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Abstract

The efficiency of Monte Carlo simulations is significantly improved when implemented
with variance reduction methods. Among these methods we focus on the popular im-
portance sampling technique based on producing a parametric transformation through a
shift parameter 6. The optimal choice of 6 is approximated using Robbins-Monro proce-
dures, provided that a non explosion condition is satisfied. Otherwise, one can use either
a constrained Robbins-Monro algorithm (see e.g. Arouna [2] and Lelong [17]) or a more
astute procedure based on an unconstrained approach recently introduced by Lemaire
and Pages in [18]. In this article, we develop a new algorithm based on a combination
of the statistical Romberg method and the importance sampling technique. The statisti-
cal Romberg method introduced by Kebaier in [12] is known for reducing efficiently the
complexity compared to the classical Monte Carlo one. In the setting of discritized diffu-
sions, we prove the almost sure convergence of the constrained and unconstrained versions
of the Robbins-Monro routine, towards the optimal shift 8* that minimizes the variance
associated to the statistical Romberg method. Then, we prove a central limit theorem
for the new algorithm that we called adaptive statistical Romberg method. Finally, we
illustrate by numerical simulation the efficiency of our method through applications in
option pricing for the Heston model.

AMS 2000 Mathematics Subject Classification. 60F05, 62F12, 65C05, 60H35.
Key Words and Phrases. Stochastic algorithm, Robbins-Monro, variance reduction,
Central limit theorem, Statistical Romberg method, Euler scheme, Heston model.

1 Introduction

Monte Carlo methods have proved to be a useful tool for many of numerical computations in
modern finance. These includes the pricing and hedging of complex financial products. The
general problem is to estimate a real quantity E¢(Xr), with 7" > 0 and (X;)o<i<r is a given
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diffusion, defined on B := (Q, F, (F;)i>0, P), taking values in R? and 1 a given function such
that ¢)(X7r) is square integrable. Since the efficiency of the Monte Carlo simulation considerably
depends on the smallness of the variance in the estimation, many variance reduction techniques
were developed in the recent years. Among these methods appears the technique of importance
sampling very popular for its efficiency. The working of this method is quite intuitive, if we
can produce a parametric transformation such that for all # € R? we have

B (Xr) =Eg(0, Xr).

Then it is natural, to implement a Monte Carlo procedure using the optimal * solution to the

problem
0" = arg mmEg 0, Xr),

0cR4

since the quantity Eg?(, X7) denotes the main term of the limit variance in the central limit
theorem associated to the Monte Carlo method. But how to compute 6*7 To solve this problem,
one can use the so-called Robbins-Monro algorithm to construct recursively a sequence of
random variables (6;);cy that approximate accurately 6*. Convergence results of this procedure
requires a quite restrictive condition known as the non explosion condition (see e.g. [4, 8, 15])
given by

(NEC) E[¢*(0,X7)] < C(A+16]°),  forall § € R

To avoid this restrictive condition, two improved versions of this routine are proposed in the
literature. The first one, based on a truncation procedure called “Projection a la Chen”, is
introduced by Chen in [7, 6] and investigated later by several authors (see, e.g. Andrieu,
Moulines and Priouret in [1] and Lelong in [17]). The use of this procedure in the context
of importance sampling is initially proposed by Arouna in [2] and investigated afterward by
Lapeyre and Lelong in [16]. The second alternative, is more recent and introduced by Lemaire
and Pages in [18]. In fact, they proposed an unconstrained procedure by using extensively the
regularity of the involved density and they prove the convergence of this algorithm. In what
follows, these two methods will be called respectively constrained and unconstrained algorithms.
In view of this, a Monte Carlo method that integrates this importance sampling recursion is
recommended in practice.

The aim of this paper is to study a new algorithm based on an original combination
of the statistical Romberg method and the importance sampling technique. The statistical
Romberg method is known for improving the Monte Carlo efficiency when used with discretiza-
tion schemes and was introduced by Kebaier in [12]. However, the main term of the limit
variance in the central limit theorem associated to the statistical Romberg method is quite
different from that of the crude Monte Carlo method. It turns out that the optimal 6*, in this
case, is solution to the problem

0* = argmin K (9%(0, X71) + (Va9(0, X7) - Ur)?),

OcRa

where (Uy)e elo1] is a glven diffusion associated to the process (X;);cp,r] defined on an extension
B = (Q,F,(Fi)is0,P) of the initial space B (see further on). Here, for § € R? and z € R,
V.g(0, ) denotes the gradient of the function g with respect to the second variable at the point



(0, ). Moreover, we intend to study the discretized version of this problem. More precisely, we
denote X7 (resp. U}) the Euler scheme, with time step 7'/n, associated to Xz (resp. Ur) and
we consider the optimal ¢} given by

0, = arg min E (¢°(0, X7) + (V.g(60, X7) - U)?) .
0eR4
The convergence of 07 towards 6* as n tends to infinity is proved in the next section. In section
3 we study the problem of estimating 6 using the Robbins-Monro algorithm. More preciously,
we construct recursively a sequence of random variables (0!'); ,en using either the constrained

(2
or the unconstrained procedure. The aim is to prove that

dim 67 = lim (lim 67) = lim (lim 67) = 6*, P-a.s.

i,n—00 i—00 M—00 Nn—+00 i—+00
This assertion is slightly complicated to achieve for the unconstrained procedure. In fact, for
fixed i,n € N, the term 67, ; constructed with this latter procedure involves (X;:g;f?), U;Z(;f ?)),
a new pair of diffusion, with drift terms containing 6. To overcome this technical difficulty
we make use of the f-sensitivity process given by (%X;’(_e), %U;’(_G)) and we obtain the
announced convergence result (see Theorem 3.2 and 3.3 and Corollary 3.4). In section 4,
we first introduce the new adaptive algorithm obtained by combining together the importance
sampling procedure and the statistical Romberg method. Then, we prove central limit theorems
for both adaptive Monte Carlo method (see Theorem 4.2 and the remark below), and adaptive
statistical Romberg method (see Theorem 4.3) using the Lindeberg-Feller central limit theorem
for martingale array. In Section 5 we proceed to numerical simulations to illustrate the efficiency
of this new method with some applications in finance. The last section is devoted to discuss
some future openings.

2 General Framework

Let X := (X;)g<y<p be the process with values in R?, solution to

q
dX; = b(X,)dt + > oj(X,)dW{, Xo =z R (1)

j=1
where W = (W', ..., W) is a g-dimensional Brownian motion on some given filtered probability

space B = (Q, F, (Ft)i>0,P) and (F;)e>o is the standard Brownian filtration. The functions
b:R? — R? and 0j: R? — RY, 1 < j < g, satisfy condition

q
(Moo) Vay €RT|b(z) = b(y)| + ) loj(x) = 0;(y)] < Cool —yl, with Cyp >0,
j=1

where for z € R?, |z|*> = 2.2 stands for the Euclidean norm associated to the inner product
“.“ We have also |z|*> = 2!z where z'" denotes the transpose of x. This ensures strong
existence and uniqueness of solution of (1). In many applications, in particular for the pricing
of financial securities, we are interested in the effective computation by Monte Carlo methods



of the quantity Ei(Xr), where 9 is a given function. From a practical point of view, we have to
approximate the process X by a discretization scheme. So, let us consider the Euler continuous
approximation X" with time step § = 7'/n given by

AX] = b( Xy, @)dt + Y 05(Xo,0)dWs,  ma(t) = [£/5]6. (2)

j=1

It is well known that under condition (H, ) we have the almost sure convergence of X" towards
X together with the following property (see e.g. Bouleau and Lépingle [5])

K,(T)

np/2 ’

(P) Vp>1, sup |Xy|, sup |X}'|€LP and E [ sup | X; —Xt”|p} <
0<t<T 0<t<T 0<t<T
where K,(T) is a positive constant depending only on b, o, T, p and q.

The weak error is firstly studied by Talay and Tubaro in [20] and now it is well known
that if ¢, b and (0;)1<j<, are in €p, they are four times differentiable and together with their
derivatives at most polynomially growing, then we have (see Theorem 14.5.1 in Kloeden and
Platen in [13])

en = E¢(X7) — E¢(Xp) = O(1/n).

The same result was extended in Bally and Talay in [3] for a measurable function ¢ but with
a non degeneracy condition of Hormander type on the diffusion. In the context of possibly
degenerate diffusions, when v satisfies |[¢(x) — ¥(y)| < C(1 + |z|P + |y|?)|z — y| for C > 0,
p = 0, the estimate |e,| < = follows easily from (P). Moreover, Kebaier in [12] proved that

in addition of assumption (Hy,), if b and (0;)1<j<, are €' and ¢ satisfies condition
(Hy) P(Xr ¢ Dy) =0, where D := {z € R? | ¢ is differentiable at '}

then, lim, o v/ne, = 0. Conversely, under the same assumptions, he shows that the rate of
convergence can be 1/n®, for any a € (1/2,1]. So, it is worth to introduce assumption

(H.,) fora€[1/2,1] n, = Cy(T,a), Cu(T,a)€R.

