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Introduction Industrial context

Two common pathologies of the cardio-vascular system

Suprarenal
aneurysm

atherosclerosis

—Plaque

& Healthwise, Incorporated
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Industrial context

Cardiatis®: conception and comercialisation of metallic wired multi-layer
stents

@ A new technology
One controls

- The # of layers
- Their connectivity

@ In vivo experiments

© on mini-pigs show :no thrombus up to 6 months
@ on humans :

@ Multi-Scale phenomenon lying on:

- Hemodynamics

- Chemical reactions between blood flow and the surrounding wires and
tissues

Theoretical & numerical study of hemodynamics
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Introduction Industrial context

Where does the stent apply ?
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Problem description

@ Geometrical properties
Femoral artery diameter:f, = 6mm
Total thickness of the stent : € = 0.25mm
- Thickness of a single wire: ¢ = 0.04mm
Red blood cell diameter: (irc = 0.008mm
0.25
€ _05
Da 6
stent ~ periodic rugous wall in a straight cilindrical geometry

@ The blood flow is a pressure driven flow composed of

- Steady state part: geometrical perturbation of a Poiseuille profile
- Plus a pulsatile periodic perturbation: Womersley profile
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it e
Objectives and references

-We aim to

@ understand the dynamics of flows in rugous possibly complex
geomteries
= Boundary layer correctors

@ quantify macroscopic averaged effect = Homogenization

o find more general implicit relationships independent on the geometry
of the pbm
= Implicit interface conditions

Use of assymptotic expansions adapted for
the perturbed boundaries.

References

@ N. Neuss, M. Neuss-Radu, and A. Mikeli¢.
Effective laws for the poisson equation on domains with curved oscillating
boundaries.
Applicable Analysis, 2006

A G. Allaire
Homogenization of the navier-stokes equations in open sets perforated with
tiny holes. ii. noncritical sizes of the holes for a volume distribution and a
surface distribution of holes.
Arch. Rational Mech. Anal., 1991
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Main results

@ Stented collateral artery

@ explicit first order averaged velocity profile
@ explicit flow-rate
© implicit interface conditions

@ Stented anevrismal sac

© explicit averaged zero order pressure in the sac
@ first order averaged velocity profile
© the presence of the wires inverses the vertex
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The colateral artery
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The colateral artery

© The colateral artery

The modelling approach

Boundary layer theory for roughness
Homogenized first order terms
Numerical evidence

Implicit interface conditions
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Notations and Methodology
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We denote:
- P={yeR? st. y_y(t), t€[0,1]},
- Q the “smooth domain”, I'0 the fictitious interface,
- x the slow space variable , y = * the fast one.
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Notations and Methodology
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Our method: transform the rough boundary problem in €.
into a fictitious interface problem in Q°
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Our method: transform the rough boundary problem in €.
into a fictitious interface problem in Q°

@ Construction of a complete boundary layer corrector: €.
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Our method: transform the rough boundary problem in €.
into a fictitious interface problem in Q°

@ Construction of a complete boundary layer corrector: €.
@ Averaging the oscillations
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Our method: transform the rough boundary problem in €.
into a fictitious interface problem in Q°

@ Construction of a complete boundary layer corrector: €.
@ Averaging the oscillations
© Generlize to other geometries

=> derivation of implicit interface conditions
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Ul meak i arppiezs
The problem

Let
- ug be the velocity vector,
- pe the pressure

unknown variables describing the motion of the fluid.
@ Consider a laminar pressure driven flow

— Au. +Vp.=0in Q.

divu, =0

u.=0on T UlLUI®

u. T = 0 on rin U rout,l U I_out,2

Pe = Pin ON [ip, = = Pout,1 ON I_out,l; Pe = Pout,2 ON rout,2>
@ Pressure driven # Dirichlet velocity as in
3 C. Conca.

