithm, one has twsetmetween putting the new edge
e3 to the right or to the left o&,. In the algorithm of Theorem 2, this corresponds to choosing between
lifting a Dyck path and inserting a hat. In some cases, both choices areaknij\as noticed in Section
2.1. This corresponds to the fact that in Rémy’s algorithm, if theeegddgs connected to a leaf, puttireg
to the right or to the left 0& yields the same binary tree.

For the other two cases of Theorem 2, recall that there is a classical bijectioedmethe bridge and
the meander. To construct a meander of length-2 from a bridge of length 2 replace each negative
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Fig. 3: The bijection between the bridge and the meander

excursion of the bridge by its symmetric positive excursion aplace the last negative step of this
symmetric positive excursion by a positive step. Finally, addsa fliositive step to the whole path.

Conversely, to obtain a bridge from a positive meander, remove #iestap, replace every other step
“visible from the right” by a negative step, so as to obtain a newtipesexcursion, and replace this
positive excursion by the symmetric negative excursion (see&igu It turns out that the algorithms in
cases (1) and (3) of Theorem 2 are the image of each other by the discrete tijectio

3 Proof of Theorems 1 and 2

The proof that our algorithms generate random walks with the suithstiebution is quite standard, see
[4]. In the case of the excursion, since Rémy’s algorithm generatésromirandom binary trees, and
since, as noticed above, our algorithm is just an image of Reémy’s algobiha bijection between Dyck
paths and binary trees, our algorithm generates uniform, random exwucdithe simple random walk.
For the other cases, the idea of the proof is similar.

We establish the almost sure convergence for the excursion (case (2pan€m 2). The proof for the
other cases is similar. The path with lengthig denoted bys" and its normalized version hy": for
t €[0,1],

<n_ Sing

/n

where[2nt] stands for the integer part oh2
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3.1 Moving steps and local time

Let (S, Sky1) be a step of§" inserted at timen. We associate with this step a famiyof steps with
exactly one step in each pa#t', m > n. This family is defined by induction: if the step efin ™ is
(S, S 1) then the step ain smlis:

° (5kr:‘n+1 Skm‘l-l) if ™1 is obtained fromsy, by inserting two steps on the right ké,
(5m+275m+3) if ™1 is obtained fromsy, by inserting two steps on the left &,
(5m+1’5m+2) if ™1 is obtained fromsy, by inserting one step on the left kf, and one step on

right of km.

We call such a familys amoving stepWe shall denotem(s) = km andym(s) = S
If a discrete excursiof? has length 8 andk < 2n— 1, defineE, (k) as the set of time§ € [k,2n— 1]
such that

P(j) = min{2(i), i € [, ]}
The local time fork in S" is defined byLn(K) = |En(K)|.

3.2 Martingale properties

Let s be a moving step. We shall use the abridged notdtjpa Ln(x:(s)). Remark that if the random
timet chosen by the algorithm to construgt™ from $" is in E,(xn(S)), thenLn.1 — Ly = 1. Otherwise,
if t ¢ En(%a(9)), Ln+1 = Ln. As a consequence, denoting

ant1 1
=1
an +2n—1
and L
Mn(s) = —
n(s) a

we check thatMy(s)) is a positive martingale:
E (Mn1(8)|Mn(s))

_ L (Lat1) 2n-1-Ly (L
o2n-1\ am 2n—1 \ans1

_ anMn(s) <anMn(S)+1> L 2n—=1-aMn(9) <anMn(S)>

2n—1 any1 2n—1 any1
_ anMn(9) 1 B
= T <1+ o 1> = Mn(9)
On the other hand, setting(s) = xn(s)/2n an using the fact tha, ~ c,/n, we have
E  (X%ua(s Mn(s))

S)|%n(s),
- (391) (253) + (F5 ) (53) +o(mmen)
~ #o+0("53)
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which entails thak/,(s) converges almost surely. We also have:

E ((Mn+1(S Mn(8))?|Mn(s))