In order to compute the quantity E¢(X7), one may use the so-called statistical Romberg
method, considered by [12] and which is conceptually related to the Talay-Tubaro extrapolation.
This method reduces efficiently the computational complexity of the combination of Monte
Carlo method and the Euler discretization scheme. In fact, the complexity in the Monte Carlo
method is equal to n?**! and is reduced to n2**'/2 in the statistical Romberg method. More
precisely, for two numbers of discretionary time step n and m such that m << n, the idea of
the statistical Romberg method is to use many sample paths with a coarse time discretization
step % and few additional sample paths with a fine time discretization step % The statistical
Romberg routine approximates our initial quantity of interest Eu)(Xr) using two empirical
means

1

The random variables of the first empirical mean are independent copies of (X7') and the
random variables in the second empirical mean are also independent copies of ¥ (X7) — i (X7").
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The associated Brownian paths W and W are independent. Under assumptions (#,) and
(He, ), this method is tamed by a central limit theorem with a rate of convergence equal to
n®. More precisely, for Ny = n?*, Ny = n?**~%2 and m = \/n the global error normalized by
n® converges in law to a Gaussian random variable with bias equal to Cy (7, «) and a limit

variance equal to

Var (¢(Xr)) + Var (Vi(Xr) - Ur),

where U is the weak limit process of the error v/n(X" — X) defined on B an extension of the
initial space B (see Theorem 3.2 in Kebaier [12] ). More precisely, the process U is solution to

AU, = b(X,)Uydt + Zaj XU dWi —

7j=1

\/_ Z o (X1)oo(Xy)dW,, (3)
7 =1

where W is a ¢*-dimensional standard Brownian motion, defined on the extension B, indepen-
dent of W, and b (respectively (6;)1<j<,) is the Jacobian matrix of b (respectively (o;)1<;<y)-

In view to use importance sampling routine, based on the Girsanov transform, we define
the family of Py, as all the equivalent probability measures with respect to P such that

dP 1
d_IP)G,]'—t = exp (9 Wy — §|9|2t) :

Hence, BY := W, — 0t is a Brownian motion under Py. This leads to

L] =

]Ew(XT) _ Eg [w(XT) —0- Be **|9|2T:| )
Let us introduce the process X? solution, under P, to
q q 4
0 = () 300 ) 4 3ty "
j=1 j=1

so that the process (BY, X;)o<i<r under Py has the same law as (W;, X?)o<;<r under P. Hence-
forth, we get

Ey(X7r) = Eg(0, X5, W),  with g(0,2,y) = ¢(z)e™” v=3lPT vy € R? and y € RY. (5)

We also introduce the Euler continuous approximation X™? of the process X solution,
under P, to

dx;? = (b(X” W)+ Ze a;(X0) ) dt + Zaj y)dW; .

7j=1

Our target now is to use the statistical Romberg method introduced above to approximate

N1 Na
1 m 2 1 n m
N Z (0, X750 W) + A 29(9, X3!, W) — (0, X715, W),
=1 i=1



Of course the Brownian paths generated by W and W have to be independent. According
to Theorem 3.2 of Kebaier [12] mentioned above, we have a central limit theorem with limit
variance

Var (g(0, X%, Wr)) + Var (V,g(0, X5, Wr) - UL

where U? is the weak limit process of the error v/n(X™? — X?) defined on the extension B and
solution to

q q
du? = (z}(Xf) + Z@@-(Xf)) Uldt + Zaj (XHULAW? — — Z (X))o (XY AW (6)
- j=1 7f=1
Therefore, it is natural to choose the optimal 6 minimizing the associated variance. As
Eg(0, X5, Wr) = E¢(Xr) and E(V,g(0, X2, Wr) - US) = 0 (see Proposition 2.1 in Kebaier
[12]), it boils down to choose
0* = argminv(f) with v(f):=E ([@D(X%)Q + (V(X7) - U§)?] 6_29'WT_|9‘2T> . (7)

OcRa

Note that from a practical point of view the quantity v(6) is not explicit, we use the Euler
scheme to discretize (X?, U?) and we choose the associated

9 -— argmin Un(e) with vn(H) = IE ([@/J(X;ﬁ)Q -+ (Viﬂ(X;v@) . U;’Q)Q] e—QG.WT—|9\2T> (8)

n
0cRd

where U™? is the Euler discretization scheme of U?, solution to

n,0 n,0 n,0 n,0
du; :( (X0) +290] X )Un(tdt

+ Zaj (XU dW] — Z (X)) oe(X ) AW (9)
\/_ 7l=1
Through the whole paper, we require P(X7 ¢ D;) = 0 and P(X7 ¢ D) = 0, n € N, that
make (7) and (8) well posed. Also for an integer k& > 1 and § € [0,1], we denote by €
the set of functions ¢ in €* with k™ order partial derivatives globally §-Hélder and all partial
derivatives up to k' order bounded. In case § = 0 we simply use the usual notation €}F.

The following theorem yields estimates on the LP convergence of U™Y towards U?. For the
reader’s convenience, the proof is postponed in the Appendix.

Theorem 2.1 Let p > 1 and § € RY. If o and b are in 6, then both processes supy<;<r |U?|

and Supg<,<r ]Utn’e| are in LP. Moreover, if o and b are in Cfbu then we have the almost sure
convergence of U™ towards U? together with the following property

) ) KT
(P) W21 sup (UEL swp (U € 1 and B[ sup o7 —0pp] < B2
0<t<T 0<t<T np/

where Kg(T) s a positive constant depending on b, o, 6, T, p and q. Consequently, the above
results still hold for the processes U and U™ by taking 6 = 0.
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The existence and uniqueness of §* is ensured by the following result.

Proposition 2.1 Suppose o and b are in 6, and let ¢ satisfying P((Xr) # 0) > 0. If there
exists a > 1 such that B [¢**(Xr)] and B [|Vy(X1)[**] are finite, then the function 6 — v(6) is
€* and strictly convex with Vv(0) = EH(0, Xp, Ur, Wr) where

H(8, Xp, Up, Wr) := (0T — Wr) [0(X1)? + (V(X7) - Up)?] e O Wrt3 T, (10)
Moreover, there ezists a unique 6* € R? such that mingerav(0) = v(6*).

Proof: First of all, note that according to Girsanov theorem, the process (B, X,U) under
PPy has the same law as (W, XY U?) under P. So, using a change of probability, we get

v(f) =E (W(XT)Z + (VY(X7) - Ur)?] e—G-WT+%|9|2T) ‘

The function 6 — [(X7)2 + (Vio(X7) - Up)? e #Wrt3lbPT ig infinitely continuously differen-
tiable with a first derivative equal to H (0, Xr, Ur, Wr). Note that, for ¢ > 0 we have

sup |H(0, Xz, Ur, Wr)| < (T + |Wr|) [v(X7)* + (VY (X7) - Ur)?] cclWrl+3eT

01<c

Using Holder’s inequality, it is easy to check that Esupmgc |H (0, X7, Ur, Wr)| is bounded by
lC2 C C
ezt (!\¢2(XT)!|a||€ Wl (T + W) ey + [IVO(X) Pllall[Ur P[] 2o [T (T + |WT\)H%> :

Since E¢**(X7) and E|Vi(X7p)[** are finite we conclude, thanks to the first assertion in the
above Theorem 2.1, the boundedness of Esupy <. [H (¢, X7, Ur, Wr)|. According to Lebesgue’s

theorem we deduce that v is €' in R? and Vov(0) = INEH(Q, X7, Ur,Wr). In the same way, we
prove that v is of class C? in R?. So, we have

Hess(v(6)) = E [((GT — Wr)(0T — W)™ + T1,) (V*(X7) + (Vi (X7) - UT)2>e—9-WT+%|9\2T} .
Since P(¢(Xr) # 0) > 0, we get for all u € R7\{0}
" Hess(0(6) w = B [Tluf? + (u.(67 — W) P(6%(Xy) + (V(Xr) - Up)?) < Hre007] 50,

Hence, v is strictly convex. Consequently, to prove that the unique minimum is attained
for a finite value of 0, it will be sufficient to prove that limjg_ v(f) = +o00. Recall that

v(0) =E [(zp(XT)Q + (Vi(X7) - UT)Q)e’G'WTJF%'a'QT} . Using Fatou’s lemma, we get

+oo=E [lim inf (v (X7)? + (VY(X7) - UT)?)G—Q-WT+§|6|2T}

|| —o00

< liminf [(0(X0)? + (T (Xr) - Up)R)etWrrsPT].

This completes the proof. O

The same results can be obtained for the Euler scheme X™.



Proposition 2.2 Suppose o and b are in 6. Givenn € N, let ¢ satisfying P(v(X?) # 0) > 0.
If there exists a > 1 such that B [¢**(X})] and E[|[V(X3)[*] are finite, then the function

0 — v, (0) is €* and strictly conver with Vv, (0) = EH (0, X2, U, Wr). Moreover, there exists
a unique 0 € R? such that mingegrav,(0) = v, (65).

Further, we prove the convergence of 6 towards 0* as n tends to infinity.

Theorem 2.2 Suppose o and b are in 6, . Let 1) satisfying P(¢(Xr) # 0) > 0 and P(p(X3) #
0) > 0 for all n € N. If there exists a > 1 such that E[¢**(Xr)], sup,enE [¢**(X3)],
E[|V(X7)[*] and sup,cy E [|V(X3)|?] are finite. Then,

0r—0", asn — oo.