Etude d’un fluide traversant une paroi perforée. | & II.
J. Math. Pures Appl. (9), 66(1):1-70, 1987.
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Expected behaviour

In 3D in a fiew days/weeks of direct simulation
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The colateral artery The modelling approach

Expected behaviour

In 3D in a fiew days/weeks of direct simulation
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The colateral artery Boundary layer theory for roughness

Limit solution when ¢ — 0

The limiting regime corresponds to
@ # of holes goes to co (N =1/ — o0 )
@ size of the holes vanishes (€ — 0 )

the “Density” of adherence conditions on [ increases:
'* becomes a rigid non-slip wall

@ When € = 0 the solution is the Poiseuille flow

Uo(X) = %(1 — X2)X2€1].Q1, Vx € Q

po(x) = pin(1 — x1)1q,
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Limit solution when ¢ — 0

@ When ¢ = 0 the solution is the Poiseuille flow

uo(x) = %(1 — x2)x2e1191, Vx € Q

Po(x) = pin(1 — x1)1q,
@ In Q. it solves
((— Aug + Vpg = [0ug,p] - NI, in Qe
divug =0
ug=0onTl1UIl>
uo -7 =00n T, Ulgue,1 Ulout2
Po = pin on [y,  po=0o0n Moup,1 Ulout2
up #0onTl*

where [0yy.p,] - 1 = [Vug — poldy] - n is the jump across 'y of the
stress tensor
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Bowrikry [Eyer i o iaugiies
Limit solution when ¢ — 0

@ When € = 0 the solution is the Poiseuille flow

_ Pin
2
po(x) = pin(1 — x1)1q,

up(x) (1 - x2)xe1lg,, VxeQ

@ Error estimates

Theorem

Jus — u0HL2(Q€)2 + [|ps — pOHH—l(QE) < ke

the constant k does not depend on ¢.
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Higher order approximation 7

@ No flow at zeroth order through [yt !

@ Errors treefold

© Dirichlet non homogeneous on ¢
(9Ll011

@ Jumps at I of e
© Jumps at [y of pg

@ Correction : zoom on roughness
~ study two kind microscopic boundary layers

@ verical
@ horizontal
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Bowrikry [Eyer i o iaugiies
Dirichlet correction

@ Microscopic corrector a la Pironneau
—AB+Vr=0in$§
divg=0
B = —yey;onP
B2—0, |y2| =00
B is y; — periodic

o Properties

Theorem

3I(B, m), m defined up to a constant, s.t.
VB L2(S).(B-PB) €LX(S), meLi(S)
Moreover, one has:

_ _ 1
B(y) — Bleoo)er, o — £00, B() = /0 Bln,) dnn

and _
Ba(y2) =0, Vy2 € R
B1(y2) = —(@) = [VBIz(s) + F1(0), ¥2 > y2.p,
Bily2) = 51(0), y2<0
7(y2) =0, y2>yapand y» <0

where y» p == maxyepys and Q) is the volume of Q
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The colateral artery Boundary layer theory for roughness

Normal derivative horizontal velocity correction

@ Microscopic corrector a la Mikeli¢é

— AT +Vw = —dése;in S
divT =0
T=0onP

To—0, |yl =200

@ Properties

Theorem

3I(T, w), w defined up to a constant, s.t.

VT e L2(S)*, (T-T)el*S), weld(S)
Moreover, one has:
T(y) = Tie1, y»— oo
and _
Ta(y2) =0, Vy2 € R
Ti(y2) = T1(0) + 51(0), ¥2> Y2 P,
Ti(y2) = T1(0), y2<0
w(y2) =0, y2>y2pand y» <0

where y» p := maxycpya.
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Bowrikry [Eyer i o iaugiies
Vertical correctors

@ Microscopic corrector & la Conca
—Ax+Vn=0in$
divy =0
x=0onP
X2 — =1, |y2| =00
@ Properties
Theorem
3(x, n), n defined up to a constant, s.t.
VX € L2(5)47 (X - Y) € L2(5) n € LIQOC(S)
Moreover, one has:
x(y) = —Xze2, 1Y) = 7Mx, Y2 — £00

and N
{ n(y) =7", Vy2 € R_x]ysp,+00],

|VX|%2(5) =mt

where ys p := max,cpy>.
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First order approximation

U :=uo+e{6;j2’1(ﬂs—ﬂ)+[a;"ﬂ('f T)+[f°]]( )}+eu1
Pa::p0+{a;j2717re [8;)?271] e+[[p°]](ne )}+6p1

@ multi-scale version of boundary layer correctors Vx € €.:

X X

B.L)=B(3), T=7T(3), x()=x(3).