_ Ln+1 Ln 2+2n—1—Ln Ln  Ln)?
B 2 1 ant1 2n—1 \any1  an
2 2
() (5 ()
2n 1\ ant ant1
M S
SLC B
wherecy, ¢; are universal constants which do not depend.ddsing a maximal inequality we obtain
C3|V|N(S)
E(sup(Mn(s) — Mn(s))?) < 2
(SUp(MN(9) — Mn(9)?) < 7 @
where agairtz does not depend o Similarly,
E (%419 = X0(9)?X(S); Mn(9)
< Xn xn+2_ﬁ 2+ 2n—1—X, Xn X 2+O Ln i
2n—1/) \2n+2 2n 2n—1 2n+2 2n 2n—1'n2
Ca
S
and Cs
(Sup(x(9) —xn(9)?) < < ®)
n>N N

3.3 Strong convergence
The key argument for the proof of strong convergence is the follgwior every moving steg

X(S) Sas

2n ' /n
converges almost surely as— « to some pointX(s),Y(s)) € R?.

The convergence of,(s) = xn(S)/2n was established in Section 3.2. In fagi(s)/2 is almost a Polya
urn, up to a small perturbation dueltq. On the other hand, as the marting®g(s) converges almost
surely and as, ~ c/n, the quantityL,//n converges almost surely to some reé&ls). Moreover, each
time Ly increases.s)?n(s) either increases with probability 1/2 or remains constant with prolaldilp,

independently of the past. Henﬁg(s) is the sum oL" independent Bernoulli random variables and by
the law of large numbers, almost surely,

n

s?‘
>

9 Y
A

This way we get a discrete “skeletons{ (X(s),Y(s)}, where the union is over all moving steps. If we
denote byB the closure ink? of Us{(X(s),Y(s)}, then the curves™ converge (in some sense) Bo It
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should be clear tha@ is the graph of a Brownian excursi¢B;,0 <t < 1) and that for every, 3{‘ — Br.

Moreover, one can prove that sl — 3{‘| — 0 almost surely. Technical details can be found in [4]. Let
us bound

In:E[/Old((t,Et“),B)dt}

whered(.,.) stands for the euclidean distancefif. We have

n= kiE U(:iz)/nd((t’gtn)’ B)dt]

and for every K k< n,

k/n N k/n ~
dt,”,Bdt</ d((t,3M), (X(5),Y(5)))dt
Jy, S@ID Bys [ a3, (X(5), V()
wheres; is the moving step containing the steff' ;,57) in S". As a consequence of 2 and 3 one easily
obtains R

k/n 2 2 Ce Sl?/n

]E/ d((t,5"),B)dt ”]<—.—

s e < .

Summing ovek and integrating with respect to the Iaw}ﬂ,
Ih<cgE p—Atn < —C7 4
n= SE ni/4| = nl/4 @)

since by Donsker’s theorer®ijsup (5")] is bounded im. Formula 1 follows from 4 and from the fact that
a Brownian excursion is almost surely Holder-continuous witleint) 2 — € for everye > 0.

4 Further results

4.1 Random partitions

Recall that a partition is exchangeable if its law is invariant by permantaffhe Chinese restaurant is a
model parametrized by two realsOa < 1 andd > —a, generating an exchangeable partition. Imagine a
restaurant with infinitely many tables and infinitely many customers, thieclistomer sitting at the first
table. The seating plan is defined by induction as follows.

Suppose that at a given momemtustomers have arrived and occlgigbles, the number of customers
at each table being; ...ng respectively withn; + ... + ng = n. Then the(n + 1)-th customer sits at
table number, 1 <i <k, with probability (n; — a)/(n+ 8), and at table numbée+ 1 with probability
(ka+8)/(n+6). See Pitman [5] for a detailed account.

Associate with this process a partitionldby saying that andj are in the same block of the partition if
and only if thei-th andj-th customers sit at the same table. Then one can check that this randorampartiti
is exchangeable.