Proof. First of all, we will prove that (0),en is an RY%-bounded sequence. By way of
contradiction, let us suppose that there is a subsequence (sz)keN that diverges to infinity,
limy o0 |0}, | = +o00. This implies that on the event {¢)(Xr) # 0} we have

lim (?(X*) + (V@D(X;’“).Ujrk)z)efeﬁkWTJr%I@E,CIQT .

k—o00

So, by Fatou’s lemma we get limy,_, v, (6}, ) = 400 while

Uy (05) < 0, (0) < sup E [$2(X7)] < 0.

neN

This leads to a contradiction and we deduce that there is some M > 0 such that |0}| < M for all
n € N. Now, it remains to prove that theset S = {x € R? : ¢y — x for some subsequence 0, }
is reduced to the singleton set {6*}. Let us consider a subsequence 8y — 0%, € S as k tends
to infinity. According to Proposition 2.2 above, we have

Vo (8),) = B [(87,T ~ W) (2003%) + (V1)U ) 06T o,
Now, let 1 < @ < a, using the relation |z + y|* < 2%7!(|z|® 4+ |y|*) and applying Holder’s

inequality twice with the boundedness of ¢}, established in the first part of the proof we check
easily that there exists ¢; > 0 depending on a, 7" and M such that

B [](65,7 — Wr) (2(X5) + (Vu(Xf) U)oVt T <
1 {IW(X?“)IIi + ||IVw(X¥k)|2||§II|U$k|2a||ffaa} .
Thanks to our assumptions sup,,cyE [@[;2@()(51)] < 00 and sup,y E va(X%)Pa] < o0 and

Theorem 2.1, we get the uniform integrability. Therefore, using the almost sure convergence of
P2 (X)), V(X)) and UR respectively towards ?(Xr), Vi) (Xr) and Ur which is ensured by

(P), (P) and P(X7 ¢ D) = 0, we obtain
Vo(0) =E (05T — Wr) (¥*(Xr) + (Vw(XT).UT)2)6*9&-WT+%\9&\2T —0.
We complete the proof using the uniqueness of the minimum ensured by Proposition 2.1. [
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3 Robbins-Monro Algorithms

The aim now is to construct for fixed n some sequences (67");en such that lim; ., 0 = 6% almost
surely. It is well known that stochastic algorithms can be used to answer this issue and find an
accurate approximation of # = arg mingeg v,,(#). Indeed, using the Robbins-Monro algorithm,

we construct recursively the sequence of random variables (0);cy in R? given by

9?4’1 =0 — %+1H(6?7X§L‘,i+17 UYT“L,HU WT,iJrl)a >0, 0y € RY, (11>

where H is given by relation (10), the gain sequence (7;);>1 is a decreasing sequence of positive
real numbers satisfying

i%:oo and i’yi2<oo. (12)
i=1

i=1
Here (X7,,Uf;)i>1 is a sequence of independent copies of the Euler scheme associated to
(X7, Uf) adapted to the filtration ]:"T,i = J(Wt,l,Wt,l,l < i,t < T), where (WnWi)izl are
independent copies of the pair (W, W) introduced before in Equation (3). To obtain the almost
sure convergence of the above algorithm to 0 = arg mingeg v, (), we need to check a first con-
dition: V8 # 67, (Vv,(0),0 — 6%) > 0, which is satisfied in our context thanks to the convexity
property of v,. Secondly we need also a sub-quadratic assumption known as the non explosion
condition

(NEC) E[|H(0, X3, U, Wp)|?] < C(1+16)?),  for all § € RY.

Unfortunately, this condition is not satisfied in our context and we will study two different
stochastic algorithms using the Robbins-Monro procedure and avoiding the above restriction.

3.1 Constrained stochastic algorithm

The idea of the “Projection a la Chen” is to kill the classic Robbins-Monro procedure when it
goes close to explosion and to restart it with a smaller step sequence. This can be described
as some repeated truncations when the algorithm leaves a slowly growing compact set waiting
for stabilization. Then, the algorithm behaves like the Robbins-Monro algorithm. Formally,
for a fixed number of discretization time step n > 1, the repeated truncations can be written
in our context as follows. Let (K;);cny denote an increasing sequence of compact sets satisfying

UL, Ki = R and K; € Kiy1,Vi € N. For 07 € Ko, af = 0 and a gain sequence (7;)ien
satisfying (12), we define the sequence (0, al');en recursively by

if 0 — v H(0), X700, Uf g, Wrisa) € Koy, then
‘9?+1 =07 — %’+1H<9?7 X’ln“,i-i-la U’?,i—&-l? WT,i+1)7 and aty = af (13)
else 07, =07 and o}, = of +1,

where the function H is given above in relation (10). For i € N, af represents the number
of truncations of the first i iterations. In fact, as we can see, if the (i + 1) iteration of
the Robbins-Monro is in the compact set Kyr, then the algorithm will behave like a regular
Robbins-Monro. However, if the (i + 1) iteration outside the compact set Kar, it will be
reinitialized. Then, we increase the domain of projection, so we consider the new compact set
Kza?—&-l-



Theorem 3.1 Suppose o and b are in 6. Assume that for alln € N, P(¢(X%) # 0) > 0
and there exists a > 1 such that E[¢*(XM)] and E |V (X2)[*] are finite, then the sequence
(0");>0 given by routine (13), satisfies

)

1. For alln € N, we have 0 — 07, almost surely where 0% is given by relation (8).
1—00

2. Reversely, for all i € N, we have 0! — 0;, almost surely, where the sequence (0;);>o s
n—oo -

obtained by replacing in routine (13), (X7, Ur;) by their limit (X1;, Ur;), i > 1.

Proof: At the beginning, note that for n € N the existence of 8 is ensured by Proposition
2.2. Concerning, the first assertion, we have to check both assumptions of Theorem 3.1 in [16].
The first one given by

VO #£6:, (Vu,(0),0—6) >0,

is satisfied in our context thanks to the convexity property of v,. So, it remains to check the
second assumption given by
Ve>0, supE [|H(0, X7, UE, Wr)?] < oc. (14)
0]<c
This assumption relaxes the usual (NEC) condition on function H used to run the Robbins-
Monro algorithm. Let ¢ > 0, we have
up [H(0, X, U, Wr)l* < 20T + [Wrl)? [0(XP)" + (V(XE) - UR)'] e,
<c

Using several times Holder’s inequality together with property (P), it is easy to check assump-
tion (14), since E¢*(X7) and E|Vi(X2)[* are finite.

The second assertion follows easily by induction on (0, o), using that for all i > 1, the
pair (X7 ;,Uf;) converges almost surely to (X7, Ur;) combined with the assumption P(X7 ¢
D,)=0. OJ

Now, by replacing (X7, UF) by their limit (X7, Ur) in the proof of the first assertion above,
we easily get the following result.

Corollary 3.1 Suppose o and b are in 6. Assume that P(¢)(X7) # 0) > 0 and there exists
a > 1 such that E [¢*(X7)] and E[|V(X7)|*] are finite, then the sequence (0;)i>o introduced
in the above theorem satisfies

0, — 0" a.s.,
71— 00
where 0% is given by relation (7).
The following corollary follows immediately thanks to theorems 2.2 and 3.1 and Corollary 3.1.

Corollary 3.2 Under assumptions of Theorem 2.2, Theorem 3.1 and Corollary 3.1, the con-
strained algorithm given respectively by routine (13) satisfies

lim 67 = lim (lim 67) = lim (lim 67) = 6*, P-a.s.,
7,—00 1—00 N—r00 n—oo 1—00

where 0% is given by relation (7).
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3.2 Unconstrained stochastic algorithm

In their recent paper [18], Lemaire and Pages proposed a new procedure using Robbins-Monro
algorithm that satisfies the classical non explosion condition (NEC). In fact, a new expression
of the gradient is obtained by a third change of probability. Recall that by Proposition 2.2 we
have

Vuu(0) = B (0T — W) [0(XP)? + (Vi (XF) - Up)?] e *r+20PT)

The aim now is to use their idea in our context. To do so, we apply Girsanov theorem, with
the shift parameter —6. Let B™? := W, + 6t and L™ : dP( S5 = = ¢~ 0Wi=316’t e obtain

Vo (6) = Eg) [(M = By ) [W(X7)? + (Vo (X7) - Up)?] 7]
As (BE9, X" U") under P(_g) has the same law as (W, X™(=9) U(=9) under P, we write
Voa(0) = B (207 — W) [p(Xp )2 + (X3 ) - upt0)2 7).
Miming the algorithm proposed by [18], we introduce for a given n > 0, a new function
11,0, X530, U0 W) = e T (20T — W) [w(Xp )2 o (T (X - U C0)2]
Then, we introduce for a gain sequence (7;);en satisfying (12), the algorithm
Oty = 07 — v By (0, X7 07 UR Y W), o € R (15)

This algorithm would behave like a classical Robbins-Monro one and does not suffer from the
violation of (NEC). Our aim now is to establish the same results satisfied by the constrained
routine (13) and given by Theorem 3.1. This is splitted into two different theorems. It is worth
to note that in this context we will need to control the growth of ¢ and its derivatives.

Theorem 3.2 Suppose o and b are in €} and let ¢ satisfying P(Y(X%) # 0) > 0, for all
n € N. In addition, assume that for A > 0 we have

V()] < Cy(L+ |z*)  for all z € Dy and Cy > 0.
Then, the sequence (07);>0 given by routine (15), satisfies
VneN, 0'—0,, a.s.
i—00
where 0% is given by relation (8).