3
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N | X CLCC L Al Boundary layer theory for roughness
Higher order macroscopic correctors

'—Aul—i—Vpl:Oin QU

diVU1:0
up=0onl1UTl>

up -7 =0,
on [, U rout,l ) r0ut,2
p1=0
e LR L
O0x2 Oxo 7]

u; discontinuous at corners: (uy, p1) only very weak solution

Theorem

F(uy, p1) € L2(Q1 U Qo) x H~1(Q1 U Q) solving ()

(U, P-) cannot belong to H(Q.) x L2(.)
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Bowrikry [Eyer i o iaugiies
Main convergence results

Theorem
In the framework of very weak solutions a la Conca

3
HUE - u€||L2(Q1UQ2) + Hps - ,P€|’H71(QIIUB€UQQ) < ke2

At this point the approximation (Ve, P:) is multi-scale
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Main ingredients of the proof

Main difficulties
© Restriction operator R.u s.t.
1
IVReull20,y0 = _llullizig) + [IVull 2 (g

consequence divergence surjective

1
vfel? Fust divv=f but [[Vv|/zq y < %Hfup(ﬂs)
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Main ingredients of the proof

Main difficulties
© Restriction operator R.u s.t.
1
IVReull2(0,ye = _llullizi) + [IVull 2 (g
consequence divergence surjective

Vfel? ust divv=f but [[Vv|2q 11l 20,

\[

@ Spurious oscillations on latteral boundaries of 3., x., - - -

e microscopic vertical boundary layer correctors (w(y), 8(y)):
Well-posedness in  microscopic Weighted Sobolev spaces

WmP () = {v e /(M) st. |D v|pet=m e [P(M), 0 < || < m},
equivalent to macroscopic decay rates in terms of €.
.
llew(-/e)ll2(q) + 10C/E)l-1(q) < €2
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Bowrikry [Eyer i o iaugiies
Main ingredients of the proof

Main difficulties
© Lack of continuity of (Us, P:)

e Special regularizing cut-of function

zZ1 — X1

Z1 — X;
As = 1p(x,5)(2) 5T Lian\ 8oy (2) o

x—z|”

s.t.
1
Ihellin gy < K{ITog(e)[? +1,

Vz e Q.
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Bibliographic perspective

@ In the litterature
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Bibliographic perspective

@ In the litterature
o Roughness (Mikeli¢ Neuss)
Q HY(Q) x L2(R)
@ very weak solutions L*(Q°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude
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Bibliographic perspective

@ In the litterature

o Roughness (Mikeli¢ Neuss)
Q HY(Q) x L2(R)
@ very weak solutions L*(Q°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude

o Sieve : direct estimates in L(Q;) x H71(Q;) (Conca)
@ Method of energy : weak convergence on Ny
@ Specific square H'(;) estimates : strong convergence in L*(p)
© Very weak solutions : conclude
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Bibliographic perspective

@ In the litterature
o Roughness (Mikeli¢ Neuss)
Q HY(Q:) x L2(Q0)
@ very weak solutions L*(Q°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude
o Sieve : direct estimates in L(Q;) x H71(Q;) (Conca)
@ Method of energy : weak convergence on Ny
@ Specific square H'(;) estimates : strong convergence in L*(p)
© Very weak solutions : conclude
@ Here : improved Conca's approach
QO Regularize Y. = U
@ Obtain H(Q. ;) estimates
© compute again very weak norms on . 1 and € using Poincaré
@ compare U. and U2 in the very weak setting
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IlemegEnTzE:) s @l i
Averaged macroscopic approximation

Suppress the oscillating boundary layer, keep the rest:

U i= ug + €uy
Pe = po t€p1
It solves
(—Au. 4+ Vp. =0in Q1 UQ,
divu, =0
u.=0onT Ul
ﬁs .7 =0o0n rjn U rout,l @] rout,Q’

P = Pin ON [in, P = 0 on rout 1 U rout,2

_ Jup1= Oug 1 [po] = +
e — T —— r
u { ﬁl [8}@ ] 1}e1+6[n] xe2 on I
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IlemegEnTzE:) s @l i
Averaged macroscopic approximation

Suppress the oscillating boundary layer, keep the rest:

u: ;= ug + euy

Pe = po +€p1

Theorem
Very weak solutions a la Conca

_ _ 3—
Jue — ua”L2(QluQ2) + lp= — paHH—l(Q’luBELJQZ) < kez

Idea of the proof

Jue = Uc | 12(0,00,) < llue = Uell12(0,00,) + U = Uell12(0,00,)

we obtain pressure estimates in H™ ! as well.
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Compute the first order flow rate

@ velocity profile normal direction to Iy

Ueo(x) = (uo2 + €t 2)(x) = _E[{)T]O]](X)
@ Solve with a computer a cell problem (cheap even in 3D):

+

=

_ﬁ_

Sl

o First order flow rate

b
Qr, = % /a [po] dx1
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Numerical evidence

@ Compute the exact problem
@ Compute boundary layers for a single # cell
- Extract the constants at infinity

[7] = 52.6961
o Compute the flow-rate
0.1 0.008
0.007 | S
0.006 | 1
_ 001 7 0005 B
o o
<§ &0.004 1
0.001 F 0003y S i
0.002 2 ]
0.001 - / q )
0,000 ‘ ol RS
0004 01 01 1 0 0.05010.15 0.2 0.25 03 0.35 0.4 0.45 0.5
c e
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The colateral artery

Numerical evidence

Normal velocity profile

0.025 T
ug 1(x1,€) *
L .
0.02 N X&ﬁt f&* . N Ge 1(x1, €)
oA Sb T Fh M eeala0) X
0.015 - Ao bt T g 8, O e
oy R e ikl W@"’m
0.01F W :*utr ¥ oW Y i
*
0.005 %gi f%{ ﬁ){( g,%( 4
* *
bt o S S bt
L'ARTERY IR W b
VoUW W VM
-0.005 L . L .
0 0.2 0.4 06 038
x1
0.005 .
ug 2(x1,0) *
ot T 20g,0) 4 A
* # pos o #e2080 g
++ T+ s ot It +h + IR
" <1 +% b I +h 0 rh 4w
-0.005 - * N + oy ooy ;M_g o
+ ; -
N T T MX* twr:
+ e + %
~ L st + i
0.01 R *WXT( N i : o ﬁwg
e S S+
-0.015 ‘s el 4
O
002 F s i
-0.025 L L L L
0 0.2 0.4 0.6 038 1
X1
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Averaged implicit macroscopic approximation
Take again

u; = ug + euy

Pe = po + €p1
On Iy u, satisfies

ot o] ) Sl

Impliciting the interface conditions:

ot

ul -n=u

e N, [ﬁ]ﬁE ‘n=—¢ ([Uﬁe’ﬁs] -n, I‘I)
ﬁi (/81 ( us Pe ?T) +$i: [UﬁEvﬁs ’ n] ’ T)

gives:
@ a new “Strange” term in the normal direction

o “Wall law” expression in the tangential one
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Sacular aneurysm
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Sacular aneurysm

© Sacular aneurysm
@ The problem
@ Ansatz
@ Pressure of the sac
@ Numerics
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Sacular aneurysm

Same problem
but ...