The set of return times to 0 of a simple random walk also generates a rarattitiop 2. Indeed,
consider a random walk of lengttnand say that two integers<.i, j < nare in the same block if there
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is no zero of the random walk between timés-2 and J — 1. Then construct the exchangeable partition
P’ by choosing a random, uniform permutatioron {1,2...n} and saying that and j are in the same
block of ' if and only if o(i) anda(j) are in the same block @. A link with the Chinese restaurant is
the following result [6]:

Theorem 4 (Pitman-Yor) (i) The exchangeable partition obtained from a simple randork wilength
2n has the same law as the exchangeable partition obtained frenfirdt n customers of a Chinese
restaurant with parameters (1/2,0).

(if) The exchangeable partition obtained from a simple randatkwf length2n conditioned to return
to 0 at time2n has the same law as the exchangeable partition obtained frerfirth n customers of a
Chinese restaurant with parameters (1/2,1/2).

Alternatively, this theorem can be viewed as a direct corollary of Theorem Casé (1) of Theorem
2. Indeed, at each iteration of the algorithm, two steps are added and eitheréhimcorporated to
an excursion or to the meander, or these two steps form a new excusibthe respective probabilities
correspond to those given by the Chinese restaurant. Remark that thisevagve embedded the Chinese
restaurant in our construction.

4.2 Proof of Theorem 3

Let us turn our attention to Theorem 3. First remark that by the same arguas in the previous sub-
section, one can embed the Chinese restaurant with parameters (1/2,0vamsiriction given by the
algorithm of Theorem 3. We represent this restaurant by a funétidh— N, wheref (n) = k means that
then-th customer sits at theth table.

Moreover, recall [5] that if a partition is exchangeable, each bBekmost surely has an asymptotic
frequency, which is the limit ofBN{1,2,...n}|/n, and that the law of these asymptotic frequencies
determines the law of the exchangeable partition.

Define the uniform total order on a countable Sets a random total ordex where, for each finite
subseS of S the restriction o to S is uniformly distributed or8 among all possible total orders. For
instance, the natural order @induces a total order on the set of excursions of the random wadkeif
are two excursions, say that< € if e occurs befor&. Then one easily checks thatis a uniform total
order, independent df.

Using the same arguments as in the proof of (2) in Theorem 2, each excearsidhe random walk
constructed by the algorithm converges almost surely to a Brownian s&our Hence the sequence
of random walks of Theorem 3 converges almost surely to a continuousduifictvith the following
properties:

e [(is a concatenation of Brownian excursions,

e The family of lengths of these excursions has the same law as the fafaitymptotic frequencies
of a Chinese restaurant with parameters (1/2,0).

e The order< on these excursions is a uniform total order.

It follows (see for instance [5]) th@&is a normalized pseudobridge.



10 Philippe Marchal

Acknowledgements

My interest on this subject was raised by Jim Pitmans’s course in 8t-Rlthank Jean-Francois Marckert
and Philippe Duchon for references.

References

[1] Donsker, Monroe D. An invariance principle for certain probapilimit theorems.Mem. Amer.
Math. Soc(1951). no. 6.

[2] Komlbs, J.; Major, P.; Tusnady, G. An approximation of pariums of independent RV’s and the
sample DF. 1Z. Wahrscheinlichkeitstheorie und Verw. Gebi8#(1975), 111-131.

[3] Komlbs, J.; Major, P.; Tusnady, G. An approximation of parsums of independent RV’s, and the
sample DF. I1Z. Wahrscheinlichkeitstheorie und Verw. Gebi@d€1976), no. 1, 33-58.

[4] Marchal, P. Almost sure convergence of the simple random walk tevBis;m motion.In prepara-
tion.

[5] Pitman, Jim.Combinatorial stochastic processg3aint-Flour,2002). To appear, Lecture Notes in
Math., Springer.

[6] Pitman, Jim; Yor, Marc. The two-parameter Poisson-Dirichletritistion derived from a stable
subordinatorAnn. Probab25 (1997), no. 2, 855-900.

[7] Rémy, Jean-Luc. Un procédeé itératif de denombrement d’arbnesrbs et son application a leur
génération aléatoir®AIRO Inform. Thor. 19 (1985), no. 2, 179-195.