Proof: To prove the almost sure convergence we will use the classical Robbins-Monro theorem
(see Theorem 2.2.12 page 52 in [8]). Let n € N, under our assumptions the existence of 67 is
ensured by Proposition 2.2 and we have to check first that

VO £ 605 (ha(0),0 —605) >0, where hy(0) =EH, (0, X3 UrC Wy,

11



This is immediate since h,,(0) = K, (6)Vv,(0) with K, > 0 and v, is a strictly convex function.
Now it remains to prove that supy.p, E [|Hn(9,X;’(79), U;’(fg), WT)IQ] < 00, which guaranties
the (NEC) condition. By Cauchy-Schwartz inequality we obtain
B |18, (0, X3, Up 0, W) 2| < 21007 [|l267 — Wi 2,
n,(—0
% (Hw(XT( )>2 2>‘

Using the polynomial growth assumption on V), the second and third term on the right hand
side of the above inequality can be bounded respectively up to a standard positive constant by

|| ey o)

L g

and 1+ | |77

n,(—0
e

2 2

In the following proof, C' will denote a positive standard constant that may change from line
to line. Let Ay = 4\ V 2(\ + 1), using the identity (1 + z)? < C(1 + z”) for x > 0 and p > 1,
then we have

2) '

As (B9, X™ U™) under ]13’(_9) has the same law as (W, X™(=9 U9 under P, we write

E (1, (0, X370, Up 0, W) P < Ce T (1 o) (14 [[1xp 0

n,(—6
e

| x50

_ E(,g) ‘X%‘2)\1 _ E<|X%‘2>\16—9-WT—%\9|2T>

and )
I . . P,
EUp O = B |Up[" = B(|Up|'em?Wr30PT).
R R 1
Now using Holder’s inequality, with 2+2 = 1, properties (P) and (P) and (Ee_re'WT_%w‘ZT) T =

ergl |9|2T

, we obtain

B ||H,(0, X370, Up0, W) | < C(1+ Jof2)e @i 5HI0T,

Then, one sees immediately that supgeg, E []Hn(ﬁ, X0 gm0, WT)|2] is finite by choosing
r € (1,14 8n). This completes the proof. O

In the same way as in the constrained case, we deduce the following result if we replace
(X7, UL) by their limit (Xr, Ur) in the above proof.
Corollary 3.3 Suppose o and b are in 6. Let ¢ satisfying P(¢)(X7) # 0) > 0 and
IV (2)| < Cp(1+ |z*)  for all v € D, and Cy, A > 0.

Then, the sequence (6;)i>0, obtained when replacing in routine (15) (X7, Uz ;)i>1 by their limit
(X7, Ury)i>1, satisfies
0, — 0", a.s.

1—00

where 0* is given by relation (7).
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The aim now is to prove that the same property 2. in Theorem 3.1, is satisfied by the uncon-

strained algorithm (15). This task looks more complicated to achieve, since for a fixed i > 0 the

stochastic term 07 also appears in the drift part of the pair (X;:th’n), U;’i(;f?)). To overcome

this technical difficulty we firstly strengthen our hypothesis on the triplet (b, o, 1) and secondly
make use of the so called f-sensitivity process given by (%X;’(_e , 2U; (=),

Theorem 3.3 Letb and o in ‘55)2’5, § > 0. Assume that ¢ is €* with polynomial growth as well
as all its partial derivatives until order two and satisfies P(¢(Xr) # 0) > 0 and P(¢(X}) #
0) >0, for alln > 1. Then, Yi € N and ¥p > 1, there exists C > 0 depending only on i, p, b,
o and T such that o

Vn e N, K" —6,]% < —
npkP

Consequently, ¥i € N 0 — 0;,a.s. where the sequence (0;);>o is introduced in the above

n—oo
corollary.

Proof. We first proceed by induction on ¢ € N to prove the first assertion. The case when
© = 0 is trivial since 0 = 0y € R?. We now assume the assertion holds for a fixed integer 7 and
show that it also holds for i 4 1. First, we write 0 | — 0,11 = 0} — 6; — v;11(H1 + Hy) where

Hy = B_W‘G?FT(%?T —Wrii1)

n,(—07 n,(—=07 0
< |0 X + (Ve on ) — (T TM)UéHR)]

and
Hy = e‘”‘a?FT(Z@?T — Writ1) [Q/J(X:(mil) (V@D( Tz+1) U:(inl)> ]
- 07 ~ W) [0+ (Ve uE ) ]
Hence, for all p > 1, we have

|6y, — O] < 3% EIG] — 63 + 3% (B HL [ + E| Ho ). (16)

Using the induction assumption we only need to control the second and third terms on the
right hand side of the inequality (16) above.

Using that 0 is fT’i—measurable, Wriv L .7:'Tﬂ~ we write E|H1\2p = IEA(@?) where
for all 8 € R?

A(0) = e 20T [\26T — W

X (X — (X )+ (VX)) — (T ). ol )

13



Since (B, X", U™, X,U) under P(_g) has the same law as (W, X™(0) (=0 x(=0) {7(=0))
under P for all € R, we obtain by a change of probability measure

A(f) = e(—2pn—%)|9|2TE[’9T _ WT‘2P€_9~WT
X JB(XE)? = $(Xr)? + (V(XP).UF) — (T(Xr).Ur)? 7]
By Holder’s inequality, we obtain Vry € (1, 00),

A(B) < =2 DIOPT) =0 Wr | AT — Wi 2P| v,
r1—1

x NREXR)? = ()2 + (V) UF)? = (ViE(Xr) Up)? ]

As o212 0PT || o=0-Wr || 10T — Wip|22|| 2, < (14 10)2)elz ~21=2)0PT with ¢, is a positive
rp—1

constant depending only on p, r; and T, one can choose 1 € (1,14 4pn) such that supgepe(1+
10]2P) (3 ~21=2)16PT g finite. Hence, we get the existence of a constant ¢, depending only on p,
n and T such that

AW©) < eall[(XF)* = (Xe)* + (VO (X7).UR)* = (Vo (Xr) Ur)* P 2o (17)

Since 1) is € with polynomial growth as well as all its partial derivatives until order two then
the function g(z,y) := ¥2(z) + Vi (z).y, (z,y) € R x R? is €' and all its partial derivatives
of order one have polynomial growth. Hence, the Taylor expansion on the real-valued function
g yields the existence of a point (X}, U%) between (X7 UR) and (X7, Ur) such that

g(X%7 UIT“L) - Q(XT, UT) = VQ(X% U;)(XI@ — X, U%L - UT)'

Then by the Cauchy-Schwarz inequality, the polynomial growth of g and properties (P) and

(P) we get the existence of a constant c3 depending only on p, n, T, b, o and 1 such that

Ilg(X7, Ur) — 9(Xr, UT)IQ”II% < lIVe(Xz, U?)IQ”II%III(W - Xr,Up - UT)IQPII%

C3

< .
=

(18)

So, (17) and (18) tell us A(#) < 2%, and we deduce the existence of a deterministic constant

¢y depending only on p, n, T', b, o and ¢ such that

EH < % (19)

Using that 6 and 6; are ﬁT,i—measurable, Wripn L ]-N"T,l- we write IEI]H}]QP =
EB(67,6;) where for all (6,6') € R? x R

B(6,8) == E|le T 20T — W) g(X50, USD) = e PT 20T — W) g (X577 USTON) 12 (20)

According to the study of #-sensitivity of the processes (Xt(_e))te[oﬂ and (Ut(_e))te[oﬂ given in
lemma 3.1 below, we have that for a time ¢ € [0,7] the function 6 — (Xt(_e), Ut(_e)) is almost

14



surely 4'. Hence, we deduce that almost surely the function 8 +— D(0) := e 0T (20T —
WT)g(X(T_e), U:(F_e)) is also €*. This allows us to apply Taylor expansion on each component
DY of D, ¢' € {1,--- ,q}, and by standard evaluations we obtain a constant ¢; depending only
on p and ¢ such that

q 1 VA
- , D
B(6,0) = E|Z(Df( — D (0")) E|Z Z 0,) 0 88@ (t0' + (1 — t)0)dt)*[”
=1 (=1
< o5l — sz/ E|—t9’ + (1 —1)6)[%dt.
L0 =

The term E\%(u)]%’ is bounded uniformly on v € R?. More precisely, we have the following
result.

Lemma 3.1 The solutions (Xt(ig))te[oﬂ"] and (Ut(ie))te[oa"] of respectively Ito’s stochastic dif-
ferential equations (4) and (6) have modifications of €' with respect to the parameter 6 and
their partial derivatives are LP-bounded for all p > 1. Further, there exists a positive constant
¢ depending only on p, q, b, o, ¥ and T such that

- 0D"

El=——@)|* <c¢ YueR?and (,0' € {1,---,q}.

aUg

For the reader convenience, the proof of this lemma is postponed to the end of the current
subsection. Thus, thanks to Lemma 3.1 above there is a constant cg depending only on p, ¢, b,

o, 1 and T such that B(6,0') < cg|6 — #'|?, and it follows from E|H,|* = EB(67,6;) that
EHZ” < cg|07 — 6, (21)
So, (16), (19) and (21) show that

~ ~ C
EIO7; — 01| < 3771+ ey EIOF — 0,7 + 371477, j?