No output allowed trough I'y¢.2

(— Au. +Vp. =0in Q.
divu. =0

u.=0on T UlLUT®
u. -7 =0o0n T, Ulgu 1

u: =0 on Moy 2

The problem
M
Tinf 2,1 Fout,1
e
000000000 00O!
To
ry 2 r

r

P: = pPin on [in, p- = Pout,1 ON rout,la

Pressure imposed at inlet and outlet but not at [, 2
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When € goes to 0

@ The Poiseuille flow

((— Aug+ Vpo = [0uy,p] - NOr, in Q2
divug =0
up=0o0nT1 UM UlGu2
up -7 =0o0n Iy Ulgut1
Po = pPin On n, po=0o0n lyy,1
up #0on *

@ (ug, po) is explicit and reads:

UO(X) = %(1 — X2)X2€11g217 Vx € Q

po(x) = pin(1 — x1)lo, + py lo,, Vpy €R
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First order approximation

Again the same trick

_ Quos,, =, [Ouoa o, o] =
voimuo b o{ G0 B)+ |G | r -+ Bl -3 )
0 0 _
o (St [ Bl

@ multi-scale version of boundary layer correctors:
X

B:(x) =P <§> ;o T(x)=7T <E> ;o ox(x) i =x <X> .

S 19
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The pressure in the sac

([ —Au; +Vpr =0in Q UQ

divu; =0

up=0o0n T UM Uy

ur -7 =0o0n i, Ulou,1,

p1=0o0n 'y Ulgue1

u; = {d;)zl Bi + [d;)(:;} Ti} e + [[l;;)]]xeg on o™
divergence condition and normal veolicty imposed on [g:

/divuldx:/ u1-nda:/u1-nda:0
Qs 02 o

gives in the sac

-1
Po = T Jr, pq (x1,0)dxy
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“Pathological” vs “Stented” cases

Velocities & streamlines

;%%W—’? gas
_ W
P e /ﬁ::ﬁ_

i
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Pressures

Numerics

Sacular aneurysm
“Pathological” vs “Stented” cases

0500
Vuk Milisic AGA)
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Extensions to the full Navier-Stokes equations

@ Extensions to the full Navier-Stokes equations
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Extensions to the full Navier-Stokes equations

The full time-dependent non-linear system

p(0rue + (u: - V)u.) — vAu, + Vp. =0, in Q.
divu, =0
u.=0on UL UT®

u. -7 =0on Iy Ulgue,1 Ulout,2

\ P = pin(t) on rina Ps = Pout,1 ON r()ut,l; Pe = Pout,2 ON r()ut,?y

where for instance
pin € L2(0, T)
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Extensions to the full Navier-Stokes equations

Theoretical investigation

Joint work with A. Rambaud (Phd Ens Lyon) on a simplified problem

Oruz — Aue = f(t) in Q.
Us = 0 on re U r]_
Ue is x; — periodic  on I, U Mgyt

u: = g ¢(x) in Q.
Fourier analysis: timexspace domain => frequencyxspace domain

the microscopic boundary layer is steady
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The real geometry




The real geometry

o from 48 up to 80 wires !!

o diameter single wire < thikness of the stent

Direct computation is impossible for the time being.
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Homogenization

It is the only way to get an idea of the flow.
Strategy is then:
@ Find the minimal periodic cell
@ Build the fluid mesh (# periodic)
@ Run a Stokes solver for periodic infinite strips
We use the Uzawa Conjugate Gradient Algorythm coupled together
with a domain decomposition method in order to catch:
- bahaviour at |y3| — o
- periodicity on lateral sides
Numerical behaviour:
- (microscopic level ~ 50 000 dof)
- Single Uzawa step ~ 10 min
- Stabilization / Penalty diverges when coupled to DD method.
@ extract meaningfull values (for inst. 77)
@ Use them in a macro computation
o Compare to experimental values
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The real case

a single computation
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a single computation

One of the 3D homogenized quantities of interest:
7 =188

To be used in computations
@ explicit by hand computations (idelized geometry)
@ macroscopic numerical computations

Work in progress !!
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Conclusions & Perspectives

Conclusions
@ Clear understanding in the “mean”

- First order agreement of the flow rate in stented arteries, both cases
- Pressure in the sac computed accurately

o thoereticaly: first order
@ numerically: second order

Perspectives
@ curved boundaries
@ error estimates for Navier-Stokes
@ homogenized drug delivery

o cell growth
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