Using the induction assumption for stage 7, we deduce for p > 1 the existence of a positive
constant C' depending only on p, ¢, b, o, ¥, T and i such that

* = an C
Vn € N, E|0],; — 0ia | < vy

Finally, for all © € N, the almost sure convergence, of 6! towards 6; as n tends to oo is a
classical and immediate consequence of the first assertion shown above, based on the Borel-
Cantelli lemma. O

The following corollary follows immediately thanks to theorems 2.2, 3.2 and 3.3 and Corol-
lary 3.3.

Corollary 3.4 Under assumptions of Theorem 3.3 and P(1(Xr) # 0) > 0, the unconstrained
algorithm given respectively by routine (15) satisfies

lim 6" = lim (lim 67) = lim (lim ") = 6*, P-a.s.,

7,M—>00 1—00 N—00 n—0o0 1—00
where 6% is given by relation (7).

Our task now is to show the result given by Lemma 3.1 and used in the proof of Theorem 3.3.
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Proof of Lemma 3.1 It is worth to note that all theoretical results known on the differenti-
ation of the solution of It0’s stochastic differential equation with respect to its initial value, can

be extended to any parameter. Thus, thanks to Theorem 4.6.5 in [14], our assumptions on b and
o ensures the differentiability of the processes (Xt(fu))ogth. Further, if we denote by GgXt(*“)
the processes where we take the partial derivatives of all components of (Xt(_u))ogth with re-

spect to the ¢** variable v; then the R?valued process ((%Xt(*u))ogtST satisfies the stochastic
differential equation

9 X = (b(X )9 X — oy ))dt + Z & (X NOXT M (Wi — widt).  (22)

Moreover, Corollary 4.6.7 in [14] ensures the L” boundedness of the random variable (%Xt(*u),

t € [0,7] and p > 1. Concerning the process (Ut(fu))ggtST, we need a more general result
to study its wu-sensitivity, we apply Theorem 4.6.4 in [14] to obtain its differentiability with

respect to u The process (8gUt(7"))0§t§T is defined similarly and for i € {1,--- ,d}, we denote
by (8E(Ut ) ) o<i<r its i component satisfying the stochastic differential system

(—u)yi xCwytrp Gy oy (0 (—u) _ oy () pr(—w)
(U, ):((aé )i (X YU + b(XT)oU T = al(Xy ) U )dt

+ Z (20X )" 55(XT U 4 645(XT)OUT ) (AW — wjdt) (23)

Z (@X{)7 a3, (XT oy (XI7) + 63y (K1) (X0 () .
JJ’ 1
Moreover, the same Theorem 4.6.4 in [14] ensures that these components are also L? bounded,
for all p > 1.
Now, let us recall that the R%-valued function D is defined by D(u) = e T (2uT —

WT)g(Xgu), Ur (")) For ¢,¢' € {1,--- ,q}, the partial derivative of component D’ with respect
to uy is given by

oD" Y —u) pr(—u
a—W(U,) = <2T55K’ — QU,ZTT/(QUKIT — Wfi))e 77|u|2Tg(X,1(1 ), Uj(ﬂ ))

+ e NPT (Qu T — WEY(Vag(X5™, US™).0, X5 + V,g(X5 UST™).0,U0™). (24)
Here, for the function g : R? x R? — R, we denote by V,g (resp. V,g) the gradient with

respect to the first variable x (resp. the second variable y), and the notation dy stands for the
Kronecker symbol. Now, let Y and Z be solution to the following stochastic differential system

q
dYye = (b(X1)Yee — 0o(Xy))dt + Z G5(Xe)Yi e dWY.

Jj=1

16



and
d(Z, z) ((Yt E)trb (XU + b; i(Xt)Zyo — Ue(Xt)Ut)d

q
+ Y (Vi) 535(X)Us + 635(Xy) Zig) AW
7=1

1

V2 Z (Yor)" 555 (X))o (X0) + 635 (X)) (X,)Yi ) A7

33'=1

These both processes can be seen as solutions of respectively (22) and (23) at point u = 0,
consequently they are LP bounded, p > 1. Note that (4), (6) (22) and (23) allow us to apply
Girsanov theorem and deduce that (W, X% U9, 9, X% 9,0%) under P has the same

law as (BC%, X, U, Y., Z.4) under If”(,u). Hence, using relation (24) followed by a change of a
probability measure, we obtain

oD" - , 2
E|—( )|* =E [| (27600 — 2uTn(upT — Wi ))e ™ g(Xqp, Ur)

+ e_n‘uPT(uz/T — W,ff) (ng(XT, Ur).Yre+ Vy9(Xr, UT)-ZT,E) [P WT_f‘u‘QT] .
Rearranging the terms in the above inequality, we get by Hélder’s inequality Vry € (1, 00)

Dﬂ' /
E|>— o )| < eI e W | (2T 4 1+ 2fu| T) P lue T — Wi |

2rq
r1—1

X H(\Q(XT, Ur)| + |Vo9(Xr,Ur).Yre + V,9( X7, UT)-ZT,e|)2p|

2rq .
r1—1

As 2= HIPT || e=eWr || QT 4142y | T0) % [up T— WE ||| 2y < ey (14 |uf#2)e(F 2= DIuPT,
r1—1

with ¢; is a positive constant depending only on p, r; and 7. Then, one can choose r; €
T 1 . .
,1+4pn) suc at sup,cpq(l + |u|?P)el2 ~P172 °T is finite. Hence, we get the existence of
1,1+ 4pn) such that sup, g, (1 2 (3 2P0 —3)ul g
a constant ¢, depending only on p, n and T" such that

oD"
E|_( )P < eo||(|9(Xr, Ur)| + |Vug(Xe, Ur) Yrp + Vyg (X, Ur). Z1,)? }

27"1 .

1

Since 1) is €% with polynomial growth as well as all its partial derivatives until order two then
the function g mapping the couple (x,y) into ¥?(z) + Vi (x).y is €' and all its first partial

derivatives have polynomial growth. The proof is completed, thanks to properties (P), (75) and
using the LP boundedness of Y, and Zp for all p > 1.

4 Central limit theorem for the adaptive procedure

In this section we prove a central limit theorem for both adaptive Monte Carlo and adaptive
statistical Romberg methods. Let us recall that the adaptive importance sampling algorithm
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for the statistical Romberg method approximates our initial quantity of interest Ei¢(Xr) =
Hf[¢«)c%>e—6va—%wF7‘ by

No

1 n n@ n m9
Nl Zg Tz+17 WTZ-H) N2 Z <g<9i ) Tz+1’ WT%H) (Qi ) T1+1’ WTZ-H)) (25)

=1

where for all z € R?andy € R, g(0,2,y) = ¢(z)e ~0v=319"T  Here the paths generated
by W and W are of course independent. In order to prove a central limit theorem for this
algorithm, we need to study independently each of the above empirical means. This is the aim
of subsections 4.2 and 4.3. We need first to recall some useful results.

4.1 Technical results

Let us recall the Central Limit Theorem for martingales array (see e.g. [8]).

Theorem 4.1 Suppose that (2, F,P) is a probability space and that for each n, we have a
filtration F,, = (F})k>0, a sequence k, — 00 as n — 0o and a real square integrable vector
martingale M™ = (M})g>o which is adapted to F,, and has quadratic variation denoted by
((M)P)k>0. We make the following two assumptions.

Al. There exists a deterministic symmetric positive semi-definite matriz I', such that
kn .
n n n 2
M)y, = Z1E (M} — My Pl — I
A2. Lindeberg’s condition holds: that is, for all € > 0,

kn

n n IP)
E E [\Mk — Mk,1|21{|M,g—Mg_1|>e}‘-7 k71:| —a 0.
-1

Then
M} 5NO,T) as n— .

Remark. The following assumption known as the Lyapunov condition, implies the Linde-
berg’s condition A2.,

A8. There exists a real number a > 1, such that

n—oo

kn
STE[IMp - M FL] 0.
k=1

As a prelude to the results of this subsection, we give a double indexed version of the Toeplitz
lemma that will be very helpful in the sequel.
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Lemma 4.1 Let (a;)1<i<k, o sequence of real positive numbers, where k, T oo as n tends to
infinity, and (x}');>1n>1 @ double indexed sequence such that

(1) nh_flolo D 1<ich, @i = 00

(1) lim 2 = lim(lim 2?) = lim (lim 2?") = 2 < o0
7 ,M—00 1—00 N—00 n—oo 1—0o0

Then

Proof. For all € > 0, there exists N;(g) such that for all n > Ny(¢) and ¢ > Ny(g), we have

that: .
|z] — x| < —.
2
As k,, goes to infinity, there exists Ny(¢) such that for all n > Ny(¢), we have k, > N;(¢).
Therefore, for all n > sup(Ni(g), Na(e)) = N(e), we can write:
Ni(e)—-1 kn
Zalla; —z| = Z a;|lzy — x| + Z a;|lz — z|.
i=1 i=Ni(g)

For the second term of the expression above, we have:

On the other hand, by assumptions (i) and (i) there exists N () such that for all n > N(e)

SUP1<i< Ny (e)—1 SUPp>1 |z} — | Zlgigm(s)—l a; < €
Z1gz’§kn @ 2
Therefore, for all n > N (¢)
21‘21 a; Ty
Zfil @i B ‘ =
This completes the proof. 0

Let B = (Q, F, (]-"t)t>0,IP’) be the extension probability space introduced in Section 2 en-
dowed with the filtration Fr; = o(W,,, Wt 1,1 <i,t <T) given in the very beginning of Section
3. In what follows, let (61");>0, n € N and (6;);>0 be a family of sequences satisfying

For each n € N, (67);>0 and (6;)i>0 are (Fr;)iso-adapted
(Ho) .
lim (lim 67) = lim 6§, = lim (lim 0?) = lim 0} = 60*, P-a.s.,

1—00 N—00 1—00 n—o00 1—00 n—00

with deterministic limits 8* and 6.
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4.2 The adaptive Monte Carlo method

Let us recall that the statistical Romberg algorithm (25) runs successively two independent
empirical means. The first one is a crude Monte Carlo simply depending on the Euler scheme
with the coarse time step T'/m. However, the second empirical mean involves the functional
difference between the fine Euler scheme with time step 7'/n and the coarse one constructed
from the same Brownian path. The task now is to prove a central limit theorem for the first
empirical mean.

Theorem 4.2 Let (07);>0, n € N and (6;);>0 be a family of sequences satisfying (Hq). More-
over, assume that b and o satisfy the global Lipschitz condition (Hy) and the function ¢ is a
real valued function satisfying assumption (H., ), with o € [1/2,1] and Cy, € R, such that

() = ¢yl < CA [z + [ylP)[x =y, for some Cp >0,

then the following convergence holds

( 2a Zg Tz+17WTz+1) E@ZJ(XT)) £>N(C¢,Ug).

where 02 :=E (@b( )Qe_G*WT*%'e*'QT) —[Ey (X)) and for all z € R and y € RY, g(, z,y) =

w(x)e’e'yﬁw'QT. Furthermore, we have also for all a, 8 > 0
n ”B 9 n L
( 2 Zg (6; ’ Xrivt »Wrig1) — E@/’(XTﬂ)) = N (0,0%).

Proof. At first, we rewrite the total error as follows

n2a Zg sz—l’ WTJ-H) - E¢(XT) =

1 e n n9 n n9 n
@ (9(‘91' ) Tz+17 WTZH) g(@i ) Tz+1’ WTZH)) + ]E@D(XT) - Ew(XT>

i=1

Note that Eg(@” Tz-‘rl’ WT1+1) E <IE (g(@” T1+1, WTZ+1)|]:TZ)> = E¢(X7}). Assumption

(H.,) ensures that n®(Ey(X7}) — E¢Y(Xy)) — Cy as n — oo. Consequently, it remains to
study the asymptotic behavior of the martingale array (M;!)r>1 given by

k
1 n n,07 n n,0™"
o (g(ei 7XT1+17 Wriv1) — Eg(6; 7XTz+17 WTzH))

=1

M} =

To do so, we split the proof into two steps devoted to apply the central limit theorem for
martingales array (see Theorem 4.1 and comments their).
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Step 1. We need first to study the asymptotic behavior of the quadratic variation of the
martingale array (M} ”)k>1 given by

on n@ ~ n ng 2
n2a = Z]E {( TH_l;WTH—l) Eg<927 Tz+17WTH'1)> ’fT,i:| .

Since 07 is fT,i—measurable and Wr iy L .7:"TZ-, we obtain easily that

M) = — Zyn o) — [Ep(XH)]?, (26)

where for all 0 € R?
Vn(e) — <'I/J(X;’9)26_20'WT_|9‘2T> - F <¢<X%)26_0'WT+5|9‘2T> .

It is clear that by assumption (H., ), the last term on the right hand side of the relation
(26) converges to [Ey(X7)]?, as n tends to infinity. Concerning the first term, we introduce

v(0) :=E (¢(XT)26_9'WT+%|9‘2T> and we get for all § € RY

a(6) = v(6)] < E (0(X5)? = w(2X0)* | e PV HIT) < BT (077 — ()

Under the condition on v together with property (P), there exists C' > 0 such that
va(0) = v(0)] < %' V9 € RY.

By similar calculations, we check easily the equicontinuity of the family functions (v,),>; and
we deduce thanks to property (Hs)

lim 1,(67) = v(6*) P-a.s.

7 ,M—>00

Therefore, Lemma 4.1 applies and we deduce that (M), —_ o?

Step 2. We will check now the Lyapunov condition, that is assumptlon AS8., which implies
the Lindeberg condition A2. Let a > 1, we have

2a

~ ~ n n 2a .
SOE (I - M P | = anE[\g X W) — E(X3) |fT,Z}
i—1

92a-1 n>e 2a—1 )

where for all € R?, v,,(0) = E <¢(X”)2a ~(2a=1)0-Wr— (““)WT) . Following the same argu-
ments detailed in the first step, we prove that

nQaZV‘W 0r) —O>Oua(9*) P-a.s.

where for all § € R?, v,(0) = E (zb(XT)Q“e_(Z“_I)("WT_(“_g)w'QT) . The second assertion is easily

obtained following the above proof with «, 8 > 0. This completes the proof. 0
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Remark. If one have in mind to reduce the variance by using an adaptive crude Monte Carlo
method, it appears clear that the natural choice is

9*—argm1n]E( *(0,X7)) and 6 —argmlnE( (0,X7)) forn > 1.

fcRa HcRa

Under suitable conditions on v, b and o, one can of course construct sequences (67');>0, n €
N and (6;);>0 satisfying (Hy) by either the constrained or the unconstrained Robbins-Monro
algorithm.

4.3 The adaptive statistical Romberg method

As we pointed out at the beginning of the above subsection, the statistical Romberg algorithm
(25) consists of two empirical means. So our task now is to study the asymptotic behavior of
the second one in view to establish a central limit theorem for the method.

Theorem 4.3 Let (67);>0, n € N and (6;);>0 be a family of sequences satisfying (Hg). More-
over, assume that b and o are C' functions satisfying the global Lipschitz condition (Hy,) and
Y is a real valued function satisfying assumptions (Hy), (H.,), with constants a € (1/2,1] and

Cy € R, such that
[¥(x) =) < CA+ [’ + |y[)|z —yl,  for some C,p > 0.

If we choose Ni = n?*, Ny = n?* % and m = n®, 0 < B < 1 then the statistical Romberg
algorithm denoted by V,, in (25) satisfies

n® (V, — E¥(Xr)) 5N (Cyp,0®+36%)  asn — oo,

where 0?> = E [w( T)%e *9*'WT+%I9*|2T} — [Eo(X7)]?, 52 [[Vw(XT) ]2679*-WT+%\9*\2T]

and U s the process introduced from the beginning by relation (3).

Proof. First of all, note that we can rewrite the normalized total error as follows
n® (V,, — EyY(Xr)) :== AT + AY

with A7 = n° (V, — Ep(Xp) — E[p(X}) — $(X}")]) , and A3 = n® (E[p(X}) — (X))
So, assumption (#., ) yields the convergence of the second term A% towards the discretization

constant Cy, as n tends to infinity. The first term A} can be also rewritten as follows A} :=
ATy + AT, where

n n nﬁ 9 n
A1,1 = ( 9 ’ TZ+1 7WT1+1) ]E@Z)(XTB)) )

n n n@ n n or n nB
A1,2 = Z ( Tz+17 WTZH) (92' ) Tz+17WTz+1) EWO(T) - w(XT )]) :
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Using the independence between A7 | and A7 ,, we study separately their asymptotic behavior.
Concerning the first term, the second assertion in Theorem 4.2 applies and gives the asymptotic
normality of A7,

AT, 5N (0,0%), asn— . (27)
Now, concerning the second term A}, we introduce the martingale arrays (My')g>1

nb.on

k

n 1 n n,07 n i n nf

My = e Z (g<0i X rii Wrien) — 9(07 Xp i, Wrin) — E[(X7) — (X7 )]) ,
i=1

in view to apply Theorem 4.1. To do so, we will verify both assumptions A7. and A3. in the
following two steps.
e Step 1. The quadratic variation of M evaluated at n?*~% is given by

(Moo = s 3 06a(00) = (WFE0(XD) — B (X)) (29)

where V0 € RY, £,(0) := E ([w(xgz) - 1/J(X$B)]26_9‘WT+%|9‘2T> . Now, assumption (., ) with
1/2 < o < 1 ensures that the second term on the right hand side of relation (28) vanishes as

n tends to infinity. We focus now on the asymptotic behavior of n’¢,(#). Under assumption
(Hy), we apply the Taylor expansion theorem twice to get for all § € R?

2 [p(X5) — (X )e P WrHIPT = nETy(Xy) - (X - Xp Jem 0 WrHIPT L R

where
2

Ry i=n2 (XD — Xp)e(Xr, X0 — Xr) — n2 (X} — Xp)e(Xp, X2 — Xr)

P-a.s.

with e(X7, X7 — Xr) —3 0 and e(X7, X7 — X7) 22 0 as n — oo, since the global Lipschitz
condition (M) is satisfied. Further, as b and o are C' functions then according to Theorem 3.2
in [11] we have the tightness of nt (X7—Xr) and ns (X7 — Xr) and we deduce the convergence

in probability of the remaining term R,, to zero as n tends to infinity. Once again, by the same
theorem in [11], we get for all § € R?
n3(X7) — (X3 )e 2 WIHIPT 2 Gy (Xp) - Upem Wl (29)

Otherwise, VO € R? and a’ > 1 we have by Cauchy-Schwarz inequality

E |3 [ip(X3) — (X3 ))em$0Wr+i1oPT

1
40’12 ,l(2q'+1
:| ea(2+ >\0|2T'

" <o [sluan - vixy)

Thanks to the assumption on 1 together with property (P), we obtain

2a’

SUpE [ [ (XF) — (X )Je 2T < oo (30)
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Hence, by the stable convergence obtained in (29) and the uniform integrability property given

by (30) we deduce V0 € R?

lim n°6,(0) = E [V (Xy) - Up]* e *WrH310T) = g(p), (31)
n—oo
Using property (P) with assumption on 1), it is easy to check by standard evaluations the
equicontinuity of the family functions (n°¢,),>1. So under assumption (Hy), we get

lim nPE,(07) = £(0) P-a.s.

1,N—00

Then, Lemma 4.1 yields limy, o (M)"50_s = £(07), P-a.s.
e Step 2. The second step consists on checking Lyapunov assumption A3. Let a > 1,

o= 22(1—1 n2e—p 22a—ln6a

o n _ n |2a| T Ba n ny __ nP\|2a
> E 1M = M PN i) € s D 0 0n(00)+ o [V (X —Eu(X7)

=1 =1

n

where for all 6 € R?, &,,(0) := E (|¢(X§E) — w(X%B)|2“6_(2“_1)9'WT_(“—%)WT) . Miming the
same arguments used in the first step, we prove under assumption (Hg) using relations (29)
and Lemma 4.1, that

n2a75

Z nﬁaga,nw?) T:O £a(07) :

=1

1
n20¢—5

E <|V¢(XT) - UT|2“6_(2“_1)9‘WT‘(“‘%)WT) , P-as.

Consequently, since a > 1, we conclude using assumption (H,.,) that A3. holds. This gives the

asymptotic normality of A7,, so that we have A7, 5N (0,62), as n — oo. This completes
the proof. 0

Remark. We recall that for the adaptive statistical Romberg method the optimal choice of
0* and 60 is given respectively by relations (7) and (8). According to Corollary 3.2 (resp.
Corollary 3.4), the sequences (67');>0, n € N and (6;);>o obtained by the constrained Robbins-
Monro algorithm (resp. the unconstrained Robbins-Monro algorithm) satisfy (H,) under some

regularity conditions on 1, b and o.

Complexity analysis According to the main theorems of this section, we deduce that for a
total error of order 1/n®, « € (1/2,1], the minimal computational effort necessary to run the
adaptive statistical Romberg algorithm is obtained for N; = n?¥, Ny = n?*=% and m = n”.
This leads to a time complexity given by Csg = C' x (n?**# 4+ (n 4+ n®)n?*=#), with C > 0. So
the time complexity reaches its minimum for the optimal choice of 5 = 1/2. Hence, the optimal
parameters to run the method are given by m = y/n, N; = n®** and Ny = n**~/2. Then the
optimal complexity of the adaptive statistical Romberg algorithm is given by Csr ~ C' % n2ets,
However, for the same error of order 1/n®, the optimal complexity of the adaptive Monte Carlo
algorithm is given by Cyy¢ = C'x (N xn) = C xn?**!. We conclude that the adaptive statistical
Romberg method is more efficient in terms of time complexity.
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5 Numerical results for the Heston model

Stochastic volatility models are increasingly important in practical derivatives pricing appli-
cations. In this section we show, throughout the problem of option pricing with a stochastic
volatility model, the efficiency of the importance sampling statistical Romberg method com-
pared to the importance sampling Monte Carlo one. The popular stochastic volatility model
in finance is the Heston model introduced by Heston in [10] as solution to

dS, = rSydt + \/V,.S,dW}
AV, = k(0 — V,)dt + o/ VipdW} + o/ Vi/1 — p2dW?,

where W' and W? are two independent Brownian motions. Parameters x, o, ¥ and r are
strictly positive constants and |p| < 1. In this model,  is the rate at which V; reverts to v, ©
is the long run average price variance, o is the volatility of the variance, r is the interest rate
and p is a correlation term.

Our aim is to use the importance sampling method in order to reduce the variance when
computing the price of an European call option, with strike K, under the Heston model. The
payoff of the option is ¥(St) = (Sp — K),. Then, the price is e "I Et)(Sy). After a density
transformation, given by Girsanov theorem, the price will be defined by:

TE[g(0,59)] = TE[u(s]) W], ger?

For more details on definitions of the function g and S%, see relation (5) and related results
given in the same page. To approximate S%, we consider the step T'/n and we discretize the
stochastic process using the Euler scheme. For i € [0,n — 1] and § = (6, 0,) € R?,

Sl = s (1 +(r 0V, ’Q)E 4V ’QEZLiJrl) ,
n,0 — n,0 n,0 T n0T
Vi + (0 = Vi) + o Vi (o0 + V1 = p202) | — + 0\ [ Vi — Za i1

with (Z1,;, Z2i)1<i<n is a sequence of a standard Gaussian random vectors taking values in R2.
Hence, the price of the European call option is firstly approximated by

e TR [g(@, S:’ﬁ’e)] =e¢"TE [1/1(5’;’9) e_e‘WT_%w‘ZT} , 6 € R?.

VTL,H .

tit1 )

The choice of # depends on using the classical Monte Carlo method or the statistical Romberg
one. The optimal # for the first method is given by

07 = argminE [1/)2(5?6) B_QQ'WT_W‘QT] .

0ER?
However, The optimal 6 for the second one is
0, = avgminE | (V2(S7") + (Vi (Sp").Up")2 ) e 2 We 00T
0ER?

where U™? denotes the Euler discretization scheme obtained when we replace coefficients b and
o of relation (9) by the corresponding parameters in the Heston model. Here, we have also the
choice of the algorithm approximating both ? and ;. We can use either the constrained or
the unconstrained stochastic algorithms studied in section 3 above.
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e Approximation of 6’ by

i. Constrained algorithm: let (K;);en denote an increasing sequence of compact sets satisfying

©o Ki =R? and K; € K;11,Vi € N. For 67 € Ko, af = 0 and a gain sequence (7;)ien
satisfying (12), we define the sequence (0, al');cn recursively by

if 07 — i H(OF, S%iJrla U%,Hp Wri1) € Ka?a then
9?+1 =07 — i H(O7, S?yzurp U?,Hu WT,Z'+1)7 and o, = af (32)
else 07, =00 and oj' ; = o} + 1,

where H (67, S%,i—l—la Wr;) = (07T — Wr 1) ¢2(S§Lyz‘+1) e~ Wrai 5107 PT,
ii. Unconstrained algorithm : 7, = 0" — ;41 (2077 — WTJH)¢2(S;::f)e_"‘9f|2T, with n > 0.

e Approximation of é: by

i. Constrained algorithm: we use the same routine (32) with
H(07, 87,11 Wri) = (07T — Wri41) (v*( Tir1) T (V( ?,i+1)'U$,i+l)2) e Wria 30T
ii. Unconstrained algorithm: we use the routine
B = 07 = % (2007 = Wrisa) (W2(Spieh) + (VO(SF) - Upin)?) €100,

To compare these different routines we run a number of iterations M = 500000. The
parameters in the Heston model are chosen as follows: Sy = 100, V; = 0.01, K = 100, the free
interest rate r = log(1.1), 0 = 0.2, k = 2, v = 0.01, p = 0.5 and maturity time 7" = 1. Table 1
gives the obtained values of the two-dimensional vectors 6 and 9~;‘L

Constrained algorithm Unconstrained algorithm
0y (0.7906, 0.0516) (0.7904, 0.0532)
0r (0.7884,0.0587) (0.7898,0.0576)

Table 1: Estimation of 6% and 0%

In Figure 1, we test the robustness of both routines, for the computation of ¢}, using the

averaged algorithm “a la Ruppert & Poliak” (see e.g. [19]) known to give optimal rate for
convergence. We implement this averaged algorithm using both constrained and unconstrained
procedures. So, we proceed as follows,

i. first, we choose a slowly decreasing step: v; = /i, for a € (%, 1) and ~ > 0.

ii. Then, we compute the empirical mean of all the previous observations,

_ 1 _
0, =——— o).
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Figure 1: Values of (01')1<i<ar obtained with n = 100, v = 0.01 and a = 0.75.

The left curve (resp. the right curve) is the representation, for 1 < ¢ < M, of the first
component (resp. the second component) of the two-dimensional vector 7. The trajectories
obtained using the constrained or the unconstrained algorithm are comparable. Consequently,
since we did not notice any major difference between the two methods we have chosen to only
use the constrained algorithm for approximating 6% (resp. %) by 67, (vesp 8%,). Our aim
now, is to compare both importance sampling Monte Carlo method (denoted by MC+1IS) and
importance sampling statistical Romberg (denoted by SR+IS).

- MC+IS method: European call option price approximation with N = n?

—7‘T N

_gn . _Llign |2
~ Zg Tz+1 N Z¢ Tz—i—l e O Writ1 =303 °T (33)

- SR+IS method European call option price approximation method with N; = n? and
N2 = TL2

—r7 M1 77‘T No

e 0%, n,0%, o 7,0
- 200 ST + S 3 (00 578 — 0@ YY) (30

i=1 1=1

The first method (33) is already implemented and available in the free online version of Premia
platform (https://www.rocq.inria.fr/mathfi/Premia/index.html) and our method (34) is
now added in the latest premium version. In Table 2 (resp. Table 3), we compare for each given
number of time step n, the obtained call price (resp. the sensitivity call price parameter A)
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with the corresponding length of the 95%-confidence interval and the CPU time (per second)
for both methods (33) and (34). It is worth to note that the number of time step n needed to
achieve a given accuracy depends on the choice of the method.

Method n Price Confidence time
Interval length

400 9.641444 0.060094 10.38

MCH+IS 900 9.661192 0.029409 91.5
1600 9.656892 0.016538 512.29

600 9.659409 0.057454 3.36

SR+IS 1600 9.660062 0.019933 26.79
3600 9.65673 0.008584 194.6

Table 2: Call Price for the Heston model

Method n Price Confidence time
Interval length

400 0.863968 0.00721 9.39

MCH+IS 900 0.863291 0.003151 91.58
1600 0.863766 0.001774 515.31

600 0.867441 0,007249 3.27

SR+IS 1600 0.864213 0.002541 27.02
3600 0.862589 0.001095 202.2

Table 3: Delta call price for the Heston model

We also compare both methods (33) and (34) for a large range of time step numbers n.
Then, we make a simple log-log scale plot of CPU time versus the corresponding 95%-confidence
interval length. Computations are done on a PC with a 2.5 GHz Intel core i5 processor. In
Figure 2 the line marked by circles denotes the MC+IS method and the line marked by squares
denotes the SR+IS method. The values mentioned near the points correspond to the chosen
number of steps n. Clearly, the SR+IS curve is lower than the MC+IS one, which means that
the MC+IS method spends more time than the SR+IS method to achieve the same given error
when computing the option price. For example for an error of 0.06, the SR+IS method reduces
time by a factor of 3.33 compared to a MC+IS one. Note that, the more the imposed error
is small, the better improvement is. For example for a small error 0.02, the time reduction
exceeds a factor of 10.

6 Conclusion

In this paper we highlight the efficiency of the new algorithm that we propose namely the
adaptive statistical Romberg method. A natural question is to produce an analogous study
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proving the the efficiency of importance sampling routines when used together with the so-
called Multilevel Monte Carlo method. This latter method introduced by Giles in [9] reduces
the complexity of the Monte Carlo Euler scheme procedure to the order of n?logn. Proving a
central limit theorem on the adaptive multilevel Monte Carlo algorithm does not seem to be
immediate. In fact, this task requires a thorough study and will be the object of a forthcoming
work.
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Figure 2: CPU time versus the 95%-confidence interval length

APPENDIX: PROOF OF THEOREM 2.1

Let 6 € RY. First, for U? given by (6) we have to prove that supg<,«s |Uf| is in LP. Using the
integral form of the process, if F}!, ¢t € [0, T], denotes the associated first term on the right-hand
side of (6), then by the Holder inequality and the boundedness of b, g, {1,---,q}, there is
¢; > 0 such that

t q t
E sup |F!JP < E( / (X + D 10:llo,(XDN V) ds < e / E|U{Pds.  (35)

0<s<t
If F?, ¢t € [0,T], denotes the second term on the right-hand side of (6), then by Burkholder-
Davis-Gundy’s inequality there exists a constant C), > 0 depending on p such that

q q t

/2

E sup [F2P < ¢ SO sup o3 E( [ neepivepas)”
j= j=1 0

0<s<t 0<s<t

/ 6, (XO)U AW

0
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Thanks to the Holder inequality and the boundedness of ¢, there is a constant co > 0 such that

t
E sup |F2P < 02/ E|U¢|Pds. (36)
0

0<s<t

Now, if F?, ¢t € [0, T], denotes the third term on the right-hand side of (6) then using the same
arguments as above together with the linear growth assumption on o and property (P) we get
the existence of ¢3 > 0 such that

2p—2

g t p/2
B s |7 < Do S B( [ 0D R xDPds) " < o (37)
je=1

0<s<t

So (35), (36), (37), and the inequality (a + b+ c)? < 3P~ (aP + P + ¢P) tell us that there exists
A and B depending on b, o, 6, p, ¢ and T such that

¢
E sup |UY|P < A+B/ E sup |U?|Pds.
0

0<s<t 0<v<s

Hence Gronwall’s lemma yields E supg< <, |[U?|P < AeP! for all ¢ € [0,T] (see e.g. [5] page 269).
Now, the same proof holds for U™’  where the constants obtained in the corresponding upper
bound do not depend on the parameter n. Hence, we obtain the first assertion of the theorem
0 n,0 .
namely supo<,<7 |U| and supgc < |U; 7| are in LP, p > 1.
We now proceed to control the quantity Esupy,<; |U 9 — UnfP and we write

Ul —UM =G+ G2+ G2, forallt e[0,T],

with G! is the drift term, G? is the sum of the stochastic integrals terms with respect to the
Brownian motion IV and G? is the sum of the stochastic integrals terms with respect to the
Brownian motion 7. Concerning the first term G, we write it as follows

t q t q
G = [ (b + Yo (X ) U2 = Uz + [ (B2 + 300,050 ) (02— U s
j=1 J=1
t q
+ /0 (BX0) = b0 + D0 03(65(XD) = 65X 0)) ) Uyt (38)
j=1

If Gi', t € [0,T], denotes the first term on the right-hand side of (38), then by the Holder
inequality and the boundedness of b, &, there is a constant ¢, > 0 such that

¢
E sup |GHP < 04/ E sup |UY — UM |Pds. (39)
0

0<s<t 0<v<s

If G1%, t € [0,7T)], denotes the second term on the right-hand side of (38), then by the same
arguments, there is a constant c; > 0 such that

T
E sup |GL?P < 05/ E|U; — U:,;(ztﬂpdt'
0

0<s<t
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Noticing that
n,0 n,0 X 0 n,0 n,0
Ut Ut :( +Ze &;(X )Unn()(t—nn(t))

q
. ) 1 o
. nﬁ n76 . n,@ n, 9 f €
+ 2 (X)) Uity WE = Wi ) = 7 > (X))o VT = W),
J=1 =1

we get thanks to the Cauchy-Schwarz inequality and the boundedness of b, &, the existence of
a constant cg > 0 such that

EIU; = Uply 1P < o (BIURG (= ()
i 1 ~ ~ 1
37 (Bloe(Xp 4 )P7)F (B — W5, 7)),

jl=1

VI

g 1
+ > (BIUL 1) BV — W) )
i—1

Since E|W/ — W |7 = E[W — W \|® = (t — na(t))P555 and supye,or |X;™| and

SUpg<s<7 |U;" ’9| are in L? | we use the linear growth of o to deduce the existence of a con-
stant ¢; > 0 such that

E sup |GL2P < -

o<s<t o mp/?

If G}*, t € [0,T)], denotes the third term on the right-hand side of (38), then using the Lipschitz

property on b, &, and the Cauchy-Schwarz inequality, we deduce the existence of a constant

cg > 0 such that

(40)

i 1
E sup |G < CS(E SUP |X0 Xnﬁ(t)|2p)2(E sup |Un0 |2p)2
0<s<t Tn 0<i<T

Now using property (P), the proposition in page 274 of [5] and supy< <7 UM € L%, we deduce
the existence of a constant ¢y > 0 such that
Cy
E sup |GI3P < —.
0§52t| s np/?

(41)

So (39), (40), (41) tell us that there exists A; and B; depending on b, o, 0, p, ¢ and T such
that

Ay
E sup |GL]P < —= o —i—Bl/ E sup |U? — U™ |Pds. (42)

0<s<t 0<v<s

Concerning the second term G?, using Burkholder-Davis-Gundy’s inequality followed by the
Holder’s one we get the existence of a constant c¢;g > 0 such that

q t
E sup |GZP < ¢y E / E‘dj(Xf)Uf — o (X )U;:?s)|pds‘
— Jo

0<s<t 1 (s)
The expectation term inside the above integral is bounded up to a multiplicative constant by
E|o;(XO)(U? — UM + E|é, (X)W — UM )7+ E| (6,(X7) — 6,(x0 )U™d .

Nn(s) Mn(s) M (s
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The same evaluations used to get relation (42) allow us to handle separately the three terms
above. Hence, we deduce in the same manner that there exists A, and By depending on b, o,
0, p, ¢ and T such that

A t
E sup |G2]F < nT/22 +Bg/0 E sup |U? — U™ |Pds. (43)

0<s<t 0<v<s

Concerning the third term G®, we apply the same arguments again to get the existence of a
constant c1; > 0 such that

q
P
E sup |G2P < ey Z E sup

0<s<t =1 0<s<t

. . n,0 n,0
05(XD)oe(XE) = 6;(X)1))ae( X))

It follows that the expectation term in the above sum is bounded by

p

. . n,0 n,0
gj (Xﬁn(s))ae(X3n<s>)—0j(X Joo(X s)) .

. . p
E sup O'j(Xg)O'g(Xg)—O'j(Xgn(s))O'g(Xgn(s))‘ +E sup M (s) 7 (

0<s<t 0<s<t

Since ¢ is a Lipschitz continuous function with linear growth and ¢ is a Lipschitz continuous
bounded function, we use again the proposition in page 274 of [5] (respectively property (P)
) to get a control on the first term (respectively on the second term) of the above expression.
Hence, there exists a positive constant A3 depending on o, 6, p, ¢ and T such that
A
E sup |G3P < —l (44)

0<s<t np/?

Finally putting together relations (42), (43) and (44), we complete the proof by using the
Gronwall lemma. 0
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